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Efficient Data-Driven Estimation of
Passivity Properties

Masaya Tanemura ™ and Shun-ichi Azuma

Abstract—In this letter, the estimation of passivity based
on data is considered. We extend an existing estimation
method that is based on iterative input—output experiments
and can determine the passivity of systems, but requires
many experiments for each iteration. Therefore, we propose
a method that reduces the number of experiments. Some of
the measurements for the update of the input is omitted in
the method, and as a result, the number of experiments is
halved.

Index Terms—Data-driven estimation, passivity, gradient
methods.

[. INTRODUCTION

ASSIVITY is one of the most useful properties and

plays an important role in control engineering. Many
researchers have studied passivity [1]-[3], and methods based
on passivity have been applied to a wide range of control
areas [4]-[6]. When using passivity properties to design a
control system, it is useful to know the passivity level of the
controlled plant. However, generally, a mathematical model
is required to determine the passivity level. If the passivity
level could be directly determined from the input and output
data, then the passivity-based approach would be used more
extensively in the big data era.

Recently, the data-driven estimation approach for passiv-
ity has been studied, for example, in [7]-[9]. In [7] and [8],
estimation methods for nonlinear systems were established.
In this letter, it is assumed that the control input belongs to
a limited space. Then, input sequences over the entire lim-
ited space are applied to the system and the passivity of the
system is estimated using the input-output data. However, the
methods require many input-output data tuples to estimate pas-
sivity. By contrast, a promising framework for linear systems
was proposed in [9]. The method is based on the gradient of
the passivity level and linearity of systems, and it estimates
the passivity level more effectively using iterative input-output
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experiments. However, the update formula of the gradient
method is composed of four experiment data tuples for each
iteration. For example, in base-isolated buildings [10], exci-
tation experiments have to be conducted in which the force
exerted by actuators is added to based floor. However, it is
costly to perform these large-scale experiments many times in
terms of time and money. Therefore, a more efficient method,
that is, with fewer experiments, would be practical and useful.

In this letter, we propose estimation with fewer experi-
ments. First, we establish an algorithm that requires only
three-quarters of the time taken for experiments compared with
the conventional method by focusing on the quadratic form in
the update formula of the input. Next, we indicate that one
measurement can be composed of previous input-output data
tuples in each iteration, and develop an algorithm with half
the number of experiments.

This letter is organized as follows: In Section II, we
present the problem formulation and an iterative method.
In Section III, we explain the update method based on the
gradient method proposed in [9] and the number of measure-
ments for the iteration. In Section IV, we propose a method
that reduces the complexity of the update formula using the
quadratic form. In Section V, we propose a method that uses
previous input-output data to compose one measurement. In
Section VI, we conclude this letter.

Notation: Let R and Z be the set of real numbers and set
of non-negative integers, respectively. Let £, denote the set
of discrete-time signals u(f) : Z; — R that satisfies

o
Z uz(t) < 00. (1)
t=0

For vector x, let |x|| represent the Euclidean norm of x.

II. FINITE-TIME PASSIVITY
A. Problem Formulation

We consider the discrete-time SISO linear system given by
the minimal realization

. {x(l—i— 1) = Ax(t) + bu(r),
Gy

y(t) = cx(t) + du(e), @

where x() € R” is the state variable, u(f) € R is the input,
and y(#) € R is the output.

Now, we introduce the notion of passivity described in [11].
System G, of (2) with x(0) = 0 is said to be input passive if
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Fig. 1. Block diagram of feedback control.

there exists vy, € R such that
o0 o
D yOu) = v Y (1) 3)
=0 =0

for all (#(0), u(1),...) € L;. The largest value of v, that sat-
isfies (3) is called the input passivity index, and it indicates the
passivity level. If the passivity index is known, then constant
feedback stabilizes the closed loop system of Fig. 1 [1].

Next, we introduce the notion of finite-time input passivity.
System G4 of (2) with x(0) = 0 is said to be finite-time input
passive if there exists v € R such that

N-1 N—-1
> yu@ = vy i) “)
=0 =0

foragiven N € Z and all inputs (u(0), u(1), ..., u(N — 1)) €
RY. When N — oo, this notion corresponds to the input
passivity notion in (3).

In this letter, we consider the problem of estimat-
ing the largest value v* that satisfies (4) for all inputs
u(0), u(1), ..., u(N — 1)) € RV, which is formulated as
follows:

Problem 1: Suppose that N is given and assume that

1) the mathematical model of system G, is unknown, that

is, matrices A, b, ¢, and d in (2) are unknown; and

2) we can apply any input sequence u(0),

u(l),...,u(N — 1) to system G, and observe the
corresponding output sequence y(0), y(1), ..., y(N—1).
Then, determine the largest value v* that satisfies (4) for all
inputs (1(0), u(1), ..., u(N — 1)) e RV, |

B. lIterative Computation of Input Passivity With
Information About Gy

Passivity is an input-output property, therefore, we introduce
the input-output representation of (2) as follows:

t
Ga:y(H) =) geu(t—1), ©)
=0
subject to x(0) = 0, where
d, T=0
8 = {cAT_lb, =1, 2,... ©
denotes the impulse response sequence. For time sequence

0, 1,..., N—1, system Gy is expressed as
y(0) 80 0 0 e 0 u(0)
y(1) g1 80 0 0 u(l)
y(2) =| & 81 g - 0 u(2)
: : : : 0 I
YN -=1) gN—1  &N-2  8N-3 godLuN—-1)

)

This is simply denoted by

5 =G, ®)
where
i=[u0) u(l) uN - 11", ©9)
y=[y0 ¥ yv -1, (10)

and G € RV is the matrix composed of go, g1, ..., gN_1.

Next, we briefly introduce an iterative method to estimate
v* when information about G is available. Applying (8) to (4)
leads to

u' Gt an
<
i
subject to ||u|| # 0. Thus,
. . u'Gu a2)
YT i @R
holds for the largest value v*. Because
S PSR P S\
u Gu = Eu Gu + E(u Gu)", (13)
1
= 54" (G+ G, (14)
Equation (12) is rewritten as
14" (G + GNa
= min c—————, (15)
lal#02 i
which is represented as
v = min p(u), (16)
ueSN-1
with Rayleigh quotient
@Y G+ G
pli) = S (17)
ulu

and SN! = {& € RV||jit]| = 1}. Note that Rayleigh quotient
o : RV \ {0} — R is scale-invariant, that is,

p(au) = p(u), Yo € R. (18)

Using (16), we can construct an iterative method to solve
Problem 1. More specifically, the method is given by the
update formula

i = R - s®vp@®y), (19)
where the mapping R : RY — RY is defined as
R@) = (20)

llall”
and Vp is the gradient vector of p with respect to u, and
8W is the step size. Superscript (k) denotes the number of
the update (19). This yields a sequence #®, ", ... on the
sphere SV=1, and v* is given by p(u®) for a sufficiently large
number k.

Then, it follows from (17) that the gradient vector V p (a®)
is given by

Vp@a®) = (G + GHa® — 2p@*)a®. Q1)
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By contrast, step size §*) is chosen so as to increase the
convergence rate of the estimation. For instance, the step size
is given by

§® = arg gnilrzl p(R@Y — 5V p@»)y)) (22)
€

to minimize p in each iteration [9], where § € R is a deci-

sion variable. Because p(Ru® — sVp@a®)) = p@® —
8V p(®)) from the scale-invariance of p (i), 8® is computed

by minimizing
17" 1
70 (k)
1[8} M ™, Vp )[3}
, (23)

p@? —6vp®) =3

1" 1
7 (k) (k)

5} My, Vp )[ 8}

with respect to § € R, where

M@®, vp®)
@*)"(G +6MHa®

_ ~@")(G +GHvp®
L -Ve™HT G + 6T ’

(VoG + GT)Vp®
24)

— (@ Ty k)

(Vp(k))Tvp(k) :|’

= ()\T7(K)
—(k) oy | @) u
My, Vp™) = [—(Vp(k))Tﬁ(k)
(25)

and Vp® represents Vp(it®). Note that (23) is the Rayleigh
quotient, hence 8% is obtained by solving the generalized
eigenvalue problem.

C. Example

In this section, we demonstrate the update formula (19) for
estimating v*. We consider the system

0 1 0 0
G - = 0 0 1 |x@®)+ | 0 |u@),
¢ -50 —100 -5 1

y@ =[40 50 5]x(r) + 0.5u(r).

(26)

Let G4 be the discrete-time model given the zero-order hold
with sampling period #; = 0.05 s. We set N = 200 and

1 -
A — (27)
T
= (1) - bV — D", (28)
h(i) = sin2mits), i=0,...,N— 1. 29)

Then, we perform 40 updates using the update formula (19).

Fig. 2 shows the update of p(®¥). We calculate the input
passivity index in (3), and it is shown as the dashed line in
Fig. 2. From this result, we see that ,o(it(k)) converges to the
input passivity index.

[1l. DATA-DRIVEN COMPUTATION METHOD

In this section, we introduce the data-driven method
proposed in [9] to execute the algorithm (19) under the two
assumptions in Problem 1.

0.8F E
0.6F [ J
04F 0O 3

U0oog
ey =l 11/ i i 1 e o

0 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40

Update number k

Fig. 2. Results of the iterative computation of p(D(k)).

A. Data-Driven Computation of the Gradient Vector

To execute the algorithm (19), it is necessary to compute
the gradient vector of p with no information about Gj; that
is, the gradient vector is given by (21), but Vp@@®) is not
directly obtained using this formula. We show that Vo (a®)
can be computed using two measurements of the system (5)
in the following manner.

From (21), it is necessary to obtain the values of Gu®
and GTa® to compute Vp(u®). The former can be easily
obtained as the output y for the input #®: however, the lat-
ter cannot. Therefore, we introduce the following involutory
matrix:

0 0 1

P= L (30)
0o - - :
1 0 0

Because GT = PGP, GTu® is obtained by applying the input
Pu® to G and reversing the resulting output, that is, PGPu® .
This idea is formalized as follows [9].

Lemma 1: Let y; ) be the output measurement of the

system (5) for the input sequence u®, that is, yﬁk) = Gu®,

50

and let y,” be that for the input sequence Pu® that is,

yék) = GPu®. Then, gradient vector Vp(u®) is given by
—(k)\T (= (k) P—(k)
—(k —(k) @) O+EPY)
Vo@®) =3\ + Py, — )T ® @9, 31
|

Note that (31) is composed of u®, j}ﬁk) s )"/;k) , and P. Thus,

gradient vector Vp (@®) is computed using two sets of input-
output data.

B. Data-Driven Computation of the Step Size

The step size is computed by minimizing (23). However,
matrix M; in (23) consists of G, and thus M; cannot be
computed without information about G. Lemma 2 provides
a data-driven method for computing 8% [9].

Lemma 2: Let yék) be the output measurement of the

system (5) for the input sequence Vp®, that is, )—)gk) =GVp®,

=k

and let y,~ be that for the input sequence PV,o(k), that is,



TANEMURA AND AZUMA: EFFICIENT DATA-DRIVEN ESTIMATION OF PASSIVITY PROPERTIES 401

Algorithm 1 Estimation of v*

1: 49 is arbitrarily determined.

2: )750) <~ Gi©® > Experiment
3: for k=0,1,--- do

4 yék) <~ GPu® > Experiment
5: Vo@u®) is computed by (31).

6: yg") < GVp@a®) > Experiment
7: )_/(k) <~ GPVp@u®) > Experiment
8: 8?") is computed by (32).

9: u**D is computed by (19).

10: yﬁ"“) < Gukth > Experiment
11: end for . (yik“))T,}(kH)

12: return ,01(M ) = W

58 = GPVp®. Then, §® is given by the solution of the

generalized eigenvalue problem

_ k) =) =) =k 1
Ml(u(k),Vp("),yg),yé),yg),yi))[suo}

_ 1
= AminMa (™, Vp(k))[ s® ] (32)

where

- -(k) =(k) =(k) =(k
M@, vp®, 50,55, 50, 5)
- -(k -(k - -(k -(k
_| @GRS GG+ Py
~(VpTEH + P (Ve TG + Py
(33)

and Apin € R is the minimum eigenvalue of the generalized
eigenvalue problem. |

kNote that (32) is composed of Et(k), Vp(k), )-]Ek)’ )-);k)’ jzék),
yg ), and P. Thus, step size 8* is computed using four sets

of input-output data.

C. Number of Measurements in Each Iteration

From Lemmas 1 and 2, #**1D is computed by the update
formula (19) with (31) and (32), and as a result, we can obtain
the estimated value of v* with input-output data #®© and &(1’{),

that is, p(a®) is computed from (14) as follows:

@Y‘))Tﬁ(k)

(k)) —
@*N Tk’

p(u (34
which is shown in Algorithm 1. Then, the following result is
obtained for the number of measurements in Algorithm 1.
Theorem 1: Algorithm 1 is executed for four measure-
ments, jzgk), )'ék), )')gk), and j)f‘k), in each iteration; that is, the

total number of measurements is 4k until the k-th iteration. B

IV. COMPLEXITY REDUCTION OF THE DATA-DRIVEN
COMPUTATION METHOD

A. Efficient Computation of the Step Size §*)

In this section, we provide an efficient calculation method
for step size ) to reduce the total number of measurements.

Lemma 3: The definitions of the measurements &ik), jzgk),

and &gk) are provided in Lemmas 1 and 2. Then, §% is given
by the solution of the generalized eigenvalue problem

_ ) <) (| 1

_ 1
= AminMa P, Vp®) [ ) } (35)

where
_ -(k) =(k) =(k
M3@®, vp® 30 58 59,
- -(k —(k
_| @Tel + P

-(k -(k
~Gy + Py )TV
L - Ve™)TE + P ’

2(Vp®)T5{
(36)

and Apin € R is the minimum eigenvalue of the generalized
eigenvalue problem.

Proof: Consider matrix M in (24). First, the (2, 1)-th and
(1, 2)-th elements are simply calculated using )_/Ek) = Gu®
and }_)gk) = GPu® as

(Vo) TG +GMa® = (vp®) TGP + P3Y). (37
_ —(k —(k
@G+ GNVp® = G0 4+ 3TV p®. (38)
Next, the (2,2)-th element is calculated using only )-}gk) =
GVp® as
VoG +GNHVp® =2(vpO)T(GVp®), (39
=2(vp®)T5®, (40)
because
(Vo) TGvp® = %(Vp(k))TGV,O(")
1
+ 5((Vp TGV, @

= %(Vp("))T(G +GHvph. 42
From the above, M;(@®,vp®, 3% 0 50 50,
Mg(ﬁ(k), Vp(k), )")gk), )");k), yék)) holds and step size 8§® can be
computed using only three measurements: )—)ik), )—ék)’ and }-}gk)- |

Because matrix M3 in (35) is composed of b, vk,
yj"), yg"l yg"), and P, the generalized eigenvalue problem (35)
is computed using three sets of input-output data; that
is, (37)—(40) enable us to solve the generalized eigenvalue
problem in (35) without the measurement y‘(‘k).

The method based on (19), (31), and (35) is referred to
as Algorithm 2. For this algorithm, the following result is
obtained.

Theorem 2: For Algorithm 2, the following statements
hold.

(i) Let p\¥ be p@®) of Algorithm 1 with initial condition

i@ and p° be p@®) of Algorithm 2 with the same
initial condition &#®. Then,

k k
p® = o

for each k € {0, 1, ...}.

(43)
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Algorithm 2 Estimation of v*

#© is arbitrarily determined.
3« Ga©
for k=0,1,--- do
¥ — GPa®
Vo@u®) is computed by (31).
3y < GVpa®)
8® is computed by (35).
u**D is computed by (19).
y§k+1) <« Gu*+D

end for

> Experiment
> Experiment

> Experiment

R AN A

> Experiment

—
e

(kD) T —
(yg + ))Tu(k-i-l)

(,;(k+1))T,;(k+1)

—
—_

. return pp(@*tD) =

(ii) Algor1thm 2 is executed for three values, y(lk), ygk),

and y3 in each iteration; that is, the total number of
measurements is 3k until the k-th iteration.

Proof: The difference between Algorithms 1 and 2
is the calculation of step size 8® at lines 7-8 in
Algorithm 1 and line 7 in Algorithm 2. Therefore, we
prove that the calculation result of 8% of Algorithm 1

is equivalent to that of Algorithm 2 for the same
input u® . Because M;@u®,vop®, y(k) )');k),)':gk),'f‘k))

Mz (a®, v p®, y(k)’)-)gk),h)) from Lemma 3, the general-
ized eigenvalue problem of (32) is equal to that of (35).
This means that step size 8% of Algorithm 1 and that of
Algorithm 2 are equivalent for the same input #¥). Therefore,
if Algorithms 1 and 2 start with the same initial condi-
tion 7, then the same estimation results are obtained. This
proves statement (i). Meanwhile, statement (ii) is trivial from
Algorithm 2. |

From this theorem, we have shown that Algorithm 2
reduces the number of measurements to three-quarters,
while preserving the estimation performance. The number
of measurements corresponds to the number of experiments.
Therefore, Algorithm 2 reduces the total time taken for
the estimation experiments to three-quarters compared with
Algorithm 1.

B. Simulation

We implement Algorithm 2 for the example in Section II-C.
In particular, we assume that the output data are corrupted with
noise. Although the algorithm was developed for noise-free
systems, this example illustrates the estimation performance
of the algorithm in a noisy case. Therefore, in this section,
we consider the example in Section II-C with outputs con-
taminated by zero-mean white noise of variance 0.005. We
calculate the gradient vector using

_ —(k —(k
@™)TEP + P)

59 4 pyh) o
i Ty FOTCE
Vo) = WNT =0 o po®
59 4 pyh) — W) Oy +Py; )
(@ ®) Tk

(44)

instead of (31) to maintain the S/N ratio.

llt; T T T

Ll O Algorithm 1 (Conventional) ||

O Algorithm 2 (Proposed)

0 ! ! ! ; | . .
0 5 10 15 20 25 30 35 40
Update number k
Fig. 3. Simulation results for p(@*) in a noisy case for
Algorithms 1 and 2.
200 T T
E ----- ©-+  Algorithm 1 (Conventional)
g 1soll =B Algorithm 2 (Proposed) 930?
E
535
o o9 =i
9] fois]
g 100} PR~ | emb®
S © =is)
=] B85
@O =
5 o© aa®
s} @@O -B’EE‘
50F 09"~ 58 4
5 ~e95=a"
5 ~0f -‘EE‘
= 2
0 5 10 15 20 25 30 35 40

Update number k

Fig. 4. Relation between the number of measurements and the update.

Fig. 3 shows the simulation results for ,O(L"t(k)) with noise
in the output, where the circles and squares represent p (ii®)
of Algorithms 1 and 2, respectively. The dashed line indicates
the passivity index in (3). The results show that the estima-
tion performance of Algorithm 2 is almost equal to that of
Algorithm 1.

Fig. 4 shows the relation between the number of measure-
ments and the update number, where the circles and squares
represent Algorithms 1 and 2, respectively. From this figure,
the total number of measurements for Algorithm 1 is 160, and
Algorithm 2 reduces the total number of measurements to 120.
From these results, Algorithm 2 is useful for noisy data.

V. COMPOSITION OF THE MEASUREMENT USING
PREVIOUS INPUT-OUTPUT DATA

A. Efficient Composition of y(k)

In this section, we provide a more efficient method solution
for Problem 1. The idea is based on the composition of y(k)
using previous input-output data. We provide a calculation of
)'zgk) as follows:

® k=D _ =1y o k=)

o= [a®=D = §*&=Dv o ua*k=Dy|’ 43)
Sk=1) k—1)5(k=1)
=8 (46)

~ a®=h = 5& Dy p@k-D)y|’

From (46), the experiment to measure j}ﬁk) = Gi™® is omit-
ted in each iteration. The method based on (19), (31), (35),
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Algorithm 3 Estimation of v*

: #© is arbitrarily determined.

. )_150) < Gi©®

cfor k=0,1,--- do

¥ — GPa®

Vo@u®) is computed by (31).
3y < GVp®)

8® is computed by (35).
u**D is computed by (19).

yﬁ"“) is computed by (46).

> Experiment

W N =

> Experiment

> Experiment

R AN

(kD) T —
(yg + ))Tu(k-f—l)

. PACS S DA S
11: return p3(u ) = (DY TG+ D)

1. T T T I I I I
| ;@ O Algorithm 1 (Conventional) ||
| O Algorithm 2 (Proposed)
* Algorithm 3 (Proposed)
0.8
Q
0.6 ® 1
0.4f
o, S
02F =7 R
HHXXKX KKK KHKKHKRXKKHKRAKK K 3¢ 3¢ 3¢ X KKK XXKKX

0 ! ! i ! !
0 5 10 15 20 25 30 35 40
Update number k

Fig. 5. Simulation results for p([l(k)) in a noisy case for Algorithm 3.

and (46) is referred to as Algorithm 3. For Algorithm 3, a
similar result to Theorem 2 is obtained.

Theorem 3: For Algorithm 3, the following statements
hold.

(i) Let p\¥ be p@®) of Algorithm 1 with initial condition

#© and ,oék) be p(@®) of Algorithm 3 with the same
initial condition #?). Then,
k k
i = p{¥ (47)

for each k € {0, 1, ...}.

(i) Algorithm 3 is executed for three values, yﬁ’”, )"iék), and
)-}gk), in each iteration. Additionally, )_/Ek) is computed

by (46); that is, the total number of measurements is
2k until the k-th iteration.
Proof: The proof of Theorem 3 is similar to that of
Theorem 2. ]
From Theorem 3, Algorithm 3 halves the total time taken
for experiments compared with Algorithm 1.

B. Simulation

In this section, Algorithm 3 is demonstrated using the exam-
ple in Section IV-B. Fig. 5 shows the estimation results for
o (@), where the crosses represent p @) of Algorithm 3.
The figure shows that, compared with the performance of the
other algorithms, the performance of Algorithm 3 is degraded
within a tolerable level and reduces the number of measure-
ments to 80. The results demonstrate that Algorithm 3 is useful
for estimating the passivity index with fewer experiments.

V1. CONCLUSION

We considered finite-time input passivity and focused on the
estimation method for discrete-time LTI systems in [9], which
is based on iterative input-output experiments and estimates
the input passivity without information about systems. The
method, however, requires four experiments for each iteration.

We proposed two algorithms to reduce the number of mea-
surements. First, we proposed Algorithm 2 in which one
measurement for determining the step size was omitted in
each iteration. The algorithm reduced the total time taken for
experiments to three-quarters compared with the conventional
method. Next, we proposed Algorithm 3 that computed one
measurement using previous input-output data tuples in each
iteration. The algorithm halved the total time taken for experi-
ments compared with the conventional method. We performed
a simulation with noisy output. The simulation results demon-
strated that the estimation results for Algorithm 2 were almost
equal to those of the conventional method, and the deviation of
the estimation results for Algorithm 3 was slightly larger than
that of the other algorithms. However, Algorithm 3 reduced
the total time taken for experiments significantly. From these
results, Algorithm 2 provided good results, even for noisy data,
and if the noise level was low Algorithm 3 was very useful.

In this letter, we considered the case of SISO systems. Note
that, a data-driven estimation method for MIMO systems was
recently proposed in [12], and our methods can also reduce the
number of measurements in the estimation method for MIMO
systems.
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