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Abstract—A pair-wise processing algorithm has been 
developed to localize broadband sources in shallow 
water. A simple sparse hydrophone array with number 
of elements roughly equal to the maximum number of 
sources is used. The sources can be continuous-wave (i.e. 
no onset times), and no previous knowledge of source 
signatures is required. The processor is spatially coherent 
and partially frequency coherent. Simulations show 
considerable improvement over conventional (i.e. 
frequency incoherent) matched field techniques under 
realistic noise conditions, with environmental mismatch 
and multiple sources. Spectrograms have been 
incorporated into the algorithm to make use of higher 
frequencies at greater ranges. Our work is motivated by 
the problem of localizing multiple singing humpback 
whales. 
 
I. INTRODUCTION 
 

The goal of our research is to extend and implement 
passive acoustic localization algorithms for use in tracking 
vocalizing humpback whales on winter breeding grounds. 
Acoustical techniques have advantages over visual and 
tagging techniques since they are non-invasive and 
unobtrusive, they are not interrupted by poor weather 
conditions or lack of daylight, they enable continuous and 
remote sensing, and they are cost and time efficient. 

Although localization methods for underwater sources 
have made great progress over the last 25 years (see [1]-[3] 
for overviews), their application to humpback whale 
localization is problematic because of their need for large 
numbers of hydrophones, e.g. vertical line arrays, assets that 
are seldom available to scientists studying whales. 
Accordingly, acoustical methods for locating whales have 
often relied on simple assumptions, such as constant sound-
speeds and straight-line propagation, that are not satisfied by 
the shallow water environments in which humpbacks are 

usually found [4]. Model-based methods (i.e. those that use 
computer models of acoustic propagation) are desirable in 
this problem, but available model-based methods can be 
difficult to apply, mainly due to the characteristics of 
humpback vocalizations. These include: 

• Unknown waveforms: the whale’s song is not known 
(or, technically, how far the whale is into the song is 
unknown). 

• Continuous waveforms: song units typically consist of 
up-sweeps, down-sweeps, and constant-frequency 
contours [5]. 

• Multiple sources: singers tend to space themselves about 
4-6 km apart [6], although the spacing becomes tighter 
with increasing density of whales. 

• Broadband, mid-frequencies: 30 Hz – 8kHz [7]. 
 Since model-based algorithms depend on the agreement 
of measured signals with synthetic signals, they have 
difficulty with high-frequency sources, i.e. sources located 
many wavelengths from receivers. For source-receiver 
offsets many wavelengths long, fluctuations and 
uncertainties in sound speed profile and bathymetry distort 
actual signals to the point where they no longer agree with 
signals synthesized under the assumption of a constant 
environment. Thus popular model-based techniques have 
been limited to low frequencies (well below 1 kHz) where 
such environmental mismatch is less harmful. Only recently 
have mid and high frequencies started being explored for use 
in source localization [2], [8]. 

Another limit to existing techniques is that most require 
additional assumptions about the source. For example it is 
often assumed that there is only one source, or that the 
source waveform is known, impulsive, or narrow-band. In 
addition, as noted above, some techniques rely on line 
arrays. We consider arrays with a few hydrophones 
separated by many source wavelengths (sparse arrays) 
because they are often the only type of array available to 
whale researchers, and they are usually the simplest and least 



costly type of array [9]. Various sparse arrays currently in 
operation (e.g. AUTEC, PMRF, and the Southern California 
Offshore Acoustic Range) can be used to gather marine 
mammal data. 

In this work we address the problem of low spatial 
resolution (of arrays with relatively few hydrophones) by 
utilizing the frequency coherence of the source signal as well 
as its spatial coherence; we do this without the usual 
requirement that the source signal be known. We address the 
problem of lowered coherence at high frequencies by 
processing spectrograms instead of waveforms. 
 
II. ALGORITHMS 
 

To deal with unknown, continuous-wave sources, a pair-
wise waveform (PWW) processor is used. It is an extension 
of the pair-wise inversion technique of Frazer and Sun [10], 
with application of ideas from Westwood’s broadband 
processor [11]. Here we assume that all hydrophones have 
the same unknown transfer function; arrays in which 
different hydrophones have different transfer functions can 
be accommodated by four-wise processors [10] with lower 
resolution. 

To understand the PWW processor, consider the received 
signals at two hydrophones,  R1 (ω ) and  R2 (ω ) . Let 

1
ˆ ( )G ω and 2

ˆ ( )G ω  denote the channel Green’s functions 
from the source to the first and second hydrophones, 
respectively. The received spectra (measured) are the 
products of the source spectrum,   W (ω ) , with the impulse 
responses, i.e. 

 
ˆ( ) ( ) ( )n nR W Gω ω ω=   n = 1, 2. 

 

Now, let   Gn (x ,ω )  denote the modeled Green’s functions 
between receiver n and candidate source location x . We 
introduce the following two products: 
 

12 1 2( , ) ( ) ( , )H x R G xω ω ω=  

21 2 1( , ) ( ) ( , )H x R G xω ω ω= . 
 

Denote the correct source location by s . Then 
ˆ( , ) ( )n nG s Gω ω≈  (approximately since the propagation 

model cannot be perfect). This leads to: 
 

12 1 2 21
ˆ ˆ( , ) ( ) ( ) ( ) ( , )H s W G G H sω ω ω ω ω≈ ≈ . 

 
For a single pair of receivers our PWW processor (a 

probabilistic indicator of source location) is given by 
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where * denotes conjugation. The reason for this definition 
of ϕ(x )  can be understood as follows. Think of H12 and H21 
as two complex column vectors with frequency as the row 
index. Concatenate them twice, once with H12 above H21, 
then vice-versa, to make two longer vectors. Then ϕ(x )  is 
just the normalized inner product of these two longer 
vectors. The definition above is preferable to just taking the 
inner product between H12 and H12 directly because it adds 
symmetry to the algorithm; it does not matter which receiver 
is named 1 and which is named 2. By the Cauchy-Schwartz 
inequality, the processor reaches its maximum value (unity) 
when H12 = H12. In particular, ϕ(x ) is maximized at the true 
source location x s= .  

To reduce computational requirements, note that 

( )21 21 12 21H H H H
∗∗ ∗= . Consequently, the PWW processor 

can be written as: 
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The single-pair PWW processor can be generalized to 

N > 2 receivers by summing coherently over receiver pairs: 
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To address the problem of incoherence at long ranges, we 

process spectrograms instead of waveforms. We call this the 
pair-wise spectrogram (PWS) processor. Spectrograms are 
less sensitive to mismatch and fluctuations in the ocean 
wave-guide, particularly at higher frequencies. Our use of 
spectrograms is in the spirit of envelope processing [2] in 
which signal envelopes are processed instead of waveforms. 
In contrast to envelope processing, however, PWS 
processing retains both time and frequency characteristics, 
and can still benefit from coherence at low frequencies. 

Let ( , , )ijS x t f  denote the spectrogram formed 

from ( , )ijH x ω , where t and f are time and frequency steps 

respectively. Above the crossover frequency fc (to be 
determined), only the envelope of each channel is processed, 










