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FROM THE EDITOR
Robert W. Heath, Jr.  |  Editor-in-Chief  |  rheath@utexas.edu
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fter more than two years, my term as 
editor-in-chief (EIC) of IEEE Sig-
nal Processing Magazine (SPM) is 

coming to an end in December 2020. I 
am looking forward to finishing out this 
year with a bang. Soon, the search will 
start for my replacement. In this editori-
al, I will provide a summary of the EIC’s 
job from my perspective, in case you are 
interested in applying.

I break down my description in 
three areas. The first area is the initial 
team-building phase. The second area 
is the operations phase. In parallel with 
the first two, the third area is strategic 
planning. I am grateful to SPM’s past 
EIC Prof. Min Wu for helping me to un-
dertake this difficult task.

Typically, the EIC starts six months 
prior to taking over in January 2021 (as 
will be the case for the new EIC). Dur-
ing that time, the EIC-in-waiting learns 
about standard operating procedures, 
ScholarOne tricks, the functions of the 
different people associated with SPM
[area editors, editorial board, guest edi-
tors, associate editors, IEEE Signal Pro-
cessing Society (SPS) staff, and IEEE 
editorial staff]. For me, not having 
served SPM as an area editor, much of 
these functions were new. As I learned, 
SPM operates very differently than a 
typical IEEE transaction with a team 
structure to match its unique features.

The most important task during the 
EIC-in-waiting phase is to identify area 
editors for all of the areas: columns and 

forums, feature articles, special issues, 
special initiatives, social media, and the 
eNewsletter. I was extremely lucky to 
have such a high-quality team. As the 
magazine has so many different pieces, 
having people who are proactive in their 
areas is a must. It is important to recruit 
a diverse group of people to bring as 
many different perspectives as possible.

Once a team is in place, the next 
main task is to set up the steady-state op-
erations. The opera-
tions are built around 
bringing content to 
six published issues 
a year. The EIC has 
two specific action 
items for every issue: 
writing the editorial and providing input 
on the cover design. I find that writing 
an editorial can take as little or as much 
time as you can provide. I was always im-
pressed with SPS Past-President Ali H. 
Sayed’s “President’s Messages.” They 
were well researched and touched on 
important issues including the impor-
tance of diversity [1] and openness in 
science [2]. I addressed some issues in 
my editorials as well, though admittedly 
without the same level of research, in-
cluding “Going Toward 6G” [3], “Vehic-
ular Applications of Signal Processing” 
[4], and “Research Gems Found Digging 
With Industry” [5]. I also covered more 
pragmatic aspects of the magazine in-
cluding results from the annual board 
meetings [6] and provided some guid-
ance on feature articles [7] and special 
issue submissions [8]. If I could do it 
over, I would try to make my editorials a 

bit longer and try to address an important 
topic for the Society in every one.

Reviewing and approving the cover 
of an issue of SPM is a surprising as-
pect of the EIC’s job. This is a collab-
orative effort with the IEEE staff led 
by Managing Editor Jessica Welsh and 
the IEEE Magazine Department’s de-
sign team. For a special issue article, we 
look for images connected to the overall 
theme of the issue. We may try  to in-

clude the lead guest 
editor in the process, 
to make sure that 
any images he or she 
provides for consid-
eration are royalty-
free and have all of 

the necessary (and required) permission 
rights. The process involves finding an 
image that can be licensed by the IEEE 
from an online stock image marketplace 
such as istockphoto.com. Although it 
depends on the specific chosen image 
for a cover, the IEEE Magazine De-
partment’s design team has the ability 
to resize images, use specific pieces 
of an image, change colors, and make 
overall changes. 

When we have a collection of feature 
articles, as in this issue, we base the cov-
er design around the theme of one of the 
articles. In this case, we were actually 
able to build a cover using the molecule 
visualizations produced by the authors 
of that article [9]. If a future EIC has 
more design experience and/or a back-
ground in that area, he or she could po-
tentially offer more input on the cover in 
the front end of the process by supplying 

What Does an Editor-in-Chief of IEEE Signal  
Processing Magazine Do, Anyway?

A

It is important to recruit 
a diverse group of people 
to bring as many different 
perspectives as possible.
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keywords to the managing editor of the 
magazine, who can then work with the 
design team and create a conceptual 
cover image that will grab the reader’s 
attention, encouraging them to pick up 
and read the magazine. The editorial 
staff reviews the highly technical text that 
could be used on the cover and suggests 
creative enhancements in wording that 
may create more ac-
tion-oriented text that 
interests the reader.  
This collaborative ef-
fort produces a well-
crafted cover utilizing 
the EIC for his or her 
technical knowledge 
and magazine staff for 
their creative input.

The steady state 
of the EIC’s job also involves encour-
aging the submission of content. This 
includes reaching out to potential au-
thors based on current trends. A com-
mon source for feature article authors is 
tutorial presentations at ICASSP, ICIP, 
and other SPS conferences. Similarly, 
for special issues, one or more guest 
editors may be solicited from special 
session organizers at ICASSP, or the 
Asilomar conference, for example. We 
may encourage submissions of columns 
in a similar fashion. I want to emphasize 
that we welcome submissions from ev-
eryone. We would love to receive more 
proactive contributions to the magazine.

There are also many small tasks 
that an EIC handles. For example, it is 
common for me to review the special 
issue and feature article proposals. I 

also spend some time monitoring an 
article’s status in ScholarOne. I inter-
act with the magazine’s area editors, 
relying on them to take the lead in their 
areas, with no micromanagement on 
my part. Of course, a future EIC may 
be as involved as he or she wants.

The third area of contribution for 
the magazine is to articulate and define 

a vision. This is the 
EIC’s opportunity to 
put their own special 
touch on the maga-
zine. In my case, I 
had outlined three 
strategic directions: 
industrial content, 
commercialization, 
and humor. I have 
been most successful 

with the humor initiative, coauthoring 
several cartoons with Nuria González 
Prelcic. I am still working on improv-
ing industrial content and commercial-
ization. In other words, I give myself a 
failing grade in those areas. But 2020 is 
going to be a great year, and there is still 
time. While the impacts of these efforts 
may not be felt during my term, I think 
that it will propagate through future 
years of the magazine.

Is the EIC job fun? Perhaps the most 
honest answer is that it is not a relevant 
question. Being an EIC, area editor, or 
associate editor for any publication is 
considered a service. That label is usu-
ally applied to tasks that are not neces-
sarily fun for the server, but are of great 
broader benefit, in this case to the SPS. 
Service is a way to make a difference in 

the SPS. Given that SPM is sent to all 
SPS members, it is a platform for influ-
encing directions of the Society. Most of 
all, the EIC’s job is satisfying. It is re-
warding to see a complete issue that has 
an interesting cover, high-quality con-
tent, and topical themes of wide interest 
to academia and industry. So, with that, 
please consider applying to be the next 
SPM EIC!
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SOCIETY NEWS

SPS Fellows and Award Winners Recognized 

In this column of IEEE Signal Process-
ing Magazine, 37 IEEE Signal Pro-
cessing Society (SPS) members are 

recognized as IEEE Fellows and award 
recipients are announced.

37 SPS members elevated 
to IEEE Fellow
Each year, the IEEE Board of Directors 
confers the grade of Fellow on up to one-
tenth of 1% of the voting Members. To 
qualify for consideration, an individual 
must have been a Member, normally for 
five years or more, and a Senior Member 
at the time of nomination to Fellow. The 
grade of Fellow recognizes unusual dis-
tinction in the IEEE’s designated fields.

The SPS congratulates the follow-
ing 37 SPS members who were recog-
nized with the grade of Fellow as of 
1 January 2020.

Paavo Alku ,  for contributions 
to  analysis, synthesis, and quality 
improvement of speech signals.

Adel Belouchrani, for contributions 
to blind source separation and to non-
stationary signal and array processing.

Sen-Ching Cheung, for contributions 
to multimedia data processing and their 
applications in autism interventions.

Chong-Yung Chi, for contributions 
to convex analysis and optimization for 
blind source separation.

Wan Choi, for contributions to the 
analysis and design of multicell com-
munication systems.

Zhiguo Ding, for contributions to 
nonorthogonal multiple access and ener-
gy harvesting communication.

Octavia Dobre, for contributions 
to the theory and practice of signal 
intelligence and emerging wireless 
technologies.

Touradj Ebrahimi, for contributions 
to visual information representation 
and assessment of quality of experience 
in multimedia.

Sina Farsiu, for contributions to 
multiframe superresolution and oph-
thalmic image processing.

Feifei Gao, for contributions to 
channel estimation and signal process-
ing for wireless communications.

Guofei Gu, for contributions to mal-
ware detection and security of next-
generation networks.

Reinhold Haeb-Umbach, for contri-
butions to robustness of automatic 
speech recognition.

Mark Hasegawa-Johnson, for con-
tributions to speech processing of 
underresourced languages.

Daesik Hong, for contributions to 
wireless and cellular communication 
technologies.

Eduard Jorswieck, for contributions 
to resource allocation in wireless inter-
ference networks.

Markku Juntti, for contributions 
to multiuser and multiantenna com-
munications.

Jeff Krolik, for contributions to sta-
tistical signal and sensor array process-
ing for radar and sonar.

Jia Li, for contributions to real-time 
automatic image annotation and 
image retrieval.

Richard Lippmann, for contributions 
to neural networks and assessment of 
computer security systems.

Meinard Mueller, for contributions 
to music signal processing.

Robert Murphy, for contributions to 
machine-learning algorithms for bio-
logical images.

Patrick Naylor, for contributions to 
signal processing for speech derever-
beration and analysis.

Moshe Nazarathy, for contributions 
to optical systems and analog fiber-
optic transmission.

Ana Perez-Neira, for contributions 
to signal processing for satellite com-
munications and systems.

Markus Pueschel, for contributions 
to the implementation of signal pro-
cessing techniques.

Christ Richmond, for contribu-
tions to adaptive array processing 
algorithms.

Tanja Schultz, for contributions to 
multilingual speech recognition and bio-
signal processing.

Gokhan Tur, for leadership in spo-
ken language understanding and 
applicat ions to vir tual  personal 
assistant products.

Shahrokh Valaee, for contributions 
to localization of wireless nodes.

Dimitri Van De Ville, for contribu-
tions to image processing for computa-
tional brain imaging.

Digital Object Identifier 10.1109/MSP.2019.2961275
Date of current version: 26 February 2020
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Ba-Ngu Vo, for contributions to the 
theory of multiple-object tracking 
and estimation.

Aaron Wagner, for contributions to 
distributed data compression.

Yunhong Wang, for contributions to 
iris and face recognition.

Yonggang Wen, for contributions to 
cloud systems for multimedia signal 
processing and communications.

Pengfei Xia, for contributions to 
multiple-input, multiple-output milli-
meter-wave wireless communications.

Jong Chul Ye, for contributions to 
signal processing and machine learning 
for biomedical imaging.

Bowen Zhou, for leadership in 
human language technologies.

The following individuals were evalu-
ated by the SPS but are not SPS members.

Joel Tropp, for contributions to 
sparse signal processing.

Shaohua Zhou, for contributions to 
image analysis for medical imaging and 
face recognition.

2019 IEEE SPS Awards presented 
in Barcelona, Spain
The IEEE SPS congratulates the fol-
lowing SPS members who will receive 
the Society’s prestigious awards during 
IEEE ICASSP 2020 in Barcelona, 
Spain, 4–8 May.

The Norbert Wie-
ner Society Award 
honors outstanding 
technical contribu-
tions in a field within 
the scope of the 
IEEE SPS and out-
standing leadership 

within that field. It comprises a plaque, a 
certificate, and a monetary award of 
US$2,500. It is the highest-level award 
bestowed by the IEEE SPS. This year’s 
recipient is Georgios B. Giannakis, 
“for fundamental contributions to sta-
tistical signal processing, especially 
for networking and communications, 
and for outstanding mentoring of 
young researchers.”

The Claude Shannon–Harry Nyquist 
Technical Achievement Award is pre-
sented this year to C.-C. Jay Kuo “for 
significant contributions to visual signal 
processing technologies and their 

applications.” The 
Claude Shannon–
Harry Nyquist Tech-
nical Achievement 
Award honors a per-
son who, over a peri-
od of years, has 
made outstanding 

technical contributions to theory and/or 
practice in technical areas within the 
scope of the Society, as demonstrated 
by publications, patents, or recognized 
impact on this field. The prize for the 
award is US$1,500, a plaque, and 
a certificate. 

The Leo L. Beranek 
Meritorious Service 
Award was presented 
this year to Thra-
syvoulos N. Pappas 
and Helen Meng, 
“for exemplary ser-
vice to and leader-
ship in the Signal 
Processing Society.” 
The award comprises 
a plaque and a cer-
tificate; judging is 
based on dedication, 
effort, and contribu-
tions to the Society. 

The Carl Fried-
rich Gauss Educa-
tion Award honors 
educators who have 
made pioneering and 
significant contribu-
tions to signal pro-
cessing education. 
Judging is based on 

a career of meritorious achievement in 
signal processing education as exempli-
fied by writing of scholarly books and 
texts, course materials, and papers on 
education; inspirational and innovative 
teaching; creativity in the development 
of new curricula and methodology. 
The award comprises a plaque, a mon-
etary award of US$1,500, and a certifi-
cate. The recipient of the Carl Friedrich 
Gauss Education Award is Peter Stoi-
ca, “for lifetime contributions to edu-
cation and mentoring in statistical 
signal processing.” 

The Industrial Leader Award recog-
nizes an industry business or technical 

leader whose leader-
ship has resulted in 
major and outstand-
ing advances or new 
directions using sig-
nal processing tech-
nologies within the 
scope of the Society. 

This award is for executive leadership 
resulting in major advances and new 
directions using signal processing in a 
business area. The prize is US$1,500, a 
plaque, and a certificate. The recipient 
of the Industrial Leader Award is Li 
Deng “for leadership in pioneering 
research and development on large-scale 
deep learning that disrupted worldwide 
speech recognition industry and for 
leadership in natural language process-
ing and finance engineering.” 

The Industrial 
Innovation Award is 
presented this year to 
Gene Alan Frantz 
“for contributions to 
the development of 
signal processing 
systems.” The Indus-

trial Innovation Award recognizes an 
individual or team at any level who were 
industry employees whose technical con-
tributions have resulted in significant 
advances using signal processing tech-
nologies within the scope of the Society. 
Selection will be based on major indus-
trial accomplishments, standards, the 
deployment of important processes or 
products, etc., that are of substantial ben-
efit to the public, which use signal pro-
cessing technologies, and are visible 
beyond the company or institution where 
the contribution was made. The award is 
open to individuals at any level who were 
industry employees who played a signifi-
cant role in the technical contribution at 
the time of the accomplishments being 
recognized. The prize is US$1,500 per 
awardee (up to a maximum of US$4,500 
per award), and a plaque, and certificate.

The Meritorious Regional/Chapter 
Service Award honors the outstanding 
contributions of any member of the Soci-
ety to regional activities of the SPS. Judg-
ing is based on dedication, effort, and 
contributions made to activities aimed at 
promoting the technical and educational 

Georgios B. Giannakis 

C.-C. Jay Kuo 

Thrasyvoulos  
N. Pappas 

Helen Meng 

Gene Alan Frantz 

Li Deng

Peter Stoica
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activities of the SPS 
in one specific Re -
gion/Chapter as well 
as its local member-
ship participation. 
The award compris-
es a plaque and a 
certificate. The recip-
ients of the Meri-
torious Regional/
Chapter  Service 
Award are Moham-
mad Faizal Ahmad 
Fauzi, “for exempla-
ry leadership and 
strong commitment 
toward the growth of 
the SPS Chapter in 

Malaysia” and Syed Abd Rahman Abu-
Bakar, “for outstanding service to the Sig-
nal Processing Society Malaysian 
Chapter and Region 10.”

The Early Career 
Technical Achieve-
ment Award honors 
an individual who, 
over a period of years 
in his/her early career, 
has made significant 
technical contribu-

tions to theory and/or practice in techni-
cal areas within the scope of the Society, 
as demonstrated by publications, patents, 
or recognized impact on the field includ-
ing, but not limited to, a standard, a prod-
uct, or a technology trend. Nominees 
shall be judged on the basis of their sig-
nificant technical contributions to theory 
and/or practice in technical areas within 
the scope of the Society, as demonstrated 
by publications, patents, or recognized 
impact on the field including, but not 
limited to, a standard, a product, or a 
technology trend. The prize is US$1,500, 
a plaque, and a certificate. The recipient 
of the Early Career Technical Achieve-
ment Award is Yuejie Chi, “for contribu-
tions to high-dimensional structured 
signal processing.”

The IEEE Signal Processing Maga-
zine Best Paper Award honors the 
author(s) of an article of exceptional 
merit and broad interest on a subject 
related to the Society’s technical scope 
and appearing in the Society’s maga-
zine. The prize comprises US$500 per 

author (up to a maximum of US$1,500 
per award) and a certificate. In the event 
that there are more than three authors, 
the maximum prize is divided equally 
among all authors, and each receives a 
certificate. This year, the IEEE Signal 
Processing Magazine Best Paper Award 
recipients are Emmanuel J. Candès and 
Michael B. Wakin for their article “An 
Introduction to Compressive Sampling: 
A Sensing/Sampling Paradigm That 
Goes Against the Common Knowledge 
in Data Acquisition,” published in IEEE 
Signal Processing Magazine, vol. 25, 
no. 2, March 2008.

The IEEE Signal Processing Maga-
zine Best Column Award honors the 
author(s) of a col-
umn of exceptional 
merit and broad in -
terest on a subject 
related to the Soci-
ety’s technical scope 
and appearing in the 
Society’s magazine. 
The prize consists of 
US$500 per author 
(up to a maximum of US$1,500 per 
award) and a certificate. In the event 
that there are more than three authors, 
the maximum prize is divided equally 
among all authors, and each receives a 
certificate. This year, the IEEE Signal 
Processing Magazine Best Column 
Award recipients are Emil Björnson, 
Mats Bengtsson, and Björn Ottersten 
for “Optimal Multiuser Transmit Beam-
forming: A Difficult Problem With a 
Simple Solution Structure,” published 
in IEEE Signal Processing Magazine, 
vol. 31, no. 4, July 2014.

The IEEE Signal Processing Letters 
Best Paper Award honors the author(s) 
of a letter article of exceptional merit 
and broad interest on a subject related to 
the Society’s technical scope and 
appearing in IEEE Signal Processing 
Letters. The prize consists of US$500 
per author (up to a maximum of 
US$1,500 per award) and a certificate. 
To be eligible for consideration, an arti-
cle must have appeared in IEEE Signal 
Processing Letters in an issue predating 
the spring awards board meeting by five 
years (typically held in conjunction with 
ICASSP). Judging shall be on the basis 

of the technical novelty, the research 
significance of the work, and quality 
and effectiveness in presenting subjects 
in an area of high impact to the Soci-
ety’s members. The recipients of the 
IEEE Signal Processing Letters Best 
Paper Award are Stelios Timotheou and 
Ioannis Krikidis for “Fairness for Non-
Orthogonal Multiple Access in 5G Sys-
tems,” IEEE Signal Processing Letters, 
vol. 22, no. 10, October 2015.

The Sustained Impact Paper Award 
honors the author(s) of a journal article 
of broad interest that has had sustained 
impact over many years on a subject 
related to the Society’s technical scope. 
The prize consists of US$500 per 

author (up to a maxi-
mum of US$1,500 
per award) and a cer-
tificate. In the event 
that there are more 
than three authors, 
the maximum prize 
is divided equally 
among all authors, 
and each receives a 

certificate. To be eligible for consider-
ation, an article must have appeared in 
one of the IEEE SPS transactions or 
IEEE Journal of Selected Topics in Sig-
nal Processing, in an issue predating 
the spring awards board meeting by at 
least 10 years (typically held in con-
junction with ICASSP). This year, the 
Sustained Impact Paper Award recipi-
ents are Hamid Krim and Mats Viberg 
for “Two Decades of Array Signal Pro-
cessing Research: The Parametric 
Approach,” IEEE Signal Processing 
Magazine, vol. 13, no. 4, July 1996.

Six Best Paper Awards were present-
ed, honoring the author(s) of a paper of 
exceptional merit dealing with a subject 
related to the Society’s technical scope 
and appearing in one of the Society’s 
transactions, irrespective of the author’s 
age. The prize is US$500 per author (up 
to a maximum of US$1,500 per award) 
and a certificate. Eligibility is based on 
a five-year window preceding the year 
of election, and judging is based on 
general quality, originality, subject mat-
ter, and timeliness. Up to six Best Paper 
Awards may be presented each year. 
This year, the awardees are

Yuejie Chi 

Mohammad Faizal 
Ahmad Fauzi 

Syed Abd Rahman 
Abu-Bakar

The Carl Friedrich Gauss 
Education Award honors 
educators who have made 
pioneering and significant 
contributions to signal 
processing education.



8 IEEE SIGNAL PROCESSING MAGAZINE   |   March 2020   |

■ Martin Sundermeyer, Hermann Ney, 
and Ralf Schlüter, “From Feedforward 
to Recurrent LSTM Neural Networks 
for Language Modeling,” IEEE/ACM 
Transactions on Audio, Speech, and 
Language Processing, vol. 23, no. 3, 
March 2015.

■ Dongeek Shin, Ahmed Kirmani, Vivek 
K Goyal, and Jeffrey H. Shapiro, 
“Photon-Efficient Computational 3-D 
and Reflectivity Imaging With Single-
Photon Detectors,” IEEE Transactions 
on Computational Imaging, vol. 1, no. 
2, June 2015.

■ Kyong Hwan Jin, Michael T. 
McCann, Emmanuel Froustey, and 
Michael Unser, “Deep Convolutional 
Neural Network for Inverse Problems 
in Imaging,” IEEE Transactions on 
Image Processing, vol. 26, no. 9, 
September 2017.

■ Yuxuan Wang, Arun Narayanan, and 
DeLiang Wang, “On Training Targets 
for Supervised Speech Separation,” 
IEEE/ACM Transactions on Audio, 
Speech, and Language Processing, 
vol. 22, no. 12, December 2014.

■ Praneeth Netrapalli, Prateek Jain, and 
Sujay Sanghavi, “Phase Retrieval Using 
Alternating Minimization,” IEEE 
Transactions on Signal Processing, vol. 
63, no. 18, September 2015.

■ Chanwoo Kim and Richard M. 
Stern, “Power-Normalized Cepstral 
Coefficients (PNCC) for Robust 
Speech Recognition,” IEEE/ACM 
Transactions on Audio, Speech, and 
Language Processing, vol. 24, no. 7, 
July 2016.
The Young Author Best Paper Award 

honors the author(s) of an especially 
meritorious paper dealing with a sub-
ject related to the Society’s technical 
scope and appearing in one of the Soci-
ety’s transactions and who, upon date 
of submission of the paper, is younger 
than 30 years of age. The prize is 
US$500 per author (up to a maximum 
of US$1,500 per award) and a certifi-
cate. Eligibility is based on a three-year 
window preceding the year of election, 
and judging is based on general quality, 
originality, subject matter, and timeli-

ness. Three Young Author Best Paper 
Awards are being presented this year:
■ Daichi Kitamura, for the paper coau-

thored with Nobutaka Ono, Hiroshi 
Sawada, Hirokazu Kameoka, and 
Hiroshi Saruwatari, “Determined 
Blind Source Separation Unifying 
Independent Vector Analysis and 
Nonnegative Matrix Factorization,” 
IEEE/ACM Transactions on Audio, 
Speech, and Language Processing, 
vol. 24, no. 9, September 2016.

■ Sebastian Dörner and Sebastian 
Cammerer, for the paper coauthored 
with Jakob Hoydis and Stephan 
ten Brink, “Deep Learning Based 
Communication Over the Air,” 
IEEE Journal of Selected Topics in 
Signal Processing, vol. 12, no. 1, 
February 2018.

■ Mianzhi Wang, for the paper coau-
thored with Arye Nehorai, “Coarrays, 
MUSIC, and the Cramer–Rao 
Bound,” IEEE Transactions on 
Signal Processing, vol. 65, no. 4, 
February 2017.

2019 Chapter of the Year Award
The IEEE SPS Hyderabad Chapter has 
been selected as the recipient of the 
2019 Chapter of the Year Award, which 
will be presented at the ICASSP 2020 
awards ceremony in Barcelona, Spain. 
The award is presented annually to a 
Chapter that has provided its member-
ship with the highest quality of pro-
grams, activities, and services. The SPS 
Hyderabad Chapter will receive a 
plaque and a check in the amount of 
US$1,000 to support local Chapter 
activities. The Chapter will publish an 
article in a future issue of IEEE Inside 
Signal Processing eNewsletter.

SPS members receive 2020 
IEEE awards
The IEEE has announced the recipi-
ents of IEEE Technical Field Awards 
for contributions or leadership in spe-
cific fields of interest of the IEEE. 
The following SPS members have 
received IEEE Technical Field Awards 
this year.

The IEEE James L. Flanagan Speech 
and Audio Processing Technical Field 
Award will be presented to Hynek Her-
mansky “for contributions to speech 
processing and feature extraction for 
robust speech recognition.”

The IEEE Fourier Award for Signal 
Processing will be presented to Alfred 
O. Hero III “for contributions to the 
foundations of statistical signal process-
ing with applications to distributed sens-
ing and performance benchmarking.”

The IEEE Electronics Packaging 
Technology Award will be presented to 
Mitsumasa Koyanagi and Peter Ramm 
“for pioneering contributions leading to 
the commercialization of 3D wafer and 
die-level stacking packaging.”

In addition, the IEEE has announced 
the recipients of the 2020 IEEE medals. 
IEEE medals are the highest honor of 
awards presented by the IEEE. The 
medals will be presented at the 2020 
IEEE Honors Ceremony. Three SPS 
members have been awarded with the 
IEEE medals for 2020.

The IEEE Jack S. Kilby Signal Pro-
cessing Medal awarded for outstand-
ing achievements in signal processing, 
will be presented to Ramalingam 
Chellappa  (University of Maryland) 
“for contributions to image and video 
processing, especially applications to 
face recognition.”

The IEEE James H. Mulligan Jr. 
Education Medal, awarded for out-
standing contributions to education, 
will be presented to Leah Jamieson  
(Purdue University) “for contributions 
to the promotion, innovation, and inclu-
sivity of engineering education.”

The IEEE Dennis J. Picard Medal 
for Radar Technologies and Appli-
cations, awarded for outstanding 
accomplishments in advancing the 
fields of radar technologies and their 
applications, will be presented to 
Joseph R. Guerci (Information Sys-
tems Laboratories, Inc.) “for contri-
butions to advanced, fully adaptive 
radar systems and real-time knowl-
edge-aided, and cognitive radar pro -
cessing architectures.”
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Chong-Yung
Chi

Adel
Belouchrani

Paavo
Alku

Sen-Ching
Cheung

Wan
Choi

Zhiguo
Ding

Shahrokh
Valaee

Eduard
Jorswieck

Guofei
Gu

Jia
Li

Touradj
Ebrahimi

Jeff
Krolik

Reinhold
Haeb-Umbach

Markku
Juntti

Feifei
Gao

Mark
Hasegawa-Johnson

Sina
Farsiu

Ba-Ngu
Vo

Dimitri
Van De Ville

Yonggang
Wen

Yunhong
Wang

Richard
Lippmann

Meinard
Mueller

Aaron
Wagner

Patrick
Naylor

Ana
Perez-Neira

Moshe
Nazarathy

Tanja
Schultz

Octavia
Dobre

Daesik
Hong

Pengfei
Xia

Robert
Murphy

Gokhan
Tur

Christ
Richmond

Markus
Pueschel

Congratulations!
SPS Members and Affiliates Elected IEEE Fellow Class 2020

Joel
Tropp

Jong
Chul Ye

Bowen
Zhou

Shaohua
Zhou
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Robotics Rolls Into High Gear With Signal Processing
A robotics revolution promises to transform global industries and services,  
and signal processing is at the forefront

new generation of exponentially 
more intelligent and capable robots 
is on the way, helped along by tal-

ented and imaginative engineers and 
heavy doses of signal processing. In 
fields spanning almost every aspect of 
human professional and personal life, 
robots are ready to perform tasks faster, 
better, and more efficiently than their 
human counterparts. Even major sports 
organizations are now looking into the 
possibility of replacing human referees 
and umpires with robot arbiters.

Although robots have handled rote 
production-line tasks for decades, new 
technologies and approaches are taking 
robotics to the next level in fields rang-
ing from agriculture to manufacturing 
to emergency services. “As robots get 
cheaper, more flexible, and more autono-
mous, they will power growth around the 
world,” observes Rob Atkinson, author 
of “Robotics and the Future of Produc-
tion and Work,” a report issued by the 
Information Technology and Innovation 
Foundation [1]. “The global economy 
needs to increase productivity, and robot-
ics is poised to do just that,” he adds.

In the field
A compact agricultural robot developed 
by researchers at the University of Illi-
nois at Urbana-Champaign promises 
to transform data collection and field 
scouting for agronomists, seed provid-

ers, and farmers. The TerraSentia crop 
phenotyping robot autonomously moves 
between crop rows, measuring the traits 
of individual plants with a camera and 
an array of sensors, transmitting data 
in real time to its operator’s mobile 
phone or laptop computer. A custom 
app and tablet computer, provided with 
the robot, allow the operator to steer the 
unit with the assistance of GPS and vir-
tual reality technology.

TerraSentia can be taught to detect 
and identify common diseases as well 
as measure a variety of traits, such as 
plant height, leaf area, and biomass, says 
Girish Chowdhary, the University of 
Illinois agricultural and biological engi-
neering professor who is leading a team 
of students, engineers, and postdoctoral 
researchers in developing the robot as 
well as supporting machine-learning 
teaching algorithms (Figure 1). The com-
pact and portable robot is light enough 
to roll over tender young plants without 
damaging them and is designed to allow 
an agronomist to toss it onto a truck seat 
or into a car trunk for convenient trans-
port to a farm or field.

TerraSentia’s automated data collec-
tion and analytical capabilities promise 
to improve plant breeding by helping 
researchers understand why plant vari-
eties respond to environmental condi-
tions in very different ways. As a result, 
data gathered by the crop-scouting robot 
could help plant breeders identify genet-
ic lineages that are most likely to pro-
duce the best quality and highest yields 

in specific locations. “Our research 
focuses on creating autonomous robots 
that solve complex problems in chal-
lenging environments,” Chowdhary 
explains. “[Facilitating] reliable percep-
tion of the environment and estimation 
of the robot’s own state in the context 
of the environment for enabling autono-
mous decision making are some of the 
key challenges my group works on.” The 
researchers are also focusing on adap-
tation and learning in the area of robot 
perception and control, topics that are of 
interest to the signal processing commu-
nity, he notes.

Robots, such as TerraSentia, promise 
to help growers measure every plant in a 
field rapidly and efficiently without hav-
ing to hire an army of people. Robotic 
technology also eliminates the possibil-
ity of human error, allowing plants to be 
measured accurately and nonsubjectively.

Signal processing is integral to Ter-
raSentia’s autonomous operation and 
to ensuring fast and reliable onsite data 
processing. “Onboard, the robot signal 
processing algorithms are working hard 
to filter noise from inertial sensors and 
fuse different sensor data to create a reli-
able estimate of robot pose using Kal-
man filters,” Chowdhary states. Signal 
processing also plays a key role in deter-
mining distance and angle relative to the 
rows of plants and ensuring that the data 
streaming in from sensors is of sufficient 
quality to support decision making. 
After the data have been uploaded 
into the cloud, machine-learning and 

John Edwards

Digital Object Identifier 10.1109/MSP.2019.2960464 
Date of current version: 26 February 2020

A



11IEEE SIGNAL PROCESSING MAGAZINE   |   March 2020   |

signal processing algorithms are used 
to find patterns that can be used to esti-
mate traits, including plant height, plant 
stem width, plant leaf area index, and 
object count.

Signal processing also helped the 
researchers address signal quality issues 
that often affect robots operating in field 
environments. “For example, GPS behaves 
differently when the robot is under the 
plant canopy, in a ditch, or in open areas 
with a clear view of the sky,” Chowdhary 
explains. Since agricultural data generated 
by cameras tends to be noisy and unstruc-
tured, the researchers turned to machine-
learning- and deep-learning-based tools to 
provide detailed imaging capabilities. “We 
found that it was difficult to come up with 
filters based on traditional machine vision 
techniques,” he says.

The team is now looking forward 
to building rugged, high-quality robots 
while keeping costs low. This means 
tightly integrating systems and software. 
“Simply making a rugged robot that can 
withstand all weather, from the wet 
monsoons of the tropics to the dry heat 
of southern Australia, is a great chal-
lenge,” Chowdhary observes. “Eventu-
ally, we want these robots to operate in 
field environments for months at a time 
with little supervision.”

TerraSentia is expected to become 
available for commercial agricultural 
use within a few years, with some models 
possibly costing lower than US$5,000. 
“We’re looking to scale up manufactur-
ing of the robots and increase the level 
of autonomy,” Chowdhary says. He notes 
that the team’s start-up company, Earth-
Sense, produced approximately 50 robots 
in 2019 and is planning to scale up opera-
tions to manufacture hundreds more.

Building tools
Engineers at the Georgia Institute of 
Technology’s Robot Autonomy and 
Interactive Learning research lab, led by 
Associate Prof. Sonia Chernova, have 
developed a training method that enables 
a robot to create basic tools by combin-
ing various objects. Inspired by the 
1980s U.S. television series MacGyver, 
in which the title character was known 
for his unconventional problem-solv-
ing ability through the use of on-hand 

resources, the “MacGyvering” project 
recently trained an intelligent agent that 
allows a host robot to reason the about 
the shape, function, and attachment of 
unrelated parts.

Project researcher Lakshmi Nair, a 
Ph.D. student in Georgia Tech’s School 
of Interactive Computing, says the 
achievement marks an important step 
toward creating intelligent agents capa-
ble of devising more advanced tools that 
could equip robots to provide support in 
hazardous and potentially life-threaten-
ing environments (Figure 2).

With the assistance of machine learn-
ing, a “MacGyvered” robot can learn 
how to match form to function, deciding 
which object shapes are likely to lead to 
a particular outcome. For instance, by 
learning that a concave bowl can hold liq-
uids, a robot can understand how to build 
a spoon. Machine learning can also help 
a robot discover how to attach objects 
together to form tools capable of grasping 

or piercing objects. So far, the research-
ers have been able to teach a robot how 
to successfully create hammers, spatulas, 
scoops, squeegees, and screwdrivers.

The research also aims to give robots 
the ability to discern how various types 
of material are likely to behave in real-
world situations. Humans know intui-
tively, for example, that hammers are 
hard and strong, so it doesn’t make 
sense to create a hammer out of foam 
blocks. “We want to reach that level of 
reasoning in our work, which is some-
thing we’re working on now,” Nair says.

The project relies on two types of 
information: 3D point clouds and spec-
tral data. “We chose to analyze these 
two types of signals because they pro-
vide a lot of information about objects 
that’s beneficial to tool construction,” 
Nair explains. “The robot needs infor-
mation about shape, which comes from 
3D point clouds, and materials, which 
comes from spectral data.”

FIGURE 1. Girish Chowdhary poses with the TerraSentia among crops. (Source: University of Illinois 
at Urbana-Champaign; used with permission.)
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More specifically, the robot col-
lects spectral data and 3D point clouds 
(using a red, green, blue depth camera) 
of all of the objects available to it. The 
collected data are then analyzed using 
supervised learning, a machine-learn-
ing technique that allows the robot to 
predict an object’s properties. Based 
on the predictions, the robot can decide 
which parts need to be selected and 
combined to construct a specific tool. 
“The input to our algorithm is a set of 
objects available to the robot and some 
action the robot needs to perform,” Nair 
says. “The output is a tool constructed 
by combining some of the available 
objects, for example, combining pliers 
and a bowl to create a makeshift scoop.”

Nair states that the research offers 
tremendous potential for improving 
robotic adaptability and resourcefulness. 
“Often, robots are preprogrammed to 
handle a variety of different situations,” 
she observes. “This is very tedious, and 
there are often many unprecedented sce-
narios that may arise in the real world.” 
She notes that the team’s research will 
help robots easily adapt to unpredictable 
situations. “Currently, our work is one 
of the first to demonstrate tool construc-
tion on a physical robot and is, therefore, 
very novel.”

The research was inspired by an 
incident onboard the ill-fated Apollo 
13 spacecraft, when astronauts facing 
a life-or-death emergency had to “Mac-
Gyver” a carbon dioxide filter using only 

available parts. “Their ingenuity helped 
them combat increasing carbon dioxide 
levels in the spacecraft, enabling them 
to return home safely,” Nair explains. 
“Our applications include similarly 
stressful scenarios often encountered 
in households, space exploration, and 
search–rescue missions.”

Nair notes that dealing with 3D point 
clouds and spectral data noise was the 
biggest challenge the team faced. “Sen-
sor noise is inevitable in our robot appli-
cation, and, to overcome this, we had to 
collect tremendous amounts of data to 
train our models and make our system 
more robust.”

Improving robot manipulation skills 
remains an ongoing challenge. “It’s still 
very difficult for the robot to manipulate 
objects, such as picking up and joining/
attaching parts,” Nair observes. “This is 
important for tool construction, and we 
had to organize the robot workspace by 
placing different objects far apart so that 
the robot can easily manipulate them.”

Nair acknowledges that more work 
remains to be done before “MacGyver-
ing” techniques can be applied to com-
mercial robots. “Our system is currently 
only able to construct simple tools by 
combining a small number of parts,” she 
notes. “Further, a lot of tool construc-
tions require bimanual, two-handed 
manipulation, which is a challenge for 
robots even today.”

Meanwhile, researchers are looking 
forward to the day when a robot will 

be able to build highly complex struc-
tures rather than just simple tools. “We 
would like the robot to reason about 
additional properties of objects, such 
as mass and density, when constructing 
tools,” Nair says.

Swarming robots
Inspired by the navigational accuracy 
and efficiency of swarming insects, a 
research team with members drawn 
from the Delft University of Technol-
ogy, University of Liverpool, and 
Radboud University of Nijmegen, The 
Netherlands, has developed a swarm 
of tiny autonomous drones capable of 
exploring unknown environments. The 
achievement marks a significant step 
forward in swarm robotics, notes prin-
cipal investigator Guido de Croon, since 
the project’s drones are capable of navi-
gating autonomously despite possessing 
only limited sensing and computation-
al capabilities.

The drones’ light weight—only 33 g 
each—allows them to fly safely around 
objects and people, and their small size 
enables them to fly into and around nar-
row spaces (Figure 3). “One potential 
application is in search-and-rescue sce-
narios where the drones have to explore 
a building that may be damaged and 
about to collapse,” de Croon says.

The drones don’t need to create a 
map of their environment, an advantage 
that’s designed to conserve onboard 
memory and storage resources. Instead, 
the units travel in a preferred direc-
tion and deal with obstacles on the fly. 
“When exploring the environment, all 
of the drones fly in different, predeter-
mined directions that make them spread 
out over the environment,” de Croon 
explains. When the drones’ batteries 
reach a 60% charge level, the devices 
begin flying back to their home base, 
guided by a wireless beacon. “The 
preferred direction during the inbound 
flight is the direction that will increase 
the received signal strength of the 
home beacon the most,” he says. “With 
this approach, the drones can navigate 
autonomously with almost no memory 
and computational requirements.”

Signal processing is essential 
to any autonomous robot project, 

FIGURE 2. Lakshmi Nair presents the “MacGyvering” project. (Source: Georgia Institute of Technology; 
used with permission.)
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de Croon states. However, the research -
ers realized that, in their project, 
critical signal processing functions 
associated with complex navigation 
and sensing tasks would be restrict-
ed by the drones’ limited onboard 
power, sensing, and computational 
capabilities. “We had to make some 
tough choices, and we ended up put-
ting more priority on the individual 
drone’s ability to avoid obstacles and 
navigate than on intradrone avoid-
ance,” explains Kimberly McGuire, a 
student researcher who participated in 
the project.

Most of the data generated by each 
drone’s internal navigation devices, 
including an accelerometer, gyroscope, 
downward-pointing laser, and optical 
flow sensor, are processed by a software 
stack running an extended Kalman fil-
ter. The output is used to determine the 
drone’s current state in terms of attitude 
and velocity—essential for safe, auton-
omous flight, especially in cramped 
indoor environments.

The project’s main challenges, de 
Croon notes, was designing processing 
algorithms that would allow each drone 
to detect obstacles via a camera and 
monitor its proximity to other drones. 
Proximity tracking is accomplished 
by measuring the signal strength from 
the wireless communication chips inte-
grated into each drone. Finding the 
beacon direction is also accomplished 
by determining signal strength. All of 
these capabilities rely on combining 
and filtering multiple signals. “For 
instance, for finding the best direction 
to the home beacon, the drone filters 
the received signal strength indica-
tor to the home beacon over time,” de 
Croon says.

Looking ahead, deCroon would like 
to improve the drones’ navigational capa-
bilities, eliminating the need to rely on a 
home beacon. He’s also hoping to improve 
the drones’ obstacle detection and avoid-
ance capabilities, helping them to better 
avoid complex and thin obstacles, such 
as wires and tree and plant branches. 
“Finally, we would like to improve the 
robustness of all components to take the 
step toward real-world unstructured envi-
ronments,” he states.

Author
John Edwards  ( jedwards@john
edwardsmedia.com) is a technol-
ogy writer based in the Phoenix, 
Arizona, area. Follow him on Twitter 
@TechJohnEdwards. 
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FIGURE 3. One of the drones inspired by swarming insects. (Source: Delft University of Technology; 
used with permission.)
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READER’S CHOICE

Top Downloads in IEEE Xplore

E ach “Reader’s Choice” column focuses 
on a different publication of the IEEE 
Signal Processing Society. In this issue 

of IEEE Signal Processing Magazine, 
we highlight papers in IEEE Transac-
tions on Mobile Computing (T-MC).

T-MC is a bimonthly journal for pub-
lishing archival research results related 
to mobility of users, systems, data, and 
computing as well as issues in informa-
tion organization and access, services, 
management, and applications. Research 
areas for these results include, but are 
not restricted to, nomadic computing, 
multimedia applications, mobile data 
and knowledge management, and mobile 
communication systems and networking. 

This issue’s “Reader’s Choice” col-
umn lists the 15 T-MC papers most 
downloaded from January 2017 to 
October 2019. Your suggestions and 
comments are welcome and should 
be sent to Associate Editor H. Vicky 
Zhao (vzhao@tsinghua.edu.cn).

RT-Fall: A Real-Time and 
Contactless Fall Detection System 
With Commodity Wi-Fi Devices
Wang, H.; Zhang, D.; Wang, Y.; Ma, J.; 
Wang, Y.; Li, S.
This paper proposes RT-Fall, a real-
time, contactless, low-cost yet accu-
rate indoor fall-detection system 
using Wi-Fi devices. First, the channel 
state information phase difference 
over two antennas is found to be more 

sensitive than amplitude for activity 
recognition and enables reliable seg-
mentation of fall and fall-like activi-
ties. Second, the sharp power profile 
decline pattern of the fall in the time-
frequency domain is used for new 
feature extraction and accurate fall 
segmentation and detection.

2017

WiFall: Device-Free Fall Detection 
by Wireless Networks
Wang, Y.; Wu, K.; Ni, L.M.
The correlation between different signal 
variations and activities is studied, and 
an obtrusive fall-detection system 
named WiFall is proposed. It employs 
physical layer channel state information 

as the indicator of activities and detects 
human falls without hardware modifi-
cation, extra environmental setup, or 
any wearable devices. WiFall is imple-
mented on desktop computers with 
commodity 802.11n network interface 
controllers, and its performance is eval-
uated in three typical indoor scenarios 
with several layouts of transmitter–
receiver links.

2017

HEED: A Hybrid, Energy-Efficient, 
Distributed Clustering Approach 
for Ad Hoc Sensor Networks
Younis, O.; Fahmy, S.
The Hybrid Energy-Efficient Dis-
tributed (HEED) clustering protocol is 
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proposed for ad hoc sensor networks to 
balance load on sensor nodes and to 
increase network scalability and life-
time. It periodically selects cluster 
heads according to the node residual 
energy and a secondary parameter, e.g.,  
node proximity to its neighbors and 
node degree. It incurs low message 
overhead and achieves fairly uniform 
cluster head distribution across the net-
work. HEED is proved to asymptotical-
ly almost surely guarantee connectivity 
of clustered networks with appropriate 
bounds on node density and transmis-
sion ranges.

2004

EABS: An Event-Aware 
Backpressure Scheduling Scheme 
for Emergency Internet of Things
Qiu, T.; Qiao, R.; Wu, D.O.
An event-aware backpressure sched-
uling (EABS) scheme for emergency 
Internet of Things is proposed. A 
backpressure queue model with 
emergency packets is derived based 
on the analysis of the arrival process 
of different packets. The proposed 
scheme combines the shortest path 
with backpressure scheme in the pro-
cess of next-hop node selection. It 
forwards emergency packets in the 
shortest path and avoids network con-
gestion according to the queue back-
log difference. Experimental results 
verify the effectiveness of EABS in 
reducing the average end-to-end 
delay and increasing the average for-
warding percentage.

2018

Cooperative Edge Caching in User-
Centric Clustered Mobile Networks
Zhang, S.; He, P.; Suto, K.; Yang, P.; 
Zhao, L.; Shen, X.
Delay-optimal cooperative edge caching 
in large-scale user-centric mobile net-
works is investigated. A greedy content 
placement algorithm is proposed based 
on the optimal bandwidth allocation. In 
addition, the optimal user-centric cluster 
size is studied, and the explicit form of 
the condition constraining the maximal 
cluster size is given, which reflects the 
tradeoff between caching diversity and 
spectrum efficiency. Extensive simula-

tions are conducted to validate the per-
formance of the proposed method, and 
the impact of system parameters on 
clustering is also discussed.

2018

Received-Signal-Strength-Based 
Indoor Positioning Using 
Compressive Sensing
Feng, C.; Au, W.S.A.; Valaee, S.; Tan, Z.
This paper proposes an accurate 
received-signal-strength-based indoor 
positioning system using compressive 
sensing. A coarse localizer first com-
pares the received signal strength to a 
number of clusters to find the cluster to 
which it belongs. Then, a compressive 
sensing-based fine localization step is 
used to further refine the location. Dif-
ferent coarse localization schemes and 
access point selection approaches are 
investigated to improve the accuracy. 
The proposed positioning system is 
implemented on a Wi-Fi-integrated 
device to evaluate its performance.

2012

Edge Computing Assisted Adaptive 
Mobile Video Streaming
Mehrabi, A.; Siekkinen, M.; Ylä-Jääski, A.
This paper presents an optimized solu-
tion for network-assisted bit-rate adap-
tion targeting mobile streaming in 
multiaccess edge computing environ-
ments. An integer nonlinear program-
ming optimization model is proposed 
for video bit-rate selection to jointly 
maximize the quality of experience of 

clients and proportional fairness of the 
bit-rate allocation. A near-optimal self-
tuning greedy-based scheduling algo-
rithm is designed to efficiently solve the 
client-to-edge-server mapping and the 
bit-rate selection problems.

2019

Bidirectionally Coupled Network 
and Road Traffic Simulation for 
Improved IVC Analysis
Sommer, C.; German, R.; Dressler, F.
The need for bidirectional coupling of 
network simulation and traffic micro-
simulation for evaluation of intervehicle 
communication protocols is discussed. 
A hybrid simulation framework includ-
ing the network simulator OMNeT++ 
and the road traffic simulator SUMO is 
developed, allowing dynamic interac-
tion between both simulators. A proof-
of-concept study is used to demonstrate 
its advantages based on the evaluation 
of two protocols for incident warning 
over vehicular ad hoc networks.

2011

Load Balancing Under Heavy 
Traffic in RPL Routing Protocol for 
Low Power and Lossy Networks
Kim, H.-S.; Kim, H.; Paek, J.; Bahk, S.
The load-balancing and congestion 
problem of the standardized IPv6 rout-
ing protocol for low power and lossy 
networks (RPL) is studied. Experimen-
tal study of RPL shows that most pack-
et losses under heavy traffic are due to 
congestion, and there exists a serious 
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load balancing problem in RPL in terms 
of routing parent selection. To address 
this issue, a simple yet effective queue 
utilization RPL (QU-RPL) is proposed, 
which improves the end-to-end packet 
delivery performance by balancing the 
traffic load within a routing tree. Exper-
imental results show that QU-RPL sig-
nificantly reduces the queue loss and 
improves the packet delivery ratio.

2017

Smartphones Based 
Crowdsourcing for Indoor 
Localization
Wu, C.; Yang, Z.; Liu, Y.
Locating in Fingerprint Space (LiFS), a 
wireless indoor localization system based 
on off-the-shelf Wi-Fi infrastructure and 
mobile phones, is proposed. Considering 
user movements in a building, originally 
separated received signal strength finger-
prints are geographically connected, and 
they consequently form a high-dimen-
sion fingerprint space. The fingerprint 
space is then automatically mapped to 
the floor plan. Preliminary experiment 
results show that LiFS achieves low 
human cost, rapid system deployment, 
and competitive location accuracy.

2015

Combining Solar Energy 
Harvesting With Wireless 
Charging for Hybrid Wireless 
Sensor Networks
Wang, L.C.; Li, J.; Yang, Y.; Ye, F.
This paper proposes a hybrid framework 
that combines the advantages of wire-
less charging and solar energy harvest-
ing technologies. The network is 
divided into three hierarchical levels. 
The first level studies how to deploy 
solar-powered cluster heads to minimize 
the overall cost. Second, the energy bal-
ance problem is examined, and a distrib-
uted head reselection algorithm is 
proposed to designate some wireless-
powered nodes as cluster heads when 

solar energy is unavailable. Third, a lin-
ear-time algorithm is proposed to opti-
mize the joint tour consisting of both 
wireless charging and data-gathering 
sites for mobile chargers.

2018

VeMAC: A TDMA-Based MAC 
Protocol for Reliable Broadcast 
in VANETs
Omar, H.A.; Zhuang, W.; Li, L.
A novel multichannel time-division-
multiaccess media-access-control proto-
col, VeMAC, is introduced for vehicular 
ad hoc networks. It provides reliable 
one-hop broadcast service without the 
hidden terminal problem and offers effi-
cient multihop broadcast service to dis-
seminate information over the network. 
It assigns disjoint sets of time slots to 
vehicles moving in opposite directions 
and to road side units and reduces trans-
mission collisions on the control chan-
nel caused by node mobility. Analysis 
and simulation results in highway and 
city scenarios show that VeMAC can 
provide significantly higher throughput 
on the control channel.

2013

Ubii: Physical World Interaction 
Through Augmented Reality
Lin, S.; Cheng, H.F.; Li, W.; Huang, Z.; 
Hui, P.; Peylo, C.
The presented ubiquitous interface and 
interaction (Ubii) is an integrated inter-
face system that connects smart devices 
and allows users to interact with physi-
cal objects, such as computers, projec-
tor screens, and printers, to complete 
tasks including document copying, 
printing, sharing, and so on. Individual 
augmented reality menu overlays are 
aligned with physical objects to present 
their physical affordance. Developed on 
Google Glass, Ubii enables gesture-
based free-hand interaction with greater 
convenience. A new support vector 
machine-based detection algorithm and 

computation offloading is implemented 
for better performance.

2017

Mode Selection and Resource 
Allocation in Device-to-Device 
Communications: A Matching 
Game Approach
Kazmi, S.M.A.; Tran, N.H.; Saad, W.; 
Han, Z.; Ho, T.M.; Oo, T.Z.; Hong, C.S.
A distributed scalable solution for a 
dense device-to-device network is intro-
duced, which jointly addresses the 
mode selection, resource allocation, and 
interference management problems. A 
novel learning framework based on 
Markov approximation is proposed, 
where unsupervised learning is used for 
mode selection, and a two-sided match-
ing game is incorporated to address the 
resource allocation issue. Simulation 
results show that the proposed frame-
work converges in probability, achieves 
interference protection, and closely 
approaches the optimal solution.

2017

Energy-Efficient Dynamic 
Computation Offloading and 
Cooperative Task Scheduling 
in Mobile Cloud Computing
Guo, S.; Liu, J.; Yang, Y.; Xiao, B.; Li, Z.
An energy-efficient dynamic offloading 
and resource scheduling policy is pro-
posed to reduce energy consumption 
and to shorten application completion 
time in mobile cloud computing. The 
problem is formulated as an energy-
efficiency cost minimization problem 
with task-dependency requirement and 
completion time deadline constraint. A 
distributed algorithm is then proposed 
that consists of three subalgorithms: 
computation offloading selection, clock 
frequency control, and transmission 
power allocation.

2019
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Cache-aided communications have shown potential for sub-
stantial improvement in network performance, which goes 
far beyond that of traditional caching. Traditional caching 

(i.e., the bringing and storing of data closer to the end users) is 
only efficient when a significant portion of the popular files 
can be locally stored. In cache-aided communications, how-
ever, information stored at one user is useful for interference 
mitigation even if it is requested only by another user. The core 
idea in cache-aided communication is to use this interference-
cancellation opportunity to simultaneously serve multiple users 
by sending a sum of multiple packets. By creating opportunities 
for multicasting, the improved performance scales with the ac-
cumulated cache size at all users. This is a great advantage for 
modern networks, where the number of users is typically large, 
and a small amount of memory can easily be allocated at each 
user. This article presents the novel techniques of cache-aided 
communications while focusing on the signal processing aspects 
that lie in the heart of these schemes. In particular, we examine 

the three well-studied signal processing problems at the core of 
cache-aided communications: resource allocation, beamform-
ing design, and interference mitigation.

Introduction
The increased demand for large files (e.g., media) has pro-
duced overwhelming network traffic. The nature of the data 
has shifted from voice and short messages to large files. It is 
expected that by 2020, 75% of total mobile data traffic will be 
attributable to video. The characteristics of this type of data 
can be exploited to improve the performance of data delivery 
networks. In particular, popular videos are typically repeat-
edly requested by multiple users in an asynchronous manner. 
Moreover, prime time is usually associated with videos, i.e., 
the demand peaks during certain hours of the day, rather than 
being uniformly distributed over time.

Caching, bringing the data closer to where they will be 
used and storing them locally, is an efficient approach used 
to exploit the characteristics of such large-size contents to 
reduce the network traffic. Currently, caching is being used 
for data delivery systems, e.g., Netflix and Facebook’s photo 
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caching. However, these systems work based on predicting 
content with high demand and storing popular files on local 
storage units close to the end users. The gain provided by 
such strategies is limited by the size of the local memory and 
the prediction accuracy. In other words, if the individual local 
storage units are not large enough to store a significant por-
tion of the popular files, cached data will be almost useless 
(when users request other files) and the gain of caching will 
be negligible.

Despite the dramatic drop in the cost of memory, the storage 
size on individual fixed or mobile devices is still too small to 
store a substantial fraction of the popular data. However, mobile 
devices have become more popular and the number of mobile 
users is rapidly growing. This leads to a sub-
stantial amount of aggregate storage, which 
is distributed across the network. The ques-
tion is: How can multiple small caches be 
utilized in a cooperative manner to perform 
as a giant cache?

Recently, Maddah-Ali and Niesen [1] 
introduced a novel caching technique, 
called coded caching, which provides a gain 
that scales with the total cache distributed over the network. 
Unlike classical caching, coded caching is beneficial even if 
packets requested by one user are stored in the cache of other 
users. This surprising caching benefit is due to the opportunity 
for multicasting, i.e., when multiple users can be served by a 
single transmission. With coded caching, each transmission is 
a combination of multiple requested packets, where each user 
can retrieve its desired packet by removing the interference 
using the data stored in its cache.

The new coded caching scheme was first proposed for a 
fixed and homogeneous single-hop network. Following this 
pioneering work [1], the benefits of coded caching have been 
studied for various scenarios and applications, including 
device-to-device (D2D) communication [2], dynamic set-
tings where the placement is not necessarily controlled by 
the server (decentralized caching) [3], [4], multihop networks 
[5], cloud networks [6], and multiple-input, multiple-output 
(MIMO) settings [7]–[11]. Currently, the main attention of 
the community is on the practical challenges of coded cach-
ing under nonideal channel models, e.g., packet erasure or 
fading [10], [12]–[16].

Despite its name, the main feature of coded caching is not 
coding in the information-theoretic sense (e.g., error correction 
codes) but rather combining multiple packets, each requested by 
one receiver so that each target receiver can cancel the inter-
fering packets using its previously stored data and retrieve its 
desired packet. This allows for simultaneously serving multiple 
users, and hence leads to an increase in the number of degrees of 
freedom (DoF) in the system. As a result, the cache-aided com-
munication problem can be formulated in the signal processing 
language and solved using the tools and techniques of signal 
processing. In this article, we present the novel aspects of cache-
aided communication while focusing on the signal processing 
problems that lie at the heart of these schemes. In particular, we 

present a simple and tractable problem formulation while high-
lighting the relations to common signal processing problems. 
We show that the challenges of cache-aided communication can 
be largely decomposed into three main problems: resource allo-
cation, the design and coordination of beamforming/precoding 
vectors, and interference mitigation. These problems have been 
well studied in the signal processing community in different 
contexts, and (close to) optimum solutions are advised. However, 
these solutions must be adapted to the emerging field of cache-
aided communication before this technique can be utilized for 
practical networks.

As practical implementations of cache-aided communication 
systems are approaching, many practical concerns and complex-

ity issues still need to be addressed. Thus, 
the signal processing community can make a 
significant contribution to the derivation and 
optimization of novel cache-aided communi-
cation schemes. Furthermore, the signal pro-
cessing community’s experience with solving 
the aforementioned problems and, in particu-
lar, with handling the imperfections and prac-
tical constraints in the network can be crucial 

as cache-aided communication continues to be adopted for prac-
tical implementations.

Relevant works 
The topic of coded caching has received a considerable amount 
of attention in recent years and is highlighted in several sur-
vey papers. In particular, [17] addressed the scaling laws of 
throughput in wireless networks with caching, with a special 
focus on the D2D approach. The challenges of edge caching 
in wireless networks are studied in [18], where the differences 
between wired and wireless caching are outlined. Specifically, 
this article discusses the essential limitations of wireless cach-
ing and the possible tradeoffs between spectral efficiency, en-
ergy efficiency, and cache size. Context-aware networks using 
edge/cloud computing and the exploitation of big data analyt-
ics are investigated in [19]. A tutorial on coded caching is pre-
sented in [20], which provides an introduction for the seminal 
and pioneering papers that opened new avenues in caching as 
well as a brief overview of existing caching solutions from 
an information-theoretic perspective. Moreover, [20] surveys 
some of the industrial challenges of caching and identifies 
bottleneck issues that need to be resolved to unleash the full 
potential of caching in practical systems.

The main distinction of this article from other surveys is its 
focus on the signal processing aspects of caching. In particular, 
we focus on interference mitigation using caching in wireless 
networks. This article also emphasizes the role of spatial reuse 
and the open issues that must be addressed prior to a practical 
adoption of coded caching.

Notation
Throughout this article, we use calligraphic symbols (e.g., )W
to denote sets. The size of a set A  is denoted by .A; ;  For an 
integer ,N  we denote the set { , , , }N1 2 f  by [ ].N

With coded caching, 
each transmission is a 
combination of multiple 
requested packets, where 
each user can retrieve  
its desired packet. 
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Classical coded caching
The application of caching was conventionally limited to pre-
storing popular contents in storage units close to the end us-
ers and delivering the data from the local copies to reduce the 
server load and bandwidth requirements [21], [22]. The main 
challenge there is to predict users’ requests before they actually 
ask for the data [21], [23], [24]. More importantly, the advan-

tage provided by conventional caching schemes is limited to 
its capacity of local memory/cache and can be negligible if the 
cache size is much smaller than the total size of popular data.

In wireless networks, the available memory on individu-
al devices is small compared to the database size; however, 
with the growing popularity of mobile devices, plenty of such 
small-size memories are available and distributed over all the 

Consider the network in Figure S1(a) with N 2=  files, 
namely W1  and ,W2  each of size 1 megabyte, and 
K 2=  users, each equipped with a local cache size of 
1  megabyte. Assume a perfect broadcast link from the 
server to the receivers. Figure S1(b) displays a naive 
placement strategy, where each user caches one of the 
files. Once the user requests are revealed, the server must 
transmit all of the files that were requested and not stored 
at the requesting user. The tables show the files to be 
broadcast and the load of delivery under different demands. 
The load of delivery is not fixed and its average size over 
different demands is 1 megabyte.

Figure S1(c) depicts a smarter placement strategy 
wherein each file is divided into two halves, each of 
size 0.5 megabytes, i.e., ( , )W W W, ,1 1 1 1 2= " ", ,  and 

( , ).W W W, ,2 2 1 2 2= " ", ,  Each user caches one half of each 
file, i.e, the cache content of user 1 is ( , )Z W W, ,1 1 1 2 1= " ", ,  
and that of user 2 is ( , ).Z W W, ,2 1 2 2 2= " ", ,  Again, the sub-
files to be broadcast for each demand are listed in the 
table. For any demand, the server must send two subfiles, 
each of size 0.5 megabytes.

However, in all cases, the load of broadcast can be 
reduced to only 0.5 megabytes by sending a coded pack-
et. Thus, coded caching can send twice as much informa-
tion over the same period of time.

For instance, consider demands d 11 =  and d 22 =  shown 
in Figure S1(d), i.e., assume user 1 needs W1  and user 2 
needs .W2  Because user 1 has already cached the first 
half of ,W1  it only needs the second half of ,W1  which is

.W ,1 2" ,  Similarly, user 2 needs W ,2 1" , to be able to recov-
er its desired file, .W2  Instead of sending these two pack-
ets separately (uncoded caching), the server can combine 
them and send .X W W, ,2 11 2 5= " ", ,  User 1 can remove 
the interfering part, ,W ,2 1" ,  from X  using its cached data, 

,Z1  and recover .W ,1 2" ,  Similarly, user 2 can decode its 
missing part, .W { }, 12  Clearly, X  is the summation (e.g., 
binary exclusive-OR) of two (binary) packets of size 0.5 
megabytes, and hence we are only broadcasting 0.5 mega-
bytes in a coded scheme, whereas separately broadcasting 
W ,1 2" , and W ,2 1" , requires 1 megabyte of data transmis-
sion. Similar arguments hold for all of the other demands, 
as presented in the figure. 
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FIGURE S1. Traditional versus coded caching. (a) System model, (b) 
placement of a subset of files, (c) placement of parts of files, and (d) 
coded delivery.
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networks. A key question is: How can a file stored at one user’s 
cache be utilized to reduce the network traffic when it is only 
requested by other users?

Recently, Maddah-Ali and Niesen [1] demonstrated 
that distributed storage units can be utilized in a cooper-
ative manner to achieve a global gain that is proportional 
to the total available cache. Coded caching is a central 
placement mechanism that stores packets of the popular 
files in users’ memory all over the network. This allows 
for an opportunistic multicasting in the delivery phase 
of the coded caching, in which a single (coded) packet 
can simultaneously serve multiple requests. The multi-
casting of packets to several users increases the utility 
of packets, and reduces the network load and conges-
tion probability during peak traffic time (at the delivery 
phase). A simple coded caching scheme for a two-user 
scenario is depicted in “Traditional Versus Coded Cach-
ing for Two Users.” 

More generally, the single shared-link network studied in 
[1] consists of a network with K  users and a server [base sta-
tion (BS)] with a library of N  files , , , ,W W WN1 2 f" ,  each 
consisting of F  bits, i.e., FWn; ;=  for [ ].n N!  For the sake of 
simplicity, we assume that the number of users does not exceed 
the size of the library, i.e., .N K$  Each user is equipped with a 
storage memory to store up to MF bits in the placement phase, 
which happens during the off-peak time of the network. Then, 
in the delivery phase, each user requests one file and the server 
is required to serve all the users by broadcasting a message 
through a perfect and shared channel.

Placement phase
In the placement phase, prior to receiving users’ requests and 
during the off-peak time of the network, the server selects sub-
sets of all the bits in the library and stores them in the memory 
of user [ ],k K!  which is denoted by Zk  with .MFZk; ; #  The 
placement strategy of coded caching proposed by Maddah-
Ali and Niesen (referred to as the MAN scheme) is symmet-
ric across files and users and allocates a /N1  fraction of each 
user’s cache to each file. Thus, each user will store a /M Nn =

fraction of each file in its cache.

Focusing on the case that /KM Na =  is an integer, the 
MAN scheme stores each packet in the cache of a  users. Thus, 
each file is split into 

a
K` j equal segments, each of size aF/ K` j

bits. It is more convenient to index the segments by subsets 
of [ ]K  of size .a  File Wi  will therefore be partitioned into 
{ : [ ], },KW SS,i S 3 ; ; a=  and each segment W ,i S  will be 
stored in the cache of every user k  satisfying k S!  (see Fig-
ure 1). The content of the cache at user k  will be

{ : [ ], , }.K kS S SZ WMAN
,k n S 3 ; ; "a= = (1)

Using this method, each user will cache 1a -
K 1-` j segments out 

of a total a
K` j segments, for each file. It is easy to verify that 

the number of bits from each file stored in each user’s cache is 
/ .KF Fa n=

Delivery phase
Upon receiving the requests { : [ ]}d k Kk !  from the users (i.e., 
user k  requests file ),Wdk  the server broadcasts a message, ,X
which is a sequence of coded packets, to serve all user demands. 
The formation of this combination depends on the actual de-
mand profile ( , , )d dk1 f  and thus can be denoted by .X( , , )d dk1 f

Upon receiving ,X  user k  should be able to reconstruct its de-
sired file Wdk  using its cache content Zk  and ,X  i.e.,

, , [ ].X k KZ W( , , )d d k dk k1 7 !f^ h

In the MAN scheme, at the delivery phase, the server 
provides user k  with missing (not cached) segments of its 
requested file ,Wdk  i.e., all W ,d Sk  where .k S"  However, 
such a missing segment is cached in the local memory of 
exactly a  other users, indexed by elements of .S  The sym-
metric placement guarantees a similar situation with respect 
to every other user in { }.kSA ,=  Thus, at any given time, 
the server can simultaneously serve a subset A  of 1a +

users by multicasting a linear combination of all such pack-
ets. That is, for any subset [ ]KA 3  with ,1A; ; a= +  the 
server sends

, [ ], .X K 1A AW \, { }A
j

d j
A

Aj 6 3 ; ; a= = +
!
5 (2)

Z1 Z2 Z3

Wi, {1, 2}

Wi, {1, 2} Wi, {1, 3} Wi, {1, 2} Wi, {2, 3} W, {1, 3} Wi, {2, 3}

Wi, {1, 3} Wi, {2, 3}Wi

File Library

FIGURE 1. A file partitioning used for placement.
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Note that we consider the file segments as bit streams of the 
same length, and +  denotes binary-exclusive-OR (XOR). It is 
worth mentioning that later in this article, we show that a sim-
ilar operation can be performed using finite field summation 
on modulated sequences, which will be denoted by + instead 
of .+ Each user k A!  has every term in this linear combina-
tion cached in its memory, except .W \, { }d kAk  So, the user can 
suppress the interference to recover its desired packet. Such a 
combined packet has utility ( ),1a +  because it can simultane-
ously serve ( )1a +  users. An example of the MAN scheme 
with K 3=  users is given in “Three-User Coded Caching.”

Performance evaluation
The load of delivery is defined as the normalized size of ,X
which is the sum of the (normalized) size of the broadcast com-
binations, i.e.,

1a

a

+
( )

.
K

D
F
X

F
X

F
F K1 1

1
1

[ ]
A

K
1

A
A

; ;
; ;

a

n
= = = =

+
-

3

; ; a= +

K
c

c
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m

/ (3)

This leads to a delivery time [1] of

,T
R

D F

N
KM

K
N
M

R
F

1

1
centralized caching-

$= =
+

-` j
(4)

where R  is the rate supported by the common and shared 
links from the server to the users. This represents a significant 
improvement compared to that of conventional and uncoded 
caching, which has a load of ( )D K 1uncoded n= -  and requires 
a delivery time of

.T K
N
M

R
F1uncoded = -` j (5)

Another interpretation of (4) can be expressed: Each user 
has cached Fn bits of its desired file and requires another 
( )F1 n-  bits. Thus, a total of /( )K F K FM N1 1n- = -^ h
bits are requested by all the users, which can be sent at a com-
mon rate of R. The factor /M N1-  is the (typically small) 
local caching gain due to the parts of the requested files that 
where prestored in the cache of the requesting users. The more 

Consider K 3=  users in the system, where all of the users 
receive information from the server through a common 
perfect broadcast link that supports a rate of R  bits/s. 
Each user is equipped with a cache of size ,MF  where 

/ ,M N2 3=  i.e., each user can prefetch two-thirds of 
each file. We first partition each of the files into

/MK N
K

2
3 3= =c cm m

segments and label them with subsets of {1, 2, 3} of size 
/ ,MK N 2=  as shown in Figure S2(a). Then, each user k

prefetches all of the segments in W ,i S  with .k S!  The result-
ing placement is displayed in Figure S2(b). Assume that user 
k  requested file ,Wk  for ,k 1=  2, and 3. Each user has two 
segments of its desired file in the cache, and the remaining 
segment should be sent during the delivery phase.

More precisely, segments , ,W W,{ , } ,{ , }1 2 3 2 1 3  and W ,{ , }3 1 2

must be delivered to the users. To this end, the base station 
(BS) transmits the combination

.X W W W,{ , } ,{ , } ,{ , }1 2 3 2 1 3 3 1 25 5=  (S1)

Upon receiving ,X  user 1 can remove W ,{ , }2 1 3  and W ,{ , }3 1 2

using its cache content and recover .W ,{ , }1 2 3  A similar 
argument holds for users 2 and 3.

Note that in each time slot, the BS is broadcasting a seg-
ment (combination) whose size is one-third of the size of a 
file. Given the common rate of R  bits/s and the file length 
of F  bits, the transmission takes only /F R3  seconds. During 
this time, three files are delivered to the users, resulting in 
an overall network throughput of /( / )F F R R3 3 9=  bits/s.

Three-User Coded Caching 

FIGURE S2. A cache-aided communication with K 3=  users. (a) File 
partitioning and (b) cache placement.
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significant gain comes from the fact that each transmission 
can simultaneously serve /KM N1 1a+ = +  users. This 
global caching gain is due to the joint placement and deliv-
ery scheme. In the context of wireless communication, this 
can be captured as a ( )1 a+  prefactor for the rate, which is 
referred to as its DoF.

We also use network throughput to quantify the overall 
number of bits (including the prestored segments) delivered to 
the users per unit of time. Hence, the throughput of the basic 
MAN scheme will be // ( .( ) )KF T 1 1a n= + -  Note that the 
network throughput grows unboundedly as .1"n

For non-integer values a  we can use memory sharing, 
i.e., the network can be treated as an interpolation between 
two separate systems, one with cache / /KM N KM N1 = 6 @
and another with / / .KM N KM N2 = ^ h  Hence, the delivery 
load and transmission time can be obtained as a linear 
combination of those of networks with two closest inte-
ger values.

With the description of the placement and delivery phases 
of MAN presented in this section, we provided the necessary 
background information to understand the signal process-
ing aspects of cache-aided communication discussed in the 
“Signal Processing Problem Formulation” section. We 
refer interested readers to the “Coded Caching: A Broader 
Picture” section, where some of the most important follow-
up works related to coded caching are presented.

Signal processing problem formulation

Linear combining versus coding
The main idea of cache-aided communication is the joint 
transmission of information to several users, where each 
user is able to decode its desired data using the data stored 
in its cache. The original approach used an XORing of the 
data required by the different users after making sure that 
all served users have their interfering data in their cache (as 
described previously). The so-called coded caching refers to 
the XOR operation (addition in the binary field), which is 
mostly used in the field of coding and not very typical as a 
signal processing technique. However, the practical imple-
mentation of such schemes in wireless communications will 
definitely be used in the field of signal processing and will 
typically not include XORing.

To introduce the signal processing aspects, we first note 
that a superposition of modulated signals instead of the XOR-
ing in (2) (see also “Traditional Versus Coded Caching for 
Two Users”) will do the work at a high signal-to-noise ratio 
(SNR) [25]. If the transmitter transmits X W W,{ } ,{ }1 2 2 1= +u u

where W ,{ }i k
u  is the modulated version of W ,{ }i k  and + is 

a simple addition of the coded and modulated data, then 
each user can extract its desired information by simple sub-
traction (e.g., user 1 will estimate ).XW W,{ } ,{ }1 2 2 1= -t u

The only drawback of this approach is that transmitting 
W W,{ } ,{ }1 2 2 1+u u  will take twice as much power than will 
transmitting ( ).WW ,{ } ,{ }1 2 2 15  This difference becomes 
negligible at a high SNR.

The problem becomes more interesting in multiantenna 
systems, where the information can be further differentiated 
in the spatial domain. In this case, the XORing alternative has 
a disadvantage, as it requires that all served users will be able 
to decode the joint message. Thus, the joint message must be 
sent in a “direction” and at a code rate that will allow for proper 
detection by all of the users. Conversely, the simple addition of 
the massages can be much more efficient because each user 
is only required to decode its own message (and interference 
subtraction does not require decoding).

Adding messages is therefore an important alternative. Fur-
thermore, this allows for simple adaptations of many signal 
processing techniques. In the following section, we focus on 
this approach and give a straightforward description of a cach-
ing scheme that has no “coding,” i.e., the cache is placed in the 
users’ memory without coding and the BS transmits sums of 
modulated data for different users.

System model and problem formulation

Cache placement
The notations for the cache placement were introduced 
in the “Placement Phase” section. At the placement phase, 
the BS divides each file into segments indexed by the 
subset ,S  and stores in the cache of user k  all segments 
W ,i S  for which .k S!  Thus, the cache content of user k
is { : [ ], [ ], }.n N K kZ W S S,k n S ! 1 !=  We denote the 
normalized cache size of user k  by / ,M FZk k; ;=  where, for 
generality’s sake, we allow the cache sizes to be different. The 
overall performance is mostly dominated by the average cache 
size //( ) .KMF M F1 k k=

Transmission and channel model
At the beginning of the delivery phase, once the user requests, 
{ },dk  are known, each requested segment, ,W ,d Sk  is encoded 
at the rate supported by its requesting user. If multiple users 
request the same file, it will be encoded at the rate that will 
enable decoding by the weakest user (while other users may 
be able to decode the message after receiving only some of the 
coded symbols).

We denote with W ,i S
u  the digitally modulated symbol set 

resulting from mapping the data packet W ,i S  into a suitable 
signal space codebook. In this article, we do not discuss the 
details of how this can be done. Any suitable coded-modu-
lation technique (e.g., low-density parity check code concat-
enated with a suitable high-order signal constellation) may be a 
practical implementation of the scheme.

Consider a multiple-input, single-output (MISO) commu-
nication scheme, where the BS has L  antennas and each user 
has a single antenna. The nth symbol after match filtering and 
sampling at the kth user is given by

[ ] [ ] [ ],y n n z nh xk k k= + (6)

where [ ]nx  is the transmit vector, [ ] ~ ( , )z n N0CNk 0  is the ad-
ditive noise sample, N0 is the power spectral density of the 



24 IEEE SIGNAL PROCESSING MAGAZINE   |   March 2020   |

complex white Gaussian noise at each receiver, and h Ck
N1! #

is the channel vector from the BS to user .k  For this descrip-
tion, we focus on the case where the BS has perfect channel 
state information.

System requirements
The system objective is to allow each user to decode each of 
its desired segments, while transmitting the least number of 
symbols. The ability to detect a message depends on the ex-
act system definition. Using the general definition given so far, 
the ability to decode can be stated using information-theoretic 
terms: we need a sufficient amount of mutual information be-
tween the transmitted symbols and the received signal together 
with the cache content at the specific user.

However, this formulation does not reveal the structure of 
the problem and, in particular, does not tell us how to construct 
the transmitted symbol vectors. Thus, we turn to linear precod-
ing to obtain more insight.

Linear precoding

General linear precoding
For linear precoding, we assign symbols from several seg-
ments to be transmitted at every time interval. The transmis-
sion scheduling is described by a sequence of transmission 
assignments. Each transmission assignment is a set [ ],nT
where ( , ) [ ]i nS T!  indicates that a symbol from W ,i S

u  is 
transmitted at time n. Then, the transmitted vector is con-
structed by

[ ] [ ] [ ] [ ],fn E n n u nx ,
( , ) [ ]

, ,i
i n

i iS
S T

S S$=
!

u/ (7)

where [ ]E n,i S  is the energy assigned for this transmission, 
[ ]nf ,i S  is the precoding vector (normalized to [ ] ),n 1f ,i

2
S< < =

and [ ]u n W, ,i i SS !u u  is the transmitted symbol (a different sym-
bol from the segment at each assigned time).

Considering a specific symbol, described by ( , ) [ ],i nS T!
user k  will need to decode this symbol if d ik =  (i.e., if user k
requested this file) and k S"  (i.e., the symbol is not stored at 
user ).k  Attempting to decode the symbol, the desired signal 
gain is

[ ] [ ] [ ].A n E n nh f, , , ,k i i k iS S S$= (8)

The receiver can subtract all of the cached symbols, and the 
residual noise plus interference power is given by the condi-
tional variance

u[ ] [ ] [ ] [ ] ).(n y n A n u nVar Z, , , , ,k i k k i i k
2

S SSv = - u (9)

To ensure the proper decoding of all the requested files, we 
must verify that each segment is decodable at all requesting us-
ers. A common approximation for the decodability of a packet 
uses the Shannon capacity of an additive white Gaussian noise 
channel, with a multiplicative constant that represents that sys-
tem imperfections. This constant, ,c  is commonly referred to 

as the Shannon gap and takes values between 2-  and .10 dB-

Thus, we say that segment W ,d Sk  is decodable at user k  if

[ ]
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.log
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A n
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) [ ]n d n k d

k d
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S Tk k
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; ;c

v
+

!

e o/ (10)

Hence, cache-aided communication with linear precoding 
is solvable if there exist assignments, [ ],nT  and matching pre-
coding vectors, such that all users can decode all segments of 
their requested files. This is still a difficult assignment prob-
lem, and the optimal linear assignment is not yet known. The 
only approach that has been solved thus far is that of limiting 
the discussion to zero-forcing (ZF) precoding. We note that ZF 
is typically efficient at the high SNR regime.

The ZF system
Using this approach, we make the following limiting assump-
tions as compared to the general linear case. These assumptions 
result in the most tractable problem formulation thus far:
■ Each beamforming vector is selected in the unique direction 

that is orthogonal to the channel vectors of L 1-  users.
■ At any given time, exactly /L L KM Na+ = +  users are 

active.
■ After cache subtraction, all symbols are detected in the 

presence of noise only.
■ The transmission rate to each user is set independently 

from the scheduling decisions.
Also, for simplicity’s sake, we describe only the worst case sce-
nario for the delivery phase, i.e., the case where all users request 
different files.

The first assumption allows for L 1-  users to not be inter-
fered with during the transmission to another user. To comply 
also with the second and third assumptions, we need to remove 
the interference at additional a  users by cache subtraction. 
Hence, every symbol must be stored at the cache of exactly a
users. Compared to (9), the third assumption guarantees that for 
all the symbols, [ ] .n N, ,k i

2
0Sv =

The last assumption is required for simplifying the trans-
mission scheduling. As stated previously, for each symbol, 
the choice of precoding vectors is completely determined 
by the choice of L 1-  users that receive messages at the 
same time and cannot subtract the given message using 
their cache. Thus, the effective gain for each user (and its 
achievable rate) will be different depending on the combina-
tion of interfered users. This may significantly complicate 
the scheduling [25].

To resolve this, most works turned to either the high 
SNR or ergodic fading regime. With the high SNR regime, 
we consider the performance as the transmission power 
grows to infinity. In such an asymptotic scenario, the 
resulting rate is proportional to the logarithm of the trans-
mission power. Hence, in this regime it is assumed that 
the actual channel gains are negligible and all rates are 
approximately equal.

Another approach, which does not lead to equal rates for all 
users, assumes that each transmission has sufficient-enough 
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diversity so that its rate will converge to its expected rate. For 
example, the ergodic fading regime can be approached in a 
wideband system, where the transmission bandwidth is large 
and spread over many frequency bins. When the bandwidth, 

,B  is large enough compared to the channel coherence time, 
using the law of large numbers, the spectral efficiency con-
verges to its expectation:

[ ]
[ ] .log

B
R

N
E n

n1 h fE ,
,

k d
k d2

0

2S
S

k
k" ; ;c+c m; E (11)

This limit results in a rate per user, that is independent of the oth-
er users in the network. This independent rate can still be differ-
ent for each user. Yet, it allows a tractable problem formulation.

Once the rate per user is determined and does not depend 
on the transmission scheduling, checking whether a segment 
is decodable can be done by simply counting the symbols 
received for this segment by the intended user. In this sec-
tion, we give a mathematical statement of the conditions that 
guarantee decodability. Prior to that, we give a mathematical 
formulation of the aforementioned assumptions, i.e., we define 
what transmission assignments, [ ],nT  are valid.

Let ( [ ]) { :( , ) [ ]}n k d nK T S Tk !=  be the set of active users 
for the specific assignment [ ].nT  A transmission assignment, 

[ ],nT  is valid if ( [ ])n LK T; ; a= +  and for each ( , ) [ ]:d nS Tk !

■ Each bit is stored at a  users, i.e., .S; ; a=
■ All users that store the relevant segment are also actively 

receiving data, i.e., ( [ ]).nS K T1

■ The BS does not send a segment to a user that already 
stores it in its cache, i.e., .k S"

Note that a transmission assignment, [ ],nT  also uniquely de-
fines the precoding vectors. Each precoding vector, [ ]nf ,i S  is 
chosen in the unique direction that is orthogonal to the L 1-
users that are active and not in the set ,S  i.e., if ,i dk=  we have 

[ ]n 0h f ,i S =,  for any \( [ ]) { }.n kK T S,, !

To design and analyze the network, we do not need to 
choose the actual assignment of symbols for each transmis-
sion. It suffices to characterize the number of symbols sent 
using each assignment type. Denote by nT  the number of 
symbols dedicated to a specific transmission assignment type, 
i.e., uu{ : [ ] } .n n nT TT = =  The problem can be formulated as 
an optimization problem on the variables { }nT  for all valid .T
The optimization goal is to minimize the transmission time, 
i.e., / ,nT T  subject to the decodability of all the requested seg-
ments. This constraint can now be simply stated as: For each 
user, ,k  and each set S  with S; ; a=  and ,k S"  we require 
that the number of received symbols will be the number of 
coded symbols, i.e.,

uu .n W
:( , )

,
d

dT
T

S
T Sk

k=
!

u/ (12)

An example of the optimal cache placement and transmission 
scheduling in the homogeneous case is given in “A Multiple-
Input, Single-Output Cache-Aided Communication System,” 
while an example of nonhomogeneous rates is given in “A 
Multiple-Input, Single-Output Cache-Aided Communication 
Systems With Heterogeneous Rates.”

Posing the question as an optimization problem allows us 
to find the best transmission scheduling for each network. The 
resulting optimization problem is linear, and we may utilize a 
variety of algorithms for efficient solution. Note that the for-
mulation herein focuses only on the optimization of the worst-
case scenario, in which all users request different files. A more 
detailed formulation can lead to further improvement in cases 
where several users request the same file.

Keep in mind that the optimization approach rarely leads 
to closed-form performance expressions. For example, for the 
case of arbitrary user rates, the only case with such a closed-
form expression is the case that ,K L a= +  with integer .a
This is a limited case, as it typically requires unreasonably 
large users’ cache. Nevertheless, it is interesting because it 
shows that for many user rate combinations, all L a+  users 
can be simultaneously served using L  antennas, where each 
user receives information at its own rate. It was shown [10] that 
a minimal time of

/( )
,T

R

KF M N1

k
k

K

1

=
-

=

/
(13)

is achievable if the user rates satisfy /( / )LR R1 K
k 1# , ,=  for 

every k  in { , , , }.K1 2 f
For the completeness of the network description, we next 

show that the presented scheme is indeed feasible and achieves 
a DoF of / .L KM N+  In the next section, we present a trans-
mission scheduling scheme for the simple homogeneous case.

Performance in the homogeneous case
In the homogeneous case, all files are of equal size and popu-
larity, and all users have the same rate. In this case, we show 
that all users can receive their desired files while L a+  users 
are served at any given time with no interference. We note that 
this also represents the high SNR regime, and hence proves 
that the system achieves the expected DoF as claimed above.
Again, we focus on the worst-case scenario, where all the users 
request different files.

In the homogeneous case, it is reasonable to adopt the cache 
allocation of the centralized MAN scheme described in (1). This 
cache allocation divides each file into a

K` j equal parts denoted 
by ,W ,k S  where S; ; a=  and the set index, ,S  indicates the set 
of users that store W ,k S  in their cache, i.e., W Z,k iS !  if and 
only if .i S!  This cache allocation is useful in many cases and, 
in particular, when the network is symmetric.

The delivery phase in the homogeneous case is solved by 
simply setting the number of symbols in each valid transmis-
sion assignment type to be identical. Inspecting the conditions 
for a valid transmission assignment in the previous section, 
we note that there are L a+

K` j possible choices for the set of 
L a+  active users in the assignment. Given the active users, the 
transmission to each user, ,k  is characterized by a pair ( , ),d Sk

where S  is selected from the other active users; therefore, there 
are 

a
L a+ 1- L a+` j  possible assignments for each set of active 

users. Thus, in total, we have aL a+Q $= L 1a+ -K L a+` `j j
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possible transmission assignment types, and we assign an iden-
tical number of symbols to each: i.e., .n cT =

Each transmission assignment includes L a+  seg-
ments, and each specific segment W ,d Sk  appears in ( )L a+ /

aK $ K 1-` ` jj  of the transmission assignments, i.e., we have 
a total of a( )J Q L K$ $a= + / K 1-` ` jj  assignments. To 
decode each segment, we need to receive all of its symbols, 
i.e., we need /u u .c JW ,d Sk= u  Knowing ,c  and noting that the 

Consider a cache-aided network with K 3=  users and 
L 2=  antennas at the transmitter. The channel from the 
base station (BS) to user k  is denoted by h ,k  and we 
assume that all the users can decode at a rate of R bits/s. 
Each user has a memory of size of / / ,M N 1 3=  and thus, 
can prefetch only one-third of each file. We first partition 
each of the files into /MK N

K
1
3 3= =c cm m  segments, and 

label them as , ,W W,{ } ,{ }i i1 2  and ,W ,{ }i 3  respectively, for 
every [ ],i N!  as shown in Figure S3(a). Then, each user, 
,k  prefetches segments W ,{ }i k  for all [ ] .i N!  The resulting 

placement is presented in Figure S3(b). Assuming for sim-
plicity that user k  requests the file with an index of ,d kk =

i.e., ,d 11 =  ,d 22 =  and .d 33 =  Note that, each user has 
one segment of its desired file in the cache, and the two 
remaining segments should be sent during the delivery 
phase.

The transmitter broadcast message can be represented 
(intuitively) as

x h h h
x h h h

( ) ,
( ) ,
1
2

W W W

W W W

,{ } ,{ } ,{ }

,{ } ,{ } ,{ }

3 1 2 1 2 3 2 3 1

2 1 3 3 2 1 1 3 2

= + +

= + +

= = =

= = =

u u u

u u u  (S2)

where W ,i Su  denotes the digitally modulated sequence of 
symbols corresponding to the file segment .W ,i S  Also note 
that the precoder vector hk

=  indicates that the beamformed 
signal is perpendicular to the channel of user k  and will 
be zero forced at this user. The exact mathematical repre-
sentation of the transmitted signals is given in (7).

Let us study the signal received by user 1. During the first 
time slot, user 1 receives

h x h h h h( ) ( ) ( ) ( ),y z z1 1 1 1WW ,{ } ,{ }1 1 1 1 3 1 2 1 2 3 1 1= + = + += =u u

where ( )z tk  is the additive white Gaussian noise observed 
at user k  in time slot t. Note that one interference term is 
zero forced, i.e., h h .0W ,{ }1 1 2 3 =

= u  Moreover, ( )y 11  is a 
combination of the desired codeword W ,{ }1 2u  and another 
interfering codeword .W ,{ }3 1u  However, this interfering 
codeword can be reconstructed from the segment W ,{ }3 1  
stored in .Z1  Once the interference is subtracted, user 1 
can decode segment .W ,{ }1 2  A similar argument holds for 
all the users and all the time slots, where each user can 
decode one desired segment at each time slot.

Note that each transmission can simultaneously serve 
/L KM N 2 1 3+ = + =  users. This is due to the possibility 

of interference cancellation using the cache content at 
/KM N 1=  user and using zero forcing at L 1 1- =  user. In 

each time slot the BS is broadcasting a segment (combina-
tion) of length one-third of the size of a file, at rate R 
(which is decodable for all users). Thus, the duration of 
each transmission will only be /F R3  seconds, where F  is 
the file size. This leads to a total transmission time of 

/F R2 3  seconds. During this time, three files are delivered 
to the users, and therefore, we have an overall network 
throughput of /( / ) .F F R R3 2 3 4 5=  bits/s.

A Multiple-Input, Single-Output Cache-Aided Communication System

FIGURE S3. A multiple-input, single-output cache-aided communication 
system with L 2=  transmit antennas, K 3=  users, and normalized cache 
size of / / .M N 1 3=  The (a) file partitioning and (b) cache placement.
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Consider a multiple-input, single-output (MISO) broadcast 
channel with L 2=  transmit antennas and K 3=  users with 
single antenna, as shown in Figure S3. We assume a total 
cache constraint so that only one copy of each (packet of 
each) file can be prefetched among all of the users, i.e., 

.NFZkk 1
3

=
=

/  We denote the link capacity of user k  
by Rk  and assume a heterogeneous topology, in which 
users 1 and 2 have good channels to support R R 21 2= =  
bits/s, while the third user is further away from the trans-
mitter and can decode only at rate R 13 =  bits/s. We con-
sider a placement strategy that is symmetric across files but 
not necessarily symmetric across users. It is natural to 
expect that a larger cache will be allocated to the weak 
user to minimize the overall transmission time of the deliv-
ery phase.

It turns out that the optimal cache allocation places 
// /M F N M F N F 51 2= =  bits in the cache of users 1 

and 2, while user 3 stores //M F N F3 53 =  bits to compen-
sate for its weakness. The cache allocation is accomplished 
by partitioning each file into three segments, i.e., , ,W W,{ } ,{ }i i1 2

and ,W ,{ }i 3  which are stored at the cache of users 1, 2, and 
3, respectively, as depicted in Figure S4(b). Note that the 
cache placement is performed prior to the user’s request and is 
identical for all files. In this example, we assume that user k
requested d kk =  for { , , } .k 1 2 3!

The delivery phase includes the broadcasting of four 
messages. To present the broadcast messages, we must 
further divide the cached messages into smaller segments 
a s  , ,W WW ,{ } ,{ }

( )
,{ }

( )a b
3 1 3 1 3 1= ` j  , ,W WW ,{ } ,{ }

( )
,{ }

( )a b
3 2 3 2 3 2= ` j

, , ,W W WW ,{ } ,{ }
( )

,{ }
( )

,{ }
( )a b c

1 3 1 3 1 3 1 3= ` j  a n d  ,W W,{ } ,{ }
( )a

2 3 2 3= `

A Multiple-Input, Single-Output Cache-Aided Communication Systems With Heterogeneous Rates

FIGURE S4. A cache-aided communication with L 2=  transmit antennas. The (a) file partitioning and (b) cache placement.
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number of coded symbols in a segment is a/ ,( )F R / K` j  the 
total number of symbols required to serve all users is

a

a // ( )
.T c Q F R

L

K

L
K M N

R
F1

$ $
$

$
a a

= =
+

=
+
-

K

K 1-

`
`

j
j

(14)

Here, KF  is the total number of bits in the files requested by all the 
users. Compared to (5), we see that the number of DoF given by

/ ,L L KM NDoF a= + = + (15)

where we see the combination of /KM N DoF that are achieved 
through cache-aided communication and L  DoF of spatial 
multiplexing using L  antennas.

Related problems

Demand prediction
In some limited systems, the number of files in the database 
is relatively small, hence the notation in the previous section 
seems reasonable. However, in most cases, and in particular if 
we consider cellular systems of 5G and beyond, the database 
size can be huge. As can be verified from the performance 
measures in (14) and (15), a huge database size, ,N  can com-
pletely diminish the gain of caching.

Accordingly, cache-aided communications in large 
systems should cache only a subset of the files in the 
database, preferably the most popular ones [26]. Yet, the 
popularity of files changes over time, and a proper system 
operation would require a continuous update of the most 
popular sets [27].

Even more challenging is the prediction of the popular-
ity of the files. This problem has already attracted much 
attention, although, not necessarily in the context of cache-
aided communications. Because the problem is outside the 
scope of this article, we only refer the interested reader to 
[19] and [28] as two starting points where this problem in 
the context of caching is discussed. These highlight the 
importance of popularity prediction and cache updates. 
They also emphasize the effectiveness of machine-learning 
techniques, as the actual distribution of file popularity is 
typically unknown.

It is worth pointing out that these types of works are more 
related to web caching and content distribution networks or, in 
the wireless framework, on scenarios known as femtocaching. 
In coded caching, there is typically a substantial separation 
between the time scale at which users’ requests are served and 
the time scale at which the popularity of the content evolves. 
As an example, the collection may include the most popular 
1,000 titles from the Netflix library, and every week some new 
movies are included and some old ones are eliminated (while 
a streaming session is on the order of tens of minutes). In this 
context, demand prediction is virtually orthogonal and comple-
mentary with coded caching. One can use a standard scheme 
(e.g., as done by Netflix) to track what users want at the large 
time scale and use coded caching for the delivery of files from 
the current library.

Resource allocation
Resource allocation is one of the most important tasks in 
the optimization of any communication system. In cache-
aided communication systems, traditional resource alloca-
tion problems become more challenging and new problems 

,W W,{ }
( )

,{ }
( )b c

2 3 2 3 j  to keep up with the capacity of the links to 
the users. All three users can be served in four time slots by 
transmitting
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x h h h
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where x ( ),  is the collection of all transmission vectors for 
the th,  time slot and W ,i Su  denotes the digitally modulated 
sequence of symbols corresponding to file segment .W ,i S

Moreover, beamforming a codeword with precoder vector 
hk
=  guarantees that the received signal corresponding to 

that codeword will be zero forced at user k. The exact 
mathematical representation of the transmitted signals is 
given in (7).

Let us consider the decoding at user 1. For instance, dur-
ing time slot 1, user 1 receives

h x h h h h( ) ( ) ( ) ( ).y z z1 1 1 1WW ,{ }
( )

,{ }
( )a a

1 1 1 1 2 1 3 1 2 3 1 1= + = + += =u u

The user subtracts codeword W ,
( )a
3 1
u " , using its cache con-

tent and then uses the remaining signal to decode .W ,
( )a
1 3" ,

Similarly, each user can decode all of the missing seg-
ments of its requested file.

Note that each transmission time takes /F 10 seconds, and 
the total transmission time is . F0 4  seconds, after which, all 
users can decode their requested files. Because three users 
are served during this time, the overall network throughput is 

/ . .F F3 0 4 7 5=  bits/s. In contrast, with equal cache place-
ment, the minimal time to serve user 3 is · R

F
3
2

3
 seconds, 

which leads to a throughput of only 4.5 bits/s. This shows that 
an optimized coded caching in MISO brings additional gain 
by balancing the load of the network.

A Multiple-Input, Single-Output Cache-Aided Communication Systems With Heterogeneous Rates 
(Continued )
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need to be addressed. In this section, we discuss the power 
allocation as an example of a traditional resource alloca-
tion problem that becomes more complicated, and then we 
discuss the cache allocation as an example of a new alloca-
tion problem.

Note that any resource allocation problem is strongly relat-
ed to the transmission scheduling problem. The transmission 
scheduling is, by itself, a resource allocation problem that 
determines which segments will be allocated to each transmis-
sion time. So, allocating any additional resources can only be 
done in coordination with transmission scheduling.

Power allocation
The power allocation problem requires finding the optimal 
transmission energy for each symbol, which minimizes the 
time required to serve all the users. The main difficulty in the 
optimization of the power allocation is the need for a closed-
form performance expression. Such an expression, which can 
be written as a function of the transmission powers, currently 
exists only for the limited case where the number of users 
is exactly / .K L KM N= +  As a result, this is also the only 
cache-aided communication scenario where the optimal power 
allocation is known [10], [29].

This power allocation is shown to be a variation of the 
water-filling algorithm with a rate saturation. As the cache-
aided communication cannot take advantage of users with a 
very high rate, the rate of such users is saturated and the extra 
power is used for other users. Optimal power allocation for 
other cache-aided communication scenarios still remains an 
open problem.

Cache allocation
Cache allocation includes 1) allocating the memory (cache 
size) for each user and 2) allocating the cache content. The al-
location of cache content means the choice of sets W ,i S  for 
each i  and ,S  usually under the constraint of user cache size 
of MF bits.

For example, for nonuniform file popularity, it is likely that 
popular files will be stored more often than others. Thus, we 
may have u u uu WW , ,i j SS !  when files i  and j  have different 
popularity. This has mostly been studied for a single-antenna 
BS and formulated as linear optimization problem [30]. It was 
shown that the uniform placement of the centralized MAN 
scheme [1] is indeed optimal when the file popularity is uni-
form. However, in the case of nonuniform popularity, the opti-
mal placement performs better than the uniform.

Contrarily, in the case of uniform file popularity, while the 
placement is still symmetric across the files, it is not necessar-
ily symmetric across users. That is, if the BS decides that user 
k  stores bit number ,n  then it will store this bit from all files in 
the database. So, we have u u u uW W, ,i jS S=  for all i and j, but 
not necessarily u u u u.W W, ,i iS S1 2=

For such a case, we observe that the cache placement optimi-
zation is much simpler for /u u .KM N 1S = =  In this case, there 
is no meaning to the question “Which specific bit is stored at 
which user?” Hence, the only cache allocation decision that has 

an effect on the performance is the users’ cache sizes. Converse-
ly, for / ,KM N 12  there will be overlap between users’ caches 
(i.e., a bit may be stored at more than one user). The choice of 
which users’ caches will overlap can have an effect on perfor-
mance in a nonhomogenous network.

Another improvement can be gained in networks that allow 
for an optimization of the cache size per user depending on the 
channel qualities. Recall that cache allocation occurs during 
the placement phase, and in most scenarios, at this stage the 
system has no knowledge of the future states of the channels. 
The typical approach employed is to use an equal cache size 
for all users.

In some cases, the users’ delivery rates can be predicted. Two 
examples of this are 1) in fixed wireless networks, where the 
rates are rather fixed or 2) in low-orbit satellite communications, 
where the rates change faster but more predictably because satel-
lites travel in known orbits. In such cases, the cache size at each 
user can be adjusted to partly compensate for the different rates 
and increase the network throughput (an illustrative example 
is discussed in “A Multiple-Input, Single-Output Cache-Aided 
Communication Systems With Heterogeneous Rates”). In the 
case of multiantennas, this problem was framed as a linear opti-
mization problem, albeit with a number of variables that grows 
exponentially with the number of users [10].

Caching for scalable coding
The cache-aided communication problem is usually studied 
in the strict fairness setup. The typical problem formulation is 
of equal size files, and each user requests a single file. Thus, 
the objective is to supply to each user the same amount of 
data, regardless of the channel qualities. The strict fairness 
constraint makes the network very sensitive to the perfor-
mance of the weakest user. This is in contrast to other net-
work-optimization works, which typically focus on the total 
network throughput.

An interesting scenario that challenges this fairness 
assumption is scalable coding. With scalable coding, the same 
content (e.g., a movie) can be compressed at divergent rates 
to produce distinct types of quality for a variety of users. 
Reproducing lower-quality versions by using lower data rates 
is desired, e.g., for diverse equipment types (e.g., different 
screen sizes), dissimilar channel conditions, or a range of con-
tent pricing. Because of this, the same file may be requested 
in the network at several quality levels. Scalable coding allows 
for the encoding of the file at several layers. Users that decode 
only the first layer will reconstruct the content at the lowest 
quality (highest distortion), while users that decode multiple 
layers will be able to refine the reconstruction and realize 
higher quality.

Having several layers for each file makes cache alloca-
tion much more interesting [31]. In particular, if the desired 
quality of each user is known in advance, both the cache 
allocation and placement can be optimized for the specific 
desired quality of each user. Obviously, such an optimiza-
tion results in a better utilization of the cache and higher 
network throughput.
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Effect of transmitter cache
In a network with multiple single-antenna BSs, cache can be 
used to facilitate cooperation between the BSs. This was stud-
ied in a network where all BSs are synchronized and make 
joint scheduling decisions but do not store the complete data-
base. In such a case, each bit can be transmitted only from the 
BSs that store them in their cache. Thus, a ZF precoder that 
nulls the interference caused by the transmission of a symbol 
can only be used in these BSs. 

Denoting the cache size at each BS with M FT  and assum-
ing that /LM NT  is an integer (where L  is the number of BSs), 
each bit is accessible to /LM NT  antennas. Each transmission 
can therefore only be zero forced at /LM N 1T -  users. Com-
bined with the gain of the receivers cache, the number of users 
that can be served simultaneously (hence, the DoF of the sys-
tem) [32] is

.
N

LM KMDoF T= + (16)

Note that if each BS has access to the whole database, com-
plete cooperation can be established between all BSs, and the 
performance will be characterized by the single BS case that is 
equipped with L  antennas. In this case, we have ,M NT =  and 
(16) simplifies to (15).

It is important to emphasize that (16) gives an achievabil-
ity result, and the maximal performance is not yet known. 
For example, in the specific case of L 3=  and / /M N 2 3T =

and ,M 0=  it was shown [32] that when using interference 
alignment the DoF is 18/7, which is significantly higher than 
the DoF of 2 that is achievable according to (16). The best-
known general upper bound on the DoF of linear precod-
ing (also termed one-shot coding) [32] is two times the DoF 
given in (16).

Multiserver wireline network
Surprisingly, a similar channel model can be found in wireline 
multiserver networks. Using the concept of network coding, in 
some scenarios it is beneficial for each server in the network to 
forward a linear combination of its incoming packets. This lin-
ear combination is performed over a large-enough finite field 
so that the network is invertible. The operation of the whole 
network can then be represented by a matrix.

A central network manager controls multiple servers, 
which need to jointly serve multiple users. These multiple 
servers act as antennas in the wireless model presented above. 
Accordingly, the output at each user is described as a multi-
plication of a transmitted vector and a channel matrix, just as 
in (6), with the only differences being the operations over a 
large finite field instead of over the field of complex numbers 
[8] and the absence of noise. The same transmission schemes 
are applicable and result in the same performance gain.

The subpacketization problem and the role 
of spatial multiplexing
For the single shared-link network presented in [1], the major 
problem of the applicability of coded caching schemes to real-

world systems is represented by the very large subpacketization 
order, i.e., the number of subpackets (segments) that each file 
Wi  in the library must be partitioned into. In the MAN scheme 
with K  users, N  files, and cache memory per user MF 
bits, assuming that /KM Na =  is an integer, each file must be 
split into a

K` j  subpackets. Letting / [ , ]M N 0 1!n =  denote 
the fractional memory level, i.e., the fraction of the 
whole l ibrary that each user can cache, the subpack-
etizat ion order of MAN is given by ( ( )),exp K

K
K H.
n

nc m
where ( ) ( ) ( )log log1 1H n n n n n=- - - -  is the binary en-
tropy function. Therefore, the subpacketization order is expo-
nential in K  for a given fractional memory level .n

Denoting the length of each file by F  bits, it is clear that 
F  must be at least as large as the subpacketization order, i.e., 
the file size required by MAN is also ( ( )).expO K  (In practice, 
the file size should be even larger as the transmission always 
processes a packet of many bits at a time.) For example, a sys-
tem with K 500=  users where each user caches a fraction 

.0 01n =  of the library, would require a minimum file size 
in bits . .F 2 5 10· 11.  This means that the required file size is 
at least 250 gigabits. Taking into account that the typical size 
of a movie encoded in standard definition is of the order of 
1 gigabits, we see that the file size required by such a scheme 
is between 1 and 2 orders of magnitude larger, and therefore, 
completely impractical.

The subpacketization order problem is exacerbated by the 
fact that, in a practical media streaming system, a streaming 
session consists of a sequence of demands of video “chunks,” 
corresponding to a few seconds of video. To cope with asyn-
chronous streaming sessions, each video chunk of each video 
file should be treated as a “file” Wi  in the formalism of 
MAN, presented in this section [1]. It follows that, in practi-
cal video steaming applications, the actual size of the video 
chunks, ,F  is of an order of a few megabytes, which is four or 
five orders of magnitude smaller than that required file size in 
the example above.

Furthermore, it was proved in [33] that any decentralized 
caching scheme based on symmetric random caching, i.e., 
where each user caches a fraction n  of the bits of each file 
selected at random with uniform probability, independently of 
the other users, must have F  that grows superexponentially in 
K  to achieve a ( ).O KDoF =  For example, the load expression 
of the decentralized MAN scheme in [3] [see (22)] is valid only 
in the limit of F " 3 and fixed .K  In contrast, in [33] it is 
shown that if F  grows less than superexponentially in ,K  then 
the maximum achievable DoF does not exceed 2.

Cache replication
Several methods have been proposed to cope with the subpack-
etization order problem (e.g., see [34]–[39]). These methods 
can be (roughly) classified into optimization-based (e.g., [34]–
[36]) and graph-theoretic/combinatorial methods (e.g., [37] and 
[38]). Unfortunately, they are typically quite complicated and 
not flexible in terms of system parameters.

A much simpler approach consists of cache replication. 
For the centralized case, we create a MAN packetization 
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for a nominal number of users G, such that the subpacketi-
zation order ( ( ))exp GH. n  is kept to a reasonable value. 
For example, for G 100=  and .0 01n =  we have .F 100=

Then, we divide the user population in G  groups of K/G
users each (assume for simplicity’s sake that K/G is an inte-
ger). Users in the same group , ,g G1 f=  cache exactly 
the same packets, i.e., the gth cache configuration is repli-
cated across all K/G users in each group g. In the delivery 
phase, a delivery array of dimension /G K G#  is formed by 
arranging the requests of the users in the same group by 
rows. Hence, the system delivers the requests by serving 
sequentially the columns of the delivery array. Note that 
each column forms a MAN scheme with G  users because, 
by construction, the users in each column belong to dif-
ferent groups. It follows that all requests can be delivered 
with a load equal to the load of a G-user MAN scheme, 
given by /( )G G1 1n n- +^ h times the number of columns 
K/G. This yields

( )
.D

G
K

G
G
1

1
·

n

n
=

+
-

(17)

By letting G  be a function of K, this scheme achieves a very 
desirable tradeoff between subpacketization order and DoF.

A decentralized version of the cache replication approach 
is proposed and analyzed in [39] (see also [40]). In this case, 
users simply choose one of the g  groups (and the corre-
sponding cache content) randomly and independently. We 
refer to the number of users in group g  as the gth occupancy 
number, denoted as .g,  The vector of occupancy numbers 
( , , )G1 f, ,  is random and follows a multinomial distribution 
over all possible G-way integer partitions ( , , )G1 fh h  of K. It 
follows that the delivery for this problem, for given occupan-
cy numbers, is identical to the shared caches network stud-
ied in [41], for which an optimal delivery under symmetric 
caching (as enforced by the cache replication construction) 
consists of sorting the occupancy numbers ( ) ( )G1 g, ,$ $

in a nonincreasing order, such that ( )g,  denotes the size of 
the gth most populated group, and forms a delivery array of 
size .G ( )1# ,  Such an array has empty elements because, in 
general, groups have fewer than { }max( ) g1, ,=  users. Then, 
each column of the array is served by an improved MAN 
scheme that avoids sending XORs when they are not useful 
for at least one user (in fact, each column is served by the 
improved delivery scheme of [42]). The resulting load for 
{ }( )g,  is given by

( , , ) ,

G

D
G
G

G g

( )

( )

G g
g

G

1
1

1

f, , ,

n

n
=

-
n

=

- c

c m

m
/ (18)

Here, for simplicity’s sake, we assume that Gn  is an integer. If 
not, the usual memory-sharing argument holds and the convex 
envelope of the load/memory points for { , , , , }G G0 1 2 f!n

is achievable.

It turns out that this load is information-theoretically opti-
mal for any given configuration of the occupancy numbers 
[41], in the case of distinct demands (which requires )N K$
and uncoded placement.

As a rough upper bound for the average load, where the 
averaging is with respect to the occupancy numbers, we have 
(trivially)

[ ( , , )] [ ]·
( )

.D
G

G
1

1
E E ( )G1 1f, , ,#

n

n

+
-

(19)

By comparing (17) and (19), we note that the difference is gen-
erally small. In fact, [ ]E ( )1,  is the expectation of the maximum 
of G  multinomial variables. Because each occupancy num-
ber g,  is marginally binomially distributed with parameters 
/( , ),K G1  its expected value is /[ ] .K GE g, =  Now, although 

the ordered statistics of a jointly multinomial random vector 
are generally difficult to characterize, [ ]E ( )1,  behaves as K/G
up to the logarithmic factors in G. Therefore, the average load 

[ ( , , )]DE G1 f, ,  of the decentralized scheme has essentially 
the same behavior as that of the centralized scheme in (17). A 
more refined analysis is given in [40].

Exploiting spatial multiplexing
In the previous section, we explained how cache replication 
provides a viable approach for achieving a competitive trad-
eoff between DoF and subpacketization order. However, the 
fact that the delivery array columns are served one by one 
in sequence prevents such schemes from reaching low sub-
packetization order with the same (ideal) DoF of the MAN 
scheme for the single shared-link network. Intuitively, if we 
can “parallelize” the different columns of the delivery ar-
ray using spatial multiplexing, we should be able to achieve 
both low subpacketization order and optimal DoF at the 
same time.

Following this idea, we revisit the MISO broadcast channel 
with caches at the receivers, previously discussed in the “Signal 
Processing Problem Formulation” section, and present a dif-
ferent scheme achieving the low subpacketization proposed in 
[43] and the same optimal DoF of the ZF precoding scheme in 
the “Signal Processing Problem Formulation” section. Consid-
er a MISO broadcast channel with K  users, a BS with L anten-
nas, a library of N  files of size F  where each user has cache 
memory MF bits, yielding fractional memory level / ,M Nn =

such that Kn  is an integer. For the sake of simplicity, assume 
that L divides both K  and .Kn  We partition the users into 

/G K L=  groups of L users each and use the cache replication 
approach. The cache placement consists of cache replication 
as explained previously: create a MAN subpacketization with 
parameters ( , , ,  ),N M G Fand  and let all users in group g to 
cache the same content. Note that this subpacketization consists 
of G

G
n
c m subpackets. Because / ,G K L=  the subpacketization 

order of this scheme is /( ( )) ( ( )) ,exp expK L KH HL. n n=

the Lth root of the subpacketization order of the “classical” 
scheme presented in the “System Model and Problem Formu-
lation” section. Referring to a previous example, for ,K 500=
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. ,0 01n =  and L 8=  antennas, we find F 27.  in contrast to 
the case of L 1=  for which . .F 2 5 10· 11.

The delivery consists of simultaneously serving the L sec-
tions of the delivery array by combining a K/L-user MAN 
scheme with the L-fold spatial multiplexing obtained by ZF 
MIMO precoding. Figure 2 qualitatively shows the delivery 
array of dimension / ,K L L#  where each column is formed 
by users belonging to distinct caching groups. Therefore, each 
column can be served using a K/L-user MAN scheme; howev-
er, unlike for the single shared-link network, here, the inherent 
spatial multiplexing of the MIMO channel can be used to serve 
all the L slices simultaneously.

Due to space limitations, we omit the details of the com-
bined coded caching and MIMO precoding scheme, which 
can be found in [43]. The important point to notice here is that, 
although in the basic cache replication scheme for the single 
shared-link network we have to serve the sections of the delivery 
array in sequence [see (18)], in the MIMO case, by exploiting 
spatial precoding, we can serve up to L sections simultaneous-
ly. In general, each user receives interference from other users 
in the same section and from users in different sections. If the 
number of interfering sections is not larger than the number of 
antennas L, then this second type of interference (intergroup 
interference) can be zero forced by MIMO precoding, while the 
first type of interference (intragroup interference) is handled in 
the usual coded caching way: it can be canceled at the receiver 
because each user has all of the interfering packets in its cache, 
except the one it needs to decode.

Because the L sections of the delivery array are served 
simultaneously (by spatial multiplexing), the load is the same 
as that of a single MAN scheme ( , , ,  ).N M G Fand  Therefore, 

/
/( ) ( ) ( )
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K L
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+
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Note that the achieved DoF of this scheme are given 
by / ,L K L KM Nn+ = +  as previously obtained in the “Per-
formance in the Homogeneous Case” section, which are 
known to be optimal under uncoded placement and distinct 
user demands.

Exploiting spatial reuse in extended (cellular) networks
In this section, we present a simple construction able to 
achieve the same DoF of the single BS MISO broadcast chan-
nel, in the case of an extended cellular network with spatial 
reuse. Consider a multicell system covering a certain geo-
graphic area of size A with B single-antenna BSs. A popula-
tion of users is initially distributed as a Poisson point process 
(PPP) of intensity .m The number of users K  in the area A is 
a Poisson-distributed random variable with a mean of .Am
The users move around the coverage area according to some 
random walk with independent increments. It is well known 
that, in this case, the marginal spatial distribution of the users 
at each point in time is also a PPP with intensity .m  We wish 
to design a scheme robust to mobility, i.e., the cache place-
ment is done a priori and independent of the user positions, 
with the system capable of delivering the user requests for 
any realization of the PPP.

As discussed previously, we partition the users into 
G  groups and use a MAN placement with parameters 
( , , ,  )N M G Fand  by replicating the cache content for all 
users in the same group , , .g G1 f=  Users select groups 
at random, such that each user group forms an indepen-
dent thinning of the original PPP so that each user group 
is distributed according to an independent PPP with inten-
sity / .Gm  Assuming a symmetrical layout where each cell 
has the same area, A/B, it follows that the number of users 
of a given group g  in each cell is an independent Pois-
son random variable with a mean of / ( ).A BGm  Let us 
focus on a given reference cell and denote by , , G1 f, ,

the number of users in groups , ,g G1 f=  inside the cell. 
As mentioned previously, these occupancy numbers are 
independent and Poisson distributed with the same mean: 
/ ( ).A BGm  The delivery process at each cell works in 

the same way, as explained in the “Cache Replication” 
section. The BS forms a delivery array with occupancy 
numbers , , G1 f, ,  and serves each column of the deliv-
ery array in sequence, incurring a load given by (18). The 
average cell load can be trivially upper bounded by (19), 
where now [ ]E ( )1,  is the expected value of the maximum 
of G-independent Poisson random variables. Accordingly, 
it appears that [ ]E ( )1,  is similar to / ( )A BGm  (the mean of 
an individual occupancy number), up to the logarithmic 
terms in G.

For large area A, the number of users K  is very close to its 
mean, i.e., .K A. m  Using / ,K Am =  we find that the mean of 
the occupancy numbers is /( ).K BG  Thus, a sensible choice 
for G  is / ,G K B=  yielding that each cell contains, on aver-
age, one user per group. Using the simple upper bound (19) 
with this choice of G, we find the average load of each cell, 
that is,

G
 =

 K
/L

L

MIMO
Multiplexing

L

Caching
Multicasting µG + 1

FIGURE 2. A qualitative representation of the delivery array of the MISO 
broadcast channel scheme in [43], where coded caching operates “on the 
columns” and spatial multiplexing operates “on the rows.”
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Comparing (21) with (20), we see that the multicell system 
yields DoF equal to /( ) [ ],B K E ( )1,n+  where [ ]E ( )1,  is of the 
order of .log G  Neglecting this logarithmic term, the DoF 
of the multicell system take on the same form as the DoF 
of a single-cell, cache-aided MISO broadcast channel with 
L B=  antennas. Because the subpacketization is formed for 

/G K B=  groups, as long as the number of users per cell K/B
is a constant that does not grow with K, this system achieves 
a fixed subpacketization order ( ( )),exp GH. n  while both 
the number of users K  and the number of cells B grows 
arbitrarily large as long as they grow with fixed-ratio G. 
Note that present cellular systems are designed to balance 
the number of users per cell such that each cell handles a 
constant number of users to avoid congestion; therefore, the 
operating conditions of / ( )K B O 1=  are realistic for a well-
designed cellular system.

Finally, we observe that the aforementioned simple analy-
sis is done with the assumption that all cells can operate simul-
taneously on the same frequency band (frequency reuse 1). If 
the intercell interference resulting from reuse 1 is too large, 

then a standard frequency reuse scheme with some reuse fac-
tor m can be employed. In this case, the load is increased by 
m, which is typically a small integer (e.g., for the classical 
hexagonal layout typical values of m are 3, 4, or 7). Figure 3 
shows the architecture of a multicell network based on these 
ideas. A more refined analysis of the achievable average load 
as well as a mixed-integer linear programming optimization 
problem for the case of reuse 1 and intercell interference mod-
eled by the so-called protocol model, which serves as a simple 
conceptual model for a collision-based all-or-nothing interfer-
ence channel (see the definition in [2]), is given in [44].

Coded caching: A broader picture
The basic MAN scheme was first introduced for the single 
shared-link network in [1]. Since then, several important 
follow-up works have appeared in the literature and present 
different aspects of coded caching. For the sake of complete-
ness, in this section we briefly review some of the main chal-
lenges of coded caching addressed in these works.

Centralized versus decentralized caching
In many applications, the centralized placement of the MAN 
scheme is not practically feasible. For example, the set of us-
ers present in the network may change from the placement 
to the delivery phase because users join or leave the network 
in a dynamic manner. A decentralized caching scheme is 
proposed in [3] where the placement phase for each user is 

Server

X2

X3

X4

X1

X5 X6

X7

FIGURE 3. A qualitative representation of a cache-aided multicell system, handling mobility and the small subpacketization order. 
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performed individually and independently from other users. 
More precisely, each user k  stores MF/N packets from each 
file, chosen uniformly at random, and independently across 
the files and users. Similar to a centralized scheme, the server 
tries to maximize the utility of a multicasting message by 
combining requested packets; however, in the absence of a 
centralized placement, a packet intended for user k  may be 
cached at a random number of other users, rather than at ex-
actly /KM Na =  users. Therefore, a wide range of utilities 
for multicasting packets is available, which results in an ex-
pected delivery time of

.T
R

D F K
N
M

KM
N

N
M

R
F1 1 1· K

decentralized-caching = = - - -` c `j j m
(22)

This leads to a loss compared to the delivery time of the cen-
tralized case [3].

Fundamental limits and optimality
The scheme proposed in [1] offers a significant global gain 
over an uncoded caching scheme that serves the users individu-
ally. However, a priori it is not clear whether it can be further 
improved using a more sophisticated placement and delivery 
scheme. Characterizing the optimum gain and the exact tradeoff 
between the cache size and the delivery load are not yet fully 
addressed. A cut-set-type argument was provided in [1], which 
proves that the basic MAN scheme is within a constant multi-
plicative gap from the optimum scheme. Several tighter outer 
bounds on the optimum tradeoff have been developed [45]–[50].

In particular, Wan et al. in [51] and [52] proved that the basic 
MAN scheme is optimal if all of the following conditions are 
fulfilled:
1) the cache contents are limited to being collections of segments 

of the files without any precoding (uncoded placement)
2) the cache contents are jointly and centrally optimized (cen-

tralized caching)
3) the user requests are all distinct (the worst demand profile).
This result was generalized in [42], where assumptions 2) and 
3) are relaxed. More precisely, the optimum exact tradeoff be-
tween the cache size and the delivery load under the assump-
tion of uncoded placement is characterized in [42]. It is shown 
that, when there is no overlap between the users’ requests, the 
schemes of [1] and [3] are optimum for centralized and decen-
tralized caching, respectively. Moreover, a novel caching strat-
egy is introduced in [42] to exploit commonality among user 
demands and improve upon the gain of the basic MAN scheme, 
which shows that the new scheme is information-theoretically 
optimum. This fully characterizes the optimum tradeoff for the 
uncoded placement and the single shared-link network.

Coded versus uncoded placement 
Even in the original work [1], it was observed that a coded 
placement [i.e., when the data placed in the caches are func-
tions (e.g., XORs) of the original files] can improve the overall 
system performance and further reduce the load of delivery. 
Characterizing the optimum tradeoff and developing cache de-

sign for coded placement under centralized setting is studied in 
[53]–[56]. The common feature in the proposed cache designs 
is interfile coding, which allows for the combining of packets 
from different files and caching the coded packets during the 
placement phase. Note that such coded prefetched packets will 
be useless if the interference cannot be canceled during the 
delivery phase. In contrast, intrafile coded placement is intro-
duced in [4] and [57], where it is demonstrated that individually 
encoding the files in the database using an erasure code can 
reduce the delivery load in the decentralized scheme. This is 
further improved upon using subspace coding in [58]. Finally, 
[59] develops an information-theoretic converse bound (infea-
sibility) that applies to any placement (coded or uncoded) and 
proves the optimality of the scheme in [60] within a factor of 
2, which means that any more-complicated coded placements 
can gain at most a factor of 2 in the load with respect to the 
conceptually simpler uncoded placement of [60].

Network topologies
Beyond the single shared-link network considered in [1], sev-
eral other coded caching network topologies have been studied 
in the literature. Here we summarize the most popular ones, 
for which often exact optimality or order optimality (i.e., the 
minimum worst-case load optimality up to multiplicative fac-
tors) have been determined.

Tree networks
In [1], the single shared-link network is generalized to a tree 
network where the server is at the root and the users are at the 
leaves. Intermediate nodes simply route the XOR-ed packets 
from one tree layer to the next. It is shown that a combination 
of routing and the original MAN scheme is order optimal for 
the tree network. The routing algorithm is very simple: con-
sider an intermediate node in the tree at layer .,  Such a node 
receives XOR-ed packets, ,XS  from its parent at layer ,1,-

and routes them to its ith child at layer 1, +  whenever at least 
one user k S!  is present in the subtree rooted at the ith child. 
That is, an XOR-ed packet is passed “down” to a node if it is 
useful for at least one (grand)child of that node.

Hierarchical two-level network 
In [5], a network formed by the server, a layer of relays, and a 
layer of end users is considered. The server communicates with 
the relays via a single shared-link network and each relay also 
communicates with a subset of users via a “local” single shared-
link network. Each user receives from only one relay. Caching 
memory is present at the relays and at the users. This network is 
called hierarchical coded caching because it is composed of a 
two-level hierarchy of single shared-link networks.

Shared caches network with arbitrary occupancy numbers 
In [41], a variant of the single shared-link network is considered, 
where a server communicates with a layer of intermediate nodes, 
each of which has cache M via a single shared-link network. Each 
intermediate node serves a different number of possible users via 
ideal infinite capacity links. The number of users connected to a 
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given intermediate node is denoted as the occupancy number of 
that node. The model may be motivated by a network of small-
cell BSs with caches, which receive information from a control-
ling server or macro BS via a broadcast link (single shared-link 
between server and intermediate nodes), and serve their own us-
ers independently via a much faster local “access network,” in 
each small cell. This model is formally identical to the case of 
shared user caches where the group of users connected to the 
same intermediate node actually share the same cache. It is also 
isomorphic to the case of users with identical copies of the cache, 
as originated by cache replication discussed more extensively in 
the “Exploiting Spatial Reuse in Extended (Cellular) Networks” 
section. In fact, all of the users connected to the same intermedi-
ate node behave as if they had their own individual cache, but 
the placement scheme replicates the same cache content in each 
one of them. Furthermore, the model is also related to the case of 
multiple requests; in fact, we can identify each individual node as 
a user, but each user makes multiple requests (one for each of the 
actual users connected to the intermediate node).

Multiserver linear network
This topology, presented and studied in [8], considers L 1$
servers, each of which has access to the full file library, serv-
ing K  users, each of which has a cache size of .M  The relation 
between the L  inputs and the K  outputs is given by ,y Hx=

where ,y xF Fq
K

q
L! !  and H Fq

K L! #  are defined over a (typ-
ically large) finite field, .Fq  The rationale for this model is that 
the L  servers communicate to the K  users via some network 
for which end-to-end linear network coding is used instead of 
Internet Protocol routing. In this way, each user receives a lin-
ear combination of the information packets sent by the servers. 
The finite field size is chosen such that matrix H  has rank 

{ , }min L K  with high probability when the network coding 
combination coefficients are chosen randomly.

The results for the multiserver linear network apply imme-
diately to the case of a physical MISO downlink channel where 
the server is colocated with the BS and has L  antennas, and the 
K  users have a single antenna each. The Gaussian multiuser 
MISO version of the problem was studied in [25] and [43] and 
is examined in greater detail in the “Signal Processing Prob-
lem Formulation” section.

Gaussian interference channel
A generalization of the MISO downlink coded caching prob-
lem is a scenario in which the transmit antennas are separated 
transmitters, each of which has an individual cache of size MT

not necessarily equal to M  (cache at the receivers). In this case, 
a necessary condition for the successful delivery of any user 
request is that the whole library can be stored in the network, 
i.e., .M L MK NT $+  A one-shot precoding solution for this 
network was provided in [32], while more elaborate schemes 
based on interference alignment with dimension expansion or 
signal-level expansion was presented in [61]. A recent exten-
sion of the one-shot precoding scheme to the case of nonfully 
connected interference channels arising from a cellular topol-
ogy is presented in [62].

D2D coded caching
In [2], a D2D version of the coded caching problem is proposed 
and an order-optimal scheme is provided. The D2D network 
consists of a shared ideal channel where all the nodes can 
broadcast to all the other nodes, but only one node can talk at 
a time. This network may be motivated by a carrier sense mul-
tiple access D2D scheme (e.g., Wi-Fi Direct) or a token-ring 
medium access control protocol, where a collision avoidance 
mechanism permits only one node to be active at a time. How-
ever, when a node is active, all the other nodes can listen and 
decode its transmission. A necessary condition for the feasibil-
ity of the D2D coded caching network is that the whole library 
can be stored in the network, i.e., .KM N$

Combination network
The combination network consists of a server, a layer of L re-
lays, and a layer of users. For a certain degree of connectiv-
ity, r, there are exactly r

LK = ` j users, one for each distinct 
combination of r relays. All the links connecting the server 
to relays and relays to users are orthogonal, i.e., there are no 
broadcast or interference constraints. In particular, a user con-
nected to r relays can simultaneously receive the r-transmitted 
signals from these relays without interference. Coded caching 
for combination networks is studied in [63], where it is shown 
that a speed-up factor of /r1  in the delivery time with respect 
to the single shared-link network is possible for this network. 
Building on the combination network, in [64], a scheme for a 
multicell system with macrodiversity order r is proposed and 
analyzed in the case of MISO fading channels and distance-
dependent path loss. Variants of the combination network, in-
cluding the case of caches at the relays, have been analyzed in 
[65], while the improved strategies and information-theoretic 
optimality results are given in [66]–[69].

Challenges and open issues
The field of cache-aided communication is still in its infancy, 
and its challenges outnumber its achievements. Although re-
search has shown significant throughput gains in various sce-
narios, questions remain unanswered and many issues must be 
resolved to allow for practical implementation. In this section, 
we describe some of these challenges and open issues.

Physical layer
Even though it is easy to obtain an ideal DoF scheme, the best 
cache-aided communication scheme for the general case is 
not yet known. An optimality proof exists only for the single-
antenna homogenous case. For the multiple antenna case, even 
the linear optimal scheme is not yet known (all the results pre-
sented for this case are based on ZF). Research advances in 
this direction are needed to allow for a better understanding of 
the capabilities and to enable the efficient implementation of 
cache-aided communication schemes also at a low SNR.

More effort is also required to deal with physical-layer prac-
ticalities. For example, the effect of an imperfect channel state 
at the BS has been studied in only limited scenarios. In MIMO 
systems, such uncertainty will affect the ZF accuracy and may 
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be addressed by a variety of known signal processing techniques. 
More importantly, this will create a rate uncertainty at the BS, 
which can have significant effects on transmission scheduling.

A scheme that can handle channel variations during the 
transmission stage has a significant advantage because this 
scheme will enable cache-aided communication in a wide area 
of cellular networks where the channel rates vary relatively 
fast. A simpler variation can apply cache-aided communication 
in networks where the rate changes over time but its average is 
known in advance.

Beyond linear precoding
For multiantenna BSs, we have discussed the use of linear pre-
coding only. Linear precoding for cache-aided communica-
tions still requires further study; thus far, only ZF precoding 
has been studied extensively. Other approaches beyond linear 
precoding require even more attention.

Nonlinear precoding was thus far considered through two 
opposite approaches: on one hand, transmitting a single message 
at a time, where this message is an XOR of multiple file seg-
ments that can be used by multiple users (where each user can 
use its cache to cancel out the unintended file segments). This 
message should be beamformed to a direction that is favorable 
to all users served and can obtain some amount of array gain 
[9]. On the other hand, to obtain a multiplexing gain, the same 
work suggests serving multiple groups of users simultaneously, 
where the transmission to different groups is separated using ZF 
precoding, and each user in a group can extract its own message 
by XORing with its cache content. Neither of these schemes is 
optimal and combining both approaches in a single system to 
optimize the balance for specific network conditions can pos-
sibly offer a better performance. Nevertheless, the best approach 
for combining XORing and linear precoding remains unknown.

Taking it one step further, there is still much room for 
improvement using sophisticated nonlinear precoding 
schemes. For example, dirty paper coding and vector perturba-
tion are more energy efficient than is linear ZF. Although not 
previously considered, the combinations of such schemes with 
multiantenna cache-aided communications may lead to sig-
nificant gains, particularly in the low-to-medium SNR regime, 
where the ZF may be inefficient.

Scheduling and resource allocation
As shown in the previous section, cache-aided communication is 
much simpler in a homogenous network (where all the user rates 
are identical and all files are of the same popularity). Even in this 
case, existing scheduling methods require a very thin subpack-
etization, which, in most cases becomes unpractical for a large 
number of users. Thus, the research for scheduling approaches 
that will require a smaller number of packets is ongoing.

In a nonhomogenous case, the situation is even more com-
plicated, and the only known solutions require solving a large 
optimization problem. Hence, a scheduling algorithm with an 
acceptable complexity that can handle network inhomogene-
ities is needed. In particular, if the user rates are not identical, 
each file segment is encoded to a different number of symbols 

that depend on the rate of the requesting user. Accordingly, 
the transmission scheduling must allocate more transmissions 
to users with a low rate, while still trying to serve a maximal 
number of users simultaneously at any given time.

Furthermore, in nonhomogenous networks, resource allo-
cation is also a major challenge for cache-aided communica-
tions. Existing approaches are either highly inefficient or very 
complicated to implement. As a result, there is an acute need 
for low-complexity resource-allocation schemes (optimal or 
suboptimal) that enable the benefits of cache-aided communi-
cation in practical systems.

Additionally, further performance analysis and closed-form 
performance expressions of cache-aided communications in 
nonhomogeneous networks are needed. Such expressions are 
required to better predict the performance in various networks 
and for network planning. Performance expressions are also 
needed for network optimization, e.g., for power allocation, 
parameter selection, and so on.

Higher layers
Another major difficulty in cache-aided communications 
is the necessity of dividing the data into many subpackets. 
As discussed previously, this problem can be made simpler 
when using multiple antennas at the BS. Yet, this approach 
requires additional research, particularly for the nonhomog-
enous case.

Another high-layer issue that is crucial for practical imple-
mentation is the handling of network and content dynamics. 
Users’ disconnection or movement from one BS (cell) to 
another causes changes in the network connectivity. Similarly, 
content dynamics can occur, for example, as a result of varia-
tions in the popularity of files. A practical network will likely 
meet all types of dynamics and must be robust to such changes. 
These aspects have hardly been addressed thus far and still 
require much research, e.g., How can the cache content be 
updated at minimal overhead? Are there schemes that allow 
for such a cache adaptation at low complexity? What are the 
performance costs of such a scheme?

As for network dynamics, schemes are needed for the 
adaptation of the transmission scheduling following a network 
change. Such schemes can consider intermediate planning (i.e., 
adapting to changes that happen between the cache placement 
and transmission stages) and online planning (i.e., adapting to 
changes that occur during the transmission phase). The devel-
opment of such schemes is likely to be the final catalyst for 
the practical implementation of cache-aided communications.

Conclusions
Cache-aided communications have shown significant poten-
tial for throughput increase in wideband communication net-
works. The possibility of using the data stored at one user, 
even if they are only requested by another user, allows for 
combining the small size memories employed at different 
users and using them as an effectively large cache. Because 
the network performance depends on the total memory size 
of all the users, the network throughput scales linearly with 
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the number of users. Thus, cache-aided communication is ex-
pected to take a significant role in large networks.

Yet, many challenges must be overcome prior to practical 
implementation. These challenges are mostly in the field of sig-
nal processing, and include low-complexity optimization, practi-
cal system design, and the handling of network imperfections. 
This article aimed at presenting this promising technology in a 
tractable manner that reflects its potential and open challenges.
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t the core of many sensing and imaging applications, the 
signal of interest can be modeled as a linear superposition 
of translated or modulated versions of some template [e.g., 

a point spread function (PSF) or a Green’s function] and the 
fundamental problem is to estimate the translation or modula-
tion parameters (e.g., delays, locations, or Dopplers) from noisy 
measurements. This problem is centrally important to not only 

target localization in radar and sonar, channel estimation in 
wireless communications, and direction-of-arrival estimation 
in array signal processing, but also modern imaging modalities 
such as superresolution single-molecule fluorescence micros-
copy, nuclear magnetic resonance imaging, and spike localiza-
tion in neural recordings, among others.

Typically, the temporal or spatial resolution of the acquired 
signal is limited by the sensing or imaging devices, due to factors 
such as the numerical aperture of a microscope, the wavelength of 
the impinging electromagnetic or optical waves, or the sampling 
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rate of an analog-to-digital converter. This resolution limit is well 
known and often referred to as the Rayleigh limit (RL) (see “What 
Is the Rayleigh Limit?”). The performance of matched filtering, or 
periodogram, which creates a correlation map of the acquired sig-
nal against the range of parameters, is limited by the RL, regard-
less of the noise level.

On the other hand, the desired resolution of parameter 
estimation can be much higher, a challenge known as super-
resolution. There is a long history of pursuing superresolu-
tion algorithms in the signal processing community [1]–[3]. 
The oldest one probably dates back to de Prony’s root-
finding method in as early as 1795 [4], and variants of this 
method that are better suited for noisy data have also been 
proposed over time (see, e.g., [5]). Subspace methods based 
on the computation of eigenvector or singular vector decom-
positions, such as MUSIC [6], ESPRIT [7], and matrix pen-
cil [8], have been another class of popular approaches since 
their inception in the 1980s. Different forms of maximum 
likelihood estimators have also been studied extensively 
[9], [10]. Collectively, these algorithms have superresolu-
tion capabilities, that is, they can resolve the parameters of 
interest at a resolution below the RL when the noise level is 
sufficiently small.

While a plethora of traditional methods already exists, 
convex optimization has recently emerged as a compelling 

framework for performing superresolution, garnering sig-
nificant attention from multiple communities spanning sig-
nal processing, applied mathematics, and optimization. 
Due to (the relative) tractability of convex analysis and 
convex optimization, the new framework offers several 
benefits. First, strong theoretical guarantees are rigor-
ously established to back its performance up, even in the 
presence of noise and corruptions. Second, it is versatile 
enough to include prior knowledge into the convex program 
to handle a wide range of measurement models that are out 
of the reach of traditional methods. Third, leveraging the 
rapid progress in large-scale convex optimization opens up 
the possibility of applying efficient solvers tailored to real-
world applications.

The goal of this article is to offer a friendly exposition 
to atomic norm minimization (ANM) [11] as a canonical 
convex approach for superresolution. The atomic norm is 
first proposed in [12] as a general framework for designing 
tight convex relaxations to promote simple signal decompo-
sitions, where one seeks to use a minimal number of atoms 
to represent a given signal from an atomic set composed of 
an ensemble of signal atoms. Celebrated convex relaxations 
such as the 1,  norm approach for cardinality minimization 
[13] and the nuclear norm approach for rank minimiza-
tion [14], can be viewed as particular instances of atomic 
norms for appropriately defined atomic sets. Specializing 
the atomic set to a dictionary containing all translations of 
the template signal over the continuous-valued parameter 
space, estimating the underlying translation parameters is 
then equivalent to identifying a sparse decomposition in an 
infinite-dimensional dictionary. 

This key observation allows one to recast superresolu-
tion as solving an infinite-dimensional convex program [15], 
a special form of ANM considered in this article. We first 
highlight its mathematical formulation through a pedagogi-
cal yet useful model of superresolution that amounts to line 
spectrum estimation, where this infinite-dimensional convex 
program can be equivalently reformulated as a semidefinite 
program (SDP). We then demonstrate its versatility by dis-
cussing how it can be adapted to address measurement mod-
els that traditional methods may not apply easily. Finally, we 
illustrate its utility in superresolution image reconstruction 
for single-molecule fluorescence microscopy [16], where the 
infinite-dimensional convex program can be solved efficient-
ly via tailored solvers.

Throughout this article, we use boldface letters to represent 
matrices and vectors, e.g., a and A. We use A< , , ( )A ATrH  to 
represent the transpose, Hermitian transpose, and trace of A, 
respectively. The conjugate of a complex scalar a is denoted as 

.a*  We use A 0*  to represent A is positive semidefinite. The 
matrix toep u^ h denotes the Hermitian Toeplitz matrix whose 
first column is equal to u, and diag ( )g  denotes the diagonal 
matrix with diagonal entries given as g. The inner product 
between two matrices X and P is defined as , ( ) .X P X PTr H=

Additionally, the notation ( ) ( )f n O g n= ^ h means that there 
exists a constant c > 0 such that .f n c g n#^ ^h h

The Rayleigh limit (RL) is an empirical criterion characteriz-
ing the resolution of an optical system due to diffraction. In 
a conventional fluorescence microscope, for example, the 
observed diffraction patterns of two fluorescent point sourc-
es become visually more difficult to distinguish as the point 
sources get closer to each other, as illustrated in Figure S1.  
They are no longer resolvable when their separation is 
below the RL.

What Is the Rayleigh Limit?

FIGURE S1. The combined response for two translated point spread 
functions under different separations of the point sources. The RL 
is an indication of the separability of the two sources. 
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What is the atomic norm?
An everlasting idea in signal processing is decomposing a 
signal into a linear combination of judiciously chosen basis 
vectors and seeking compact and interpretable signal rep-
resentations that are useful for downstream processing. For 
example, decomposing time series into sinusoids, speeches 
and images into wavelets, total system responses into impulse 
responses, and so on.

To fix ideas, consider the task of representing a signal x
in a vector space using atoms from a collection of vectors in 

aA i= " , called an atomic set. The set A  can contain either a 
finite or infinite number of atoms. We wish to expand x using 
the atoms in a form of

, ,x a ac Ai
i

i i !=/ (1)

where c 0i 2  specifies the coefficients of the decomposi-
tion. In many applications, the size of A  can be much larger 
than the dimension of the signal, leading to an overcomplete 
representation, and there are an infinite number of possibili-
ties to decompose x. Which representation, then, shall we 
pick? Among the many plausible criteria, one meaningful 
approach is to pursue the Occam’s razor principle and seek 
a parsimonious decomposition of the signal x involving the 
smallest possible number of atoms in ,A  i.e., the sparsest 
solution to (1). The corresponding representation is known 
as a sparse representation [17]. Many real-world signals ad-
mit sparse representations for appropriately chosen atomic 
sets. As a simple example, natural images are approximately 
sparse by selecting A  as a wavelet frame. Low-rank ma-
trices, another class of signals that have enjoyed wide suc-
cess in signal processing [18], are sparse with respect to an 
atomic set A  that is the collection of all unit-norm rank-
one matrices.

Given a signal x, how do we find its sparse representation in 
the atomic set A? In general, this problem is nonconvex and 
can be NP-hard due to the combinatorial aspect of cardinality 
minimization. The key motivation behind ANM, proposed by 
Chandrasekaran et al. [12], is to relax the nonconvex sparsity 
cost by its tight convex surrogate and instead solve the result-
ing convex relaxation, which is more tractable. This idea is a 
generalization of the popular 1,  minimization for sparse vector 
recovery [19], [20] when A  is a finite set. Therein, one seeks 
to solve a linear program that minimizes the sum instead of the 
cardinality of the nonzero coefficients.

To extend the same idea to the case where A  is an arbitrary 
and possibly infinite-dimensional set, we first take the convex 
hull of ,A  denoted as ,conv A^ h  and then define its associated 
Minkowski functional (or gauge function) as [12]

: ,infx xt t0 conv AA $_ $ ! ^ h" , (2)

which is the solution to a convex program. When A  is cen-
trally symmetric about the origin, definition (2) leads to a val-
id norm and is called the atomic norm of x. Figure 1 illustrates 

this concept, where the atomic norm is the smallest nonnega-
tive scaling of conv A^ h until it intersects x. Following defini-
tion (2), a fundamental geometric property is that the atomic 
norm ball, i.e., },1#A|{ : | |x x|  is exactly .conv A^ h

More interestingly, consider the case when x lies in an 
n-dimensional vector space. Carathéodory’s theorem [21] 
guarantees that any point in conv A^ h can be decomposed 
as a convex combination of at most n 1+  points in ,A
where A  is not necessarily convex. Therefore, one may 
rewrite (2) as

: , ,infx x a ac c c 0 Ai
i

i
i

i i iA 2 != = ,' 1/ / (3)

as long as the centroid of conv A^ h is the origin. The decom-
position aci iiR  that obtains the infimum is referred to as the 
atomic decomposition of x onto .A  It is not hard to see that the 
atomic norm indeed subsumes the 1,  norm as a special case 
but accommodates the more general case where A  can be an 
infinite-dimensional set.

Several central questions regard how to properly select the 
atomic set, compute the atomic norm, and find the atomic 
decomposition, and when does the atomic decomposition 
coincide with the sparse representation, i.e., the convex relax-
ation is tight. Clearly, the answers highly depend on the atom-
ic set as well as the signal itself. These questions have been 
addressed extensively in the study of 1, -norm minimization 
for sparse vector recovery [19], [20], [22]. In the context of 
superresolution, we first address these questions under a 
simple model that amounts to the classical problem of line 
spectrum estimation, which has deep connections to systems 
and control theory.

A mathematical model of superresolution, 
equivalent to the line spectrum estimation
We first focus on a simple yet widely applicable model of 
superresolution that describes the convolution of a se-
quence of point sources with a PSF that is resolution-
limited and is illustrated in Figure 2. Let x(t) be a spike 
signal given as

tconv (A)

conv (A)

A

0

t = xA
x

FIGURE 1. An atomic set A  (in red) and its convex hull ( )conv A  (in orange). 
The atomic norm of a vector x  can be interpreted as the smallest dilation 
factor t 0$  such that x  belongs to ( )tconv A  (in blue).
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( ) ( ) .x t c tk k
k

r

1

d x= -
=

/  (4)

Here, r is the number of spikes, c Ck d  and [ , )0 1k dx

are the complex amplitude and delay of the kth spike. With-
out loss of generality, the maximal delay is normalized to 1. 
Such a spike signal can model many physical phenomena, 
such as firing times of neurons, locations of fluorescence 
molecules, and so on. Let g(t) be the PSF whose bandwidth 
is limited due to the RL. Its Fourier transform G( f ) satis-
fies (G 0=f )  whenever /f B 22; ;  for some bandwidth B > 0. 
Its convolution with x(t), contaminated by an additive noise 

( ),te  can be written as

( )( ) ( ) ( ) ( ) ,( ) ty t x t g t t c g tk
k

r

k
1

) e x e= + = - +
=

/

where )  denotes the convolution operator. Sampling the 
Fourier transform of the above equation at the frequencies 

/ , , , , / ,B B2 0 2f f, =-6 6@ @  we obtain the measurements

,Y G X E G c e Ek
k

r
j

1

2 k$ $= + = +, , , , ,
,

,
r x

=

-c m/ (5)

where , ,G X E, , , , and Y,  are the Fourier transforms of g(t), 
x(t), ( ),te  and y(t) evaluated at frequency ,,  respectively. The to-
tal number of samples is / .n B B2 2 1 .= +6 @  We write (5) in a 
vector form as

( ) ,y g xdiag e= + (6)

where [ ], [ ], [ ],y g xY G X= = =, , ,  and [ ] .Ee = ,  The prob-
lem of superresolution is then to estimate ,ck k k r1x # #" ,  ac-
curately from y, without knowing the model order r a priori. 
Here, the RL is inversely proportional to the bandwidth B and, 
roughly speaking, is about / .n1

When the PSF g(t) is known, one can equalize (5) by multi-
plying G 1

,
-  to both sides, provided that G s\,  are nonzero. The 

observation [ ]z G Y1= , ,
-  relates to x as

 ,z x e= + u  (7)

where eu is the additive noise. With a slight abuse of notation, 
we map the index of ,  from / , , /B B2 2f -6 6@ @ to , , n0 1f -

for convenience, and write x as a superposition of complex si-
nusoids as

( ),x ack
k

r

k
1

x=
=

/ (8)

where ( )a Cndx  is a vector defined as

( ) , , , , [ , ) .a e e1 0 1( )j j n2 2 1f !x x=
<rx r x-6 @ (9)

Notably, the above simplified model (7) also amounts 
to the classical problem of line spectrum estimation, which 
consists of estimating a mixture of sinusoids (with fre-
quencies [ , ))0 1k !x  from equispaced time samples (sam-
pled at integers { , , })n0 1f -  of the time-domain signal 

.( )x t c els
r
k k

j t
1

2 kR= rx
=  This finds applications in speech 

processing, power system monitoring, systems identification, 
and so on. The same model also describes direction-of-arriv-
als estimation using a uniform linear array, which is studied 
extensively in the literature of spectrum analysis [1].

Line spectrum superresolution via ANM
In the absence of noise, one could think of superresolution as 
estimating the continuous-time spike signal x(t) in (4) from 
its discrete-time moment measurements x in (8), which are 
related through

( ) ( ) .x a t x td
0

1
= # (10)

One can also think of x(t) as the representation of x over a 
continuous dictionary

: [ , ,a 0 1A0 !x x= ^ h h" , (11)
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FIGURE 2. The mathematical model of superresolution. The spike signal ( )x t  is convolved with a point spread function ( ),tg  leading to the degradation of 
its resolution, which is further exacerbated by an additive noise ( ),te  producing an output signal ( ).ty
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which forms a one-dimensional variety of Cn  called the mo-
ment curve, illustrated in Figure 3(a). It is well known that the 
convex hull of ,A0  illustrated in Figure 3(b), is a body of Cn

that can be parameterized by a set of linear matrix inequalities 
[23] and has close relationships with the positivity of Hermi-
tian Toeplitz matrices. This fundamental property of the mo-
ment curve has many implications in control and signal pro-
cessing [24], [25] and is key for developing a superresolution 
theory based on ANM.

It is clearly possible to obtain the same x from different 
x(t). However, if we impose some sparsity assumption, namely 
constraining how many spikes are allowed in x(t), this repre-
sentation can be ensured to be unique. In particular, the repre-
sentation (8) is unique as long as /r n 2# 6 @ and the support set 

{ }T k k r1x= # #  contains distinct elements.

Atomic norm for line spectrum superresolution
To apply the framework of ANM for superresolution, one 
must first define the atomic set properly. Since the complex 
amplitudes c sk\  can take arbitrary phases, we introduce the 
following augmented atomic set taking this into account:

 : , , , .[ [ae 0 1 0 2A D
j

1 ! !x x z r= z ^ h h h" ,  (12)

See an illustration of A D1  and its convex hull in Figure 3(c) 
and (d). Writing ,c c ek k

j k= z x can be represented as a positive 
combination of the atoms in A D1  as .x ac er

k k
j

k1
k xR= z

= ^ h
It is easy to verify that A D1  is centrally symmetric around the 
origin and consequently it induces an atomic norm over ,Cn  as 
defined in (2) and (3). It is worth noting that minimizing the 
atomic norm of x is equivalent to minimizing the total varia-
tion of x(t), i.e.,

TV ( ) ( )( ) ,min x ax t t x ts.t. d
0

1
= # (13)

and both viewpoints are used frequently in the literature.
Remarkably, this atomic norm admits an equivalent SDP 

characterization, thanks to the following Carathéodory–Fejér–
Pisarenko decomposition [26]:

: .infx u
u

x
x

n
t

t2
1

2
1 0Tr toep

toep
H

t 0
A u Cn

*= +
2
!

^ ^ ^hh h; E' 1 (14)
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FIGURE 3. A visualization of the continuous-valued atomic set for line spectrum superresolution. (a) The moment curve A0  restricted to three real 
moments ( ), ( ), ( ) : [ , )cos cos cos2 4 6 0 1!rx rx rx x<^ h6 @" ,  and (b) its convex hull. (c) The phased version of the moment curve A D1  restricted to 
three real moments ( ), ( ), ( ) :cos cos cos2 4 6rx z rx z rx z+ + + <^ 6 @" [ , ), , )0 1 0 2! !x z r h6 ,  and (d) its convex hull.
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Contrary to its abstract definition in (2), the reformulation (14) 
provides a tractable approach to compute the quantity A ,x< <
which can be accomplished using generic off-the-shelf convex 
solvers [27]. The Vandermonde decomposition of ( ),utoep  i.e., 

u a actoep Hr
kk k k1 x xR= = l l ll^ ^ ^h h h  can then be used to identify 

the support T kx= lt " , of the atomic representation of x, as well 
as the atomic norm A .x cr

kk 1< < R= = ll

Duality and atomic decomposition
The Lagrangian duality theory marks an important aspect in 
understanding the atomic norm. The Lagrange dual problem 
associated with the ANM (2) reads [11]

 ,  ,max Re x p p 1subject to
p A #

)  (15)

where the dual atomic norm p A
)  of a vector p Cn!  is de-

fined with respect to the atomic set A D1  as

; ., ,sup Re supp a p a p

P
[ ,a 0 1

A
A D1

_ x

x

=
)

! !x
; ^
^
h
hh 1 2 344 44

(16)

The last equality of (16) suggests that the dual atomic norm can 
be interpreted as the supremum of the modulus of a complex 
trigonometric polynomial ( ) ,a pP p en j

0
1 2x x R= = , ,

,r x
=
- -^ h

with coefficients given by the vector p. Constraints of this type 

Many applications encountered in signal processing, 
systems and control theory involve comparing the 
magnitudes of two real trigonometric polynomials, 

( ) ( ),a rReR G Hx x=  and ( ) ( ),a sReS G Hx x= , e.g., bounding 
the frequency response of a finite impulse response filter 
by a desired shape. Although such inequalities, in ap-
pearance, require verification over a continuous set of 
parameters, they can easily be translated into linear 
matrix inequalities of finite dimension, which are amena-
ble to optimization.

Central to the equivalence is a Gram parametrization of 
real trigonometric polynomials [24], [S1], [S2], by noticing 
that every real trigonometric polynomial ( ) ( ),a rReR G Hx x=

can be equivalently represented as a quadratic form 
( ) ( ) ( )a GaR Hx x x=  for a family of Hermitian matrices 

G RG! ^ h, where G is related to r through the following 
Gram mapping (Figure S2):

( ), , , , .G G ReR r G r k n2 1 1TrG ,
i

n k
i i k

k
0

1
, f! = = = -

=

-

+/^ ^h h
(S1)

A remarkable property (e.g., [25, Lemma 4.23]) is that 
the Gram mapping preserves the partial order between 
the polynomials and the Hermitian matrices. Let 
G RG! ^ h, then ( ) ( )R S#x x  holds for every [ , )0 1!x  if 
and only if there exists H SG! ^ h such that .G H)

As an example, consider the dual norm constraint 
p 1A #
)  in (16), which amounts to upper bounding ( )R x =
( ),a p 2G Hx  by ( ) .S 1x =  Since ( ) ( ) ( )a pp aR H Hx x x= , it is 

clear that .pp RGH ! ^ h  The constraint holds if and only 
if their exists a matrix H SG! ^ h satisfying .H ppH*

Rewriting this condition using the Schur’s complement, as 
well as expanding the Gram mapping of ( )S 1x = , we can 
obtain the semidefinite constraint in (17), a consequence 
also known as the bounded real lemma.
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are known to be equivalent to linear matrix inequalities in-
volving the positivity of some Hermitian matrices (see “From 
Bounded Polynomials to Linear Matrix Inequalities”). The 
dual program (15) can be reformulated into an SDP as

,max Re x p
,p HC Cn n n! ! #

p
pH
1

0    subject to H *; E

, , , ,H k n0 1                         ,
i

n k

i i k k
1

fd= = -
=

-

+/ (17)

where H ,i j  is the (i, j)th entry of the matrix H and the indicator 
function kd equals 1 if k 0= and 0 otherwise.

Another merit of the dual formulation is that the support set 
of the atomic decomposition can be inferred from the optimal 
solution pt  to the dual problem (15), by examining the dual 
polynomial .,a pP x x=t t^ ^h h  We identify the spikes as the 
locations of the extreme values of the modulus of ( ):P xt

: .P 1T x x= =t t ^ h" , (18)

This is possible, because, under strong duality, both the primal 
and the dual problems must share the same optimal objective 
value, i.e., A = ,x cr

kk 1 ; ;< < R = ll  where = )(ax cr
kk k1 xR = l ll   is the 

atomic decomposition of x. Consequently, the optimal value of 
the dual program becomes

, , ,Re Re Rex p a pc c P
k

r

k k

k

r

k k

1 1

x x= = )

= =
/ /l l l l
l l

t t t^ ^h h

indicating /P c c csgnk k k kx = =l l l lt ^ ^h h  whenever the atomic 
decomposition is nonvanishing at .kxl  This approach is illus-
trated in Figure 4 for a length-33 signal with six spikes, where 
the peaks of ( )P xt  match the locations of the true spikes, in-
dicating the atomic decomposition perfectly recovers the true 
sparse representation.

The atomic norm offers an approach for line spectrum 
superresolution that is drastically different from traditional 
methods, which rely heavily on the correctness of model order 
estimation. The dual polynomial approach, in contrast, does 
not require any prior knowledge of the model order and can 
estimate the spikes with an infinitesimal precision.

Exact recovery guarantees
So far, we have explained the algorithmic approach of ANM 
for line spectrum superresolution. A central question regards 
understanding whether this convex relaxation is tight or not. 
More precisely, one would like to identify the conditions un-
der which the estimated support Tt  coincides with the true 
support T  of the signal x and, correspondingly, the atomic 
decomposition x ack k

r
k1 xR= = l ll ^ h coincides with the sparsest 

representation x ack k
r

k1 xR= = ^ h over the atomic set .A D1

Such questions were extensively addressed in the con-
text of 1,  norm minimization, where the atomic set A  has a 

finite number of elements. The performance guarantees 
often depend on specific structural properties of ,A  formal-
ized in the notion of restricted isometry property (RIP) [28] 
or certain incoherence properties [29]. Unfortunately, these 
properties do not hold when considering a continuous dic-
tionary such as ,A D1  since two atoms a x^ h and ( )a x d+  can 
be more and more correlated with each other as their separa-
tion d  tends to zero, leading to arbitrarily small RIP or coher-
ence constants.

Nonetheless, one could question for which class of signals is 
the relaxation tight. Leveraging duality theory, the atomic norm 
approach is tight for a fixed signal x, i.e., ,T T=t  as long as 
there exists a dual certificate ,p*  such that ,a pP x x=* *^ ^h h
satisfies [11]

, ,P csgn Tk k k6 !x x=* ^ ^h h (19a)

, .P 1 T61 "x x* ^ h (19b)

In other words, it amounts to finding an ( )n 1- -order trigono-
metric polynomial that interpolates sign patterns of the spike 
signal at the spike locations, as well as is bounded in magni-
tude by 1.

Intuitively, the difficulty of interpolation depends on the 
separations between the spikes in T  and, more precisely 
on the minimal separation, or the minimal wrap-around 
distance between any pair of distinct spikes in ,T  defined 
formally as

.inf min qT
q Z

T
, T

_ x xD - +
!

!
x x
!x x

l
l

l
^ h (20)

This metric is illustrated in Figure 5 and reflects the periodic 
behavior of the atom a aqx x+ =^ ^h h for any integer .q Z!
For instance, if . , . ,0 1 0 9T = " ,  then . .0 2TTD =^ h

A remarkable result, established by Candès and Fernandez-
Granda in [11], is that for sufficiently large n, a valid certificate 
can be constructed in a deterministic fashion, as long as the 
separation condition / ( )n4 1-TT $D ^ h  holds, regardless of 
the complex amplitudes of the spikes. Furthermore, this result 
does not make any randomness assumptions on the signal. 
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Later, this separation condition was further improved by Fer-
nandez-Granda [30] to

. .
n 1
2 52TT 2D
-

^ h

Conversely, there exist some spike signals with TT 1D ^ h
/ ( )n2 1-  such that ANM fails to resolve [31].

Atomic norm denoising
In practice, the observations are corrupted by noise and no es-
timator can exactly recover the spike signal x(t). This raises a 
natural question regarding the robustness of the estimate pro-
duced by ANM methods. When the noise is additive and the 
observation z obeys the noisy model (7), it has been proposed 
to estimate x by searching around the observation z for signals 
with small atomic norms [32]:

,min x z x
2
1

x 2
2

Am- + (21)

where 02m  is a regularization parameter that draws a trad-
eoff between the fidelity to the observation and the size of the 
atomic norm. This method, known as atomic norm denoising, 
can be interpreted as a generalization of the celebrated LASSO 
estimator [33].

When the noise vector eu  is composed of independent iden-
tically distributed (i.i.d.) complex Gaussian entries with zero 

mean and variance ,2v  the mean square error (MSE) of the 
estimate xt  returned by (21) can be bounded as [32]

| |
log

x x
n

O
n

n
c1

k

r

k

1
2
2

v- =
=
/t e o

with a high probability by setting logn nm hv=  for some 
constant ( , )1 3!h , e.g., .1 2h =  in practice. This error rate 
can be significantly improved when the spikes satisfy the sep-
aration condition / ( )n4 1TT $D -^ h  where with high prob-
ability one has [34]

.
log

x x
n

O
n

r n1
2
2 2v- =t c m

This last error rate is near-optimal up to some logarithmic 
factor, since no estimator can achieve an MSE below the rate  

/( )log nr n rO 2v ^ h  [34].
A more important performance criteria in superresolution 

concerns the stability of the support estimate ,Tt  which has 
been studied in [34]–[38]. When the spikes satisfy the sepa-
ration condition . ,n5 0018 1TT 2D -^^ hh  and the complex 
amplitudes of the coefficients c     k k r1 # #" ,  have approximately 
the same modulus, then it is established in [36] that the atomic 
decomposition of the output xt  of (21) is composed of the same 
number of spikes, i.e., rTT = =t  and that the estimated 
parameters satisfy

,
log log

c O
n

n
c c O

n
n

/k k k k k3 2x x v v- = - =t te co m

with high probability. Altogether, it can be seen that atomic 
norm denoising achieves near-optimal performance guaran-
tees as long as the spikes are separated by a few times the RL 
(see “Is the Separation Condition Necessary?”).

It is natural to wonder how atomic norm denoising fares com-
pared with classical approaches such as Prony and MUSIC for line 
spectrum estimation. We examine their ability to resolve close-
located spikes with opposite signs, where the reconstruction per-
formance is measured in terms of the MSE of the estimated spike 
locations ,Tt  and for different values of separation / .nTT aD =^ h
Figure 6 shows the MSE of atomic norm denoising, Prony’s 
method with Cadzow denoising [39], and root-MUSIC [40] with 
respect to the SNR defined as / ,x n2

2 2< < v^ h  benchmarked against 
the Cramér–Rao bound (CRB), when the separation parameter 

,2a =  1.75, 1.5, respectively. It is clear that atomic norm denois-
ing outperforms classical approaches and approaches the CRB at 
a much lower SNR.

A faster algorithm via ADMM
While the SDP formulation is tractable, its computational 
complexity is prohibitive when solving large-dimensional 
problems. Fortunately, it is possible to develop tailored 
algorithms that are significantly faster. For conciseness, 
we will discuss one approach based on the alternating 
direction method of multipliers (ADMM) [32]. The general 
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principle of ADMM is to split the quadratically augment-
ed Lagrangian function of an optimization problem into a 
sum of separable subfunctions [41]. Each iteration of the 
algorithm consists of performing independent local mini-
mization on each of those quantities, while ensuring that 
the feasibility constraints are always satisfied. The itera-
tions run until both primal and dual residuals satisfy a pre-
defined tolerance level.

We take atomic norm denoising (21) as an example, which, 
in light of (14), can be equivalently rewritten as

 min x z u
n

t
2
1

2
1 Tr toep

, ,x u t 2
2 m- + +` ^ ^ hh j
 

, .S S
u

x
x
t

0subject to
toep

H *=
^ h; E

The above program has been “augmented” by introducing 
an intermediate variable S for the purpose of decoupling the 
positive semidefinite constraint on the matrix S from the lin-
ear constraints on its structure. The augmented Lagrangian 
L  is given as

 , , , ,x u S x z ut
n

t
2
1

2
1 Tr toepL 2

2 mR = - + +^ ` ^ ^h hh j

 , S
u

x
x
t

                               
toep 

HR+ -
^ h; E

 ,S
u

x
x
t2

                              
toep 

H

2

F

t
+ -

^ h; E

where S and R  are ( )n 1+ -dimensional Hermitian matrices 
and 02t  is a regularization parameter. The successive update 
steps to minimize the augmented Lagrangian are given in Al-
gorithm 1. Closed-form solutions can be found for the first up-
date step, yielding a very efficient implementation. The second 
update is the most costly part, as a projection over the cone of 
positive semidefinite Hermitian matrices has to be computed. 
This computation is typically achieved using power methods 
[42], with a computational complexity of ( )O n3  per iteration.

Can we discretize?
It may be worthwhile to pause and compare ANM to other 
approaches based on convex optimization for superreso-
lution, particularly 1,  minimization that is widely popular 

One might wonder if requiring a separation condition 
makes atomic norm minimization inferior, since many 
methods do not require such a separation in the noise-
free case. However, some form of separation is unavoid-
able for stable recovery in noisy superresolution, no 
matter which method is used [S3]. In particular, [S3] 
shows that when /n2TT 1D ^ h , there exists a pair of 
spike signals x t^ h and 'x t^ h with the same minimal sep-
aration, such that no estimator can distinguish them. 
Figure S3(a) exhibits such a pair of positive spike signals 
(see [S3] for its construction) with a minimal separation 

. /n1 7 , where their observations are very close. Figure S3(b) 
further demonstrates the distance between their obser-
vations as the signal dimension increases, for differ-
ent separation parameter a, where /nTT aD =^ h . It is 
clear that their observations are increasingly indistin-
guishable as the signal dimension tends to infinity when 

/n2TT 1D ^ h .

Reference
[S3] A. Moitra, “Super-resolution, extremal functions and the condition num-
ber of Vandermonde matrices,” in Proc. 47th Annual ACM Symp. Theory of 
Computing, 2015, pp. 821–830. doi: 10.1145/2746539.2746561.
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for high-resolution imaging and localization in the recent lit-
erature due to compressed sensing (CS) [43], [44].

The 1,  norm can be seen as a discrete approximation of the 
atomic norm. Indeed, taking the atomic set ,A D1  one can pick 
a desired resolution Q and discretize it as

: , , , , ,[ae
Q
q

q Q0 1 0 2A D discrete,
j

1 f !z r= = -z c m h' 1

and then perform 1,  minimization over .A D,discrete1  The con-
vex hull of A D discrete,1  approaches that of A D1  as the discreti-
zation gets finer, which suggests the performance of 1,  minimi-
zation over the discretized dictionary approaches that of ANM 
asymptotically [45]. If the spike signal meets a so-called non-
degenerate source condition [46, Definition 2], this approach 
will return a sparse solution supported on the elements of the 
discretized A D discrete,1  surrounding the ground-truth spikes, 
when the noise is small enough [46], [47]. However, it remains 
unclear which class of spike signals satisfies the nondegenerate 
source condition in practice.

However, this discretization may come with several unde-
sired consequences when the grid size Q is finite in practice. 
The theory of 1,  minimization only provides exact recovery 
guarantees when the spikes of x(t) lie on the grid, which is unre-
alistic. In fact, there is always an inevitable basis mismatch [48] 
between the spikes represented in the discretized dictionary 
A D discrete,1  and the true spikes, no matter how fine the grid 
is. Perfect recovery is not possible in this situation, even in 
the absence of noise due to this mismatch. Furthermore, one 
can find signals whose representations in A D discrete,1  are not 
compressible due to spectral leakage and therefore are poorly 
recovered using 1,  minimization, e.g., the recovery may con-
tain many spurious spikes. Therefore, cautions are needed to 
account for such consequences when applying discretization, 
and efforts to mitigate the basis mismatch have been proposed 
extensively, e.g., [49] and [50].

Generalizations of atomic sets
The tool of atomic norms can be extended easily to handle a 
wide range of scenarios in a unified manner, by properly ad-
justing the atomic set for signal decompositions such as incor-
porating prior information and dealing with multidimensional 
settings and multiple measurement vectors, to illustrate a few.

Atomic set for positive spikes
In some applications, there exist additional information about 
the spikes, such as the coefficients of the spikes in (8) are posi-
tive, i.e., .c 0k2  Examples include neural spike sorting, fluo-
rescence microscopy imaging, or covariance-based spectrum 
estimation for noncoherent sources [1].

In this case, the atomic set reduces to the moment curve 
A0  in (11). The induced x A< <  is no longer a norm, since A0

is not centrally symmetric but, nonetheless, similar SDP char-
acterization still holds. To be specific, the dual program now 
becomes

, , ,max Re supx p a p 1subject to Re
,p 0 1Cn

#x
! !x

^ h
h6

where the constraint bounds the real part of the trigonometric 
polynomial ( ) ,( ) .a pP x x=  Using the Fejér-Riesz theorem 
(see, e.g., [25, Th. 1.1] and “From Bounded Polynomials to Lin-
ear Matrix Inequalities”), this can be equivalently represented as
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Algorithm 1. ADMM for atomic norm denoising [32].

Input: Observation ;z  parameters , ;02m t
Initialize ,j 0=  and ,S0 0R  to zero matrices
Repeat until stopping criteria

, , , , ,, ;x u x u Sargmint tL
, ,x u

j j j
t

j j1 1 1 ! R+ + +^ ^h h
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It is long established [51], [52] that the spikes can be per-
fectly localized as long as ( ) / ,r n 1 2# -6 @  without requiring 
any separation between the spikes, as long as they are positive. 
The stability of this approach as well as the implications of 
nonnegative constraints for other atomic sets are further stud-
ied in [53]–[56]. As a comparison, Figure 7 shows the MSE of 
atomic norm denoising with and without positive constraints, 
Prony’s method with Cadzow denoising [39], and root-MUSIC 
[40] with respect to the SNR defined as /( )x n2

2 2< < v  for resolv-
ing two spikes with positive signs, separated by /( ) nTTT a=

for , . , . ,1 0 75 0 5a =  respectively. It can be seen that atomic 
norm denoising still outperforms classical approaches and, in 
particular, incorporating the positive constraint leads to fur-
ther improvements.

Atomic set for multidimensional spikes
When the spikes reside in a multidimensional space, one can 
extend the 1D model in a straightforward manner. Here, we 
illustrate the setup for the 2D case, where each entry of the 
signal X C2D

n n1 2! #  can be expressed as a superposition of r
complex sinusoids propagating in two directions:

( ) ( ) ,X a ac2D , ,k
k

r

k k
1

1 1 2 2x x= <

=

/ (22)

where ck and , [ , )0 1T
, ,k k k1 2

2!x x x= 6 @  are the complex am-
plitude and location of the kth spike, and ( )ai x  is given by 
(9) with the dimension parameter replaced by ,ni , .i 1 2= It 
is natural to define the corresponding atomic set as [11], [57]

( ) [ ) [ )( ) : , , , ,a ae 0 1 0 2A2D
j

1 1 2 2
2! !xx x z r= <z" ,

and the atomic norm according to (2). To localize the spikes, 
one could similarly study the associated dual problem

, ,max Re X P P 1subject to
P C

A
n n1 2

< < #)
! #

where the dual atomic norm can be reinterpreted as the su-
premum of a bivariate complex trigonometric polynomial 

, ( ) ,( ) ( )a a PP 1 2 1 1 2 2x x x x= <  with the matrix P  as its coef-
ficients. Again, one can localize the spikes by examining the 
extremal points of the dual polynomial, which is illustrated 
in Figure 8. Cautions need to be taken when attempting to 
solve the dual program in two or higher dimensions, since the 
bounded real lemma [24], [25] does not hold anymore. Instead, 
a precise characterization requires solving a hierarchy of sum-
of-squares relaxations and, fortunately in practice, the first 
level usually suffices [24], [57], [58].

The tightness of the ANM approach is closely related to a 
separation condition analogous to the 1D case [30]. Namely, 

the atomic decomposition is unique and exact, as soon as there 
exists a universal constant C 02  such that the set of spikes 

{ }T k k r1x= # #  satisfies
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Moreover, if the signal X2D  is real valued, .C 4 76=  suffices to 
guarantee exact recovery of the spikes.

Atomic set for multiple measurement vectors
One can collect multiple snapshots of observations, where they 
share the same spike locations with varying coefficients. Con-
sider T  snapshots, stacked in a matrix, ,, ,[ ]X x x1MMV Tf=

which is expressed similarly to (8) as

( ) ,X a cMMV
k

r

k k
1

x= <

=
/ (23)

where , ,[ ]c c c C, ,k k L k
T

1 f !=  is the coefficient of the kth spike 
across the snapshots. Following the recipe of atomic norms, we 
define the atoms as

, ,( ) ( )A b a bx x= <

where , ,0 1!x h6 b CT!  with .b 12< < =  The atomic set is de-
fined as

, : , , .( ) [ )A b b 10 1AMMV 2< <!x x == " ,

The atomic norm can then be defined following (2), which 
turns out sharing similar nice SDP characterizations for primal 
and dual formulations as for the single snapshot model [59]. 
The atomic norm XMMV A< <  can be written equivalently as

( )) ( ) :

( )
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infX u W
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X
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n2
1

2
1

0

Tr(toep Tr

toep
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H
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W C
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Cn
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*

= +
! #
!

; E

$

1 (24)

A curious comparison can be drawn to the nuclear norm by 
noticing that one recovers the nuclear norm of XMMV  by re-
placing the principal block ( )utoep  in (24) with an arbitrary 
positive semidefinite matrix. The fact that ( )utoep  has signifi-
cantly fewer degrees of freedom (n  versus )n2 is in parallel to 
that ( )a x  has significantly fewer degrees of freedom than an 
arbitrary vector (1 versus ) .n

Again, one can determine the atomic decomposition and 
localize the spikes by resorting to the dual program in a similar 
fashion. Figure 9 illustrates how multiple snapshots improve 
the performance of localization over the single snapshot case 
when the coefficients across snapshots exhibit some kind of 
diversity, e.g., generated with i.i.d. complex Gaussian entries.

Generalizations of measurement models
So far, we have seen that ANM provides a means for super-
resolution via convex relaxation in additive Gaussian noise. 
The framework of convex optimization is quite versatile and 
can be extended to handle models when the measurements are 
partially observed, corrupted, contain interfering sources, or 
even come from unknown modulations. This is an important 
advantage over classical methods such as MUSIC or ESPRIT, 
as most of them cannot be extended easily to these variants 
of models.

Compressed spectral sensing
CS [43], [44] has suggested that it is possible to recover a signal 
using a number of measurements that is proportional to its de-
grees of freedom, rather than its ambient dimension. Consider 
the problem where only a subset of entries of x is observed,

,y A xCS CS=

where ,A CCS
m n! #  and m n%  representing compressive ac-

quisition of the signal x. The goal is to recover x and its spectral 
content from ,y CCS

m!  the compressive measurements. This 
has applications in wide-band spectrum sensing and cognitive 
radio [60], for example. 

One can easily extend the framework of ANM and recover 
x by solving the program

 .min x y A xsubject to CS CSx A =

When ACS  is a partial observation matrix, namely, a sub-
set of m entries of x is observed uniformly at random, then 
x can be perfectly recovered with high probability using 

log log logm O n r r n2= +^ h measurements as long as x satis-
fies the separation condition, and with random signs of the coeffi-
cients c sk \ [15, Th. II.3]. More generally, a broader class of mea-
surement matrices ACS  can be allowed where its rows are drawn 
independently from some isotropic and incoherent distribution 
[61], [62], and exact recovery is possible under the same separa-
tion condition using a number of measurements on the order of r
up to some logarithmic factors. In addition, quantized measure-
ments are further dealt in [63] with theoretical guarantees.

Demixing sinusoids and spikes
Due to sensor failures or malicious environments, the mea-
surements are susceptible to corruptions that can take arbitrary 
magnitudes. To this end, consider the problem when the obser-
vations are contaminated by sparse outliers, where

.y x scorrupt = +
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Here, s is a sparse vector, where its nonzero entries correspond 
to corruptions of the observations. The goal is to decompose x
and s from ycorrupt,  a problem intimately related to the uncer-
tainty principle of signal decomposition in [17] and [64] and 
sparse error correction in CS [65].

Leveraging low-dimensional structures in both x and s, we 
seek x with a small atomic norm and s with a small 1,  norm 
that satisfies the observation constraint [66]

 ,min y x sx s subject to corrupt,x s 1A m+ = +

where 02m  is some regularization parameter. As long as the 
sample size is sufficiently large [66, Th. 2.2] and the spikes 
satisfy the separation condition, then the above algorithm 
perfectly localizes the spikes with high probability, even 
when the corruption amounts to near a constant fraction of 
the measurements.

Demixing interfering sources
A scenario of increasing interest is when the observation is com-
posed of a mixture of responses from multiple exciting or trans-
mitting sources, and the goal is to simultaneously separate and 
localize the sources at a high resolution. For example, an elec-
trode probing the activities in a brain records firing patterns of a 
few neighboring neurons, each with a distinct PSF. For pedagogi-
cal reasons, let us consider a generalization of the model (6) with 
two interfering sources, where the observation is given as

( ) ( ) ,y g x g xdiag diagmix 1 1 2 2= +

where g1  and g2  correspond to the frequency-domain re-
sponse of the PSFs, and ( ), , .x ac i 1 2, ,i k

r
i k i k1

i xR= ==  The goal 
is to separate and recover the spikes in both x1  and x2  from 

,ymix  where g1  and g2  are assumed to be known.
Using ANM, one seeks to recover both x1  and x2  simul-

taneously by minimizing the weighted sum of their atomic 
norms [67]:

min xx
, 1x x 2A A1 2

m+

 ,y g x g xsubject to diag diagmix 1 1 2 2= +^ ^h h

where 02m  is some regularization parameter. Unlike the 
single-source case, the success of demixing critically depends 
on how easy it is to tell two PSFs apart; the more similar g1

and g2  are, the harder it is to separate them. A random model 
can be used to generate dissimilar PSFs, namely it is assumed 
the entries of g si are i.i.d. generated from a uniform distribu-
tion over the complex circle [67]. The algorithm then succeeds 
with high probability as long as the sample size is sufficiently 
large and the spikes within the same signal satisfy the separa-
tion condition [67, Th. 2.1], without requiring any separation 
for spikes coming from different sources.

Blind superresolution
So far, all algorithms have assumed the PSF as known, which 
is a reasonable assumption for problems where one can design 

and calibrate the PSF a priori. In general, one might need to 
estimate the PSF at the same time, possibly due to the fact that 
the PSF may drift and needs to be calibrated on the fly during 
deployment. In this case, we need to revisit (6) and estimate g
and x simultaneously from their bilinear measurements,

( ) .y g xdiagBR =

This problem is terribly ill-posed, as the number of unknowns 
far exceeds the number of observations. One remedy is to 
exploit additional structures of g. For example, if g lies in 
a known low-dimensional subspace [ , , ]B b b Cn

n d
1 f != R #

with ,d n%  then the degrees of freedom of g is greatly dropped, 
since one only needs to estimate the coefficient h Cd!  of 
g Bh=  in that subspace, which has a much smaller dimension. 
Even such, the measurement yBR  is still bilinear in h and x, 
and one cannot directly apply ANM to x as it does not lead to 
a convex program.

Interestingly, a lifting trick can be applied [68], which rewrites 
y ZXBR = ^ h as linear measurements of a higher-dimensional 
object Z xh Cn d!= #<  similar to (23):

, , , , ,b he x xh e by i n1BR
H

,i i i i i f= = =< < <

where ei  is the ith standard basis vector. Consequently, one 
can apply ANM to Z with respect to (24), leading to the 
algorithm [68]

.min y ZZ subject to XBR
Z A = ^ h

This approach succeeds with high probability; as soon as the 
sample size is sufficiently large, the spikes are well separated 
and the PSF satisfies certain incoherence properties [68, Th. 1]. 
Moreover, it can be further extended to demixing a mixture of 
sources with unknown PSFs, where each PSF lies in a distinct 
subspace [69].

Beyond line spectrum estimation: Superresolution 
imaging for single-molecule fluorescence microscopy
When the atomic set is composed of a family of complex sinu-
soidal signals, an exact implementation of the atomic norm in 
SDP is available. In the most general setting, ANM is an in-
finite-dimensional convex program whose computation needs 
to be addressed carefully. Encouragingly, tailored solvers have 
been proposed and applied successfully to practical applica-
tions such as superresolution imaging for single-molecule fluo-
rescence microscopy, which we now present as a case study to 
show its promise.

Imaging principle
The development of superresolution fluorescence microscopy, 
which was awarded the 2014 Nobel Prize in Chemistry, is con-
sidered to fundamentally impact biological science and medi-
cine. To date, a partial list of superresolution fluorescence mi-
croscopy technologies includes PALM [70], STORM [71], and 
fPALM [72], which share a similar imaging principle. A very 
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nice introduction can be found in [73]. While optical micros-
copy is desirable for imaging complex biological processes in 
live cells due to its noninvasive nature, due to diffraction limit, 
which is about hundreds of nanometers, it cannot image detailed 
internal structures of cells, which are often below 100 nm.

To deal with this challenge, biologists have come up with a 
clever idea of divide and conquer. To begin, imagine that every 
point within a cell is equipped with a photoswitchable fluores-
cent molecule, which means, once excited, the molecule will 
emit light stochastically over a duration of time to identify its 
location. This allows one to divide the imaging process into 
many frames, where in each frame a random and sparse subset of 
fluorescent molecules (point sources) are activated and localized 
at a resolution below the diffraction limit using imaging algo-
rithms. The final image is thus obtained by superimposing the 
localization outcomes of all of the frames. Therefore, the high 
spatial resolution is achieved by sacrificing the temporal resolu-
tion. To speed up the imaging process and improve the temporal 
resolution, it is desirable to develop localization algorithms that 
are capable of identifying more fluorescent molecules per frame, 
which is known as the emitter density.

Very interestingly, this imaging principle can be used to 
reconstruct a 3D biological structure from 2D image frames 
[74]. One way is to introduce a cylindrical lens to modulate 
the ellipticity of the PSF based on the depth of the fluorescent 
object, which can be modeled as a Gaussian pulse with varying 
ellipticity along the x and y directions,

( , | )
( ) ( ) ,g x y z
z z

e
2

1
( ) ( )

x y
z

x
z
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2 2x y

2

2

2

2
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- += G

where ( )zxv  and ( )zyv  are functions of the depth in the z di-
rection, and can be calibrated in advance. For a 3D scene of 
point sources,
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/

its convolution with the PSF ( , | )g x y z  is given as a 2D image 
in the form of
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Therefore, to perform superresolution, one needs to decode si-
multaneously the ellipticity as well as the location of the PSF, 
which is much more challenging. In practice, the situation is even 
more complex, since the continuous spatial function ( ) ( , )g x y)g

needs to be further discretized due to pixelization of the detector, 
leading to a discretized 2D image, ,Rn n1 2!~ #  where each entry 
of ~ corresponds to the integration of ( ) ( , )g x y)g  over the area 
of a pixel. The final image, z, counting the number of photons 
hitting the detector at each pixel, is modeled as a Poisson distribu-
tion with rate .~  The whole process is summarized in Figure 10.

Applying ANM
Luckily, due to linearity, ~  can be viewed a sparse superposi-
tion of atoms that are parameterized by the 3D point sources,

( , , ) ( , , ) ( , , ),a ac x y z x y z d x y z
, ,

i
i

r

i i i
x y z1

~ g= =
=

/ #

where each atom ( , , )a x y z  corresponds to the image of a point 
source at (x, y, z) after convolution and pixelization. The atomic set 
is then given as , , : , , .a x y z x y z imaging rangeA D3 != ^ h" ,
The goal is thus to recover ( , , )x y zg , or the atomic decomposi-
tion of ,~  from the observation Poisson~ ( )z ~  as accurately 
as possible.

A natural approach is to seek the sparsest ~  such that the 
likelihood function of the observation z is maximized. To that 
end, we consider a constrained maximum likelihood estima-
tion, where we seek to solve ~  via

( | ) ,min log zp subject to A #~ ~ h-
~

(25)

where ( )zp ; ~  is the Poisson likelihood function, A~  is the 
induced atomic norm with respect to ,A D3  and h  is some regu-
larization parameter that may be tuned in practice.

Early efforts such as CSSTORM [75], which are based on 
1,  minimization by directly discretizing the parameter space, 

suffer from high computational complexity, due to the need 
of storing and manipulating a large dictionary of atoms, as 
fine discretization is required along all three spatial dimen-
sions. On the other end, recent algorithmic developments such 
as alternating descent conditional gradient (ADCG) [76] and 
CoGEnT [77] solve sparse inverse problems over continu-
ous dictionaries with general convex loss functions at much 
reduced memory and computation requirements. In a nutshell, 
the ADCG method is an acceleration of conditional gradient, 
also known as Frank–Wolfe, to solve (25) with a general atom-
ic set : ,aA !i i H= ^ h" ,  where i  is a short-hand notation 
for the parameter space. In particular, it directly estimates the 
atomic decomposition of ( ) ( ) .a d~ i g i= #

The standard Frank–Wolfe adds one new atom at every iter-
ation to reduce the negative log-likelihood function; however, 
it will introduce many spurious atoms and lose sparsity as the 
iteration increases. To deal with this, ADCG introduces prun-
ing and local refinements with a hope to maintain a sparse rep-
resentation at all iterations. The detailed procedure of ADCG 
is given in Algorithm 2. In the jth iteration, denote the support 
and coefficient of the current estimate of ( )g i  as T j  and ,c j

and the current estimate of ~  as .cA T j j^ h  Like Frank–Wolfe, 
ADCG starts by adding a spike to the estimated support T j

that maximally correlates with the derivative of ( | )log zp ~

ζ (x, y, z) ζ ∗ g ω z

Low-Pass
Convolution

Pixelization Poisson
Noise

FIGURE 10. The mathematical model of 3D imaging in superresolution 
fluorescence microscopy. 
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with respect to ~  at the current estimate, .cA T j j^ h  Because 
the spike location will be refined next, in practice, this step can 
be solved approximately by searching over a coarse grid of H
to save computation.

ADCG then deviates from the standard Frank–Wolfe, 
and tries to improve the updated estimate 
by performing alternating descent over 
the coefficient and the support. It iter-
ates between coefficients update via 1,

minimization, support pruning, and local 
refinement of the support by holding the 
coefficients fixed. The last step leverages 
the fact that ( )a i  is differentiable with 
respect to ,i  and a simple local search 
via gradient descent allows one to adjust 
the support to further reduce the loss function. Despite the 
nonconvexity in this refine step, [76] guarantees the con-
vergence of ADCG with a convergence rate of /O 1 e^ h to 
reach -e accuracy in the function value, under some techni-
cal assumptions. In practice, the main computational ben-
efits of ADCG are the absence of semidefinite constraints 
and small memory footprints, making it highly suitable for 
large-scale implementations.

TVSTORM [78] is a modification of ADCG tailored to 
solve (26) for 3D image reconstruction with some domain 
adaptations to speed up implementations. TVSTORM out-
performs CSSTORM both in terms of computational time 
and reconstruction quality. Figure 11(a) shows the diffrac-
tion-limited imaging using conventional microscopy; in 
contrast, the 3D superresolution image reconstructed using 
TVSTORM in Figure 11(b) is much clearer, where the 
structure of 3D microtubules can be well resolved with the 
axial coordinate represented in different colors. Figure 11(c) 
and (d) compares the reconstruction quality of an enlarged 
region between TVSTORM and CSSTORM, where TVS-
TORM provides a visually more smooth reconstruction of 
the line structures in microtubules. Figure 12 shows that 
TVSTORM indeed has a higher detection rate and a lower 
false discovery rate than CSSTORM, while TVSTORM 
executes much faster.

Final remarks
In this article, we presented an overview on how to leverage 
sparsity for continuous parameter estimation via the math-
ematical concept of atomic norms, which can be regarded 
as a generalization of the principle of 1,  norms for discrete 
model selection. We showcased its application in superreso-
lution from low-pass observations in single-molecule fluo-
rescence microscopy. The appeal of the atomic norm ap-
proach is attributed to its elegant mathematical framework, 
strong performance guarantees, and promises of scalable 
numerical implementations.

The atomic norm is only one of many possible approaches to 
exploit sparsity over the continuum. One competitive alternative 
is structured low-rank matrix optimization [79]–[82]; see [83] for 
its connections and comparisons with the atomic norm approach. 

Another line of work [84]–[86] generalizes the traditional CS 
to an infinite-dimensional Hilbert space. In addition, sampling 
theorems are developed for signals with a finite rate of innova-
tions together with strategies for perfect reconstruction [87]. More 
recently, a sparse functional framework has been proposed as a 

variational approach to handle sparsity over 
continuous and possibly nonlinear dictionar-
ies. This category of estimators aims to recov-
er functions with minimum support measure 
subject to the observation constraint [88], [89].

As a topic still under development, open 
problems abound for both theoretical and 
practical performance of optimization-based 
superresolution in general. We conclude by 
outlining some exciting future directions.

■ Tight performance analysis in noise: Existing analyses of 
atomic norm denoising (21) typically only produce bounds 
that are tight up to some constant, making them less useful 
in practice. For example, attempts to benchmark the theo-
retical bounds against the CRB will be in vain due to the 
presence of large constants. It is therefore desirable to 
obtain tight performance bounds such as the one available 
for matrix denoising [90] that is asymptotically exact.

■ Adaptive selection of regularization parameters: One 
benefit of ANM over traditional spectrum estimation 
approaches is that it can automatically select the model 
order. However, the choice of the regularization parameter 
(21) depends on the noise level, which may not be available 
in practice. How to optimally set the regularization param-
eters is another problem of great importance; see [91] for 
some recent developments.

■ Low-rank factorization for SDP formulations of atomic 
norms: A popular heuristic to SDP with low-rank solutions 
is to apply low-rank matrix factorization and solve the cor-
responding nonconvex optimization problem [92], [93], 
with the premise of greatly reducing its computational 
cost. It will be interesting to see if this approach can be 

Algorithm 2. Alternating descent conditional gradient [76].

Input: Observation ;z  Parameter ;02h
Initialize T0  to an empty set, c0  to 0, and ;j 0=
repeat until stopping criteria
Localize the next spike:

, ( | ) ;a cargmax logp z A Tj j j j1 d!i i
!

~
i H

+ ^ ^h h

Update support: ;T Tj j j1 1! i+ +, " ,
Refinement: repeat

1) Update the amplitudes:

( | ( ) );c z cargmin logp A T
c

j j1 1
1

! -
# h

+ +

2) Prune support:  ;csupportTj j1 1!+ +^ h
3) Local descent: improve Tj 1+  by performing local descent on

( | )z clogp A Tj j1 1- + +^ h  holding the coefficient c j 1+  fixed;
;j j 1! +

Output: ,cTj j^ h and .x cA Tj j j= ^ h

As a topic still under 
development, open 
problems abound for 
both theoretical and 
practical performance 
of optimization-based 
superresolution in general.
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applied to speed up the computation of atomic norms with 
performance guarantees.

■ Bridging classical and optimization-based approaches: 
There are deep connections between traditional (e.g. 
Prony, MUSIC, and so on) and optimization-based (e.g. 
ANM and nuclear norm minimization) approaches. 
Such connections have already been realized, for 
instance in the early works of Fuchs [94], where he pro-
vided an optimization interpretation of the Pisarenko 
method [95]. Another recent work [96] provided an opti-
mization view to the MUSIC algorithm. It is hopeful 
that a confluence of past and current ideas will likely 
deepen our understandings and lead to further algorith-
mic improvements.

■ ANM for more general measurement models: While 
there have been significant advances in the understand-
ing of ANM for line spectrum estimation, its theory and 

application to other measurement settings require fur-
ther investigation.

■ Applications in communications, sensing, and imaging: 
ANM has recently emerged as a popular approach for 
many practical applications, such as channel estimation in 
massive MIMO [97], [98], radar imaging [99], and nuclear 
magnetic resonance spectroscopy [100]. It is our hope that 
this article will stir more interest in applying the atomic 
norm in applications that call for high-resolution parame-
ter estimation.
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In recent years, an abundance of new molecular structures have 
been elucidated using cryo-electron microscopy (cryo-EM), 
largely due to advances in hardware technology and data pro-

cessing techniques. Owing to these exciting new developments, 
cryo-EM was selected by Nature Methods as the “Method of the 
 Year 2015,” and the Nobel Prize in  Chemistry 2017 was award-
ed to three pioneers in the cryo-EM field: Jacques Dubochet, 
Joachim Frank, and Richard Henderson “for developing cryo-
electron microscopy for the high-resolution structure determina-
tion of biomolecules in solution” [93].

The main goal of this article is to introduce the challenging 
and exciting computational tasks involved in reconstructing 3D 
molecular structures by cryo-EM. Determining molecular 
structures requires a wide range of computational tools in a vari-
ety of fields, including signal processing, estimation and detec-

tion theory, high-dimensional statistics, convex and nonconvex 
optimization, spectral algorithms, dimensionality reduction, and 
machine learning. The tools from these fields must be adapted 
to work under exceptionally challenging conditions, including 
extreme noise levels, the presence of missing data, and massive 
data sets as large as several terabytes.

In addition, we present two statistical models, multirefer-
ence alignment (MRA) and multitarget detection (MTD), that 
abstract away much of the intricacy of cryo-EM while retain-
ing some of its essential features. Based on these abstractions, 
we discuss some recent intriguing results in the mathematical 
theory of cryo-EM and delineate relations with group, invari-
ant, and information theories.

Introduction
Structural biology studies the structure and dynamics of mac-
romolecules to broaden our knowledge about the mechanisms 
of life and impact the drug-discovery process. Owing to recent 
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groundbreaking developments, chiefly in hardware tech-
nologies and data processing techniques, many new molecular 
structures have been elucidated to near-atomic resolutions us-
ing cryo-EM [8], [44], [47], [52], [81].

In a cryo-EM experiment, biological macromolecules sus-
pended in a liquid solution are rapidly frozen into a thin ice 
layer. The 3D location and orientation of particles within the 
ice are random and unknown. An electron beam then passes 
through the sample, and a 2D tomographic projection, called a 
micrograph, is recorded. The goal is to reconstruct a high-reso-
lution estimate of the 3D electrostatic potential of the molecule 
(particularly its atomic structure) from a set of micrographs. 

The resolution measures the smallest detail that is dis-
tinguishable in a recovered  3D structure; structures with 
better resolutions resolve finer features. For example, at reso-
lutions of 9 Å, -a helices are resolved, at resolutions of 4.8 Å, 
individual -b strands are resolved, and, at resolutions of 3.5 Å, 
many amino acid side chains are resolved [8]. Figure 1 shows 
a gallery of important biomedical structures solved by cryo-
EM at increasingly higher resolutions. Figure 2 presents an 
example of a micrograph of the enzyme -b galactosidase and 
the corresponding high-resolution 3D reconstruction [15].

The signal-to-noise ratio (SNR) of cryo-EM data is very 
low due to two compounding reasons. On the one hand, the 
micrograph’s contrast is low due to the absence of contrast 

enhancement agents, such as heavy-metal stains. On the other 
hand, the noise level is high because the electron doses must be 
kept low to prevent damage to the radiation-sensitive biologi-
cal molecules. The difficulty of estimating the 3D structure in 
this low-SNR regime, when the orientation and location of the 
particles are unknown, is the crux of the cryo-EM problem.

Forty years ago, Dubochet and colleagues [27] devised a 
new technique to preserve biological samples within a thin 
layer of an amorphous solid form of water called vitreous ice. 
In contrast to “regular” ice, vitreous ice lacks a crystalline 
molecular arrangement and, therefore, allows preservation 
of biological structures. As the vitreous ice is maintained at 
liquid-nitrogen or liquid-helium temperatures, the technique 
was named cryo-EM. In the following decades, the suc-
cessful application of cryo-EM was limited to the study of 
large and highly symmetric structures, such as ribosomes and 
different types of viruses. Before 2013, only a few struc-
tures were resolved at resolutions better than 7 Å, and the 
field was dubbed blob-ology due to the blobby appearance of 
the structures at these resolutions. We refer the reader to [8], 
[30], [52], and [81] for a more detailed historical account of the 
development of the technology.

Since 2013, single-particle reconstruction using cryo-EM 
has been undergoing fast transformations, leading to an abun-
dance of new high-resolution structures and reaching close to 

(a) (c) (e) (g)

(b) (d) (f) (h)

Resolution

FIGURE 1. A gallery of important biomedical structures solved by single-particle cryo-EM at increasing resolutions. (a) The 4.5-Å structure of the human 
rhodopsin receptor bound to an inhibitory G protein [43], a member of the family of G-protein-coupled receptors, which are the target of approximately 
35% of drugs approved by the U.S. Food and Drug Administration. (b) A 3.3-Å map of a voltage-activated potassium channel, an integral membrane 
protein responsible for potassium ion transport [49]. (c) The 2.9-Å cryo-EM structure of a clustered regularly interspaced short palindromic repeats 
(CRISPR)/CRISPR-associated protein implicated in gene editing [36]. (d) A 2.4-Å map of the T20s proteasome, a complex that degrades unnecessary 
or damaged proteins by proteolysis [obtained using data available from Electron Microscopy Public Image Archive (EMPIAR)-10025] [1]. (e) The 2.3-Å 
structure of human p97 adenosine triphosphate (ATP)/ATPase associated with diverse cellular activities, a key mediator of several protein homeostasis 
processes and a target for cancer [12]. (f) The 1.9-Å structure of the -b galactosidase enzyme in complex with a cell-permeant inhibitor [15]. (g) The 
1.8-Å structure of the conformationally dynamic enzyme glutamate dehydrogenase [50]. (h) A 1.6-Å map of human apoferritin, a critical intracellular 
iron-storage protein (obtained using data available from EMPIAR-10200). 
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atomic resolution [15]. Figure 3 presents the historical growth of 
the number of high-resolution structures produced by cryo-EM. 
Advances in camera technology and data processing contributed 
to the “resolution revolution” in cryo-EM [44].

First and foremost, a new generation of detectors was devel-
oped, called direct electron detectors (DEDs), that—in contrast 
to charge-coupled device cameras—do not convert electrons 
to photons. DEDs dramatically improved image quality and 
SNR, thereby increasing the attainable resolution of cryo-
EM. These detectors have high-output frame rates that allow 
the recording of multiple frames per micrograph (“movies”) 
rather than the integration of individual exposures [58]. These 
movies can be used to compensate for motion induced by the 
electron beam to the sample; see the “Motion Correction” sec-
tion. In addition, recent hardware developments have enabled 

the acquisition and storage of huge amounts of data, which, 
combined with ready access to CPU and GPU resources, have 
helped propel the field forward.

The prevalent technique in structural biology in the last half 
century was X-ray crystallography. This technique suffers from 
three intrinsic weaknesses that can be mitigated by using 
cryo-EM imaging. First, many molecules, among them differ-
ent types of membrane proteins, were notoriously difficult to 
crystallize. In contrast, the sample preparation procedure for a 
cryo-EM experiment is significantly simpler, does not require 
crystallization, and needs smaller amounts of sample. Second, 
crystal contacts may alter the structure of proteins, making it 
difficult to recover their physiologically relevant conforma-
tion. Cryo-EM samples, instead, are rapidly frozen into vitre-
ous ice, which preserves the molecules in a near-physiological 

(a) (b)

(c) (d)

FIGURE 2. Examples of high-resolution cryo-EM imaging of the -b galactosidase enzyme in complex with a cell-permeant inhibitor. (a) A micrograph of 
-b galactosidase showing individual particle projections (indicated with white circle). (b) The power spectra of the image shown in (a) and estimated CTF 

matching the characteristic Thon ring oscillations (see the “CTF Estimation and Correction” section). (c) A 1.9-Å resolution map obtained from approxi-
mately 150,000 individual particle projections extracted from the publicly available data set EMPIAR-10061 [15], [16]. (d) A close-up view of reconstruc-
tion shown in (c), highlighting high-resolution features of the map at the individual amino acid level.
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state. Third, the X-ray beam aggregates the information from 
all molecules simultaneously and, thus, hinders visualization of 
structural variability. 

In stark contrast, the projection of each particle in a cryo-
EM experiment is recorded independently, and, thus, multiple 
structures—associated with different functional states—can 
be estimated [74]. A third technique, nuclear magnetic reso-
nance (NMR), can be used to elucidate molecular structures 
in physiological conditions (water solution at room tempera-
ture) but is restricted to small structures of up to approximate-
ly 50 kDa.

The main goal of this article is to introduce the unique and 
exciting algorithmic challenges and cutting-edge mathematical 
problems arising from cryo-EM research. The estimation of 
molecular structures involves developing and adopting com-
putational tools in signal processing, estimation and detection 
theory, high-dimensional statistics, convex and nonconvex 
optimization, spectral algorithms, dimensionality reduction, 
and machine learning as well as knowledge in group theory, 
invariant theory, and information theory. 

All tools from the aforementioned fields should be adapted 
to exceptional conditions: an extremely low-SNR environment 
and the presence of missing data (for instance, 2D location and 
3D orientation of samples in the micrograph). In addition, the 
devised algorithms should be efficient when run on massively 
large data sets on the order of several terabytes. This article 
provides an account of the leading software packages in the 
field and discusses their underlying mathematical, statistical, 
and algorithmic principles [33], [57], [63], [76].

Before moving on, we want to mention that topics of great 
importance to practitioners, such as the physics and optics of 
an electron microscope, sample preparation, and data acquisi-
tion, are not discussed in this article. These topics are thor-
oughly covered by biologically oriented surveys, such as [30], 
[52], and [81] and the references therein.

The cryo-EM reconstruction problem
Modern electron microscopes produce multiple micrographs, 
each composed of a series of frames (a “movie”). The first 
stage of any contemporary algorithmic pipeline is to align and 
average the frames to mitigate the effects of movement induced 
by the electron beam and, thus, to improve the SNR. This pro-
cess is called motion correction or movie frame alignment. 
The next step, termed particle picking, consists of detecting 
and extracting the particles’ tomographic projections from 
the micrographs.

Perfect detection requires finding the particles’ center of 
mass, which is difficult to estimate due to the characteristics 
of the Fourier transform of the microscope’s point spread func-
tion (PSF), called the contrast transfer function (CTF); see 
the “CTF Estimation and Correction” section. The output of 
the particle-picking stage is a series of images , ,I IN1 f  from 
which we wish to estimate the 3D structure; this section focus-
es on the problem of 3D reconstruction from picked particles, 
which is the heart of the computational pipeline of single-
particle reconstruction using cryo-EM. Motion correction and 

particle picking are discussed in more detail in the “Building 
Blocks in the Computational Pipeline” section. 

Figure 4 shows the complete cryo-EM imaging pipeline.  
Briefly, raw data are first preprocessed at the movie frame 
alignment (“Motion Correction” section) and CTF estimation 
(“CTF Estimation and Correction” section) steps, followed 
by particle picking to detect and extract the individual pro-
jections from micrographs. Occasionally, particle picking is 
followed by a particle-pruning stage to remove noninforma-
tive picked particles (“Particle Picking” section). The output 
of this stage is a set of 2D images; each (ideally) contains a 
noisy tomographic projection taken from an unknown view-
ing direction. 
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produced by single-particle cryo-EM. (a) The cumulative number of struc-
tures solved by single-particle cryo-EM in the last 17 years, as recorded 
in the Electron Microscopy Data Bank public repository [2]. (b) The 
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FIGURE 4. A flowchart diagram showing the computational pipeline 
required to convert raw movie data into high-resolution structures by 
single-particle cryo-EM. (Adapted from [90].)
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Particle images are then classified (“2D Classification” sec-
tion): the 2D classes may be used to construct ab initio models, 
as templates for particle picking, to provide a quick assessment 
of the particles and for symmetry detection. Then, an ab initio
model is built using the 2D classes or by alternative techniques 
(“Ab Initio Modeling” section). If the data contain structur-
al variability or a mix of structures (see the “The Cryo-EM 
Reconstruction Problem” and “Conformational Heterogeneity: 
Modeling and Recovery” sections), then a 3D classification 
step is applied to cluster the projection images into the differ-
ent structural conformations. 

Initial models are subjected to 3D high-resolution refine-
ment (“High-Resolution Refinement” section), and an addi-
tional per-particle refinement may be applied. Finally, a 
postprocessing stage is employed to facilitate interpretation 
of structures in terms of atomic models. Different software 
packages may use slightly different workflows and, occasion-
ally, some of the steps are applied iteratively. For instance, 
one can use the 2D classes to repeat particle picking with 
more reliable templates.

Let : RR3 "z  represent the 3D molecular structure to be 
estimated. Under the assumption that the particle picking is 
executed well (i.e., each particle is detected up to a small trans-
lation; we assume for simplicity no false detection), each image 

, ,I IN1 f  is formed by rotating z by a 3D rotation ,R~  integrat-
ing along the z-axis (tomographic projection), shifting by a 2D 
shift ,Tt  convolving with the PSF of the microscope ,hi  and 
adding noise:

( ) , ( , , ),

, , ,

I h T R r dz r x y z

i N1

noisei i t
T

i i)

f

` _z= + =

=
3

3

~

-

e o#

(1)

where ) denotes convolution. The model can be written more 
concisely as

, , , ,I h T PR i N1noisei i ti i) f` _z= + =~ (2)

where the tomographic projection is denoted by ,P and ( )( )R rz =

( ).R rTz  The image is then sampled on a Cartesian grid. The 
integration along the z-axis is called the X-ray transform (not to 
be confused with the radon transform in which the integration 
is over hyperplanes). The rotations R~ describe the unknown 
3D orientation of the particles embedded in the ice, and they 
can be thought of as random elements of the special orthogonal 
group ( ).SO 3!~  These rotations can be represented as 3 3#
orthogonal matrices with determinant one or by quaternions. 
The 2D shifts t R2!  result from detection inaccuracies, which 
are usually small. The PSFs hi  are assumed to be known, and 
their Fourier transforms suffer from many zero crossings, 
making deconvolution challenging; see the “CTF Estimation 
and Correction” section for further discussion.

The cryo-EM inverse problem of reconstruction con-
sists of estimating the 3D structure z  from the 2D images 

, , .I IN1 f  Importantly, the 3D rotations , , N1 f~ ~  and the 
2D shifts , ,t tN1 f  are called nuisance variables; although 
the rotations and shifts are unknown a priori, their estima-

tion is not an aim by itself. Figure 5 shows an example of 
the cryo-EM problem in its most simplified version, without 
noise, CTF, and shifts.

The reconstruction of z is possible with up to three intrin-
sic ambiguities: a global 3D rotation, the position of the center 
of the molecule (3D location), and handedness. This last sym-
metry, also called chirality, means that it is impossible to dis-
tinguish whether the molecule was reflected about a 2D plane 
through the origin. The handedness of the structure cannot be 
determined from cryo-EM images alone because the original 
3D object and its reflection give rise to identical sets of pro-
jections related by the following conjugation: ,R JR J 1

i i=~ ~
-u

where ( , , ).J 1 1 1diag= -

In the presence of structural variability, z may be thought 
of as a random signal with an unknown distribution defined 
over a space of possible structures (which might be unknown 
as well). In this case, the task is more ambitious and involves 
estimating the whole distribution of conformations. Usually, 
the distribution is assumed to be discrete (i.e., in each mea-
surement, we observe one of a few possible structures or con-
formational states) or to lie in a low-dimensional subspace or 
manifold. This subject is further discussed in the “Conforma-
tional Heterogeneity: Modeling and Recovery” section and in 
a recent survey [74].

The chief noise source in cryo-EM at the frame level (before 
motion correction) is shot noise, which follows a Poisson dis-
tribution. After movie frames are averaged to produce micro-
graphs, it is customary to assume that the noise is characterized 
by a Gaussian distribution. Indeed, all current algorithms build 
on—implicitly or explicitly—the speculated Gaussianity of the 
noise. While the spectrum of the noise is not white—mainly 
due to inelastic scattering, variations in the thickness of ice, 
and the PSF of the microscope—it is assumed to be a 1D radial 
function (i.e., constant along the angular direction). The com-
mon practice is to estimate the parameters of the noise power 
spectrum during the 3D reconstruction process or from regions 
in the micrographs that, presumably, contain no signal.

Main computational challenges
The difficulty in determining high-resolution molecular struc-
tures using cryo-EM hinges on three characteristic features 
of the cryo-EM data: high noise level, missing data, and its 
massive size. This section elaborates on these unique features, 
while the next sections dive into the different tasks and algo-
rithms involved in cryo-EM data processing.

High noise level
In a cryo-EM experiment, the electron doses must be kept low 
to mitigate radiation damage due to electron illumination. The 
low doses induce high noise levels on the acquired raw data 
frames. Together with the image’s low contrast, this results in 
SNR levels that are usually well below 0 dB and might be as 
low as −20 dB (i.e., the power of the noise is 100 times greater 
than the power of the signal). Under such low-SNR conditions, 
standard tasks, such as aligning, detecting, or clustering sig-
nals, become very challenging.
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To comprehend the difficulty of performing estimation 
tasks in a low-SNR environment, let us consider a simple 
rotation-estimation problem. Let us denote by x RL!  the sam-
ples of a periodic signal on the unit circle; x  is assumed to be 
known. We wish to estimate a rotation [ , )0 2!i r  from a 
noisy measurement

,y R x f= +i (3)

where ( , ),I0N 2+f v  and Ri  denotes the rotation operator, 
that is, ( )( ) ( ).R x t x t i= -i  To estimate ,i  we correlate the sig-
nal x  with rotated versions of y  and choose the inverse of the 
rotation that maximizes the correlation as the estimator; this 
technique is called template matching. In the absence of noise, 
template matching simply correlates the signal with its rotated 
versions; the maximum is attained when y  is rotated by .i-

However, in the presence of noise, we get an additional sto-
chastic term due to the correlation of the noise with the signal. 
Consequently, if 2v  is large, it is likely that the peak of the 
correlation will not be close to .i-  In particular, when ,"3v

the location of the peak is distributed uniformly on the circle. 
This result can be derived formally using the Neyman–Pear-

son lemma and holds true for any estimation technique, not 
necessarily template matching [18]. Even if we collect N  mea-
surements (each with a different rotation), it is impossible to 
estimate the N  rotations accurately. In [6], it was shown that 
the Cramér–Rao bound of this problem is proportional to 2v

and independent of .N  Therefore, if the noise level is high, the 
variance of any estimator will be high as well.

The same conclusions that were derived for the simple 
rotation estimation problem (3) remain true for cryo-EM. For 
example, even if the 3D structure is known, aligning a noisy 
raw image against multiple noiseless projection templates that 
correspond to rotations sampled from SO(3) will produce no 
salient peak in the correlation if the noise level is high. In par-
ticular, the higher the noise level, the flatter the distribution 
over SO(3).

Missing data—Unknown viewing directions and locations
The viewing direction and location associated with each particle 
in a micrograph are unknown a priori. If they were known, esti-
mating the structure z would be a linear inverse problem, simi-
lar to the reconstruction problem in computerized tomography 
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FIGURE 5. (a) A simulated 3D structure and (b) a dozen of its noise-free tomographic projections from different viewing directions. The most simplified 
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(CT). The recovery in this case is based on the Fourier slice theo-
rem, which states that the 2D Fourier transform of a tomographic 
projection is the restriction of the 3D Fourier transform of z to a 
2D plane. Mathematically, it can be written succinctly as

,SRF F PR3 2z z= (4)

where ,F2 ,F3 ,P and S  are, respectively, the 2D Fourier, 
3D Fourier, tomographic projection, and restriction opera-
tors; this theorem is a direct corollary of the fact that the 
Fourier operator F  and the rotation operator R  commute, 
that is, .RF FR=

The Fourier slice theorem implies that acquiring tomographic 
projections from known viewing directions is equivalent to 
sampling the 3D Fourier space. Hence, given enough projec-
tions, one can estimate z to a certain resolution. This is the 
underlying principle behind many CT imaging algorithms, 
such as the classical filtered-back projection (FBP). However, 
FBP is not optimal for cryo-EM (even if viewing directions are 
known) since not all viewing directions are necessarily rep-
resented in the data, and the sampling in the Fourier domain 
is nonuniform; the coverage of viewing directions affects the 
quality of the solution. 

An alternative is the algebraic reconstruction technique 
(ART), which solves the linear inverse problem by iterative 
projections; this algorithm is called the Kaczmarz method
in numerical linear algebra. However, ART is rarely used in 
cryo-EM because it is slow: it does not exploit the Fourier 
slice theorem and, thus, cannot be accelerated using fast Fou-
rier transforms (FFTs). Modern approaches were developed to 
exploit the Fourier slice theorem and account for nonuniform 
sampling; popular algorithms are based on efficient gridding 
methods (that compute a uniformly sampled version of a func-
tion from a nonuniformly sampled version by choosing proper 
weights) [55] and using nonuniform FFT packages to harness 
the structure of the linear system [14], [35].

While the viewing directions in cryo-EM are unknown, there 
is a rigorous technique to estimate them based on common lines; 
see the “Estimating Viewing Directions Using Common Lines” 
section as well as [72] and [79]. Unfortunately, any method for 
estimating the viewing directions is destined to fail when the 
SNR is low, for the same reasons that estimating i  in (3) would 
fail. Bearing in mind that the ultimate goal is to estimate the 3D 
structure—not the viewing directions—it is essential to consider 
statistical methods that circumvent rotation estimation, such as 
the maximum likelihood (ML) and the method of moments.

Massive data sets and high dimensionality
A single session of data collection in a typical cryo-EM experi-
ment produces a few thousand micrographs, each containing 
several hundred individual particle projections. Depending on 
the type of detector used during acquisition, micrographs can 
range in size from a few tens of megapixels up to 100 mega-
pixels for the newest detectors. Moreover, the new generation 
of detectors can record each micrograph as a rapid burst of 
frames, producing large movie files that result in data sets of 

several terabytes in size. The sheer volume of data must be 
taken into account early on in the algorithmic design process, 
and in addition to storage considerations, steps must be taken 
to ensure the efficient use of computational resources to keep 
up with the ever-increasing throughput of data produced by 
modern cameras.

Another issue is the dimensionality of the reconstruction 
problem. The number of voxels of a typical 200 200 200# #

volume is 8 million. Estimating so many parameters poses a 
challenge, both from the computational complexity side (for 
example, how to find the maximum of the likelihood function 
of 8 million variables) and also on the statistical-estimation 
front (see the “Denoising and Dimensionality Reduction Tech-
niques” section). The problem is even more severe when mul-
tiple structures, or even a continuum of structures, need to be 
estimated (see the “Remaining Computational and Theoretical 
Challenges” section). Getting to high resolution is a major bot-
tleneck due to a compounding computational burden effect: as 
more parameters need to be estimated, more data are required 
for their estimation, and the computation becomes ever more 
expensive and challenging.

3D reconstruction from projections

High-resolution refinement
The reconstruction procedure of high-resolution 3D structures 
is usually split into two stages: constructing an initial low-res-
olution model, which is later refined by applying an iterative 
algorithm (“refinement algorithm”); see Figure 4. This sec-
tion is devoted to refinement techniques, while different ap-
proaches to constitute low-resolution estimates using ab initio
modeling—initialization-free models—are discussed in the 
next section.

Refinement techniques for cryo-EM can be broadly clas-
sified into two categories: hard and soft angular-assignment 
methods. The hard-assignment approach is based on template 
matching. At each iteration, multiple projections are generat-
ed from the current estimate of the structure; the projections 
should, ideally, densely cover SO(3). Then, a single viewing 
direction is assigned to each experimental image based on the 
projection with which it correlates best. The angular assign-
ment can be performed either in real or Fourier space. 

The advantage of working in Fourier space is that it is not 
necessary to rotate the molecule: projections can be computed 
fast using off-the-shelf nonuniform FFT packages (e.g., [14]and 
[35]), as implied by the Fourier slice theorem. Moreover, with 
this representation, the CTF is simply a diagonal operator. Once 
the viewing directions of all experimental images are assigned, 
the 3D structure is constructed using standard linear-inversion 
techniques; see the discussion in the “Main Computational 
Challenges” section. The algorithm iterates between hard angu-
lar assignment and structure construction until convergence. 
Although the quality of hard angular assignments may be influ-
enced by the high noise levels, there are several examples of 
packages that follow this type of approach, including EMAN2 
[76] and cisTEM [33], among others.
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A second class of strategies comprises the soft-assignment 
methods. Similar to hard-assignment methods, in each iteration, 
the experimental images are correlated with multiple template 
projections. However, instead the best match being chosen, a 
similarity score is given to each pair of experimental image 
and projection. These scores, also called weights or respon-
sibilities, are computed according to the generative statistical 
model of the experimental images and used for reconstruction, 
as explained later in this section.

The soft assignment methods are instances or variants of 
the well-known expectation-maximization (ML-EM) algo-
rithm [25]. Notably, this relation classifies the 3D reconstruc-
tion problem as a problem of ML estimation or, more generally, 
a problem in Bayesian statistics and, thus, provides a solid the-
oretical and algorithmic framework. In particular, it enables 
the incorporation of priors that, essentially, act as regulariz-
ers in the reconstruction process. In the context of cryo-EM, 
ML-EM was first applied to 2D cryo-EM images by Sigworth 
[68] and was later implemented for 3D reconstruction by the 
software packages RELION [63] and cryoSPARC [57].

In what follows, we describe the ML-EM algorithm for a 
more general statistical model and then particularize it to the 
special case of cryo-EM. Suppose we collect N  observations 
from the model:

, , , ,y L x i N1i ii ff= + =i (5)

where Li  is a linear transformation acting on the signal ,x
parameterized by a random variable ,i  and ( , ).I0N 2+f v

The goal is to estimate ,x  while , , N1 fi i  are nuisance vari-
ables. A typical assumption is that x  can be represented by a 
finite number of coefficients (for instance, its Fourier expan-
sion is finite) and that these coefficients were drawn from a 
Gaussian distribution with mean n  and covariance matrix 

.R The key for reliable estimation is to marginalize over 
the nuisance variables , , .N1 fi i  Without marginalization 
(i.e., when the goal is to jointly estimate x  and , , ),N1 fi i

the number of parameters grows with the number of mea-
surements indefinitely, and, thus, the ML estimator may be 
inconsistent. This phenomenon is exemplified by the Ney-
man–Scott “paradox.”

In cryo-EM, the transformation Li  is the operator described 
in (2). This operator rotates the volume, computes its 2D tomo-
graphic projection, and applies a 2D translation and convolu-
tion with the PSF; i  is drawn from a distribution defined over 
the 5D space of 3D rotations and 2D translations. The distribu-
tion of i  is generally unknown and should be estimated as part 
of the ML-EM algorithm.

Let us denote ( , , ).y yy N1 f=  The posterior distribution 
( )p x y;  of (5) is proportional to the product of the prior ( )p x

with the likelihood function
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where H  is a discrete space on which i  is defined, and M
is the length of each observation. If the entire posterior dis-
tribution could be computed, then one could obtain far more 
statistical information about x  than just maximizing the likeli-
hood. For instance, the best estimator in the minimum mean 
square error (MMSE) sense is obtained by marginalizing over 
the posterior:

( ) ( ) { }.x x xdx xpy y yE
x

MMSE ; ;= =t # (7)

Unfortunately, the entire posterior can rarely be comput-
ed, especially in big data problems, such as cryo-EM. The 
ML-EM framework provides a simple, yet frequently very 
effective, iterative method that tries to compute the maxi-
mum a posteriori estimator (MAP), that is, the maximal 
value of ( ).p x y;

Each iteration of the ML-EM algorithm consists of two 
steps. The first step (E-step) computes the expected value of 
the log of the posterior with respect to the nuisance variables, 
conditioned on the current estimate of ,x  denoted here by ,xt

and the data
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If ( , ),x 0N+ R  then ( ) ( / ) .log p x x x1 2 T 1R=- -

The second step (M-step) updates x  by

( ),argmaxx Q x xt
x

t1 ;=+ (10)

which is usually performed by setting the gradient of Q  to 
zero. If x  is assumed to be Gaussian, then the M-step reduces 
to solving a linear system of equations with respect to .x  The 
E- and M-steps are applied iteratively. It is well known that 

( ) ( );p x p xy yt t1 ; $ ;+  however, since the landscape of ( )p x y;
is usually nonconvex, the iterations are not guaranteed to con-
verge to the MAP estimator [25]. Usually, the ML-EM itera-
tions halt when ( ) ( ) ( )) /(p x p x p xy y yt t t1 ; ; ;-+  is smaller than 
some tolerance (but other criteria can be employed as well). 
The posterior distribution at each iteration can be evaluated 
according to (6).

The implementation details of the ML-EM algorithm for 
cryo-EM vary across different software packages. The pop-
ular package RELION, for example, incorporates a prior of 
uniform distribution of rotations over SO(3) (although the 
distribution itself is usually nonuniform), and each Fourier 
coefficient of the 3D volume was drawn independently from 
a normal distribution [63]. The variance of the Fourier coef-
ficients’ prior is updated at each iteration by averaging over 
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concentric frequency shells of the current estimate (resulting 
in a 1D radial function). If the ML-EM algorithm is initialized 
with a smooth volume (which is the common practice), the 
variance is large only at low frequencies; hence, high frequen-
cies are severely regularized. As a result, the first ML-EM 
iterations mostly update the low frequencies, while the high 
frequencies are only slightly affected. 

As the algorithm proceeds, the structure includes more 
high-frequency content; thus, the variance of these frequency 
shells increases, and the effective resolution of the 3D map 
gradually improves. This strategy of initializing with a low-
resolution structure and gradually increasing the resolution is 
called frequency marching and is shared by many packages in 
the field; see further discussion in the “Frequency Marching” 
section. Another popular package, cryoSPARC, also employs an 
ML-EM algorithm with the prior that each voxel in real space 
was drawn independently from a Poisson distribution with a 
constant parameter [57].

We mention that such statistical priors (e.g., each voxel or 
frequency is drawn from Poisson or normal distributions) are 
usually chosen out of mathematical and computational conve-
nience and may bias the reconstruction process. It is an open 
challenge to replace those statistical priors by priors that are 
based on or inspired by biological knowledge, that is, previ-
ously reconstructed structures.

The main drawback of the ML-EM approach, especially at 
high resolution, is the high computational load of the E-step 
in each iteration. Specifically, each ML-EM iteration requires 
correlating each experimental image (typically a few hundred 
thousand) with multiple synthetic projections of the current 
structure estimate [sampled densely over SO(3)] and their 2D 
translations. To alleviate the computational burden, a variety 
of methods are employed to narrow the 5D search space. Popu-
lar techniques are based on multiscale approaches, whereby 
an initial search is done on a coarse grid, followed by local 
searches on finer grids. A more sophisticated idea was sug-
gested in [57], based on the “branch-and-bound” methodology, 
that rules out regions of the search space that are not likely to 
contain the optimum of the objective function.

Ab initio modeling
In this section, we describe some of the intriguing ideas that 
were proposed to construct ab initio models, that is, models 
that do not require an initial guess. These methods usually re-
sult in low-resolution estimates that can be later refined as de-
scribed in the previous section. To emphasize the importance 
of robust ab initio techniques, we begin by discussing model 
bias—a phenomenon of crucial importance in cryo-EM and 
statistics in general.

Model bias and validation
The cryo-EM inverse problem is nonconvex and, thus, the 
output of 3D reconstruction algorithms may depend on their 
initializations. This raises the validation problem: how can we 
verify that a given estimate is a faithful representation of the 
underlying data? Currently, a 3D model is treated as valid if 

its structural features meet the common biological knowledge 
(primary structure, secondary structure, and so on) and if it 
passes some computational tests based on different heuristics. 
For instance, the reconstruction algorithm can be initialized 
from many different points. If the algorithm always converges 
to the same or similar structures, it strengthens the confidence 
in the attained solution. Moreover, since the data are usually 
uploaded to public repositories, different researchers can ex-
amine it and compare the results against each other [61]; see a 
more detailed discussion in the “Verification” section.

Despite all precautions taken by researchers in the field, the 
verification methods are not immunized against system-
ic errors—this pitfall is dubbed model bias. One important 
example concerns the particle-picking stage, when one aims to 
detect and extract particle projections from noisy micrographs. 
The majority of the detection algorithms in the field are based 
on template-matching techniques, despite their intrinsic flaws. 
Specifically, choosing improper templates can lead to erro-
neous detection, which, in turn, biases the 3D reconstruction 
algorithm toward the chosen templates; see [39] and further 
discussion on particle-picking techniques in the “Particle Pick-
ing” section.

The model bias phenomenon is exemplified by the “Einstein 
from noise” experiment [67]. In this experiment, N  images 
of pure independently identically distributed (i.i.d.) Gaussian 
noise are correlated with a reference image. (In the original 
article, the authors chose an image of Einstein as the reference 
and, thus, the name.) Then, each pure-noise image is shifted to 
best align with the reference image (based on the peak of their 
cross correlation), and, finally, all images are averaged. 

Without bias, one would expect that averaging pure-noise 
images would converge toward an image of zeros as N  diverg-
es. However, in practice, the resulting image is similar to the 
reference image, that is, the algorithm is biased toward the ref-
erence image; see [67, Fig. 2]. In the context of cryo-EM, the 
lesson is that, without prudent algorithmic design, the recon-
structed molecular structure may reflect the scientist’s pre-
sumptions rather than the structure that best explains the data. 
We now turn our attention to some of the existing techniques 
for ab initio modeling.

Stochastic gradient descent over the likelihood function
Stochastic gradient descent (SGD) has gained popularity in re-
cent years, especially due to its invaluable role in the field of 
deep learning [21]. The underlying idea is very simple. Suppose 
that we wish to minimize an objective function of the form

( ) ( ).f x
N

f x1
i

i

N

1

=
=

/ (11)

A gradient descent algorithm is an optimization technique 
used to minimize the objective function by iteratively moving 
in the direction opposite to its gradient. Its tth iteration takes 
on the form
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where d  denotes a gradient and th  is called the step size or 
learning rate. In SGD, we simply replace the full sum by a ran-
dom element:

( ),x x f xt t t i t1 dh= -+ (13)

where i  is chosen uniformly at random from { , , }.N1 f  In 
expectation, the direction of each SGD step is the direction 
of the full gradient (12). The main advantage of SGD is that 
each iteration is significantly cheaper to compute than the full 
gradient (12). It is also easy to modify the algorithm to sum 
over a few random elements at each iteration, rather than just 
one, to improve robustness at the cost of higher computational 
load per iteration. In addition, it is commonly believed that the 
inherent randomness of SGD helps to escape local minima in 
some nonconvex problems.

This strategy was proven to be effective for constructing 
ab initio models using cryo-EM, achieving resolutions of up 
to 10 Å [57]. The objective function is the negative log of the 
posterior distribution. As the log posterior involves a sum over 
the experimental images (6), the SGD scheme chooses, at each 
iteration, one random image (or a subset of images) to approxi-
mate the gradient direction.

Estimating viewing directions using common lines
If the orientations and locations of the particles in the ice are 
known [equivalently, the 3D rotations and 2D translations in 
(2)], then recovering the 3D structure is a linear problem that 
can be solved using one of the many solutions developed for 
CT imaging. In this section, we survey an analytical method 
for estimating the viewing directions using the common-
lines property.

Due to the Fourier slice theorem, any pair of projection 
images has a pair of central lines (one in each image) on which 
their Fourier transforms agree. For generic molecular struc-
tures (with no symmetry), it is possible to uniquely identify 
this common line, for example, by cross-correlating all pos-
sible central lines in one image with all possible central lines in 
the other image and choosing the pair of lines with maximum 
cross correlation.

The common line pins down two out of the three Euler angles 
associated with the relative rotation R Ri j

1-  between images Ii

and .I j  A third image is required to determine the third angle: 
the three common-line pairs between the three images unique-
ly determine their relative rotations. This technique is called 
angular reconstitution, and it was suggested, independently, by 
Vainshtein and Goncharov [78] and Van Heel [79]. The main 
drawback of this procedure is its sensitivity to noise; it requires 
the three pairs of common lines to be accurately identified. 
Moreover, estimating the rotations of additional images sequen-
tially (using their common lines with the previously rotationally 
assigned images) can quickly accumulate errors.

As a robust alternative, it was proposed that the rotations 
, ,R RN1 f  be estimated from the common lines of all pairs 

,Ii I j  simultaneously; this framework is called synchroniza-
tion. Since this strategy takes all pairwise information into 

account, it has better tolerance to noise. The rotation assign-
ment can be done using a spectral algorithm or semidefinite 
programming [72] and enjoys some theoretical guarantees; 
see, for instance, [70]. Nevertheless, as discussed in the “Main 
Computational Challenges” section, in a low-SNR regime, 
any method for estimating the rotations would fail. Therefore, 
the method requires as input high-SNR images that can be 
obtained using a procedure called 2D classification; see fur-
ther discussion in the “2D Classification” section. However, 
2D classification blurs the fine details of the images, and, 
therefore, the attained resolution of the method is limited [34].

Three last comments are in order. First, if the structure 
possesses a nontrivial symmetry, there are multiple common 
lines between pairs of images that should be considered [56]. 
Second, interestingly, this technique cannot work when the 
underlying object is a 2D image (rather than 3D, as in cryo-
EM). In this case, the Fourier transform of the tomographic 
projection (which is a 1D function in that case) is a line that 
goes through the origin of the 2D Fourier space of the under-
lying object. Therefore, the single common point of any two 
projections taken from different angles is the origin, and, 
thus, there is no way to find the relative angle between them. 
Finally, the common-lines method is effective for additional 
signal processing applications, such as the study of specimen 
populations [46].

The method of moments
Suppose that a set of parameters x  characterizes a distribution 

( )p y x;  of a random variable y  with L entries. We observe N
i.i.d. samples of y  and wish to estimate .x  In the method of 
moments, the underlying idea is to relate the moments of the 
observed data with .x  Those moments can be estimated from 
the data by averaging over the observations
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where y k7  is a tensor with Lk entries, and the entry indexed 
by ( , , )n n n Zk L

k
1 f !=  is given by ( ).y nii

k

1=
%  By the law of 

large numbers, when ,N "3  the average converges almost 
surely to the expectation. The right-hand side underscores that 
the expectations are solely functions of ;x  the moment tensors 

, , ,M M Mk1 2 f  can be derived analytically. For instance, in 
cryo-EM, the expectation is taken against the random rota-
tions, translations, and noise; the moments are functions of the 
3D volume, the 5D distribution over the space of 3D rotations 
and 2D translations, and some parameters of the noise statistics 
(due to bias terms). The final step of the method of moments 
is to solve the system of equations (14), which might be highly 
nontrivial. Importantly, since estimating the moments requires 
only one pass over the observations, it can be done potentially 
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on the fly during data acquisition. This is especially important 
for cryo-EM, in which hundreds of thousands of images must 
be processed.

Computing the qth moment involves the product of q  noisy 
terms and, thus, the variance of its estimation scales as / .Nq2v

As a result, when invoking the method of moments, it is cru-
cial to determine the lowest-order moment that identifies the 
parameters x  uniquely: this moment determines the estimation 
rate of the problem, that is, how many samples are required to 
accurately estimate the parameters. Remarkably, it was shown 
that under a general statistical model that is tightly related to the 
cryo-EM problem (as will be described in the “MRA” section), 
the first moment that distinguishes between different parame-
ters determines the sample complexity of the problem (i.e., how 
many observations are necessary to attain an accurate estimate) 
in the low-SNR regime [4]. In addition, the number of equations 
in (14) increases with the order of moments. Thus, using lower-
order moments reduces the computational complexity.

The first to suggest the method of moments for single par-
ticle reconstruction, 40 years ago, was Zvi Kam [42]. Under 
the simplifying assumptions that the particles are centered, the 
rotations are uniformly distributed, and, by ignoring the CTF, 
he showed that the second moment of the experimental images 
determines the 3D structure, up to a set of orthogonal matrices. 
To determine those matrices, he suggested computing a subset 
of the third-order moment. Recently, it was shown that under 
the same assumptions, the structure is indeed determined 
uniquely from the third moment [9]. Remarkably, if the dis-
tribution of rotations is nonuniform, then the second moment 
suffices [66]. Therefore, in light of [4], the sample complex-
ity of the cryo-EM problem in the low-SNR regime, under the 
specified conditions, scales as 4v  and 6v  for nonuniform and 
uniform distribution of rotations, respectively. It is still an open 
question as to how many images are required to solve the full 
cryo-EM problem; see further discussion in the “Remaining 
Computational and Theoretical Challenges” section.

Interest in the method of moments has been recently revived, 
largely due to its potential application to X-ray free-electron 
lasers [48], [82]. We believe that the method of moments has 
been largely overlooked by the cryo-EM community since 
Kam’s article for three main reasons. First, Kam’s original for-
mulation required uniform distribution of viewing directions, 
an assumption that typically does not hold in practice; a recent 
article extends the method to any distribution over SO(3) [66]. 
Second, estimating the second- and third-order statistics accu-
rately requires a large amount of data that was not available until 
recent years. Third, accurate estimation of high-order moments 
for high-dimensional problems requires modern statistical tech-
niques, such as eigenvalue shrinkage in the spiked covariance 
model, that have been introduced only in the last decade [26].

Frequency marching
Most of the cryo-EM reconstruction algorithms start with a 
low-resolution estimate of the structure, which is then gradu-
ally refined to higher resolutions. This process is dubbed fre-
quency marching, and it can be done explicitly by constructing 

a low-resolution model using an ab initio technique that is later 
refined by ML-EM [57] or, more implicitly, by an iteration-
dependent regularization [63].

In [13], a deterministic and mathematically rigorous meth-
od to gradually increase the resolution was proposed. The 
3D Fourier transform of the object is expanded by concentric 
shells. At each iteration, each experimental image is compared 
with many simulated projections of the current low-resolution 
estimate, and a viewing direction is assigned to each experi-
mental image by template matching (hard angular assignment). 
Given the angular assignments, an updated structure with one 
more frequency shells is computed by solving a linear least 
squares problem, thus progressively increasing the resolution.

Building blocks in the computational pipeline
This section elaborates on some of the building blocks in the 
algorithmic pipeline of single-particle reconstruction using 
cryo-EM. For each task, we introduce the problem and discuss 
the underlying principles behind some of the most commonly 
used solutions.

Motion correction
During data collection, the electron beam induces sample mo-
tion that mitigates high-resolution information. The modern 
detectors (DEDs) acquire multiple frames per micrograph, al-
lowing partial correction of the motion blur by aligning and av-
eraging the frames. In essence, motion correction is an alignment 
problem (also referred to as registration or synchronization) 
that shares many similarities with classical tasks in signal pro-
cessing and computer vision. The main challenge in alignment 
is the high noise levels, which hamper the precise estimation of 
relative shifts between frames.

Several solutions were proposed to the motion-correction 
problem based on a variety of methods, such as pairwise align-
ment of all frames and optical flow; see a survey on the subject 
in [58] and the references therein. The first-generation solu-
tions aimed to estimate the movement of the entire micrograph; 
however, the drift is not homogeneous across the entire field 
of view, motivating the development of more accurate local 
techniques. One such strategy is implemented by the software 
MotionCor2 [88], which describes the motion as a block-based 
deformation that varies smoothly throughout the exposure. 

The micrograph is first divided into patches, and motions 
within each patch are estimated based on cross correlation. 
Then, the local motions are fitted to a time-varying 2D poly-
nomial, which is quadratic in the 2D frame coordinates and 
cubic in the time axis. Finally, the frames are summed, with 
or without dose weighting, which was determined according 
to a radiation-damage analysis. More recently, strategies for 
per-particle motion correction have been proposed that yield 
significant improvements in resolution [15], [92]. Figure 6
shows examples of different motion-correction strategies.

CTF estimation and correction
Each cryo-EM image is affected by the PSF of the microscope 
through convolution with a kernel ;hi see (2). The Fourier 
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transform of the PSF—the CTF—suffers from multiple zero 
crossings, making its inversion (i.e., deconvolution) challeng-
ing. To compensate for the missing frequencies, the standard 
routine is to apply different PSFs to different micrographs. 
Thus, spectral information that was suppressed in one micro-
graph may appear in another.

The CTF cannot be specified precisely by the user. Instead, 
the number and location of the zero crossings is given by the 
specific experimental parameters of the microscope, which are 
hard to control. Thus, a preceding step entails estimating the 
CTF from the acquired data. Specifically, the CTF is modeled as

( , , , ) ( ),sink f C k f
k C

E k
2

CTF s
s2

3 4

$T T; ;
; ;

; ;m rm
rm

a=- - +c m
(15)

where k  is the frequency index, a  is a small phase-shift term, 
m  is the electron wavelength, fT  is the objective defocus, Cs is 
the spherical aberration, and ( )E k; ;  is an exponentially decaying 
envelope function—specified by a parameter called B-factor—
due to the beam energy spread, beam coherence, and sample 
drift [59]. The CTF mitigates the very low frequencies, and, 
therefore, centering projection images (i.e., finding their center 
of mass) is challenging. In fact, the center of mass depends on 
the CTF, and, thus, two projection images with the same view-
ing angles but different CTFs (e.g., different defocus values) will 
have different centers in real space.

The CTF is approximately constant along concentric rings, 
although, in practice, those rings might be slightly deformed; 
this deformation can be modeled by an additional parameter 
called astigmatism. The defocus value of the microscope has 
a pivotal role: high defocus values enhance low-resolution fea-
tures and improve the contrast of the image (increase the SNR), 
whereas low defocus values enhance high-resolution features 
(fine details) at the cost of lower contrast (lower SNR).

CTF estimation begins by computing the power spectrum 
of the whole micrograph. The power spectrum exhibits “rings,” 
called Thon rings, that correspond to the oscillations of the sine 
function (15); those rings are used to fit the CTF’s parameters 
[see Figure 2(b)]. Two popular software packages, CTFFIND4 
[59] and Gctf [85], estimate those parameters by generating 
multiple templates according to the postulated model (15). The 
template that best fits the measured Thon rings is used as the 
estimated CTF.

Once the CTF is estimated, the goal is to invert its action. 
The challenge stems from the structure of the CTF (15) because 
it has many small values and, thus, direct inversion is impos-
sible. The most popular technique for CTF correction, “phase 
flipping,” is embarrassingly simple: it disregards the informa-
tion about amplitude changes and corrects the data only for 
the sign of the CTF, thereby obtaining the correct phases in 
Fourier space. Namely, if a micrograph is represented in the 
Fourier domain by

( ) ( ) ( ),I k k I kCTFmicrograph = (16)

where ( )I k  is the micrograph before the CTF action, then the 
corrected image would be

( ) ( )) ( ) ( ) ( ).I k k I k k I ksign(CTF CTFcorrected micrograph ; ;= = (17)

Another approach is to apply Wiener filtering that attempts to 
correct both the amplitudes and the phases [29], [69]. However, 
this approach requires knowledge of the SNR (which is not 
trivial to estimate in a low-SNR environment) and cannot cor-
rect for missing frequencies.

Instead of inverting the CTF explicitly, an attractive alter-
native is to incorporate the CTF into the forward model of 
the reconstruction algorithm. This can be done naturally in 

(a) (b) (c)

FIGURE 6. Examples of beam-induced motion correction. All movement trajectories in this figure are color coded, with cyan representing the position of 
the first frame and magenta indicating the position of the last frame in the sequence. (a) Strategies for global motion correction compensate for move-
ment of the specimen across the entire field of view containing multiple particles. (Used with permission from [32].) (b) Semilocal strategies for motion 
correction align frames across subregions defined on a discrete grid. (Used with permission from [88].) (c) Per-particle or local drift correction allows 
accurate tracking of individual particles throughout the exposure to electrons. (Used with permission from [15].)
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the ML-EM approach, the method of moments, and the SGD 
framework. Because different CTFs are applied to different 
micrographs, in principle, full CTF correction is feasible.

Particle picking
A micrograph consists of regions that contain only noise; those 
with noisy 2D projections; and those with other contaminants, 
such as carbon film. In particle picking, the goal is to detect 
and extract the 2D projections (particles) from the noisy mi-
crographs. High-resolution reconstruction typically requires 
hundreds of thousands of particles, and, thus, manual picking 
is time consuming and tedious. In addition, it may introduce 
subjective bias into the procedure.

Many solutions have been proposed in the literature for the 
particle-picking problem, based on standard edge-detection 
techniques, machine learning [83], [84], [91], and template 
matching. For the last of these, a popular strategy is the one 
implemented in RELION. In this framework, the user manu-
ally selects a few hundred particles. These particle images are 
then 2D classified (see the next section), and the 2D classes are 
used as templates for an automatic particle picking based on 
template matching [64].

As discussed in the “Model Bias and Validation” section, 
a major concern of any particle-picking algorithm is a sys-
tematic bias. To alleviate the risk for model bias, a fully 
automated technique was proposed in [37]. Rather than tem-
plates, the algorithm automatically selects a set of reference 
windows that include both particle and noise windows. The 
selection is based on the local mean and variance: regions 
with particles typically have lower mean and higher vari-
ance than regions without particles. Then, regions in the 
micrograph are correlated with the reference windows. The 
regions that are most likely to contain a particle (high cor-
relation) and those that are least likely (low correlation with 
all reference windows) are used to train a support-vector 
machine classifier. The output of this linear classifier is used 
to pick the particles.

In practice, a considerable number of picked particles are 
usually noninformative, containing adjacent particles that are 
too close to each other, only part of a particle, or just pure noise. 
Consequently, it is common to try to prune out these outliers. In 
[62], it was proposed to employ several particle pickers simul-
taneously and compute a consensus between them using a deep 
neural network. In [90], a simple pruning strategy is devised by 
viewing the output of the particle-picking algorithm as a mix-
ture of Gaussians.

2D classification
As experimental images corresponding to similar viewing di-
rections tend to be very much alike (due to the smoothness of 
the molecular structure), it is common to divide the images into 
several classes (i.e., clustering) and average them to increase 
the SNR. This process is called 2D classification, and the aver-
aged images are referred to as class averages. Since the global 
in-plane rotation of each micrograph is arbitrary, the cluster-
ing should be invariant under in-plane rotations: two images 

from a similar viewing direction but with different in-plane 
rotations are supposed to be grouped together after appropriate 
alignment. The class averages are used for a variety of tasks: to 
construct ab initio models, as templates for particle picking, to 
provide a quick assessment of the particles, to remove picked 
particles that are associated with noninformative classes, and 
for symmetry detection.

There are three main computational aspects that make the 
2D classification task quite challenging. First, as already men-
tioned, low SNR impedes accurate clustering and alignment. 
Second, the high computational complexity of finding the 
optimal clustering among hundreds of thousands of images 
may be prohibitive unless designed carefully. Third, it is not 
clear what is the appropriate similarity metric to accurately 
compare images.

Many different strategies for 2D classification were pro-
posed; see, for instance, [73] and [80]. A popular 2D classification 
algorithm, implemented in RELION [65], is based on the 
ML-EM scheme. In this algorithm, each observed image is 
modeled as a sample from the statistical model

, , , ,y h T R x i N1i i t k ii i i) ff= + =i (18)

where k  is distributed uniformly over { , , }K1 f  (these are the 
K  class averages to be estimated), i  is distributed uniformly 
over [ , ),0 2!i r t  is drawn from an isotropic 2D Gaussian, hi

is the estimated PSF, and ( , ).I0Ni
2+f v  Given this model, it 

is straightforward to implement an ML-EM algorithm to es-
timate , ,x xK1 f  following the guidelines of the “3D Recon-
struction From Projections” section. 

This algorithm, although popular, suffers from three im -
perative weaknesses. First, the computational burden of run-
ning ML-EM is a major hurdle as the algorithm needs to go 
through all experimental images at each iteration. Second, 
it assumes that each experimental image is originated from 
only K  possible class averages. However, this is an inaccu-
rate model, as the orientations of particles in the ice layer 
are distributed continuously over SO(3) (in addition to struc-
tural variability that may be present). Finally, ML-EM typi-
cally suffers from the winner-takes-all phenomenon: most 
experimental images would correlate well with—and, thus, 
be assigned to—the class averages that enjoy higher SNRs. 
As a result, ML-EM tends to output only a few, low-reso-
lution classes. This phenomenon was already recognized in 
[73] and is also present for ML-EM-based 3D classification 
and refinement.

An alternative solution was proposed in [87]. In this frame-
work, each image is averaged with its few nearest neighbors, 
after a proper in-plane alignment. The nearest neighbor search 
is executed efficiently over the bispectra of the images. The 
bispectrum is a rotationally invariant feature of an image— 
that is, it remains unchanged under an in-plane rotation. To 
reduce the computational complexity and denoise the data, 
each image is first compressed using a dimensionality-reduc-
tion technique, called steerable principal component analy-
sis (PCA), which is the main topic of the next section.
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Denoising and dimensionality-reduction techniques
PCA is a widely used tool for linear dimensionality reduc-
tion and denoising, dating back to Pearson [41], [54]. PCA 
computes the best (in the least squares sense) low-dimen-
sional affine space that approximates the data by projecting 
the images into the space spanned by the leading eigenvec-
tors of their covariance matrix. In cryo-EM, covariance 
estimation was introduced by Kam [42] and was used for 
the first time for dimensionality reduction and image clas-
sification by van Heel and Frank [80]. PCA is often used 
to denoise the experimental images and as part of the 2D 
classification stage.

Cryo-EM images are equally likely to appear in any in-
plane rotation. Consequently, when performing PCA, it makes 
sense to take all in-plane rotations of each image into account. 
Luckily, there is a simple way to account for all in-plane rota-
tions without rotating the images explicitly. This can be done 
by expanding the images in a steerable basis: a basis formed 
as an outer product of radial functions with an angular Fourier 
basis; examples are Fourier Bessel, 2D prolate spheroidal wave 
functions, and Zernike polynomials. 

When integrating over all possible in-plane rotations, the 
covariance matrix of the expansion coefficients enjoys a block-
diagonal structure, reducing the computational load signifi-
cantly: while the covariance matrix of images of size L L# has 
L4  entries, the block-diagonal structure guarantees that merely 

( )O L3  entries are nonzero. This, in turn, reduces the compu-
tational complexity of steerable PCA from ( )O NL L4 6+  to 

( ):O NL L3 4+  the first term is the cost of computing the sample 
covariance over N  images, and the second term is the cost of 
the eigendecomposition over all blocks [86].

Classical covariance-estimation techniques usually assume 
that the number of samples is considerably larger than the sig-
nal’s dimension. However, this is not the typical case in cryo-
EM, in which the dimensionality of the molecule is of the same 
order as the number of measurements. In this regime, one can 
take advantage of recent developments in high-dimensional sta-
tistics under the “spiked covariance model” [26]. These tech-
niques, based on eigenvalue shrinkage, were recently applied 
successfully to denoise cryo-EM images [20].

Mathematical frameworks for cryo-EM data analysis
Inspired by the cryo-EM problem, researchers have studied a 
couple of abstract mathematical models in recent years. These 
models provide a general framework for analyzing cryo-EM 
from theoretical and statistical perspectives while removing 
some of its complications. In what follows, we introduce the 
models and succinctly describe some intriguing results.

MRA
The MRA model reads [10]

( ) , ,y T g x g Gi i i i i% !f= + (19)

where G  and Ti are, respectively, a known compact group and 
linear operators, and ( , ).I0Ni

2+f v  The signal x RL!  is as-

sumed to lie in a known space (say, the space of signals with 
a finite spectral expansion) on which random elements of G
act. The task is to estimate the signal x  from the observations 

, ,y yN1 f  while the group elements , ,g gN1 f  are unknown. 
Since the statistics of y  are invariant under the action of a con-
stant g  on ,x the recovery is possible up to left multiplication 
by some group element g G! —that is, we wish to estimate 
the orbit of x  under the group action. 

Figure 7 shows an example of three discrete 1D MRA obser-
vations under the group of cyclic shifts /LZ  at different noise 
levels. If we assume perfect particle picking, then the cryo-
EM model (2) is a special case of (19) when G  is the group of 
3D rotations SO(3) and T  is the linear operator that takes the 
rotated structure, integrates along the z-axis (tomographic pro-
jection), convolves with the PSF, and samples it on a Cartesian 
grid. The MRA model formulates many additional applications, 
including structure from motion in computer vision [5], localiza-
tion and mapping in robotics [60], study of specimen popula-
tions [46], optical and acoustical trapping [28], and denoising 
of permuted data [53].

While surveying all recent results about the MRA model 
is beyond the scope of this article, we wish to present a 
remarkable information/theoretic result about the sample 
complexity of the problem (and, therefore, also for cryo-EM 
under the stated assumptions). In many cases, among them 
when T I= and the cryo-EM setup [without shifts so that 

( )],G SO 3=  one can estimate the group elements gi  from 
the measurements yi  in the high-SNR regime using one of 
many synchronization techniques (based on spectral meth-
ods, semidefinite programming, or nonconvex program-
ming) [70], [72]. Once the group elements are identified, one 
can estimate the signal by aligning all observations (undo 
the group actions) and averaging. 

(a) (b) (c)

σ = 0 σ = 0.2 σ = 1.2

FIGURE 7. An example of MRA observations at different noise levels .v
Each column consists of three different cyclic shifts (the group actions) 
of a 1D periodic discrete signal (the linear operator T is the identity opera-
tor): (a) ,0v =  (b) . ,0 2v =  and (c) . .1 2v = Clearly, if the noise level 
is low, estimating the signal is easy: one can align the observations (i.e., 
undo the group action) and average out the noise. The challenge is to 
estimate the signal when high noise levels hinder alignment, as in (c). 
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The variance of averaging over i.i.d. Gaussian variables is 
proportional to / ( )N1 SNR$ —that is, the number of measure-
ments should be proportional to 1/SNR to achieve an accurate 
estimate. In this case, we say that the sample complexity of 
the problem in the high-SNR regime is 1/SNR: this is a com-
mon scenario in many data processing tasks. In the low-SNR 
regime, the situation is radically different. Specifically, it was 
shown that, when ,"3v  the sample complexity of the MRA 
problem is determined by the first moment qr  that distinguishes 
between different signals. More precisely, in the asymptotic 
regime where N and v  diverge, the estimation error of any 
method is bounded away from zero if N SNRq$ r  is bounded 
from above. We then say that the sample complexity in the low-
SNR regime is proportional to 1/SNRqr [4].

For the cryo-EM setup, assuming perfect particle picking 
and no CTF, it was shown that the sample complexity depends 
on the distribution of rotations: for uniform distribution the 
sample complexity scales as 1/SNR3 (i.e., the structure is deter-
mined by the third moment), whereas for generic nonuniform 
distribution, the second moment suffices, and, thus, the sample 
complexity scales as 1/SNR2 [9], [66]. Similar results were 
derived for simpler setups; for instance, when a discrete signal 
is acted on by cyclic shifts (as shown in Figure 7) [3], [9], [19].

The pivotal role of moments in sample complexity analysis 
led naturally to the design of algorithms based on the method of 
moments. Some of these algorithms hinge on the tightly relat-
ed notion of invariant polynomials. A polynomial p  is called 
invariant under the action of a group G  if, for any signal x  in 
the specified space and any ,g G!  it satisfies ( ) ( ).p g x p x% =

One particularly important invariant is the third-order poly-
nomial, the bispectrum—originally proposed by John Tukey 
[77]—that was used for 2D classification [87] and ab initio
modeling [42]. We refer readers to [71] and the references 
therein for a more detailed account of the MRA problem.

MTD
MTD is the problem of estimating a signal that occurs multiple 
times at unknown locations in a noisy measurement. In its sim-
plest form, the MTD problem is an instance of the 1D blind 
deconvolution problem and can be written as

,y x s) f= + (20)

where x RL!  is the target signal, { , }s 0 1 N L 1! - +  is a binary 
signal whose ones indicate the location of the signal copies in 
the measurement ,y RN!  and ( , );I0N 2+f v  see Figure 8. 
Detecting the signal occurrences in the data (i.e., estimating the 
signal )s  is the analog of particle picking in cryo-EM. Clearly, 
if the noise level is low, one can estimate s  (and, analogously, 
detect the particle projections in the micrograph), extract the 
signal occurrences, and average them to suppress the noise. 

However, as mentioned previously, low SNR precludes detec-
tion (and particle picking), and, therefore, one must estimate x
directly, without explicit estimation of .s  In [18], it was shown 
that under certain generative models of ,s  the signal x  can be 
estimated provably, at any noise level, from the bispectrum 
(third-order statistics). More ambitiously, numerical experiments 
suggest that the bispectrum suffices to estimate multiple signals 

, ,x xK1 f  from a mix of blind deconvolution problems

,y x si
i

K

i
1

) f= +
=

/ (21)

without explicit estimation of the binary signals , ,s sK1 f  that 
indicate the location of the corresponding signals.

The MTD model can be extended to formulate a genera-
tive model of a micrograph: the key is to treat x  as a random 
signal that represents the tomographic projections of the mol-
ecule ,z  rather than a deterministic signal as in (20) and (21). 
Specifically, locations are chosen in the 2D plane: these are 
the positions of the embedded samples in the micrograph. For 
each location, a signal is drawn from a probability distribution 
described by the model

,x h PR) z= ~ (22)

where the 3D rotation R~  is applied to the volume z accord-
ing to a (possibly unknown) distribution of ~ over SO(3), P  is 
a tomographic projection, and h  is the microscope’s PSF; the 
goal is to estimate .z  Therefore, the MTD model paves the way 
toward fully modeling the cryo-EM problem, including most 
of its important features [18]. In particular, MTD provides a 
mathematical and computational framework for reconstruct-
ing z directly from micrographs, without intermediate particle 
picking [17]. A full analysis of this model is still lacking.

Remaining computational and theoretical challenges
Some interesting and important computational and theoretical 
challenges that lie ahead for single-particle reconstruction us-
ing cryo-EM are given next.

Conformational heterogeneity: Modeling and recovery
One of the important opportunities offered by cryo-EM is 
its ability to analyze different functional and conformational 

FIGURE 8. An example of an MTD observation with five signal occurrences 
at different noise levels (20): (a) ,0v =  (b) . ,0 2v =  and (c) . .1 2v =  
When (a) the noise level is low, it is easy to detect the signal occurrences 
and estimate the underlying signal by averaging out the noise. However, 
(c) when the noise level is high, reliable detection is rendered challeng-
ing. The task is, then, to estimate the underlying signal directly, without 
intermediate detection of its occurrences.

(a)

(b)

(c)

σ = 0

σ = 0.2

σ = 1.2
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states of macromolecules. Mathematically, it entails estimating 
multiple 3D structures simultaneously; we refer to this as the 
heterogeneity problem. There is no consensus about the proper 
way to model the heterogeneity problem, and the computation-
al tools are not well established. Therefore, we believe that it 
offers an opportunity for researchers with strong mathematical 
and computational backgrounds to make a profound impact on 
the field of structural biology.

We now briefly survey different approaches to handling the 
heterogeneity problem. To this end, we extend the basic cryo-
EM model (2) to account for conformational variability:

, , , ,y h T PR i N1noisei i t ii i) f` _z= + =~ (23)

where the goal is to estimate the distribution from which 
the structures , ,i Nfz z  are sampled. With this formulation, 
the problem is ill posed: there is not enough information in 
N  2D images to recover N  3D structures. Hence, additional 
assumptions about the structures must be made. The differ-
ent techniques in the field can be broadly classified into two 
categories: discrete and continuous models. The discrete het-
erogeneous model assumes that the measurements stem from 
a few independent volumes (i.e., a discrete distribution). Under 
this model, each projection image can be written as

, , , ,y h T PR i N1noisei i t ki i i) f` _z= + =~ (24)

where ,kz , , ,k K1 f=  represent the K  different volumes. 
The advantage of this approach is evident: it is easy to ex-
tend the ML-EM framework to incorporate several volumes 
simultaneously. Alternatively, some software packages apply 
a preliminary 3D classification stage, in which the 2D experi-
mental images are being classified into different structures. 
CryoSPARC runs multiple trials of an SGD algorithm from 
different initializations. This procedure occasionally leads to 
multiple low-resolution estimates, and each of those is refined 
by an ML-EM algorithm [57]. Although the simplicity of the 
discrete model is a big advantage, its drawbacks are apparent: 
it does not scale well for large K  and ignores the correlation 
between different functional states of the molecule and, thus, 
overlooks important information.

The second approach, referred to as continuous heterogene-
ity, assumes that , , N1 fz z  can be embedded in a low-dimen-
sional space. For instance, one approach is to assume that the set 
of conformations lies in a linear subspace (that can be learned 
using PCA) or in more intricate low-dimensional manifolds 
(that could be learned by other spectral methods, e.g., diffusion 
maps). An alternative suggestion was to model the structure as 
a set of rigid domains that can move with respect to each other. 
We refer readers to a thorough survey on the subject in [74].

Verification
Given a 3D reconstruction, how do we verify that it is a reli-
able and faithful representation of the underlying molecule? 
This is a question of crucial importance for any scientific 
field. Several validation techniques were proposed in the 

cryo-EM literature. For example, it is possible to check the 
consistency of the 3D map by recording pairs of images of the 
same particles at different tilt angles and comparing the rela-
tive angle between orientations assigned to each projection: 
ideally, it should agree with the relative rotation angle of the 
microscope’s specimen holder used during the experiment. 

This approach is called the tilt-pair validation technique and 
is useful only for intermediate-resolution structures [40], [61]. In 
practice, structure validation is based on a set of heuristics and 
the experts’ knowledge and experience. For instance, it is com-
mon to initialize 3D reconstruction algorithms from multiple 
random points; if all instances attain similar structures, it serves 
as a validation fidelity. If the same molecule were reconstituted 
by other technologies, such as X-ray crystallography and NMR, 
then structures can be compared. In addition, experimental 
data are usually uploaded to public repositories, and, thus, other 
researchers can process the same data, experiment with different 
computational techniques, and compare the results [61].

Verification is also related to the question of determining 
the resolution of a recovered structure. The current convention 
is to reconstruct two structures independently, each from one 
half of the data. The two subsets are chosen at random. The 
highest frequency for which the two structures agree (up to 
some tolerance) determines the resolution [75]. This process 
can be understood as an indication for the confidence we have 
in the structure at a given resolution.

However, this method is susceptible to systematic flaws; 
if the same refinement procedure is applied to both halves of 
the data, it can induce correlated blunders (although the data 
are independent), and the resolution determination would 
be unsound. In [24], a simple computational procedure was 
proposed to validate a structure by assessing the amount of 
overfitting that is present in the 3D map. Establishing com-
putational tools that provide confidence intervals to estimated 
structures and are immunized against systematic errors is one 
of the remaining challenges in the field.

Theoretical foundations of cryo-EM
Many mathematical and statistical properties of the cryo-EM 
problem are still unexplained (and even unexplored). A promi-
nent example is the sample complexity of the full cryo-EM 
problem: given a fixed SNR level (that might be very low) and a 
fixed setup, how many particles are required to achieve a desired 
resolution? An initial analysis was conducted in [9] and [66]; see 
the “MRA” section.

Another interesting question concerns computational com-
plexity and information-computational gaps [11]. The fact that 
there is enough information to solve a problem (sample com-
plexity) does not immediately imply that there is an efficient 
(polynomial time) algorithm to solve it. For example, it might 
be that for nonuniform distribution of rotations, the second 
moment would suffice to estimate a 3D structure from an infor-
mation-theoretic perspective [66], but, at the same time, it could 
be computationally hard in that regime. In that case, we might 
need to consider the third-order moment to design a compu-
tationally efficient algorithm. Information-computational gaps 
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have been observed empirically in variants of the MRA and 
MTD models [18], [22]. Related questions—that might be even 
more challenging—deal with the properties of specific algo-
rithms, such as ML-EM, the method of moments, and SGD, 
that are not well understood.

Another interesting research thread regards the size limit 
of molecular structures that can be elucidated by cryo-EM. 
The common belief in the community is that very small mol-
ecules cannot be visualized using cryo-EM. The logic is sim-
ple: small molecules induce low contrast, and, thus, low SNR 
on the micrograph, which, in turn, hinders detection (particle 
picking) [38]. A recent article contends this belief and suggests 
that it is possible, at least in principle, to reconstruct structures 
directly from the micrograph, without particle picking and at 
any SNR level, given enough data [17].

Machine learning
The groundbreaking advances in machine learning in the 
last decade have dramatically reshaped many computational 
fields and penetrated into some scientific applications. Nat-
urally, learning techniques based on deep neural networks 
have been applied to cryo-EM as well. Examples are particle 
picking [83], [84], [91] (as discussed in the “Particle Picking” 
section), validation [7], 3D reconstruction [89], and particle 
pruning [62]. In addition, manifold-learning techniques were 
designed for 3D heterogeneity analysis [31], [51] and denoising 
[45]. Modern-learning techniques were also implemented in 
other cryo-EM applications that do not involve single-particle 
reconstruction; see, for instance, an application to feature ex-
traction in cellular electron cryotomography [23].

Deep learning gained its popularity in applications with 
low noise levels. The performance of these techniques in more 
challenging environments, such as with highly contaminated 
data, is not clear yet. In addition, supervised-learning tech-
niques are susceptible to model bias—the reconstruction will 
depend heavily on the training data rather than on the experi-
mental images. This explains why the impact of deep learn-
ing on the cryo-EM field—especially on more involved tasks, 
such as 3D reconstruction and the heterogeneity problem—is 
limited at the moment. We expect that more efforts in this 
direction will be made in the coming years. In particular, it is 
still to be clarified whether this set of computational tools can 
outperform current tools in the field, which are based on more 
classical statistics.

Perspective
Single-particle reconstruction using cryo-EM is an alluring re-
search area for investigators interested in developing modern 
computational tools and sophisticated mathematical models 
for an emerging scientific field. In this article, we introduced 
the problem of constituting 3D molecular structures using 
cryo-EM and described its unique computational characteris-
tics and challenges. We delineated relations between the cryo-
EM inverse problem and a variety of disciplines at the core 
of signal processing, information theory, statistics, machine 
learning, and group theory. We believe that contributions from 

these areas have the potential to drive the field forward. New 
ideas and solutions can, and should, be tested on experimental 
cryo-EM data sets publicly available online [1], [2]. We also 
reviewed two abstract frameworks to conveniently study the 
cryo-EM inverse problem from computational, statistical, and 
theoretical perspectives.

We believe that the challenges arising in cryo-EM research 
provide ample opportunities to investigate and test novel algo-
rithms and advanced mathematical techniques to impact a task 
of paramount importance: to broaden our understanding of the 
fundamental mechanisms of life.
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The Importance of Continuity for  
Linear Time-Invariant Systems

L inear time-invariant (LTI) systems 
play a fundamental role in signal pro-
cessing. Continuity is an important 

property of LTI systems, without which 
many conclusions about LTI systems, such 
as convolution formula and commuta-
tive law, are not true in general. How-
ever, this concept does not receive as much 
attention as it should in the literature of 
signal processing. In this “Lecture Notes” 
article, we provide a detailed discussion on 
the importance of continuity for LTI sys-
tems. For simplicity, we mainly consider 
the discrete-time signals and systems.

Relevance
It is widely known that an LTI system T
can be completely characterized by its 
impulse response, and the output signal of 
T  can be computed by the convolution of 
the input signal with the impulse response 
of .T  In most signal processing literature, 
e.g., [1]–[3], the continuity is not required 
in the derivation of this result, whereas 
in some mathematical literature, e.g., 
[4]–[6], the continuity is required. To our 
best knowledge, however, there are no 
examples in the literature to show that the 
convolution formula does not hold for dis-
continuous LTI systems.

In this note, we construct two dis-
continuous LTI systems that have the 
same impulse response but behave dif-
ferently. Moreover, we show that the 
convolution formula does not hold for 
these systems. We also prove that, for a 

linear system, the continuity implies the 
bounded-input, bounded-output (BIBO) 
stability, whereas the BIBO stability 
does not imply the continuity.

Prerequisites
A discrete-time signal is usually 
expressed as a sequence of real or com-
plex numbers that conveys information 
[7]. Because all signals in real life have 
finite energy, we restrict our discussion 
in the ( )Z2,  space defined by

( ) ( ) ,x x nZ
n

2 2
3, 1; ;=

3

3

=-

) 3/ (1)

where Z is the set of integers, x  is a dou-
bly infinite sequence of complex numbers 
whose nth component is ( ),x n and ( )x n; ;

is the absolute value of ( ).x n  Note that, in 
most signal processing literature, both the 
signal x  and its nth component are denot-
ed by ( ).x n  Although the exact meaning 
of ( )x n  will be clear from the context, we 
use x  and ( )x n  to denote the signal and 
its value at time instant ,n  respectively, to 
avoid the potential ambiguity.

A system is formally defined as a 
device that manipulates signals. There-
fore, it can be described by an operator 
between some given signal spaces. In 
this article, we denote the output signal 
of a system T  with an input signal x  by 
y Tx= or [ ].y T x=  We assume that the 
readers are familiar with the concepts of 
vector space, normed space, linear inde-
pendent, and convergence; refer to [8] 
and [9] for more details. The concept of 
continuous linear operator is given next 

because we mainly study the continuity 
of LTI systems in this article. 

Definition 1 (continuous 
linear operator [9]) 
L et  ,X X< <^ h  a nd  ,Y Y< <^ h  b e  t wo 
normed spaces over the complex num-
ber field ,C  where X< <  and Y< <  are the 
norms on X  and ,Y  respectively. A 
mapping :T X Y8  is called a linear 
operator from X  to Y  if it satisfies the 
following conditions:
1) [ ]  T x y Tx Ty+ = +  for all ,x y X! .
2) [ ] ( )T x Txa a=  for all C!a  and all 

.x X!
If :T X Y8  is a linear operator and 
there exists a real number R!c  such 
that Tx x XY< < # < <c  for all ,x X!  then 
T  is called a bounded linear operator. 
The smallest c  such that the inequality 
holds for all nonzero x X!  is called the 
norm of ,T  denoted by .T< <  If :T X Y8
is a linear operator and the sequence 
{ }Txk k 1

3
=  converges to Tx Y0 !  when-

ever the sequence { }xk k 1
3
=  converges to 

,x X0 !  then T  is said to be continuous 
at .x0  If T  is linear and continuous at 
every point of ,X  then it is called a con-
tinuous linear operator on .X 4

A key property of linear operators is 
given by Theorem 1, given next.

Theorem 1
Let T  be a linear operator defined on a 
normed space .X  Then:
1) T  is continuous if and only if T  is 

continuous at a single point of .X
2) T  is continuous if and only if T  is 

bounded. 4
Digital Object Identifier 10.1109/MSP.2019.2956602
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Proof 1 [9, p. 97]
Obviously, for any ,m Z!  the transla-
tion operator Sm  defined by 

( ) ( ) ( )S x n x n mm = - (2)

is a continuous linear operator. If a sys-
tem T  commutes with translations, i.e., 

,TS S Tm m=  then T  is said to be time 
invariant. Besides linearity and time 
invariance, another critical property 
of practical systems is the stability. A 
system is called BIBO stable if every 
bounded input produces a bounded out-
put [3, p. 198]. Finally, we review the 
concept of direct sum that will be used 
in Theorem 2 and Example 1.

Definition 2 (direct sum [8])
If V  and W  are two subspaces of a vec-
tor space Y  such that { },0V W+ =

then V  and W  are said to be disjoint. 
Moreover, the set

{  , }v w v w

X V W

V W

5

; ! !

=

= + (3)

is called the direct sum of V  and .W
Obviously, X  is also a subspace of .Y
Furthermore, every x X!  has a unique 
representation x v w= +  with v V!
and .w W! 4

Problem statement and solution
We first prove two preparation theo-
rems in the section “Two Preparation 
Theorems,” based on which we con-
struct a counterexample to illustrate 
the importance of continuity for LTI 
systems in the section “The Impor-
tance of Continuity.” We also dis-
cuss the relation between continuity 
and BIBO stability in the “Continuity 

and BIBO Stability” section, and final-
ly, the conditions of continuity for 
linear systems are given in the “Con-
ditions for Continuity” section.

Two preparation theorems
Because an LTI system defined on 
a finite-dimensional space is auto-
matically continuous [9, p. 96], the 
phenomenon that the convolution for-
mula does not hold can occur only in 
infinite-dimensional spaces. Therefore, 
constructing the counterexamples is 
not trivial, and some preliminary 
results are required. Hence, we first 
prove two theorems in this section that 
will be used in the next section to 
construct the counterexample. Theo-
rem 2 states that we can construct a 
new LTI system from two given LTI 
systems defined on disjoint spaces. 
Theorem 3 states that we can construct 
numerous LTI systems between spaces 
spanned by the translations of some 
basic signals.

Theorem 2
Let V  and W  be disjoint subspaces 
and X V W5=  be the direct sum of V
and .W  If :L V W1 7  and :L W2 7

V  are LTI systems, then :T XX 7
defined by

[ ] [ ] [ ] [ ]T x T v w L w L v2 1= + = + (4)

is an LTI system on ,X  where ,v V!
,w W!  and .x X! 4

Proof 2
This theorem can be illustrated by 
Figure  1. Note that because L1  and 
L2  are time invariant, V  and W
must be closed under translations, i.e., 

[ ]S v Vm !  and [ ]S w Wm !  for all 

,v V!  all ,w W!  and all .m Z!
We first show that T  is well defined. 
Because X  is the direct sum of V  and 

,W  it follows from Definition 2 that 
the decomposition x v w= +  is unique. 
Therefore, [ ]L w V2 !  and [ ]L v W1 !

are uniquely determined by .x  Conse-
quently, [ ]T x X!  is uniquely deter-
mined by ,x  which shows that T  is well 
defined on .X  Next, we prove that 
T  is an LTI system. Let x v w1 1 1= +

and ,x v w2 2 2= +  where ,v v V1 2 !  and 
, .w w W1 2 !  Then

[ ]

[( ) ( )]

[ ] [ ]

[ ] [ ] [ ] [ ]

( [ ] [ ]) ( [ ] [ ])

[ ] [ ],

T x x

T v v w w

L w w L v v

L w L w L v L v

L w L v L w L v

T x T x

1 2

1 2 1 2

2 1 2 1 1 2

2 1 2 2 1 1 1 2

2 1 1 1 2 2 1 2

1 2

( )

( )

( )

( )

( )

a

b

c

d

e

+

= + + +

= + + +

= + + +

= + + +

= + (5)

where (a) follows from the definition of 
,X  (b) from the definition of ,T  (c) from 

the linearity of L2  and ,L1  (d) from the 
commutative law and associative law 
of addition, and (e) from the definition 
of .T  Let x v w= +  with v V!  and 

.w W!  Then for any ,C!a  we have

 

[ ] [ ]

[ ] [ ]

[ ] [ ]

( [ ] [ ])

[ ],

T x T v w

L w L v

L w L v

L w L v

T x

2 1

2 1

2 1

( )

( )

( )

( )

( )

a

b

c

d

e

a a a

a a

a a

a

a

= +

= +

= +

= +

=

 

(6)

where (a) follows from the definition of 
,X  (b) from the definition of ,T  (c) from 

the linearity of L2  and ,L1  (d) from the 
distributive law between addition and 
multiplication, and (e)  from the defini-
tion of .T  Finally, because Sm  is an LTI 
system, .S x S v S wm m m= +  Hence,

 

[ ] [ ]

[ ] [ ]

[ ] [ ]

( [ ] [ ])

[ ],

T S x T S v S w

L S w L S v

S L w S L v

S L w L v

S Tx

m m m

m m

m m

m

m

2 1

2 1

2 1

( )

( )

( )

( )

( )

a

b

c

d

e

= +

= +

= +

= +

=

 

(7)

where (a) follows from the linearity of 
,Sm  (b) from the definition of ,T  (c) from 

the time invariance of L2  and ,L1

V

WX = V ⊕ W X = V ⊕ W
x = v + w

v

L1[v ] L1[v ]

L2[w ] L2[w ]

w

L2 L1

V

W

T [x ]

T

FIGURE 1. The linearity and time invariance of L1  and L2  imply the linearity and time invariance of .T
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(d) from the linearity of ,Sm  and (e) from 
the definition of .T Equations  (5)–(7)
indicate that T  is an LTI system on .X Y

Theorem 3 
Let v0  be a nonzero signal in ( )Z2,

and { [ ]}S vspanV m m0 Z= !  be the linear 
space spanned by v0  and its shifted 
versions, i.e.,

u .[ ] , ,S v M M !a C!aZ

V

m m
m M

M

m0 1 2
1

2

=

=

3) /
(8)

Similarly, let w0 be an arbitrary signal in 
( )Z2,  and W  be the linear space spanned 

by w0  and its shifted versions. Suppose 
the set { [ ]}S vm m0 Z!  is linearly indepen-
dent; then every nonzero v V!  has a 
unique expansion  / [ ].v S vm M

M
m m 01

2 a= =

In addition, for any ,l Z!

[ ] [ ]L v S S wm
m M

M

m l 0
1

2

a=
=

/ (9)

defines an LTI system from V  to ,W
as shown in Figure 2. 4

Proof 3 
The linearity of L  is implied by its 
definition; thus, the only thing we must 
prove is the time invariance of .L  Since 
Sk  is an LTI system,

[ ] [ ]

[ ]

S v S S v

S v

a

a .

k m m k
m M

M

m m k
m M

M

0

0

1

2

1

2

=

=
=

+

=

/

/ (10)

Let p m k= +  and ;p mb a=  then [ ]S vk

can be expressed as

[ ] [ ].S v S vk p
p M k

M k

p 0
1

2

b=
= +

+

/ (11)

Thus, we have

[ [ ]] [ ]

[ ]

[ ]

[ [ ]],

L

L
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S S S w
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k p
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p l

m
m M

M
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M

m l

k

0

0
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( )

( )

( )
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d

1

2

1

2

1

2

b

a

a

=

=

=

=

= +

+

=

=

/

/

/

(12)

where (a) follows from the defini-
tion of ,L  (b) from the property of 

,S S Sm k k m=+  (c) from the linearity of 
,Sk  and (d) from the definition of .L

Therefore, L  is time invariant, and 
the proof is completed. Y

The importance of continuity
In this section, we will construct an 
example based on Theorems 2 and 3
to illustrate the importance of continu-
ity for LTI systems. More specifically, 
we will show that without the condition 
of continuity, an LTI system may not 
be completely specified by its impulse 
response. Moreover, the convolution 
formula and the commutative law may 
not hold either.

Example 1
Let v0  be the Kronecker delta signal,

( ) ( )
,
,

,
.

v n n
n
n

1
0

0
00 !

d= =
=' (13)

Then the l inea r s p a c e  spanV =
{ [ ]}S vm m0 Z!  is closed under transla-
tions. Because the set { [ ]}S vm m0 Z!  is 
linearly independent, every nonzero sig-
nal v V!  can be uniquely expressed as

[ ],v S vm
m M

M

m 0
1

2

a=
=

/ (14)

where ,M M Z1 2 !  and Cm !a  depend 
on .v  Similarly, let w0  be a right-sid-
ed sequence,

( )
,

,

,

.
w n n

n

n

1

0

0

0
0

2

#
= * (15)

Then every nonzero signal w  in W =

{ [ ]}S wspan m m0 Z!  can be uniquely 
expressed as

[ ],w S wm
m N

N

m 0
1

2

b=
=

/  (16)

where ,N N Z1 2 !  and Cm !b  depend 
on .w  By Theorem 3, we can define three 
LTI systems : ,L W V1 7 : ,L W V2 7

and :L V W3 7  as

[ ] [ ]L w S vm
m N

N

m1 0
1

2

b=
=

/ (17)

[ ] [ ]L w S vm
m N

N

m2 1 0
1

2

b=
=

+/ (18)

[ ] [ ].L v S wm
m M

M

m3 0
1

2

a=
=

/ (19)

It is clear that every v V!  and w W!
has finite energy (recall that / /m1m 1

23
=

converges [10, p. 62]). In addition, 
because V  consists of finite-length sig-
nals and W  consists of infinite-length 
signals except for the zero signal, V
and W  are disjoint subspaces of ( ).Z2,

Let X V W5=  and x v w= +  with 
v V!  and ;w W!  then it follows from 
Theorem 2 that :T XX1 7  defined by

[ ] [ ] [ ],T x L w L v1 1 3= + (20)

and :T X X2 7  defined by

[ ] [ ] [ ],T x L w L v2 2 3= + (21)

are LTI systems. There are some inter-
esting results about T1  and T2  as shown 
in Figure 3.
1) T1  and T2  have the same impulse 

response .wh 0=  This is because 
,v X0 !d =

[ ] [ ] [ ] .T T L v w1 2 3 0 0d d= = = (22)

2) T1  and T2  are not equal. This is 
because

[ ] [ ] ,T w L w v1 0 1 0 0= = (23)

whereas

w0 Sl [w0]

L L

W

V

v0 ∑m = M1

M2 αmSm [v0]

∑m = M1

M2 αmSm+ l [w0]

FIGURE 2. L  defines an LTI system from V  to W  for any ,l Z!  where [ ]}S vspan{V m m0 Z= !  and 
{ [ ]} .S wspanW m m0 Z= !
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[ ] [ ] [ ] .T w L w S v v2 0 2 0 1 0 0!= =  (24)

3) [ ] ,T w h w1 0 0)!  where ) is the con-
volution operator. This is because 

,h w0= whereas

[ ] .T w v w w1 0 0 0 0)!= (25)

Similarly, [ ] .T w h w2 0 0)!

4) T1  and T2  do not obey the commu-
tative law. This is because

[ ] [ ] [ ],T T v T w S v2 1 0 2 0 1 0= = (26)

whereas

[ ] [ ] [ ].T T v T w v S v1 2 0 1 0 0 1 0!= = (27)

Items 1) and 2) indicate that two LTI sys-
tems may behave differently although they 
have the same impulse response. Item 3) 
indicates that not every LTI system has the 
convolution relation between the input and 
output. Item 4) indicates that two LTI sys-
tems may not be commutative. 4

Because a continuous LTI system can 
be expressed by convolution (see [5, 
Sec. 1.3] or [6, Sec. 2.5]), the reason why 
T1 and T2 in Example 1 have these pecu-
liar behaviors is because they are discon-
tinuous. The proof is given next. Recall 
that the norm on ( )Z2,  is defined by

( ) .x x n
/

n
2

2
1 2

< < ; ;=
3

3

=-

c m/ (28)

Let

.[ ]x
m

S1
k

m

k

m
1

d=
=

/ (29)

Then the sequence { }xk k 1
3
=  converges to 

w0  because

.lim limx w
m
1 0

k
k

k
m k

0
2

2
1

< <- = =
" "3 3

3

= +
2 / (30)

Since T1  is an LTI system, we have

[ ] [ ]
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m
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/ (31)

However,

[ ]
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lim

lim

T x T w

v T x
k

k

k
k

1 1 0

0 1!

=

=

"

"

3

3

6 @
(32)

Therefore, T1  is discontinuous at .w0

It follows from Theorem 1 that T1  is 
discontinuous at every point of .X  Sim-
ilarly, it can be proved that T2  is discon-
tinuous too.

Continuity and BIBO stability
The relation between continuity and 
BIBO stability is given by Theorem 4. 

Theorem 4
Let T  be a linear system from a normed 
space X  to a normed space .Y  If T  is 
continuous, then it is BIBO stable. How-
ever, the converse is not true. 4

Proof 4
Because T  is a continuous linear 
operator, it is bounded (see Theo-
rem 1). Thus, it follows from Defi-
nition 1 that for all ,x X!  we have 

.Tx T xY X< < # < < < <  Consequently, every 
bounded input x X!  produces a 
bounded output ,Tx  indicating that T
is BIBO stable. However, the follow-

ing example shows that BIBO stability 
does not imply continuity. Y

Example 2 
Let X  be the space of all polynomials 
defined on [0, 1] with a norm given by

( ) .maxx x t
t0 1

< < ; ;=
# #

(33)

Let /d dT t=  be the differential opera-
tor. Obviously, T  is linear on ,X  and the 
range of T  is contained in .X  Because 
every continuous function on a closed 
interval attains its maximum and mini-
mum [10, p. 89], Tx< < is bounded for all 

.x X!  Thus, T  is BIBO stable. How-
ever, let ( ) ,x t tk

k=  then

u u
u u[ ]

.
max

max
x

T x
t

kt
k

k

k

t
k

t
k

0 1

0 1
1

< <
< <

= =
# #

# #
-

(34)

Thus there does not exist any real number 
c  such that Tx x< < # < <c  for all .x X!
That is, T  is unbounded, or equivalently, 
T  is discontinuous. 4

Stability means that small changes in 
the input generate small changes in the 
output. In other words, the output must 
depend continuously on the input [11, p. 2]. 
Hence, continuity implies stability for lin-
ear systems, and it must be considered 
when designing practical linear systems. 
Example 2 shows that BIBO stability does 
not always guarantee the stability of a lin-
ear system, however. Therefore, continu-
ity is more stringent and important than 
BIBO stability for linear systems.

Conditions for continuity
There are three ways to determine 
whether a linear system T  is continuous 
or not.
1) If the input space of T  is finite dimen-

sional, then T  is continuous [9, p. 96].
2) If the input–output relation of T  is 

expressed by convolution and the 
impulse response h  of T  is absolute-
ly summable, i.e., / ( ) ,h nn Z 31; ;!

then T  is continuous [3, p. 329].
3) If T  satisfies the superposition prin-

ciple with infinitely many terms, i.e.,

[ ]T x T xk
k

k k
k

k
1 1

a a=
3 3

= =

; E/ / (35)

holds for every convergent series 
/ ,xk kk 1a
3
=  then T  is continuous [12].

v0 = δ

w0 = h

S1[v0]
h ∗ w0

T1

T1

T2

T2

FIGURE 3. T1  and T2  are LTI systems with the same impulse response .h  However, ,T T1 2!  [ ]T w1 0 !  
,h w0)  and .T T T T2 1 1 2!

(continued on page 100)
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STANDARDS IN A NUTSHELL
Leonardo Chiariglione

Delivering products, services, and ap-
plications to the masses is a prob-
lem that more companies face every 

day in a globalized economy. Imagine 
what the problem was like 30 years ago 
when the delivery of media content was 
a reality but had been achieved by pro-
viding solutions that applied to specific 
media types, delivery methods, countries, 
regions, industries, and companies. Tele-
communication companies distributed 
music; cable operators distributed TV 
via cable; terrestrial and satellite broad-
casters did the same through terrestrial 
and satellite networks; and different 
types of businesses distributed all sorts 
of recorded media on physical support 
(film, laser discs, compact cassettes, Video 
Home System/Betamax cassettes, and 
so forth).

Figure 1 depicts the vertical busi-
nesses of the analog world when media 
distribution was a collection of industry-
dependent systems, each using its own 

technologies for the baseband signal. 
The figure is an extremely simplified 
representation of the situation of those 
years because it does not take into ac-
count the region, country, or company-
based differences within each industry. 

It took 30 years of progress in electron-
ics to convert Nyquist’s intuition into 
the practice of his industry. During 
the 1960s, the International Telecom-
munication Union (ITU) developed 
G.711, the standard for digital speech. 
It required 50 years to do the same for 
the entertainment industry (Philips and 
Sony’s compact disc) and television indus-
try [ITU-Radio Communication Sector 
(ITU-R) Recommendation 601].

The telecommunication network 
could carry 64 kilobits/s of digital 
speech, but no consumer-level media 
delivery of that time could carry the 
1.41 megabits/s of digital audio, much 
less the 216 megabits/s of digital video. 
Therefore, during the 1960s, studies 
on the compression of digitized media 
began in earnest. Twenty or so years of 
research started paying off. In 1982, the 

ITU approved Recommendation H.100 
for the transmission of videoconferences 
at 1.5–2 megabits/s, and two years later, 
it began the work that would produce 
Recommendation H.261 for video cod-
ing at p × 64 kilobits/s, approved in 1988.
Other industries, countries, and compa-
nies toyed with digital-media compres-
sion technologies, including the 
■ European Digital Video Recorder 

project 
■ Philips and RCA independent inter-

active video on compact-disc projects 
■ Committee for Mixed Telephone 

and Television studies on digital 
television transmission for “primary 
contribution” 

■ Italian broadcaster RAI and Telettra’s 
HDTV codec for satellite broad-
casting 

■ Advisory Committee on Advanced 
Television Science plans to introduce 
HDTV in the United States (original-
ly analog but later turned to digital).
Companies, industries, and standards 

committees were jockeying for a posi-
tion in the upcoming digital world, with 

Delivering Standards to Industries: The MPEG Case
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FIGURE 1. The analog-media distribution.
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the mind-set that the future distribution 
of digital media would be similar to 
the one sketched in Figure 1 for analog 
media: The “baseband signal” of each 
delivery medium would be digital, thus 
using new technology but differing 
for each industry and possibly for each 
country/region.

MPEG (which, at the time, did not 
have a name yet) was conceived as an 
organization that would unify the digi-
tal baseband and provide generic (i.e., 
domain-independent) digital media 
compression, as depicted in Figure 2. 
IT distribution was not part of the origi-
nal plan because the Internet was just 
an interesting and useful research tool. 
In the mid-1990s, few would think 
that a system designed for comput-
er communication would carry the 
megabits/second streams required by 

digital media. If anything, telecommu-
nication companies were working on 
a solution called the asynchronous 
transfer mode to achieve that.

A place to execute the MPEG plan
The first problem to be tackled concerned 
the fact that the MPEG digital baseband 
had to be established on international 
standards that had global validity. The 
second problem was that the standards 
should not be industry specific. When 
the MPEG idea took shape in July 1987, 
selecting a home to implement the idea 
was the primary concern. There were 
many choices, as shown by the list of 
international committees in Table 1 that 
were created for various reasons (regula-
tion or simply the necessity of an inde-
pendent technical reference) and cater to 
the needs of different industries.

Since MPEG was conceived to be 
industry neutral, committees that were 
already developing standards in the tra-
ditional media were considered to be 
unsuitable because they represented vest-
ed interests. The choice fell to ISO Tech-
nical Committee (TC) 97, Computers 
and Information Processing, which had 
the Subcommittee (SC) 2 character sets 
and information coding, which included 
the Working Group (WG) 8 coding of 
audio and picture information.

In 1987, ISO TC 97 merged with IEC 
TC 83, Information Technology Equip-
ment. The resulting joint technical 
committee (JTC) was called ISO/IEC 
JTC 1, Information Technology. SC 2 
and its WGs, including WG 8, became 
part of JTC 1. MPEG was established 
as the Experts Group on Moving Pic-
tures within ISO/IEC JTC 1/SC 2/WG 8,
in 1988. Note that the group was an 

informal organizational entity within 
the ISO. In 1991, SC 2/WG 8 seceded from 
SC 2 and became SC 29. WG 8’s Mov-
ing Picture Experts Group, from which 
the MPEG name was derived, became 
WG 11, Coding of Moving Pictures and 
Audio (but everyone in the industry and 
general public called it MPEG).

The rules that drive MPEG work
Many know about MPEG, but most think 
of it as yet another committee producing 
admittedly useful standards. However, it 
is a different beast than most other com-
mittees, for a number of reasons:
1) Common standards for multiple 

industries: From its early days, 
MPEG developed a process to 
achieve the common understand-
ing that enables it to lay down the 
specifications of the common stan-
dards. Since MPEG does not have 
an industry of its own, it uses its 
Requirements Group to develop 
generic specifications that are used 
to interact with the trade associa-
tions and standards organizations 
that represent the main industries 
affected by its standards.

2) Technology standards as toolkits: 
Basic media-compression technolo-
gy should be shared by all indus-
tries, but individual sectors do not 
necessarily need the same functions 
and performance. Therefore, indus-
try-agnostic standardization must 
account for all of the requirements 
of the industries that a standard will 
serve and have the means to flexibly 
allocate technology and performance 
to one industry without encumbering 
others. MPEG has made its stan-
dards toolkit based.

3) Standards for the market: When 
MPEG came to the fore, a company 
that had developed a successful 
product would try to get a “standard” 
stamp on it, share the technology 
with its competitors, and enjoy the 
economic benefits of its technology. 
MPEG reshuffled the order of the 
steps. Instead of waiting for the mar-
ket to decide which technology 
would win, MPEG experts devel-
oped collaboratively defined “best 
standards” by assessing individual 
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FIGURE 2. The digital-media distribution (à la MPEG).

Table 1. The media-related standards 
committees (1980s).

Organization Media Committee

ITU-T Speech SG XV  
WP 1

Video SG XV  
WP 2

ITU-R Audio SG 10

Video SG 11

IEC Audio recording SC 60A

Video recording SC 60B

Audio-visual 
equipment

TC 84

Receivers SC 12A  
and G

ISO Photography TC 42

Cinematography TC 36
ITU-T: ITU Telecommunication Standardization Sector.
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technologies and deciding which 
would be selected on the basis of pre-
defined criteria.

4) Standards that anticipate the future: 
When technology moves fast or 
accelerates, waiting is a luxury that 
MPEG cannot afford. The original 
MPEG-1 and MPEG-2 standards 
were developed at a time when the 
industry did not have the enabling 
technology. Today, the components 
of the MPEG-I standard, which is 
under development, rely on interfac-
es that are still shaky or just hypo-
thetical. Having standards that lead, 
rather than trail, technology is a tough 
trial-and-error game. However, it is 
the only one possible for digital media. 
MPEG has been a part of this com-
petition for the past 30 years.

5) Compete and collaborate: MPEG 
favors competition to the maximum 
extent possible. This is achieved by
• calling for solutions that must be 

comprehensively described (i.e.,  
without black boxes) to qualify for 
consideration

• having MPEG experts assess the 
merit of proposed technologies,
followed by collaboration based on
• Test Model, a software platform 

made up of components select-
ed by MPEG experts

• improvement of different areas 
of the Test Model with Core Ex-
periments that add software to 
implement accepted technologies 
until the standard is stable.

6) Industry-friendly standards: These 
are achieved by
• making the standards independent 

of the display format, instead of 
tying the display to one capture 
format

• serving one need without encum-
bering other users through the 
notion of profiles and levels, the 
former being a subset of gen-
eral interoperability and the latter 
a grade of performance within 
a profile

• standardizing the decoder and leav-
ing room for improved versions.

7) Standards for audio and video 
together: Today, we take these for 
granted, but it was not always so. 

Audio and video used to belong to 
different departments within com-
panies and standards organizations. 
MPEG was the first standard 
group to raise the industry’s atten-
tion to the integrated packages that 
include the systems component. 
At the same time, MPEG standards 
are toolkits, so specific users can 
select the components they need 
and replace them with others from 
different sources.

8) Technology is always on the move: 
The constant change of the digital 
media technology landscape in-
forms MPEG standards. Most of 
the developers of the technologies 
that are incorporated in MPEG 
standards invest the royalties from 
previous standards to develop new 
technologies for new standards.

9) The role of research for MPEG 
standards: MPEG is not in the 
research busi-
ness, but with-
ou t  r e sea rch 
there would be 
no MPEG. The 
M P E G  wo r k 
plan promotes 
corporate/aca-
demic research 
to push compa-
nies to improve 
their technologies for future partic-
ipation in the MPEG standards.

10) Rethinking what we are: The in-
dustries participating in MPEG-1 
included telecommunication and 
consumer electronics. With MPEG-2 
the “club” was enlarged to terrestrial 
and satellite broadcasting and cable 
TV. With MPEG-4, IT companies 
joined. Later, research institutions 
and academia signed up in droves 
(today, they account for approxi-
mately one-quarter of the member-
ship). With MPEG-I, MPEG faces 
new challenges because the demand 
for standards for immersive services 
and applications is there, but technol-
ogy immaturity deprives MPEG of 
its usual “anchors.”

11) Standards as enablers, not dis-
ablers: Since MPEG standards are 
not owned by a specific industry, 

when developing a new standard, 
MPEG must assess and accom-
modate all legitimate functional 
requirements (for example, the 
value of functionality, cost of imple-
mentation, ability to aggregate the 
proposed functionality with others, 
and so on). Similarly, the decision 
to accept or reject a legitimate re-
quest from an industry to add a 
functionality to an existing standard 
is driven only by the value that the 
proposal brings, as substantiated by 
use cases.

12) Standards need a business model: 
Standardization is not a commer-
cial business, but there is a busi-
ness model that has guided MPEG 
and driven its standard-develop-
ment work. During the late 1980s, 
when MPEG began its mission, 
industry and academia had worked 
on video-compression technolo-

gies for some three 
decades and filed 
many patents. A roy-
alty-free video cod-
ing standard (that the 
ISO/IEC/ITU call 
Option 1) was cer-
tainly possible but 
probably unattract-
ive because of its 
low performance. 

Therefore, MPEG decided to 
develop standards that had the best 
performance, without consider-
ation of the intellectual property 
rights that were involved. Most 
patent holders have reinvested their 
royalties from existing standards in 
technologies for future ones. The 
MPEG business model has created 
a standard-producing machine that 
feeds itself with new technologies.

The MPEG organization
Since its early days, MPEG has created 
and disbanded several groups for specific 
needs to manage its broad range of activ-
ities. Figure 3 depicts the current MPEG 
organization. New ideas are typically 
submitted to the Requirements Group. 
If they are considered worthy of fur-
ther explorations, they are discussed 
in ad-hoc groups. An ad-hoc group 

In the mid-1990s,  
few would think that 
a system designed for 
computer communication 
would carry the megabits/
second streams required 
by digital media.
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will report its findings at the following 
MPEG meeting. After a few iterations, 
MPEG will produce a call for evidence 
(CFE) or call for proposals (CFPs), with 
publicity through a press release. At that 
time, an ad-hoc group is charged with 
disseminating the CFE or CFP, prepare 
for the logistics of 
the tests, and perform 
a first assessment of 
the responses. This 
does not mean that the 
Requirements Group is 
no longer involved with 
the standard, since 
the group typically continues the devel-
opment of use cases and requirements 
while the technical work progresses. 
When necessary, new requirements are 
reviewed with the appropriate technol-
ogy groups and may give rise to new 
CFPs whose outcomes are fed into the 

work of the relevant technology groups 
after an assessment.

Today, the task of the Test Group is 
no longer confined to assessing proposal 
quality at CFE and CFP time. Designing 
and executing tests with the appropriate 
quality to support core experiments has 

become the norm, 
especia l ly in the 
Video Group. If a 
proposal is request-
ed, the Requirements 
Group, in conjunc-
tion with the Test 
Group and possibly 

one or more others, reviews the results 
from the ad-hoc group and makes a 
final assessment. If the submitted tech-
nologies are judged to be sufficient to 
initiate the development of a standard, 
the activity is transferred to the appro-
priate group(s) for completion.

Feeding documents into the MPEG 
process is of vital importance because 
the number of uploaded submissions can 
easily cross the level of 1,000–1,500 doc-
uments per meeting. This has been done 
electronically since 1995. For MPEG 
experts, a place with so many people 
discussing requirements and assessing, 
integrating, and testing media technolo-
gies is exciting. They know what happens 
when and where through a web applica-
tion that gives a full view of the meetings 
that are held and topics of discussion.

A key MPEG feature is the imme-
diate availability of the necessary 
technical expertise to discuss matters 
that cross organizational boundaries. 
The speed of development and quality 
of MPEG standards would hardly be 
possible if the necessary expertise to 
address multifaceted issues could not be 
deployed in a timely manner. Figure 4
breaks down the activities at an MPEG 
meeting. For instance, out of a total of 
97 activities:
1) Twenty-nine relate to the processing 

of standards through the canonical 
stages of the committee draft, draft 
international standard, and final 
draft international standard and the 
equivalent for amendments, techni-
cal reports, and corrigenda. In other 
words, at every meeting, MPEG is 
working on roughly 10 deliverables 
(i.e., standards, amendments, techni-
cal reports, and corrigenda) at differ-
ent stages of the approval process.

2) Twenty-two correspond to working 
drafts, i.e., new activities that have 
not entered the approval stages.

3) Eight concern technologies under 
consideration; in other words, new 
technologies that are being consid-
ered to enhance existing standards.

4) Eight pertain to requirements, typi-
cally for new standards.

5) Six support core experiments.
Figure 4 does not provide a quanti-

tative measure of how many documents 
are produced for each activity and how 
big they were. As an example, point-
cloud compression has 20 core experi-
ments and eight exploration experiments 
under way, while MPEG-5 Essential 
Video Coding (EVC) has only one large 
core experiment. An average value of the 
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FIGURE 4. The activities at an MPEG meeting.

Many know about MPEG, 
but most think of it as 
yet another committee 
producing admittedly 
useful standards.
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activities at the March 2019 meeting is 
provided by dividing the number of out-
put documents (212) by the number of 
activities (97), yielding 2.2.

The MPEG ecosystem
MPEG standards are different from most 
others because they consider the needs 
of the many industries that intend to 
use them and, hence, want to have a 
say in how they are developed: con-
sumer electronics, IT, broadcasting, 
telecommunications, and so forth. 
Taking into account so many views is 
a burden for developers, but the stan-
dards that are eventually produced 
are abstracted from the small (or big) 
needs that are specific to individual 

sectors. Figure 5 depicts how MPEG 
has succeeded in its role of abstract-
ing the needs of its client digital-
media industries.

Figure 5, however, does not describe 
all of the ecosystem actors. In MPEG-1, 
the consumer electronics industry was 
often able to develop the technology it 
needed to make products that used the 
standard. With MPEG-2, this was less 
the case, and independent companies 
offering encoding and decoding chips 
sprang up. Today, the industry that 
implements (as opposed to using or sell-
ing products based on) MPEG stan-
dards has grown to be a very important 
element of the ecosystem. It typically 
provides components to companies 

that manufacture a complete product 
(sometimes this happens inside the same 
company, but the logic is the same).

MPEG standards can be implemented 
using various combinations of software, 
hardware, and hybrid technologies. The 
choice for the hardware is very wide, 
from various integrated-circuit archi-
tectures to analog technologies. The lat-
ter choice is for devices with extremely 
low power consumption, although with 
limited compression. Devices that use 
neural networks are soon to come. Other 
technologies are likely to find use in the 
future, such as quantum computing and 
genomic technologies.

Figure 6 represents with some accura-
cy the way MPEG acquires the necessary 
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technologies to develop a standard and 
how implementers of a standard can 
acquire the necessary rights. When 
MPEG intends to develop a standard, it 
solicits requirements from the indus-
try. Three segments of the industry can 
typically provide requirements: eventual 
users of the standard, implementers of 
the standard, and providers of technology 
to develop the standard. Note that a spe-
cific company may belong to one or more 
than one industry, in the sense that one 
department of a company may belong 
to one industry and another department 
may belong to a different one.

MPEG receives (step 1), assesses, 
refines, and harmonizes the requirements 
received. When these have reached suf-
ficient maturity, a CFP is issued (step 2). 
Companies belonging to the technology 
industry submit proposals in response to 
the CFP (step 3). MPEG assesses the cod-
ing tools contained in the proposals and 
assigns them to specific competence cen-
ters, for example, audio, video, 3D graph-
ics, systems, etc. (step 4), which adapt 
and refine the tools (possibly interacting 
between them) and adds the selected ones 
to those in the MPEG Toolkit (step 5), 
where all the technologies adopted in past 
standards are contained.

When the development of the stan-
dard is completed (step 6), companies 
claiming rights to the tools included 
in the standard may decide to join one 
or more than one patent pool or not to 

join any patent pool at all. Users of the 
standard (e.g., implementers and service 
providers) get use rights from patent 
holders (step 7) for use in their products, 
services, or applications (step 8).

Although MPEG has no role in the 
last step, the perceived performance of 
MPEG as a provider of industry stan-
dards is highly dependent on how this 
step unfolds.

Conformance testing typically plays 
a role in assessing an implementa-
tion’s compliance with the standard.

MPEG’s role cannot be described 
by the simple standards-provider/cli-
ent–industry relationship. MPEG is a 
complex ecosystem that works because 
all of its entities play the role that is 
proper to them. MPEG has devised an 
organization that enables it to deploy 
the necessary level of expertise in spe-
cific technology areas, such as video 
and audio coding and file formats. 
At the same time, the organization 
enables it to identify instances where 
interfaces between different media 
subsystem are needed.

Figure 7 describes how most MPEG 
standards are developed. Different 
groups with diverging competences 
develop parts of a standard, making sure 
that the distinct components talk to one 
another. Some elements are designed 
to work with others in systems that are 
identified during the context–objec-
tives–use-cases phase. However, many 

parts are not tightly bound because, in 
general, it is possible to use them sepa-
rately. In other cases, there are parts 
from other sources that must work tight-
ly together, and that is where MPEG 
provides the “glue” by using ad-hoc 
groups, joint meetings, chair meetings, 
and so on.

What is next for MPEG
Through its 31-year history, MPEG has 
produced some 200 specifications, tens 
of editions and hundreds of amendments. 
Its mission is not over, as the workplan in 
Figure 8 shows. The following is a brief 
summary of the main standards planned 
for the next few years.

Media coding
1) Versatile Video Coding (VVC): This 

is the flagship video-compression 
activity that will deliver another 
round of improved performance. It is 
expected to be the platform on which 
MPEG will build new technologies 
for immersive visual experiences.

2) EVC: This shorter-term project has 
less-ambitious goals than VVC. EVC 
is designed to satisfy the urgent need 
for a standard with a simplified IP 
landscape.

3) Immersive visual technologies: These 
investigate technologies applicable to 
the visual information captured by 
different camera arrangements.

4) Point-cloud compression: This refers 
to two standards capable of com-
pressing 3D point clouds captured 
with multiple cameras and depth 
sensors: video and geometry point-
cloud compression. The algorithms 
in both standards are scalable and 
progressive, and they support ran-
dom access to point-cloud subsets. 
Video point-cloud compression is 
lossy, and geometry point-cloud 
compression is also lossless.

5) Immersive audio: MPEG-H 3D audio 
supports a 3-degree of freedom 
(DoF) (yaw, pitch, and roll) experi-
ence at the movie “sweet spot.” 
More complete user experiences, 
however, are needed, such as 6 DoF 
(adding x, y, and z). These can be 
achieved with additional metadata 
and rendering technology.
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FIGURE 7. The structure of the MPEG standards.
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Systems and tools
1) Omnidirectional media format 

(OMAF): This format supports the 
interoperable exchange of omnidi-
rectional (360º) content. In ver-
sion  1, users can only yaw, pitch, 
and roll their head, but version 2 
will support more functionalities.

2) Storage of point-cloud conversion 
data in MP4 File Format: MPEG is 
developing systems to enable the 
storage and movement of compressed 
point clouds through dynamic adap-
tive streaming over HTTP, MPEG 
media transport, and so forth.

3) Scene-description interface: MPEG 
is extending an existing scene-
description technology to enable 
rich immersive experiences.

4) Service interface for immersive 
media: Network-based media pro-
cessing will enable a user to access 
potentially sophisticated process-

ing functionality made available 
by a network service via a standard 
application-programming interface.

5) When things are media things: The 
Internet of Media Things will 
enable the creation of networks of 
intelligent devices, such as sensors 
and actuators.

Beyond media
1) Standards for biotechnology appli-

cations: MPEG is finalizing the 
five parts of the MPEG-G standard 
and developing a new standard for 
the compression of annotations to 
DNA.

2) Coping with neural networks every-
where: MPEG is developing com-
pression of neural networks for 
multimedia content description and 
analysis (part 17 of MPEG-7), after 
receiving responses to its CFP for 
neural-network compression.

A future for MPEG
MPEG has worked without interrup-
tion for 31 years, adding industry 
members and witnessing technolo-
gies morph as new ones come to the 
fore. Today, MPEG faces another major 
change and has to “shed its skin” one 
more time.

MPEG is about compression
MPEG has produced five generations 
of video-compression standards, each 
offering additional compression and 
features. More of the same is expected 
for the sixth (VVC). MPEG has pro-
duced an equivalent number of audio 
coding standards. Will industry keep 
asking for more compression? I would 
like to answer with a resolute yes, as I 
believe that there will always be a need 
for it but not necessarily in the “old way.” 
If we take the example of the light field, 
we see that more compression is needed 
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if the distribution of that kind of infor-
mation is going to become real within 
the current (human) generation. The 
answer to the compression question is, 
at least in the current time frame, how-
ever, that the compression we have is 
enough, although we 
need new standards 
for other noncom-
pression features (6 
DoF, in the case of 
audio). The trend is 
less noticeable in 
video, but 3-DoF+ 
moves in the same 
direction as audio, 
and the exact nature of 6-DoF-video is 
still evolving. Point-cloud compression 
is probably a different story because we 
are still low on the learning curve.

MPEG is also about 
systems aspects
Systems aspects have been the enabling 
factor of the success of many MPEG 
standards, and the future will not change 
that role. The trend toward immersive 
media will require an even deeper inte-
gration between compressed media and 
the systems that permeate it. This can be 
seen from the requirements that are being 
identified in an activity called immersive 
media access and delivery, where four 
dimensions are identified:

• time (as usual)
• space (the ability to retrieve only 

the relevant parts of the media)
• quality (the ability to access por-

tions of the media with the de-
sired quality)

• object (the ability to access specific 
parts of specific objects of interest).

Is MPEG only about media? 
My answer is no: It is not and should not 
be only about media. During the past 
30 years, MPEG has shown that it has 
been able to add domains of expertise 
and learn to speak their language. The 
fact that all of the media domains today 

speak the same (technical) language 
is due in no small part to the efforts 
made by MPEG to understand the needs 
of different industries, convert them to 
requirements, develop the technolo-
gies, and quantize the standards into 

profiles and levels. 
This workflow has 
been in operation 
for 27 years, namely, 
since MPEG invent-
ed profiles and lev-
els and consistently 
applied them to talk 
to different commu-
nities using the same 

language. This does not mean that there 
are no challenges in talking to a new 
industry. MPEG spent more than three 
years speaking to the genomic com-
munity and identifying and validating 
requirements before starting the devel-
opment of the MPEG-G standard.

The business context 
is changing
MPEG does not have much to say on 
business matters, but its work is highly 
influenced by companies; for example, 
in terms of requirements, expert sup-
port, timelines, and so on. During the 
first 10 years of its existence, MPEG 
ruled the field of audio and video cod-
ing. Through the following 10 years, 
some proprietary solutions popped up, 
but the arena was still largely domi-
nated by MPEG standards. During the 
past 10 years, MPEG has seen propri-
etary solutions gain more strength and 
occupy areas that its standards used to 
cover exclusively. The market spoke, 
and it was right. MPEG should not com-
plain about competition. Operating in a 
competitive environment is always ben-
eficial because it pushes those affected 
to do a better job. However, this is the 
easy part of the story because the ques-
tion is, “Should MPEG continue unde-
terred on its way, or should it rethink 
its role?”

Conclusions
For decades, MPEG has managed a 
large WG, designed multithreaded work 
programs, sought and received support 
from industry, developed standards, 
and driven the evolution and relentless 
expansion of the digital-media business. 
MPEG did all that as a WG; i.e., the low-
est-level ISO organizational unit, which 
is recommend to be “reasonably lim-
ited in size.” The reality is that, in 1989, 
MPEG had 100 members; in 1999, it had 
200; and, in 2019, it had 1,500, with 600 
experts attending its quarterly meetings. 
MPEG has played a role much above its 
status, and I do not think there should be 
complaints about the results. MPEG can 
continue as a WG for another 30 years, 
but, from now on, it should have a status 
equivalent to the position it holds, con-
sidering that the ISO has tolerated the 
“MPEG exception.” Now, there should 
be no exception.

Should MPEG be split in smaller 
pieces? Who would replace a successful 
organization with an untested one? Who 
would take responsibility if the new 
one failed? Something more effective is 
needed. The Italian National Standards 
Institute has proposed leveraging the 
strong MPEG identity, organization, 
and brand in a new setting that offers 
solid governance while preserving 
MPEG’s ability to develop and execute 
strategic plans that serve the needs of 
the industry. By the time this article 
is published, we will hopefully know if 
MPEG has a future.
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The Moving Picture Experts Group 
(MPEG) is an International Orga-
nization for Standardization/Inter-

national Electrotechnical Commission 
(ISO/IEC) working group that develops 
media coding standards. These stan-
dards include a set of ontologies for 
the codification of intellectual prop-
erty rights (IPR) information related to 
media. The Media Value Chain Ontol-
ogy (MVCO) facilitates rights tracking 
for fair, timely, and transparent payment 
of royalties by capturing user roles and 
their permissible actions on a particu-
lar IP entity. The Audio Value Chain 
Ontology (AVCO) extends MVCO 
functionality related to the description 
of IP entities in the audio domain, e.g., 
multitrack audio and time segments. 
The Media Contract Ontology (MCO) 
facilitates the conversion of narrative 
contracts to digital ones. Furthermore, 
the axioms in these ontologies can drive 
the execution of rights-related work-
flows in controlled environments, e.g., 
blockchains, where transparency and 
interoperability is favored toward fair 
trade of music and media. Thus, the 
aim of this article is to create aware-
ness of the MPEG IPR ontologies devel-
oped in the last few years and the work 
currently taking place addressing the 
challenge identified toward the execu-
tion of such ontologies as smart con-
tracts on blockchain environments. 

Background

Motivation
Copyright legislation has continuously 
evolved with the aim of reviving the music 
industry in terms of fair and increased rev-
enues returned to artists and rights holders, 

improved multiterritory licensing, time-
ly payments, and overall, more trans-
parency, e.g., the United States Music 
Modernization Act [1] and the European 
Union’s Copyright Directive Reform 
[2]. Meanwhile, several key artists and 
musicians have turned their hopes for 
resolving these issues to technology and, 
in particular, blockchain [3], [4].

Blockchain emerged in 2008 as the 
technology that underpins bitcoin. It 
operates as a shared ledger that continu-
ously records transactions or informa-
tion. Its database structure, where there 
is a timestamp on each entry and in-
formation linking it to previous blocks, 
makes it not only transparent but excep-
tionally difficult to tamper with.

Initiatives investigating blockchain 
have been launched around the world. 
In the United States, the Open Music 
Initiative (OMI) [3] has been launched 
by the Berklee Institute for Creative 
Entrepreneurship, harnessing the exper-
tise of the Massachusetts Institute of 
Technology Media Lab, in decentralized 
platforms, whose mission is to promote 
and advance the development of open 
source standards and innovation related 
to music and to help ensure proper com-
pensation for all creators, performers, 
and rights holders of music. OMI’s 
focus is 1) on new works, rather than the 
vast legacy music catalog, with the aim 
that the same principles can be applied 
to legacy music retrospectively; and 2) 
on achieving interoperability among 
infrastructures, databases, and systems 
so they can be accessed, shared, and 
exchanged by all stakeholders.

In Europe, one of blockchain’s evan-
gelists is the Grammy-award-winning 
U.K. singer, songwriter and producer 
Imogen Heap. She has launched a block-
chain project, Mycelia [4]. Although still 
in its early stages, she intends Mycelia to 

be an entire ecosystem that uses block-
chain as a way to shake up the music 
industry. Mycelia’s mission is to 
1) empower a fair, sustainable, and 

vibrant music industry ecosystem 
involving all online music interac-
tion services 

2) unlock the huge potential for cre-
ators and their music-related meta-
data so an entirely new commercial 
marketplace may flourish

3) ensure that all involved are paid and 
acknowledged fully 

4) set commercial, ethical, and technical 
standards to exponentially increase 
innovation for the music services of 
the future

5) connect the dots with all those in-
volved in this shift from our current 
outdated music industry models 
while exploring new technological 
solutions to enliven and improve the 
music ecosystem.
Such missions can be accomplished 

thanks to MPEG IPR ontologies, which 
can be used by music and media value 
chain stakeholders to share and exchange 
all metadata and contractual informa-
tion connected to creative works, in a 
standardized and therefore interoper-
able way, leading to transparent pay-
ment of royalties and reduced time spent 
searching for the right data. The latter is 
due to inference and reasoning capabili-
ties inherently associated with ontolo-
gies. That is, knowledge and data can 
be derived by evidence (facts) and logic 
based on rich semantic copyright models 
expressed by MPEG IPR ontologies. In 
this way, the data derived are unambigu-
ously interpretable, facilitating efficient 
processing in business-to-consumer and 
business-to-business (B2B) music and 
media value chains.

However, while enthusiasm is grow-
ing for blockchain, it is likely to be
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several years before we see it rolled 
out in a wide-scale, mainstream ca -
pacity. Blockchain enables value to be 
transferred over the Internet. For con-
tractual music and media asset trading, 
smart contracts can be used to encode the 
terms and conditions of a contract. They 
validate contractual 
agreements between 
stakeholders before 
a blockchain value 
transfer is enabled 
[5]. In other words, 
smart contracts, imple-
mented via software, 
could allow music and 
media royalties to be 
administered almost 
instantaneously and 
manage usage allow-
ances and restrictions. 
Rather than passing through intermedi-
aries, revenue from a stream or download 
could be distributed automatically to rights 
holders, according to agreed terms and 
conditions (e.g., splits), as soon as an asset 
is downloaded or streamed [6], [7].

That is, while various smart-contract 
solutions abound, it is likely that the 
technology will really only take off once 
there is a clear consensus in business 
about which standards will prevail [8]. 
So the challenge that naturally arises is 
as follows. How can MPEG IPR stan-
dardized ontologies be converted to 
smart contracts that can be executed on 
existing blockchain environments, thus 
enriching blockchain environments with 
inference and reasoning capabilities 
inherently associated with ontologies? 
Note that this process will increase trust 
among music and media value chain 
stakeholders for sharing data in the 
ecosystem since the data will be crypto-
graphically secured and verified by 
a blockchain. 

From the other side, while plenty of 
research literature deals with seman-
tic-level interoperability of ontologies 
(linking different ontologies) and pro-
tocol-level interoperability of block-
chains (transferring verified data from 
one to another), the interoperability gap 
between them has not yet been suffi-
ciently bridged [9]. Toward this direc-
tion, MPEG is not going to develop any 

blockchain-based technology or any 
new language for smart contracts. How-
ever, in the last few years MPEG has 
developed MPEG IPR ontologies, which 
facilitate the conversion of narrative 
contracts to digital ones. Thus, MPEG’s 
aim is to further develop the means 

(e.g., protocols and 
application program-
ming interfaces) for 
converting MPEG 
IPR ontologies to 
smart contracts exe-
cutable on existing 
blockchain environ-
ments. In that way, 
MPEG is going to 
close the interopera-
bility gap between 
MPEG IPR ontolo-
gies (and consequent-

ly the Semantic Web) and blockchains.
Last but not least, a standards-based 

fair and sustainable trade of music and 
media ecosystem is envisaged [10] 
based on widely deployed MPEG tech-
nologies (e.g., audiovisual codecs, file 
formats, and streaming protocols) [11], 
including emerging MPEG IPR ontolo-
gies executed as smart contracts on 
blockchain environments.

Issuing body
MPEG, officially known as ISO/IEC 
JTC1/SC29/WG11, is a working group 
of Standardization Subcommittee 
29 of the Joint Technical Committee 1 
of the ISO and the IEC, that develops 
and facilitates international standards 
within the field of audio, picture, mul-
timedia, and hypermedia informa-
tion coding.

In the last few years, MPEG has 
developed a number of standard-
ized ontologies catering to the needs 
of the music and media industry with 
respect to codification of IPR informa-
tion toward the fair trade of music and 
media. These MPEG IPR ontologies 
have been developed using the World 
Wide Web Consortium’s (W3C’s) Re-
source Description Framework (RDF), 
under the MPEG-21 Multimedia Frame-
work (ISO/IEC 21000) family of stan-
dards, and include MVCO (ISO/IEC 
21000, Part 19), its extension with 

respect to multitrack audio and time 
segments, known as AVCO (ISO/IEC 
21000, Part 19/Amendment 1) and MCO
(ISO/IEC 21000, Part 21). With respect 
to the latter, an equivalent standard 
has also been developed using W3C’s 
XML, known as Contract Expression 
Language (ISO/IEC 21000, Part 20). 
Next, the aforementioned MPEG IPR 
ontologies are described. Terms in ital-
ics are further defined in the standards 
given in “Resources.”

Technology

The MVCO

Main entities
The MVCO [12] is an ontology that for-
malizes the media value chain. The 
MVCO was designed to satisfy a num-
ber of requirements, which in turn led 
to defining three entities of top impor-
tance: IP entities, as they are trans-
formed along their life cycle, relevant 
actions that can be performed on such 
entities, and types of users whose actions 
are rights, obligations, or something else 
foreseen by IP law.

IP entities are objects (e.g., work, 
manifestation, instance, product) in the 
media value chain, subject to protection 
by copyright law. The very first entity 
in the chain is the abstract creation, the 
work, which is the result of any intel-
lectual endeavor with enough creativity. 
Works are pure, abstract entities with no 
material incarnation whatsoever. Deriv-
ative works are special types of works 
derived from an existing work. Works 
are fixated into physical manifestations, 
which are the very first incarnation of 
works. Manifestations can be instanced 
and copied, or they can be transformed 
into commercial products. Whereas the 
logical schema of IP entities resembles 
the Functional Requirements for Bib-
liographic Records (FRBR) chain [13], 
the source is somewhat different: the 
MVCO, catering to the needs of music 
and media stakeholders, codifies the IP 
entities mentioned by copyright legisla-
tion (as defined by worldwide treaties, 
such as the Berne Convention), whereas 
the FRBR is inspired by the needs 
of librarians.

In the last few years,  
MPEG has developed a 
number of standardized 
ontologies catering to 
the needs of the music 
and media industry with 
respect to codification of 
IPR information toward  
the fair trade of music  
and media.
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A user is defined as an individual or 
organization acting in the media value 
chain. The types of roles a user could 
undertake revolve around the IP entities, 
e.g., a creator is defined as the user who 
creates a work; an adaptor is the user 
who adapts a work to produce an adap-
tation. These roles or very similar ones 
are also acknowledged by copyright leg-
islation. Other roles include producer, 
distributor, and, finally, the end user.

The types of actions that can be per-
formed also revolve around the IP enti-
ties. Create work is the action whose 
result is a new work, produce is the 
action whose result is a product, and so 
forth. In addition, some other actions 
do not produce any new IP entity. Such 
actions include a public communica-
tion or an end-user action (e.g., play 
and print), but they are legal concepts 
with explicit mentions and provisions in 
copyright legislation.

The relationship between a user and 
a particular IP entity type (e.g., work, 
adaptation, product, copy) is speci-
fied through the concept of role. The 
actions that a user performs on a given 
IP entity determine the role of that user 
with respect to the IP entity in question. 
Users get roles (e.g., creator, adaptor, 
producer, end user) that attribute them 
rights over actions (e.g., create work, 
make adaptation, produce, distribute, 
synchronize) that can be exercised on 
specific IP entities. Any given user 
may undertake any number of roles 
within a given value chain. Figure 1
illustrates these relationships among 
actions, users, and IP entities.

Authorization model
The MVCO, by defining the relation-
ships between users, actions, and IP 
entities, serves well to depict a static pic-
ture of the IP information. However, in 
real life, rights are transferable and the 
MVCO needed to support this dynamic 
nature of rights.

The transfer of rights are authorized 
by signatures on agreements or contracts 
that grant permissions. A permission 
relates an IP entity to a right in transit 
between the original rights owner and 
the new rights owner. Permissions have 
an intrinsic dynamic nature: they are 

granted, invoked, and revoked. Instanc-
es of a user class will probably be actual 
companies or persons; instances of 
works will be actual works. However, 
instances of permissions are far more 
interesting because they could refer 
either to the past or the future.

That is, an instance permission (e.g., 
Alice’s permission to play a song) would 
be related to both an end-user instance 
(e.g., Alice) and an action instance (e.g., 
play a song). However, what is the inter-
pretation of an action instance? It might be 
an action effectively executed in the past 
(e.g., Alice played a song), but it might also 
be an action to be performed in the future, 
as a mere possibility (e.g., Alice can play 
a song). This is commonly referred in the 
literature as event factuality and suggests 
that action instances can be marked as 
executed acts or as possible acts.

Permissions can also be granted con-
ditionally, that is, subject to certain 
conditions ( facts). Facts can be seen as 
propositions with an alethic (e.g., true or 
false) value. These propositions can be 
combined with logical operators (e.g., 
conjunction and disjunction) to create 
more complex conditions. The evalu-
ation of conditions against a certain 
context would determine whether a per-
mission would actually be granted or 
not. In such a context, permissions can 
also be expressed as prohibitions (nega-
tion of a permission) and obligations 
(the prohibition of not doing something).

Finally, the MVCO supports to some 
extent the so-called copyright excep-
tions, a notion present in IP law to enable 
the reasonable use of copyrighted assets 
in certain cases. For example, complete 
quotes are allowed for scientific pur-
poses, and parody is also permitted. 
The MVCO provides mechanisms for 
specifying such copyright exceptions, 

although the exceptions themselves are 
not specified.

The AVCO
The AVCO facilitates transparent IPR 
management even when content reuse 
is involved. This relates in particular 
to widespread adoption of interactive 
music services (remixing, karaoke, and 
collaborative music creation) enabled by 
MPEG-A: Interactive Music Application 
Format [14], also known as Stem [15], 
which raises the issue of rights moni-
toring when reuse of audio IP entities 
is involved, such as tracks or even seg-
ments of tracks in new derivative works.

AVCO addresses this issue by ex-
tending MVCO functionality related to 
the description of composite IP enti-
ties in the audio domain, whereby the 
components of a given IP entity can be 
located in time and, in the case of multi-
track audio, in association with specific 
tracks. To do so, AVCO introduces, as 
shown in Figure 2, the concepts of
1) timeline [16]: a linear and coherent 

piece of time in relation to time-based 
IP entities, e.g., a vocal track can be 
associated with such a timeline

2) interval: a temporal entity defined 
by a start and end points on a given 
timeline, e.g., the chorus interval of 
a vocal track

3) segment: a slice of an IP entity with 
boundaries defined by the interval’s 
start and end points, e.g., the chorus 
interval’s IP entity

4) track: a single track of a multitrack 
audio IP entity, e.g., the vocal track’s 
IP entity. 

The introduction of an additional reuse 
action enables querying and granting 
permissions for the reuse of existing IP 
entities to create new derivative com-
posite IP entities.

FIGURE 1. MVCO-defined relationships among actions, users, and IP entities.
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Relationships for IP entity segments 
and tracks
The AVCO-defined classes and relation-
ships are illustrated in Figure 3. Since IP 
entities in the audio domain constitute 
timed media, a timeline can be associated 
with them. That is, an IP entity through 
the property interval is linked to an inter-
val (Interval class instance), which in 
turn, through the property onTimeLine is 

associated with a timeline. The property 
interval is also handy to be expressed that 
a segment exists within a specified inter-
val on a timeline.

A segment is usually in a part-of rela-
tionship with an existing IP entity linked 
to it through the hasSegment property. 
However, a segment may also contain 
an IP entity different than the exist-
ing (reused) one. In either case, since a 

segment is subsumed by the IPEntity
class, it is an IP entity with its own value 
chain resolving to its rights holders.

In the case of multitrack audio reso-
urces, an IP entity is related to a spe-
cific track with the hasTrack property. 
To be expressed that a segment exists on 
a certain track, it is linked to the respec-
tive track using the onTrack property.

In that way, reused IP entities may 
exist in specified segments of exist-
ing IP entities and, in the case of 
multitrack audio IP entities, on speci-
fied tracks.

The MCO
The MCO [17] facilitates the conversion 
of narrative contracts to digital ones and 
permits the creation of new contracts in 
machine-readable electronic formats. 
It consists of a core model (mco-core) 
and two extensions. The core model, 
as shown in Figure 4, builds on top 
of MVCO generic deontic statements 
(encompassing the concepts of permis-
sion, prohibition, and obligation) by 
providing the elements for modeling the 
basic structure of media contracts (e.g., 
contract and parties identification and 
relationships with other contracts). The 
two extensions are 1) Exploitation of 
Intellectual Property Rights and 2) Pay-
ments and Notifications.

Exploitation of IPR
The extension for the exploitation of 
IPR (mco-ipre) provides the means to 
express the rights for exploiting media 
content, as is typical among audiovisual 
production companies and broadcasters. 
In such a context, the most commonly 
used rights for media exploitation are 
those for public performance (e.g., 
where the public is present), fixation
(e.g., when a performance is recorded 
on a tangible medium), and commu-
nication to the public (e.g., where the 
public is reached by means of a com-
munication technology). As in narra-
tive contracts, these exploitation rights 
might be associated with a wide set 
of conditions ( facts; e.g., number of 
broadcast transmissions, time periods, 
territories, languages, exclusivity, roy-
alty percentages), modalities (e.g., lin-
ear/broadcast, nonlinear/broadband), 
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FIGURE 2. Recordings representing visualized multitrack audio. A segment exists within an interval 
on a timeline.

FIGURE 3. ACVO-defined classes and relationships for the representation of IP entities that contain 
other existing IP entities. Segments can also be associated with individual tracks of a multitrack 
audio IP entity.
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and access policies (e.g., free of charge, 
subscription, pay per view).

In the main model (mco-core), actions 
are permitted when the required condi-
tions are met (e.g., the required facts are 
true). However, with this extension on 
exploitation of IPR (mco-ipre), depen-
dencies between different actions can 
also be specified. That is, the occurrence 
of an action, such as the exploitation of a 
right, can trigger a condition for another 
action. This mechanism allows the speci-
fication of complex rights’ dependencies, 
such as, for instance, in the so-called 
catch-up TV service (a combination of 
both linear/broadcast and nonlinear/
broadband communication to the pub-
lic) offered by a number of broadcasters. 
As an example, consider a broadcasting 
operator who has acquired the right from 
a production company to broadcast a TV 
episode. The broadcasting operator has 
also acquired the right to make the TV 
episode available on demand from its 
website to its subscribers via broadband 
access but only after the TV episode has 
been broadcast. In this case, the latter 
right (communication to the public via 
broadband) is dependent upon the use of 
the former communication to the public 
via broadcast.

Payments and notifications
The extension for payments and noti-
fications (mco-pane) provides means 
to define specific obligations for 

completing a media contract scenario. 
Both payments and notifications are 
typically obligated actions that can 
either be triggered by (as a conse-
quence of) rights exploitation actions 
or required as a precondition to rights 
exploitation actions. 

Eventually, the MCO can be used for 
the conversion of narrative media con-
tracts to digital ones and vice versa. Such 
an MCO-based rights management sys-
tem has been built and used by Radio-
televisione Italiana to store, access, and 
modify information on media rights 
purchased and used across its depart-
ments involved in activities ranging 
from media production to broadcast 
scheduling, improving the efficiency of 
media operations. Furthermore, interor-
ganizational (B2B) rights management 
interoperability could be achieved by 
the deployment of MCO open standards 
by other media production companies 
and broadcasting operators.

Usage example
The MPEG IPR ontologies can be used 
as data models, e.g., knowledge graphs, 
for representing media rights. That is, 
actual users, media assets, and rights 
can be represented in RDF, instantiating 
MCO/MVCO/AVCO classes. The next 
RDF statements declare a work identi-
fied by an International Standard Musi-
cal Work Code with exploitation rights 
assigned to a certain PartyA:

:myWork a mvco:Work;
m v c o : h a s R i g h t s O w n e r 
“PartyA”;
: m y W o r k  o w l : s a m e A s 
“T-034.524.680-C”;
The exploitation rights on this work 

may be described in a contract repre-
sented using the MCO. A basic MCO 
contract follows. This allows the com-
munication to the public right of the 
aforementioned work to be transferred 
from PartyA to PartyB:
:a Contract a mco-core:
Contract;
m c o - c o r e : h a s P a r t y 
“PartyA”, “PartyB”;

[] a mvco:Permission;
mvco:permitsAction mco-
ipre:CommunicationTo
ThePublic;
m c o - c o r e : i s s u e d I n : 
aContract;
mco-core:actedBy “PartyB”;
In this usage example, the joint use of 

terms defined in the mvco ontology (such 
as mvco:Permission), in mco-core (such 
as mco-core:Contract), and in mco-ipre 
(such as the communication to the public) 
has been shown. In practice, contracts 
will contain a number of restrictions and 
obligations (such as payments).

Further technical developments
MPEG IPR ontologies can be used by 
music and media value chain stake-
holders to share and exchange in an 

FIGURE 4. The main elements of the MCO model.
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interoperable way all metadata and con-
tractual information connected to creative 
works, leading to transparent payment of 
royalties and reduced time spent searching 
for the right data.

Such MPEG IPR ontology standards 
should convince music and media indus-
try stakeholders to accept technology 
developments catering to the needs of 
music and media rights transparency 
built upon open standards. Related infor-
mation can be found in “Resources.”

Furthermore, an MPEG ad hoc group, 
known as MPEG-21 Contracts to Smart 
Contracts, has recently been established 
to investigate and develop hooks (e.g., 
protocols and application programming 
interfaces) for converting MPEG IPR 
ontologies to smart contracts executable 
on existing blockchain environments, 
thus further increasing trust among music 
and media value chain stakeholders for 
sharing data in the ecosystem. In that 
way, the group is going to also bridge 
the interoperability gap between MPEG 
IPR ontologies (and consequently the 
Semantic Web) and blockchains. Though 
the MPEG ad hoc group is in its infancy, 
it has attracted a significant number of 
industrial and academic experts from 
both the semantic and the blockchain 
communities committed to work on 
the identified challenge. The work is in 
an exploratory phase and a publishable 

working draft is expected soon. Such 
developments toward a semantic music 
and media blockchain have the potential 
to unlock both the Semantic Web and the 
creative economy.
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REFLECTIONS

In Memory of A.H. “Steen” Gray Jr.

My brother, Augustine Heard “Steen” 
Gray Jr., died at home in Flor-
ence, Oregon, on 28 October 2019. 

From the late 1960s through the early 
1980s, we shared several research inter-
ests, which gave me a front seat to and 
a peripheral role in what seemed to me 
a golden age of digital speech research. 
Our professional and personal lives were 
entangled, so I hope I may be forgiven 
for my natural bias in these reflections 
on my admiration and affection for Steen 
as a brother, teacher, colleague, writer, 
friend, and remarkable human being.

Steen was born in Long Beach, Cal-
ifornia, in 1936 to Commander Augus-
tine H. Gray, United States Navy, and 
Elizabeth Jordan Gray. As a Navy brat, 
he moved several times, living in Hono-
lulu, Hawaii; Buenos Aires, Argentina; 
and Newport, Rhode Island before set-
tling in Coronado, California, in 1942. 
Steen graduated from Coronado High 
School in 1953, when he was given a 
Bank of America Science and Math-
ematics Award, a hint of his future 
interests. In 1959, Steen received his 
S.B. and S.M. degrees in electrical 
engineering at the Massachusetts 
Institute of Technology (MIT), where 
he was part of the electrical engi-
neering cooperative program (Course 
VI-A), working for General Electric 
several terms. His final project was 
logic design for ERMA, the first major 
banking computer.

Following his graduation from MIT, 
Steen spent a year as a physics instruc-
tor at San Diego State College, teaching 
electronics and digital computer courses. 
I was a senior in high school that year 
and Steen let me audit his digital com-
puter class, where I learned Boolean 
algebra, logic gates, and simple logical 
design. He was a natural teacher, and I 
learned that technical topics did not have 
to be boring. Steen also infected me with 
some of his musical tastes, most notably 
the Weavers and Pete Seeger, along with 
other folk music and blues gaining popu-
larity in late 1950s California. Steen took 
me to a Pete Seeger concert, where I first 
saw and heard a 12-string guitar. I soon 
owned a Stella 12 string (sold by Sears). 

Steen met, courted, and married 
Mary Averill Forneret of Montréal, Can-
ada, a graduate of McGill University. 
Steen decided to continue his graduate 
work, but his enjoyment of his math-
ematics courses at MIT led him to apply 
to the mathematics department instead 

of electrical engineering at California 
Institute of Technology (Caltech). He 
was turned down due to his lack of an 
undergraduate degree in math, but he 
was offered a compromise: admission 
to the Ph.D. program in the Department 
of Engineering Science, essentially an 
Applied Mathematics Department in the 
Division of Engineering. Steen accepted 
the offer, and he and Averill moved to 
Pasadena. In 1963, Steen and Averill’s 
son Augustine “Tino” Heard Gray III 
was born.

In 1964, Steen received his Ph.D. 
degree from Caltech, and his dissertation 
“Stability and Related Problems in Ran-
domly Excited Systems” provided more 
hints of his future work. He was appointed 
assistant professor of electrical engineer-
ing at the University of California, Santa 
Barbara (UCSB), in July, the same month 
and year that the department was created. 
Steen and Averill moved to Santa Bar-
bara and quickly immersed themselves in 
local activities, including the Get Oil Out 
(GOO) movement and the Santa Barbara 
Zoo. They made almost annual three-
week voyages in a large (often unreliable) 
recreational vehicle to visit Averill’s sister 
on Hornby Island off Vancouver Island, 
passing through and falling in love with 
Florence, Oregon, on their way. 

As one of the founding faculty mem-
bers of the Electrical Engineering Depart-
ment, Steen helped to build its academic 
program. He taught courses in circuits, 
numerical analysis, linear systems, trans-
form techniques, digital signal process-
ing, and complex variables.
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Steen and I were in fairly frequent 
contact from 1966 to 1969 while I was 
at USC getting my Ph.D. degree. I recall 
him talking about his interests in discrete-
time linear filters and Fourier analysis, 
and we chatted about my initial efforts 
to find a dissertation project in Shan-
non rate-distortion theory that focused 
on simple examples of autoregressive 
sources. Steen suggested using linear 
difference equations to solve for the 
eigenvalues of an almost Toeplitz inverse 
autocorrelation matrix, which solved my 
special case and got me started. 

We visited Acres of Books in Long 
Beach, which was then the largest and 
oldest family-owned bookstore in Cali-
fornia. As with music, brotherly osmo-
sis resulted in my acquiring many of 
his literary tastes of the time, including 
late 19th-century adventure fiction and 
pulp fiction collected and published by 
Arkham House. On occasion, Steen and 
Averill would drive to Manhattan Beach 
for parties my bandmates and I threw, 
including our electrified versions of 
familiar folk songs and blues.

In 1968, Steen was promoted to 
associate professor, and John D. Markel 
arrived at the Speech Communications 
Research Laboratory (SCRL). John 
began applying the digital filtering and 
z transform expertise he had acquired at 
Arizona State and Motorola to speech 
processing. John’s salary and an even-
tual doctoral study grant allowed him to 
pursue a Ph.D. degree at nearby UCSB, 
so he began looking for a dissertation 
topic. He first approached Glen Culler, 
who was famous for his computer net-
working and his “online” signal process-
ing system networking graphic displays, 
large computers, and keyboards to 
provide a real-time signal processing 
laboratory in the classroom. Culler was 
working on a variation of the analysis/
synthesis approach to voice coding 
(vocoding), which encoded speech by 
fitting a parametric model to observed 
speech segments (analysis), quantizing 
the parameters for transmission, and 
reconstructing the approximate model 
at the receiver to synthesize the speech. 
Culler used sinusoids modulated by 
Gaussian wave functions, later called 
Gabor wavelets, as synthesis mod-

els. His analysis involved algorithms 
(known only to himself), which took 
advantage of the extraordinary comput-
ing power he commanded. Culler turned 
John down flat, but John decided to per-
severe on the topic and began to look for 
technical help.

John met Steen during the math por-
tion of his Ph.D. entrance exam and 
afterward approached Steen for the 
help that Culler had denied. In John’s 
words, “This is where I went to Steen 
and realized that he was a true genius 
with specialized skill in closed-form 
solutions. From there it’s a great story of 
Steen’s generosity and ability and how 
we ended up complementing each other 
for 30 some IEEE articles.”

In a 2003 email, Steen related his 
view of his early interactions with John:

He had moved into more practical 
& pragmatic speech research but 
was lacking in math. I liked apply-
ing math to anything and we had 
a lot of fun. The digital filtering 
stuff (lattice, ladder, normalized) 
dropped mostly out of playing with 
the math and limitations of fixed 
point arithmetic. The elliptic filter 
(unrelated to speech) was because 
somebody was selling programs 
to do it and I thought it would be 
nice to create one and put one in the 
public domain–besides which it got 
us a paper.
Steen joined John’s dissertation com-

mittee, and John brought up a new project 
at SCRL. Hisashi Wakita had been very 
impressed by a December 1966 report 
from Nippon Telegraph and Telephone in 
Japan that had been written by a young 
Japanese doctoral student at Nagoya 
University named Fumitada Itakura 
and his Ph.D. supervisor Shuzo Saito 
[1]. Wakita had worked with Saito and 
was one of the few speech researchers 
in the United States who could read the 
Japanese report. Like Culler’s approach, 
it was an analysis/synthesis vocoder, 
but Itakura used stationary Gaussian 
autoregressive processes as the synthesis 
model and fit a model to the observed 
data by approximating a maximum like-
lihood (ML) estimate of a parameter 
vector, specifying the model based on an 
observed speech sample vector. 

Since the models were Gaussian, the 
ML estimator corresponded to optimal 
linear prediction. They were also sta-
tionary, so the method was equivalent 
to fitting the Toeplitz autocorrelation 
or the power spectral density to sam-
ple-based estimates. There was also 
explicit pitch detection for determining 
a driving function for the autoregressive 
or all-pole filter for modeling voiced 
sounds. This approach to vocoding is an 
example of what would be named lin-
ear predictive coding (LPC) by Bishnu 
Atal of Bell Labs in 1969; Itakura and 
Atal share credit for inventing LPC. 
John’s dissertation research suggested 
that Culler’s approach was not promis-
ing, but the Itakura approach captivated 
Hisashi, John, and Steen. 

Hisashi saw the connections with the 
physics of speech production and mod-
eling the vocal tract with acoustic tubes, 
John saw the approach as designing 
all-pole filters with correlation match-
ing that of observed signals, and Steen 
saw the problem as fitting station-
ary autoregressive random processes 
to observed signals so that the spectral 
densities were the best possible match. 
Itakura’s approach was all of those 
things and more. 

In 1969, Steen joined SCRL as a con-
sultant (SCRL did not pay consulting 
rates, only ordinary employee hourly 
salary, and there were no benefits), and 
in 1971, Steen became both a consultant 
and summer employee at SCRL.

As the SCRL work proceeded, a series 
of reports and articles reported advances 
in filter design, public domain heav-
ily commented Fortran algorithms for 
speech processing and coding, relations 
of LPC to new and classic formula-
tions of speech as well as to other fields, 
and an analysis of quantization effects. 
These pieces combined to provide a 
detailed description and prescription for 
vocoder design consistent with the Ita-
kura formulation. Standing out among the 
numerous manuscripts were two highly 
referenced 1973 SCRL reports [2], [3]
and a (the, in my opinion) classic book 
on the topic, Linear Prediction of Speech
by Markel and Gray [4], which included 
the distilled wisdom of the reports and 
many published articles. 
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The book was a masterpiece, des-
cribing the many approaches to the 
problem, the underlying theory and 
algorithms, linear filter design, spectral 
analysis, pitch extraction and fundamen-
tal frequency estimation, and Fortran 
implementation. The U.S. military and 
the National Security Agency (NSA) 
eventually adopted and standardized 
the Markel/Gray implementation of 
the Itakura approach to LPC for secure 
2,400 bit/s digital vocoders. A decade 
ago, Dr. Joseph P. Campbell of Lincoln 
Laboratory (at NSA from 1979 to 1990) 
wrote of the book [11]:

In true engineering form, Drs. 
Markel & Gray reduced com-
plicated mathematics to prac-
tice in the form of practical and 
efficient FORTRAN code while 
presenting a rigorous mathemati-
cal development. This rare com-
bination of rigorous theory and 
code, which might have been the 
first in speech, made this book a 
remarkable contribution for its day. 
Markel & Gray was the first book 
that everyone joining the Speech 
Coding branch of the Communica-
tions group at NSA was expected 
to read. As a measure of the lon-
gevity of Markel & Gray’s contri-
butions, their code from 1976 is 
still in operational use today, over 
30-years later, in the US Govern-
ment’s and NATO’s standard 
secure voice terminals. … Linear 
prediction also forms the founda-
tion for the speech coding used in 
today’s cellular telephones. Markel 
& Gray reduced linear prediction 
to practice and are largely respon-
sible for its widespread dissemina-
tion and successful use to this day.
Meanwhile, in 1968, Culler had 

joined with Elmer Shapiro, Len Klein-
rock, and Larry Roberts to complete the 
specification of the interface message 
processor (IMP), the basic node of the 
ARPAnet, which is the predecessor to 
the Internet. In 1969, UCSB became the 
third node of the ARPAnet, and Culler 
founded Culler-Harrison Inc. (CHI), an 
early developer of array processors. Both 
CHI and SCRL had dedicated phone 
lines connecting to the UCSB IMP and 

SCRL was involved with real-time sig-
nal processing and operating systems on 
networks from the beginning. 

By 1972, it was apparent to Robert 
Kahn at ARPA that the network speed 
constraints were insufficient to provide 
real-time communication of decent 
speech quality. Kahn discussed his 
ideas with Danny Cohen, who was then 
a Ph.D. student at Harvard University, 
Cambridge, Massachusetts, working 
on real-time flight simulations across a 
network. Danny knew about real-time 
signal processing and networks and 
knew he could get up to speed quickly 
on speech coding. At Kahn’s suggestion, 
Danny moved to USC’s Information Sci-
ences Institute (ISI) in Marina del Rey, 
California, and in 1973, he became chair 
of the new Network Secure Communi-
cations (NSC), charged with exploring 
the possibilities of packet speech on the 
ARPAnet. Joining ISI on the NSC were 
SCRL, SRI, BBN, CHI, the University 
of Utah, and MIT Lincoln Lab. ARPA 
provided funding and active partici-
pation. Amazingly, this disparate group 
successfully demonstrated the first 
real-time understandable quality packet 
speech in an experiment between CHI 
and MIT Lincoln Lab over the ARPA-
net at 3.5 kbit/s in December 1974. 
The speech-coding component was the 
Markel and Gray implementation of the 
Itakura LPC algorithms.

The demonstration influenced the 
separation of the Internet Protocol (IP) 

from the Transmission Control Proto-
col and laid the groundwork for voice 
over IP. The story is told in detail in [9]
and [10] along with citations of primary 
sources. The underlying foundational 
work of John and Steen won them an 
IEEE Acoustics, Speech, and Signal 
Processing (ASSP) Senior Award, elec-
tion to IEEE Fellow, and an ASSP Tech-
nical Achievement Award.

I was only dimly aware of this story 
as it was unfolding. I had occasional 
conversations with Steen about quan-
tization and speech compression, but I 
only got seriously involved with Steen 
and John as a latecomer in 1975, when 
John noted that many algorithms had 
been published that claimed optimal 
quantization of LPC parameters and 
complained that it was difficult to inter-
pret what optimal meant when so many 
approaches claimed the attribute. 

Steen and I took this as a great excuse 
to work together and began to actively 
collaborate on research for the first time, 
looking primarily to the classic theo-
retical approach to quantization of Wil-
liam R. Bennett and Stuart Lloyd at Bell 
Labs. The project was great fun and led 
to a thorough analysis and comparison of 
many of the popular techniques for sca-
lar quantization of various parametric 
representations of LPC models [5]. As a 
side benefit, Steen and I discovered sim-
ple proofs of the classic asymptotically 
optimal scalar quantization approxima-
tions, which were published in IEEE 
Transactions on Information Theory in 
the same month. Publishing simultane-
ous papers with my brother was a high 
point in my career.

Scalar quantization of parameter vec-
tors is suboptimal in the Shannon sense 
and practically the overall quality can 
be significantly affected by which 
parameterization is chosen. So Steen and 
I thought that it would be interesting to 
try the other theory of quantization and 
compression, Shannon rate-distortion 
theory, on speech coding (an idea first 
suggested by Chaffee and Omura in 
1974). Two of my students (Andrés Buzo 
and Yasuo Matsuyama) became involved 
with Steen, John, and me in developing 
algorithms for vector quantization design 
for LPC speech models using Lloyd’s 

John and Steen at SCRL, c. 1974, with 
Larry Pfeiffer and PDP-11 in the background. 
This photo was shown in IEEE Acoustics, 
Speech, and Signal Processing Newsletter, 
number 35, November 1975.
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Method I with Saito and Itakura’s error 
matching measure, which we called the 
Itakura-Saito distortion. About this time, 
Steen suggested using amateur (ham) 
radio to provide more opportunities to 
chat about our joint speech research. 
He had an Amateur Extra class license 
(AA6H) and I  had an Advanced class 
license (KB6XQ), and for several years 
most of our technical discussions were by 
radio, which surprisingly worked pretty 
well (and drew many curious hams).

The work was disrupted in 1977 
when John and Steen left SCRL to found 
Signal Technology, Inc. (STI) along with 
Larry Pfeiffer. John became president of 
the corporation and Steen became secre-
tary, as well as continuing as a part-time 
and summer employee. John brought 
several of his speech-coding and relat-
ed contracts with him so the speech 
research could continue, but STI’s main 
product was the Interactive Laboratory 
System (ILS), a Fortran-based system 
for real-time signal processing in educa-
tion and research, which combined John 
and Steen’s speech algorithms with a 
variation of Glen Culler’s online signal 
processing system. David Wong, Steen’s 
Ph.D. student, joined STI from SCRL as 
a research engineer as he was finishing 
his dissertation.

The initial work on vector quantiza-
tion of LPC speech came to fruition in 
1978 with three presentations of joint 
work by Steen, me, John, Buzo, and Mat-
suyama on a 792 bit/s LPC vocoder using 
vector quantization of the model filter 
parameters along with standard pitch 
and voicing algorithms from SCRL and 
STI. In late June, Steen presented a talk, 
“Speech Compression and Speech Dis-
tortion Measures,” at an IEEE informa-
tion theory workshop at Lake Tahoe. He 
played tapes for the system using code-
books designed with the Lloyd clustering 
algorithm with the Itakura-Saito distor-
tion on a large training set and on a test 
speaker not in the training set. Unfortu-
nately, the codebook had been trained and 
the tapes made at the last minute; Steen 
and I received the tapes only the night 
before the talk, and they sounded awful. 
Steen called John, who discovered that 
the original training and test sequences 
indeed sounded awful, but our numeri-

cal results showed a good match between 
input and output, and the two sounded 
alike (both awful). Steen handled the talk 
brilliantly and turned a potential disaster 
into good entertainment. 

I presented “Source Coding and 
Speech Compression” at the 1978 Inter-
nationl Telemetering Conference in Los 
Angeles, California (the proceedings 
article in [6] has the technical details 
of the experiment), and Steen presented 
“Optimal Quantizations of Coefficient 
Vectors in LPC Speech” at the 1978 
Joint Meeting of the Acoustical Society 
of America and the Acoustical Society 
of Japan in Honolulu. In October 1980, 
Buzo, Steen, John, and I published 
“Speech Coding Based Upon Vector 
Quantization” [7], which provided a 
thorough experimental performance 
comparison at a range of bit rates for 
both fully searched and binary tree-
structured vector quantized LPC [7]. 
The paper won Steen and John a second 
ASSP Senior Award.

Over the following few years, the 
results were elaborated on and extended 
in many directions, but after 1982, Steen 
vanished from research and papers. 
Steen’s and my final coauthored paper 
(along with John Shore and my student 
Guillermo Rebolledo) appeared in late 
1981 in IEEE Transactions on Informa-
tion Theory. In October 1982, Steen’s 
paper with his former students David 
Wong and Biing-Huang (Fred) Juang 
provided a detailed development of an 
operational 800 bit/s vector quantized 
LPC vocoder [8] with many improve-
ments, based on an STI project funded 
by the Naval Research Laboratory. This 
was Steen’s final research publication.

Steen’s abrupt disappearance from 
academia and research at the young age 
of 46 is attributable to the tragic early 
death in late 1979 of his and Averill’s 
only child, Tino. Steen retired from 
UCSB in 1980 and moved to STI full 
time, where he held successive positions 
as senior scientist, vice president, and 
executive vice president through 1988. 
From 1988 to 1993, he held various posi-
tions with derivative companies of STI.

In 1991, Steen and Averill retired to 
Florence, Oregon, where they became 
active volunteers for the Oregon Coast 

Humane Society, for whom Steen cre-
ated and managed their computer net-
work and later their webpages. Steen 
and Averill adopted a succession of res-
cue cats and dogs over the years.

Until Averill’s death in 2016, Steen 
and I were in regular email contact; nei-
ther of us much liked telephone conver-
sations, and we both typed quickly. Most 
of the conversations were about family, 
gadgets (computers, scanners, recorders, 
audio software and players, abacuses), 
music, and BBC comedy. We did not dis-
cuss technical issues, but we did discuss 
technical history, as we had discussed 
the history of the NSC ARPAnet packet 
speech project when I was preparing the 
talks that led to [9] and [10]. 

Steen’s main occupation for several 
years was as caregiver for Averill. I last 
visited him in Florence in summer 2018, 
and he was mobile, still driving, and liv-
ing independently. But he was nearly 
blind, no longer read, could not walk 
much, missed Averill terribly, and had 
little interest in activity. In the last email 
I received from him in March 2019, he 
said he rarely did email anymore and 
that “I’ve aged rather a bit in the past 
few years.” His personal computing net-
work at home as well as at the shelter 
office was ancient and obsolete; it was a 
personal challenge for him to keep it all 
working. I suspect that toward the end 
he had the same view of himself.

Steen is remembered by his students 
as an amazingly good teacher who could 
make complex technical ideas clear and 
seemingly simple. Over the holidays in 
December 1960, he managed to teach 
me enough freshman calculus and phys-
ics to survive my first MIT semester. I’ll 
close these reflections with a quote from 
David Wong. I cannot put it any better.

Steen lived a very meaningful and 
honorable life. He did not seek fame 
or fortune or glory, but has made 
his marks everywhere he lived and 
worked. He certainly left his mark 
in my life. We were teacher/stu-
dent, colleagues, friends through 
the decades (1972 to 1990s) until he 
moved away. We worked together 
and enjoyed each other’s company 
as we both made the transition from 
academia into business. I still think 



100 IEEE SIGNAL PROCESSING MAGAZINE   |   March 2020   |

of him often as the one teacher 
who had the biggest impact on my 
growth, development, and moral 
compass. There is no finer scholar, 
teacher, human, citizen than Steen!! 
I can only hope to emulate his char-
acter, because his intellect is simply 
beyond my reach. I will always 
remember him and I hope to leave 
the same type of memory in those 
who have been in my life as he has 
in mine.

Author
Robert M. Gray (rmgray@stanford
.edu) received his B.S. and M.S. degrees 
from the Massachusetts Institute of 
Technology, Cambridge, in 1966 and 
received his Ph.D. degree from the 
University of Southern California, Los 
Angeles, in 1969. He is the Alcatel-
Lucent Technologies Professor of 
Communications and Networking in the 

School of Engineering, Emeritus, Stanford 
University, California. He is a research 
professor in the Electrical and Computer 
Engineering Department, Boston Uni -
versity. He received the IEEE ASSP So -
ciety Senior award in 1983 with Andrés 
Buzo, Augustine H. Gray Jr., and John 
Markel for [7]. He also received the Jack 
S. Kilby Medal in Signal Processing and 
the Claude E. Shannon Award in 2008. 
He is a Life Fellow of the IEEE.

References
[1] S. Saito and F. Itakura, “The theoretical consider-
ation of statistically optimum methods for speech spectral 
density,” Elect. Commun. Lab., NTT Nippon Telegraph 
and Telephone, Tokyo, Rep. 3107, Dec. 1966.

[2] J. D. Markel, A. H. Gray, and H. Wakita, “Linear 
prediction of speech: Theory and practice,” Speech 
Commun. Res. Lab., Santa Barbara, CA, Monograph 
No. 10, Sept. 1973.

[3] J. D. Markel, A. H. Gray, and H. Wakita, 
“Documentation for SCRL linear prediction analysis/
synthesis programs,” Speech Commun. Res. Lab,  
Santa Barbara, CA, Nov. 1973. 

[4] J. D. Markel and A. H. Gray Jr., Linear 
Prediction of Speech. Berlin: Springer-Verlag, 1976.

[5] A. H. Gray Jr., R. M. Gray, and J. D. Markel, 
“Comparison of optimal quantizations of speech 
reflection coefficients,” IEEE Trans. Acoust. Speech 
Signal Process., vol. 25, no. 1, pp. 9–23, Feb. 1977. 
doi: 10.1109/TASSP.1977.1162907.

[6] R. M. Gray, A. Buzo, Y. Matsuyama, A. H. Gray, 
Jr., and J. D. Markel, “Source coding and speech 
compression,” in Proc. Int. Telemetering Conf., vol. 
14. San Diego, CA: International Foundation for 
Telemetering, Nov. 1978, pp. 871–878.

[7] A. Buzo, A. H. Gray Jr., R. M. Gray, and J. D. 
Markel, “Speech coding based upon vector quantiza-
tion,” IEEE Trans. Acoust. Speech Signal Process., 
vol. 28, no. 5, pp. 562–574, Oct. 1980. doi: 10.1109/
TASSP.1980.1163445.

[8] D Y. Wong, B-H Juang, and A H. Gray, Jr., “An 
800 bit/s vector quantization LPC vocoder,” IEEE 
Trans. Acoust. Speech Signal Process., vol. 30, no. 5, 
pp. 770–780, Oct. 1982. doi: 10.1109/TASSP.1982. 
1163960.

[9] R. M. Gray, “The 1974 origins of VoIP,” IEEE 
Signal Process. Mag., vol. 22, no. 4, pp. 87–90, July 
2005. doi: 10.1109/MSP.2005.1458295.

[10] R. M. Gray, Linear Predictive Coding and the 
Internet Protocol. Hanover, NH: Now Publishers 
Inc., 2010. [Online]. Available: https://ee.stanford 
.edu/~gray/lpcip/

[11] J. P. Campbell, private communication,  
Feb. 2009.

 
SP

What we have learned
Continuity is a very important property of 
LTI systems, without which an LTI system 
may not be completely specified by its 
impulse response. For example, not every 
LTI system can be described by convolu-
tion, although every convolution defines 
an LTI system. For linear systems, the con-
tinuity implies the BIBO stability, whereas 
the converse is not true in general. In other 
words, BIBO stability does not always 
guarantee the stability of a linear system.
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General Cochairs: Geoffrey Le  
and Xiaoli Ma
URL: https://spawc2020.netlify.com

JUNE
IEEE Sensor Array and Multichannel  
Signal Processing Workshop (SAM)
8–11 June, Hangzhou, China.
General Chairs: Martin Haardt  
and Zhiguo Shi
URL: http://www.sam2020.cn

JULY
IEEE International Conference on  
Multimedia and Expo (ICME)
6–10 July, London, United Kingdom.
General Chairs: Marta Mark, Ebroul Izquierdo, 
and Vladan Velisavljevic
URL: http://www.2020.ieeeicme.org/

IEEE Statistical Signal Processing  
Workshop (SSP)
12–15 July, Rio de Janeiro, Brazil.
General Chair:  C. de Lamare
URL: http://ssp2020.cetuc.puc-rio.br/

SEPTEMBER
2020 IEEE 22nd International Workshop  
on Multimedia Signal Processing
21–23 September, Tampere, Finland.
General Chairs: Atanas Gotchev and
Dong Tian
URL: https://events.tuni.fi/mmsp2020/

OCTOBER
IEEE International Conference  
on Image Processing (ICIP)
25–28 October, Abu Dhabi,  
United Arab Emirates.
General Chairs: Mohammed Al-Mualla and 
Moncef Gabbouj
URL: http://2020.ieeeicip.org/

NOVEMBER
54th Annual Asilomar Conference on 
Signals, Systems, and Computers
1–4 November, Pacific Grove, California,  
United States. 
General Chair: Joseph R. Cavallaro
URL: www.asilomarssc.org
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including the Challenges and Data Col-
lections Subcommittee, recently estab-
lished by the Technical Directions Board 
to oversee the SPS Challenges Program, 
and the IEEE SPS Autonomous Systems 
Initiative, which promotes technical and 
educational activities in autonomous sys-
tems. Other activities of the SPTM TC 
include the generation of instructional 
and motivational material in the form of 
text and video on the practical applica-
tions of signal processing theory and the 
promotion of webinars, online courses, 
and other educational resources covering 
topics within the areas of the TC.

The SPTM TC actively participates 
in the nomination process for major 
IEEE and SPS awards. Some of the 
paper awards for which the SPTM TC 
systematically nominates candidates in-
clude those for Signal Processing Best 
Paper, Best Overview Paper, Signal Pro-
cessing Magazine Best Paper and Best 
Column, SPS Best Paper, and SPS Young 
Author Best Paper. The SPTM TC has 
established a very careful nomination 
process, coordinated by the Awards Sub-
committee, which involves detailed re-
views of several papers nominated by TC 
members. For the major awards, the TC 
nominates candidates for  the Educa-
t ion Award, Early Career Technical 
Achievem e n t  Awa r d ,  S P S  Award, 

and Technical Achievement Award. 
The SPTM TC also nominates can-
didates for Distinguished Lecturers and 
Distinguished Industry Speakers.

Another important objective of the 
SPTM TC is to identify emerging theo-
retical areas that are promising for sig-
nal processing applications and promote 
these areas by facilitating the disclosure 
of relevant research in signal processing 
conferences and journals. One area that 
has been recently included in the techni-
cal activities of the SPTM TC is graph 
signal processing, which focuses on the 
development of tools for processing data 
defined on irregular graph domains. New 
theories and methods in this field include 
a linear discrete signal processing frame-
work to process data sets arising from sev-
eral types of networks, including social, 
biological, and physical. Applications, 
such as health monitoring, banking, traf-
fic control, and marketing, have benefited 
from the new methods developed under 
the umbrella of graph signal processing. 

More recently, the area of quantum 
signal processing (QSP) has been incorpo-
rated into the SPTM TC technical activi-
ties. QSP borrows from the formalism and 
principles of quantum mechanics to estab-
lish a new theory for signal processing 
with applications in areas such as quanti-
zation and sampling methods, detection, 

and parametric estimation. QSP establish-
es a new framework for developing new 
signal processing algorithms by exploit-
ing the probabilistic nature of quantum 
mechanics without the need to satisfy the 
practical requirements dictated by physi-
cal implementations based on quan-
tum mechanics.

The SPTM TC maintains a webpage 
dedicated to TC activities (https://sig
nalprocessingsociety.org/get-involved/
signal-processing-theory-and-methods/
sptm-home), where one can find ways 
to participate in the TC activities, 
become an affiliate member, and be 
nominated for possible election as a 
TC member.
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FIGURE 1. Peter Schreier speaking at the 2018 SSP Workshop.
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University of Pelotas, Brazil, as well as a 
consultant in signal processing. His cur-
rent research interests include statisti-
cal signal processing, 
including image pro-
cessing, adaptive fil-
ters, hyperspectral 
image processing, and 
machine learning. He 
is senior area editor of 
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Signal Processing and 
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José C.M. Bermudez, Mónica F. Bugallo, and Alle-Jan van der Veen

Highlights From the Signal Processing  
Theory and Methods Technical Committee

T he IEEE Signal Processing Theory 
and Methods Technical Committee 
(SPTM TC) is one of 13 TCs in the 

IEEE Signal Processing Society (SPS). 
Its mission is to support, nourish, and 
lead scientific and technological devel-
opment in all theoretical aspects of sig-
nal processing. The TC has 42 volunteer 
members who are elected among leaders 
from academia and industry.

The SPTM TC promotes activities 
within the technical areas of digital signal 
processing and statistical signal process-
ing. As such, its interests span a broad 
range of topics, from classical fields (signal 
sampling and reconstruction, digital filter-
ing, multirate signal processing, adaptive 
signal processing, statistical signal analy-
sis, estimation, and detection) to more 
recent and currently emerging areas (com-
pressed sensing, signal processing over 
graphs and networks, and optimization). 
Due to its breadth and fundamental nature, 
this TC is often the first home for new 
directions within the scope of the SPS.

As its name suggests, the SPTM TC 
is a cross-cutting group that focuses 
on theory and methods for signal pro-
cessing applications. The TC is inter-
ested in the theoretical aspects of the 
methods, which are spread across and 
employed in numerous domains, such 
as sensor arrays, communication, audio 
and image processing, and biomedical 
applications. Theoretical studies that 
are fundamental to the advancement of 
these important areas include time–fre-

quency analysis, multirate processing, 
optimization methods, adaptive filter-
ing, filter design, detection and esti-
mation theory and methods, sampling 
theory, transforms, algorithm perfor-
mance analysis, signal and information 
processing over graphs, learning the-
ory, quantization, tensor theory, sig-
nals and systems modeling, distributed 
processing, sparsity-aware processing, 
quantum signal processing, and dis-
tributed processing over networks.

The SPTM TC sponsors the IEEE 
Workshop on Statistical Signal Pro-
cessing (SSP) (Figure 1), which is the 
most prestigious event for presenting 
and discussing new research results 
on statistical methods applied to signal 
processing (Table 1). The 2018 work-
shop was held in Freiburg im Breisgau, 
Germany. It was chaired by Peter Sch-
reier, with Javier Vía and Arie Yeredor as 
technical program cochairs, and attract-
ed 250 attendees. The 2020 workshop 
will be held in Rio de Janeiro, Brazil, 
and chaired by Rodrigo de Lamare, with 
Vítor Nascimento and José Bermudez as 
technical program cochairs.

The largest meeting point for the 
SPTM community is ICASSP. The 

SPTM track had 375 paper submissions 
for ICASSP 2016 in Shanghai, China; 410 
submissions for ICASSP 2017 in New 
Orleans, Louisiana; 331 submissions for 
ICASSP 2018 in Calgary, Alberta, Can-
ada; and 333 submissions for ICASSP 
2019 in Brighton, United Kingdom. The 
upcoming ICASSP 2020 (Barcelona, 
Spain) has 411 submissions in the SPTM 
track, breaking the four-year record estab-
lished in 2017 and showing the continued 
importance of the theoretical advances in 
the SPTM field for the development of 
new technologies.

The scope of the SPTM TC aligns 
with that of the European Association 
for Signal Procession (EURASIP) The-
oretical and Methodological Trends in 
Signal Processing Technical Area Com-
mittee, so it is not surprising that there 
is overlap in topics, activities, and mem-
bership. A strong example is the joint 
cosponsorship of seasonal schools, 
such as the 2019 IEEE-SPS/EURASIP 
Summer School on Network- and Data-
Driven Learning.

The SPTM TC participates in other 
technical activities within the IEEE SPS, 
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Table 1. The recent SSP Workshop editions.

Year Location Chairs Papers Attendees

2014 Gold Coast,  Australia Abd-Krim Seghouane and 
Rob Evans

143 141

2016 Palma de Mallorca, Spain Antonio Artés-Rodríguez and 
Joaquín Míguez Arenas

154 193

2018 Freiburg im  Breisgau, Germany Peter Schreier 173 250
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SCOPE 
During the twentieth century, the number of seniors over the age of sixty has increased significantly, which has raised the alarming 
concern of society aging and the balance between the available resources and the need for serving an aged society. A recent study 
from the United Nations (UN) has shown that the number of people over the age of sixty will increase from 962 million in 2017 to 
2.1  billion by 2050, and to 3.1 billion by 2100. Similarly, the average life expectancy in the US is expected to reach 75.0 and 83.1 in 
2040 for men and women, respectively. In parallel with the ageing of the world population, there has been an increase in age-related 
health issues, such as stroke, sensorimotor disorders, Parkinson’s disease, and essential tremor, which significantly impact the health 
care systems. With a system that is under-resourced, patients are transferred from the hospitals to home while still suffering from 
major functional deficits. In this ageing crisis, a potential solution is to develop technologies and techniques that can provide (a) 
efficient, effective, widely-accessible, and affordable means of neurorehabilitation; and (b) intuitive and agile assistance to maximize 
the patients’ independence during activities of daily living. Biological Signal Processing (BSP) is playing an imperative role in 
this domain for realizing advanced, intelligent, and dynamic rehabilitation and assistive solutions. This area of research includes 
processing, decomposing, and decoding of bioelectrical, biomechanical, and biochemical signals. The nonstationary and nonlinear 
nature of biological signals and the corresponding technical challenges in the area of man-machine interfacing, call for novel and 
innovative techniques beyond conventional approaches. The ultimate goal is to implement practical and effective augmentation 
techniques for the sensorimotor capabilities of the affected individuals and to allow for either (i) Instantaneous replacement of the 
lost motor functions (i.e., assistive solution), or; (ii) Gradual enhancement of the residual functions (i.e., rehabilitative solution). 
Through the use of advanced signal processing techniques, the motor intent of the individual can be decoded and decomposed into 
the underlying neuromechanical activities. This would ultimately enable the fusion of human neuromechanics with robotic, bionic, 
and neurorehabilitative technologies. Through advanced real-time processing of multichannel and multimodal biological signals 
(e.g., EEG, ECG, eye gaze, video, speech, MMG, FMG, and EMG), effective and alternative treatments and diagnosis are possible. 
Leveraging recent advances in the field of biological signal processing and machine learning, a revolution can be foreseen in the field 
of neurorehabilitation and neuroprosthetics. Motivated by the above-mentioned note, this special issue seeks to provide a platform 
for summarizing, educating, and sharing the state-of-the-art techniques and technologies related to signal processing applied to the 
domain of neurorehabilitation, neuroprosthetics, and assistive systems. Topics of interest include, but are not limited to: 

• Biological signal processing for efficient and high-resolution man-machine interfacing 
• High-fidelity brain-computer interfacing for diagnosis and therapy 
• Signal Processing for neurorehabilitation robotic technologies 
• Signal processing for wearable health technologies 
• Signal and video processing for Tele-rehabilitation 
• Machine intelligence and biosignal processing for neuroprosthetics 
• Blind source separation for decomposing high-density biosignals 
• IoT applications in neurorehabilitation, and movement assistance 
• Multi-modal and distributed sensing for mobile and telehealth 
• Signal processing for multilateral rehabilitation 
• Biofeedback technologies for regeneration of the lost perceptual capabilities 
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Authors are invited to submit their contributions by following the detailed instructions given in the “Information for Authors” at 
https://signalprocessingsociety.org/publications-resources/ieee-signal-processing-magazine. 
Manuscripts should be submitted via Manuscript Central at https://mc.manuscriptcentral.com/spmag-ieee . Ques- 
tions about the special issue should be directed to the Guest Editors. 
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