
 

        

         eXpress Conference Publishing 

445 Hoes Lane • Piscataway, NJ  08854 USA 

Sample PDF eBook 

 

About this Publication  

Table of Contents  

Request an Estimate  
 

 

 

 

 

 

 

 

 

 

 
 

Premier Publisher of IEEE 
         Conference Proceedings 

October 2012 
Editor:  D. Graffox 

for laptop, CD, and USB

www.ieee.org/conferencepublishing
http://www.ieee.org/documents/IEEEConfProposal.doc


ii 

 

About this Publication 

IEEE eXpress Conference Publishing has provided IEEE conferences with an eBook publication 
option, suitable for both printed and electronic proceedings, for several years.  However, once a 
conference has ended, IEEE conference articles can be obtained electronically only from the IEEE 
Xplore® Digital Library, thereby making it difficult for us to provide an actual eBook product as an 
example to those unfamiliar with the structure.  To remedy this situation, IEEE eXpress has created 
this mock publication using non-IEEE articles to demonstrate what one may expect from an eBook. 

The technical articles were collected from several open access publishers and so this publication 
only models the structure and navigation of the PDF eBook product IEEE eXpress offers and not the 
scope or content of an IEEE publication.  The article content, the format of the articles, and the 
quality of these PDFs do not necessarily reflect what one might expect of IEEE articles.  In fact, all 
of the original page numbers, running heads, etc., have been retained from the original publisher. 
Most notably, an IEEE ccc footer (the copyright notice required by the IEEE Letter of Acquisition) 
cannot appear on these articles.  Regardless, these articles serve as stand-ins for technical articles, 
and IEEE eXpress Conference Publishing makes grateful acknowledgment to the following 
publishers for their use. 

 

Hindawi Publishing Corporation (see http://www.hindawi.com/journals/)  

is the publisher of Abstract and Applied Analysis.  The 48 articles found in Tracks 1 and 2 of this sample 
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oversees UPGRADE—The European Online Magazine for the IT Professional, which provided the Track 4 
articles.  Specifically, the session 4-1 articles are from “Privacy in the Net” 
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“Visualization of Software” (http://www.cepis.org/upgrade/index.jsp?p=0&n=2190&a=3101), and the 
session 4-5 articles are from “Voice over IP”  (http://www.cepis.org/upgrade/index.jsp?p=2146&n=2193). 

 

VSB–Technical University of Ostrava, Faculty of Electrical Engineering and Computer 
Science, Czech Republic  

(see http://advances.utc.sk/index.php/AEEE/about/editorialPolicies#focusAndScope) publishes   
Advances in Electrical and Electronic Engineering.  The Workshop 1 articles are from Volume 9, Number 5—
2011 (http://advances.utc.sk/index.php/AEEE/issue/view/32). 
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publishes several on-line journals. The session 6-1 articles are from Volume 2, Issue 1 of Prime Research 
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A linear (k + 1)th-order discrete delayed equation Δx(n) = −p(n)x(n − k) where p(n) a positive
sequence is considered for n → ∞. This equation is known to have a positive solution if the
sequence p(n) satisfies an inequality. Our aim is to show that, in the case of the opposite inequality
for p(n), all solutions of the equation considered are oscillating for n → ∞.

1. Introduction

The existence of positive solutions of difference equations is often encountered when
analysing mathematical models describing various processes. This is a motivation for an
intensive study of the conditions for the existence of positive solutions of discrete or
continuous equations. Such analysis is related to investigating the case of all solutions being
oscillating (for investigation in both directions, we refer, e.g., to [1–30] and to the references
therein). The existence of monotonous and nontrivial solutions of nonlinear difference
equations (the first one implies the existence of solutions of the same sign) also has attracted
some attention recently (see, e.g., several, mostly asymptotic methods in [31–42] and the
related references therein). In this paper, sharp conditions are derived for all the solutions
being oscillating for a class of linear (k + 1)-order delayed discrete equations.

We consider the delayed (k + 1)-order linear discrete equation

Δx(n) = −p(n)x(n − k), (1.1)
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2 Abstract and Applied Analysis

where n ∈ Z
∞
a := {a, a+1, . . .}, a ∈ N := {1, 2, . . .} is fixed, Δx(n) = x(n+1)−x(n), p : Z

∞
a → R,

k ∈ N. In what follows, we will also use the sets N0 = {0} ∪ N and Z
b
a := {a, a + 1, . . . , b} for

a, b ∈ N, a < b. A solution x = x(n) : Z
∞
a → R of (1.1) is positive (negative) on Z

∞
a if x(n) > 0

(x(n) < 0) for every n ∈ Z
∞
a . A solution x = x(n) : Z

∞
a → R of (1.1) is oscillating on Z

∞
a if it is

not positive or negative on Z
∞
a1

for an arbitrary a1 ∈ Z
∞
a .

Definition 1.1. Let us define the expression lnqt, q ≥ 1, by lnqt = ln(lnq−1t), ln0t ≡ t, where t >
expq−21 and expst = exp(exps−1t), s ≥ 1, exp0t ≡ t, and exp−1t ≡ 0 (instead of ln0t, ln1t, we
will only write t and ln t).

In [4] difference equation (1.1) is considered and the following result on the existence
of a positive solution is proved.

Theorem 1.2 (see [4]). Let q ∈ N0 be a fixed integer, let a ∈ N be sufficiently large and

0 < p(n) ≤
(

k

k + 1

)k
×
[

1
k + 1

+
k

8n2
+

k

8(n lnn)2
+ · · · + k

8
(
n lnn · · · lnqn

)2

]
(1.2)

for every n ∈ Z
∞
a . Then there exists a positive integer a1 ≥ a and a solution x = x(n), n ∈ Z

∞
a1

of
equation (1.1) such that

0 < x(n) ≤
(

k

k + 1

)n
·
√
n lnn ln2n · · · lnqn (1.3)

holds for every n ∈ Z
∞
a1
.

Our goal is to answer the open question whether all solutions of (1.1) are oscillating if
inequality (1.2) is replaced with the opposite inequality

p(n) ≥
(

k

k + 1

)k
×
[

1
k + 1

+
k

8n2
+

k

8(n lnn)2
+ · · · + kθ

8
(
n lnn · · · lnqn

)2

]
(1.4)

assuming θ > 1, and n is sufficiently large. Below we prove that if (1.4) holds and θ > 1, then
all solutions of (1.1) are oscillatory. This means that the result given by Theorem 1.2 is a final
in a sense. This is discussed in Section 4. Moreover, in Section 3, we show that all solutions of
(1.1) will be oscillating if (1.4) holds only on an infinite sequence of subintervals of Z

∞
a .

Because of its simple form, equation (1.1) (as well as its continuous analogue) attracts
permanent attention of investigators. Therefore, in Section 4 we also discuss some of the
known results.

The proof of our main result will use the next consequence of one of Domshlak’s results
[13, Theorem 4, page 66].

Lemma 1.3. Let s and r be fixed natural numbers such that r − s > k. Let {ϕ(n)}∞1 be a bounded
sequence of real numbers and ν0 be a positive number such that there exists a number ν ∈ (0, ν0)
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satisfying

0 ≤
i∑

n=s+1

ϕ(n) ≤ π
ν
, i ∈ Z

r
s+1,

π

ν
≤

i∑
n=s+1

ϕ(n) ≤ 2π
ν
, i ∈ Z

r+k
r+1 , (1.5)

ϕ(i) ≥ 0, i ∈ Z
r
r+1−k,

i+k∑
n=i+1

ϕ(n) > 0, i ∈ Z
∞
a ,

i+k∑
n=i

ϕ(n) > 0, i ∈ Z
∞
a . (1.6)

Then, if p(n) ≥ 0 for n ∈ Z
s+k
s+1 and

p(n) ≥ R :=

⎛
⎜⎝

n∏
�=n−k

sin
(
ν
∑�+k

i=�+1 ϕ(i)
)

sin
(
ν
∑�+k

i=� ϕ(i)
)
⎞
⎟⎠ · sin

(
νϕ(n − k))

sin
(
ν
∑n

i=n+1−k ϕ(i)
) (1.7)

for n ∈ Z
r
s+k+1, any solution of (1.1) has at least one change of sign on Z

r
s−k.

Throughout the paper, symbols “o” and “O” (for n → ∞) will denote the well-known
Landau order symbols.

2. Main Result

In this section, we give sufficient conditions for all solutions of (1.1) to be oscillatory as n →
∞. It will be necessary to develop asymptotic decompositions of some auxiliary expressions.
As the computations needed are rather cumbersome, some auxiliary computations are
collected in the appendix to be utilized in the proof of the main result (Theorem 2.1)
below.

Theorem 2.1. Let a ∈ N be sufficiently large, q ∈ N0 and θ > 1. Assuming that the function p :
Z
∞
a → (0,∞) satisfies inequality (1.4) for every n ∈ Z

∞
a , all solutions of (1.1) are oscillating as

n → ∞.

Proof. As emphasized above, in the proof, we will use Lemma 1.3. We define

ϕ(n) :=
1

n lnn ln2n ln3n · · · lnqn , (2.1)

where n is sufficiently large, and q ≥ 0 is a fixed integer. Although the idea of the proof
is simple, it is very technical and we will refer to notations and auxiliary computations
contained in the appendix. We will develop an asymptotic decomposition of the right-hand
side R of inequality (1.7) with the function ϕ(n) defined by (2.1). We show that this will lead
to the desired inequality (1.4). We set

R1 :=
∏k

i=1V (n + i)∏k
i=0V

+(n + i)
· ϕ(n − k), (2.2)
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4 Abstract and Applied Analysis

where V and V + are defined by (A.4) and (A.5). Moreover, R can be expressed as

R =
sin
(
ν
∑n

i=n+1−k ϕ(i)
)∏n

�=n−k+1 sin
(
ν
∑�+k

i=�+1 ϕ(i)
)

∏n
�=n−k sin

(
ν
∑�+k

i=� ϕ(i)
) · sin

(
νϕ(n − k))

sin
(
ν
∑n

i=n+1−k ϕ(i)
)

=

∏n
�=n−k+1 sin

(
ν
∑�+k

i=�+1 ϕ(i)
)

∏n
�=n−k sin

(
ν
∑�+k

i=� ϕ(i)
) · sin

(
νϕ(n − k))

=

∏k
p=1 sin

(
νV
(
n + p

))
∏k

p=0 sin
(
νV +
(
n + p

)) · sin
(
νϕ(n − k)).

(2.3)

Recalling the asymptotic decomposition of sinx when x → 0: sinx = x+O(x3), we get (since
limn→∞ϕ(n−k) = 0, limn→∞V (n+ p) = 0, p = 1, . . . , k, and limn→∞V +(n+ p) = 0, p = 0, . . . , k)

sin νϕ(n − k) = νϕ(n − k) +O
(
ν3ϕ3(n − k)

)
,

sin νV
(
n + p

)
= νV

(
n + p

)
+O
(
ν3V 3(n + p

))
, p = 1, . . . , k,

sin νV +(n + p
)
= νV +(n + p

)
+O
(
ν3(V +)3(n + p

))
, p = 0, . . . , k

(2.4)

as n → ∞. Then, it is easy to see that, by (A.13), we have ϕ(n − �) = O(ϕ(n)), n → ∞ for
every � ∈ R and

R = R1 ·
(

1 +O
(
ν2ϕ2(n)

))
, n −→ ∞. (2.5)

Moreover, forR1, we will get an asymptotic decomposition as n → ∞. Using formulas (A.13),
(A.57), and (A.60), we get

R1 =
kk

(k + 1)k+1
· 1−kα(n)−(k/24)

(
k2 − 12k + 11

)
α2(n)+(k/6)

(
k2 + 5

)∑q

i=0 ωi(n)+O
(
1/n3)

1 − (k/24)(k2 + 3k + 2)α2(n) + (k/6)(k2 + 3k + 2)
∑q

i=0 ωi(n) +O(1/n3)

×
(

1 + kα(n) + k2
q∑
i=0

ωi(n) +O
(

1
n3

))
.

(2.6)

Since limn→∞α(n) = 0, limn→∞ωi(n) = 0, i = 1, . . . , q, we can decompose the denominator of
the second fraction as the sum of the terms of a geometric sequence. Keeping only terms with
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the order of accuracy necessary for further analysis (i.e. with order O(1/n3)), we get

(
1 − k

24

(
k2 + 3k + 2

)
α2(n) +

k

6

(
k2 + 3k + 2

) q∑
i=0

ωi(n) +O
(

1
n3

))−1

= 1 +
k

24

(
k2 + 3k + 2

)
α2(n) − k

6

(
k2 + 3k + 2

) q∑
i=0

ωi(n) +O
(

1
n3

)
.

(2.7)

We perform an auxiliary computation in R1,
(

1 − kα(n) − k

24

(
k2 − 12k + 11

)
α2(n) +

k

6

(
k2 + 5

) q∑
i=0

ωi(n) +O
(

1
n3

))

×
(

1 +
k

24

(
k2 + 3k + 2

)
α2(n) − k

6

(
k2 + 3k + 2

) q∑
i=0

ωi(n) +O
(

1
n3

))

×
(

1 + kα(n) + k2
q∑
i=0

ωi(n) +O
(

1
n3

))

=

(
1 − kα(n) − k

24

(
k2 − 12k + 11

)
α2(n) +

k

6

(
k2 + 5

) q∑
i=0

ωi(n) +O
(

1
n3

))

×
(

1 + kα(n) +
k

24

(
k2 + 3k + 2

)
α2(n) − k

6

(
k2 − 3k + 2

) q∑
i=0

ωi(n) +O
(

1
n3

))

= 1 − 3
8
k(k + 1)α2(n) +

1
2
k(k + 1)

q∑
i=0

ωi(n) +O
(

1
n3

)
= (we use formula (A.15))

= 1 +
1
8
k(k + 1)Ω(n) +O

(
1
n3

)

= 1 +
1
8
k(k + 1)

(
1
n2

+
1

(n lnn)2
+

1

(n lnn ln2n)
2
+ · · · + 1(

n lnn ln2n · · · lnqn
)2

)

+O
(

1
n3

)
.

(2.8)

Thus, we have

R1 =
kk

(k + 1)k+1
×
[

1 +
1
8
k(k + 1)

(
1
n2

+
1

(n lnn)2
+

1

(n lnn ln2n)
2
+ · · ·

+
1(

n lnnln2n · · · lnqn
)2

)]
+O
(

1
n3

)

=
(

k

k + 1

)k
×
[

1
k + 1

+
k

8n2
+

k

8(n lnn)2
+ · · · + k

8
(
n lnn · · · lnqn

)2

]
+O
(

1
n3

)
.

(2.9)
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6 Abstract and Applied Analysis

Finalizing our decompositions, we see that

R = R1 ·
(

1 +O
(
ν2ϕ2(n)

))

=

((
k

k + 1

)k
×
[

1
k + 1

+
k

8n2
+

k

8(n lnn)2
+ · · · + k

8
(
n lnn · · · lnqn

)2

]
+O
(

1
n3

))

×
(

1 +O
(
ν2ϕ2(n)

))

=
(

k

k + 1

)k
×
[

1
k + 1

+
k

8n2
+

k

8(n lnn)2
+ · · · + k

8
(
n lnn · · · lnqn

)2

]

+O

(
ν2

(
n lnn · · · lnqn

)2

)
.

(2.10)

It is easy to see that inequality (1.7) becomes

p(n) ≥
(

k

k + 1

)k
×
[

1
k + 1

+
k

8n2
+

k

8(n lnn)2
+ · · · + k

8
(
n lnn · · · lnqn

)2

]

+O

(
ν2

(
n lnn · · · lnqn

)2

) (2.11)

and will be valid if (see (1.4))

1
k + 1

+
k

8n2
+

k

8(n lnn)2
+ · · · + kθ

8
(
n lnn · · · lnqn

)2

≥ 1
k + 1

+
k

8n2
+

k

8(n lnn)2
+ · · · + k

8
(
n lnn · · · lnqn

)2
+O

(
ν2

(
n lnn · · · lnqn

)2

) (2.12)

or

θ ≥ 1 +O
(
ν2
)

(2.13)

for n → ∞. If n ≥ n0, where n0 is sufficiently large, (2.13) holds for ν ∈ (0, ν0) with ν0

sufficiently small because θ > 1. Consequently, (2.11) is satisfied and the assumption (1.7)
of Lemma 1.3 holds for n ∈ Z

∞
n0

. Let s ≥ n0 in Lemma 1.3 be fixed, r > s + k + 1 be so large
(and ν0 so small if necessary) that inequalities (1.5) hold. Such choice is always possible since
the series

∑∞
n=s+1 ϕ(n) is divergent. Then Lemma 1.3 holds and any solution of (1.1) has at

least one change of sign on Z
r
s−k. Obviously, inequalities (1.5) can be satisfied for another pair

of (s, r), say (s1, r1) with s1 > r and r1 > s1 + k sufficiently large and, by Lemma 1.3, any
solution of (1.1) has at least one change of sign on Z

r1
s1−k. Continuing this process, we will get

a sequence of pairs (sj , rj) with limj→∞sj = ∞ such that any solution of (1.1) has at least one
change of sign on Z

rj
sj−k. This concludes the proof.
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3. A Generalization

The coefficient p in Theorem 2.1 is supposed to be positive on Z
∞
a . For all sufficiently large

n, the expression R, as can easily be seen from (2.10), is positive. Then, as follows from
Lemma 1.3, any solution of (1.1) has at least one change of sign on Z

r
s−k if p is nonnegative on

Z
s+k
s+1 and satisfies inequality (1.4) on Z

r
s+k+1.

Owing to this remark, Theorem 2.1 can be generalized because (and the following
argumentation was used at the end of the proof of Theorem 2.1) all solutions of (1.1) will be
oscillating as n → ∞ if a sequence of numbers {si, ri}, ri > si + k + 1, s1 ≥ a, i = 1, 2, . . . exists
such that si+1 > ri (i.e., the sets Z

ri
si , Z

ri+1
si+1 are disjoint and limi→∞si = ∞), and, for every pair

(si, ri), all assumptions of Lemma 1.3 are satisfied (because of the specification of function ϕ
by (2.1), inequalities (1.6) are obviously satisfied). This means that, on the set

M := Z
∞
a \

∞⋃
i=1

Z
ri
si , (3.1)

function p can assume even negative values, and, moreover, there is no restriction on the
behavior of p(n) for n ∈ M. This leads to the following generalization of Theorem 2.1 with a
proof similar to that of Theorem 2.1 and, therefore, omitted.

Theorem 3.1. Let a ∈ N be sufficiently large, q ∈ N0, ν0 be a positive number, θ > 1 and p : Z
∞
a →

R. Let there exists a sequence on integers {sj , rj}, rj > sj + k + 1, j = 1, 2, . . ., s1 ≥ a, s1 sufficiently
large and sj+1 > rj such that, for function ϕ (defined by (2.1)) and for each pair (sj , rj), j = 1, 2, . . .,
there exists a number νj ∈ (0, ν0) such that

0 ≤
i∑

n=sj+1

ϕ(n) ≤ π

νj
, i ∈ Z

rj
sj+1,

π

νj
≤

i∑
n=sj+1

ϕ(n) ≤ 2π
νj
, i ∈ Z

rj+k
rj+1 , (3.2)

p(n) ≥ 0 for n ∈ Z
sj+k
sj+1 , and (1.4) holds for n ∈ Z

rj
sj+k+1, then all solutions of (1.1) are oscillating as

n → ∞.

4. Comparisons, Concluding Remarks, and Open Problems

Equation (1.1) with k = 1 was considered in [5], where a particular case of Theorem 2.1 is
proved. In [4], a hypothesis is formulated together with the proof of Theorem 1.2 (Conjecture
1) about the oscillation of all solutions of (1.1) almost coinciding with the formulation of
Theorem 2.1. For its simple form, (1.1) is often used for testing new results and is very
frequently investigated.

Theorems 1.2 and 2.1 obviously generalize several classical results. We mention at least
some of the simplest ones (see, e.g., [16, Theorem 7.7] or [19, Theorem 7.5.1]),

Theorem 4.1. Let p(n) ≡ p = const. Then every solution of (1.1) oscillates if and only if

p >
kk

(k + 1)k+1
. (4.1)

Or the following result holds as well (see, e.g., [16, Theorem 7.6]) [18, 19]).

IEEE eXpress Sample eBook, page 7



8 Abstract and Applied Analysis

Theorem 4.2. Let p(n) ≥ 0 and

sup
n
p(n) <

kk

(k + 1)k+1
. (4.2)

Then (1.1) has a nonoscillatory solution.

In [9] a problem on oscillation of all solutions of equation

Δu(n) + p(n)u(τ(n)) = 0, n ∈ N (4.3)

is considered where p : N → R+, τ : N → N, and limn→∞τ(n) = +∞. Since in (4.3) delay τ is
variable, we can formulate

Open Problem 1. It is an interesting open question whether Theorems 1.2 and 2.1 can be
extended to linear difference equations with a variable delay argument of the form, for
example,

Δu(n) = −p(n)u(h(n)), n ∈ Z
∞
a , (4.4)

where 0 ≤ n − h(n) ≤ k. For some of the related results for the differential equation

ẋ(t) = −p(t)x(h(t)), (4.5)

see the results in [3, 12] that are described below.

Open Problem 2. It is well known [19, 22] that the following condition is also sufficient for the
oscillation of all solutions of (4.5) with h(n) = n − k:

lim inf
n→∞

1
k

n−1∑
i=n−k

pi >
kk

(k + 1)k+1
. (4.6)

The right-hand side of (4.6) is a critical value for this criterion since this number cannot be
replaced with a smaller one.

In [30] equation (1.1) is considered as well. The authors prove that all solutions
oscillate if p(n) ≥ 0, ε > 0 and

lim sup
n→∞

p(n) >
kk

(k + 1)k+1
− ε
k
+ 4kε1/4, (4.7)

where

ε =
(

k

k + 1

)k+1

− lim inf
n→∞

n−1∑
i=n−k

pi. (4.8)
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An open problem is to obtain conditions similar to Theorem 2.1 for this kind of oscillation
criteria. Some results on this problem for delay differential equations were also obtained in
paper [3].

In [26] the authors establish an equivalence between the oscillation of (1.1) and the
equation

Δ2y(n − 1) +
2(k + 1)k

kk+1

(
p(n) − kk

(k + 1)k+1

)
y(n) = 0 (4.9)

under the critical state

lim inf
n→∞

p(n) =
kk

(k + 1)k+1
, (4.10)

p(n) ≥ kk

(k + 1)k+1
. (4.11)

Then they obtain some sharp oscillation and nonoscillation criteria for (1.1). One of the results
obtained there is the following.

Theorem 4.3. Assume that, for sufficiently large n, inequality (4.11) holds. Then the following
statements are valid.

(i) If

lim inf
n→∞

[(
p(n) − kk

(k + 1)k+1

)
n2

]
>

kk+1

8(k + 1)k
, (4.12)

then every solution of (1.1) is oscillatory.

(ii) If, on the other hand,

(
p(n) − kk

(k + 1)k+1

)
n2 ≤ kk+1

8(k + 1)k
, (4.13)

then (1.1) has a nonoscillatory solution.

Regarding our results, it is easy to see that statement (i) is a particular case of
Theorem 2.1 while statement (ii) is a particular case of Theorem 1.2.

In [27], the authors investigate (1.1) for n ≥ n0 and prove that (1.1) is oscillatory if

∞∑
i=n0

p(i)

⎧⎨
⎩
k + 1
k
· k+1

√√√√ i+k∑
j=i+1

p
(
j
) − 1

⎫⎬
⎭ =∞. (4.14)
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10 Abstract and Applied Analysis

Comparing (4.14) with Theorem 2.1, we can see that (4.14) gives not sharp sufficient
condition. Set, for example, k = 1, θ > 1 and

p(n) =
1
2

[
1
2
+

θ

8n2

]
. (4.15)

Then,

k + 1
k
· k+1

√√√√ i+k∑
j=i+1

p
(
j
) − 1 = 2 ·

√√√√1
4

(
1 +

θ

4(i + 1)2

)
− 1 =

θ/4(i + 1)2

1 +
√

1 + θ/4(i + 1)2
(4.16)

and the series in the left-hand side of (4.14) converges since

∞∑
i=n0

p(i)

⎧⎨
⎩
k + 1
k

k+1

√√√√ i+k∑
j=i+1

p
(
j
) − 1

⎫⎬
⎭

=
∞∑
i=n0

1
2

[
1
2
+

θ

8i2

]
θ/4(i + 1)2

1 +
√

1 + θ/4(i + 1)2
≤ θ

∞∑
i=n0

1
i2

[
1 +

θ

i2

]
<∞.

(4.17)

But, by Theorem 2.1 all solutions of (1.1) are oscillating as n → ∞. Nevertheless (4.14) is not
a consequence of Theorem 2.1.

Let us consider a continuous variant of (1.1): a delayed differential linear equation of
the form

ẋ(t) = −a(t)x(t − τ), (4.18)

where τ > 0 is a constant delay and a : [t0,∞) → (0,∞) (or a : [t0,∞) → R), t0 ∈ R. This
equation, too, for its simple form, is often used for testing new results and is very frequently
investigated. It is, for example, well known that a scalar linear equation with delay

ẋ(t) +
1
e
x(t − 1) = 0 (4.19)

has a nonoscillatory solution as t → ∞. This means that there exists an eventually positive
solution. The coefficient 1/e is called critical with the following meaning: for any α > (1/e),
all solutions of the equation

ẋ(t) + αx(t − 1) = 0 (4.20)

are oscillatory while, for α ≤ (1/e), there exists an eventually positive solution. In [10], the
third author considered (4.18), where a : [t0,∞) → (0,∞) is a continuous function, and t0 is
sufficiently large. For the critical case, he obtained the following result (being a continuous
variant of Theorems 1.2 and 2.1).
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Theorem 4.4. (a) Let an integer k ≥ 0 exist such that a(t) ≤ ak(t) if t → ∞ where

ak(t) :=
1
eτ

+
τ

8et2
+

τ

8e(t ln t)2
+ · · · + τ

8e(t ln t ln2t · · · lnkt)2
. (4.21)

Then there exists an eventually positive solution x of (4.18).
(b) Let an integer k ≥ 2 and θ > 1, θ ∈ R exist such that

a(t) > ak−2(t) +
θτ

8e(t ln t ln2t · · · lnk−1t)
2
, (4.22)

if t → ∞. Then all solutions of (4.18) oscillate.

Further results on the critical case for (4.18) can be found in [1, 11, 14, 17, 24].
In [12], Theorem 7 was generalized for equations with a variable delay

ẋ(t) + a(t)x(t − τ(t)) = 0, (4.23)

where a : [t0,∞) → (0,∞) and τ : [t0,∞) → (0,∞) are continuous functions. The main
results of this paper include the following.

Theorem 4.5 (see [12]). Let t − τ(t) ≥ t0 − τ(t0) if t ≥ t0. Let an integer k ≥ 0 exist such that
a(t) ≤ akτ(t) for t → ∞, where

akτ(t) :=
1

eτ(t)
+
τ(t)
8et2

+
τ(t)

8e(t ln t)2
+ · · · + τ(t)

8e(t ln t ln2t · · · lnkt)2
. (4.24)

If moreover
∫ t
t−τ(t)

1
τ(ξ)

dξ ≤ 1 when t −→ ∞,

lim
t→∞

τ(t) ·
(

1
t

ln t ln2t · · · lnkt
)

= 0,

(4.25)

then there exists an eventually positive solution x of (4.23) for t → ∞.

Finally, the last results were generalized in [3]. We reproduce some of the results given
there.

Theorem 4.6. (A) Let τ > 0, 0 ≤ τ(t) ≤ τ for t → ∞, and let condition (a) of Theorem 4.4 holds.
Then (4.23) has a nonoscillatory solution.

(B) Let τ(t) ≥ τ > 0 for t → ∞, and let condition (b) of Theorem 4.4 holds. Then all solutions
of (4.23) oscillate.

For every integer k ≥ 0, δ > 0 and t → ∞, we define

Ak(t) :=
1

eδτ(t)
+

δ

8eτ(t)s2
+

δ

8eτ(t)(s ln s)2
+ · · · + δ

8eτ(t)(s ln s ln2s · · · lnks)2
, (4.26)
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12 Abstract and Applied Analysis

where

s = p(t) :=
∫ t
t0

1
τ(ξ)

dξ. (4.27)

Theorem 4.7. Let for t0 sufficiently large and t ≥ t0: τ(t) > 0 a.e., 1/τ(t) be a locally integrable
function,

lim
t→∞

(t − τ(t)) =∞,
∫∞
t0

1
τ(ξ)

dξ =∞, (4.28)

and let there exists t1 > t0 such that t − τ(t) ≥ t0, t ≥ t1.
(a) If there exists a δ ∈ (0,∞) such that

∫ t
t−τ(t)

1
τ(ξ)

dξ ≤ δ, t ≥ t1, (4.29)

and, for a fixed integer k ≥ 0,

a(t) ≤ Ak(t), t ≥ t1, (4.30)

then there exists an eventually positive solution of (4.23).

(b) If there exists a δ ∈ (0,∞) such that

∫ t
t−τ(t)

1
τ(ξ)

dξ ≥ δ, t ≥ t1, (4.31)

and, for a fixed integer k ≥ 2 and θ > 1, θ ∈ R,

a(t) > Ak−2(t) +
θδ

8eτ(t)(s ln s ln2s · · · lnk−1s)
2
, (4.32)

if t ≥ t1, then all solutions of (4.23) oscillate.

Appendix

A. Auxiliary Computations

This part includes auxiliary results with several technical lemmas proved. Part of them
is related to the asymptotic decomposition of certain functions and the rest deals with
computing the sums of some algebraic expressions. The computations are referred to in the
proof of the main result (Theorem 2.1) in Section 2.
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First we define auxiliary functions (recalling also the definition of function ϕ given by
(2.1)):

ϕ(n) :=
1

n lnn ln2 n ln3n · · · lnqn ,

α(n) :=
1
n
+

1
n lnn

+
1

n lnn ln2n
+ · · · + 1

n lnn ln2n · · · lnqn ,

ω0(n) :=
1
n2

+
3

2n2 lnn
+

3
2n2 lnn ln2n

+ · · · + 3
2n2 lnn ln2n · · · lnqn

,

ω1(n) :=
1

(n lnn)2
+

3

2(n lnn)2ln2n
+ · · · + 3

2(n lnn)2ln2n · · · lnqn
,

...

ωq−1(n) :=
1(

n lnn · · · lnq−1n
)2

+
3

2
(
n lnn · · · lnq−1n

)2lnqn
,

ωq(n) :=
1(

n lnn · · · lnqn
)2
,

Ω(n) :=
1
n2

+
1

(n lnn)2
+

1

(n lnn ln2n)
2
+ · · · + 1(

n lnn ln2n · · · lnqn
)2
,

(A.1)

where n is sufficiently large and q ∈ N0. Moreover, we set (for admissible values of
arguments)

Σ
(
p
)

:=
k∑
�=1

(
k − p − �), (A.2)

Σ+(p) := Σ
(
p
)
+
(
k − p), (A.3)

V
(
n + p

)
:=

k∑
�=1

ϕ
(
n + p − k + �

)
, (A.4)

V +(n + p
)

:= V
(
n + p

)
+ ϕ
(
n + p − k), (A.5)

S
(
p
)

:=
k∑
�=1

(
k − p − �)2

, (A.6)

S+(p) := S
(
p
)
+
(
k − p)2

. (A.7)

A.1. Asymptotic Decomposition of Iterative Logarithms

In the proof of the main result, we use auxiliary results giving asymptotic decompositions of
iterative logarithms. The following lemma is proved in [11].
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14 Abstract and Applied Analysis

Lemma A.1. For fixed r, σ ∈ R \ {0} and a fixed integer s ≥ 1, the asymptotic representation

lnσs (n − r)
lnσs n

= 1 − rσ

n lnn · · · lnsn −
r2σ

2n2 lnn · · · lnsn

− r2σ

2(n lnn)2ln2n · · · lnsn
− · · · − r2σ

2(n lnn · · · lns−1n)
2lnsn

+
r2σ(σ − 1)

2(n lnn · · · lnsn)2
− r3σ(1 + o(1))

3n3 lnn · · · lnsn

(A.8)

holds for n → ∞.

A.2. Formulas for Σ(p) and for Σ+(p)

Lemma A.2. The following formulas hold:

Σ
(
p
)
=
k

2
· (k − 2p − 1

)
, (A.9)

Σ+(p) = k + 1
2
· (k − 2p

)
. (A.10)

Proof. It is easy to see that

Σ
(
p
)
=

k−p−1∑
�=−p

� =
(
k − p − 1

)
+
(
k − p − 2

)
+ · · · + (−p)

=
(
k − (p + 1

))
+
(
k − (p + 2

))
+ · · · + (k − (p + k)) = k

2
· (k − 2p − 1

)
,

Σ+(p) = Σ
(
p
)
+
(
k − p) = k + 1

2
· (k − 2p

)
.

(A.11)

A.3. Formula for the Sum of the Terms of an Arithmetical Sequence

Denote by u1, u2, . . . , ur the terms of an arithmetical sequence of kth order (kth differences
are constant), d′1, d

′
2, d

′
3, . . ., the first differences (d′1 = u2 − u1, d′2 = u3 − u2,. . .), d′′1, d

′′
2, d

′′
3, . . .,

the second differences (d′′1 = d′2 − d′1,. . .), and so forth. Then the following result holds (see,
e.g., [43]).

Lemma A.3. For the sum of r terms of an arithmetical sequence of kth order, the following formula
holds

r∑
i=1

ui =
r!

(r − 1)! · 1!
· u1 +

r!
(r − 2)! · 2!

· d′1 +
r!

(r − 3)! · 3!
· d′′1 + · · · . (A.12)
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A.4. Asymptotic Decomposition of ϕ(n − l)
Lemma A.4. For fixed � ∈ R and q ∈ N0, the asymptotic representation

ϕ(n − �) = ϕ(n)
(

1 + �α(n) + �2
q∑
i=0

ωq(n)

)
+O
(
ϕ(n)
n3

)
(A.13)

holds for n → ∞.

Proof. The function ϕ(n) is defined by (2.1). We develop the asymptotic decomposition of
ϕ(n − �) when n is sufficiently large and � ∈ R. Applying Lemma A.1 (for σ = −1, r = � and
s = 1, 2, . . . , q), we get

ϕ(n − �) = 1
(n − �) ln(n − �)ln2(n − �)ln3(n − �) · · · lnq(n − �)

=
1

n(1 − �/n) ln(n − �)ln2 (n − �)ln3(n − �) · · · lnq(n − �)

= ϕ(n) · 1
1 − �/n ·

lnn
ln(n − �) ·

ln2n

ln2 (n − �) ·
ln3n

ln3(n − �) · · ·
lnqn

lnq (n − �)

= ϕ(n)

(
1 +

�

n
+
�2

n2
+O
(

1
n3

))

×
(

1 +
�

n lnn
+

�2

2n2 lnn
+

�2

(n lnn)2
+O
(

1
n3

))

×
(

1 +
�

n lnn ln2n
+

�2

2n2 lnn ln2n
+

�2

2(n lnn)2ln2n
+

�2

(n lnn ln2n)
2
+O
(

1
n3

))

×
(

1 +
�

n lnn ln2n ln3n
+

�2

2n2 lnn ln2n ln3n
+

�2

2(n lnn)2ln2n ln3n

+
�2

2(n lnn ln2n)
2ln3n

+
�2

(n lnn ln2n ln3n)
2
+O
(

1
n3

))

× · · · ×
(

1 +
�

n lnn ln2n ln3n · · · lnqn +
�2

2n2 lnn · · · lnqn
+

�2

2(n lnn)2ln2 · · ·n lnqn

+ · · · + �2

2
(
n lnn · · · lnq−1n

)2lnqn
+

�2

(
n lnn · · · lnqn

)2
+O
(

1
n3

))
.

(A.14)

Finally, gathering the same functional terms and omitting the terms having a higher order of
accuracy than is necessary, we obtain the asymptotic decomposition (A.13).
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16 Abstract and Applied Analysis

A.5. Formula for α2(n)

Lemma A.5. For fixed q ∈ N0, the formula

α2(n) =
4
3

q∑
i=0

ωi(n) − 1
3
Ω(n) (A.15)

holds for all sufficiently large n.

Proof. It is easy to see that

α2(n) =
1
n2

+
2

n2 lnn
+

2
n2 lnn ln2n

+ · · · + 2
n2 lnn ln2n · · · lnqn

+
1

(n lnn)2
+

2

(n lnn)2ln2n
+ · · · + 2

(n lnn)2ln2n · · · lnqn

+
1

(n lnn ln2n)
2
+

2

(n lnn ln2n)
2ln3n

+ · · · + 2

(n lnn ln2n)
2 · · · lnqn

+ · · · + 1(
n lnnln2n · · · lnqn

)2

=
4
3

(
1
n2

+
3

2n2 lnn
+

3
2n2 lnn ln2n

+ · · · + 3
2n2 lnn ln2n · · · lnqn

+
1

(n lnn)2
+

3

2(n lnn)2ln2n
+ · · · + 3

2(n lnn)2ln2n · · · lnqn

+
1

(n lnn ln2n)
2
+

2

(n lnn ln2n)
2ln3n

+ · · · + 2

(n lnn ln2n)
2 · · · lnqn

+ · · · + 1(
n lnn ln2n · · · lnqn

)2

)

− 1
3

(
1
n2

+
1

(n lnn)2
+

1

(n lnn ln2n)
2
+ · · · + 1(

n lnn ln2n · · · lnqn
)2

)

=
4
3

q∑
i=0

ωi(n) − 1
3
Ω(n).

(A.16)

A.6. Asymptotic Decomposition of V (n + p)

Lemma A.6. For fixed p ∈ N and q ∈ N0, the asymptotic representation

V
(
n + p

)
= ϕ(n)

[
k + Σ

(
p
)
α(n) + S

(
p
) q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)
(A.17)

holds for n → ∞.
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Proof. It is easy to deduce from formula (A.13) with � = k − p − 1, k − p − 2, . . . ,−p that

V
(
n + p

)
:= ϕ
(
n + p − k + 1

)
+ ϕ
(
n + p − k + 2

)
+ · · · + ϕ(n + p

)
=

k−p−1∑
�=−p

ϕ(n − �) = ϕ(n)

×
k−p−1∑
�=−p

(
1 +

�

n
+

�

n lnn
+

�

n lnn ln2n
+ · · · + �

n lnn ln2n · · · lnqn

+
�2

n2
+

3�2

2n2 lnn
+ · · · + 3�2

2n2 lnn ln2n · · · lnqn
+

�2

(n lnn)2

+
3�2

2(n lnn)2ln2n
+

3�2

2(n lnn)2ln3n
+ · · · + 3�2

2(n lnn)2ln3n · · · lnqn

+
�2

(n lnn ln2n)
2
+

3�2

2(n lnn ln2n)
2ln3n

+ · · · + 3�2

2(n lnn ln2n)
2ln3n · · · lnqn

+
�2

(n lnn ln2n ln3n)
2
+ · · · + 3�2

2(n lnn ln2n ln3n)
2ln4n · · · lnqn

+ · · · + �2

(
n lnn ln2n · · · lnq−1n

)2
+

3�2

2
(
n lnn ln2n · · · lnq−1n

)2lnqn

+
�2

(
n lnn ln2n · · · lnqn

)2
+O
(

1
n3

))
.

(A.18)

Then

V
(
n + p

)
:= ϕ(n)

k−p−1∑
�=−p

[
1 + �α(n) + �2

q∑
i=0

ωi(n) +O
(

1
n3

)]

= ϕ(n)

⎡
⎣k−p−1∑

�=−p
1 + α(n) ·

k−p−1∑
�=−p

� +
k−p−1∑
�=−p

�2 ·
q∑
i=0

ωi(n) +O
(

1
n3

)⎤
⎦

= ϕ(n)

[
k + Σ

(
p
)
α(n) + S

(
p
) ·

q∑
i=0

ωi(n) +O
(

1
n3

)]

= ϕ(n)

[
k + Σ

(
p
)
α(n) + S

(
p
) q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)
.

(A.19)

IEEE eXpress Sample eBook, page 17



18 Abstract and Applied Analysis

A.7. Asymptotic Decomposition of V +(n + p)

Lemma A.7. For fixed p ∈ N0 and q ∈ N0, the asymptotic representation

V +(n + p
)
= ϕ(n)

[
k + 1 + Σ+(p)α(n) + S+(p)

q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)
(A.20)

holds for n → ∞.

Proof. By (A.5), (A.13), (A.17), (A.10), and (A.7), we get

V +(n + p
)

:= V
(
n + p

)
+ ϕ
(
n + p − k)

= ϕ(n)

[
k + Σ

(
p
)
α(n) + S

(
p
) q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)
+ ϕ
(
n + p − k)

= ϕ(n)

[
k + Σ

(
p
)
α(n) + S

(
p
) q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)

+ ϕ(n)
(

1 +
(
k − p)α(n) + (k − p)2

ω0(n) +
(
k − p)2

ω1(n)

+ · · · + (k − p)2
ωq−1(n) +

(
k − p)2

ωq(n) +O
(

1
n3

))

= ϕ(n)

[
k + 1 +

(
Σ
(
p
)
+
(
k − p))α(n) + (S(p) + (k − p)2

) q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)

= ϕ(n)

[
k + 1 + Σ+(p)α(n) + S+(p)

q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)
.

(A.21)

A.8. Formula for
∑k

p=1 Σ(p)

Lemma A.8. For the above sum, the following formula holds:

k∑
p=1

Σ
(
p
)
= −k2. (A.22)

Proof. Using formula (A.9), we get

k∑
p=1

Σ
(
p
)
= Σ(1) + Σ(2) + Σ(3) + · · · + Σ(k)

=
k

2
· [(k − 3) + (k − 5) + (k − 7) + · · · + (k − (2k + 1))]

=
k

2
· (−2k) = −k2.

(A.23)
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A.9. Formula for
∑k

p=1 Σ
2(p)

Lemma A.9. For the above sum, the following formula holds:

k∑
p=1

Σ2(p) = k3

12

(
k2 + 11

)
. (A.24)

Proof. Using formula (A.9), we get

k∑
p=1

Σ2(p) = k2

4

k∑
p=1

(
k − 2p − 1

)2

=
k2

4
·
[
(k − 3)2 + (k − 5)2 + (k − 7)2 + · · · + (k − (2k + 1))2

]
.

(A.25)

We compute the sum in the square brackets. We use formula (A.12). In our case,

r = k, u1 = (k − 3)2, u2 = (k − 5)2, u3 = (k − 7)2, . . . , uk = (k − 2k − 1)2 = (k + 1)2,

d′1 = u2 − u1 = (k − 5)2 − (k − 3)2 = −4k + 16,

d′2 = u3 − u2 = (k − 7)2 − (k − 5)2 = −4k + 24,
(A.26)

the second differences are constant, and

d′′1 = d′2 − d′1 = (−4k + 24) − (−4k + 16) = 8. (A.27)

Then the sum in the square brackets equals

k!
(k − 1)! · 1!

· (k − 3)2 +
k!(−4)

(k − 2)! · 2!
· (k − 4) +

k!
(k − 3)! · 3!

· 8 =
k

3

(
k2 + 11

)
, (A.28)

and formula (A.24) is proved.

A.10. Formula for 2
∏k

i,j= 0,i >jΣ(i)Σ(j)

Lemma A.10. For the above product, the following formula holds:

2
k∏

i,j=0
i>j

Σ(i)Σ
(
j
)
= k4 − k

3

12

(
k2 + 11

)
. (A.29)
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Proof. We have

2
k∏

i,j=0
i>j

Σ(i) Σ
(
j
)
=

⎛
⎝ k∑

p=1

Σ
(
p
)
⎞
⎠

2

−
k∑
p=1

(
Σ
(
p
))2

. (A.30)

Then, using formulas (A.22), and (A.24), we get

⎛
⎝ k∑

p=1

Σ
(
p
)
⎞
⎠

2

−
k∑
p=1

(
Σ
(
p
))2 =

(
−k2
)2 − k

3

12

(
k2 + 11

)
= k4 − k

3

12

(
k2 + 11

)
. (A.31)

A.11. Formula for
∑k

p=0 Σ
+(p)

Lemma A.11. For the above sum, the following formula holds:

k∑
p=0

Σ+(p) = 0. (A.32)

Proof. Using formulas (A.9), (A.10), and (A.22), we get

k∑
p=0

Σ+(p) = Σ(0) +
k∑
p=1

Σ
(
p
)
+

k∑
p=0

(
k − p) = k

2
(k − 1) − k2 +

k

2
(k + 1) = 0. (A.33)

A.12. Formula for
∑k

p=0 (Σ
+(p))2

Lemma A.12. For the above sum, the following formula holds:

k∑
p=0

(
Σ+(p))2 =

(k + 1)2k

12
·
(
k2 + 3k + 2

)
. (A.34)

Proof. Using formula (A.10), we get

k∑
p=0

(
Σ+(p))2 =

(k + 1)2

4

[
(k − 0)2 + (k − 2)2 + (k − 4)2 + · · · + (k − 2k)2

]
. (A.35)

We compute the sum in the square brackets. We use formula (A.12). In our case,

r = k + 1, u1 = k2, u2 = (k − 2)2, u3 = (k − 4)2, . . . , uk+1 = (k − 2k)2 = k2,

d′1 = u2 − u1 = (k − 2)2 − k2 = −4k + 4,

d′2 = u3 − u2 = (k − 4)2 − (k − 2)2 = −4k + 12,

(A.36)
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the second differences are constant, and

d′′1 = d′2 − d′1 = (−4k + 12) − (−4k + 4) = 8. (A.37)

Then, the sum in the square brackets equals

(k + 1)!
k! · 1!

· k2 +
4(k + 1)!
(k − 1)! · 2!

· (−k + 1) +
(k + 1)!

(k − 2)! · 3!
· 8 =

k

3

(
k2 + 3k + 2

)
, (A.38)

and formula (A.34) is proved.

A.13. Formula for 2
∏k

i,j=0, i>jΣ
+(i)Σ+(j)

Lemma A.13. For the above product, the following formula holds:

2
k∏

i,j=0
i>j

Σ+(i)Σ+(j) = −(k + 1)2k

12

(
k2 + 3k + 2

)
. (A.39)

Proof. We have

2
k∏

i,j=0
i>j

Σ+(i)Σ+(j) =
⎛
⎝ k∑

p=0

Σ+(p)
⎞
⎠

2

−
k∑
p=0

(
Σ+(p))2

. (A.40)

Then, using formulas (A.32), and (A.34), we get

⎛
⎝ k∑

p=1

Σ+(p)
⎞
⎠

2

−
k∑
p=1

(
Σ+(p))2 = −

k∑
p=1

(
Σ+(p))2 = −(k + 1)2k

12
·
(
k2 + 3k + 2

)
. (A.41)

A.14. Formula for S(p)

Lemma A.14. For a fixed integer p, the formula

S
(
p
)
=
k

6

[
2k2 − 3

(
1 + 2p

)
k +
(

6p2 + 6p + 1
)]

(A.42)

holds.
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Proof. We use formula (A.12). In our case

r = k, u1 =
(
k − p − 1

)2
, . . . , uk =

(
k − p − k)2 = p2,

d′1 = u2 − u1 =
(
k − p − 2

)2 − (k − p − 1
)2 =

(
2k − 2p − 3

)
(−1),

d′2 = u3 − u2 =
(
k − p − 3

)2 − (k − p − 2
)2 =

(
2k − 2p − 5

)
(−1),

(A.43)

the second differences are constant, and

d′′1 = d′2 − d′1 =
(
2k − 2p − 5

)
(−1) − (2k − 2p − 3

)
(−1) = 2. (A.44)

Then the formula

S
(
p
)
=

k!
(k − 1)! · 1!

· (k − p − 1
)2 +

k!(−1)
(k − 2)! · 2!

· (2k − 2p − 3
)
+

k!
(k − 3)! · 3!

· 2 (A.45)

directly follows from (A.12). After some simplification, we get

S
(
p
)
= k · (k − p − 1

)2 − k(k − 1)
2

· (2k − 2p − 3
)
+
k(k − 1)(k − 2)

3

=
k

6
·
[
6
(
k2 − 2k

(
p + 1

)
+
(
p + 1

)2
)
− 3
(

2k2 − k(2p + 5
)
+
(
2p + 3

))
+ 2
(
k2 − 3k + 2

)]

=
k

6

[
2k2 − 3

(
1 + 2p

)
k +
(

6p2 + 6p + 1
)]
.

(A.46)

Formula (A.42) is proved.

A.15. Formula for
∑k

p=1 S(p)

Lemma A.15. For a fixed integer p, the formula

k∑
p=1

S
(
p
)
=
k

6

(
k3 + 5k

)
(A.47)

holds.

Proof. Since, by (A.42),

6
k
S
(
p
)
= 2k2 − 3

(
1 + 2p

)
k +
(

6p2 + 6p + 1
)
, (A.48)
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we get

6
k

k∑
p=1

S
(
p
)
= 2

k∑
p=1

k2 − 3k
k∑
p=1

(
1 + 2p

)
+ 6

k∑
p=1

p2 + 6
k∑
p=1

p +
k∑
p=1

1

= 2k3 − 3k
(
k2 + 2k

)
+ k
(

2k2 + 3k + 1
)
+ 3
(
k2 + k

)
+ k

= k3 + 5k.

(A.49)

This yields (A.47).

A.16. Formula for S+(p)

Lemma A.16. The above expression equals

S+(p) = k + 1
6

[
2k2 +

(−6p + 1
)
k + 6p2

]
. (A.50)

Proof. We have the following:

S+(p) = (k − p)2 + S
(
p
)

=
[(
k − p)2 +

k

6

[
2k2 − 3

(
1 + 2p

)
k +
(

6p2 + 6p + 1
)]

−k + 1
6

[
2k2 +

(−6p + 1
)
k + 6p2

]]
+
k + 1

6

[
2k2 +

(−6p + 1
)
k + 6p2

]

=
1
6

[
6k2 − 12kp + 6p2 + k

[−4k + 6p + 1
] − 2k2 +

(
6p − 1

)
k − 6p2

]

+
k + 1

6

[
2k2 +

(−6p + 1
)
k + 6p2

]

=
k + 1

6

[
2k2 +

(−6p + 1
)
k + 6p2

]
.

(A.51)

This yields (A.50).

A.17. Formula for
∑k

p=0 S
+(p)

Lemma A.17. The above expression equals

k∑
p=0

S+(p) = (k + 1)k
6

(
k2 + 3k + 2

)
. (A.52)

Proof. Since, by (A.50),

6
k + 1

S+(p) = 2k2 +
(−6p + 1

)
k + 6p2, (A.53)
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we get

6
k + 1

k∑
p=0

S+(p) = 2
k∑
p=0

k2 + k
k∑
p=0

(−6p + 1
)
+ 6

k∑
p=0

p2

= 2k2(k + 1) + k(−3k(k + 1) + (k + 1)) + k
(

2k2 + 3k + 1
)

= k3 + 3k2 + 2k.

(A.54)

This yields (A.52).

A.18. Formula for (1/k)
∑k

p=1 S(p) − (1/(k + 1))
∑k

p=0 S
+(p)

Lemma A.18. The above expression equals

1
k

k∑
p=1

S
(
p
) − 1

k + 1

k∑
p=0

S+(p) = 1
2
·
(
−k2 + k

)
. (A.55)

Proof. By (A.47) and (A.50), we obtain

1
k

k∑
p=1

S
(
p
) − 1

k + 1

k∑
p=0

S+(p) = 1
6
·
(
k3 + 5k

)
− 1

6
·
(
k3 + 3k2 + 2k

)

=
1
6
·
(
−3k2 + 3k

)
=

1
2
·
(
−k2 + k

)
.

(A.56)

This yields (A.55).

A.19. Asymptotic Decomposition of
∏k

p=1V (n + p)

Lemma A.19. For a fixed q ∈ N0, the asymptotic representation

k∏
p=1

V
(
n + p

)
= kkϕk(n)

[
1 − kα(n) − k

24

(
k2 − 12k + 11

)
α2(n) +

k

6

(
k2 + 5

) q∑
i=0

ωi(n)

]

+O

(
ϕk(n)
n3

) (A.57)

holds for n → ∞.
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Proof. Using formula (A.17), we get

k∏
p=1

V
(
n + p

)
=

k∏
p=1

[
ϕ(n)

[
k + Σ

(
p
)
α(n) + S

(
p
) q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)]

= ϕk(n)

⎡
⎢⎢⎣kk + kk−1α(n)

k∑
i=1

Σ(i) + kk−2α2(n)
k∏

i,j=0
i>j

Σ(i) Σ
(
j
)
+ kk−1

k∑
i=1

S(i)
q∑
j=0

ωj(n)

⎤
⎥⎥⎦

+O

(
ϕk(n)
n3

)
= (∗).

(A.58)

Now, by (A.22), (A.29), and (A.47)

(∗) = ϕk(n)

⎡
⎢⎢⎣kk + kk−1(−k)2α(n) +

1
2
kk−2

(
k4 − k

3

12

(
k2 + 11

))
α2(n)

+
1
6
kk−1k

(
k3 + 5k

) q∑
j=0

ωj(n)

⎤
⎥⎥⎦ +O

(
ϕk(n)
n3

)

= kkϕk(n)

⎡
⎢⎢⎣1 − kα(n) − k

24

(
k2 − 12k + 11

)
α2(n)

+
k

6

(
k2 + 5

) q∑
j=0

ωj(n)

⎤
⎥⎥⎦ +O

(
ϕk(n)
n3

)
.

(A.59)

A.20. Asymptotic Decomposition of
∏k

p=0V
+(n + p)

Lemma A.20. For a fixed q ∈ N0, the asymptotic representation

k∏
p=0

V +(n + p
)
= (k + 1)k+1ϕk+1(n)

[
1 − k

24

(
k2 + 3k + 2

)
α2(n) +

k

6

(
k2 + 3k + 2

) q∑
i=0

ωi(n)

]

+O

(
ϕk+1(n)
n3

)

(A.60)

holds for n → ∞.
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Proof. Using formula (A.20), we get

k∏
p=0

V +(n + p
)
=

k∏
p=0

[
ϕ(n)

[
k + 1 + Σ+(p)α(n) + S+(p)

q∑
i=0

ωi(n)

]
+O
(
ϕ(n)
n3

)]

= ϕk+1(n)

⎡
⎢⎢⎣(k + 1)k+1 + (k + 1)kα(n)

k∑
i=0

Σ+(i)

+ (k + 1)k−1α2(n)
k∏

i,j = 0
i > j

Σ+(i)Σ+(j)

+(k + 1)k
k∑
i=0

S+(i)
q∑
j=0

ωj(n)

⎤
⎥⎥⎦ +O

(
ϕk+1(n)
n3

)
= (∗).

(A.61)

Now, by (A.32), (A.39), and (A.52), we derive

(∗) = ϕk+1(n)

⎡
⎢⎢⎣(k + 1)k+1 − (k + 1)k−1 (k + 1)2k

24

(
k2 + 3k + 2

)
α2(n)

+(k + 1)k
(k + 1)k

6

(
k2 + 3k + 2

) q∑
j=0

ωj(n)

⎤
⎥⎥⎦ +O

(
ϕk+1(n)
n3

)

= (k + 1)k+1ϕk+1(n)

⎡
⎣1 − k

24

(
k2 + 3k + 2

)
α2(n) +

k

6

(
k2 + 3k + 2

) q∑
j=0

ωj(n)

⎤
⎦

+O

(
ϕk+1(n)
n3

)
.

(A.62)
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[12] J. Diblı́k, Z. Svoboda, and Z. Šmarda, “Explicit criteria for the existence of positive solutions for a
scalar differential equation with variable delay in the critical case,” Computers & Mathematics with
Applications, vol. 56, no. 2, pp. 556–564, 2008.

[13] Y. Domshlak, “Oscillation properties of discrete difference inequalities and equations: the new
approach,” in Functional-Differential Equations, vol. 1 of Functional Differential Equations Israel Seminar,
pp. 60–82, Coll. Judea Samaria, Ariel, Israel, 1993.

[14] Y. Domshlak and I. P. Stavroulakis, “Oscillations of first-order delay differential equations in a critical
state,” Applicable Analysis, vol. 61, no. 3-4, pp. 359–371, 1996.
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We consider a cooperating two-species Lotka-Volterra model of degenerate parabolic equations.
We are interested in the coexistence of the species in a bounded domain. We establish the existence
of global generalized solutions of the initial boundary value problem by means of parabolic
regularization and also consider the existence of the nontrivial time-periodic solution for this
system.

1. Introduction

In this paper, we consider the following two-species cooperative system:

ut = Δum1 + uα(a − bu + cv), (x, t) ∈ Ω × �+ , (1.1)

vt = Δvm2 + vβ
(
d + eu − fv), (x, t) ∈ Ω × �+ , (1.2)

u(x, t) = 0, v(x, t) = 0, (x, t) ∈ ∂Ω × �+ , (1.3)

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω, (1.4)

where m1, m2 > 1, 0 < α < m1, 0 < β < m2, 1 ≤ (m1 − α)(m2 − β), a = a(x, t), b = b(x, t),
c = c(x, t), d = d(x, t), e = e(x, t), f = f(x, t) are strictly positive smooth functions and
periodic in time with period T > 0 and u0(x) and v0(x) are nonnegative functions and satisfy
um1

0 , vm2
0 ∈W1,2

0 (Ω).
In dynamics of biological groups, the system (1.1)-(1.2) can be used to describe the

interaction of two biological groups. The diffusion terms Δum1 and Δvm2 represent the effect
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of dispersion in the habitat, which models a tendency to avoid crowding and the speed of the
diffusion is rather slow. The boundary conditions (1.3) indicate that the habitat is surrounded
by a totally hostile environment. The functions u and v represent the spatial densities of the
species at time t and a, d are their respective net birth rate. The functions b and f are intra-
specific competitions, whereas c and e are those of interspecific competitions.

As famous models for dynamics of population, two-species cooperative systems like
(1.1)-(1.2) have been studied extensively, and there have been many excellent results, for
detail one can see [1–6] and references therein. As a special case, men studied the following
two-species Lotka-Volterra cooperative system of ODEs:

u′(t) = u(t)(a(t) − b(t)u(t) + c(t)v(t)),
v′(t) = v(t)

(
d(t) + e(t)u(t) − f(t)v(t)). (1.5)

For this system, Lu and Takeuchi [7] studied the stability of positive periodic solution and
Cui [1] discussed the persistence and global stability of it.

When m1 = m2 = α = β = 1, from (1.1)-(1.2) we get the following classical cooperative
system:

ut = Δu + u(a − bu + cv),

vt = Δv + v
(
d + eu − fv). (1.6)

For this system, Lin et al. [5] showed the existence and asymptotic behavior of T-
periodic solutions when a, b, c, e, d, f are all smooth positive and periodic in time with
period T > 0. When a, b, c, e, d, f are all positive constants, Pao [6] proved that the Dirichlet
boundary value problem of this system admits a unique solution which is uniformly bounded
when ce < bf , while the blowup solutions are possible when the two species are strongly
mutualistic (ce > bf). For the homogeneous Neumann boundary value problem of this
system, Lou et al. [4] proved that the solution will blow up in finite time under a sufficient
condition on the initial data. When c = e = 0 and α = β = 1, from (1.1) we get the single
degenerate equation

ut = Δum + u(a − bu). (1.7)

For this equation, Sun et al. [8] established the existence of nontrivial nonnegative periodic
solutions by monotonicity method and showed the attraction of nontrivial nonnegative
periodic solutions.

In the recent years, much attention has been paid to the study of periodic boundary
value problems for parabolic systems; for detail one can see [9–15] and the references therein.
Furthermore, many researchers studied the periodic boundary value problem for degenerate
parabolic systems, such as [16–19]. Taking into account the impact of periodic factors on
the species dynamics, we are also interested in the existence of the nontrivial periodic
solutions of the cooperative system (1.1)-(1.2). In this paper, we first show the existence of
the global generalized solution of the initial boundary value problem (1.1)–(1.4). Then under
the condition that

blfl > cMeM, (1.8)
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where fM = sup{f(x, t) | (x, t) ∈ Ω × �}, fl = inf{f(x, t) | (x, t) ∈ Ω × �}, we show
that the generalized solution is uniformly bounded. At last, by the method of monotone
iteration, we establish the existence of the nontrivial periodic solutions of the system (1.1)-
(1.2), which follows from the existence of a pair of large periodic supersolution and small
periodic subsolution. At last, we show the existence and the attractivity of the maximal
periodic solution.

Our main efforts center on the discussion of generalized solutions, since the regularity
follows from a quite standard approach. Hence we give the following definition of
generalized solutions of the problem (1.1)–(1.4).

Definition 1.1. A nonnegative and continuous vector-valued function (u, v) is said to be
a generalized solution of the problem (1.1)–(1.4) if, for any 0 ≤ τ < T and any functions
ϕi ∈ C1(Qτ) with ϕi|∂Ω×[0,τ) = 0 (i = 1, 2), ∇um1 ,∇vm2 ∈ L2(Qτ), ∂um1/∂t, ∂vm2/∂t ∈ L2(Qτ)
and
∫∫

Qτ

u
∂ϕ1

∂t
− ∇um1∇ϕ1 + uα(a − bu + cv)ϕ1dx dt =

∫
Ω
u(x, τ)ϕ1(x, τ)dx −

∫
Ω
u0(x)ϕ1(x, 0)dx,

∫∫
Qτ

v
∂ϕ2

∂t
− ∇vm2∇ϕ2 + vβ

(
d + eu − fv)ϕ2dxdt =

∫
Ω
v(x, τ)ϕ2(x, τ)dx −

∫
Ω
v0(x)ϕ2(x, 0)dx,

(1.9)

where Qτ = Ω × (0, τ).
Similarly, we can define a weak supersolution (u, v) (subsolution (u, v)) if they satisfy

the inequalities obtained by replacing “=” with “≤” (“≥”) in (1.3), (1.4), and (1.9) and with
an additional assumption ϕi ≥ 0 (i = 1, 2).

Definition 1.2. A vector-valued function (u, v) is said to be a T-periodic solution of the
problem (1.1)–(1.3) if it is a solution in [0, T] such that u(·, 0) = u(·, T), v(·, 0) = v(·, T) in
Ω. A vector-valued function (u, v) is said to be a T-periodic supersolution of the problem
(1.1)–(1.3) if it is a supersolution in [0, T] such that u(·, 0) ≥ u(·, T), v(·, 0) ≥ v(·, T) in Ω. A
vector-valued function (u, v) is said to be a T-periodic subsolution of the problem (1.1)–(1.3),
if it is a subsolution in [0, T] such that u(·, 0) ≤ u(·, T), v(·, 0) ≤ v(·, T) in Ω.

This paper is organized as follows. In Section 2, we show the existence of generalized
solutions to the initial boundary value problem and also establish the comparison principle.
Section 3 is devoted to the proof of the existence of the nonnegative nontrivial periodic
solutions by using the monotone iteration technique.

2. The Initial Boundary Value Problem

To solve the problem (1.1)–(1.4), we consider the following regularized problem:

∂uε
∂t

= div
((
mum1−1

ε + ε
)
∇uε
)
+ uαε (a − buε + cvε), (x, t) ∈ QT, (2.1)

∂vε
∂t

= div
((
mvm2−1

ε + ε
)
∇vε
)
+ vβε

(
d + euε − fvε

)
, (x, t) ∈ QT, (2.2)

uε(x, t) = 0, vε(x, t) = 0, (x, t) ∈ ∂Ω × (0, T), (2.3)

uε(x, 0) = u0ε(x), vε(x, 0) = v0ε(x), x ∈ Ω, (2.4)
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whereQT = Ω×(0, T), 0 < ε < 1, u0ε, v0ε ∈ C∞0 (Ω) are nonnegative bounded smooth functions
and satisfy

0 ≤ u0ε ≤ ‖u0‖L∞(Ω), 0 ≤ v0ε ≤ ‖v0‖L∞(Ω),

um1
0ε −→ um1

0 , vm2
0ε −→ vm2

0 , in W1,2
0 (Ω) as ε −→ 0.

(2.5)

The standard parabolic theory (cf. [20, 21]) shows that (2.1)–(2.4) admits a nonnegative
classical solution (uε, vε). So, the desired solution of the problem (1.1)–(1.4) will be obtained
as a limit point of the solutions (uε, vε) of the problem (2.1)–(2.4). In the following, we show
some important uniform estimates for (uε, vε).

Lemma 2.1. Let (uε, vε) be a solution of the problem (2.1)–(2.4).

(1) If 1 < (m1 − α)(m2 − β), then there exist positive constants r and s large enough such that

1
m2 − β

<
m1 + r − 1
m2 + s − 1

< m1 − α, (2.6)

‖uε‖Lr (QT ) ≤ C, ‖vε‖Ls(QT ) ≤ C, (2.7)

where C is a positive constant only depending onm1, m2, α, β, r, s, |Ω|, and T .

(2) If 1 = (m1 − α)(m2 − β), then (2.7) also holds when |Ω| is small enough.

Proof. Multiplying (2.1) by ur−1
ε (r > 1) and integrating over Ω, we have that

∫
Ω

∂urε
∂t

dx = − 4r(r − 1)m1

(m1 + r − 1)2

∫
Ω

∣∣∣∇u(m1+r−1)/2
ε

∣∣∣2dx + r
∫
Ω
uα+r−1
ε (a − buε + cvε)dx. (2.8)

By Poincaré’s inequality, we have that

K

∫
Ω
um1+r−1
ε dx ≤

∫
Ω

∣∣∣∇u(m1+r−1)/2
ε

∣∣∣2dx, (2.9)

where K is a constant depending only on |Ω| and N and becomes very large when the
measure of the domain Ω becomes small. Since α < m1, Young’s inequality shows that

auα+r−1
ε ≤ Kr(r − 1)m1

(m1 + r − 1)2u
m1+r−1
ε + CK−(α+r−1)/(m1−α),

cuα+r−1
ε vε ≤ Kr(r − 1)m1

(m1 + r − 1)2u
m1+r−1
ε +CK−(α+r−1)/(m1−α)v(m1+r−1)/(m1−α)

ε .

(2.10)
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For convenience, here and below, C denotes a positive constant which is independent of ε
and may take different values on different occasions. Complying (2.8) with (2.9) and (2.10),
we obtain

∫
Ω

∂urε
∂t

dx ≤ −2Kr(r − 1)m1

(m1 + r − 1)2

∫
Ω
um1+r−1
ε dx + CK−(α+r−1)/(m1−α)

∫
Ω
v
(m1+r−1)/(m1−α)
ε dx

+ CK−(α+r−1)/(m1−α).

(2.11)

As a similar argument as above, for vε and positive constant s > 1, we have that

∫
Ω

∂vsε
∂t

dx ≤ −2Ks(s − 1)m2

(m2 + s − 1)2

∫
Ω
vm2+s−1
ε dx + CK−(β+s−1)/(m2−β)

∫
Ω
u
(m2+s−1)/(m2−β)
ε dx

+ CK−(β+s−1)/(m2−β).

(2.12)

Thus we have that

∫
Ω

(
∂urε
∂t

+
∂vsε
∂t

)
dx ≤ −2Kr(r − 1)m1

(m1 + r − 1)2

∫
Ω
um1+r−1
ε dx + CK−(β+s−1)/(m2−β)

∫
Ω
u
(m2+s−1)/(m2−β)
ε dx

− 2Ks(s − 1)m2

(m2 + s − 1)2

∫
Ω
vm2+s−1
ε dx + CK−(α+r−1)/(m1−α)

∫
Ω
v
(m1+r−1)/(m1−α)
ε dx

+ CK−(α+r−1)/(m1−α) +CK−(β+s−1)/(m2−β).
(2.13)

For the case of 1 < (m1 − α)(m2 − β), there exist r, s large enough such that

1
m1 − α <

m2 + s − 1
m1 + r − 1

< m2 − β. (2.14)

By Young’s inequality, we have that

∫
Ω
u
(m2+s−1)/(m2−β)
ε dx ≤ r(r − 1)m1K(m2+s−1)/(m2−β)

C(m1 + r − 1)2

∫
Ω
um1+r−1
ε dx + CK−γ1 ,

∫
Ω
v
(m1+r−1)/(m1−α)
ε dx ≤ s(s − 1)m2K(m1+r−1)/(m1−α)

C(m2 + s − 1)p2

∫
Ω
vm2+s−1
ε dx +CK−γ2 ,

(2.15)

where

γ1 =
(m2 + s − 1)2[

m2 − β
][(

m2 − β
)
(m1 + r − 1) − (m2 + s − 1)

] ,

γ2 =
(m1 + r − 1)2

[m1 − α][(m1 − α)(m2 + s − 1) − (m1 + r − 1)]
.

(2.16)
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Together with (2.13), we have that

∫
Ω

(
∂urε
∂t

+
∂vsε
∂t

)
dx ≤ −K

∫
Ω

(
um1+r−1
ε + vm2+s−1

ε

)
dx + C

(
K−θ1 +K−θ2

)

+ CK−(α+r−1)/(m1−α) + CK−(β+s−1)/(m2−β),

(2.17)

where

θ1 =
(m2 + s − 1) + (m1 + r − 1)

(
β + s − 1

)
(
m2 − β

)
(m1 + r − 1) − (m2 + s − 1)

, θ2 =
(m1 + r − 1) + (m2 + s − 1)(α + r − 1)
(m1 − α)(m2 + s − 1) − (m1 + r − 1)

.

(2.18)

Furthermore, by Hölder’s and Young’s inequalities, from (2.17) we obtain

∫
Ω

(
∂urε
∂t

+
∂vsε
∂t

)
dx ≤ −K

∫
Ω
(urε + v

s
ε)dx + C

(
K−θ1 +K−θ2

)
+ 2K|Ω|

+ CK−(α+r−1)/(m1−α) +CK−(β+s−1)/(m2−β).

(2.19)

Then by Gronwall’s inequality, we obtain

∫
Ω
(urε + v

s
ε)dx ≤ C. (2.20)

Now we consider the case of 1 = (m1 − α)(m2 − β). It is easy to see that there exist
positive constants r, s large enough such that

1
m1 − α =

m2 + s − 1
m1 + r − 1

= m2 − β. (2.21)

Due to the continuous dependence of K upon |Ω| in (2.9), from (2.13) we have that

∫
Ω

(
∂urε
∂t

+
∂vsε
∂t

)
dx ≤ −K

∫
Ω

(
um1+r−1
ε + vm2(p2−1)+s−1

ε

)
dx + C (2.22)

when |Ω| is small enough. Then by Young’s and Gronwall’s inequalities we can also obtain
(2.20), and thus we complete the proof of this lemma.

Taking um1
ε , vm2

ε as the test functions, we can easily obtain the following lemma.

Lemma 2.2. Let (uε, vε) be a solution of (2.1)–(2.4); then

∫∫
QT

|∇um1
ε |2dxdt ≤ C,

∫∫
QT

|∇vm2
ε |2dxdt ≤ C, (2.23)

where C is a positive constant independent of ε.
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Lemma 2.3. Let (uε, vε) be a solution of (2.1)–(2.4), then

‖uε‖L∞(QT ) ≤ C, ‖vε‖L∞(QT ) ≤ C, (2.24)

where C is a positive constant independent of ε.

Proof. For a positive constant k > ‖u0ε‖L∞(Ω), multiplying (2.1) by (uε − k)m1
+ χ[t1,t2] and

integrating the results over QT , we have that

1
m1 + 1

∫∫
QT

∂(uε − k)m1+1
+ χ[t1,t2]

∂t
dx dt +

∫∫
QT

∣∣∇(uε − k)m1
+ χ[t1,t2]

∣∣2dx dt

≤
∫∫

QT

auα+m1
ε (a + cvε)dx dt,

(2.25)

where s+ = max{0, s} and χ[t1,t2] is the characteristic function of [t1, t2] (0 ≤ t1 < t2 ≤ T). Let

Ik(t) =
∫
Ω
(uε − k)m1+1

+ dx; (2.26)

then Ik(t) is absolutely continuous on [0, T]. Denote by σ the point where Ik(t) takes its
maximum. Assume that σ > 0, for a sufficient small positive constant ε. Taking t1 = σ − ε,
t2 = σ in (2.25), we obtain

1
(m1 + 1)ε

∫σ
σ−ε

∫
Ω

∂(uε − k)m1+1
+

∂t
dx dt +

1
ε

∫σ
σ−ε

∫
Ω

∣∣∇(uε − k)m1
+

∣∣2dxdt

≤ 1
ε

∫σ
σ−ε

∫
Ω
uα+m1
ε (a + cvε)dxdt.

(2.27)

From

∫σ
σ−ε

∫
Ω

∂(uε − k)m1+1
+

∂t
dx dt = Ik(σ) − Ik(σ − ε) ≥ 0, (2.28)

we have that

1
ε

∫σ
σ−ε

∫
Ω

∣∣∇(uε − k)m1
+

∣∣2dx dt ≤ 1
ε

∫σ
σ−ε

∫
Ω
uα+m1
ε (a + cvε)dx dt. (2.29)
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Letting ε → 0+, we have that

∫
Ω

∣∣∇(uε(x, σ) − k)m1
+

∣∣2dx ≤
∫
Ω
uα+m1
ε (x, σ)(a + cvε(x, σ))dx. (2.30)

Denote Ak(t) = {x : uε(x, t) > k} and μk = supt∈(0,T)|Ak(t)|; then

∫
Ak(σ)

∣∣∇(uε − k)m1
+

∣∣2dx ≤
∫
Ak(σ)

uα+m1
ε (a + cvε)dx. (2.31)

By Sobolev’s theorem,

(∫
Ak(σ)

(
(uε − k)m1

+
)p
dx

)1/p

≤ C
(∫

Ak(σ)

∣∣∇(uε − k)m1
+

∣∣2dx
)1/2

, (2.32)

with

2 < p <

⎧⎪⎪⎨
⎪⎪⎩
+∞, N ≤ 2,

2N
N − 2

, N > 2,
(2.33)

we obtain

(∫
Ak(σ)

(
(uε − k)m1

+
)p
dx

)2/p

≤ C
∫
Ak(σ)

∣∣∇(uε − k)m1
+

∣∣2dx

≤ C
∫
Ak(σ)

uα+m1
ε (a + vε)dx

≤ C
(∫

Ak(σ)
urεdx

)(m1+α)/r(∫
Ak(σ)

(a + vε)
r/(r−m1−α)dx

)(r−m1−α)/r

≤ C
(∫

Ak(σ)
(a + vε)

r/(r−m1−α)dx

)(r−m1−α)/r

≤ C
(∫

Ak(σ)
(a + vε)sdx

)1/s

|Ak(σ)|(s(r−m1−α)−r)/sr

≤ Cμ(s(r−m1−α)−r)/sr
k

,

(2.34)
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where r > p(m1 + α)/(p − 2), s > pr/(p(r − m1 − α) − 2r) and C denotes various positive
constants independent of ε. By Hölder’s inequality, it yields

Ik(σ) =
∫
Ω
(uε − k)m1+1

+ dx =
∫
Ak(σ)

(uε − k)m1+1
+ dx

≤
(∫

Ak(σ)
(uε − k)m1p

+ dx

)(m1+1)/m1p

μ
1−(m1+1)/m1p

k

≤ Cμ1+[sp(r−m1−α)−pr−2sr](m1+1)/2psrm1

k .

(2.35)

Then

Ik(t) ≤ Ik(σ) ≤ Cμ1+[sp(r−m1−α)−pr−2sr](m1+1)/2psrm1

k , t ∈ [0, T]. (2.36)

On the other hand, for any h > k and t ∈ [0, T], we have that

Ik(t) ≥
∫
Ak(t)

(uε − k)m1+1
+ dx ≥ (h − k)m1+1|Ah(t)|. (2.37)

Combined with (2.35), it yields

(h − k)m1+1μh ≤ Cμ1+[sp(r−m1−α)−pr−2sr](m1+1)/2psrm1

k
, (2.38)

that is,

μh ≤ C

(h − k)m1+1
μ

1+[sp(r−m1−α)−pr−2sr](m1+1)/2psrm1

k . (2.39)

It is easy to see that

γ = 1 +

[
sp(r −m1 − α) − pr − 2sr

]
(m1 + 1)

2psrm1
> 1. (2.40)

Then by the De Giorgi iteration lemma [22], we have that

μl+d = sup|Al+d(t)| = 0, (2.41)

where d = C1/(m1+1)μ
(γ−1)/(m1+1)
l

2γ/(γ−1). That is,

uε ≤ l + d a.e. in QT. (2.42)

It is the same for the second inequality of (2.24). The proof is completed.
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Lemma 2.4. The solution (uε, vε) of (2.1)–(2.4) satisfies the following:

∫∫
QT

∣∣∣∣∂u
m1
ε

∂t

∣∣∣∣
2

dxdt ≤ C,
∫∫

QT

∣∣∣∣∂v
m2
ε

∂t

∣∣∣∣
2

dx dt ≤ C, (2.43)

where C is a positive constant independent of ε.

Proof. Multiplying (2.1) by (∂/∂t)um1
ε and integrating over Ω, by (2.3), (2.4) and Young’s

inequality we have that

4m1

(m1 + 1)2

∫∫
QT

∣∣∣∣ ∂∂tu
(m1+1)/2
ε

∣∣∣∣
2

dx dt

=
∫∫

QT

∂uε
∂t

∂um1
ε

∂t
dx dt

=
1
2

∫
Ω
|∇um1

ε (x, 0)|2dx − 1
2

∫
Ω
|∇um1

ε (x, T)|2dx

+
∫∫

QT

m1u
α+m1−1
ε (a − buε + cvε)∂uε

∂t
dx dt

=
1
2

∫
Ω
|∇um1

ε (x, 0)|2dx − 1
2

∫
Ω
|∇um1

ε (x, T)|2dx

+
∫∫

QT

2m1

m1 + 1
u
(2α+m1−1)/2
ε (a − buε + cvε)∂u

(m1+1)/2
ε

∂t
dx dt

≤ 1
2

∫
Ω
|∇um1

ε (x, 0)|2dx + 2m1

∫∫
QT

u2α+m1−1
ε (a − buε + cvε)2dxdt

+
2m1

(m1 + 1)2

∫∫
QT

∣∣∣∣ ∂∂tu
(m1+1)/2
ε

∣∣∣∣
2

dx dt,

(2.44)

which together with the bound of a, b, c, uε, vε shows that

∫∫
QT

∣∣∣∣∣
∂u

(m1+1)/2
ε

∂t

∣∣∣∣∣
2

dx dt ≤ C, (2.45)

where C is a positive constant independent of ε. Noticing the bound of uε, we have that

∫∫
QT

∣∣∣∣∂u
m1
ε

∂t

∣∣∣∣
2

dx dt =
4m2

1

(m1 + 1)2

∫∫
QT

um1−1
ε

∣∣∣∣ ∂∂tu
(m1+1)/2
ε

∣∣∣∣
2

dx dt ≤ C. (2.46)

It is the same for the second inequality. The proof is completed.

From the above estimates of uε, vε, we have the following results.
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Theorem 2.5. The problem (1.1)–(1.4) admits a generalized solution.

Proof. By Lemmas 2.2, 2.3, and 2.4, we can see that there exist subsequences of {uε}, {vε}
(denoted by themselves for simplicity) and functions u, v such that

uε −→ u, vε −→ v, a.e in QT,

∂um1
ε

∂t
−→ ∂um1

∂t
,

∂vm2
ε

∂t
−→ ∂vm2

∂t
, weakly in L2(QT ),

∇um1
ε −→ ∇um1 , ∇vm2

ε −→ ∇vm2 , weakly in L2(QT ),

(2.47)

as ε → 0. Then a rather standard argument as [23] shows that (u, v) is a generalized solution
of (1.1)–(1.4) in the sense of Definition 1.1.

In order to prove that the generalized solution of (1.1)–(1.4) is uniformly bounded, we
need the following comparison principle.

Lemma 2.6. Let (u, v) be a subsolution of the problem (1.1)–(1.4) with the initial value (u0, v0) and
(u, v) a supersolution with a positive lower bound of the problem (1.1)–(1.4) with the initial value
(u0, v0). If u0 ≤ v0, u0 ≤ v0, then u(x, t) ≤ u(x, t), v(x, t) ≤ v(x, t) onQT .

Proof. Without loss of generality, we might assume that ‖u(x, t)‖L∞(QT ), ‖u(x, t)‖L∞(QT ),
‖v(x, t)‖L∞(QT ), ‖v(x, t)‖L∞(QT ) ≤ M, where M is a positive constant. By the definitions of
subsolution and supersolution, we have that

∫ t
0

∫
Ω
−u∂ϕ

∂t
+∇um1∇ϕdxdτ +

∫
Ω
u(x, t)ϕ(x, t)dx −

∫
Ω
u0(x)ϕ(x, 0)dx

≤
∫ t

0

∫
Ω
uα
(
a − bu + cv

)
ϕdx dτ,

∫ t
0

∫
Ω
−u∂ϕ

∂t
+∇um1∇ϕdxdτ +

∫
Ω
u(x, t)ϕ(x, t)dx −

∫
Ω
v0(x)ϕ(x, 0)dx

≥
∫ t

0

∫
Ω
uα(a − bu + cv)ϕdxdτ.

(2.48)

Take the test function as

ϕ(x, t) =Hε

(
um1(x, t) − um1(x, t)

)
, (2.49)

where Hε(s) is a monotone increasing smooth approximation of the function H(s) defined
as follows:

H(s) =

⎧⎨
⎩

1, s > 0,

0, otherwise.
(2.50)
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It is easy to see that H ′
ε(s) → δ(s) as ε → 0. Since ∂um1/∂t, ∂um1/∂t ∈ L2(QT ), the test

function ϕ(x, t) is suitable. By the positivity of a, b, c we have that

∫
Ω

(
u − u)Hε

(
um1 − um1

)
dx −

∫ t
0

∫
Ω

(
u − u)∂Hε

(
um1 − um1

)
∂t

dx dτ

+
∫ t

0

∫
Ω
H ′

ε

(
um1 − um1

)∣∣∇(um1 − um1
)∣∣2dx dτ

≤
∫ t

0

∫
Ω
a
(
uα − uα)Hε

(
um1 − um1

)
+ c
(
uαv − uαv)Hε

(
um1 − um1

)
dx dτ,

(2.51)

where C is a positive constant depending on ‖a(x, t)‖C(Qt), ‖c(x, t)‖C(Qt). Letting ε → 0 and
noticing that

∫ t
0

∫
Ω
H ′

ε

(
um1 − um1

)∣∣∇(um − um)∣∣2dx dτ ≥ 0, (2.52)

we arrive at

∫
Ω

[
u(x, t) − u(x, t)]+dx ≤ C

∫ t
0

∫
Ω

(
uα − uα)+ + v(uα − uα)+ + uα(v − v)+dx dτ. (2.53)

Let (u, v) be a supsolution with a positive lower bound σ. Noticing that

(
xα − yα)+ ≤ C(α)(x − y)+, for α ≥ 1,

(
xα − yα)+ ≤ xα−1(x − y)+ ≤ yα−1(x − y)+, for α < 1,

(2.54)

with x, y > 0, we have that

∫ t
0

∫
Ω

(
uα − uα)+ + v(uα − uα)+ + uα(v − v)+dx dτ ≤ C

∫ t
0

∫
Ω

(
u − u)+ + (v − v)+dxdτ,

(2.55)

where C is a positive constant depending upon α, σ,M.
Similarly, we also have that

∫
Ω

[
v(x, t) − v(x, t)]+dx ≤ C

∫ t
0

∫
Ω

(
u − u)+ + (v − v)+dx dτ. (2.56)
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Combining the above two inequalities, we obtain

∫
Ω

[
u(x, t) − u(x, t)]+ + [v(x, t) − v(x, t)]+dx ≤ C

∫ t
0

∫
Ω

(
u − u)+ + (v − v)+dxdτ. (2.57)

By Gronwall’s lemma, we see that u ≤ u, v ≤ v. The proof is completed.

Corollary 2.7. If blfl > cMeM, then the problem (1.1)–(1.4) admits at most one global solution
which is uniformly bounded in Ω × [0,∞).

Proof. The uniqueness comes from the comparison principle immediately. In order to prove
that the solution is global, we just need to construct a bounded positive supersolution of
(1.1)–(1.4).

Let ρ1 = (aMfl + dMcM)/(blfl − cMeM) and ρ2 = (aMeM + dMbl)/(blfl − cMeM), since
blfl > cMeM; then ρ1, ρ2 > 0 and satisfy

aM − blρ1 + cMρ2 = 0, dM + eMρ1 − flρ2 = 0. (2.58)

Let (u, v) = (ηρ1, ηρ2), where η > 1 is a constant such that (u0, v0) ≤ (ηρ1, ηρ2); then we have
that

ut −Δum1 = 0 ≥ uα(a − bu + cv), vt −Δvm2 = 0 ≥ vβ(d + eu − fv). (2.59)

That is, (u, v) = (ηρ1, ηρ2) is a positive supersolution of (1.1)–(1.4). Since u, v are global and
uniformly bounded, so are u and v.

3. Periodic Solutions

In order to establish the existence of the nontrivial nonnegative periodic solutions of the
problem (1.1)–(1.3), we need the following lemmas. Firstly, we construct a pair of T-periodic
supersolution and T-periodic subsolution as follows.

Lemma 3.1. In case of blfl > cMeM, there exists a pair of T-periodic supersolution and T-periodic
subsolution of the problem (1.1)–(1.3).

Proof. We first construct a T-periodic subsolution of (1.1)–(1.3). Let λ be the first eigenvalue
and φ be the uniqueness solution of the following elliptic problem:

−Δφ = λφ, x ∈ Ω, φ = 0, x ∈ ∂Ω; (3.1)

then we have that

λ > 0, φ(x) > 0 in Ω,
∣∣∇φ∣∣ > 0 on ∂Ω, M = max

x∈Ω
φ(x) < ∞. (3.2)
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14 Abstract and Applied Analysis

Let

(
u, v
)
=
(
εφ2/m1(x), εφ2/m2(x)

)
, (3.3)

where ε > 0 is a small constant to be determined. We will show that (u, v) is a (time
independent, hence T-periodic) subsolution of (1.1)–(1.3).

Taking the nonnegative function ϕ1(x, t) ∈ C1(QT ) as the test function, we have that

∫∫
QT

(
u
∂ϕ1

∂t
+ Δum1ϕ1 + uα

(
a − bu + cv

)
ϕ1

)
dx dt

+
∫
Ω
u(x, 0)ϕ1(x, 0) − u(x, T)ϕ1(x, T)dx

=
∫∫

QT

(
uα
(
a − bu + cv

)
+ Δum1

)
ϕ1dx dt

=
∫∫

QT

uα
(
a − bu + cv

)
ϕ1dxdt −

∫∫
QT

∇um1∇ϕ1dxdt

=
∫∫

QT

uα
(
a − bu + cv

)
ϕ1dxdt − 2εm1

∫∫
QT

φ∇φ · ∇ϕ1dx dt

=
∫∫

QT

uα
(
a − bu + cv

)
ϕ1dxdt − 2εm1

∫∫
QT

∇φ∇(φϕ1
) − ∣∣∇φ∣∣2ϕ1dx dt

=
∫∫

QT

uα
(
a − bu + cv

)
ϕ1dxdt − 2εm1

∫∫
QT

− div
(∇φ)φϕ1 −

∣∣∇φ∣∣2ϕ1dxdt

=
∫∫

QT

uα
(
a − bu + cv

)
ϕ1dxdt − 2εm1

∫∫
QT

(
λφ2 − ∣∣∇φ∣∣2)ϕ1dx dt.

(3.4)

Similarly, for any nonnegative test function ϕ2(x, t) ∈ C1(QT ), we have that

∫∫
QT

(
v
∂ϕ2

∂t
+ Δvm2ϕ2 + vβ

(
d + eu − fv)ϕ2

)
dx dt +

∫
Ω
v(x, 0)ϕ2(x, 0) − v(x, T)ϕ2(x, T)dx

=
∫∫

QT

vβ
(
d + eu − fv)ϕ2dxdt − 2εm2

∫∫
QT

(
λφ2 − ∣∣∇φ∣∣2)ϕ2dx dt.

(3.5)

We just need to prove the nonnegativity of the right-hand side of (3.4) and (3.5).
Since φ1 = φ2 = 0, |∇φ1|, |∇φ2| > 0 on ∂Ω, then there exists δ > 0 such that

λφ2 − ∣∣∇φ∣∣2 ≤ 0, x ∈ Ωδ, (3.6)
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where Ωδ = {x ∈ Ω | dist(x, ∂Ω) ≤ δ}. Choosing

ε ≤ min

{
al

bMM2/m1
,

dl

fMM2/m2

}
, (3.7)

then we have that

2εm1

∫T
0

∫
Ωδ

(
λφ2 − ∣∣∇φ∣∣2)ϕ1dx dt ≤ 0 ≤

∫T
0

∫
Ωδ

uα
(
a − bu + cv

)
ϕ1dx dt,

2εm2

∫T
0

∫
Ωδ

(
λφ2 − ∣∣∇φ∣∣2)ϕ2dx dt ≤ 0 ≤

∫T
0

∫
Ωδ

vβ
(
d + eu − fv)ϕ2dx dt,

(3.8)

which shows that (u, v) is a positive (time independent, hence T-periodic) subsolution of
(1.1)–(1.3) on Ωδ × (0, T).

Moreover, we can see that, for some σ > 0,

φ(x) ≥ σ > 0, x ∈ Ω \Ωδ. (3.9)

Choosing

ε ≤ min

{
al

2bMM2/m1
,

(
al

4λM2(m1−α)/m1

)1/(m1−α)
,

dl
2fMM2/m2

,

(
dl

4λM2(m2−β)/m2

)1/(m2−β)
}
,

(3.10)

then

εαφ2α/m1a − bεα+1φ2(α+1)/m1 + cεαφ2α/m1εφ2/m2 − 2εm1λφ2 ≥ 0,

εβφ2β/m2d + eεφ2/m1εβφ2β/m2 − fεβ+1φ2(β+1)/m2 − 2εm2λφ2 ≥ 0
(3.11)

on QT , that is

∫∫
QT

uα
(
a − bu + cv

)
ϕ1dx dt − 2εm1

∫∫
QT

(
λφ2 − ∣∣∇φ∣∣2)ϕ1dx dt ≥ 0,

∫∫
QT

vβ
(
d + eu − fv)ϕ2dx dt − 2εm2

∫∫
QT

(
λφ2 − ∣∣∇φ∣∣2)ϕ2dx dt ≥ 0.

(3.12)

These relations show that (u, v) = (εφ2/m1
1 (x), εφ2/m2

2 (x)) is a positive (time independent,
hence T-periodic) subsolution of (1.1)–(1.3).

Letting (u, v) = (ηρ1, ηρ2), where η, ρ1, ρ2 are taken as those in Corollary 2.7, it is easy
to see that (u, v) is a positive (time independent, hence T-periodic) subsolution of (1.1)–(1.3).

Obviously, we may assume that u(x, t) ≤ u(x, t), v(x, t) ≤ v(x, t) by changing η, ε
appropriately.
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Lemma 3.2 (see [24, 25]). Let u be the solution of the following Dirichlet boundary value problem

∂u

∂t
= Δum + f(x, t), (x, t) ∈ Ω × (0, T),

u(x, t) = 0, (x, t) ∈ ∂Ω × (0, T),
(3.13)

where f ∈ L∞(Ω × (0, T)); then there exist positive constants K and α ∈ (0, 1) depending only upon
τ ∈ (0, T) and ‖f‖L∞(Ω×(0,T)), such that, for any (xi, ti) ∈ Ω × [τ, T] (i = 1, 2),

|u(x1, t1) − u(x2, t2)| ≤ K
(
|x1 − x2|α + |t1 − t2|α/2

)
. (3.14)

Lemma 3.3 (see [26]). Define a Poincaré mapping

Pt : L∞(Ω) × L∞(Ω) −→ L∞(Ω) × L∞(Ω),

Pt(u0(x), v0(x)) := (u(x, t), v(x, t)) (t > 0),
(3.15)

where (u(x, t), v(x, t)) is the solution of (1.1)–(1.4) with initial value (u0(x), v0(x)). According to
Lemmas 2.6 and 3.2 and Theorem 2.5, the map Pt has the following properties:

(i) Pt is defined for any t > 0 and order preserving;

(ii) Pt is order preserving;

(iii) Pt is compact.

Observe that the operator PT is the classical Poincaré map and thus a fixed point of the
Poincaré map gives a T-periodic solution setting. This will be made by the following iteration
procedure.

Theorem 3.4. Assume that blfl > cMeM and there exists a pair of nontrivial nonnegative T-periodic
subsolution (u(x, t), v(x, t)) and T-periodic supersolution (u(x, t), v(x, t)) of the problem (1.1)–(1.3)
with u(x, 0) ≤ u(x, 0); then the problem (1.1)–(1.3) admits a pair of nontrivial nonnegative periodic
solutions (u∗(x, t), v∗(x, t)), (u∗(x, t), v∗(x, t)) such that

u(x, t) ≤ u∗(x, t) ≤ u∗(x, t) ≤ u(x, t), v(x, t) ≤ v∗(x, t) ≤ v∗(x, t) ≤ v(x, t), in QT. (3.16)

Proof. Taking u(x, t), u(x, t) as those in Lemma 3.1 and choosing suitable B(x0, δ), B(x0, δ′),Ω′,
k1, k2, andK, we can obtain u(x, 0) ≤ u(x, 0). By Lemma 2.6, we have that PT (u(·, 0)) ≥ u(·, T).
Hence by Definition 1.2 we get PT (u(·, 0)) ≥ u(·, 0), which implies P(k+1)T (u(·, 0)) ≥ PkT(u(·, 0))
for any k ∈ �. Similarly we have that PT (u(·, 0)) ≤ u(·, T) ≤ u(·, 0), and hence P(k+1)T (u(·, 0)) ≤
PkT (u(·, 0)) for any k ∈ �. By Lemma 2.6, we have that PkT(u(·, 0)) ≤ PkT (u(·, 0)) for any k ∈ �.
Then

u∗(x, 0) = lim
k→∞

PkT
(
u(x, 0)

)
, u∗(x, 0) = lim

k→∞
PkT(u(x, 0)) (3.17)

exist for almost every x ∈ Ω. Since the operator PT is compact (see Lemma 3.3), the above
limits exist in L∞(Ω), too. Moreover, both u∗(x, 0) and u∗(x, 0) are fixed points of PT . With
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the similar method as [26], it is easy to show that the even extension of the function u∗(x, t),
which is the solution of the problem (1.1)–(1.4) with the initial value u∗(x, 0), is indeed a
nontrivial nonnegative periodic solution of the problem (1.1)–(1.3). It is the same for the
existence of u∗(x, t). Furthermore, by Lemma 2.6, we obtain (3.16) immediately, and thus we
complete the proof.

Furthermore, by De Giorgi iteration technique, we can also establish a prior upper
bound of all nonnegative periodic solutions of (1.1)–(1.3). Then with a similar method as
[18], we have the following remark which shows the existence and attractivity of the maximal
periodic solution.

Remark 3.5. If blfl > cMeM, the problem (1.1)–(1.3) admits a maximal periodic solution
(U,V ). Moreover, if (u, v) is the solution of the initial boundary value problem (1.1)–(1.4)
with nonnegative initial value (u0, v0), then, for any ε > 0, there exists t depending on u0, v0,
and ε, such that

0 ≤ u ≤ U + ε, 0 ≤ v ≤ V + ε, for x ∈ Ω, t ≥ t. (3.18)
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This contribution is devoted to the investigation of the asymptotic behavior of delayed difference
equations with an integer delay. We prove that under appropriate conditions there exists at least
one solution with its graph staying in a prescribed domain. This is achieved by the application of
a more general theorem which deals with systems of first-order difference equations. In the proof
of this theorem we show that a good way is to connect two techniques—the so-called retract-type
technique and Liapunov-type approach. In the end, we study a special class of delayed discrete
equations and we show that there exists a positive and vanishing solution of such equations.

1. Introduction

Throughout this paper, we use the following notation: for an integer q, we define

Z
∞
q :=

{
q, q + 1, . . .

}
. (1.1)

We investigate the asymptotic behavior for n → ∞ of the solutions of the discrete delayed
equation of the (k + 1)-th order

Δv(n) = f(n, v(n), v(n − 1), . . . , v(n − k)), (1.2)

where n is the independent variable assuming values from the set Z
∞
a with a fixed a ∈ N. The

number k ∈ N, k ≥ 1 is the fixed delay, Δv(n) = v(n + 1) − v(n), and f : Z
∞
a × R

k+1 → R.
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2 Abstract and Applied Analysis

A function v : Z
∞
a−k → R is a solution of (1.2) if it satisfies (1.2) for every n ∈ Z

∞
a .

We will study (1.2) together with k + 1 initial conditions

v(a + s − k) = va+s−k ∈ R, s = 0, 1, . . . , k. (1.3)

Initial problem (1.2), (1.3) obviously has a unique solution, defined for every n ∈ Z
∞
a−k. If the

function f is continuous with respect to its last k + 1 arguments, then the solution of (1.2)
continuously depends on initial conditions (1.3).

Now we give a general description of the problem solved in this paper.

Problem 1. Let b, c : Z
∞
a−k → R be functions such that b(n) < c(n) for every n ∈ Z

∞
a−k. The

problem under consideration is to find sufficient conditions for the right-hand side of (1.2)
that will guarantee the existence of a solution v = v∗(n) of initial problem (1.2), (1.3) such
that

b(n) < v∗(n) < c(n), n ∈ Z
∞
a−k. (1.4)

This problem can be solved with help of a result which is valid for systems of first-
order difference equations and which will be presented in the next section. This is possible
because the considered equation (1.2) can be rewritten as a system of k + 1 first-order
difference equations, similarly as a differential equation of a higher order can be transformed
to a special system of first-order differential equations. Although the process of transforming
a (k + 1)-st order difference equation to a system of first order equations is simple and well-
known (it is described in Section 3), the determination of the asymptotic properties of the
solutions of the resulting system using either Liapunov approach or retract-type method
is not trivial. These analogies of classical approaches, known from the qualitative theory
of differential equations, were developed for difference systems in [1] (where an approach
based on Liapunov method was formulated) and in [2–5] (where retract-type analysis was
modified for discrete equations). It occurs that for the mentioned analysis of asymptotic
problems of system (1.2), neither the ideas of Liapunov, nor the retract-type technique can
be applied directly. However, in spite of the fact that each of the two mentioned methods fails
when used independently, it appears that the combination of both these techniques works
for this type of systems. Therefore, in Section 2 we prove the relevant result suitable for the
asymptotic analysis of systems arising by transformation of (1.2) to a system of first-order
differential equations (Theorem 2.1), where the assumptions put to the right-hand side of the
system are of both types: those caused by the application of the Liapunov approach and those
which are typical for the retract-type technique. Such an idea was applied in a particular case
of investigation of asymptotic properties of solutions of the discrete analogue of the Emden-
Fowler equation in [6, 7]. The approach is demonstrated in Section 3 where, moreover, its
usefulness is illustrated on the problem of detecting the existence of positive solutions of
linear equations with a single delay (in Section 3.4) and asymptotic estimation of solutions
(in Section 3.3).

Advantages of our approach can be summarized as follows. We give a general method
of analysis which is different from the well-known comparison method (see, e.g., [8, 9]).
Comparing our approach with the scheme of investigation in [10, 11] which is based on
a result from [12], we can see that the presented method is more general because it unifies
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the investigation of systems of discrete equations and delayed discrete equations thanks to
the Liapunov-retract-type technique.

For related results concerning positive solutions and the asymptotics of solutions of
discrete equations, the reader is referred also to [13–25].

2. The Result for Systems of First-Order Equations

Consider the system of m difference equations

Δu(n) = F(n, u(n)), (2.1)

where n ∈ Z
∞
a , u = (u1, . . . , um), and F : Z

∞
a × R

m → R
m, F = (F1, . . . , Fm). The solution of

system (2.1) is defined as a vector function u : Z
∞
a → R

m such that for every n ∈ Z
∞
a , (2.1) is

fulfilled. Again, if we prescribe initial conditions

ui(a) = uai ∈ R, i = 1, . . . , m (2.2)

the initial problem (2.1), (2.2) has a unique solution. Let us define a set Ω ⊂ Z
∞
a × R

m as

Ω :=
∞⋃
n=a

Ω(n), (2.3)

where

Ω(n) := {(n, u) : n ∈ Z
∞
a , ui ∈ R, bi(n) < ui < ci(n), i = 1, . . . , m} (2.4)

with bi, ci : Z
∞
a → R, i = 1, . . . , m, being auxiliary functions such that bi(n) < ci(n) for each

n ∈ Z
∞
a . Such set Ω is called a polyfacial set.

Our aim (in this part) is to solve, in correspondence with formulated Problem 1, the
following similar problem for systems of difference equations.

Problem 2. Derive sufficient conditions with respect to the right-hand sides of system (2.1)
which guarantee the existence of at least one solution u(n) = (u∗1(n), . . . , u

∗
m(n)), n ∈ Z

∞
a ,

satisfying

(
n, u∗1(n), . . . , u

∗
m(n)

) ∈ Ω(n) (2.5)

for every n ∈ Z
∞
a .

As we mentioned above, in [1] the above described problem is solved via a Liapunov-
type technique. Here we will combine this technique with the retract-type technique which
was used in [2–5] so as the result can be applied easily to the system arising after
transformation of (1.2). This brings a significant increase in the range of systems we are able
to investigate. Before we start, we recall some basic notions that will be used.
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2.1. Consequent Point

Define the mapping C : Z
∞
a × R

m → Z
∞
a × R

m as

C : (n, u) �−→ (n + 1, u + F(n, u)). (2.6)

For any point M = (n, u) ∈ Z
∞
a × R

m, the point C(M) is called the first consequent point of the
point M. The geometrical meaning is that if a point M lies on the graph of some solution of
system (2.1), then its first consequent point C(M) is the next point on this graph.

2.2. Liapunov-Type Polyfacial Set

We say that a polyfacial set Ω is Liapunov-type with respect to discrete system (2.1) if

bi(n + 1) < ui + Fi(n, u) < ci(n + 1) (2.7)

for every i = 1, . . . , m and every (n, u) ∈ Ω. The geometrical meaning of this property is this:
if a point M = (n, u) lies inside the set Ω(n), then its first consequent point C(M) stays inside
Ω(n + 1).

In this contribution we will deal with sets that need not be of Liapunov-type, but they
will have, in a certain sense, a similar property. We say that a polyfacial set Ω is Liapunov-type
with respect to the jth variable (j ∈ {1, . . . , m}) and to discrete system (2.1) if

(n, u) ∈ Ω =⇒ bj(n + 1) < uj + Fj(n, u) < cj(n + 1). (2.8)

The geometrical meaning is that if M = (n, u) ∈ Ω(n), then the uj-coordinate of its first
consequent point stays between bj(n + 1) and cj(n + 1), meanwhile the other coordinates of
C(M) may be arbitrary.

2.3. Points of Strict Egress and Their Geometrical Sense

An important role in the application of the retract-type technique is played by the so called
strict egress points. Before we define these points, let us describe the boundaries of the sets
Ω(n), n ∈ Z

∞
a , in detail. As one can easily see,

⋃
n∈Z∞a

∂Ω(n) =

⎛
⎝ m⋃

j=1

Ωj

B

⎞
⎠ ∪

⎛
⎝ m⋃

j=1

Ωj

C

⎞
⎠ (2.9)

with

Ωj

B :=
{
(n, u) : n ∈ Z

∞
a , uj = bj(n), bi(n) ≤ ui ≤ ci(n), i = 1, . . . , m, i /= j

}
,

Ωj

C :=
{
(n, u) : n ∈ Z

∞
a , uj = cj(n), bi(n) ≤ ui ≤ ci(n), i = 1, . . . , m, i /= j

}
.

(2.10)
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In accordance with [3, Lemmas 1 and 2], a point (n, u) ∈ ∂Ω(n) is a point of the type of strict
egress for the polyfacial set Ω with respect to discrete system (2.1) if and only if for some
j ∈ {1, . . . , m}

uj = bj(n), Fj(n, u) < bj(n + 1) − bj(n), (2.11)

or

uj = cj(n), Fj(n, u) > cj(n + 1) − cj(n). (2.12)

Geometrically these inequalities mean the following: if a point M = (n, u) ∈ ∂Ω(n) is a point
of the type of strict egress, then the first consequent point C(M) /∈ Ω(n + 1).

2.4. Retract and Retraction

If A ⊂ B are any two sets in a topological space and π : B → A is a continuous mapping
from B onto A such that π(p) = p for every p ∈ A, then π is said to be a retraction of B onto
A. If there exists a retraction of B onto A, then A is called a retract of B.

2.5. The Existence Theorem for the System of First-Order Equations
(Solution of Problem 2)

The following result, solving Problem 2, gives sufficient conditions with respect to the right-
hand sides of (2.1) which guarantee the existence of at least one solution satisfying (2.5) for
every n ∈ Z

∞
a .

Theorem 2.1. Let bi(n), ci(n), bi(n) < ci(n), i = 1, . . . , m, be real functions defined on Z
∞
a and let

Fi : Z
∞
a × R

m → R, i = 1, . . . , m, be continuous functions. Suppose that for one fixed j ∈ {1, . . . , m}
all the points of the sets Ωj

B, Ω
j

C are points of strict egress, that is, if (n, u) ∈ Ωj

B, then

Fj(n, u) < bj(n + 1) − bj(n), (2.13)

and if (n, u) ∈ Ωj

C, then

Fj(n, u) > cj(n + 1) − cj(n). (2.14)

Further suppose that the set Ω is of Liapunov-type with respect to the ith variable for every i ∈
{1, . . . , m}, i /= j, that is, that for every (n, u) ∈ Ω

bi(n + 1) < ui + Fi(n, u) < ci(n + 1). (2.15)

Then there exists a solution u = (u∗1(n), . . . , u
∗
m(n)) of system (2.1) satisfying the inequalities

bi(n) < u∗i (n) < ci(n), i = 1, . . . , m, (2.16)

for every n ∈ Z
∞
a .
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6 Abstract and Applied Analysis

Proof. The proof will be by contradiction. We will suppose that there exists no solution
satisfying inequalities (2.16) for every n ∈ Z

∞
a . Under this supposition we prove that there

exists a continuous mapping (a retraction) of a closed interval onto both its endpoints which
is, by the intermediate value theorem of calculus, impossible.

Without the loss of generality we may suppose that the index j in Theorem 2.1 is equal
to 1, that is, all the points of the sets Ω1

B and Ω1
C are strict egress points. Each solution of

system (2.1) is uniquely determined by the chosen initial condition

u(a) = (u1(a), . . . , um(a)) =
(
ua1 , . . . , u

a
m

)
= ua. (2.17)

For the following considerations, let uai with uai ∈ (bi(a), ci(a)), i = 2, . . . , m, be chosen
arbitrarily but fixed. Now the solution of (2.1) is given just by the choice of ua1 , we can write

u = u
(
n, ua1

)
=
(
u1
(
n, ua1

)
, . . . , um

(
n, ua1

))
. (2.18)

Define the closed interval I := [b1(a), c1(a)]. Hereafter we show that, under the supposition
that there exists no solution satisfying inequalities (2.16), there exists a retraction R (which
will be a composition of two auxiliary mappings R1 and R2 defined below) of the set B := I
onto the set A := ∂I = {b1(a), c1(a)}. This contradiction will prove our result. To arrive at
such a contradiction, we divide the remaining part of the proof into several steps.

Construction of the Leaving Value n∗

Let a point ũ1 ∈ I be fixed. The initial condition u1(a) = ũ1 defines a solution u = u(n, ũ1) =
(u1(n, ũ1), . . . , um(n, ũ1)). According to our supposition, this solution does not satisfy inequal-
ities (2.16) for every n ∈ Z

∞
a . We will study the moment the solution leaves the domain Ω for

the first time. The first value of n for which inequalities (2.16) are not valid will be denoted
as s.

(I) First consider the case ũ1 ∈ int I. Then there exists a value s > 1 in Z
∞
a+1 such that

(s, u(s, ũ1)) /∈ Ω(s) (2.19)

while

(r, u(r, ũ1)) ∈ Ω(r) for a ≤ r ≤ s − 1. (2.20)

As the set Ω is of the Liapunov-type with respect to all variables except the first one and
(s − 1, u(s − 1, ũ1)) ∈ Ω(s − 1), then

bi(s) < ui(s, ũ1) < ci(s), i = 2, . . . , m. (2.21)

Because j = 1 was assumed, and Ω is of Liapunov-type for each variable ui, i /= j, then the
validity of inequalities (2.16) has to be violated in the u1-coordinate. The geometrical meaning
was explained in Section 2.2.

Now, two cases are possible: either (s, u(s, ũ1)) /∈ Ω(s) or (s, u(s, ũ1)) ∈ ∂Ω(s). In
the first case u1(s, ũ1) < b1(s) or u1(s, ũ1) > c1(s). In the second case u1(s, ũ1) = b1(s) or
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u1(s, ũ1) = c1(s) and, due to (2.13) and (2.14), u1(s+1, ũ1) < b1(s+1) or u1(s+1, ũ1) > c1(s+1),
respectively.

(II) If ũ1 ∈ ∂I, then (a, u(a, ũ1)) /∈ Ω(a). Thus, for this case, we could put s = a. Further,
because of the strict egress property of Ω1

B and Ω1
C, either u1(a+1, ũ1) < b1(a+1) (if ũ1 = b1(a))

or u1(a + 1, ũ1) > c1(a + 1) (if ũ1 = c1(a)) and thus (a + 1, u(a + 1, ũ1)) /∈ Ω(a + 1).
Unfortunately, for the next consideration the value s (the first value of the independent

variable for which the graph of the solution is out of Ω) would be of little use. What we will
need is the last value for which the graph of the solution stays in Ω. We will denote this value
as n∗ and will call it the leaving value. We can define n∗ as

n∗ = s − 1 if (s, u(s, ũ1)) /∈ Ω(s),
n∗ = s if (s, u(s, ũ1)) ∈ ∂Ω(s).

(2.22)

As the value of n∗ depends on the chosen initial point ũ1, we could write n∗ = n∗(ũ1) but
we will mostly omit the argument ũ1, unless it is necessary. From the above considerations it
follows that

b1(n∗) ≤ u1(n∗, ũ1) ≤ c1(n∗),

u1(n∗ + 1, ũ1) < b1(n∗ + 1) or u1(n∗ + 1, ũ1) > c1(n∗ + 1).
(2.23)

Auxiliary Mapping R1

Now we construct the auxiliary mapping R1 : I → R × R. First extend the discrete functions
b1, c1 onto the whole interval [a,∞):

b1(t) := b1(�t) + (b1(�t + 1) − b1(�t))(t − �t),
c1(t) := c1(�t) + (c1(�t + 1) − c1(�t))(t − �t),

(2.24)

�t being the integer part of t (the floor function). Note that b1, c1 are now piecewise linear
continuous functions of a real variable t such that b1(t) < c1(t) for every t and that the original
values of b1(n), c1(n) for n ∈ Z

∞
a are preserved. This means that the graphs of these functions

connect the points (n, b1(n)) or (n, c1(n)) for n ∈ Z
∞
a , respectively. Denote V the set

V := {(t, u1) : t ∈ [a,∞), b1(t) ≤ u1 ≤ c1(t)}. (2.25)

The boundary of V consists of three mutually disjoint parts Va, Vb, and Vc:

∂V = Va ∪ Vb ∪ Vc, (2.26)

where

Va := {(a, u1) : b1(a) < u1 < c1(a)},
Vb := {(t, u1) : t ∈ [a,∞), u1 = b1(t)},
Vc := {(t, u1) : t ∈ [a,∞), u1 = c1(t)}.

(2.27)

IEEE eXpress Sample eBook, page 53



8 Abstract and Applied Analysis

Define the mapping R1 : I → Vb ∪ Vc as follows: let R1(ũ1) be the point of intersection of
the line segment defined by its end points (n∗, u1(n∗, ũ1)), (n∗ + 1, u1(n∗ + 1, ũ1)) with Vb ∪ Vc
(see Figure 1). The mapping R1 is obviously well defined on I and R1(b1(a)) = (a, b1(a)),
R1(c1(a)) = (a, c1(a)).

Prove that the mapping R1 is continuous. The point R1(ũ1) = (t(ũ1), u1(ũ1)) lies either
on Vb or on Vc. Without the loss of generality, consider the second case (the first one is
analogical). The relevant boundary line segment for t ∈ [n∗, n∗ + 1], which is a part of Vc,
is described by (see (2.24))

u1 = c(n∗) + (c(n∗ + 1) − c(n∗))(t − n∗), (2.28)

and the line segment joining the points (n∗, u1(n∗, ũ1)), (n∗ + 1, u1(n∗ + 1, ũ1)) by the equation

u1 = u1(n∗, ũ1) + (u1(n∗ + 1, ũ1) − u1(n∗, ũ1))(t − n∗), t ∈ [n∗, n∗ + 1]. (2.29)

The coordinates of the point R1(ũ1) = (t(ũ1), u1(ũ1)), which is the intersection of both these
line segments, can be obtained as the solution of the system consisting of (2.28) and (2.29).
Solving this system with respect to t and u1, we get

t(ũ1) = n∗ +
u1(n∗, ũ1) − c1(n∗)

c1(n∗ + 1) − u1(n∗ + 1, ũ1) + u1(n∗, ũ1) − c1(n∗)
, (2.30)

u1(ũ1) = c1(n∗) +
(u1(n∗, ũ1) − c1(n∗))(c1(n∗ + 1) − c1(n∗))

c1(n∗ + 1) − u1(n∗ + 1, ũ1) + u1(n∗, ũ1) − c1(n∗)
. (2.31)

Let {vk}∞k=1 be any sequence with vk ∈ I such that vk → ũ1. We will show that R1(vk) →
R1(ũ1). Because of the continuity of the functions Fi, i = 1, . . . , m,

u1(n, vk) → u1(n, ũ1) for every fixed n ∈ Z
∞
a . (2.32)

We have to consider two cases:

(I) (n∗, u(n∗, ũ1)) ∈ Ω(n∗), that is, b1(n∗) < u1(n∗, ũ1) < c1(n∗),

(II) (n∗, u(n∗, ũ1)) ∈ ∂Ω(n∗), that is, u1(n∗, ũ1) = c1(n∗).

Recall that (due to our agreement) in both cases u1(n∗ + 1, ũ1) > c1(n∗ + 1).

(I) In this case also u1(n∗, vk) < c1(n∗) and u1(n∗ + 1, vk) > c1(n∗ + 1) for k sufficiently
large. That means that the leaving value n∗(vk) is the same as n∗ given by ũ1 and
thus the point R1(vk) = (t(vk), u1(vk)) is given by

t(vk) = n∗ +
u1(n∗, vk) − c1(n∗)

c1(n∗ + 1) − u1(n∗ + 1, vk) + u1(n∗, vk) − c1(n∗)
, (2.33)

u1(vk) = c1(n∗) +
(u1(n∗, vk) − c1(n∗))(c1(n∗ + 1) − c1(n∗))

c1(n∗ + 1) − u1(n∗ + 1, vk) + u1(n∗, vk) − c1(n∗)
. (2.34)
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tn∗ + 1n∗n∗ − 1a + 1a

Vb

Va Vc

u1(n∗ + 1)

R1(ũ1)

u1(a)

u1(a + 1)
u1(n∗)

b1(a)

ũ1

c1(a)

u1

Figure 1: Construction of the mapping R1.

The desired convergence R1(vk) → R1(ũ1) is implied by equations (2.30) to (2.34).

(II) Suppose n∗ = a. Then ũ1 = c1(a), vk = u1(a, vk) < c1(a) for all k and as k → ∞,
u1(a + 1, vk) > c1(a + 1). A minor edit of the text in the case (I) proof provides the
continuity proof.

Suppose n∗ > a. In this case there can be u1(n∗, vk) ≤ c1(n∗) for some members of the
sequence {vk} and u1(n∗, vk) > c1(n∗) for the others. Without the loss of generality,
we can suppose that {vk} splits into two infinite subsequences {vqk} and {vrk} such
that

u1
(
n∗, vqk

) ≤ c1(n∗), u1
(
n∗ + 1, vqk

)
> c1(n∗ + 1)

u1(n∗, vrk) > c1(n∗).
(2.35)

For the subsequence {vqk}, the text of the proof of (I) can be subjected to a minor
edit to provide the proof of continuity. As for the subsequence {vrk}, the leaving
value n∗(vrk) is different from n∗ given by ũ1 because (n∗, u1(n∗, vrk)) is already out
of Ω. For k sufficiently large,

n∗(vrk) = n
∗ − 1 (2.36)

because u1(n∗ − 1, ũ1) < c1(n∗ − 1) and thus, as k → ∞, u1(n∗ − 1, vrk) < c1(n∗ − 1).

Hence, the value of the mapping R1 for vrk is (in (2.33), (2.34) we replace n∗ by
n∗ − 1)

t(vrk) = n
∗ − 1 +

u1(n∗ − 1, vrk) − c1(n∗ − 1)
c1(n∗) − u1(n∗, vrk) + u1(n∗ − 1, vrk) − c1(n∗ − 1)

,

u1(vrk) = c(n
∗ − 1) +

(u1(n∗ − 1, vrk) − c1(n∗ − 1))(c1(n∗) − c1(n∗ − 1))
c1(n∗) − u1(n∗, vrk) + u1(n∗ − 1, vrk) − c1(n∗ − 1)

.

(2.37)
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Due to (2.32), u1(n∗, vrk) → u1(n∗, ũ1) = c1(n∗) and thus

t(vrk) −→ n∗ − 1 +
u1(n∗ − 1, vrk) − c1(n∗ − 1)
u1(n∗ − 1, vrk) − c1(n∗ − 1)

= n∗,

u1(vrk) −→ c(n∗ − 1) +
(u1(n∗ − 1, vrk) − c1(n∗ − 1))(c1(n∗) − c1(n∗ − 1))

u1(n∗ − 1, vrk) − c1(n∗ − 1)
= c1(n∗),

R1(vrk) = (t(vrk), u1(vrk)) −→ (n∗, c1(n∗)) = R1(ũ1).

(2.38)

We have shown that R1(vqk) → R1(ũ1) and R1(vrk) → R1(ũ1) and thus R1(vk) →
R1(ũ1).

Auxiliary Mapping R2

Define R2 : Vb ∪ Vc → {b1(a), c1(a)} as

R2(P) =

⎧⎨
⎩
b1(a) if P ∈ Vb,
c1(a) if P ∈ Vc.

(2.39)

The mapping R2 is obviously continuous.

Resulting Mapping R and Its Properties

Define R := R2 ◦ R1. Due to construction we have

R(b1(a)) = b1(a), R(c1(a)) = c1(a), (2.40)

and R(I) = ∂I. The mapping R is continuous because of the continuity of the two mappings
R1 and R2. Hence, it is the sought retraction of I onto ∂I. But such a retraction cannot exist
and thus we get a contradiction and the proof is complete.

3. Application of Theorem 2.1 to the Delayed Discrete Equation

Now, let us return to the original delayed discrete equation (1.2), that is,

Δv(n) = f(n, v(n), v(n − 1), . . . , v(n − k)). (3.1)

As it was said in Section 1, this equation will be transformed to a system of k + 1 first-order
discrete equations. Then we will apply Theorem 2.1 to this system and prove that under
certain conditions there exists a solution of delayed equation (1.2) that stays in the prescribed
domain. In the end, we will study a special case of (1.2).
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3.1. Transformation of (1.2) to the System of First-Order Equations

We will proceed in accordance with the well-known scheme similarly as when constructing
the system of first-order differential equations from a differential equation of a higher order.
Put

u1(n) := v(n),

u2(n) := v(n − 1),

· · ·
uk+1(n) := v(n − k),

(3.2)

where u1, u2, . . . , uk+1 are new unknown functions. From (1.2) we get Δu1(n) = f(n, u1(n),
u2(n), . . . , uk+1(n)). Obviously u2(n + 1) = u1(n), . . . , uk+1(n + 1) = uk(n). Rewriting these
equalities in terms of differences, we have Δu2(n) = u1(n) − u2(n), . . . ,Δuk+1(n) = uk(n) −
uk+1(n). Altogether, we get the system

Δu1(n) = f(n, u1(n), . . . , uk+1(n)),

Δu2(n) = u1(n) − u2(n),

· · ·
Δuk+1(n) = uk(n) − uk+1(n)

(3.3)

which is equivalent to (1.2).

3.2. The Existence Theorem for the Delayed Equation (1.2)
(Solution of Problem 1)

The following theorem is a consequence of Theorem 2.1. In fact, this theorem has been already
proved in [12]. There, the proof is based upon a modification of the retract method for delayed
equations. Our method (rearranging a delayed equation to a system of first-order equations)
is, by its principle, more general than that used in [12].

Theorem 3.1. Let b(n), c(n), b(n) < c(n), be real functions defined on Z
∞
a−k. Further, let f : Z

∞
a ×

R
k+1 → R be a continuous function and let the inequalities

b(n) + f(n, b(n), v2, . . . , vk+1) < b(n + 1), (3.4)

c(n) + f(n, c(n), v2, . . . , vk+1) > c(n + 1) (3.5)

hold for every n ∈ Z
∞
a and every v2, . . . , vk+1 such that

b(n − i + 1) < vi < c(n − i + 1), i = 2, . . . , k + 1. (3.6)
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Then there exists a solution v = v∗(n) of (1.2) satisfying the inequalities

b(n) < v∗(n) < c(n) (3.7)

for every n ∈ Z
∞
a−k.

Proof. We have shown that (1.2) is equivalent to system (3.3) which can be seen as a special
case of system (2.1) with m = k + 1 and F = (F1, . . . Fk+1) where

F1(n, u1, . . . , uk+1) := f(n, u1, . . . , uk+1),

F2(n, u1, . . . , uk+1) := u1 − u2,

· · ·
Fk(n, u1, . . . , uk+1) := uk−1 − uk,
Fk+1(n, u1, . . . , uk+1) := uk − uk+1.

(3.8)

Define the polyfacial set Ω as

Ω := {(n, u) : n ∈ Z
∞
a , bi(n) < ui < ci(n), i = 1, . . . , k + 1} (3.9)

with

bi(n) := b(n − i + 1), ci(n) := c(n − i + 1), i = 1, . . . , k + 1. (3.10)

We will show that for system (3.3) and the set Ω, all the assumptions of Theorem 2.1 are
satisfied.

As the function f is supposed to be continuous, the mapping F is continuous, too. Put
the index j from Theorem 2.1, characterizing the points of egress, equal to 1. We will verify
that the set Ω is of Liapunov-type with respect to the ith variable for any i = 2, . . . , k + 1, that
is, (see (2.8)) that for every (n, u) ∈ Ω

bi(n + 1) < ui + Fi(n, u) < ci(n + 1) for i = 2, . . . , k + 1. (3.11)

First, we compute

ui + Fi(n, u) = ui + ui−1 − ui = ui−1 for i = 2, . . . , k + 1. (3.12)

Thus we have to show that for i = 2, . . . , k + 1

bi(n + 1) < ui−1 < ci(n + 1). (3.13)

Because (n, u) ∈ Ω, then bp(n) < up < cp(n) for any p ∈ {1, . . . , k + 1}, and therefore

bi−1(n) < ui−1 < ci−1(n) for i = 2, . . . , k + 1. (3.14)
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But, by (3.10), we have

bi−1(n) = b(n − i + 1 + 1) = b(n − i + 2), (3.15)

meanwhile

bi(n + 1) = b(n + 1 − i + 1) = b(n − i + 2), (3.16)

and thus bi−1(n) = bi(n + 1). Analogously we get that ci−1(n) = ci(n + 1). Thus inequalities
(3.11) are fulfilled.

Further we will show that all the boundary points M ∈ Ω1
B ∪ Ω1

C are points of strict
egress for the set Ω with respect to system (3.3). According to (2.11), we have to show that if
u1 = b1(n) and bi(n) < ui < ci(n) for i = 2, . . . , k + 1, then

b1(n) + F1(n, u) < b1(n + 1), (3.17)

that is,

b1(n) + f(n, b1(n), u2, . . . , uk+1) < b1(n + 1). (3.18)

Notice that the condition bi(n) < ui < ci(n) for i = 2, . . . , k + 1 is equivalent with condition
b(n−i+1) < ui < c(n−i+1) (see (3.10)). Looking at the supposed inequality (3.4) and realizing
that b1(n) = b(n) and b1(n + 1) = b(n + 1), we can see that inequality (3.18) is fulfilled.

Analogously, according to (2.12), we have to prove that for u1 = c1(n) and bi(n) < ui <
ci(n) for i = 2, . . . , k + 1 the inequality

c1(n) + F1(n, u) > c1(n + 1), (3.19)

that is,

c1(n) + f(n, c1(n), u2, . . . , uk+1) > c1(n + 1) (3.20)

holds.
Again, considering (3.5) and the fact that c1(n) = c(n) and c1(n + 1) = c(n + 1), we can

see that this inequality really holds.
Thus, by the assertion of Theorem 2.1, there exists a solution u = u∗(n) of system (3.3)

such that for every n ∈ Z
∞
a

bi(n) < u∗i (n) < ci(n) for i = 1, . . . , k + 1. (3.21)

In our case, v = v∗(n) = u∗1(n) is the solution of the original equation (1.2). Further,
b1(n) = b(n) and c1(n) = c(n), and thus the existence of a solution of the delayed equation
(1.2) such that inequalities (3.7) are satisfied is guaranteed.
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3.3. Asymptotic Solution Estimates for Delayed Difference Equations

Let us suppose that two functions u,w : Z
∞
a−k → R are given such that

u(n) < w(n), n ∈ Z
∞
a−k, (3.22)

Δu(n) ≥ f(n, u(n), u(n − 1), . . . , u(n − k)), n ∈ Z
∞
a , (3.23)

Δw(n) ≤ f(n,w(n), w(n − 1), . . . , w(n − k)), n ∈ Z
∞
a . (3.24)

Consider the problem of whether there exists a solution v = v∗(n), n ∈ Z
∞
a−k of (1.2) such that

u(n) < v∗(n) < w(n), n ∈ Z
∞
a−k. (3.25)

The following corollary of Theorem 3.1 presents sufficient conditions for the existence of
a solution of this problem.

Corollary 3.2. Let functions u,w : Z
∞
a−k → R satisfy inequalities (3.22)–(3.24). Let f : Z

∞
a ×

R
k+1 → R be a continuous function such that

f
(
n, u(n), y2, . . . , yk+1

)
> f(n, u(n), z2, . . . , zk+1), (3.26)

f
(
n,w(n), y2, . . . , yk+1

)
> f(n,w(n), z2, . . . , zk+1) (3.27)

for every n ∈ Z
∞
a and every y2, . . . , yk+1, z2, . . . , zk+1 ∈ R such that

yi < zi, i = 2, . . . , k + 1. (3.28)

Then there exists a solution v = v∗(n) of (1.2) satisfying inequalities (3.25) for every n ∈ Z
∞
a−k.

Proof. This assertion is an easy consequence of Theorem 3.1.
Put b(n) := u(n), c(n) := w(n). Considering inequalities (3.23) and (3.26), we can see

that

Δu(n) > f(n, u(n), v2, . . . , vk+1) (3.29)

for every n ∈ Z
∞
a and every v2, . . . , vk+1 such that

b(n − i + 1) < vi < c(n − i + 1), i = 2, . . . , k + 1. (3.30)

Similarly,

Δw(n) < f(n,w(n), v2, . . . , vk+1) (3.31)

for every n ∈ Z
∞
a and every b(n − i + 1) < vi < c(n − i + 1), i = 2, . . . , k + 1.
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Obviously, inequalities (3.29) and (3.31) are equivalent with inequalities (3.4) and
(3.5), respectively. Thus, all the assumptions of Theorem 3.1 are satisfied and there exists a
solution v = v∗(n) of (1.2) satisfying inequalities (3.25) for every n ∈ Z

∞
a−k.

Example 3.3. Consider the equation

Δv(n) = v2(n) − v(n − 1) (3.32)

for n ∈ Z
∞
3 which is a second-order delayed discrete equation with delay k = 1. We will show

that there exists a solution v = v∗(n) of (3.32) that satisfies the inequalities

1 < v∗(n) < n (3.33)

for n ∈ Z
∞
2 .

We will prove that for the functions

u(n) := 1, w(n) := n, f(n, v1, v2) := v2
1 − v2 (3.34)

all the assumptions of Corollary 3.2 are satisfied. Inequality (3.22) is obviously fulfilled for
n ∈ Z

∞
2 . Inequality (3.23) can be also proved very easily:

Δu(n) = 0, f(n, u(n), u(n − 1)) = 12 − 1 = 0, (3.35)

and thus for every n ∈ Z
∞
3 , Δu(n) ≥ f(n, u(n), u(n − 1)).

As for inequality (3.24), we get

Δw(n) = 1, f(n,w(n), w(n − 1)) = n2 − n + 1 (3.36)

and thus Δw(n) ≤ f(n,w(n), w(n − 1)) for n ∈ Z
∞
3 .

Finally, the functions

f(n, u(n), v2) = 1 − v2, f(n,w(n), v2) = n2 − v2 (3.37)

are decreasing with respect to v2. Therefore, conditions (3.26) and (3.27) are satisfied, too.
Hence, due to Corollary 3.2, there exists a solution of (3.32) satisfying (3.33).

3.4. Positive Solutions of a Linear Equation with a Single Delay

We will apply the result of Theorem 3.1 to the investigation of a simple linear difference
equation of the (k + 1)-st order with only one delay, namely, the equation

Δv(n) = −p(n)v(n − k), (3.38)

where, again, n ∈ Z
∞
a is the independent variable and k ∈ N, k ≥ 1, is the fixed delay. The

function p : Z
∞
a → R is assumed to be positive. Our goal is to give sharp sufficient conditions
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for the existence of positive solutions. The existence of such solutions is very often substantial
for a concrete model considered. For example, in biology, when a model of population
dynamics is described by an equation, the positivity of a solution may mean that the studied
biological species can survive in the supposed environment.

For its simple form, (3.38) often serves for testing new results and is very frequently
investigated. It was analyzed, for example, in papers [10, 11, 26]. A sharp result on existence
of positive solutions given in [26] is proved by a comparison method [8, 9]. Here we will use
Theorem 3.1 to generalize this result.

For the purposes of this section, define the expression lnqt, where q ∈ N, as

lnqt := ln
(
lnq−1t

)
ln0t := t.

(3.39)

We will write only ln t instead of ln1t. Further, for a fixed integer � ≥ 0 define auxiliary
functions

μ�(n) :=
1

8n2
+

1

8(n lnn)2
+ · · · + 1

8(n lnn · · · ln�n)2
,

p�(n) :=
(

k

k + 1

)k
·
(

1
k + 1

+ kμ�(n)
)
,

(3.40)

ν�(n) :=
(

k

k + 1

)n
·
√
n lnn ln2n · · · ln�n. (3.41)

In [26], it was proved that if p(n) in (3.38) is a positive function bounded by p�(n) for some
� ≥ 0, then there exists a positive solution of (3.38) bounded by the function ν�(n) for n
sufficiently large. Since limn→∞ν�(n) = 0, such solution will vanish for n → ∞. Here we
show that (3.38) has a positive solution bounded by ν�(n) even if the coefficient p(n) satisfies
a less restrictive inequality (see inequality (3.58) below). The proof of this statement will be
based on the following four lemmas. The symbols “o” and “O” stand for the Landau order
symbols and are used for n → ∞.

Lemma 3.4. The formula

ln
(
y − z) = lny −

∞∑
i=1

zi

iyi
(3.42)

holds for any numbers y, z ∈ R such that y > 0 and |z| < y.

Proof. The assertion is a simple consequence of the well-known Maclaurin expansion

ln(1 − x) = −
∞∑
i=1

1
i
xi for − 1 ≤ x < 1. (3.43)
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As ln(y − z) − lny = ln(1 − z/y), substituting x = z/y we get

ln
(
y − z) − lny = −

∞∑
i=1

zi

iyi
for − y ≤ z < y (3.44)

and adding lny to both sides of this equality, we get (3.42).

Lemma 3.5. For fixed r ∈ R \ {0} and fixed q ∈ N, the asymptotic representation

lnq(n − r) = lnqn − r

n lnn · · · lnq−1n
− r2

2n2 lnn · · · lnq−1n

− r2

2(n lnn)2ln2n · · · lnq−1n
− · · · − r2

2
(
n lnn · · · lnq−1n

)2

− r3(1 + o(1))
3n3 lnn · · · lnq−1n

(3.45)

holds for n → ∞.

Proof. We will prove relation (3.45) by induction with respect to q. For q = 1, (3.45) reduces to

ln(n − r) = lnn − r
n
− r2

2n2
− r

3(1 + o(1))
3n3

(3.46)

which holds due to Lemma 3.4. Suppose that relation (3.45) holds for some q. We can write
lnq(n − r) = y − z with y = lnqn and

z =
r

n lnn · · · lnq−1n
+

r2

2n2 lnn · · · lnq−1n
+

r2

2(n lnn)2ln2n · · · lnq−1n

+ · · · + r2

2
(
n lnn · · · lnq−1n

)2
+

r3(1 + o(1))
3n3 lnn · · · lnq−1n

.

(3.47)

Now we will show that (3.45) holds for q + 1. Notice that in our case, the condition |z| < y
from Lemma 3.4 is fulfilled for n sufficiently large because z → 0 for n → ∞, meanwhile
y → ∞ for n → ∞. Thus we are justified to use Lemma 3.4 and doing so, we get

IEEE eXpress Sample eBook, page 63



18 Abstract and Applied Analysis

lnq+1(n − r) = ln
(
lnq(n − r)

)

= ln
(
y − z) = lny − 1

y
z − 1

2y2
z2 − · · ·

= ln
(
lnqn

) − 1
lnqn

·
(

r

n lnn · · · lnq−1n
+

r2

2n2 lnn · · · lnq−1n
+ · · ·

+
r2

2
(
n lnn · · · lnq−1n

)2
+

r3(1 + o(1))
3n3 lnn · · · lnq−1n

)

− 1

2
(
lnqn

)2
·
(

r2

(
n lnn · · · lnq−1n

)2
+O

(
1

n3
(
lnn · · · lnq−1n

)2

))

+O

(
1(

n lnn · · · lnqn
)3

)

= lnq+1n − r

n lnn · · · lnqn −
r2

2n2 lnn · · · lnqn
− r2

2(n lnn)2ln2n · · · lnqn

− · · · − r2

2
(
n lnn · · · lnqn

)2
− r3(1 + o(1))

3n3 lnn · · · lnqn
.

(3.48)

Thus, formula (3.45) holds for q + 1, too, which ends the proof.

Lemma 3.6. For fixed r ∈ R \ {0} and fixed q ∈ N, the asymptotic representations

√
lnq(n − r)

lnqn
= 1 − r

2n lnn · · · lnqn −
r2

4n2 lnn · · · lnqn
− r2

4(n lnn)2ln2n · · · lnqn
− · · ·

− r2

4
(
n lnn · · · lnq−1n

)2lnqn
− r2

8
(
n lnn · · · lnqn

)2
− r3(1 + o(1))

6n3 lnn · · · lnqn
,

(3.49)

√
n − r
n

= 1 − r

2n
− r2

8n2
− r3

16n3
+ o
(

1
n3

)
(3.50)

hold for n → ∞.

Proof. Both these relations are simple consequences of the asymptotic formula

√
1 − x = 1 − 1

2
x − 1

8
x2 − 1

16
x3 + o

(
x3
)

for x −→ 0 (3.51)

and of Lemma 3.5 (for formula (3.49)). In the case of relation (3.49), we put

x =
r

n lnn · · · lnqn +
r2

2n2 lnn · · · lnqn
+ · · · + r2

2
(
n lnn · · · lnq−1n

)2lnqn
+

r3(1 + o(1))
3n3 lnn · · · lnqn (3.52)

and in the case of relation (3.50), we put x = r/n.
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Lemma 3.7. For fixed r ∈ R \ {0} and fixed q ∈ N, the asymptotic representation

√
(n − r)
n

ln(n − r)
lnn

· · · lnq(n − r)
lnqn

= 1 − r
(

1
2n

+
1

2n lnn
+ · · · + 1

2n lnn · · · lnqn

)
− r2μq(n) − r3

16n3
+ o
(

1
n3

) (3.53)

holds for n → ∞.

Proof. We will prove relation (3.53) by induction with respect to q. For q = 1, (3.53) reduces to

√
(n − r)
n

ln(n − r)
lnn

= 1 − r
(

1
2n

+
1

2n lnn

)
− r2μ1(n) − r3

16n3
+ o
(

1
n3

)

= 1 − r
(

1
2n

+
1

2n lnn

)
− r2

(
1

8n2
+

1

8(n lnn)2

)
− r3

16n3
+ o
(

1
n3

)
.

(3.54)

On the other hand, using Lemma 3.6, we get

√
(n − r)
n

ln(n − r)
lnn

=

(
1 − r

2n
− r2

8n2
− r3

16n3
+ o
(

1
n3

))

×
(

1 − r

2n lnn
− r2

4n2 lnn
− r2

8(n lnn)2
− r

3(1 + o(1))
6n3 lnn

)

= 1 − r

2n lnn
− r2

4n2 lnn
− r2

8(n lnn)2
− r

2n
+

r2

4n2 lnn
− r2

8n2
− r3

16n3
+ o
(

1
n3

)

= 1 − r
(

1
2n

+
1

2n lnn

)
− r2

(
1

8n2
+

1

8(n lnn)2

)
− r3

16n3
+ o
(

1
n3

)
.

(3.55)

Thus, for q = 1, relation (3.53) holds. Now suppose that (3.53) holds for some q and prove
that it holds for q + 1. In the following calculations, we use Lemma 3.6 and we skip some
tedious expressions handling.
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√

(n − r)
n

ln(n − r)
lnn

· · · lnq+1(n − r)
lnq+1n

=

√
(n − r)
n

ln(n − r)
lnn

· · · lnq(n − r)
lnqn

·
√

lnq+1(n − r)
lnq+1n

=

(
1 − r

(
1

2n
+

1
2n lnn

+ · · · + 1
2n lnn · · · lnqn

)
− r2μq(n) − r3

16n3
+ o
(

1
n3

))

×
(

1 − r

2n lnn · · · lnq+1n
− r2

4n2 lnn · · · lnq+1n
− · · ·

− r2

4
(
n lnn · · · lnqn

)2lnq+1n
− r2

8
(
n lnn · · · lnq+1n

)2
+ o
(

1
n3

))

= 1 − r
(

1
2n

+
1

2n lnn
+ · · · + 1

2n lnn · · · lnq+1n

)
− r2μq+1(n) − r3

16n3
+ o
(

1
n3

)
.

(3.56)

We can see that formula (3.53) holds for q + 1, too, which ends the proof.

Now we are ready to prove that there exists a bounded positive solution of (3.38).
Remind that functions p� and ν� were defined by (3.40) and (3.41), respectively.

Theorem 3.8. Let ω : Z
∞
a → R satisfy the inequality

|ω(n)| ≤ ε
(

k

k + 1

)k
· k
(
2k2 + k − 1

)
16n3(k + 1)

, n ∈ Z
∞
a , (3.57)

for a fixed ε ∈ (0, 1). Suppose that there exists an integer � ≥ 0 such that the function p satisfies the
inequalities

0 < p(n) ≤ p�(n) +ω(n) (3.58)

for every n ∈ Z
∞
a . Then there exists a solution v = v∗(n), n ∈ Z

∞
a−k of (3.38) such that for n

sufficiently large the inequalities

0 < v∗(n) < ν�(n) (3.59)

hold.

Proof. Show that all the assumptions of Theorem 3.1 are fulfilled. For (3.38), f(n, v1, . . . ,
vk+1) = −p(n)vk+1. This is a continuous function. Put

b(n) := 0, c(n) := ν�(n). (3.60)
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We have to prove that for every v2, . . . , vk+1 such that b(n−i+1) < vi < c(n−i+1), i = 2, . . . , k+1,
the inequalities (3.4) and (3.5) hold for n sufficiently large. Start with (3.4). That gives that
for b(n − k) < vk+1 < c(n − k), it has to be

0 − p(n) · vk+1 < 0. (3.61)

This certainly holds, because the function p is positive and so is vk+1.
Next, according to (3.5), we have to prove that

ν�(n) − p(n)vk+1 > ν�(n + 1) (3.62)

which is equivalent to the inequality

−p(n)vk+1 > ν�(n + 1) − ν�(n). (3.63)

Denote the left-hand side of (3.63) as L(3.63). As vk+1 < c(n − k) = ν�(n − k) and as by (3.40),
(3.58), and (3.57)

p(n) ≤
(

k

k + 1

)k
·
(

1
k + 1

+ kμ�(n)
)
+ ε
(

k

k + 1

)k
· k
(
2k2 + k − 1

)
16n3(k + 1)

, (3.64)

we have

L(3.63) > −
(

k

k + 1

)k( 1
k + 1

+ kμ�(n) + ε ·
k
(
2k2 + k − 1

)
16n3(k + 1)

)

×
(

k

k + 1

)n−k√
(n − k) ln(n − k) · · · ln�(n − k)

= −
(

k

k + 1

)n( 1
k + 1

+ kμ�(n) + ε ·
k
(
2k2 + k − 1

)
16n3(k + 1)

)
·
√
(n − k) ln(n − k) · · · ln�(n − k).

(3.65)

Further, we can easily see that

ν�(n + 1) − ν�(n) =
(

k

k + 1

)n√
n lnn · · · ln�n

⎛
⎝ k

k + 1

√
(n + 1)
n

ln(n + 1)
lnn

· · · ln�(n + 1)
ln�n

− 1

⎞
⎠.

(3.66)
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Thus, to prove (3.63), it suffices to show that for n sufficiently large,

−
(

1
k + 1

+ kμ�(n) + ε ·
k
(
2k2 + k − 1

)
16n3(k + 1)

)√
(n − k)
n

ln(n − k)
lnn

· · · ln�(n − k)
ln�n

>
k

k + 1

√
(n + 1)
n

ln(n + 1)
lnn

· · · ln�(n + 1)
ln�n

− 1.

(3.67)

Denote the left-hand side of inequality (3.67) as L(3.67) and the right-hand side asR(3.67). Using
Lemma 3.7 with r = k and q = �, we can write

L(3.67) = −
(

1
k + 1

+ kμ�(n) + ε ·
k
(
2k2 + k − 1

)
16n3(k + 1)

)

×
(

1 − k
(

1
2n

+
1

2n lnn
+ · · · + 1

2n lnn · · · ln�n
)
− k2μ�(n) − k3

16n3
+ o
(

1
n3

))

= − 1
k + 1

+
k

k + 1

(
1

2n
+

1
2n lnn

+ · · · + 1
2n lnn · · · ln�n

)

+
k2

k + 1
μ�(n) +

k3

16n3(k + 1)
− kμ�(n) + k2

16n3
− ε · k

(
2k2 + k − 1

)
16n3(k + 1)

+ o
(

1
n3

)

= − 1
k + 1

+
k

k + 1

(
1

2n
+

1
2n lnn

+ · · · + 1
2n lnn · · · ln�n

)

− k

k + 1
μ�(n) +

2k3(1 − ε) + k2(1 − ε) + kε
16n3(k + 1)

+ o
(

1
n3

)
.

(3.68)

Using Lemma 3.7 with r = −1 and q = �, we get for R(3.67)

R(3.67) =
k

k + 1

(
1 +

1
2n

+
1

2n lnn
+ · · · + 1

2n lnn · · · ln�n − μ�(n) +
1

16n3
+ o
(

1
n3

))
− 1

=
−1
k + 1

+
k

k + 1

(
1

2n
+

1
2n lnn

+ · · · + 1
2n lnn · · · ln�n

)

− k

k + 1
· μ�(n) + k

16n3(k + 1)
+ o
(

1
n3

)
.

(3.69)

It is easy to see that the inequality (3.67) reduces to

2k3(1 − ε) + k2(1 − ε) + kε
16n3(k + 1)

+ o
(

1
n3

)
>

k

16n3(k + 1)
+ o
(

1
n3

)
. (3.70)
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This inequality is equivalent to

k
(
2k2(1 − ε) + k(1 − ε) − (1 − ε))

16n3(k + 1)
+ o
(

1
n3

)
> 0. (3.71)

The last inequality holds for n sufficiently large because k ≥ 1 and 1 − ε ∈ (0, 1). We have
proved that all the assumptions of Theorem 3.1 are fulfilled and hence there exists a solution
of (3.38) satisfying conditions (3.59).
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We derive necessary and sufficient conditions for (some or all) positive solutions of the half-
linear q-difference equation Dq(Φ(Dqy(t))) + p(t)Φ(y(qt)) = 0, t ∈ {qk : k ∈ N0} with q > 1,
Φ(u) = |u|α−1 sgnu with α > 1, to behave like q-regularly varying or q-rapidly varying or
q-regularly bounded functions (that is, the functions y, for which a special limit behavior of
y(qt)/y(t) as t → ∞ is prescribed). A thorough discussion on such an asymptotic behavior of
solutions is provided. Related Kneser type criteria are presented.

1. Introduction

In this paper we recall and survey the theory of q-Karamata functions, that is, of the functions
y : qN0 → (0,∞), where qN0 := {qk : k ∈ N0} with q > 1, and for which some special
limit behavior of y(qt)/y(t) as t → ∞ is prescribed, see [1–3]. This theory corresponds with
the classical “continuous” theory of regular variation, see, for example, [4], but shows some
special features (see Section 2), not known in the continuous case, which are due to the special
structure of qN0 . The theory of q-Karamata functions provides a powerful tool, which we use
in this paper to establish sufficient and necessary conditions for some or all positive solutions
of the half-linear q-difference equation

Dq

(
Φ
(
Dqy(t)

))
+ p(t)Φ

(
y
(
qt
))

= 0, (1.1)

where Φ(u) = |u|α−1 sgnu with α > 1, to behave like q-regularly varying or q-rapidly varying
or q-regularly bounded functions. We stress that there is no sign condition on p. We also
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2 Abstract and Applied Analysis

present Kneser type (non)oscillation criteria for (1.1), existing as well as new ones, which are
somehow related to our asymptotic results.

The main results of this paper can be understood as a q-version of the continuous
results for

(
Φ
(
y′(t)

))′ + p(t)Φ(
y(t)

)
= 0 (1.2)

from [5] (with noting that some substantial differences between the parallel results are
revealed), or as a half-linear extension of the results for D2

qy(t) + p(t)y(qt) = 0 from [1].
In addition, we provide a thorough description of asymptotic behavior of solutions to (1.1)
with respect to the limit behavior of tαp(t) in the framework of q-Karamata theory. For an
explanation why the q-Karamata theory and its applications are not included in a general
theory of regular variation on measure chains see [6]. For more information on (1.2) see, for
example, [7]. Many applications of the theory of regular variation in differential equations
can be found, for example, in [8]. Linear q-difference equations were studied, for example, in
[1, 9–11]; for related topics see, for example, [12, 13]. Finally note that the theory of q-calculus
is very extensive with many aspects; some people speak bout different tongues of q-calculus.
In our paper we follow essentially its “time-scale dialect”.

2. Preliminaries

We start with recalling some basic facts about q-calculus. For material on this topic see
[9, 12, 13]. See also [14] for the calculus on time-scales which somehow contains q-calculus.
First note that some of the below concepts may appear to be described in a “nonclassical
q-way”, see, for example, our definition of q-integral versus original Jackson’s definition
[9, 12, 13], or the q-exponential function. But, working on the lattice qN0 (which is a time-
scale), we can introduce these concepts in an alternative and “easier” way (and, basically,
we avoid some classical q-symbols). Our definitions, of course, naturally correspond with
the original definitions. The q-derivative of a function f : qN0 → R is defined by
Dqf(t) = [f(qt) − f(t)]/[(q − 1)t]. The q-integral

∫b
a f(t)dqt, a, b ∈ qN0 , of a function

f : qN0 → R is defined by
∫b
a f(t)dqt = (q − 1)

∑
t∈[a,b)∩qN0 tf(t) if a < b;

∫b
a f(t)dqt = 0 if

a = b;
∫b
a f(t)dqt = (1 − q)∑t∈[b,a)∩qN0 tf(t) if a > b. The improper q-integral is defined by∫∞

a f(t)dqt = limb→∞
∫b
a f(t)dqt. We use the notation [a]q = (qa−1)/(q−1) for a ∈ R. Note that

limq→ 1+[a]q = a. It holds that Dqt
ϑ = [ϑ]qt

ϑ−1. In view of the definition of [a]q, it is natural
to introduce the notation [∞]q = ∞, [−∞]q = 1/(1 − q). For p ∈ R (i.e., for p : qN0 → R

satisfying 1 + (q − 1)tp(t)/= 0 for all t ∈ qN0) we denote ep(t, s) =
∏

u∈[s,t)∩qN0 [(q − 1)up(u) + 1]
for s < t, ep(t, s) = 1/ep(s, t) for s > t, and ep(t, t) = 1, where s, t ∈ qN0 . For p ∈ R, e(·, a)
is a solution of the IVP Dqy = p(t)y, y(a) = 1, t ∈ qN0 . If s ∈ qN0 and p ∈ R+, where
R+ = {p ∈ R : 1+ (q− 1)tp(t) > 0 for all t ∈ qN0}. then ep(t, s) > 0 for all t ∈ qN0 . If p, r ∈ R, then
ep(t, s)ep(s, u) = ep(t, u) and ep(t, s)er(t, s) = ep+r+t(q−1)pr(t, s). Intervals having the subscript q
denote the intervals in qN0 , for example, [a,∞)q = {a, aq, aq2, . . .}with a ∈ qN0 .
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Next we present auxiliary statements which play important roles in proving the main
results. Define F : (0,∞) → R by F(x) = Φ(x/q−1/q)−Φ(1−1/x) and h : (Φ([−∞]q),∞) →
R by

h(x) =
x

1 − q1−α

[
1 −

(
1 +

(
q − 1

)
Φ−1(x)

)1−α]
. (2.1)

For y : qN0 → R \ {0} define the operator L by

L[y](t) = Φ

(
y
(
q2t

)
qy

(
qt
) − 1

q

)
−Φ

(
1 − y(t)

y
(
qt
)
)
. (2.2)

We denote ωq = ([(α − 1)/α]q)
α. Let β mean the conjugate number of α, that is, 1/α+ 1/β = 1.

The following lemma lists some important properties of F, h, L and relations among
them.

Lemma 2.1. (i) The function F has the global minimum on (0,∞) at q(α−1)/α with

F
(
q(α−1)/α

)
= −ωq

(
q − 1

)α
qα−1

(2.3)

and F(1) = 0 = F(q). Further, F is strictly decreasing on (0, q(α−1)/α) and strictly increasing on
(q(α−1)/α,∞) with limx→ 0+F(x) =∞, limt→∞F(x) =∞.

(ii) The graph of x �→ h(x) is a parabola-like curve with the minimum at the origin. The graph
of x �→ h(x) + γα touches the line x �→ x at x = λ0 := ([(α − 1)/α]q)

α−1. The equation h(λ) + γ = λ
has

(a) no real roots if γ > ωq/[α − 1]q,

(b) the only root λ0 if γ = ωq/[α − 1]q,

(c) two real roots λ1, λ2 with 0 < λ1 < λ0 < λ2 < 1 if γ ∈ (0, ωq/[α − 1]q),

(d) two real roots 0 and 1 if γ = 0,

(e) two real roots λ1, λ2 with λ1 < 0 < 1 < λ2 if γ < 0.

(iii) It holds that F(qϑ1) = F(qϑ2), where ϑi = logq[(q−1)Φ−1(λi)+1], i = 1, 2, with λ1 < λ2

being the real roots of the equation λ = h(λ) +A with A ∈ (−∞, ωq/[α − 1]q).
(iv) If q → 1+, then h(x) → |x|β.
(v) For ϑ ∈ R it hold that Φ([ϑ]q)[1 − ϑ]qα−1 = Φ([ϑ]q) − h(Φ([ϑ]q)).
(vi) For ϑ ∈ R it hold that F(qϑ) = (q − 1)α[1 − α]qΦ([ϑ]q)[1 − ϑ]qα−1 .
(vii) For y /= 0, (1.1) can be written as L[y](t) = −(q − 1)αtαp(t).
(viii) If the limt→∞y(qt)/y(t) exists as a positive real number, then limt→∞L[y](t) =

limt→∞F(y(qt)/y(t)).

Proof. We prove only (iii). The proofs of other statements are either easy or can be found in
[3].
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(iii) Let λ1, λ2 be the real roots of λ = h(λ) + A. We have λi = Φ([ϑi]q), i = 1, 2, and so,
by virtue of identities (v) and (vi), we get F(qϑ1) = (q − 1)α[1 − α]q(λ1 − h(λ1)) =
(q − 1)α[1 − α]qA = (q − 1)α[1 − α]q(λ2 − h(λ2)) = F(qϑ2).

Next we define the basic concepts of q-Karamata theory. Note that the original
definitions (see [1–3]) was more complicated; they were motivated by the classical
continuous and the discrete (on the uniform lattices) theories. But soon it has turned out that
simpler (and equivalent)definitions can be established. Also, there is no need to introduce
the concept of normality, since every q-regularly varying or q-rapidly varying or q-regularly
bounded function is automatically normalized. Such (and some other) simplifications are not
possible in the original continuous theory or in the classical discrete theory; in q-calculus, they
are practicable thanks to the special structure of qN0 , which is somehow natural for examining
regularly varying behavior.

For f : qN0 → (0,∞) denote

K∗ = lim inf
t→∞

f
(
qt
)

f(t)
, K∗ = lim sup

t→∞

f
(
qt
)

f(t)
, K = lim

t→∞
f
(
qt
)

f(t)
. (2.4)

Definition 2.2. A function f : qN0 → (0,∞) is said to be

(i) q-regularly varying of index ϑ, ϑ ∈ R, if K = qϑ; we write f ∈ RVq(ϑ),
(ii) q-slowly varying if K = 1; we write f ∈ SVq,
(iii) q-rapidly varying of index∞ if K =∞; we write f ∈ RPVq(∞),

(iv) q-rapidly varying of index −∞ if K = 0; we write f ∈ RPVq(−∞),

(v) q-regularly bounded if 0 < K∗ ≤ K∗ <∞; we write f ∈ RBq.

Clearly, SVq = RVq(0). We have defined q-regular variation, q-rapid variation, and q-
regular boundedness at infinity. If we consider a function f : qZ → (0,∞), qZ := {qk : k ∈ Z},
then f(t) is said to be q-regularly varying/q-rapidly varying/q-regularly bounded at zero
if f(1/t) is q-regularly varying/q-rapidly varying/q-regularly bounded at infinity. But it is
apparent that it is sufficient to examine just the behavior at∞.

Next we list some selected important properties of the above-defined functions. We
define τ : [1,∞) → qN0 as τ(x) = max{s ∈ qN0 : s ≤ x}.

Proposition 2.3. (i)f ∈ RVq(ϑ)⇔ limt→∞tDqf(t)/f(t) = [ϑ]q.
(ii)f ∈ RVq(ϑ) ⇔ f(t) = ϕ(t)eψ(t, 1), where a positive ϕ satisfies limt→∞ϕ(t) = C ∈

(0,∞), limt→∞tψ(t) = [ϑ]q, ψ ∈ R+ (w.l.o.g., ϕ can be replaced by C).
(iii)f ∈ RVq(ϑ)⇔ f(t) = tϑL(t), where L ∈ SVq.
(iv)f ∈ RVq(ϑ) ⇔ f(t)/tγ is eventually increasing for each γ < ϑ and f(t)/tη is eventually

decreasing for each η > ϑ.
(v)f ∈ RVq(ϑ)⇔ limt→∞f(τ(λt))/f(t) = (τ(λ))ϑ for every λ ≥ 1.
(vi)f ∈ RVq(ϑ) ⇔ R : [1,∞) → (0,∞) defined by R(x) = f(τ(x))(x/τ(x))ϑ for x ∈

[1,∞) is regularly varying of index ϑ.
(vii)f ∈ RVq(ϑ)⇒ limt→∞ log f(t)/ log t = ϑ.

Proof. See [2].
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Proposition 2.4. (i) f ∈ RPVq(±∞)⇔ limt→∞tDqf(t)/f(t) = [±∞]q.
(ii) f ∈ RPVq(±∞) ⇔ f(t) = ϕ(t)eψ(t, 1), where a positive ϕ satisfies

lim inft→∞ϕ(qt)/ϕ(t) > 0 for index ∞, lim supt→∞ϕ(qt)/ϕ(t) < ∞ for index −∞, and
limt→∞tψ(t) = [±∞]q, ψ ∈ R+ (w.l.o.g., ϕ can be replaced by C ∈ (0,∞)).

(iii) f ∈ RPVq(±∞) ⇔ for each ϑ ∈ [0,∞), f(t)/tϑ is eventually increasing (towards ∞)
for index∞ and f(t)tϑ is eventually decreasing (towards 0) for index −∞.

(iv) f ∈ RPVq(±∞) ⇔ for every λ ∈ [q,∞) it holds, limt→∞f(τ(λt))/f(t) = ∞ for index
∞ and limt→∞f(τ(λt))/f(t) = 0 for index −∞.

(v) Let R : [1,∞) → (0,∞) be defined by R(x) = f(τ(x)) for x ∈ [1,∞). If R
is rapidly varying of index ±∞, then f ∈ RPVq(±∞). Conversely, if f ∈ RPVq(±∞), then
limx→∞R(λx)/R(x) =∞, resp., limx→∞R(λx)/R(x) = 0 for λ ∈ [q,∞).

(vi) f ∈ RPVq(±∞)⇒ limt→∞ log f(t)/ log t = ±∞.

Proof. We prove only the “if” part of (iii). The proofs of (iv), (v), and (vi) can be found in [1].
The proofs of other statements can be found in [3].

Assume that f(t)/tϑ is eventually increasing (towards∞) for each ϑ ∈ [0,∞). Because
of monotonicity, we have f(t)/tϑ ≤ f(qt)/(qϑtϑ), and so f(qt)/f(t) ≥ qϑ for large t. Since ϑ is
arbitrary, we have f(qt)/f(t) → ∞ as t → ∞, thus f ∈ RPVq(∞). The case of the index −∞
can be treated in a similar way.

Proposition 2.5. (i) f ∈ RBq ⇔ [−∞]q < lim inft→∞tDqf(t)/f(t) ≤ lim supt→∞tDqf(t)/
f(t) < [∞]q.

(ii) f ∈ RBq ⇔ f(t) = tϑϕ(t)eψ(t, 1), where 0 < C1 ≤ ϕ(t) ≤ C2 < ∞, [−∞]q < D1 ≤
tψ(t) ≤ D2 < [∞]q (w.l.o.g., ϕ can be replaced by C ∈ (0,∞)).

(iii) f ∈ RBq ⇔ f(t)/tγ1 is eventually increasing and f(t)/tγ2 is eventually decreasing for
some γ1 < γ2 (w.l.o.g., monotonicity can be replaced by almost monotonicity; a function f : qN0 →
(0,∞) is said to be almost increasing (almost decreasing) if there exists an increasing (decreasing)
function g : qN0 → (0,∞) and C,D ∈ (0,∞) such that Cg(t) ≤ f(t) ≤ Dg(t)).

(iv) f ∈ RBq ⇔ 0 < lim inft→∞f(τ(λt))/f(t) ≤ lim supt→∞f(τ(λt))/f(t) < ∞ for every
λ ∈ [q,∞) or for every λ ∈ (0, 1).

(v) f ∈ RBq ⇔ R : [1,∞) → (0,∞) defined by R(x) = f(τ(x)) for x ∈ [1,∞) is regularly
bounded.

(vi) f ∈ RBq ⇒ −∞ < lim inft→∞ log f(t)/ log t ≤ lim supt→∞ log f(t)/ log t <∞.

Proof. See [1].

For more information on q-Karamata theory see [1–3].

3. Asymptotic Behavior of Solutions to (1.1) in the Framework of
q-Karamata Theory

First we establish necessary and sufficient conditions for positive solutions of (1.1) to be q-
regularly varying or q-rapidly varying or q-regularly bounded. Then we use this result to
provide a thorough discussion on Karamata-like behavior of solutions to (1.1).

Theorem 3.1. (i) Equation (1.1) has eventually positive solutions u, v such that u ∈ RVq(ϑ1) and
v ∈ RVq(ϑ2) if and only if

lim
t→∞

tαp(t) = P ∈
(
−∞, ωq

qα−1

)
, (3.1)

IEEE eXpress Sample eBook, page 75



6 Abstract and Applied Analysis

where ϑi = logq[(q − 1)Φ−1(λi) + 1], i = 1, 2, with λ1 < λ2 being the real roots of the equation
λ = h(λ) − P/[1 − α]q. For the indices ϑi, i = 1, 2, it holds that ϑ1 < 0 < 1 < ϑ2 provided P < 0;
ϑ1 = 0, ϑ2 = 1 provided P = 0; 0 < ϑ1 < (α − 1)/α < ϑ2 < 1 provided P > 0. Any of two conditions
u ∈ RVq(ϑ1) and v ∈ RVq(ϑ2) implies (3.1).

(ii) Let (1.1) be nonoscillatory (which can be guaranteed, for example, by tαp(t) ≤ ωq/q
α−1 for

large t; with the note that it allows (3.2)). Equation (1.1) has an eventually positive solution u such
that u ∈ RVq((α − 1)/α) if and only if

lim
t→∞

tαp(t) =
ωq

qα−1
. (3.2)

All eventually positive solutions of (1.1) are q-regularly varying of index (α − 1)/α provided (3.2)
holds.

(iii) Equation (1.1) has eventually positive solutions u, v such that u ∈ RPVq(−∞) and
u ∈ RPVq(∞) if and only if

lim
t→∞

tαp(t) = −∞. (3.3)

All eventually positive solutions of (1.1) are q-rapidly varying provided (3.3) holds.
(iv) If (1.1) is nonoscillatory (which can be guaranteed, e.g., by tαp(t) ≤ ωq/q

α−1 for large t)
and

lim inf
t→∞

tαp(t) > −∞, (3.4)

then all eventually positive solutions of (1.1) are q-regularly bounded.
Conversely, if there exists an eventually positive solution u of (1.1) such that u ∈ RBq, then

−∞ < lim inf
t→∞

tαp(t) ≤ lim sup
t→∞

tαp(t) <
1 + q1−α
(
q − 1

)α . (3.5)

If, in addition, p is eventually positive or u is eventually increasing, then the constant on the right-
hand side of (3.5) can be improved to 1/(q − 1)α.

Proof. (i) Necessity. Assume that u is a solution of (1.1) such that u ∈ RVq(ϑ1). Then, by
Lemma 2.1,

lim
t→∞

tαp(t) = −(q − 1
)−α lim

t→∞
L[u](t) = −(q − 1

)−α lim
t→∞

F

(
u
(
qt
)

u(t)

)

= −(q − 1
)−α

F
(
qϑ1

)
= −[1 − α]q

[
Φ
(
[ϑ1]q

)
− h

(
Φ[ϑ1]q

)]

=
[1 − α]qP
[1 − α]q

= P.

(3.6)

The same arguments work when dealing with v ∈ RVq(ϑ2) instead of u.
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Sufficiency. Assume that (3.1) holds. Then there exist N ∈ [0,∞), t0 ∈ qN0 , and Pη ∈
(0, ωq/q

α−1) such that −N ≤ tαp(t) ≤ Pη for t ∈ [t0,∞)q. Let X be the Banach space of all
bounded functions [t0,∞)q → R endowed with the supremum norm. Denote Ω = {w ∈ X :

Φ(q−η−1) ≤ w(t) ≤ Ñ for t ∈ [t0,∞)q}, where Ñ =N(q−1)α+q1−α, η = logq[(q−1)Φ−1(λη)+1],
λη being the smaller root of λ = h(λ) − Pη/[1 − α]q. In view of Lemma 2.1, it holds that
η < (α − 1)/α. Moreover, if Pη ≥ P (which must be valid in our case), then ϑ1 ≤ η. Further, by
Lemma 2.1, −(q − 1)Pη = Φ(q−η − 1)(1 − q(α−1)(η−1)). Let T : Ω → X be the operator defined by

(Tw)(t) = −(q − 1
)α
tαp(t) −Φ

(
1

qΦ−1
(
w
(
qt
))

+ q
− 1
q

)
. (3.7)

By means of the contraction mapping theorem we will prove that T has a fixed-point in Ω.
First we show that TΩ ⊆ Ω. Let w ∈ Ω. Then, using identities (v) and (vi) from Lemma 2.1,

(Tw)(t) ≥ −(q − 1
)α
Pη −Φ

(
1

qq−η
− 1
q

)

=
(
λη − h

(
λη

))(
q − 1

)α[1 − α]q − q(η−1)(α−1)Φ
(
1 − q−η)

= F
(
qη
) − q(η−1)(α−1)Φ

(
1 − q−η)

= Φ
(
q−η − 1

)(
1 − q(α−1)(η−1)

)
− q(η−1)(α−1)Φ

(
1 − q−η)

= Φ
(
q−η − 1

)

(3.8)

and (Tw)(t) ≤ −(q−1)αtαp(t)+q1−α ≤ Ñ for t ∈ [t0,∞)q. Now we prove thatT is a contraction
mapping on Ω. Consider the function g : (−1,∞) → R defined by g(x) = −Φ(1/(qΦ−1(x) +
q) − 1/q). It is easy to see that |g ′(x)| = q1−α(Φ−1(x) + 1)−α. Let w, z ∈ Ω. The Lagrange mean
value theorem yields |g(w(t)) − g(z(t))| = |w(t) − z(t)‖g ′(ξ(t))|, where ξ : qN0 → R is such
that min{w(t), z(t)} ≤ ξ(t) ≤ max{w(t), z(t)} for t ∈ [t0,∞)q. Hence,

|(Tw)(t) − (Tz)(t)| = ∣∣g(w(
qt
)) − g(z(qt))∣∣

=
∣∣w(

qt
) − z(qt)∣∣∣∣g ′(ξ(t))∣∣

≤ ∣∣w(
qt
) − z(qt)∣∣∣∣g ′(Φ(

q−η − 1
))∣∣

= qηα+1−α∣∣w(
qt
) − z(qt)∣∣

≤ qηα+1−α‖w − z‖

(3.9)

for t ∈ [t0,∞)q. Thus ‖Tw−Tz‖ ≤ qηα+1−α‖w−z‖, where qηα+1−α ∈ (0, 1) by virtue of q > 1 and
η < (α − 1)/α. The Banach fixed-point theorem now guarantees the existence of w ∈ Ω such
that w = Tw. Define u by u(t) =

∏
s∈[t0,t)q(Φ

−1(w(s)) + 1)−1. Then u is a positive solution of
L[u](t) = −(q − 1)αtαp(t) on [t0,∞)q, and, consequently, of (1.1) (this implies nonoscillation

of (1.1)). Moreover, q−η ≤ Φ−1(w(t)) + 1 ≤ 1/N, where N = 1/(Φ−1(Ñ) + 1), and thus
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N ≤ u(qt)/u(t) ≤ qη. Denote M∗ = lim inft→∞u(qt)/u(t) and M∗ = lim supt→∞u(qt)/u(t).
Rewrite L[u](t) = −(q − 1)αtαp(t) as

Φ

(
u
(
q2t

)
qu

(
qt
) − 1

q

)
= Φ

(
1 − u(t)

u
(
qt
)
)
− (q − 1

)α
tαp(t). (3.10)

Taking lim inf and lim sup as t → ∞ in (3.10), we get Φ(M∗/q−1/q) = Φ(1−1/M∗)−(q−1)αP
and Φ(M∗/q − 1/q) = Φ(1 − 1/M∗) − (q − 1)αP , respectively. Hence, F(M∗) = F(M∗). Since
M∗,M∗ ∈ [N, qη] and F is strictly decreasing on (0, q(α−1)/α) (by Lemma 2.1), we have M :=
M∗ =M∗. Moreover,

F(M) = −(q − 1
)α
P =

(
q − 1

)α[1 − α]q
(
Φ
(
[ϑi]q

)
− h

(
Φ[ϑi]q

))
= F

(
qϑi

)
, (3.11)

i = 1, 2, which implies M = qϑ1 , in view of the facts that M,qϑ1 ∈ (0, q(α−1)/α), qϑ2 > q(α−1)/α,
and F is monotone on (0, q(α−1)/α). Thus u ∈ RVq(ϑ1). Now we show that there exists a
solution v of (1.1) with v ∈ RVq(ϑ2). We can assume that N, t0, and Pη are the same
as in the previous part. Consider the set Γ = {w ∈ X : Φ(qζ−1 − 1/q) ≤ w(t) ≤ M̃

for t ∈ [t0,∞)q}, where M̃ = 1 + (q − 1)αN, ζ = logq[(q − 1)Φ−1(λζ) + 1], λζ being the
larger root of λ = h(λ) − Pη/[1 − α]q. It is clear that N can be chosen in such a way that

Φ(qϑ2−1 − 1/q) < M̃. It holds (α − 1)/α < ζ ≤ ϑ2 and −(q − 1)αPη = Φ(q−ζ − 1)(1 − q(α−1)(ζ−1)).
Define S : Γ → X by (Sw)(t) = Φ(1 − 1/(qΦ−1(w(t/q)) + 1)) − (q − 1)αtαp(t) for t ∈ [qt0,∞)q,
and (Sw)(t0) = Φ(qϑ2−1 − 1/q). Using similar arguments as above it is not difficult to see
that SΓ ⊆ Γ and ‖Sw − Sz‖ < qα−1−αζ‖w − z‖ for w, z ∈ Γ. So there exists w ∈ Γ such that
w = Sw. If we define v(t) =

∏
s∈[qt0,t)q(qΦ

−1(w(s/q)) + 1), then v is a positive solution of (1.1)

on [qt0,∞)q, which satisfies qζ ≤ v(qt)/v(t) ≤ qΦ−1(M̃) + 1. Arguing as above we show that
v ∈ RVq(ϑ2).

(ii) Necessity. The proof is similar to that of (i).
Sufficiency. The condition tαp(t) ≤ ωq/q

α−1 for large t implies nonoscillation of (1.1).
Indeed, it is easy to see that y(t) = t(α−1)/α is a nonoscillatory solution of the Euler type
equation Dq(Φ(Dqy(t))) + ωqq

1−αt−αΦ(y(qt)) = 0. Nonoscillation of (1.1) then follows by
using the Sturm type comparison theorem, see also Section 4(i). Let us write P as P = [1 −
α]q(h(Φ([(α − 1)/α]q)) −Φ([(α − 1)/α]q)), with noting that λ = Φ([(α − 1)/α]q) is the double
root of λ = h(λ) −ωqq

1−α/[1 − α]q, see Lemma 2.1. Then, in view of Lemma 2.1, we obtain

F
(
qϑ

)
=
(
q − 1

)α[1 − α]q
[
Φ
(
[ϑ]q

)
− h

(
Φ[ϑ]q

)]
= −

(
q − 1

)α
ωq

qα−1

= −(q − 1
)α lim

t→∞
tαp(t) = lim

t→∞
L[u](t).

(3.12)

Let us denote U∗ = lim inft→∞u(qt)/u(t) and U∗ = lim supt→∞u(qt)/u(t). It is impossible
to have U∗ = 0 or U∗ = ∞, otherwise limt→∞L[u](t) = ∞, which contradicts to (3.12). Thus
0 < U∗ ≤ U∗ < ∞. Consider (1.1) in the form (3.10). Taking lim sup, respectively, lim inf as
t → ∞ in (3.10), into which our u is plugged, we obtain F(U∗) = F(q(α−1)/α) = F(U∗). Thanks
to the properties of F, see Lemma 2.1, we get U∗ = U∗ = q(α−1)/α. Hence, u ∈ RVq((α − 1)/α).
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Since we worked with an arbitrary positive solution, it implies that all positive solutions must
be q-regularly varying of index (α − 1)/α.

(iii) The proof repeats the same arguments as that of [3, Theorem 1] (in spite of no sign
condition on p). Note just that condition (3.3) compels p to be eventually negative and the
proof of necessity does not depend on the sign of p.

(iv) Sufficiency. Let u be an eventually positive solution of (1.1). Assume by a
contradiction that lim supt→∞y(qt)/y(t) =∞. Then, in view of Lemma 2.1(vii),

∞ = lim sup
t→∞

(
Φ

(
y
(
q2t

)
qy

(
qt
) − 1

q

)
− 1

)
≤ lim sup

t→∞
L[y](t) = −(q − 1

)αlim inf
t→∞

tαp(t) <∞ (3.13)

by (3.4), a contradiction. If lim inft→∞y(qt)/y(t) = 0, then lim supt→∞y(t)/y(qt) = ∞ and
we proceed similarly as in the previous case. Since we worked with an arbitrary positive
solution, it implies that all positive solutions must be q-regularly bounded.

Necessity. Let y ∈ RBq be a solution of (1.1). Taking lim sup as t → ∞ in −(q −
1)αtαp(t) = L[y](t), we get

− (q − 1
)αlim inf

t→∞
tαp(t)

= lim sup
t→∞

L[y](t) ≤ lim sup
t→∞

Φ

(
y
(
q2t

)
qy

(
qt
) − 1

q

)
+ lim sup

t→∞
Φ

(
y(t)
y
(
qt
) − 1

)
<∞,

(3.14)

which implies the first inequality in (3.5). Similarly, the lim inf as t → ∞ yields −(q −
1)αlim supt→∞t

αp(t) > −1/qα−1−1, which implies the last inequality in (3.5). If p is eventually
positive, then every eventually positive solution of (1.1) is eventually increasing, which can
be easily seen from its concavity. Hence, y(qt)/y(t) ≥ 1 for large t. Thus the last inequality
becomes −(q − 1)αlim supt→∞t

αp(t) > −1.

We are ready to provide a summarizing thorough discussion on asymptotic behavior
of solutions to (1.1) with respect to the limit behavior of tαp(t) in the framework of q-
Karamata theory. Denote

P = lim
t→∞

tαp(t), P∗ = lim inf
t→∞

tαp(t), P ∗ = lim sup
t→∞

tαp(t). (3.15)

The set of all q-regularly varying and q-rapidly varying functions is said to be q-Karamata
functions. With the use of the previous results we obtain the following statement.

Corollary 3.2. (i) Assume that there exists P ∈ R ∪ {−∞,∞}. In this case, (1.1) possesses solutions
that are q-Karamata functions provided (1.1) is nonoscillatory. Moreover, we distinguish the following
subcases:

(a) P = −∞: (1.1) is nonoscillatory and all its positive solutions are q-rapidly varying (of index
−∞ or∞).

(b) P ∈ (−∞, ωq/q
α−1): (1.1) is nonoscillatory and there exist a positive solution which is q-

regularly varying of index ϑ1 and a positive solution which is q-regularly varying of index
ϑ2.
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(c) P = γq: (1.1) either oscillatory or nonoscillatory (the latter one can be guaranteed, e.g., by
tαp(t) ≤ ωq/q

α−1 for large t). In case of nonoscillation of (1.1) all its positive solutions are
q-regularly varying of index (α − 1)/α.

(d) P ∈ (ωq/q
α−1,∞) ∪ {∞}: (1.1) is oscillatory.

(ii) Assume that R ∪ {−∞} � P∗ < P ∗ ∈ R ∪ {∞}. In this case, there are no q-Karamata
functions among positive solutions of (1.1). Moreover, we distinguish the following subcases:

(a) P∗ ∈ (ωq/q
α−1,∞) ∪ {∞}: (1.1) is oscillatory.

(b) P∗ ∈ {−∞} ∪ (−∞, ωq/q
α−1]: (1.1) is either oscillatory (this can be guaranteed, e.g., by

P ∗ > (1 + q1−α)/(q − 1)α or by p > 0 and P ∗ ≥ 1/(q − 1)α) or nonoscillatory (this can be
guaranteed, e.g., by tαp(t) ≤ ωq/q

α−1 for large t). If, in addition to nonoscillation of (1.1),
it holds P∗ > −∞, then all its positive solutions are q-regularly bounded, but there is no
q-regularly varying solution. If P∗ = −∞, then there is no q-regularly bounded or q-rapidly
varying solution.

4. Concluding Remarks

(i) We start with some remarks to Kneser type criteria. As a by product of Theorem 3.1(i) we
get the following nonoscillation Kneser type criterion: if limt→∞tαp(t) < ωq/q

α−1, then (1.1) is
nonoscillatory. However, its better variant is known (it follows from a more general time-scale
case involving Hille-Nehari type criterion [15]), where the sufficient condition is relaxed to
lim supt→∞t

αp(t) < ωq/q
α−1. The constant ωq/q

α−1 is sharp, since lim inft→∞tαp(t) > ωq/q
α−1

implies oscillation of (1.1), see [15]. But no conclusion can be generally drawn if the equality
occurs in these conditions. The above lim sup nonoscillation criterion can be alternatively
obtained also from the observation presented at the beginning of the proof of Theorem 3.1(ii)
involving the Euler type q-difference equation. And it is worthy of note that the conclusion of
that observation can be reached also when modifying the proof of Hille-Nehari type criterion
in [15]. A closer examination of the proof of Theorem 3.1(iv) shows that a necessary condition
for nonoscillation of (1.1) is −(q − 1)αlim supt→∞t

αp(t) ≥ −q1−α − 1. Thus we have obtained
quite new Kneser type oscillation criterion: if lim supt→∞t

αp(t) > (1 + q1−α)/(q − 1)α, then
(1.1) is oscillatory. If p is eventually positive, then the constant on the right-hand side can be
improved to 1/(q − 1)α and the strict inequality can be replaced by the nonstrict one (this
is because of q-regular boundedness of possible positive solutions). A continuous analog
of this criterion is not known, which is quite natural since 1/(q − 1)α → ∞ as q → 1.
Compare these results with the Hille-Nehari type criterion, which was proved in general
setting for dynamic equations and time-scales, and is valid no matter what the graininess is
(see [15]); in q-calculus it reads as follows: if p ≥ 0 and lim supt→∞t

α−1
∫∞
t p(s)dqs > 1, then

(1.1) is oscillatory. This criterion holds literally also in the continuous case. Finally note that,
in general, lim supt→∞t

α−1
∫∞
t p(s)dqs ≤ lim supt→∞ − [1 − α]qtαp(t).

(ii) The results contained in Theorem 3.1 can understood at least in the three following
ways:

(a) As a q-version of the continuous results for (1.2) from [5]. However, there are
several substantial differences: The conditions in the continuous case are (and
somehow must be) in the integral form (see also the item (iii) of this section); there
is a different approach in the proof (see also the item (iv) of this section); the rapid
variation has not been treated in such detail in the continuous case; in the case of the
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existence of the double root, we show that all (and not just some) positive solutions
are q-regularly varying under quite mild assumptions; for positive solutions to be q-
regularly bounded we obtain quite simple and natural sufficient and also necessary
conditions.

(b) As a half-linear extension of the results for D2
qy(t) + p(t)y(qt) = 0 from [1]. In

contrast to the linear case, in the half-linear case a reduction of order formula is
not at disposal. Thus to prove that there are two q-regularly varying solutions of
two different indices we need immediately to construct both of them. Lack of a
fundamental like system for half-linear equations causes that, for the time being,
we are not able to show that all positive solutions are q-regularly varying. This is
however much easier task when p(t) < 0, see [3].

(c) As a generalization of the results from [3] in the sense of no sign condition on the
coefficient p.

(iii) From the continuous theory we know that the sufficient and necessary conditions
for regularly or rapidly varying behavior of solutions to (1.2) are in terms of limit behavior of
integral expressions, typically tα−1

∫∞
t p(s)ds or tα−1

∫λt
t p(s)ds. In contrast to that, in q-calculus

case the conditions have nonintegral form. This is the consequence of specific properties
of q-calculus: one thing is that we use a different approach which does not apply in the
continuous case. Another thing is that the limit limt→∞tα−1

∫∞
t p(s)dqs can be expressed in

terms of limt→∞tαp(t) (and vice versa), provided it exists. Such a relation does not work in
the continuous case.

(iv) As already said, our approach in the proof of Theorem 3.1 is different from what is
known in the continuous theory. Our method is designed just for q-difference equations and
roughly speaking, it is based on rewriting a q-difference equation in terms of the fractions
which appear in Definition 2.2. Such a technique cannot work in the continuous case. Since
this method uses quite natural and simple relations (which are possible thanks to the special
structure of qN0), we believe that it will enable us to prove also another results which are
q-versions of existing or nonexisting continuous results; in the latter case, such results may
serve to predict a possible form of the continuous counterpart, which may be difficult to
handle directly. We just take, formally, the limit as q → 1+.
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Department of Mathematics, Faculty of Science, Palacký University, 17. Listopadu 12,
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Singular differential equation (p(t)u′)′ = p(t)f(u) is investigated. Here f is Lipschitz continuous on
R and has at least two zeros 0 and L > 0 . The function p is continuous on [0,∞) and has a positive
continuous derivative on (0,∞) and p(0) = 0. An asymptotic formula for oscillatory solutions is
derived.

1. Introduction

In this paper, we investigate the equation
(
p(t)u′

)′ = p(t)f(u), t ∈ (0,∞), (1.1)

where f satisfies

f ∈ Liploc(R), f(0) = f(L) = 0, f(x) < 0, x ∈ (0, L), (1.2)

∃B ∈ (−∞, 0): f(x) > 0, x ∈
[
B, 0
)
, (1.3)

F
(
B
)
= F(L), where F(x) = −

∫x
0
f(z)dz, x ∈ R, (1.4)

and p fulfils

p ∈ C[0,∞) ∩ C1(0,∞), p(0) = 0, (1.5)

p′(t) > 0, t ∈ (0,∞), lim
t→∞

p′(t)
p(t)

= 0. (1.6)
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2 Abstract and Applied Analysis

Equation (1.1) is a generalization of the equation

u′′ +
k − 1
t

u′ = f(u), t ∈ (0,∞), (1.7)

which arises for k > 1 and special forms of f in many areas, for example: in the study of phase
transitions of Van der Waals fluids [1–3], in population genetics, where it serves as a model for
the spatial distribution of the genetic composition of a population [4, 5], in the homogeneous
nucleation theory [6], in the relativistic cosmology for the description of particles which can
be treated as domains in the universe [7], in the nonlinear field theory, in particular, when
describing bubbles generated by scalar fields of the Higgs type in the Minkowski spaces [8].
Numerical simulations of solutions of (1.1), where f is a polynomial with three zeros have
been presented in [9–11]. Close problems about the existence of positive solutions can be
found in [12–14].

Due to p(0) = 0, (1.1) has a singularity at t = 0.

Definition 1.1. A function u ∈ C1[0,∞) ∩ C2(0,∞) which satisfies (1.1) for all t ∈ (0,∞) is
called a solution of (1.1).

Definition 1.2. Let u be a solution of (1.1) and let L be of (1.2). Denote usup = sup{u(t): t ∈
[0,∞)}. If usup < L (usup = L or usup > L), then u is called a damped solution (a bounding
homoclinic solution or an escape solution).

These three types of solutions have been investigated in [15–19]. In particular, the
existence of damped oscillatory solutions which converge to 0 has been proved in [19].

The main result of this paper is contained in Section 3 in Theorem 3.1, where we
provide an asymptotic formula for damped oscillatory solutions of (1.1).

2. Existence of Oscillatory Solutions

Here, we will study solutions of (1.1) satisfying the initial conditions

u(0) = B, u′(0) = 0, (2.1)

with a parameter B ≤ L. Reason is that we focus our attention on damped solutions of (1.1)
and that each solution u of (1.1) must fulfil u′(0) = 0 (see [19]).

First, we bring two theorems about the existence of damped and oscillatory solutions.

Theorem 2.1 (see [19]). Assume that (1.2)–(1.6) hold. Then for each B ∈ [B, L) problem (1.1),
(2.1) has a unique solution. This solution is damped.

Theorem 2.2. Assume that (1.2)–(1.6) hold. Further, let there exists k0 ∈ (0,∞) such that

p ∈ C2(0,∞), lim sup
t→∞

∣∣∣∣p
′′(t)
p′(t)

∣∣∣∣ <∞, lim inf
t→∞

p(t)
tk0
∈ (0,∞], (2.2)

lim
x→ 0+

f(x)
x

< 0, lim
x→ 0−

f(x)
x

< 0. (2.3)
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Then for each B ∈ [B, L) problem (1.1), (2.1) has a unique solution u. If B /= 0, then the solution u is
damped and oscillatory with decreasing amplitudes and

lim
t→∞

u(t) = 0. (2.4)

Proof. The assertion follows from Theorems 2.3, 2.10 and 3.1 in [19].

Example 2.3. The functions

(i) p(t) = tk, p(t) = tk ln(t� + 1), k, � ∈ (0,∞),

(ii) p(t) = t + α sin t, α ∈ (−1, 1),

(iii) p(t) = tk/(1 + t�), k, � ∈ (0,∞), � < k

satisfy (1.5), (1.6), and (2.2).
The functions

(i) p(t) = ln(t + 1), p(t) = arctan t, p(t) = tk/(1 + tk), k ∈ (0,∞)

satisfy (1.5), (1.6), but not (2.2) (the third condition).
The function

(i) p(t) = tk + α sin tk, α ∈ (−1, 1), k ∈ (1,∞),

satisfy (1.5), (1.6) but not (2.2) (the second and third conditions).

Example 2.4. Let k ∈ (0,∞).

(i) The function

f(x) =

⎧⎨
⎩
−kx, for x ≤ 0,

x(x − 1), for x > 0,
(2.5)

satisfies (1.2) with L = 1, (1.3), (1.4) with B = −(3k)−1/2 and (2.3).

(ii) The function

f(x) =

⎧⎨
⎩
kx2, for x ≤ 0,

x(x − 1), for x > 0,
(2.6)

satisfies (1.2) with L = 1, (1.3), (1.4) with B = −(2k)−1/3 but not (2.3) (the second
condition).

In the next section, the generalized Matell’s theorem which can be found as Theorem
6.5 in the monograph by Kiguradze will be useful. For our purpose, we provide its following
special case.

Consider an interval J ⊂ R. We write AC(J) for the set of functions absolutely
continuous on J and ACloc(J) for the set of functions belonging to AC(I) for each compact
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4 Abstract and Applied Analysis

interval I ⊂ J . Choose t0 > 0 and a function matrix A(t) = (ai,j(t))i,j≤2 which is defined on
(t0,∞). Denote by λ(t) and μ(t) eigenvalues of A(t), t ∈ (t0,∞). Further, suppose

λ = lim
t→∞

λ(t), μ = lim
t→∞

μ(t) (2.7)

be different eigenvalues of the matrix A = limt→∞A(t), and let l and m be eigenvectors of A
corresponding to λ and μ, respectively.

Theorem 2.5 (see [20]). Assume that

ai,j ∈ ACloc(t0,∞),

∣∣∣∣∣
∫∞
t0

a′i,j(t)dt

∣∣∣∣∣ <∞, i, j = 1, 2, (2.8)

and that there exists c0 > 0 such that

∫ t
s

Re
(
λ(τ) − μ(τ))dτ ≤ c0, t0 ≤ s < t, (2.9)

or

∫∞
t0

Re
(
λ(τ) − μ(τ))dτ =∞,

∫ t
s

Re
(
λ(τ) − μ(τ))dτ ≥ −c0, t0 ≤ s < t. (2.10)

Then the differential system

x′(t) = A(t)x(t) (2.11)

has a fundamental system of solutions x(t), y(t) such that

lim
t→∞

x(t)e−
∫ t
t0
λ(τ)dτ = l, lim

t→∞
y(t)e−

∫ t
t0
μ(τ)dτ = m. (2.12)

3. Asymptotic Formula

In order to derive an asymptotic formula for a damped oscillatory solution u of problem
(1.1), (2.1), we need a little stronger assumption than (2.3). In particular, the function f(x)/x
should have a negative derivative at x = 0.

Theorem 3.1. Assume that (1.2)–(1.6), and (2.2) hold. Assume, moreover, that there exist η > 0 and
c > 0 such that

f(x)
x
∈ AC[−η, η], lim

x→ 0

f(x)
x

= −c. (3.1)
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Then for each B ∈ [B, L) problem (1.1), (2.1) has a unique solution u. If B /= 0, then the solution u is
damped and oscillatory with decreasing amplitudes such that

lim sup
t→∞

√
p(t)|u(t)| <∞. (3.2)

Proof. We have the following steps:

Step 1 (construction of an auxiliary linear differential system). Choose B ∈ [B, L), B /= 0.
By Theorem 2.2, problem (1.1), (2.1) has a unique oscillatory solution u with decreasing
amplitudes and satisfying (2.4). Having this solution u, define a linear differential equation

v′′ +
p′(t)
p(t)

v′ =
f(u(t))
u(t)

v, (3.3)

and the corresponding linear differential system

x′1 = x2, x′2 =
f(u(t))
u(t)

x1 −
p′(t)
p(t)

x2. (3.4)

Denote

A(t) =
(
ai,j(t)

)
i,j≤2 =

⎛
⎜⎝

0 1

f(u(t))
u(t)

−p
′(t)
p(t)

⎞
⎟⎠, A =

(
0 1

−c 0

)
. (3.5)

By (1.6), (2.4), and (3.1),

A = lim
t→∞

A(t). (3.6)

Eigenvalues of A are numbers λ = i
√
c and μ = −i√c, and eigenvectors of A are l = (1, i

√
c)

and m = (1,−i√c), respectively. Denote

D(t) =
(
p′(t)
2p(t)

)2

+
f(u(t))
u(t)

, t ∈ (0,∞). (3.7)

Then eigenvalues of A(t) have the form

λ(t) = − p
′(t)

2p(t)
+
√
D(t), μ(t) = − p

′(t)
2p(t)

−
√
D(t), t ∈ (0,∞). (3.8)

We see that

lim
t→∞

λ(t) = λ, lim
t→∞

μ(t) = μ. (3.9)
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6 Abstract and Applied Analysis

Step 2 (verification of the assumptions of Theorem 2.5). Due to (1.6), (2.4), and (3.1), we can
find t0 > 0 such that

u(t0)/= 0, |u(t)| ≤ η, D(t) < 0, t ∈ (t0,∞). (3.10)

Therefore, by (3.1),

a21(t) =
f(u(t))
u(t)

∈ ACloc(t0,∞), (3.11)

and so

∣∣∣∣∣
∫∞
t0

(
f(u(t))
u(t)

)′
dt

∣∣∣∣∣ =
∣∣∣∣ lim
t→∞

f(u(t))
u(t)

− f(u(t0))
u(t0)

∣∣∣∣ =
∣∣∣∣−c − f(u(t0))u(t0)

∣∣∣∣ <∞. (3.12)

Further, by (2.2), a22(t) = −p′(t)/p(t) ∈ C1(t0,∞). Hence, due to (1.6),

∣∣∣∣∣
∫∞
t0

(
p′(t)
p(t)

)
dt

∣∣∣∣∣ =
∣∣∣∣ lim
t→∞

p′(t)
p(t)

− p
′(t0)
p(t0)

∣∣∣∣ = p′(t0)
p(t0)

<∞. (3.13)

Since a11(t) ≡ 0 and a12(t) ≡ 1, we see that (2.8) is satisfied. Using (3.8) we get Re(λ(t)−μ(t)) ≡
0. This yields

∫ t
s

Re
(
λ(τ) − μ(τ))dτ = 0 < c0, t0 ≤ s < t, (3.14)

for any positive constant c0. Consequently (2.9) is valid.

Step 3 (application of Theorem 2.5). By Theorem 2.5 there exists a fundamental system x(t) =
(x1(t), x2(t)), y(t) = (y1(t), y2(t)) of solutions of (3.4) such that (2.12) is valid. Hence

lim
t→∞

x1(t)e
− ∫ tt0 λ(τ)dτ = 1, lim

t→∞
y1(t)e

− ∫ tt0 μ(τ)dτ = 1. (3.15)

Using (3.8) and (3.10), we get

exp

(
−
∫ t
t0

λ(τ)dτ

)
= exp

(∫ t
t0

(
p′(τ)
2p(τ)

−
√
D(τ)

)
dτ

)

= exp
(

1
2

ln
p(t)
p(t0)

)
exp

(
−i
∫ t
t0

√
|D(τ)|dτ

)
,

(3.16)
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and, hence,

∣∣∣∣e−
∫ t
t0
λ(τ)dτ

∣∣∣∣ =
√

p(t)
p(t0)

, t ∈ (t0,∞). (3.17)

Similarly

∣∣∣∣e−
∫ t
t0
μ(τ)dτ

∣∣∣∣ =
√

p(t)
p(t0)

, t ∈ (t0,∞). (3.18)

Therefore, (3.15) implies

1 = lim
t→∞

∣∣∣∣x1(t)e
− ∫ tt0 λ(τ)dτ

∣∣∣∣ = lim
t→∞
|x1(t)|

√
p(t)
p(t0)

,

1 = lim
t→∞

∣∣∣∣y1(t)e
− ∫ tt0 μ(τ)dτ

∣∣∣∣ = lim
t→∞
∣∣y1(t)

∣∣
√

p(t)
p(t0)

.

(3.19)

Step 4 (asymptotic formula). In Step 1, we have assumed that u is a solution of (1.1), which
means that

u′′(t) +
p′(t)
p(t)

u′(t) = f(u(t)), for t ∈ (0,∞). (3.20)

Consequently

u′′(t) +
p′(t)
p(t)

u′(t) =
f(u(t))
u(t)

u(t), for t ∈ (0,∞), (3.21)

and, hence, u is also a solution of (3.3). This yields that there are c1, c2 ∈ R such that u(t) =
c1x1(t) + c2y1(t), t ∈ (0,∞). Therefore,

lim sup
t→∞

√
p(t)|u(t)| ≤ (|c1| + |c2|)

√
p(t0) <∞. (3.22)

Remark 3.2. Due to (2.2) and (3.2), we have for a solution u of Theorem 3.1

u(t) = O
(
t−k0/2

)
, for t −→ ∞. (3.23)
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Example 3.3. Let k ∈ (1,∞).

(i) The functions f(x) = x(x − 1) and f(x) = x(x − 1)(x + 2) satisfy all assumptions of
Theorem 3.1.

(ii) The functions f(x) = x2k−1(x − 1) and f(x) = x2k−1(x − 1)(x + 2)

satisfy (1.2)–(1.4) but not (3.1) (the second condition).

Example 3.4. Consider the initial problem

(
t2u′
)′

= t2u(u − 5)(u + 10), u(0) = −3, u′(0) = 0. (3.24)

Here L0 = −10, L = 5 and we can check that B < −3. Further, all assumptions of Theorems 2.2
and 3.1 are fulfilled. Therefore, by Theorem 2.2, there exists a unique solution u of problem
(3.24) which is damped and oscillatory and converges to 0. By Theorem 3.1, we have

lim sup
t→∞

t|u(t)| <∞, that is, u(t) = O
(

1
t

)
, for t −→ ∞. (3.25)

The behaviour of the solution u(t) and of the function tu(t) is presented on Figure 1.

Remark 3.5. Our further research of this topic will be focused on a deeper investigation of
all types of solutions defined in Definition 1.2. For example, we have proved in [15, 19] that
damped solutions of (1.1) can be either oscillatory or they have a finite number of zeros or
no zero and converge to 0. A more precise characterization of behaviour of nonoscillatory
solutions are including their asymptotic formulas in as open problem. The same can be said
about homoclinic solutions. In [17] we have found some conditions which guarantee their
existence, and we have shown that if u is a homoclinic solution of (1.1), then limt→∞u(t) = L.
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In order to discover other existence conditions for homoclinic solutions, we would like to
estimate their convergence by proper asymptotic formulas.
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The aim of this paper is to study properties of the third-order delay trinomial differential equation
((1/r(t))y′′(t))′ + p(t)y′(t) + q(t)y(σ(t)) = 0, by transforming this equation onto the second-/third-
order binomial differential equation. Using suitable comparison theorems, we establish new results
on asymptotic behavior of solutions of the studied equations. Obtained criteria improve and
generalize earlier ones.

1. Introduction

In this paper, we will study oscillation and asymptotic behavior of solutions of third-order
delay trinomial differential equations of the form

(
1
r(t)

y′′(t)
)′

+ p(t)y′(t) + q(t)y(σ(t)) = 0. (E)

Throughout the paper, we assume that r(t), p(t), q(t), σ(t) ∈ C([t0,∞)) and

(i) r(t) > 0, p(t) ≥ 0, q(t) > 0, σ(t) > 0,

(ii) σ(t) ≤ t, limt→∞σ(t) =∞,

(iii) R(t) =
∫ t
t0
r(s) ds → ∞ as t → ∞.

By a solution of (E), we mean a function y(t) ∈ C2([Tx,∞)), Tx ≥ t0, that satisfies (E) on
[Tx,∞). We consider only those solutions y(t) of (E) which satisfy sup{|y(t)| : t ≥ T} > 0 for
all T ≥ Tx. We assume that (E) possesses such a solution. A solution of (E) is called oscillatory
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2 Abstract and Applied Analysis

if it has arbitrarily large zeros on [Tx,∞), and, otherwise, it is nonoscillatory. Equation (E)
itself is said to be oscillatory if all its solutions are oscillatory.

Recently, increased attention has been devoted to the oscillatory and asymptotic
properties of second- and third-order differential equations (see [1–22]). Various techniques
appeared for the investigation of such differential equations. Our method is based on
establishing new comparison theorems, so that we reduce the examination of the third-order
trinomial differential equations to the problem of the observation of binomial equations.

In earlier papers [11, 13, 16, 20], a particular case of (E), namely, the ordinary
differential equation (without delay)

y′′′(t) + p(t)y′(t) + g(t)y(t) = 0, (E1)

has been investigated, and sufficient conditions for all its nonoscillatory solutions y(t) to
satisfy

y(t)y′(t) < 0 (1.1)

or the stronger condition

lim
t→∞

y(t) = 0 (1.2)

are presented. It is known that (E1) has always a solution satisfying (1.1). Recently, various
kinds of sufficient conditions for all nonoscillatory solutions to satisfy (1.1) or (1.2) appeared.
We mention here [9, 11, 13, 16, 21]. But there are only few results for differential equations
with deviating argument. Some attempts have been made in [8, 10, 18, 19]. In this paper
we generalize these, results and we will study conditions under which all nonoscillatory
solutions of (E) satisfy (1.1) and (1.2). For our further references we define as following.

Definition 1.1. We say that (E) has property (P0) if its every nonoscillatory solution y(t)
satisfies (1.1).

In this paper, we have two purposes. In the first place, we establish comparison
theorems for immediately obtaining results for third-order delay equation from that of third
order equation without delay. This part extends and complements earlier papers [7, 8, 10, 18].

Secondly, we present a comparison principle for deducing the desired property of (E)
from the oscillation of a second-order differential equation without delay. Here, we generalize
results presented in [8, 9, 14, 15, 21].

Remark 1.2. All functional inequalities considered in this paper are assumed to hold
eventually;0 that is, they are satisfied for all t large enough.
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2. Main Results

It will be derived that properties of (E) are closely connected with the corresponding second-
order differential equation

(
1
r(t)

v′(t)
)′

+ p(t)v(t) = 0 (Ev)

as the following theorem says.

Theorem 2.1. Let v(t) be a positive solution of (Ev). Then (E) can be written as

(
v2(t)
r(t)

(
1

v(t)
y′(t)

)′)′
+ q(t)v(t)y(σ(t)) = 0. (Ec)

Proof. The proof follows from the fact that

1
v(t)

(
v2(t)
r(t)

(
1
v(t)

y′(t)
)′)′

=
(

1
r(t)

y′′(t)
)′

+ p(t)y′(t). (2.1)

Now, in the sequel, instead of studying properties of the trinomial equation (E), we
will study the behavior of the binomial equation (Ec). For our next considerations, it is
desirable for (Ec) to be in a canonical form; that is,

∫∞
v(t)dt =∞, (2.2)

∫∞ r(t)
v2(t)

dt =∞, (2.3)

because properties of the canonical equations are nicely explored.
Now, we will study the properties of the positive solutions of (Ev) to recognize when

(2.2)-(2.3) are satisfied. The following result (see, e.g., [7, 9] or [14]) is a consequence of
Sturm’s comparison theorem.

Lemma 2.2. If

R2(t)
r(t)

p(t) ≤ 1
4
, (2.4)

then (Ev) possesses a positive solution v(t).

To be sure that (Ev) possesses a positive solution, we will assume throughout the paper
that (2.4) holds. The following result is obvious.

IEEE eXpress Sample eBook, page 94



4 Abstract and Applied Analysis

Lemma 2.3. If v(t) is a positive solution of (Ev), then v′(t) > 0, ((1/r(t))v′(t))′ < 0, and, what is
more, (2.2) holds and there exists c > 0 such that v(t) ≤ cR(t).

Now, we will show that if (Ev) is nonoscillatory, then we always can choose a positive
solution v(t) of (Ev) for which (2.3) holds.

Lemma 2.4. If v1(t) is a positive solution of (Ev) for which (2.3) is violated, then

v2(t) = v1(t)
∫∞
t0

r(s)
v2

1(s)
ds (2.5)

is another positive solution of (Ev) and, for v2(t), (2.3) holds.

Proof. First note that

v′′2(t) = v
′′
1(t)

∫ t

t0

r(s)
v2

1(s)
ds = −p(t)v1(t)

∫ t

t0

v−2
1 (s)ds = −p(t)v2(t). (2.6)

Thus, v2(t) is a positive solution of (Ev). On the other hand, to insure that (2.3) holds for v2(t),
let us denote w(t) =

∫∞
t r(s)/v2

1(s)ds. Then limt→∞w(t) = 0 and

∫∞
t1

r(s)
v2

2(s)
ds =

∫∞
t1

−w′(s)
w(s)

ds = lim
t→∞

(
1

w(t)
− 1
w(t1)

)
=∞. (2.7)

Combining Lemmas 2.2, 2.3, and 2.4, we obtain the following result.

Lemma 2.5. Let (2.4) hold. Then trinomial (E) can be represented in its binomial canonical form
(Ec).

Now we can study properties of (E) with help of its canonical representation (Ec). For
our reference, let us denote for (Ec)

L0y = y, L1y =
1
v

(
L0y

)′
, L2y =

v2

r

(
L1y

)′
, L3y =

(
L2y

)′
. (2.8)

Now, (Ec) can be written as L3y(t) + v(t)q(t)y(σ(t)) = 0.
We present a structure of the nonoscillatory solutions of (Ec). Since (Ec) is in a

canonical form, it follows from the well-known lemma of Kiguradze (see, e.g., [7, 9, 14])
that every nonoscillatory solution y(t) of (Ec) is either of degree 0, that is,

yL0y(t) > 0, yL1y(t) < 0, yL2y(t) > 0, yL3y(t) < 0, (2.9)

or of degree 2, that is,

yL0y(t) > 0, yL1y(t) > 0, yL2y(t) > 0, yL3y(t) < 0. (2.10)
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Definition 2.6. We say that (Ec) has property (A) if its every nonoscillatory solution y(t) is of
degree 0; that is, it satisfies (2.9).

Now we verify that property (P0) of (E) and property (A) of (Ec) are equivalent in the
sense that y(t) satisfies (1.1) if and only if it obeys (2.9).

Theorem 2.7. Let (2.4) hold. Assume that v(t) is a positive solution of (Ev) satisfying (2.2)-(2.3).
Then (Ec) has property (A) if and only if (E) has property (P0).

Proof. → We suppose that y(t) is a positive solution of (E). We need to verify that y′(t) < 0.
Since y(t) is also a solution of (Ec), then it satisfies (2.9). Therefore, 0 > L1y(t) = y′(t)/v(t).

← Assume that y(t) is a positive solution of (Ec). We will verify that (2.9) holds. Since
y(t) is also a solution of (E), we see that y′(t) < 0; that is, L1y(t) < 0. It follows from (Ec) that
L3y(t) = −v(t)q(t)y(σ(t)) < 0. Thus, L2y(t) is decreasing. If we admit L2y(t) < 0 eventually,
then L1y(t) is decreasing, and integrating the inequality L1y(t) < L1y(t1), we get y(t) <

y(t1) + L1y(t1)
∫ t
t1
v(s) ds → −∞ as t → ∞. Therefore, L2y(t) > 0 and (2.9) holds.

The following result which can be found in [9, 14] presents the relationship between
property (A) of delay equation and that of equation without delay.

Theorem 2.8. Let (2.4) hold. Assume that v(t) is a positive solution of (Ev) satisfying (2.2)-(2.3).
Let

σ(t) ∈ C1([t0,∞)), σ ′(t) > 0. (2.11)

If

(
v2(t)
r(t)

(
1
v(t)

y′(t)
)′)′

+
v
(
σ−1(t)

)
q
(
σ−1(t)

)
σ ′
(
σ−1(t)

) y(t) = 0 (E2)

has property (A), then so does (Ec).

Combining Theorems 2.7 and 2.8, we get a criterion that reduces property (P0) of (E)
to the property (A) of (E2).

Corollary 2.9. Let (2.4) and (2.11) hold. Assume that v(t) is a positive solution of (Ev) satisfying
(2.2)-(2.3). If (E2) has property (A) then (E) has property (P0).

Employing any known or future result for property (A) of (E2), then in view of
Corollary 2.9, we immediately obtain that property (P0) holds for (E).

Example 2.10. We consider the third-order delay trinomial differential equation

(
1
t
y′′(t)

)′
+
α(2 − α)

t3
y′(t) + q(t)y(σ(t)) = 0, (2.12)
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where 0 < α < 1 and σ(t) satisfies (2.11). The corresponding equation (Ev) takes the form

(
1
t
v′(t)

)′
+
α(2 − α)

t3
v(t) = 0, (2.13)

and it has the pair of the solutions v(t) = tα and v̂(t) = t2−α. Thus, v(t) = tα is our desirable
solution, which permits to rewrite (2.12) in its canonical form. Then, by Corollary 2.9, (2.12)
has property (P0) if the equation

(
t2α−1(t−α y′(t))′)′ +

(
σ−1(t)

)α
q
(
σ−1(t)

)
σ ′
(
σ−1(t)

) y(t) = 0 (2.14)

has property (A).

Now, we enhance our results to guarantee stronger asymptotic behavior of the
nonoscillatory solutions of (E). We impose an additional condition on the coefficients of (E)
to achieve that every nonoscillatory solution of (E) tends to zero as t → ∞.

Corollary 2.11. Let (2.4) and (2.11) hold. Assume that v(t) is a positive solution of (Ev) satisfying
(2.2)-(2.3). If (E2) has property (A) and

∫∞
t0

v(s3)
∫∞
s3

r(s2)
v2(s2)

∫∞
s2

v(s1)q(s1)ds1 ds2 ds3 =∞, (2.15)

then every nonoscillatory solution y(t) of (E) satisfies (1.2).

Proof. Assume that y(t) is a positive solution of (E). Then, it follows from Corollary 2.9 that
y′(t) < 0. Therefore, limt→∞ y(t) = � ≥ 0. Assume � > 0. On the other hand, y(t) is also a
solution of (Ec), and, in view of Theorem 2.7, it has to be of degree 0; that is, (2.9) is fulfilled.
Then, integrating (Ec) from t to∞, we get

L2y(t) ≥
∫∞
t

v(s)q(s)y(σ(s))ds ≥ �
∫∞
t

v(s)q(s)ds. (2.16)

Multiplying this inequality by r(t)/v2(t) and then integrating from t to∞, we have

−L1y(t) ≥ �
∫∞
t

r(s2)
v2(s2)

∫∞
s2

v(s1)q(s1)ds1 ds2. (2.17)

Multiplying this by v(t) and then integrating from t1 to t, we obtain

y(t1) ≥ �
∫ t

t1

v(s3)
∫∞
s3

r(s2)
v2(s2)

∫∞
s2

v(s1)q(s1)ds1 ds2 ds3 −→ ∞ as t −→ ∞. (2.18)

This is a contradiction, and we deduce that � = 0. The proof is complete.
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Example 2.12. We consider once more the third-order equation (2.12). It is easy to see that
(2.15) takes the form

∫∞
t0

sα3

∫∞
s3

s1−2α
2

∫∞
s2

sα1q(s1)ds1 ds2 ds3 = ∞. (2.19)

Then, by Corollary 2.11, every nonoscillatory solution of (2.12) tends to zero as t → ∞
provided that (2.19) holds and (2.14) has property (A).

In the second part of this paper, we derive criteria that enable us to deduce property
(P0) of (E) from the oscillation of a suitable second-order differential equation. The following
theorem is a modification of Tanaka’s result [21].

Theorem 2.13. Let (2.4) and (2.11) hold. Assume that v(t) is a positive solution of (Ev) satisfying
(2.2)-(2.3). Let

∫∞
v(s)q(s)ds <∞. (2.20)

If the second-order equation

(
v2(t)
r(t)

z′(t)

)′
+
(
v(σ(t))σ ′(t)

∫∞
t

v(s)q(s)ds
)
z(σ(t)) = 0 (E3)

is oscillatory, then (Ec) has property (A).

Proof. Assume that y(t) is a positive solution of (Ec), then y(t) is either of degree 0 or of degree
2. Assume that y(t) is of degree 2; that is, (2.10) holds. An integration of (Ec) yields

L2y(t) ≥
∫∞
t

v(s)q(s)y(σ(s))ds. (2.21)

On the other hand,

y(t) ≥
∫ t

t1

v(x)L1y(x)dx. (2.22)

Combining the last two inequalities, we get

L2y(t) ≥
∫∞
t

v(s)q(s)
∫σ(s)

t1

v(x)L1y(x)dxds

≥
∫∞
t

v(s)q(s)
∫σ(s)

σ(t)
v(x)L1y(x)dxds

=
∫∞
σ(t)

L1y(x)v(x)
∫∞
σ−1(x)

v(s)q(s)dsdx.

(2.23)
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Integrating the previous inequality from t1 to t, we see that w(t) ≡ L1y(t) satisfies

w(t) ≥ w(t1) +
∫ t

t1

r(s)
v2(s)

∫∞
σ(s)

L1y(x)v(x)
∫∞
σ−1(x)

v(δ)q(δ)dδ dxds. (2.24)

Denoting the right-hand side of (2.24) by z(t), it is easy to see that z(t) > 0 and

0 =

(
v2(t)
r(t)

z′(t)

)′
+
(
v(σ(t))σ ′(t)

∫∞
t

v(s)g(s)ds
)
w(σ(t)) = 0

≥
(
v2(t)
r(t)

z′(t)

)′
+
(
v(σ(t))σ ′(t)

∫∞
t

v(s)g(s)ds
)
z(σ(t)) = 0.

(2.25)

By Theorem 2 in [14], the corresponding equation (E3) also has a positive solution. This is a
contradiction. We conclude that y(t) is of degree 0; that is, (Ec) has property (A).

If (2.20) does not hold, then we can use the following result.

Theorem 2.14. Let (2.4) and (2.11) hold. Assume that v(t) is a positive solution of (Ev) satisfying
(2.2)-(2.3). If

∫∞
v(s)q(s)ds = ∞, (2.26)

then (Ec) has property (A).

Proof. Assume that y(t) is a positive solution of (Ec) and y(t) is of degree 2. An integration of
(Ec) yields

L2y(t1) ≥
∫ t

t1

v(s)q(s)y(σ(s))ds

≥ y(σ(t1))
∫ t

t1

v(s)q(s)ds −→ ∞ as t −→ ∞,
(2.27)

which is a contradiction. Thus, y(t) is of degree 0. The proof is complete now.

Taking Theorem 2.13 and Corollary 2.9 into account, we get the following criterion for
property (P0) of (E).

Corollary 2.15. Let (2.4), (2.11), and (2.20) hold. Assume that v(t) is a positive solution of (Ev)
satisfying (2.2)-(2.3). If (E3) is oscillatory, then (E) has property (P0).

Applying any criterion for oscillation of (E3), Corollary 2.15 yields a sufficient
condition property (P0) of (E).
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Corollary 2.16. Let (2.4), (2.11), and (2.20) hold. Assume that v(t) is a positive solution of (Ev)
satisfying (2.2)-(2.3). If

lim inf
t→∞

(∫σ(t)

t0

r(s)
v2(s)

ds

)(∫∞
t

v(σ(x))σ ′(x)
∫∞
x

v(s)g(s)ds dx
)
>

1
4
, (2.28)

then (E) has property (P0).

Proof. It follows from Theorem 11 in [9] that condition (2.28) guarantees the oscillation of
(E3). The proof arises from Corollary 2.16.

Imposing an additional condition on the coefficients of (E), we can obtain that every
nonoscillatory solution of (E) tends to zero as t → ∞.

Corollary 2.17. Let (2.4) and (2.11) hold. Assume that v(t) is a positive solution of (Ev) satisfying
(2.2)-(2.3). If (2.28) and (2.15) hold, then every nonoscillatory solution y(t) of (E) satisfies (1.2).

Example 2.18. We consider again (2.12). By Corollary 2.17, every nonoscillatory solution of
(2.12) tends to zero as t → ∞ provided that (2.19) holds and

lim inf
t→∞

σ2−2α(t)
(∫∞

t

σα(x)σ ′(x)
∫∞
x

sαq(s)dsdx
)
>

2 − 2α
4

. (2.29)

For a special case of (2.12), namely, for

(
1
t
y′′(t)

)′
+
α(2 − α)

t3
y′(t) +

a

t4
y (λt)) = 0, (2.30)

with 0 < α < 1, 0 < λ < 1, and a > 0, we get that every nonoscillatory solution of (2.30) tends
to zero as t → ∞ provided that

aλ3−α

(3 − α)(1 − α)2 > 1. (2.31)

If we set a = β[(β + 1)(β + 3) + α(2 − α)]λβ, where β > 0, then one such solution of (2.12) is
y(t) = t−β.

On the other hand, if for some γ ∈ (1+α, 3−α) we have a = γ[(γ−1)(3−γ)+α(α−2)]λ−γ >
0, then (2.31) is violated and (2.12) has a nonoscillatory solution y(t) = tγ which is of degree 2.

3. Summary

In this paper, we have introduced new comparison theorems for the investigation of
properties of third-order delay trinomial equations. The comparison principle established in
Corollaries 2.9 and 2.11 enables us to deduce properties of the trinomial third-order equations
from that of binomial third-order equations. Moreover, the comparison theorems presented in
Corollaries 2.15–2.17 permit to derive properties of the trinomial third-order equations from
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the oscillation of suitable second-order equations. The results obtained are of high generality,
are easily applicable, and are illustrated on suitable examples.
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Studies of the University of Žilina. Mathematical Series, vol. 20, no. 1, pp. 11–18, 2006.
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A discrete equation Δy(n) = β(n)[y(n − j) − y(n − k)] with two integer delays k and j, k > j ≥ 0
is considered for n → ∞. We assume β : Z

∞
n0−k → (0,∞), where Z

∞
n0

= {n0, n0 + 1, . . .}, n0 ∈ N and
n ∈ Z

∞
n0

. Criteria for the existence of strictly monotone and asymptotically convergent solutions for
n → ∞ are presented in terms of inequalities for the function β. Results are sharp in the sense that
the criteria are valid even for some functions β with a behavior near the so-called critical value,
defined by the constant (k − j)−1. Among others, it is proved that, for the asymptotic convergence
of all solutions, the existence of a strictly monotone and asymptotically convergent solution is
sufficient.

1. Introduction

We use the following notation: for integers s, q, s ≤ q, we define Z
q
s := {s, s + 1, . . . , q}, where

the cases s = −∞ and q = ∞ are admitted too. Throughout this paper, using the notation Z
q
s

or another one with a pair of integers s, q, we assume s ≤ q.
In this paper we study a discrete equation with two delays

Δy(n) = β(n)
[
y
(
n − j) − y(n − k)] (1.1)

as n → ∞. Integers k and j in (1.1) satisfy the inequality k > j ≥ 0 and β : Z
∞
n0− k → R

+ :=
(0,∞), where n0 ∈ N and n ∈ Z

∞
n0

. Without loss of generality, we assume n0−k > 0 throughout
the paper (this is a technical detail, necessary for some expressions to be well defined).
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2 Abstract and Applied Analysis

The results concern the asymptotic convergence of all solutions of (1.1). We focus on
what is called the critical case (with respect to the function β) which separates the case when
all solutions are convergent from the case when there exist divergent solutions.

Such a critical case is characterized by the constant value

β(n) ≡ βcr :=
(
k − j)−1

, n ∈ Z
∞
n0− k, (1.2)

and below we explain its meaning and importance by an analysis of the asymptotic behavior
of solutions of (1.1).

Consider (1.1) with β(n) = β0, where β0 is a positive constant; that is, we consider the
following equation:

Δy(n) = β0 ·
[
y
(
n − j) − y(n − k)]. (1.3)

Looking for a solution of (1.3) in the form y(n) = λn, λ ∈ C \ {0} using the usual procedure,
we get the characteristic equation

λk+1 − λk = β0 ·
[
λk−j − 1

]
. (1.4)

Denote its roots by λi, i = 1, . . . , k + 1. Then characteristic equation (1.4) has a root λk+1 = 1.
Related solution of (1.3) is yk+1(n) = 1. Then there exists a one-parametric family of constant
solutions of (1.3) y(n) = ck+1yk+1(n) = ck+1, where ck+1 is an arbitrary constant. Equation (1.4)
can be rewritten as

λk(λ − 1) = β0 · (λ − 1)
(
λk−j−1 + λk−j−2 + · · · + 1

)
, (1.5)

and, instead of (1.4), we can consider the following equation:

f(λ) := λk − β0 ·
(
λk−j−1 + λk−j−2 + · · · + 1

)
= 0. (1.6)

Let β0 = βcr. Then (1.6) has a root λk = 1 which is a double root of (1.4). By the theory of
linear difference equations, (1.3) has a solution yk(n) = n, linearly independent with yk+1(n).
There exists a two-parametric family of solutions of (1.3)

y(n) = ckyk(n) + ck+1yk+1(n) = ckn + ck+1, (1.7)

where ck, ck+1 are arbitrary constants. Then limn→∞y(n) = ∞ if ck /= 0. This means that
solutions with ck /= 0 are divergent.

Let β0 < βcr and k − j > 1. We define two functions of a complex variable λ

F(λ) := λk, Ψ(λ) := β0 ·
(
λk−j−1 + λk−j−2 + · · · + 1

)
, (1.8)
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and (1.6) can be written as

F(λ) −Ψ(λ) = 0. (1.9)

By Rouche’s theorem, all roots λi, i = 1, 2, . . . , k of (1.6) satisfy |λi| < 1 because, on the
boundary C of a unit circle |λ| < 1, we have

|Ψ(λ)|C = β0 ·
∣∣∣λk−j−1 + λk−j−2 + · · · + 1

∣∣∣ < 1
k − j

(
k − j) = 1 = |F(λ)|C, (1.10)

and the functions F(λ), F(λ) −Ψ(λ) have the same number of zeros in the domain |λ| < 1.
The case β0 < βcr and k − j = 1 is trivial because (1.6) turns into

λk − β0 = 0 (1.11)

and, due to inequality |λ|k = β0 < βcr = 1, has all its roots in the domain |λ| < 1.
Then the relevant solutions yi(n), i = 1, 2, . . . , k satisfy limn→∞yi(n) = 0, and the limit

of the general solution of (1.3), y(n) = limn→∞
∑k+1

i=1 ciyi(n) where ci are arbitrary constants,
is finite because

lim
n→∞

y(n) = lim
n→∞

k+1∑
i=1

ciyi(n) = ck+1. (1.12)

Let β0 > βcr. Since f(1) = 1 − β0 · (k − j) < 0 and f(+∞) = +∞, there exists a root
λ = λ∗ > 1 of (1.6) and a solution y∗(n) = (λ∗)

n of (1.3) satisfying limn→∞y∗(n) = ∞. This
means that solution y∗(n) is divergent.

Gathering all the cases considered, we have the following:

(i) if 0 < β0 < βcr, then all solutions of (1.3) have a finite limit as n → ∞,

(ii) if β0 ≥ βcr, then there exists a divergent solution of (1.3) when n → ∞.

The above analysis is not applicable in the case of a nonconstant function β(n) in (1.1).
To overcome some difficulties, the method of auxiliary inequalities is applied to investigate
(1.1). From our results it follows that, for example, all solutions of (1.1) have a finite limit for
n → ∞ (or, in accordance with the below definition, are asymptotically convergent) if there
exists a p > 1 such that the inequality

β(n) ≤ 1
k − j −

p
(
k + j + 1

)
2n

(
k − j) (1.13)

holds for all n ∈ Z
∞
n0−k, where n0 is a sufficiently large natural number. The limit of the right-

hand side of (1.13) as n → ∞ equals the critical value βcr:

lim
n→∞

(
1

k − j −
p
(
k + j + 1

)
2n

(
k − j)

)
=

1
k − j = βcr. (1.14)
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It means that the function β(n) in (1.1) can be sufficiently close to the critical value βcr but
such that all solutions of (1.1) are convergent as n → ∞.

The proofs of the results are based on comparing the solutions of (1.1) with those of an
auxiliary inequality that formally copies (1.1). First, we prove that, under certain conditions,
(1.1) has an increasing and convergent solution y = y(n) (i.e., there exists a finite limit
limn→∞y(n)). Then we extend this statement to all the solutions of (1.1). It is an interesting
fact that, in the general case, the asymptotic convergence of all solutions is characterized by
the existence of a strictly increasing and bounded solution.

The problem concerning the asymptotic convergence of solutions in the continuous
case, that is, in the case of delayed differential equations or other classes of equations, is
a classical one and has attracted much attention recently. The problem of the asymptotic
convergence of solutions of discrete and difference equations with delay has not yet received
much attention. We mention some papers from both of these fields (in most of them,
equations and systems with a structure similar to the discrete equation (1.1) are considered).

Arino and Pituk [1], for example, investigate linear and nonlinear perturbations of
a linear autonomous functional-differential equation which has infinitely many equilibria.
Bereketoğlu and Karakoç [2] derive sufficient conditions for the asymptotic constancy
and estimates of the limits of solutions for an impulsive system, and Györi et al. give
sufficient conditions for the convergence of solutions of a nonhomogeneous linear system
of impulsive delay differential equations and a limit formula in [3]. Bereketoğlu and Pituk
[4] give sufficient conditions for the asymptotic constancy of solutions of nonhomogeneous
linear delay differential equations with unbounded delay. The limits of the solutions can be
computed in terms of the initial conditions and a special matrix solution of the corresponding
adjoint equation. In [5] Diblı́k studies the scalar equation under the assumption that every
constant is its solution. Criteria and sufficient conditions for the convergence of solutions
are found. The paper by Diblı́k and Růžičková [6] deals with the asymptotic behavior of a
first-order linear homogeneous differential equation with double delay. The convergence of
solutions of the delay Volterra equation in the critical case is studied by Messina et al. in [7].
Berezansky and Braverman study a behavior of solutions of a food-limited population model
with time delay in [8].

Bereketoğlu and Huseynov [9] give sufficient conditions for the asymptotic constancy
of the solutions of a system of linear difference equations with delays. The limits of the
solutions, as t → ∞, can be computed in terms of the initial function and a special matrix
solution of the corresponding adjoint equation. Dehghan and Douraki [10] study the global
behavior of a certain difference equation and show, for example, that zero is always an
equilibrium point which satisfies a necessary and suffient condition for its local asymptotic
stability. Györi and Horváth [11] study a system of linear delay difference equations such
that every solution has a finite limit at infinity. The stability of difference equations is studied
intensively in papers by Stević [12, 13]. In [12], for example, he proves the global asymptotic
stability of a class of difference equations. Baštinec and Diblı́k [14] study a class of positive
and vanishing at infinity solutions of a linear difference equation with delay. Nonoscillatory
solutions of second-order difference equations of the Poincaré type are investigated by
Medina and Pituk in [15].

Comparing the known investigations with the results presented, we can see that our
results can be applied to the critical case giving strong sufficient conditions of asymptotic
convergence of solutions for this case. Nevertheless, we are not concerned with computing
the limits of the solutions as n → ∞.
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The paper is organized as follows. In Section 2 auxiliary results are collected, an
auxiliary inequality is studied, and the relationship of its solutions with the solutions of (1.1)
is derived. The existence of a strictly increasing and convergent solution of (1.1) is established
in Section 3. Section 4 contains results concerning the convergence of all solutions of (1.1). An
example illustrating the sharpness of the results derived is given as well.

Throughout the paper we adopt the customary notation
∑k

i=k+s B(i) = 0, where k is an
integer, s is a positive integer, and B denotes the function under consideration regardless of
whether it is defined for the arguments indicated or not.

2. Auxiliary Results

Let C := C(Z0
−k,R) be the space of discrete functions mapping the discrete interval Z

0
−k into R.

Let v ∈ Z
∞
n0

be given. The function y : Z
∞
v−k → R is said to be a solution of (1.1) on Z

∞
v−k if it

satisfies (1.1) for every n ∈ Z
∞
v . A solution y of (1.1) on Z

∞
v−k is asymptotically convergent if the

limit limn→∞y(n) exists and is finite. For a given v ∈ Z
∞
n0

and ϕ ∈ C, we say that y = y(v,ϕ) is
a solution of (1.1) defined by the initial conditions (v, ϕ) if y(v,ϕ) is a solution of (1.1) on Z

∞
v−k

and y(v,ϕ)(v +m) = ϕ(m) for m ∈ Z
0
−k.

2.1. Auxiliary Inequality

The auxiliary inequality

Δω(n) ≥ β(n)[ω(n − j) −ω(n − k)] (2.1)

will serve as a helpful tool in the analysis of (1.1). Let v ∈ Z
∞
n0

. The function ω : Z
∞
v−k → R is

said to be a solution of (2.1) on Z
∞
v−k if ω satisfies inequality (2.1) for n ∈ Z

∞
v . A solution ω of

(2.1) on Z
∞
v−k is asymptotically convergent if the limit limn→∞ω(n) exists and is finite.

We give some properties of solutions of inequalities of the type (2.1), which will be
utilized later on. We will also compare the solutions of (1.1) with the solutions of inequality
(2.1).

Lemma 2.1. Let ϕ ∈ C be strictly increasing (nondecreasing, strictly decreasing, nonincreasing) on
Z

0
−k. Then the corresponding solution y(n∗,ϕ)(n) of (1.1) with n∗ ∈ Z

∞
n0

is strictly increasing (non-
decreasing, strictly decreasing, nonincreasing) on Z

∞
n∗− k too.

If ϕ is strictly increasing (nondecreasing) and ω : Z
∞
n0−k → R is a solution of inequality (2.1)

with ω(n0 +m) = ϕ(m),m ∈ Z
n0
n0−k, then ω is strictly increasing (nondecreasing) on Z

∞
n0−k.

Proof. This follows directly from (1.1), inequality (2.1), and from the properties β(n) > 0,
n ∈ Z

∞
n0−k, k > j ≥ 0.

Theorem 2.2. Let ω(n) be a solution of inequality (2.1) on Z
∞
n0−k. Then there exists a solution y(n)

of (1.1) on Z
∞
n0−k such that the inequality

y(n) ≤ ω(n) (2.2)
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holds on Z
∞
n0−k. In particular, a solution y(n0, φ) of (1.1) with φ ∈ C defined by the equation

φ(m) := ω(n0 +m), m ∈ Z
0
−k (2.3)

is such a solution.

Proof. Let ω(n) be a solution of inequality (2.1) on Z
∞
n0−k. We will show that the solution

y(n) := y(n0,φ)(n) of (1.1) satisfies inequality (2.2), that is,

y(n0,φ)(n) ≤ ω(n) (2.4)

on Z
∞
n0−k. Let W : Z

∞
n0−k → R be defined by W(n) = ω(n) − y(n). Then W = 0 on Z

n0
n0−k, and,

in addition, W is a solution of (2.1) on Z
∞
n0−k. Lemma 2.1 implies that W is nondecreasing.

Consequently, ω(n) − y(n) ≥ ω(n0) − y(n0) = 0 for all n ≥ n0.

2.2. Comparison Lemma

Now we consider an inequality of the type (2.1)

Δω∗(n) ≥ β1(n)
[
ω∗

(
n − j) −ω∗(n − k)], (2.5)

where β1 : Z
∞
n0−k → R

+ is a discrete function satisfying β1(n) ≥ β(n) on Z
∞
n0− k. The following

comparison lemma holds.

Lemma 2.3. Let ω∗ : Z
∞
n0−k → R

+ be a nondecreasing positive solution of inequality (2.5) on Z
∞
n0−k.

Then ω∗ is a solution of inequality (2.1) on Z
∞
n0−k too.

Proof. Let ω∗ be a nondecreasing solution of (2.5) on Z
∞
n0−k. We have

ω∗
(
n − j) −ω∗(n − k) ≥ 0 (2.6)

because n − k < n − j. Then

Δω∗(n) ≥ β1(n)
[
ω∗

(
n − j) −ω∗(n − k)] ≥ β(n)[ω∗(n − j) −ω∗(n − k)] (2.7)

on Z
∞
n0

. Consequently, the function ω := ω∗ solves inequality (2.1) on Z
∞
n0

, too.

2.3. A Solution of Inequality (2.1)

We will construct a solution of inequality (2.1). In the following lemma, we obtain a solution
of inequality (2.1) in the form of a sum. This auxiliary result will help us derive sufficient
conditions for the existence of a strictly increasing and asymptotically convergent solution of
(1.1) (see Theorem 3.2 below).
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Lemma 2.4. Let there exist a discrete function ε : Z
∞
n0−k → R

+ such that

ε(n + 1) ≥
n−j∑

i=n−k+1

β(i − 1)ε(i) (2.8)

on Z
∞
n0
. Then there exists a solution ω(n) = ωε(n) of inequality (2.1) defined on Z

∞
n0−k having the

form

ωε(n) :=
n∑

i=n0−k+1

β(i − 1)ε(i). (2.9)

Proof. For n ∈ Z
∞
n0

, we get

Δωε(n) = ωε(n + 1) −ωε(n)

=
n+1∑

i=n0−k+1

β(i − 1)ε(i) −
n∑

i=n0−k+1

β(i − 1)ε(i)

= β(n)ε(n + 1),

ωε

(
n − j) −ωε(n − k) =

n−j∑
i=n0−k+1

β(i − 1)ε(i) −
n−k∑

i=n0−k+1

β(i − 1)ε(i)

=
n−j∑

i=n−k+1

β(i − 1)ε(i).

(2.10)

We substitute ωε for ω in (2.1). Using (2.10), we get

β(n)ε(n + 1) ≥ β(n)
n−j∑

n−k+1

β(i − 1)ε(i). (2.11)

This inequality will be satisfied if inequality (2.8) holds. Indeed, reducing the last inequality
by β(n), we obtain

ε(n + 1) ≥
n−j∑

n−k+1

β(i − 1)ε(i), (2.12)

which is inequality (2.8).
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2.4. Decomposition of a Function into the Difference of
Two Strictly Increasing Functions

It is well known that every absolutely continuous function is representable as the difference of
two increasing absolutely continuous functions [16, page 318]. We will need a simple discrete
analogue of this result.

Lemma 2.5. Every function ϕ ∈ C can be decomposed into the difference of two strictly increasing
functions ϕj ∈ C, j = 1, 2, that is,

ϕ(n) = ϕ1(n) − ϕ2(n), n ∈ Z
0
−k. (2.13)

Proof. Let constants Mn > 0, n ∈ Z
0
−k be such that inequalities

Mn+1 > Mn + max
{

0, ϕ(n) − ϕ(n + 1)
}

(2.14)

are valid for n ∈ Z
−1
−k. We set

ϕ1(n) := ϕ(n) +Mn, n ∈ Z
0
−k,

ϕ2(n) :=Mn, n ∈ Z
0
−k.

(2.15)

It is obvious that (2.13) holds. Now we verify that both functions ϕj , j = 1, 2 are strictly
increasing. The first one should satisfy ϕ1(n + 1) > ϕ1(n) for n ∈ Z

−1
−k, which means that

ϕ(n + 1) +Mn+1 > ϕ(n) +Mn (2.16)

or

Mn+1 > Mn + ϕ(n) − ϕ(n + 1). (2.17)

We conclude that the last inequality holds because, due to (2.14), we have

Mn+1 > Mn + max
{

0, ϕ(n) − ϕ(n + 1)
} ≥Mn + ϕ(n) − ϕ(n + 1). (2.18)

The inequality ϕ2(n + 1) > ϕ2(n) obviously holds for n ∈ Z
−1
−k due to (2.14) as well.

2.5. Auxiliary Asymptotic Decomposition

The following lemma can be proved easily by induction. The symbolO stands for the Landau
order symbol.
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Lemma 2.6. For fixed r, σ ∈ R \ {0}, the asymptotic representation

(n − r)σ = nσ
[

1 − σr
n

+O
(

1
n2

)]
(2.19)

holds for n → ∞.

3. Convergent Solutions of (1.1)

This part deals with the problem of detecting the existence of asymptotically convergent
solutions. The results shown below provide sufficient conditions for the existence of
an asymptotically convergent solution of (1.1). First we present two obvious statements
concerning asymptotic convergence. From Lemma 2.1 and Theorem 2.2, we immediately get
the following.

Theorem 3.1. Let ω(n) be a strictly increasing and bounded solution of (2.1) on Z
∞
n0−k. Then there

exists a strictly increasing and asymptotically convergent solution y(n) of (1.1) on Z
∞
n0−k.

From Lemma 2.1, Theorem 2.2, and Lemma 2.4, we get the following.

Theorem 3.2. Let there exist a function ε : Z
∞
n0−k → R

+ satisfying

∞∑
i=n0−k+1

β(i − 1)ε(i) <∞ (3.1)

and inequality (2.8) on Z
∞
n0
. Then the initial function

ϕ(n) =
n0+n∑

i=n0−k+1

β(i − 1)ε(i), n ∈ Z
0
−k (3.2)

defines a strictly increasing and asymptotically convergent solution y(n0,ϕ)(n) of (1.1) on Z
∞
n0−k

satisfying the inequality

y(n) ≤
n∑

i=n0−k+1

β(i − 1)ε(i) (3.3)

on Z
∞
n0
.

Assuming that the coefficient β(n) in (1.1) can be estimated by a suitable function, we
can prove that (1.1) has a convergent solution.

Theorem 3.3. Let there exist a p > 1 such that the inequality

β(n) ≤ 1
k − j −

p
(
k + j + 1

)
2n

(
k − j) (3.4)

IEEE eXpress Sample eBook, page 110



10 Abstract and Applied Analysis

holds for all n ∈ Z
∞
n0−k. Then there exists a strictly increasing and asymptotically convergent solution

y(n) of (1.1) as n → ∞.

Proof. In the proof, we assume (without loss of generality) that n0 is sufficiently large for
asymptotic computations to be valid. Let us verify that inequality (2.8) has a solution ε such
that

∞∑
i=n0−k+1

β(i − 1)ε(i) <∞. (3.5)

We put

β(n) = β∗(n) :=
1

k − j −
p∗

2n
, ε(n) :=

1
nα

(3.6)

in inequality (2.8), where p∗ > 0 and α > 1 are constants. Then, for the right-hand side R(n)
of (2.8), we have

R(n) =
n−j∑

i=n−k+1

[
1

k − j −
p∗

2(i − 1)

]
1
iα

=
1

k − j
n−j∑

i=n−k+1

1
iα
− p

∗

2

n−j∑
i=n−k+1

1
(i − 1)iα

=
1

k − j

[
1

(n − k + 1)α
+

1
(n − k + 2)α

+ · · · + 1(
n − j)α

]

− p
∗

2

[
1

(n − k)(n − k + 1)α
+

1
(n − k + 1)(n − k + 2)α

+ · · · + 1(
n − j − 1

)(
n − j)α

]
.

(3.7)

We asymptotically decompose R(n) as n → ∞ using decomposition formula (2.19) in
Lemma 2.6. We apply this formula to each term in the first square bracket with σ = −α and
with r = k − 1 for the first term, r = k − 2 for the second term, and so forth, and, finally, r = j
for the last term. To estimate the terms in the second square bracket, we need only the first
terms of the decomposition and the order of accuracy, which can be computed easily without
using Lemma 2.6. We get

R(n) = 1(
k − j)nα

[
1 +

α(k − 1)
n

+ 1 +
α(k − 2)

n
+ · · · + 1 +

αj

n
+O

(
1
n2

)]

− p∗

2nα+1

[
1 + 1 + · · · + 1 +O

(
1
n

)]
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=
1(

k − j)nα+1

[(
k − j)n + α(k − 1) + α(k − 2) + · · · + αj +O

(
1
n

)]

− p∗

2nα+1

[(
k − j) +O

(
1
n

)]

=
1
nα

+
α(

k − j)nα+1

(
k + j − 1

)(
k − j)

2
− p∗

2nα+1

(
k − j) +O

(
1

nα+2

)
,

(3.8)

and, finally,

R(n) = 1
nα

+
α

2nα+1

(
k + j − 1

) − p∗

2nα+1

(
k − j) +O

(
1

nα+2

)
. (3.9)

A similar decomposition of the left-hand side L(n) = ε(n + 1) = (n + 1)−α in inequality (2.8)
leads to

L(n) ≡ 1
(n + 1)α

=
1
nα

[
1 − α

n
+O

(
1
n2

)]
=

1
nα
− α

nα+1
+O

(
1

nα+2

)
(3.10)

(we use decomposition formula (2.19) in Lemma 2.6 with σ = −α and r = −1).
Comparing L(n) and R(n), we see that, for L(n) ≥ R(n), it is necessary to match the

coefficients of the terms n−α−1 because the coefficients of the terms n−α are equal. It means that
we need the inequality

−α > α
(
k + j − 1

)
2

− p
∗

2
(
k − j). (3.11)

Simplifying this inequality, we get

p∗

2
(
k − j) > α +

α
(
k + j − 1

)
2

,

p∗
(
k − j) > α(k + j + 1

)
,

(3.12)

and, finally,

p∗ >
α
(
k + j + 1

)
k − j . (3.13)

We set

p∗ := p
k + j + 1
k − j , (3.14)
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where p = const. Then the previous inequality holds for p > α, that is, for p > 1. Consequently,
the function β∗ defined by (3.6) has the form

β∗(n) =
1

k − j −
p
(
k + j + 1

)
2
(
k − j)n (3.15)

with p > 1, and, for the function ωε defined by formula (2.9), we have

ωε(n) =
n∑

i=n0−k+1

(
1

k − j −
p
(
k + j + 1

)
2
(
k − j)(i − 1)

)
1
iα
. (3.16)

Functionωε(n) is a positive solution of inequality (2.1), and, moreover, it is easy to verify that
ωε(∞) < ∞ since α > 1. This is a solution to every inequality of the type (2.1) if the function
β∗ fixed by formula (3.15) is changed by an arbitrary function β satisfying inequality (3.4).
This is a straightforward consequence of Lemma 2.3 if, in its formulation, we set

β1(n) := β∗(n) =
1

k − j −
p
(
k + j + 1

)
2
(
k − j)n (3.17)

with p > 1 since ω∗ ≡ ωε is the desired solution of inequality (2.5). Finally, by Theorem 3.1
with ω := ωε as defined by (3.16), we conclude that there exists a strictly increasing and
convergent solution y(n) of (1.1) as n → ∞ satisfying the inequality

y(n) < ωε(n) (3.18)

on Z
∞
n0−k.

4. Convergence of All Solutions

In this part we present results concerning the convergence of all solutions of (1.1). First we
use inequality (3.4) to state the convergence of all the solutions.

Theorem 4.1. Let there exist a p > 1 such that inequality (3.4) holds for all n ∈ Z
∞
n0−k. Then all

solutions of (1.1) are convergent as n → ∞.

Proof. First we prove that every solution defined by a monotone initial function is convergent.
We will assume that a strictly monotone initial function ϕ ∈ C is given. For definiteness,
let ϕ be strictly increasing or nondecreasing (the case when it is strictly decreasing or
nonincreasing can be considered in much the same way). By Lemma 2.1, the solution y(n0,ϕ)

is monotone; that is, it is either strictly increasing or nondecreasing. We prove that y(n0,ϕ) is
convergent.

By Theorem 3.3 there exists a strictly increasing and asymptotically convergent
solution y = Y (n) of (1.1) on Z

∞
n0−k. Without loss of generality we assume y(n0,ϕ) /≡Y (n) on
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Z
∞
n0−k since, in the opposite case, we can choose another initial function. Similarly, without

loss of generality, we can assume

ΔY (n) > 0, n ∈ Z
n0−1
n0− k. (4.1)

Hence, there is a constant γ > 0 such that

ΔY (n) − γΔy(n) > 0, n ∈ Z
n0−1
n0− k (4.2)

or

Δ
(
Y (n) − γy(n)) > 0, n ∈ Z

n0−1
n0− k, (4.3)

and the function Y (n) − γy(n) is strictly increasing on Z
n0−1
n0− k. Then Lemma 2.1 implies that

Y (n) − γy(n) is strictly increasing on Z
∞
n0− k. Thus

Y (n) − γy(n) > Y (n0) − γy(n0), n ∈ Z
∞
n0

(4.4)

or

y(n) <
1
γ
(Y (n) − Y (n0)) + y(n0), n ∈ Z

∞
n0
, (4.5)

and, consequently, y(n) is a bounded function on Z
∞
n0− k because of the boundedness of Y (n).

Obviously, in such a case, y(n) is asymptotically convergent and has a finite limit.
Summarizing the previous section, we state that every monotone solution is conver-

gent. It remains to consider a class of all nonmonotone initial functions. For the behavior of a
solution y(n0,ϕ) generated by a nonmonotone initial function ϕ ∈ C, there are two possibilities:
y(n0,ϕ) is either eventually monotone and, consequently, convergent, or y(n0,ϕ) is eventually
nonmonotone.

Now we use the statement of Lemma 2.5 that every discrete function ϕ ∈ C can be
decomposed into the difference of two strictly increasing discrete functions ϕj ∈ C, j = 1, 2.
In accordance with the previous part of the proof, every function ϕj ∈ C, j = 1, 2 defines
a strictly increasing and asymptotically convergent solution y(n0,ϕj ). Now it is clear that the
solution y(n0,ϕ) is asymptotically convergent.

We will finish the paper with two obvious results. Inequality (3.4) in Theorem 3.3 was
necessary only for the proof of the existence of an asymptotically convergent solution. If we
assume the existence of an asymptotically convergent solution rather than inequality (3.4),
we can formulate the following result, the proof of which is an elementary modification of
the proof of Theorem 4.1.

Theorem 4.2. If (1.1) has a strictly monotone and asymptotically convergent solution on Z
∞
n0− k, then

all the solutions of (1.1) defined on Z
∞
n0−k are asymptotically convergent.
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Combining the statements of Theorems 2.2, 3.1, and 4.2, we get a series of equivalent
statements below.

Theorem 4.3. The following three statements are equivalent.

(a) Equation (1.1) has a strictly monotone and asymptotically convergent solution on Z
∞
n0− k.

(b) All solutions of (1.1) defined on Z
∞
n0− k are asymptotically convergent.

(c) Inequality (2.1) has a strictly monotone and asymptotically convergent solution on Z
∞
n0−k.

Example 4.4. We will demonstrate the sharpness of the criterion (3.4) by the following
example. Let k = 1, j = 0, β(n) = 1 − 1/n, n ∈ Z

∞
n0−1, n0 = 2 in (1.1); that is, we consider

the equation

Δy(n) =
(

1 − 1
n

)[
y(n) − y(n − 1)

]
. (4.6)

By Theorems 3.3 and 4.3, all solutions are asymptotically convergent if

β(n) ≤ 1
k − j −

p
(
k + j + 1

)
2n

(
k − j) = 1 − p

n
, (4.7)

where a constant p > 1. In our case the inequality (4.7) does not hold since inequality

β(n) = 1 − 1
n
≤ 1 − p

n
(4.8)

is valid only for p ≤ 1. Inequality (4.7) is sharp because there exists a solution y = y∗(n) of
(4.6) having the form of an nth partial sum of harmonic series, that is,

y∗(n) =
n∑
i=1

1
i

(4.9)

with the obvious property limn→∞y∗(n) = +∞. Then (by Theorem 4.3), all strictly monotone
(increasing or decreasing) solutions of (4.6) tend to infinity.
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[3] I. Györi, F. Karakoç, and H. Bereketoğlu, “Convergence of solutions of a linear impulsive differential
equations system with many delays,” Dynamics of Continuous, Discrete and Impulsive Systems Series A,
Mathematical Analysis, vol. 18, no. 2, pp. 191–202, 2011.
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We investigate the existence of solutions for a class of second-order q-difference inclusions with
nonseparated boundary conditions. By using suitable fixed-point theorems, we study the cases
when the right-hand side of the inclusions has convex as well as nonconvex values.

1. Introduction

The discretization of the ordinary differential equations is an important and necessary step
towards finding their numerical solutions. Instead of the standard discretization based on the
arithmetic progression, one can use an equally efficient q-discretization related to geometric
progression. This alternative method leads to q-difference equations, which in the limit q →
1 correspond to the classical differential equations. q-difference equations are found to be
quite useful in the theory of quantum groups [1]. For historical notes and development of
the subject, we refer the reader to [2, 3] while some recent results on q-difference equations
can be found in [4–6]. However, the theory of boundary value problems for nonlinear q-
difference equations is still in the initial stages, and many aspects of this theory need to be
explored.

Differential inclusions arise in the mathematical modelling of certain problems in
economics, optimal control, stochastic analysis, and so forth and are widely studied by
many authors; see [7–13] and the references therein. For some works concerning difference
inclusions and dynamic inclusions on time scales, we refer the reader to the papers [14–
17].
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2 Abstract and Applied Analysis

In this paper, we study the existence of solutions for second-order q-difference inclu-
sions with nonseparated boundary conditions given by

D2
qu(t) ∈ F(t, u(t)), 0 ≤ t ≤ T, (1.1)

u(0) = ηu(T), Dqu(0) = ηDqu(T), (1.2)

where F : [0, T] × � → P(�) is a compact valued multivalued map, P(�) is the family of all
subsets of �, T is a fixed constant, and η/= 1 is a fixed real number.

The aim of our paper is to establish some existence results for the Problems (1.1)-(1.2),
when the right-hand side is convex as well as nonconvex valued. First of all, an integral
operator is found by applying the tools of q-difference calculus, which plays a pivotal role
to convert the given boundary value problem to a fixed-point problem. Our approach is
simpler as it does not involve the typical series solution form of q-difference equations. The
first result relies on the nonlinear alternative of Leray-Schauder type. In the second result,
we will combine the nonlinear alternative of Leray-Schauder type for single-valued maps
with a selection theorem due to Bressan and Colombo for lower semicontinuous multivalued
maps with nonempty closed and decomposable values, while in the third result, we will use
the fixed-point theorem for generalized contraction multivalued maps due to Wegrzyk. The
methods used are standard; however, their exposition in the framework of Problems (1.1)-
(1.2) is new.

The paper is organized as follows: in Section 2, we recall some preliminary facts that
we need in the sequel, and we prove our main results in Section 3.

2. Preliminaries

In this section, we introduce notation, definitions, and preliminary facts which we need for
the forthcoming analysis.

2.1. q-Calculus

Let us recall some basic concepts of q-calculus [1–3].
For 0 < q < 1, we define the q-derivative of a real-valued function f as

Dqf(t) =
f(t) − f(qt)(

1 − q)t , Dqf(0) = lim
t→ 0

Dqf(t). (2.1)

The higher-order q-derivatives are given by

D0
qf(t) = f(t), Dn

qf(t) = DqD
n−1
q f(t), n ∈ �. (2.2)

The q-integral of a function f defined in the interval [a, b] is given by

∫x
a

f(t)dqt :=
∞∑
n=0
x
(
1 − q)qnf(xqn) − af(qna), x ∈ [a, b], (2.3)
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and for a = 0, we denote

Iqf(x) =
∫x

0
f(t)dqt =

∞∑
n=0
x
(
1 − q)qnf(xqn), (2.4)

provided the series converges. If a ∈ [0, b] and f is defined in the interval [0, b], then

∫b
a

f(t)dqt =
∫b

0
f(t)dqt −

∫a
0
f(t)dqt. (2.5)

Similarly, we have

I0
qf(t) = f(t), Inq f(t) = IqI

n−1
q f(t), n ∈ �. (2.6)

Observe that

DqIqf(x) = f(x), (2.7)

and if f is continuous at x = 0, then

IqDqf(x) = f(x) − f(0). (2.8)

In q-calculus, the integration by parts formula is

∫x
0
f(t)Dqg(t)dqt =

[
f(t)g(t)

]x
0 −
∫x

0
Dqf(t)g

(
qt
)
dqt. (2.9)

2.2. Multivalued Analysis

Let us recall some basic definitions on multivalued maps [18, 19].
Let X denote a normed space with the norm | · |. A multivalued map G : X → P(X)

is convex (closed) valued if G(x) is convex (closed) for all x ∈ X. G is bounded on bounded
sets if G(B) = ∪x∈BG(x) is bounded in X for all bounded sets B in X (i.e., supx∈B{sup{|y| :
y ∈ G(x)}} < ∞). G is called upper semicontinuous (u.s.c.) on X if for each x0 ∈ X, the set
G(x0) is a nonempty closed subset of X, and if for each open set N of X containing G(x0),
there exists an open neighborhood N0 of x0 such that G(N0) ⊆ N. G is said to be completely
continuous if G(B) is relatively compact for every bounded set B inX. If the multivalued map
G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G
has a closed graph (i.e., xn → x∗, yn → y∗, yn ∈ G(xn) imply y∗ ∈ G(x∗)). G has a fixed-
point if there is x ∈ X such that x ∈ G(x). The fixed-point set of the multivalued operator G
will be denoted by FixG.

For more details on multivalued maps, see the books of Aubin and Cellina [20], Aubin
and Frankowska [21], Deimling [18], and Hu and Papageorgiou [19].
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4 Abstract and Applied Analysis

Let C([0, T],�) denote the Banach space of all continuous functions from [0, T] into �
with the norm

‖u‖∞ = sup{|u(t)| : t ∈ [0, T]}. (2.10)

Let L1([0, T],�) be the Banach space of measurable functions u : [0, T] → � which are
Lebesgue integrable and normed by

‖u‖L1 =
∫T

0
|u(t)|dt, ∀u ∈ L1([0, T],�). (2.11)

Definition 2.1. A multivalued map G : [0, T] → P(�) with nonempty compact convex values
is said to be measurable if for any x ∈ �, the function

t �−→ d(x, F(t)) = inf{|x − z| : z ∈ F(t)} (2.12)

is measurable.

Definition 2.2. A multivalued map F : [0, T] × � → P(�) is said to be Carathéodory if

(i) t �→ F(t, x) is measurable for each x ∈ �,

(ii) x �→ F(t, x) is upper semicontinuous for almost all t ∈ [0, T].

Further a Carathéodory function F is called L1-Carathéodory if

(iii) for each α > 0, there exists ϕα ∈ L1([0, T],�+ ) such that

‖F(t, x)‖ = sup{|v| : v ∈ F(t, x)} ≤ ϕα(t) (2.13)

for all ‖x‖∞ ≤ α and for a.e. t ∈ [0, T].

Let E be a Banach space, letX be a nonempty closed subset of E, and letG : X → P(E)
be a multivalued operator with nonempty closed values. G is lower semicontinuous (l.s.c.) if
the set {x ∈ X : G(x)∩B /= ∅} is open for any open set B in E. LetA be a subset of [0, T]×�. A is
L⊗Bmeasurable if A belongs to the σ-algebra generated by all sets of the form J×D, where
J is Lebesgue measurable in [0, T] andD is Borel measurable in �. A subset A of L1([0, T],�)
is decomposable if for all u, v ∈ A and J ⊂ [0, T] measurable, the function uχJ + vχJ−J ∈ A,
where χJ stands for the characteristic function of J.

Definition 2.3. If F : [0, T] × � → P(�) is a multivalued map with compact values and
u(·) ∈ C([0,T],�), then F(·, ·) is of lower semicontinuous type if

SF(u) =
{
w ∈ L1([0, T],�) : w(t) ∈ F(t, u(t)) for a.e. t ∈ [0, T]

}
(2.14)

is lower semicontinuous with closed and decomposable values.
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Let (X, d) be a metric space associated with the norm | · |. The Pompeiu-Hausdorff
distance of the closed subsets A,B ⊂ X is defined by

dH(A,B) = max{d∗(A,B), d∗(B,A)}, d∗(A,B) = sup{d(a, B) : a ∈ A}, (2.15)

where d(x, B) = infy∈Bd(x, y).

Definition 2.4. A function l : �+ → �+ is said to be a strict comparison function (see [25]) if it
is continuous strictly increasing and

∑∞
n=1 l

n(t) <∞, for each t > 0.

Definition 2.5. A multivalued operator N on X with nonempty values in X is called

(a) γ -Lipschitz if and only if there exists γ > 0 such that

dH
(
N(x),N

(
y
)) ≤ γd(x, y), for each x, y ∈ X, (2.16)

(b) a contraction if and only if it is γ -Lipschitz with γ < 1,

(c) a generalized contraction if and only if there is a strict comparison function l : �+ →
�+ such that

dH
(
N(x),N

(
y
)) ≤ l(d(x, y)), for each x, y ∈ X. (2.17)

The following lemmas will be used in the sequel.

Lemma 2.6 (see [22]). Let X be a Banach space. Let F : [0, T]×X → P(X) be an L1-Carathéodory
multivalued map with SF /= ∅, and let Γ be a linear continuous mapping from L1([0, T], X) to
C([0, T], X), then the operator

Γ ◦ SF : C([0, T], X) −→ P(C([0, T], X)) (2.18)

defined by (Γ ◦ SF)(x) = Γ(SF(x)) has compact convex values and has a closed graph operator in
C([0, T], X) × C([0, T], X).

In passing, we remark that if dimX < ∞, then SF(x)/= ∅ for any x(·) ∈ C([0, T], X) with F(·, ·)
as in Lemma 2.6.

Lemma 2.7 (nonlinear alternative for Kakutani maps [23]). Let E be a Banach space, C, a closed
convex subset of E, U an open subset of C and 0 ∈ U. Suppose that F : U → Pc,cv(C) is an upper
semicontinuous compact map; here, Pc,cv(C) denotes the family of nonempty, compact convex subsets
of C, then either

(i) F has a fixed-point in U,

(ii) or there is a u ∈ ∂U and λ ∈ (0, 1) with u ∈ λF(u).

Lemma 2.8 (see [24]). Let Y be a separable metric space, and let N : Y → P(L1([0, T],�)) be a
lower semicontinuous multivalued map with closed decomposable values, thenN(·) has a continuous
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selection; that is, there exists a continuous mapping (single-valued) g : Y → L1([0, T],�) such that
g(y) ∈ N(y) for every y ∈ Y.

Lemma 2.9 (Wegrzyk’s fixed-point theorem [25, 26]). Let (X, d) be a complete metric space. If
N : X → P(X) is a generalized contraction with nonempty closed values, then FixN/= ∅.

Lemma 2.10 (Covitz and Nadler’s fixed-point theorem [27]). Let (X, d) be a complete metric
space. If N : X → P(X) is a multivalued contraction with nonempty closed values, then N has a
fixed-point z ∈ X such that z ∈ N(z), that is, FixN/= ∅.

3. Main Results

In this section, we are concerned with the existence of solutions for the Problems (1.1)-(1.2)
when the right-hand side has convex as well as nonconvex values. Initially, we assume that
F is a compact and convex valued multivalued map.

To define the solution for the Problems (1.1)-(1.2), we need the following result.

Lemma 3.1. Suppose that σ : [0, T] → � is continuous, then the following problem

D2
qu(t) = σ(t), a.e. t ∈ [0, T],

u(0) = ηu(T), Dqu(0) = ηDqu(T)
(3.1)

has a unique solution

u(t) =
∫T

0
G
(
t, qs
)
σ(s)dqs, (3.2)

where G(t, qs) is the Green’s function given by

G
(
t, qs
)
=

1(
η − 1

)2

⎧⎪⎨
⎪⎩
η
(
η − 1

)(
qs − t) + ηT, if 0 ≤ t < s ≤ T,

(
η − 1

)(
qs − t) + ηT, if 0 ≤ s ≤ t ≤ T.

(3.3)

Proof. In view of (2.7) and (2.9), the solution of D2
qu = σ(t) can be written as

u(t) =
∫ t

0

(
t − qs)σ(s)dqs + a1t + a2, (3.4)
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where a1, a2 are arbitrary constants. Using the boundary conditions (1.2) and (3.4), we find
that

a1 =
−η(
η − 1

)
∫T

0
σ(s)dqs,

a2 =
η2T(
η − 1

)2

∫T
0
σ(s)dqs −

η(
η − 1

)
∫T

0

(
T − qs)σ(s)dqs.

(3.5)

Substituting the values of a1 and a2 in (3.4), we obtain (3.2).

Let us denote

G1 = max
t,s∈[0,T]

∣∣G(t, qs)∣∣. (3.6)

Definition 3.2. A function u ∈ C([0, T],�) is said to be a solution of (1.1)-(1.2) if there exists a
function v ∈ L1([0, T],�) with v(t) ∈ F(t, x(t)) a.e. t ∈ [0, T] and

u(t) =
∫T

0
G
(
t, qs
)
v(s)dqs, (3.7)

where G(t, qs) is given by (3.3).

Theorem 3.3. Suppose that

(H1) the map F : [0, T]×� → P(�) has nonempty compact convex values and is Carathéodory,

(H2) there exist a continuous nondecreasing function ψ : [0,∞) → (0,∞) and a function
p ∈ L1([0, T],�+) such that

‖F(t, u)‖P := sup{|v| : v ∈ F(t, u)} ≤ p(t)ψ(‖u‖∞) (3.8)

for each (t, u) ∈ [0, T] × �,
(H3) there exists a numberM > 0 such that

M

G1ψ(M)
∥∥p∥∥

L1

> 1, (3.9)

then the BVP (1.1)-(1.2) has at least one solution.

Proof. In view of Definition 3.2, the existence of solutions to (1.1)-(1.2) is equivalent to the
existence of solutions to the integral inclusion

u(t) ∈
∫T

0
G
(
t, qs
)
F(s, u(s))dqs, t ∈ [0, T]. (3.10)
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Let us introduce the operator

N(u) :=

{
h ∈ C([0, T],�) : h(t) =

∫T
0
G
(
t, qs
)
v(s)dqs, v ∈ SF,u

}
. (3.11)

We will show that N satisfies the assumptions of the nonlinear alternative of Leray-
Schauder type. The proof will be given in several steps.

Step 1 (N(u) is convex for each u ∈ C([0, T],�)). Indeed, if h1, h2 belong to N(u), then there
exist v1, v2 ∈ SF,u such that for each t ∈ [0, T], we have

hi(t) =
∫T

0
G
(
t, qs
)
vi(s)dqs, (i = 1, 2). (3.12)

Let 0 ≤ d ≤ 1, then, for each t ∈ [0, T], we have

(dh1 + (1 − d)h2)(t) =
∫T

0
G
(
t, qs
)
[dv1(s) + (1 − d)v2(s)]dqs. (3.13)

Since SF,u is convex (because F has convex values); therefore,

dh1 + (1 − d)h2 ∈N(u). (3.14)

Step 2 (N maps bounded sets into bounded sets in C([0, T],�)). Let Bm = {u ∈ C([0, T],�) :
‖u‖∞ ≤ m,m > 0} be a bounded set in C([0, T],�) and u ∈ Bm, then for each h ∈ N(u), there
exists v ∈ SF,u such that

h(t) =
∫T

0
G
(
t, qs
)
v(s)dqs. (3.15)

Then, in view of (H2), we have

|h(t)| ≤
∫T

0

∣∣G(t, qs)∣∣|v(s)|dqs

≤ G1

∫T
0
p(s)ψ(‖u‖∞)dqs

≤ G1ψ(m)
∫T

0
p(s)dqs.

(3.16)

Thus,

‖h‖∞ ≤ G1ψ(m)
∥∥p∥∥

L1 . (3.17)
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Step 3 (N maps bounded sets into equicontinuous sets of C([0, T],�)). Let r1, r2 ∈ [0,
T], r1 < r2 and Bm be a bounded set of C([0, T],�) as in Step 2 and x ∈ Bm. For each
h ∈N(u)

|h(r2) − h(r1)| ≤
∫T

0
|G(r2, s) −G(r1, s)||v(s)|dqs

≤ ψ(‖u‖∞)
∫T

0
|G(r2, s) −G(r1, s)|p(s)dqs

≤ ψ(m)
∫T

0
|G(r2, s) −G(r1, s)|p(s)dqs.

(3.18)

The right-hand side tends to zero as r2 − r1 → 0. As a consequence of Steps 1 to 3 together
with the Arzelá-Ascoli Theorem, we can conclude that N : C([0, T],�) → P(C([0, T],�)) is
completely continuous.

Step 4 (N has a closed graph). Let un → u∗, hn ∈ N(un), and hn → h∗. We need to show
that h∗ ∈N(u∗). hn ∈ N(un) means that there exists vn ∈ SF,un such that, for each t ∈ [0, T],

hn(t) =
∫T

0
G
(
t, qs
)
vn(s)dqs. (3.19)

We must show that there exists h∗ ∈ SF,u∗ such that, for each t ∈ [0, T],

h∗(t) =
∫T

0
G
(
t, qs
)
v∗(s)dqs. (3.20)

Clearly, we have

‖hn − h∗‖∞ −→ 0 as n −→ ∞. (3.21)

Consider the continuous linear operator

Γ : L1([0, T],�) −→ C([0, T],�), (3.22)

defined by

v �−→ (Γv)(t) =
∫T

0
G
(
t, qs
)
v(s)dqs. (3.23)

From Lemma 2.6, it follows that Γ ◦ SF is a closed graph operator. Moreover, we have

hn(t) ∈ Γ(SF,un). (3.24)
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Since un → u∗, it follows from Lemma 2.6 that

h∗(t) =
∫T

0
G
(
t, qs
)
v∗(s)dqs (3.25)

for some v∗ ∈ SF,u∗ .

Step 5 (a priori bounds on solutions). Let u be a possible solution of the Problems (1.1)-(1.2),
then there exists v ∈ L1([0, T],�) with v ∈ SF,u such that, for each t ∈ [0, T],

u(t) =
∫T

0
G
(
t, qs
)
v(s)dqs. (3.26)

For each t ∈ [0, T], it follows by (H2) and (H3) that

|u(t)| ≤ G1

∫T
0
p(s)ψ(‖u‖∞)dqs

≤ G1ψ(‖u‖∞)
∫T

0
p(s)dqs.

(3.27)

Consequently,

‖u‖∞
G1ψ(‖u‖∞)

∥∥p∥∥L1

≤ 1. (3.28)

Then by (H3), there exists M such that ‖u‖∞ /=M.

Let

U = {u ∈ C([0, T],�) : ‖u‖∞ < M + 1}. (3.29)

The operator N : U → P(C([0, T],�)) is upper semicontinuous and completely continuous.
From the choice of U, there is no u ∈ ∂U such that u ∈ λN(u) for some λ ∈ (0, 1).
Consequently, by Lemma 2.7, it follows that N has a fixed-point u in U which is a solution of
the Problems (1.1)-(1.2). This completes the proof.

Next, we study the case where F is not necessarily convex valued. Our approach here
is based on the nonlinear alternative of Leray-Schauder type combined with the selection
theorem of Bressan and Colombo for lower semicontinuous maps with decomposable values.

Theorem 3.4. Suppose that the conditions (H2) and (H3) hold. Furthermore, it is assumed that

(H4) F : [0, T] × � → P(�) has nonempty compact values and

(a) (t, u) �→ F(t, u) is L ⊗ B measurable,
(b) u �→ F(t, u) is lower semicontinuous for a.e. t ∈ [0, T],
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(H5) for each ρ > 0, there exists ϕρ ∈ L1([0, T],�+ ) such that

‖F(t, u)‖ = sup{|v| : v ∈ F(t, u)} ≤ ϕρ(t) ∀‖u‖∞ ≤ ρ and for a.e. t ∈ [0, T]. (3.30)

then, the BVP (1.1)-(1.2) has at least one solution.

Proof. Note that (H4) and (H5) imply that F is of lower semicontinuous type. Thus, by
Lemma 2.8, there exists a continuous function f : C([0, T],�) → L1([0, T],�) such that
f(u) ∈ F(u) for all u ∈ C([0, T],�). So we consider the problem

D2
qu(t) = f(u(t)), 0 ≤ t ≤ T,

u(0) = ηu(T), Dqu(0) = ηDqu(T).
(3.31)

Clearly, if u ∈ C([0, T],�) is a solution of (3.31), then u is a solution to the Problems (1.1)-
(1.2). Transform the Problem (3.31) into a fixed-point theorem

u(t) =
(
Nu
)
(t), t ∈ [0, T], (3.32)

where

(
Nu
)
(t) =

∫T
0
G
(
t, qs
)
f(u(s))dqs, t ∈ [0, T]. (3.33)

We can easily show that N is continuous and completely continuous. The remainder of the
proof is similar to that of Theorem 3.3.

Now, we prove the existence of solutions for the Problems (1.1)-(1.2) with a
nonconvex valued right-hand side by applying Lemma 2.9 due to Wegrzyk.

Theorem 3.5. Suppose that

(H6) F : [0, T] × � → P(�) has nonempty compact values and F(·, u) is measurable for each
u ∈ �,

(H7) dH(F(t, u), F(t, u)) ≤ k(t)l(|u − u|) for almost all t ∈ [0, 1] and u, u ∈ � with k ∈
L1([0, 1],�+) and d(0, F(t, 0)) ≤ k(t) for almost all t ∈ [0, 1], where l : �+ → �+ is
strictly increasing,

then the BVP (1.1)-(1.2) has at least one solution on [0, T] if γl : �+ → �+ is a strict comparison
function, where γ = G1‖k‖L1 .
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Proof. Suppose that γl : �+ → �+ is a strict comparison function. Observe that by the
assumptions (H6) and (H7), F(·, u(·)) is measurable and has a measurable selection v(·) (see
Theorem 3.6 [28]). Also k ∈ L1([0, 1],�) and

|v(t)| ≤ d(0, F(t, 0)) +Hd(F(t, 0), F(t, u(t)))

≤ k(t) + k(t)l(|u(t)|)
≤ (1 + l(‖u‖∞))k(t).

(3.34)

Thus, the set SF,u is nonempty for each u ∈ C([0, T],�).
As before, we transform the Problems (1.1)-(1.2) into a fixed-point problem by using

the multivalued mapN given by (3.11) and show that the mapN satisfies the assumptions of
Lemma 2.9. To show that the map N(u) is closed for each u ∈ C([0, T],�), let (un)n≥0 ∈ N(u)
such that un → ũ in C([0, T],�), then ũ ∈ C([0, T],�) and there exists vn ∈ SF,u such that, for
each t ∈ [0, T],

un(t) =
∫T

0
G
(
t, qs
)
vn(s)dqs. (3.35)

As F has compact values, we pass onto a subsequence to obtain that vn converges to v in
L1([0, T],�). Thus, v ∈ SF,u and for each t ∈ [0, T],

un(t) −→ ũ(t) =
∫T

0
G
(
t, qs
)
v(s)dqs. (3.36)

So, ũ ∈ N(u) and hence N(u) is closed.
Next, we show that

dH(N(u),N(u)) ≤ γl(‖u − u‖∞) for each u, u ∈ C([0, T],�). (3.37)

Let u, u ∈ C([0, T],�) and h1 ∈ N(u). Then, there exists v1(t) ∈ SF,u such that for each
t ∈ [0, T],

h1(t) =
∫T

0
G
(
t, qs
)
v1(s)dqs. (3.38)

From (H7), it follows that

dH(F(t, u(t)), F(t, u(t))) ≤ k(t)l(|u(t) − u(t)|). (3.39)

So, there exists w ∈ F(t, u(t)) such that

|v1(t) −w| ≤ k(t)l(|u(t) − u(t)|), t ∈ [0, T]. (3.40)
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Define U : [0, T] → P(�) as

U(t) = {w ∈ � : |v1(t) −w| ≤ k(t)l(|u(t) − u(t)|)}. (3.41)

Since the multivalued operator U(t) ∩ F(t, u(t)) is measurable (see Proposition 3.4 in [28]),
there exists a function v2(t) which is a measurable selection for U(t) ∩ F(t, u(t)). So, v2(t) ∈
F(t, u(t)), and for each t ∈ [0, T],

|v1(t) − v2(t)| ≤ k(t)l(|u(t) − u(t)|). (3.42)

For each t ∈ [0, T], let us define

h2(t) =
∫T

0
G
(
t, qs
)
v2(s)dqs, (3.43)

then

|h1(t) − h2(t)| ≤
∫T

0

∣∣G(t, qs)∣∣|v1(s) − v2(s)|dqs

≤ G1

∫T
0
k(s)l(‖u − u‖)dqs.

(3.44)

Thus,

‖h1 − h2‖∞ ≤ G1‖k‖L1 l(‖u − u‖∞) = γl(‖u − u‖∞). (3.45)

By an analogous argument, interchanging the roles of u and u, we obtain

dH(N(u),N(u)) ≤ G1‖k‖L1 l(‖u − u‖∞) = γl(‖u − u‖∞) (3.46)

for each u, u ∈ C([0, T],�). So, N is a generalized contraction, and thus, by Lemma 2.9, N
has a fixed-point u which is a solution to (1.1)-(1.2). This completes the proof.

Remark 3.6. We notice that Theorem 3.5 holds for several values of the function l, for example,
l(t) = ln(1+t)/χ, where χ ∈ (0, 1), l(t) = t, and so forth. Here, we emphasize that the condition
(H7) reduces to dH(F(t, u), F(t, u)) ≤ k(t)|u − u| for l(t) = t, where a contraction principle
for multivalued map due to Covitz and Nadler [27] (Lemma 2.10) is applicable under the
condition G1‖k‖L1 < 1. Thus, our result dealing with a nonconvex valued right-hand side of
(1.1) is more general, and the previous results for nonconvex valued right-hand side of the
inclusions based on Covitz and Nadler’s fixed-point result (e.g., see [8]) can be extended to
generalized contraction case.
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Remark 3.7. Our results correspond to the ones for second-order q-difference inclusions with
antiperiodic boundary conditions (u(0) = −u(T), Dqu(0) = −Dqu(T)) for η = −1. The results
for an initial value problem of second-order q-difference inclusions follow for η = 0. These
results are new in the present configuration.

Remark 3.8. In the limit q → 1, the obtained results take the form of their “continuous” (i.e.,
differential) counterparts presented in Sections 4 (ii) for λ1 = λ2 = η, μ1 = 0 = μ2 of [29].

Example 3.9. Consider a boundary value problem of second-order q-difference inclusions
given by

D2
qu(t) ∈ F(t, u(t)), 0 ≤ t ≤ 1

u(0) = −u(1), Dqu(0) = −Dqu(1),
(3.47)

where η = −1 and F : [0, 1] × � → P(�) is a multivalued map given by

(t, u) −→ F(t, u) =

[
u3

u3 + 3
+ t3 + 3,

u

u + 1
+ t + 1

]
. (3.48)

For f ∈ F, we have

∣∣f∣∣ ≤ max

(
u3

u3 + 3
+ t3 + 3,

u

u + 1
+ t + 1

)
≤ 5, u ∈ �. (3.49)

Thus,

‖F(t, u)‖P := sup
{∣∣y∣∣ : y ∈ F(t, u)} ≤ 5 = p(t)ψ(‖u‖∞), u ∈ �, (3.50)

with p(t) = 1, ψ(‖u‖∞) = 5. Further, using the condition

M

G1ψ(M)
∥∥p∥∥L1

> 1, (3.51)

we find that M > 5G2, where G2 = G1|η=−1,T=1. Clearly, all the conditions of Theorem 3.3 are
satisfied. So, the conclusion of Theorem 3.3 applies to the Problem (3.47).
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Conditions are derived of the existence of solutions of nonlinear boundary-value problems for
systems of n ordinary differential equations with constant coefficients and single delay (in the
linear part) and with a finite number of measurable delays of argument in nonlinearity: ż(t) =
Az(t − τ) + g(t) + εZ(z(hi(t), t, ε), t ∈ [a, b], assuming that these solutions satisfy the initial and
boundary conditions z(s) := ψ(s) if s /∈ [a, b], �z(·) = α ∈ �

m . The use of a delayed matrix
exponential and a method of pseudoinverse by Moore-Penrose matrices led to an explicit and
analytical form of sufficient conditions for the existence of solutions in a given space and, moreover,
to the construction of an iterative process for finding the solutions of such problems in a general
case when the number of boundary conditions (defined by a linear vector functional �) does not
coincide with the number of unknowns in the differential system with a single delay.

1. Introduction

First, we derive some auxiliary results concerning the theory of differential equations with
delay. Consider a system of linear differential equations with concentrated delay

ż(t) −A(t)z(h0(t)) = g(t) if t ∈ [a, b], (1.1)
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2 Abstract and Applied Analysis

assuming that

z(s) := ψ(s) if s /∈ [a, b], (1.2)

whereA is an n×n real matrix and g is an n-dimensional real column-vector with components
in the space Lp[a, b] (where p ∈ [1,∞)) of functions summable on [a, b]; the delay h0(t) ≤ t is
a function h0 : [a, b] → � measurable on [a, b]; ψ : � \ [a, b] → �

n is a given function. Using
the denotations

(Sh0z)(t) :=

⎧⎨
⎩
z(h0(t)) if h0(t) ∈ [a, b],

θ if h0(t) /∈ [a, b],
(1.3)

ψh0(t) :=

⎧⎨
⎩
θ if h0(t) ∈ [a, b],

ψ(h0(t)) if h0(t) /∈ [a, b],
(1.4)

where θ is an n-dimensional zero column-vector and assuming t ∈ [a, b], it is possible to
rewrite (1.1), (1.2) as

(Lz)(t) := ż(t) −A(t)(Sh0z)(t) = ϕ(t), t ∈ [a, b], (1.5)

where ϕ is an n-dimensional column-vector defined by the formula

ϕ(t) := g(t) +A(t)ψh0(t) ∈ Lp[a, b]. (1.6)

We will investigate (1.5) assuming that the operator L maps a Banach space Dp[a, b] of
absolutely continuous functions z : [a, b] → �

n into a Banach space Lp[a, b] (1 ≤ p < ∞)
of functions ϕ : [a, b] → �

n summable on [a, b]; the operator Sh0 maps the space Dp[a, b]
into the space Lp[a, b]. Transformations (1.3), (1.4) make it possible to add the initial function
ψ(s), s < a to nonhomogeneity generating an additive and homogeneous operation not
depending on ψ and without the classical assumption regarding the continuous connection
of solution z(t) with the initial function ψ(t) at the point t = a.

A solution of differential system (1.5) is defined as an n-dimensional column vector-
function z ∈ Dp[a, b], absolutely continuous on [a, b], with a derivative ż ∈ Lp[a, b] satisfying
(1.5) almost everywhere on [a, b].

Such approach makes it possible to apply well-developed methods of linear functional
analysis to (1.5) with a linear and bounded operator L. It is well-known (see: [1, 2]) that a
nonhomogeneous operator equation (1.5) with delayed argument is solvable in the space
Dp[a, b] for an arbitrary right-hand side ϕ ∈ Lp[a, b] and has an n-dimensional family of
solutions (dim ker L = n) in the form

z(t) = X(t)c +
∫b
a

K(t, s)ϕ(s)ds ∀c ∈ �n , (1.7)
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where the kernel K(t, s) is an n × n Cauchy matrix defined in the square [a, b] × [a, b] being,
for every fixed s ≤ t , a solution of the matrix Cauchy problem

(LK(·, s))(t) :=
∂K(t, s)

∂t
−A(t)(Sh0K(·, s))(t) = Θ, K(s, s) = I, (1.8)

where K(t, s) ≡ Θ if a ≤ t < s ≤ b, Θ is n × n null matrix and I is n × n identity matrix.
A fundamental n × n matrix X(t) for the homogeneous (ϕ ≡ θ) equation (1.5) has the form
X(t) = K(t, a), X(a) = I [2]. Throughout the paper, we denote by Θs an s × s null matrix
if s /=n, by Θs,p an s × p null matrix, by Is an s × s identity matrix if s /=n, and by θs an s-
dimensional zero column-vector if s /=n.

A serious disadvantage of this approach, when investigating the above-formulated
problem, is the necessity to find the Cauchy matrix K(t, s) [3, 4]. It exists but, as a rule, can
only be found numerically. Therefore, it is important to find systems of differential equations
with delay such that this problem can be solved directly. Below we consider the case of a
system with so-called single delay [5]. In this case, the problem of how to construct the
Cauchy matrix is successfully solved analytically due to a delayed matrix exponential defined
below.

1.1. A Delayed Matrix Exponential

Consider a Cauchy problem for a linear nonhomogeneous differential system with constant
coefficients and with a single delay τ

ż(t) = Az(t − τ) + g(t), (1.9)

z(s) = ψ(s), if s ∈ [−τ, 0], (1.10)

with an n × n constant matrix A, g : [0,∞) → �
n , ψ : [−τ, 0] → �

n , τ > 0 and an unknown
vector-solution z : [−τ,∞) → �

n . Together with a nonhomogeneous problem (1.9), (1.10),
we consider a related homogeneous problem

ż(t) = Az(t − τ),
z(s) = ψ(s), if s ∈ [−τ, 0].

(1.11)
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Denote by eAtτ a matrix function called a delayed matrix exponential (see [5]) and
defined as

eAtτ :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Θ if −∞ < t < −τ,
I if − τ ≤ t < 0,

I +A
t

1!
if 0 ≤ t < τ,

I +A
t

1!
+A2 (t − τ)2

2!
if τ ≤ t < 2τ,

· · ·

I +A
t

1!
+ · · · +Ak (t − (k − 1)τ)k

k!
if (k − 1)τ ≤ t < kτ,

· · · .

(1.12)

This definition can be reduced to the following expression:

eAtτ =
[t/τ]+1∑
n=0

An (t − (n − 1)τ)n

n!
, (1.13)

where [t/τ] is the greatest integer function. The delayed matrix exponential equals the unit
matrix I on [−τ, 0] and represents a fundamental matrix of a homogeneous system with single
delay. Thus, the delayed matrix exponential solves the Cauchy problem for a homogeneous
system (1.11), satisfying the unit initial conditions

z(s) = ψ(s) ≡ eAsτ = I if − τ ≤ s ≤ 0, (1.14)

and the following statement holds (see, e.g., [5], [6, Remark 1], [7, Theorem 2.1]).

Lemma 1.1. A solution of a Cauchy problem for a nonhomogeneous system with single delay (1.9),
satisfying a constant initial condition

z(s) = ψ(s) = c ∈ �n if s ∈ [−τ, 0] (1.15)

has the form

z(t) = eA(t−τ)
τ c +

∫ t
0
e
A(t−τ−s)
τ g(s)ds. (1.16)

The delayed matrix exponential was applied, for example, in [6, 7] to investigation
of boundary value problems of diffferential systems with a single delay and in [8] to
investigation of the stability of linear perturbed systems with a single delay.
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1.2. Fredholm Boundary-Value Problem

Without loss of generality, let a = 0 and, with a view of the above, the problem (1.9), (1.10)
can be transformed (h0(t) := t − τ) to an equation of the type (1.1) (see (1.5))

ż(t) −A(Sh0z)(t) = ϕ(t), t ∈ [0, b], (1.17)

where, in accordance with (1.3),(1.4)

(Sh0z)(t) =

⎧⎨
⎩
z(t − τ) if t − τ ∈ [0, b],

θ if t − τ /∈ [0, b],

ϕ(t) = g(t) +A ψh0(t) ∈ Lp[0, b],

ψh0(t) =

⎧⎨
⎩
θ if t − τ ∈ [0, b],
ψ(t − τ) if t − τ /∈ [0, b].

(1.18)

A general solution of problem (1.17) for a nonhomogeneous system with single delay
and zero initial data has the form (1.7)

z(t) = X(t)c +
∫b

0
K(t, s)ϕ(s)ds ∀c ∈ �n , (1.19)

where, as can easily be verified (in view of the above-defined delayed matrix exponential) by
substituting into (1.17),

X(t) = eA(t−τ)
τ , X(0) = e−Aττ = I (1.20)

is a normal fundamental matrix of the homogeneous system related to (1.17) (or (1.9)) with
initial data X(0) = I, and the Cauchy matrix K(t, s) has the form

K(t, s) = eA(t−τ−s)
τ if 0 ≤ s < t ≤ b,

K(t, s) ≡ Θ if 0 ≤ t < s ≤ b.
(1.21)

Obviously

K(t, 0) = eA(t−τ)
τ = X(t), K(0, 0) = eA(−τ)

τ = X(0) = I, (1.22)

and, therefore, the initial problem (1.17) for systems of ordinary differential equations with
constant coefficients and single delay has an n-parametric family of linearly independent
solutions (1.16).

Now, we will deal with a general boundary-value problem for system (1.17). Using
the results [2, 9], it is easy to derive statements for a general boundary-value problem if the
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number m of boundary conditions does not coincide with the number n of unknowns in a
differential system with single delay.

We consider a boundary-value problem

ż(t) −Az(t − τ) = g(t), t ∈ [0, b],

z(s) := ψ(s), s /∈ [0, b],
(1.23)

assuming that

�z(·) = α ∈ �m, (1.24)

or, using (1.18), its equivalent form

ż(t) −A(Sh0z)(t) = ϕ(t), t ∈ [0, b],

�z(·) = α ∈ �m,
(1.25)

where α is an m-dimensional constant vector-column � is an m-dimensional linear vector-
functional defined on the space Dp[0, b] of an n-dimensional vector-functions

� = col (�1, . . . , �m) : Dp[0, b] −→ �
m, �i : Dp[0, b] −→ �, i = 1, . . . , m, (1.26)

absolutely continuous on [0, b]. Such problems for functional-differential equations are of
Fredholm’s type (see, e.g., [1, 2]). In order to formulate the following result, we need several
auxiliary abbreviations. We set

Q := �X(·) = �eA(·−τ)
τ . (1.27)

We define an n × n-dimensional matrix (orthogonal projection)

PQ := I −Q+Q, (1.28)

projecting space �n to ker Q of the matrix Q.
Moreover, we define an m ×m-dimensional matrix (orthogonal projection)

PQ∗ := Im −QQ+, (1.29)

projecting space �m to ker Q∗ of the transposed matrix Q∗ = QT , where Im is anm×m identity
matrix and Q+ is an n×m-dimensional matrix pseudoinverse to the m×n-dimensional matrix
Q. Denote d := rankPQ∗ and n1 := rankQ = rankQ∗. Since

rankPQ∗ = m − rankQ∗, (1.30)

we have d = m − n1.
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We will denote by PQ∗
d

an d × m-dimensional matrix constructed from d linearly
independent rows of the matrix PQ∗ . Denote r := rankPQ. Since

rankPQ = n − rankQ, (1.31)

we have r = n − n1. By PQr we will denote an n × r-dimensional matrix constructed from r
linearly independent columns of the matrix PQ. Finally, we define

Xr(t) := X(t)PQr , (1.32)

and a generalized Green operator

(
Gϕ
)
(t) :=

∫b
0
G(t, s)ϕ(s)ds, (1.33)

where

G(t, s) := K(t, s) − eA(t−τ)
τ Q+�K(·, s) (1.34)

is a generalized Green matrix corresponding to the boundary-value problem (1.25) (the
Cauchy matrix K(t, s) has the form (1.21)).

In [6, Theorem 4], the following result (formulating the necessary and sufficient
conditions of solvability and giving representations of the solutions z ∈ Dp[0, b], ż ∈ Lp[0, b]
of the boundary-value problem (1.25) in an explicit analytical form) is proved.

Theorem 1.2. If n1 ≤ min(m,n), then:

(i) the homogeneous problem

ż(t) −A(Sh0z)(t) = θ, t ∈ [0, b],
�z(·) = θm ∈ �m

(1.35)

corresponding to problem (1.25) has exactly r linearly independent solutions

z(t, cr) = Xr(t)cr = e
A(t−τ)
τ PQr cr ∈ Dp[0, b], (1.36)

(ii) nonhomogeneous problem (1.25) is solvable in the spaceDp[0, b] if and only if ϕ ∈ Lp[0, b]
and α ∈ �m satisfy d linearly independent conditions

PQ∗
d
·
(
α − �

∫b
0
K(·, s)ϕ(s)ds

)
= θd, (1.37)
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(iii) in that case the nonhomogeneous problem (1.25) has an r-dimensional family of linearly
independent solutions represented in an analytical form

z(t) = z0(t, cr) := Xr(t)cr +
(
Gϕ
)
(t) +X(t)Q+α ∀cr ∈ �r . (1.38)

2. Perturbed Weakly Nonlinear Boundary Value Problems

As an example of applying Theorem 1.2, we consider a problem of the branching of solutions
z : [0, b] → �

n , b > 0 of systems of nonlinear ordinary differential equations with a small
parameter ε and with a finite number of measurable delays hi(t), i = 1, 2, . . . , k of argument
of the form

ż(t) = Az(t − τ) + g(t) + εZ(z(hi(t)), t, ε), t ∈ [0, b], hi(t) ≤ t, (2.1)

satisfying the initial and boundary conditions

z(s) = ψ(s), if s < 0, �z(·) = α, α ∈ �m, (2.2)

and such that its solution z = z(t, ε), satisfying

z(·, ε) ∈ Dp[0, b],

ż(·, ε) ∈ Lp[0, b],
z(t, ·) ∈ C[0, ε0],

(2.3)

for a sufficiently small ε0 > 0, for ε = 0, turns into one of the generating solutions (1.38); that
is, z(t, 0) = z0(t, cr) for a cr ∈ �r . We assume that the n × 1 vector-operator Z satisfies

Z(·, t, ε) ∈ C1[‖z − z0‖ ≤ q
]
,

Z(z(hi(t)), ·, ε) ∈ Lp[0, b],
Z(z(hi(t)), t, ·) ∈ C[0, ε0],

(2.4)

where q > 0 is sufficiently small. Using denotations (1.3), (1.4), and (1.6), it is easy to show
that the perturbed nonlinear boundary value problem (2.1), (2.2) can be rewritten in the form

ż(t) = A(Sh0z)(t) + εZ((Shz)(t), t, ε) + ϕ(t), �z(·) = α, t ∈ [0, b]. (2.5)

In (2.5), A is an n×n constant matrix, h0 : [0, b] → � is a single delay defined by h0(t) := t−τ ,
τ > 0,

(Shz)(t) = col[(Sh1z)(t), . . . , (Shkz)(t)] (2.6)
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is an N-dimensional column vector, where N = nk, and ϕ is an n-dimensional column vector
given by

ϕ(t) = g(t) +A ψh0(t). (2.7)

The operator Sh maps the space Dp into the space

LNp = Lp × · · · × Lp︸ ︷︷ ︸
k-times

,
(2.8)

that is, Sh : Dp → LNp . Using denotation (1.3) for the operator Shi : Dp → Lp, i = 1, . . . , k, we
have the following representation:

(Shiz)(t) =
∫b

0
χhi(t, s)ż(s)ds + χhi(t, 0)z(0), (2.9)

where

χhi(t, s) =

⎧⎨
⎩

1, if (t, s) ∈ Ωi,

0, if (t, s) /∈ Ωi

(2.10)

is the characteristic function of the set

Ωi := {(t, s) ∈ [0, b] × [0, b] : 0 ≤ s ≤ hi(t) ≤ b}. (2.11)

Assume that the generating boundary value problem

ż(t) = A(Sh0z)(t) + ϕ(t), lz = α, (2.12)

being a particular case of (2.5) for ε = 0, has solutions for nonhomogeneities ϕ ∈ Lp[0, b]
and α ∈ �m that satisfy conditions (1.37). In such a case, by Theorem 1.2, the problem (2.12)
possesses an r-dimensional family of solutions of the form (1.38).

Problem 1. Below, we consider the following problem: derive the necessary and sufficient
conditions indicating when solutions of (2.5) turn into solutions (1.38) of the boundary value
problem (2.12) for ε = 0.

Using the theory of generalized inverse operators [2], it is possible to find conditions
for the solutions of the boundary value problem (2.5) to be branching from the solutions of
(2.5) with ε = 0. Below, we formulate statements, solving the above problem. As compared
with an earlier result [10, page 150], the present result is derived in an explicit analytical form.
The progress was possible by using the delayed matrix exponential since, in such a case, all
the necessary calculations can be performed to the full.
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10 Abstract and Applied Analysis

Theorem 2.1 (necessary condition). Consider the system (2.1); that is,

ż(t) = Az(t − τ) + g(t) + εZ(z(hi(t)), t, ε), t ∈ [0, b], (2.13)

where hi(t) ≤ t, i = 1, . . . , k, with the initial and boundary conditions (2.2); that is,

z(s) = ψ(s), if s < 0 < b, �z(·) = α ∈ �m, (2.14)

and assume that, for nonhomogeneities

ϕ(t) = g(t) +A ψh0(t) ∈ Lp[0, b], (2.15)

and for α ∈ �m , the generating boundary value problem

ż(t) = A(Sh0z)(t) + ϕ(t), �z(·) = α, (2.16)

corresponding to the problem (1.25), has exactly an r-dimensional family of linearly independent
solutions of the form (1.38). Moreover, assume that the boundary value problem (2.13), (2.14) has a
solution z(t, ε) which, for ε = 0, turns into one of solutions z0(t, cr) in (1.38) with a vector-constant
cr := c0

r ∈ �r .
Then, the vector c0

r satisfies the equation

F
(
c0
r

)
:=
∫b

0
H(s)Z

(
(Shz0)

(
s, c0

r

)
, s, 0

)
ds = θd, (2.17)

where

H(s) := PQ∗
d
�K(·, s) = PQ∗

d
�e

A(·−τ−s)
τ . (2.18)

Proof. We consider the nonlinearity in system (2.13), that is, the term εZ(z(hi(t)), t, ε) as an
inhomogeneity, and use Theorem 1.2 assuming that condition (1.37) is satisfied. This gives

∫b
0
H(s)Z((Shz)(s, ε), s, ε)ds = θd. (2.19)

In this integral, letting ε → 0, we arrive at the required condition (2.17).

Corollary 2.2. For periodic boundary-value problems, the vector-constant cr ∈ �
r has a physical

meaning-it is the amplitude of the oscillations generated. For this reason, (2.17) is called an equation
generating the amplitude [11]. By analogy with the investigation of periodic problems, it is natural to
say (2.17) is an equation for generating the constants of the boundary value problem (2.13), (2.14).
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If (2.17) is solvable, then the vector constant c0
r ∈ �

r specifies the generating solution z0(t, c0
r )

corresponding to the solution z = z(t, ε) of the original problem such that

z(·, ε) : [0, b] −→ �
n ,

z(·, ε ) ∈ Dp[0, b],

ż(·, ε) ∈ Lp[0, b],
z(t, ·) ∈ C[0, ε0],

z(t, 0) = z0

(
t, c0

r

)
.

(2.20)

Also, if (2.17) is unsolvable, the problem (2.13), (2.14) has no solution in the analyzed space. Note
that, here and in what follows, all expressions are obtained in the real form and hence, we are interested
in real solutions of (2.17), which can be algebraic or transcendental.

Sufficient conditions for the existence of solutions of the boundary-value problem
(2.13), (2.14) can be derived using results in [10, page 155] and [2]. By changing the variables
in system (2.13), (2.14)

z(t, ε) = z0

(
t, c0

r

)
+ y(t, ε), (2.21)

we arrive at a problem of finding sufficient conditions for the existence of solutions of the
problem

ẏ(t) = A
(
Sh0y

)
(t) + εZ

(
Sh
(
z0 + y

)
(t), t, ε

)
, �y = θm, t ∈ [0, b], (2.22)

and such that

y(·, ε) : [0, b] −→ �
n ,

y(·, ε) ∈ Dp[0, b],

ẏ(·, ε) ∈ Lp[0, b],
y(t, ·) ∈ C[0, ε0],

y(t, 0) = θ.

(2.23)

Since the vector function Z((Shz)(t), t, ε) is continuously differentiable with respect to z and
continuous in ε in the neighborhood of the point

(z, ε) =
(
z0

(
t, c0

r

)
, 0
)
, (2.24)
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we can separate its linear term as a function depending on y and terms of order zero with
respect to ε

Z
(
Sh
(
z0

(
t, c0

r

)
+ y
)
, t, ε
)
= f0

(
t, c0

r

)
+A1(t)

(
Shy
)
(t) + R

((
Shy
)
(t), t, ε

)
, (2.25)

where

f0

(
t, c0

r

)
:= Z

(
(Shz0)

(
t, c0

r

)
, t, 0
)
, f0

(
·, c0

r

)
∈ Lp[0, b],

A1(t) = A1

(
t, c0

r

)
=
∂Z(Shx, t, 0)

∂Shx

∣∣∣∣
x=z0(t,c0

r )
, A1(·) ∈ Lp[0, b],

R(θ, t, 0) = θ,
∂R(θ, t, 0)

∂y
= Θ, R

(
y, ·, ε) ∈ Lp[0, b].

(2.26)

We now consider the vector function Z((Sh(z0+y))(t), t, ε) in (2.22) as an inhomogeneity and
we apply Theorem 1.2 to this system. As the result, we obtain the following representation
for the solution of (2.22):

y(t, ε) = Xr(t)c + y(1)(t, ε). (2.27)

In this expression, the unknown vector of constants c = c(ε) ∈ C[0, ε0] is determined from a
condition similar to condition (1.37) for the existence of solution of problem (2.22):

B0c =
∫b

0
H(s)

[
A1(s)

(
Shy

(1)
)
(s, ε) + R

((
Shy
)
(s, ε), s, ε

)]
ds, (2.28)

where

B0 =
∫b

0
H(s)A1(s)(ShXr)(s)ds (2.29)

is a d × r matrix, and

H(s) := PQ∗
d
�K(·, s) = PQ∗

d
�e

A(·−τ−s)
τ . (2.30)

The unknown vector function y(1)(t, ε) is determined by using the generalized Green operator
as follows:

y(1)(t, ε) = ε
(
G
[
Z
(
Sh
(
z0

(
s, c0

r

)
+ y
)
, s, ε
)])

(t). (2.31)
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Let PN(B0) be an r × r matrix orthoprojector �r → N(B0), and let PN(B∗0) be a d × d matrix-
orthoprojector �d → N(B∗0). Equation (2.28) is solvable with respect to c ∈ �r if and only
if

PN(B∗0)

∫b
0
H(s)

[
A1(s)

(
Shy

(1)
)
(s, ε) + R

((
Shy
)
(s, ε), s, ε

)]
ds = θd. (2.32)

For

PN(B∗0) = Θd, (2.33)

the last condition is always satisfied and (2.28) is solvable with respect to c ∈ �r up to an
arbitrary vector constant PN(B0)c ∈ �r from the null space of the matrix B0

c = B+
0

∫b
0
H(s)

[
A1(s)

(
Shy

(1)
)
(s, ε) + R

((
Shy
)
(s, ε), s, ε

)]
ds + PN(B0)c. (2.34)

To find a solution y = y(t, ε) of (2.28) such that

y(·, ε) : [0, b] −→ Rn,

y(·, ε) ∈ Dp[0, b],

ẏ(·, ε) ∈ Lp[0, b],
y(t, ·) ∈ C[0, ε0],

y(t, 0) = θ,

(2.35)

it is necessary to solve the following operator system:

y(t, ε) = Xr(t)c + y(1)(t, ε),

c = B+
0

∫b
0
H(s)

[
A1(s)

(
Shy

(1)
)
(s, ε) + R

((
Shy
)
(s, ε), s, ε

)]
ds,

y(1)(t, ε) = εG
[
Z
(
Sh
(
z0

(
s, c0

r

)
+ y
)
, s, ε
)]
(t).

(2.36)

The operator system (2.36) belongs to the class of systems solvable by the method of simple
iterations, convergent for sufficiently small ε ∈ [0, ε0] (see [10, page 188]). Indeed, system
(2.36) can be rewritten in the form

u = L(1)u + Fu, (2.37)
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where u = col (y(t, ε), c(ε), y(1)(t, ε)) is a (2n + r)-dimensional column vector, L(1) is a linear
operator

L(1) :=

⎛
⎜⎜⎝

Θ Xr(t) I

Θr,n Θr,r L1

Θ Θn,r Θ

⎞
⎟⎟⎠, (2.38)

where

L1(∗) = B+
0

∫b
0
H(s)A1(s)(∗)ds, (2.39)

and F is a nonlinear operator

Fu :=

⎛
⎜⎜⎜⎝

θ

B+
0

∫b
0
H(s)R

((
Shy
)
(s, ε), s, ε

)
ds

ε
(
G
[
Z
(
(Shz0)

(
s, c0

r

)
, s, 0

)
+A1(s)

(
Shy
)
(s, ε) + R

((
Shy
)
(s, ε), s, ε

)])
(t)

⎞
⎟⎟⎟⎠. (2.40)

In view of the structure of the operator L(1) containing zero blocks on and below the main
diagonal, the inverse operator

(
I2n+r − L(1)

)−1
(2.41)

exists. System (2.37) can be transformed into

u = Su, (2.42)

where

S :=
(
I2n+r − L(1)

)−1
F (2.43)

is a contraction operator in a sufficiently small neighborhood of the point

(z, ε) =
(
z0

(
t, c0

r

)
, 0
)
. (2.44)

Thus, the solvability of the last operator system can be established by using one of the existing
versions of the fixed-point principles [12] applicable to the system for sufficiently small ε ∈
[0, ε0]. It is easy to prove that the sufficient condition PN(B∗0) = Θd for the existence of solutions
of the boundary value problem (2.13), (2.14) means that the constant c0

r ∈ �r of the equation
for generating constant (2.17) is a simple root of equation (2.17) [2]. By using the method of
simple iterations, we can find the solution of the operator system and hence the solution of
the original boundary value problem (2.13), (2.14). Now, we arrive at the following theorem.
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Theorem 2.3 (sufficient condition). Assume that the boundary value problem (2.13), (2.14)
satisfies the conditions listed above and the corresponding linear boundary value problem (1.25) has
an r-dimensional family of linearly independent solutions of the form (1.38). Then, for any simple root
cr = c0

r ∈ �r of the equation for generating the constants (2.17), there exist at least one solution of the
boundary value problem (2.13), (2.14). The indicated solution z(t, ε) is such that

z(·, ε) ∈ Dp[0, b],

ż(·, ε) ∈ Lp[0, b],
z(t, ·) ∈ C[0, ε0],

(2.45)

and, for ε = 0, turns into one of the generating solutions (1.38) with a constant c0
r ∈ �r ; that is,

z(t, 0) = z0(t, c0
r). This solution can be found by the method of simple iterations, which is convergent

for a sufficiently small ε ∈ [0, ε0].

Corollary 2.4. If the number n of unknown variables is equal to the numberm of boundary conditions
(and hence r = d), the boundary value problem (2.13), (2.14) has a unique solution. In such a case,
the problems considered for functional-differential equations are of Fredholm’s type with a zero index.
By using the procedure proposed in [2] with some simplifying assumptions, we can generalize the
proposed method to the case of multiple roots of equation (2.17) to determine sufficient conditions for
the existence of solutions of the boundary-value problem (2.13), (2.14).

3. Example

We will illustrate the above proved theorems on the example of a weakly perturbed
linear boundary value problem. Consider the following simplest boundary value problem-a
periodic problem for the delayed differential equation:

ż(t) = z(t − τ) + ε
k∑
i=1

Bi(t)z(hi(t)) + g(t), t ∈ (0, T],

z(s) = ψ(s), if s < 0,

z(0) = z(T),

(3.1)

where 0 < τ, T = const, Bi are n × n matrices, Bi, g ∈ Lp[0, T], ψ : �1 \ (0, T] → �
n , hi(t) ≤ t

are measurable functions. Using the symbols Shi and ψhi (see (1.3), (1.4), (2.9)), we arrive at
the following operator system:

ż(t) = z(t − τ) + εB(t)(Shz)(t) + ϕ(t, ε),
�z := z(0) − z(T) = θn,

(3.2)
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where B(t) := (B1(t), . . . , Bk(t)) is an n ×N matrix (N = nk), and

ϕ(t, ε) := g(t) + ψh0(t) + ε
k∑
i=1

Bi(t)ψhi(t) ∈ Lp[0, T]. (3.3)

We will consider the simplest case with T ≤ τ . Utilizing the delayed matrix exponential, it
can be easily verified that in this case, the matrix

X(t) = eI(t−τ)τ = I (3.4)

is a normal fundamental matrix for the homogeneous generating system

ż(t) = z(t − τ). (3.5)

Then,

Q := �X(·) = e−Iττ − eI(T−τ)τ = θn,

PQ = PQ∗ = I, (r = n, d = m = n),

K(t, s) =

⎧⎨
⎩
e
I(t−τ−s)
τ = I, 0 ≤ s ≤ t ≤ T,
Θ, s > t,

�K(·, s) = K(0, s) −K(T, s) = −I,
H(τ) = PQ∗�K(·, s) = −I,

(ShiI)(t) = χhi(t, 0) · I = I ·
⎧⎨
⎩

1, if 0 ≤ hi(t) ≤ T,
0, if hi(t) < 0.

(3.6)

To illustrate the theorems proved above, we will find the conditions for which the boundary
value problem (3.1) has a solution z(t, ε) that, for ε = 0, turns into one of solutions (1.38)
z0(t, cr) of the generating problem. In contrast to the previous works [7, 9], we consider the
case when the unperturbed boundary-value problem

ż(t) = z(t − τ) + ϕ(t, 0),
z(0) = z(T)

(3.7)

has an n-parametric family of linear-independent solutions of the form(1.38)

z := z0(t, cn) = cn +
(
Gϕ
)
(t), ∀cn ∈ �n . (3.8)

For this purpose, it is necessary and sufficient for the vector function

ϕ(t) = g(t) + ψh0(t) (3.9)
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to satisfy the condition of type (1.37)

∫T
0
H(s)ϕ(s) ds = −

∫T
0
ϕ(s) ds = θn. (3.10)

Then, according to the Theorem 2.1, the constant cn = c0
n ∈ �n must satisfy (2.17), that is, the

equation

F
(
c0
n

)
:=
∫T

0
H(s)Z

(
(Shz0)

(
s, c0

n

)
, s, 0

)
ds = θn, (3.11)

which in our case is a linear algebraic system

B0c
0
n = −

∫T
0
B(s)

(
Sh
(
Gϕ
))
(s)ds, (3.12)

with the n × n matrix B0 in the form

B0 =
∫T

0
H(s)B(s)(ShI)(s)ds

= −
∫T

0

k∑
i=1

Bi(s)(ShiI)(s)ds = −
k∑
i=1

∫T
0
Bi(s)χhi(s, 0)ds.

(3.13)

According to Corollary 2.4, if detB0 /= 0, the problem (3.1) for the case T ≤ τ has a unique
solution z(t, ε) with the properties

z(·, ε) ∈ Dn
p[0, T],

ż(·, ε) ∈ Lnp[0, T],

z(t, ·) ∈ C[0, ε0],

z(t, 0) = z0

(
t, c0

n

)
,

(3.14)

for g ∈ Lp[0, T], ψ(t) ∈ Lp[0, T], and for measurable delays hi that which satisfy the criterion
(3.10) of the existence of a generating solution where

c0
n = −B+

0

∫T
0
B(s)

(
Sh
(
Gϕ
))
(s)ds. (3.15)

A solution z(t, ε) of the boundary value problem (3.1) can be found by the convergent method
of simple iterations (see Theorem 2.3).
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If, for example, hi(t) = t −Δi, where 0 < Δi = const < T , i = 1, . . . , k, then

χhi(t, 0) =

⎧⎨
⎩

1 if 0 ≤ hi(t) = t −Δi ≤ T,
0 if hi(t) = t −Δi < 0,

=

⎧⎨
⎩

1 if Δi ≤ t ≤ T + Δi,

0, if t < Δi.
(3.16)

The n × n matrix B0 can be rewritten in the form

B0 =
∫T

0
H(s)

k∑
i=1

Bi(s)χhi(s, 0)dτ

= −
k∑
i=1

∫T
0
Bi(s)χhi(s, 0)ds = −

k∑
i=1

∫T
Δi

Bi(s)ds,

(3.17)

and the unique solvability condition of the boundary value problem (3.1) takes the form

det

[
k∑
i=1

∫T
Δi

Bi(s)ds

]
/= 0. (3.18)

It is easy to see that if the vector function Z(z(hi(t)), t, ε) is nonlinear in z, for example as
a square, then (3.11) generating the constants will be a square-algebraic system and, in this
case, the boundary value problem (3.1) can have two solutions branching from the point
ε = 0.
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differential systems with a single delay,” Nonlinear Analysis, Theory, Methods and Applications, vol. 72,
no. 5, pp. 2251–2258, 2010.

[7] A. A. Boichuk, J. Diblı́k, D. Y. A. Khusainov, and M. Růžičková, “Boundary value problems for delay
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Some new integral inequalities are given, and bounds of solutions of the following integro-
differential equation are determined: x′(t)−F(t, x(t), ∫ t0 k(t, s, x(t), x(s))ds) = h(t), x(0) = x0, where
h : R+ → R, k : R2

+ × R2 → R, F : R+ × R2 → R are continuous functions, R+ = [0,∞).

1. Introduction

Ou Yang [1] established and applied the following useful nonlinear integral inequality.

Theorem 1.1. Let u and h be nonnegative and continuous functions defined on R+ and let c ≥ 0 be a
constant. Then, the nonlinear integral inequality

u2(t) ≤ c2 + 2
∫ t

0
h(s)u(s)ds, t ∈ R+ (1.1)

implies

u(t) ≤ c +
∫ t

0
h(s)ds, t ∈ R+. (1.2)

This result has been frequently used by authors to obtain global existence, uniqueness,
boundedness, and stability of solutions of various nonlinear integral, differential, and
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2 Abstract and Applied Analysis

integrodifferential equations. On the other hand, Theorem 1.1 has also been extended and
generalized by many authors; see, for example, [2–19]. Like Gronwall-type inequalities,
Theorem 1.1 is also used to obtain a priori bounds to unknown functions. Therefore, integral
inequalities of this type are usually known as Gronwall-Ou Yang type inequalities.

In the last few years there have been a number of papers written on the discrete
inequalities of Gronwall inequality and its nonlinear version to the Bihari type, see [13, 16,
20]. Some applications discrete versions of integral inequalities are given in papers [21–23].

Pachpatte [11, 12, 14–16] and Salem [24] have given some new integral inequalities
of the Gronwall-Ou Yang type involving functions and their derivatives. Lipovan [7] used
the modified Gronwall-Ou Yang inequality with logarithmic factor in the integrand to the
study of wave equation with logarithmic nonlinearity. Engler [5] used a slight variant of the
Haraux’s inequality for determination of global regular solutions of the dynamic antiplane
shear problem in nonlinear viscoelasticity. Dragomir [3] applied his inequality to the stability,
boundedness, and asymptotic behaviour of solutions of nonlinear Volterra integral equations.

In this paper, we present new integral inequalities which come out from above-
mentioned inequalities and extend Pachpatte’s results (see [11, 16]) especially. Obtained
results are applied to certain classes of integrodifferential equations.

2. Integral Inequalities

Lemma 2.1. Let u, f , and g be nonnegative continuous functions defined on R+. If the inequality

u(t) ≤ u0 +
∫ t

0
f(s)

(
u(s) +

∫s

0
g(τ)(u(s) + u(τ))dτ

)
ds (2.1)

holds where u0 is a nonnegative constant, t ∈ R+, then

u(t) ≤ u0

[
1 +

∫ t

0
f(s) exp

(∫s

0

(
2g(τ) + f(τ)

(
1 +

∫ τ

0
g(σ)dσ

))
dτ

)
ds

]
(2.2)

for t ∈ R+.

Proof. Define a function v(t) by the right-hand side of (2.1)

v(t) = u0 +
∫ t

0
f(s)

(
u(s) +

∫s

0
g(τ)(u(s) + u(τ))dτ

)
ds. (2.3)

Then, v(0) = u0, u(t) ≤ v(t) and

v′(t) = f(t)u(t) + f(t)
∫ t

0
g(s)(u(t) + u(s))ds

≤ f(t)v(t) + f(t)
∫ t

0
g(s)(v(t) + v(s))ds.

(2.4)
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Define a function m(t) by

m(t) = v(t) +
∫ t

0
g(s)v(s)ds + v(t)

∫ t

0
g(s)ds, (2.5)

then m(0) = v(0) = u0, v(t) ≤ m(t),

v′(t) ≤ f(t)m(t), (2.6)

m′(t) = 2g(t)v(t) + v′(t)

(
1 +

∫ t

0
g(s)ds

)

≤ m(t)

[
2g(t) + f(t)

(
1 +

∫ t

0
g(s)ds

)]
.

(2.7)

Integrating (2.7) from 0 to t, we have

m(t) ≤ u0 exp

(∫ t

0

(
2g(s) + f(s)

(
1 +

∫ s

0
g(σ)dσ

))
ds

)
. (2.8)

Using (2.8) in (2.6), we obtain

v′(t) ≤ u0f(t) exp

(∫ t

0

(
2g(s) + f(s)

(
1 +

∫s

0
g(σ)dσ

))
ds

)
. (2.9)

Integrating from 0 to t and using u(t) ≤ v(t), we get inequality (2.2). The proof is complete.

Lemma 2.2. Let u, f , and g be nonnegative continuous functions defined on R+, w(t) be a positive
nondecreasing continuous function defined on R+. If the inequality

u(t) ≤ w(t) +
∫ t

0
f(s)

(
u(s) +

∫s

0
g(τ)(u(s) + u(τ))dτ

)
ds, (2.10)

holds, where u0 is a nonnegative constant, t ∈ R+, then

u(t) ≤ w(t)

[
1 +

∫ t

0
f(s) exp

(∫ s

0

(
2g(τ) + f(τ)

(
1 +

∫ τ

0
g(σ)dσ

))
dτ

)
ds

]
, (2.11)

where t ∈ R+.
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Proof. Since the function w(t) is positive and nondecreasing, we obtain from (2.10)

u(t)
w(t)

≤ 1 +
∫ t

0
f(s)

(
u(s)
w(s)

+
∫s

0
g(τ)

(
u(s)
w(s)

+
u(τ)
w(τ)

)
dτ

)
ds. (2.12)

Applying Lemma 2.1 to inequality (2.12), we obtain desired inequality (2.11).

Lemma 2.3. Let u, f , g, and h be nonnegative continuous functions defined on R+, and let c be a
nonnegative constant.

If the inequality

u2(t) ≤ c2 + 2

[∫ t

0
f(s)u(s)

(
u(s) +

∫s

0
g(τ)(u(τ) + u(s))dτ

)
+ h(s)u(s)

]
ds (2.13)

holds for t ∈ R+, then

u(t) ≤ p(t)
[

1 +
∫ t

0
f(s) exp

(∫s

0

(
2g(τ) + f(τ)

(
1 +

∫ τ

0
g(σ)dσ

))
dτ

)
ds

]
, (2.14)

where

p(t) = c +
∫ t

0
h(s)ds. (2.15)

Proof. Define a function z(t) by the right-hand side of (2.13)

z(t) = c2 + 2

[∫ t

0
f(s)u(s)

(
u(s) +

∫s

0
g(τ)(u(τ) + u(s))dτ

)
+ h(s)u(s)

]
ds. (2.16)

Then z(0) = c2, u(t) ≤
√
z(t) and

z′(t) = 2

[
f(t)u(t)

(
u(t) +

∫ t

0
g(s)(u(t) + u(s))ds

)
+ h(t)u(t)

]

≤ 2
√
z(t)

[
f(t)

(√
z(t) +

∫ t

0
g(s)

(√
z(t) +

√
z(s)

)
ds

)
+ h(t)

]
.

(2.17)

Differentiating
√
z(t) and using (2.17), we get

d

dt

(√
z(t)

)
=

z′(t)

2
√
z(t)

≤ f(t)
(√

z(t) +
∫ t

0
g(s)

(√
z(t) +

√
z(s)

)
ds

)
+ h(t).

(2.18)
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Integrating inequality (2.18) from 0 to t, we have

√
z(t) ≤ p(t) +

∫ t

0
f(s)

(√
z(s) +

∫ s

0
g(τ)

(√
z(s) +

√
z(τ)

)
dτ

)
ds, (2.19)

where p(t) is defined by (2.15), p(t) is positive and nondecreasing for t ∈ R+. Now, applying
Lemma 2.2 to inequality (2.19), we get

√
z(t) ≤ p(t)

[
1 +

∫ t

0
f(s) exp

(∫ s

0

(
2g(τ) + f(τ)

(
1 +

∫ τ

0
g(σ)dσ

))
dτ

)
ds

]
. (2.20)

Using (2.20) and the fact that u(t) ≤
√
z(t), we obtain desired inequality (2.14).

3. Application of Integral Inequalities

Consider the following initial value problem

x′(t) − F
(
t, x(t),

∫ t

0
k(t, s, x(t), x(s))ds

)
= h(t), x(0) = x0, (3.1)

where h : R+ → R, k : R2
+ × R2 → R, F : R+ × R2 → R are continuous functions. We assume

that a solution x(t) of (3.1) exists on R+.

Theorem 3.1. Suppose that

|k(t, s, u1, u2)| ≤ f(t)g(s)(|u1| + |u2|) for (t, s, u1, u2) ∈ R2
+ × R2,

|F(t, u1, v1)| ≤ f(t)|u1| + |v1| for (t, u1, v1) ∈ R+ × R2,
(3.2)

where f , g are nonnegative continuous functions defined on R+. Then, for the solution x(t) of (3.1)
the inequality

|x(t)| ≤ r(t)
[

1 +
∫ t

0
f(s) exp

(∫s

0

(
2g(τ) + f(τ)

(
1 +

∫ τ

0
g(σ)dσ

))
dτ

)
ds

]
,

r(t) = |x0| +
∫ t

0
|h(t)|dt

(3.3)

holds on R+.

Proof. Multiplying both sides of (3.1) by x(t) and integrating from 0 to t we obtain

x2(t) = x2
0 + 2

∫ t

0

[
x(s)F

(
s, x(s),

∫s

0
k(s, τ, x(s), x(τ))dτ

)
+ x(s)h(s)

]
ds. (3.4)
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From (3.2) and (3.4), we get

|x(t)|2 ≤ |x0|2 + 2
∫ t

0

[
f(s)|x(s)| ×

(
|x(s)| +

∫ s

0
g(τ)(|x(s)| + |x(τ)|)dτ

)
+ |h(s)||x(s)|

]
ds.

(3.5)

Using inequality (2.14) in Lemma 2.3, we have

|x(t)| ≤ r(t)
[

1 +
∫ t

0
f(s) exp

(∫s

0

(
2g(τ) + f(τ)

(
1 +

∫ τ

0
g(σ)dσ

))
dτ

)
ds

]
, (3.6)

where

r(t) = |x0| +
∫ t

0
|h(t)|dt, (3.7)

which is the desired inequality (3.3).

Remark 3.2. It is obvious that inequality (3.3) gives the bound of the solution x(t) of (3.1) in
terms of the known functions.
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In the first part of this paper sufficient conditions for nonuniqueness of the classical Cauchy
problem ẋ = f(t, x), x(t0) = x0 are given. As the essential tool serves a method which estimates the
“distance” between two solutions with an appropriate Lyapunov function and permits to show
that under certain conditions the “distance” between two different solutions vanishes at the initial
point. In the second part attention is paid to conditions that are obtained by a formal inversion
of uniqueness theorems of Kamke-type but cannot guarantee nonuniqueness because they are
incompatible.

1. Introduction

Consider the initial value problem

ẋ = f(t, x), x(t0) = x0, (1.1)

where t0 ∈ R, t ∈ J := [t0, t0 + a] with a > 0, x, x0 ∈ R
n and f : J × R

n → R
n.

In the first part (Section 2) we give sufficient conditions for nonuniqueness of the
classical n-dimensional Cauchy problem (1.1). As the essential tool serves a method which
estimates the “distance” between two solutions with an appropriate Lyapunov function and
permits to show that under certain conditions the “distance” between two different solutions
vanishes at the initial point. In the second part (Section 3) we analyze for the one-dimensional
case a set of conditions that takes its origin in an inversion of the uniqueness theorem by
Kamke (see, e.g., [1, page 56]) but cannot guarantee nonuniqueness since it contains an
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2 Abstract and Applied Analysis

inner contradiction. Several attempts were made to get nonuniqueness criteria by using
conditions that are (in a certain sense) reverse uniqueness conditions of Kamke type. But
this inversion process has to be handled very carefully. It can yield incompatible conditions.
This is illustrated by a general set of conditions (in Theorems 3.2, 3.5 and 3.6) that would
ensure nonuniqueness, but unfortunately they are inconsistent.

In this paper we study Cauchy problems where f is continuous at the initial point.
Related results can be found in [1–5]. In literature there are several investigations for the
discontinuous case [1, 6–13] with different qualitative behaviour.

2. Main Result

In the following let R+ := [0,∞), b > 0, ρ > 0 and

Snρ(x0) :=
{
x ∈ R

n : ‖x − x0‖ < ρ
}
, (2.1)

where ‖ · ‖means the Euclidean norm.

Definition 2.1. We say that the initial value problem (1.1) has at least two different solutions
on the interval J if there exist solutions ϕ(t), ψ(t) defined on J and ϕ/≡ψ.

The following notions are used in our paper (see, e.g., [14, pages 136 and 137]).

Definition 2.2. A function ϕ : [0, ρ) → R+ is said to belong to the classKρ if it is continuous,
strictly increasing on [0, ρ) and ϕ(0) = 0.

Definition 2.3. A function V : J × Snρ(0) → R+ with V (t, 0) ≡ 0 is said to be positive definite if
there exists a function ϕ ∈ Kρ such that the relation

V (t, x) ≥ ϕ(‖x‖) (2.2)

is satisfied for (t, x) ∈ J × Snρ(0).

For the convenience of the reader we recall the definition of a uniformly Lipschitzian
function with respect to a given variable.

Definition 2.4. A function V (t, · ) : Snρ(0) → R+ is said to be Lipschitzian uniformly with
respect to t ∈ J if for arbitrarily given x∗ ∈ Snρ(0) there exists a constant k = k(x∗) such that

∥∥V (t, x∗1) − V (t, x∗2)∥∥ ≤ k∥∥x∗1 − x∗2∥∥ (2.3)

holds for every t ∈ J and for every x∗1, x∗2 within a small neighbourhood of x∗ in Snρ(0).

In [1, 15, 16] generalized derivatives of a Lipschitzian function along solutions of
an associated differential system are analyzed. A slight modification of Theorem 4.3 [15,
Appendix I] is the following lemma.
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Lemma 2.5. Let V : J × Snρ(0) → R+ be continuous and let V (t, · ) : Snρ(0) → R+ be Lipschitzian
uniformly with respect to t ∈ J . Let x1, x2 : J → Snρ(0) be any two solutions of

ẋ = f(t, x), (2.4)

where f : J ×R
n → R

n is a continuous function. Then for the upper right Dini derivative the equality

D+V (t, x2(t) − x1(t))

:= lim sup
h→ 0+

1
h
[V (t + h, x2(t + h) − x1(t + h)) − V (t, x2(t) − x1(t))]

= lim sup
h→ 0+

1
h

[
V
(
t + h, x2(t) − x1(t) + h

(
f(t, x2(t)) − f(t, x1(t))

)) − V (t, x2(t) − x1(t))
]
(2.5)

holds.

In the proof of Theorem 2.8 we require the following lemmas which are slight
adaptations of Theorem 1.4.1 [14, page 15] and Theorem 1.3.1 [1, page 10] for the left side
of the initial point.

Lemma 2.6. Let E be an open (t, u)-set in R
2, let g : E → R be a continuous function, and let u be

the unique solution of

u̇ = g(t, u), u(t2) = u2, (2.6)

to the left with t2 > t0, (t2, u2) ∈ E. Further, we assume that the scalar continuous function m :
(t0, t2] → R with (t,m(t)) ∈ E satisfiesm(t2) ≤ u(t2) and

D+m(t) ≥ g(t,m(t)), t0 < t ≤ t2. (2.7)

Then

m(t) ≤ u(t) (2.8)

holds as far as the solution u exists left of t2 in (t0, t2].

Lemma 2.7. Let S := {(t, x) : t0 − a ≤ t ≤ t0, |x − x0| ≤ b} and f : S → R be continuous and
nondecreasing in x for each fixed t in [t0 − a, t0]. Then, the initial value problem (1.1) has at most one
solution in [t0 − a, t0].

Theorem 2.8 (main result). Suppose that

(i) f : J × Sn
b
(x0) → R

n is a continuous function such that

M := sup
{∥∥f(t, x)∥∥ : t ∈ J, x ∈ Snb(x0)

}
<
b

a
. (2.9)
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4 Abstract and Applied Analysis

Let x1 be a solution of problem (1.1) on J . Let, moreover, there exist numbers t1 ∈ (t0, t0+a],
r ∈ (0, 2b) and continuous functions g : (t0, t1] × R+ → R, V : [t0, t1] × Snr (0) → R+

such that

(ii) g is nondecreasing in the second variable, and the problem

u̇ = g(t, u), lim
t→ t0+

u(t) = 0 (2.10)

has a positive solution u∗ on (t0, t1];

(iii) V is positive definite and V (t, ·) : Snr (0) → R+ is Lipschitzian uniformly with respect to
t ∈ J ;

(iv) for t0 < t ≤ t1, ‖y − x1(t)‖ < r, the inequality

V̇
(
t, y − x1(t)

) ≥ g(t, V (t, y − x1(t)
))

(2.11)

holds where

V̇
(
t, y − x1(t)

)

:= lim sup
h→ 0+

1
h

[
V
(
t + h, y − x1(t) + h

[
f
(
t, y
) − f(t, x1(t))

]) − V (t, y − x1(t)
)]
.

(2.12)

Then the set of different solutions of problem (1.1) on interval J has the cardinality of the
continuum.

Remark 2.9. If condition (i) is fulfilled then, as it is well known, problem (1.1) is globally
solvable and every global solution admits the estimate

‖x(t) − x0‖ ≤M(t − t0), t ∈ J. (2.13)

Moreover, for any local solution x∗ of problem (1.1), defined on some interval [t0, t1] ⊂ J ,
there exists a global solution x of that problem such that x(t) = x∗(t) for t ∈ [t0, t1].

Remark 2.10. For the case M = 0 the initial value problem is unique and the assumptions of
Theorem 2.8 cannot be satisfied. Therefore, without loss of generality, we assume M > 0 in
the proof below.

Proof. At first we show that (1.1) has at least two different solutions on [t0, t∗1], where t∗1 ≤ t1,
t∗1 ≤ t0 + min{a, b/(3M)} is sufficiently close to t0. We construct a further solution of (1.1) by
finding a point (t2, x2) not lying on the solution x1(t) and starting from this point backwards
to the initial point (t0, x0).

First we show that there exist values t2 and x2, t0 < t2 ≤ t∗1, ‖x2 − x0‖ ≤ 2b/3 such that

u∗(t2) = V (t2, x2 − x1(t2)) (2.14)
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holds for the nontrivial solution u∗(t) of u̇ = g(t, u). From Lemma 2.7 it follows that u∗(t) is
determined uniquely to the left by the initial data (t2, u∗(t2)). We consider the ε-tubes

S(ε) :=
{
(t, x) : t0 ≤ t ≤ t∗1, ‖x − x1(t)‖ = ε

}
(2.15)

for ε > 0 around the solution x1(t). There exists ε1 > 0 such that S(ε) with 0 < ε ≤ ε1 < r is
contained in the set

{
(t, x) : t0 ≤ t ≤ t∗1, ‖x − x0‖ ≤ 2b

3

}
. (2.16)

For 0 ≤ δ ≤ ε1, t ∈ [t0, t∗1] we define

Ψ(δ, t) := max
‖x−x1(t)‖=δ

V (t, x − x1(t)),

Ψ(δ) := max
t∈[t0,t∗1]

Ψ(δ, t) ≡ max
(t,x)∈S(δ)

V (t, x − x1(t)).
(2.17)

The function Ψ(δ, t) is continuous in t for t0 ≤ t ≤ t∗1. Since limδ→ 0Ψ(δ) = 0, there exists a δ2,
0 < δ2 ≤ min{ε1, b/3}, such that Ψ(δ2) ≤ u∗(t∗1). It is clear that inequalities

Ψ
(
δ2, t

∗
1

) ≤ Ψ(δ2) ≤ u∗
(
t∗1
)

(2.18)

and (due to positive definiteness of V )

Ψ(δ2, t0) > 0 = lim
t→ t0+

u∗(t) (2.19)

hold. We define a function

ω(t) := Ψ(δ2, t) − u∗(t), (2.20)

continuous on [t0, t∗1]. Taking into account inequalities ω(t0) > 0 and ω(t∗1) ≤ 0 we conclude
that there exists t2, t0 < t2 ≤ t∗1, with

Ψ(δ2, t2) = u∗(t2). (2.21)

The value Ψ(δ2, t2) is taken by V (t2, x − x1(t2)) at a point x = x2 such that ‖x2 − x1(t2)‖ = δ2

and clearly (in view of the construction) x2 /=x1(t2). The above statement is proved and (2.14)
is valid for (t2, x2) determined above.

Now consider the initial value problem

ẋ = f(t, x), x(t2) = x2. (2.22)
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Obviously t2 − t0 ≤ b/(3M) since

0 < t2 − t0 ≤ t∗1 − t0 ≤ min
{
a,

b

3M

}
≤ b

3M
(2.23)

and ‖x2 − x0‖ ≤ 2b/3 because

‖x2 − x0‖ = ‖x2 − x1(t2) + x1(t2) − x0‖

≤ ‖x2 − x1(t2)‖ + ‖x1(t2) − x0‖ = δ2 +

∥∥∥∥∥
∫ t2
t0

f(s, x1(s))ds

∥∥∥∥∥

≤ δ2 +M(t2 − t0) ≤ δ2 +M
b

3M
= δ2 +

b

3
≤ 2b

3
.

(2.24)

Peano’s theorem implies that there exists a solution x2(t) of problem (2.22) on t0 ≤ t ≤ t2. We
will show that x2(t0) = x0. Set

m(t) := V (t, x2(t) − x1(t)). (2.25)

Note that m(t2) = u∗(t2). Lemma 2.5 and condition (iv) imply

D+m(t) := lim sup
h→ 0+

m(t + h) −m(t)
h

= D+V (t, x2(t) − x1(t))

= V̇ (t, x2(t) − x1(t)) ≥ g(t, V (t, x2(t) − x1(t))) = g(t,m(t))

(2.26)

for t0 < t ≤ t2.
Applying Lemma 2.6 we get m(t) ≤ u∗(t) for t0 < t ≤ t2. As m(t) ≥ 0 for t0 < t ≤ t2 and

m is continuous at t0, we find m(t0) = 0. Therefore we have x2(t0) = x1(t0) = x0 and, as noted
above, x2(t2) = x2 /=x1(t2). Thus problem (1.1) has two different solutions.

According to the well-known Kneser theorem [17, Theorem 4.1, page 15] the set
of solutions of problem (1.1) either consists of one element or has the cardinality of the
continuum. Consequently, if problem (1.1) has two different solutions on interval [t0, t∗1] and
condition (i) is satisfied, then the set of different solutions of problem (1.1) on interval J has
the cardinality of the continuum. The proof is completed.

Remark 2.11. Note that in the scalar case with V (t, x) := |x| condition (2.11) has the form

(
f
(
t, y
) − f(t, x1(t))

) · sign
(
y − x1(t)

) ≥ g(t, ∣∣y − x1(t)
∣∣). (2.27)

IEEE eXpress Sample eBook, page 163



Abstract and Applied Analysis 7

Example 2.12. Consider for a = 0.1, b = 1, t0 = 0 and x0 = 0 the scalar differential equation

ẋ = f(t, x) :=

⎧⎪⎨
⎪⎩

2x1/3 − 1
2
· t1/2 · sin

|x|
t

if t /= 0,

2x1/3 if t = 0,
(2.28)

with the initial condition x(0) = 0. Let us show that the set of different solutions of this
problem on interval J has the cardinality of R. Obviously we can set x1(t) ≡ 0. Put

g(t, u) := 2u1/3 − 1
2
· t1/2, u∗(t) := t3/2, V (t, x) := |x|. (2.29)

Conditions (i), (ii), and (iii) are satisfied. Let us verify that the last condition (iv) is valid, too.
We get

V̇
(
t, y − x1(t)

)
= V̇
(
t, y
)
=
(
sign y

) ·
[

2y1/3 − 1
2
· t1/2 · sin

∣∣y∣∣
t

]

≥ 2
∣∣y∣∣1/3 − 1

2
· t1/2 = 2V

(
t, y
)1/3 − 1

2
· t1/2 = g

(
t, V
(
t, y
))

= g
(
t, V
(
t, y − x1(t)

))
.

(2.30)

Thus, all conditions of Theorem 2.8 hold and, consequently, the set of different solutions on J
of given problem has the cardinality of R.

3. Incompatible Conditions

In this section we show that the formulation of condition (iv) in Theorem 2.8 without
knowledge of a solution of the Cauchy problem can lead to an incompatible set of conditions.
In the proof of Theorem 3.2 for the one-dimensional case we use the following result given
by Nekvinda [18, page 1].

Lemma 3.1. Let D ⊂ R
2 and let f : D → R be a continuous function in D. Let equation

ẋ = f(t, x) (3.1)

has the property of left uniqueness. For any t0 ∈ R let A be the set of all x0 ∈ R such that (t0, x0) ∈ D
and, for some ε > 0, the initial-value problem (1.1) has more than one solution in the interval [t0, t0+ε).
Then A is at most countable.

Theorem 3.2. The set of conditions (i)–(iv):

(i) f : R0 → R with R0 := {(t, x) ∈ J × R, |x − x0| ≤ b} is continuous;

IEEE eXpress Sample eBook, page 164



8 Abstract and Applied Analysis

(ii) g : (t0, t0 + a] × (0,∞) → R+ is continuous, nondecreasing in the second variable, and
has the following property: there exists a continuous function u∗(t) on J , which satisfies the
differential equation

u̇(t) = g(t, u) (3.2)

for t0 < t ≤ t0 + a with u∗(t0) = 0 and does not vanish for t /= t0;

(iii) V : J × S1
2b(0) → R+ is continuous, positive definite, and Lipschitzian uniformly with

respect to t ∈ J ;
(iv) for t0 < t ≤ t0 + a, |x − x0| ≤ b, |y − x0| ≤ b, x /=y,

V̇
(
t, x − y) ≥ g(t, V (t, x − y)), (3.3)

where we define

V̇
(
t, x − y) := lim sup

h→ 0+

1
h

[
V
(
t + h, x − y + h

[
f(t, x) − f(t, y)]) − V (t, x − y)] (3.4)

contains a contradiction.

Proof. Any initial value problem

ẋ = f(t, x), x(t0) = x∗ (3.5)

with |x∗ − x0| ≤ b has at least two different solutions due to Theorem 2.8. Thus we have an
uncountable set of nonuniqueness points. We show that solutions passing through different
initial points are left unique. Suppose that it does not hold. Let x1(t) be a solution starting
from (t0, x1), and let x2(t) be a solution starting from (t0, x2) with x2 /=x1. If we assume that
these solutions cross at a point t1 > t0 and if we set

m(t) := V (t, x1(t) − x2(t)) (3.6)

then m(t0) > 0, m(t1) = 0. Therefore there exists a point t ∈ (t0, t1) such that (we apply
Lemma 2.5)

D+m(t) = D+V (t, x1(t) − x2(t)) = V̇ (t, x1(t) − x2(t)) < 0, (3.7)

in contradiction to (3.3). Thus we obtain left uniqueness. From Lemma 3.1 we conclude in
contrast to the above conclusion that the set of nonuniqueness points (t0, x∗) can be at most
countable.

In [1, Theorem 1.24.1, page 99] the following nonuniqueness result (see [14, Theorem 2.2.7,
page 55], too) is given which uses an inverse Kamke’s condition (condition (3.9) below).
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Theorem 3.3. Let g(t, u) be continuous on 0 < t ≤ a, 0 ≤ u ≤ 2b, g(t, 0) ≡ 0, and g(t, u) > 0 for
u > 0. Suppose that, for each t1, 0 < t1 < a, u(t)/≡ 0 is a differentiable function on 0 < t < t1, and
continuous on 0 ≤ t < t1 for which u̇+(0) exists,

u̇ = g(t, u), 0 < t < t1,

u(0) = u̇+(0) = 0.
(3.8)

Let f ∈ C[R0,R], where R0 : 0 ≤ t ≤ a, |x| ≤ b, and, for (t, x), (t, y) ∈ R0, t /= 0,

∣∣f(t, x) − f(t, y)∣∣ ≥ g(t, ∣∣x − y∣∣). (3.9)

Then, the scalar problem ẋ = f(t, x), x(0) = 0 has at least two solutions on 0 ≤ t ≤ a.

Remark 3.4. In the proof of Theorem 3.3 at first f(t, 0) = 0 is assumed. Putting y = 0 in (3.9)
leads to the inequality

∣∣f(t, x)∣∣ ≥ g(t, |x|). (3.10)

As f(t, x) is continuous and g(t, u) > 0 for u > 0 it follows that f(t, x) must have constant
sign for each of the half planes x > 0 and x < 0. For the upper half plane this implies that

f(t, x) ≥ g(t, x),
f(t, x) ≤ −g(t, x).

(3.11)

For the first inequality nonuniqueness is shown in [1]. But a similar argumentation cannot be
used for the second inequality as the following example in [5] shows. We consider the initial
value problem ẋ = f(t, x), x(0) = 0, with

f(t, x) =

⎧⎨
⎩
−√x if x ≥ 0
√−x if x < 0

(3.12)

and g(t, u) :=
√
u. Thus inequality |f(t, x)| =

√
|x| ≥ g(t, |x|) holds. In the upper half-plane

we have f(t, x) ≤ −g(t, x). The function u(t) = t2/4 is a nontrivial solution of the comparison
equation. Therefore all assumptions are fulfilled, but the initial value problem has at most
one solution because of Theorem 1.3.1 [1, page 10].

The next theorem analyzes in the scalar case (for (t0, x0) = (0, 0)) that even fulfilling
a rather general condition (see condition (3.14) in the following theorem) cannot ensure
nonuniqueness since the set of all conditions contains an inner contradiction. The proof was
motivated by the paper [5].

IEEE eXpress Sample eBook, page 166
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Theorem 3.5. There exists no system of three functions f , g, and V satisfying the following
suppositions:

(i) f : R0 → R with R0 := {(t, x) ∈ R × R, 0 ≤ t ≤ a, 0 ≤ x ≤ b} is a continuous function;
(ii) the continuous function g : (0, a] × R+ → R+, g(t, 0) := 0 if t ∈ (0, a], has the following

property: there exists a continuously differentiable function u∗(t) on 0 ≤ t ≤ a, satisfying
the differential equation

u̇ = g(t, u) (3.13)

for 0 < t ≤ a such that u∗(0) = 0 and u∗(t) > 0 for t /= 0;

(iii) the continuous function V : [0, a] × S1
b
(0) → R+ is positive definite, and for all 0 < t ≤ a,

0 < x < b continuously differentiable;

(iv) for 0 < t ≤ a, 0 < y < x ≤ b,

V̇
(
t, x − y) ≥ g(t, V (t, x − y)) ≥ 0, (3.14)

where we define

V̇
(
t, x − y) := V ′1

(
t, x − y) + V ′2(t, x − y) · [f(t, x) − f(t, y)] (3.15)

and subscript indices denote the derivative with respect to the first and second argument,
respectively;

(v) there exist a positive constant ϑ and a function ξ : (0, b] → (0,∞) such that for 0 < t ≤ a
and 0 < x ≤ b

0 ≤ V ′1(t, x) ≤ ϑ · ξ(x), 0 < V ′2(t, x) ≤ ϑ ·
ξ(x)
x

,

V (t, x) ≥ ξ(x);
(3.16)

(vi) for t ∈ [0, a] and x, y with 0 < y < x ≤ b the inequality

f(t, x) − f(t, y) ≥ 0 (3.17)

holds.

Proof. Let us show that the above properties are not compatible. For fixed numbers x, y with
0 < y < x ≤ b consider the auxiliary function

F(t) :=
f(t, x) − f(t, y)

x − y + 1, t ∈ [0, a] . (3.18)
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Clearly, F is continuous and assumes a (positive) maximum. Set

K = max
[0,a]

F(t) ≥ 1. (3.19)

If the function g fulfills the inequality

g(t, u) ≤ Λ · u (3.20)

with a positive constant Λ in a domain 0 < t ≤ A ≤ a, 0 ≤ u ≤ B, B > 0, then the initial value
problem

u̇ = g(t, u), u(0) = 0 (3.21)

has the unique trivial solution u = 0. Really, since u∗(t) > 0 for t ∈ (0, a], by integrating
inequality

u̇∗(t)
u∗(t)

≤ Λ (3.22)

with limits t, A∗ ∈ (0, A) we get

u∗(A∗) ≤ u∗(t) exp[Λ(A∗ − t)] (3.23)

and for t → 0+

u∗(A∗) ≤ 0 (3.24)

which contradicts positivity of u∗. Therefore problem (3.21) has only the trivial solution.
Hence, there exist a sequence {(tn, un)} with tn ∈ (0, a], un > 0, limn→∞(tn, un) = (0, 0) and a
sequence {λn}, λn > 0, with limn→∞λn =∞ such that the inequality

g(tn, un) > λnun (3.25)

holds for every n. Consider now the relation

V (t, x) = 0. (3.26)

Due to the properties of V we conclude that for all sufficiently small positive numbers tn, un
(i.e., for all sufficiently large n) there exists a (sufficiently small and positive) number ũn such
that the equation

V (tn, x) = un (3.27)
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12 Abstract and Applied Analysis

has the solution x = ũn. Thus a sequence {ũn} with ũn > 0 and limn→∞ũn = 0 corresponds to
the sequence {(tn, un)}. For every n define a number jn as

jn =
⌈
x − y
ũn

− 1
⌉
, (3.28)

where ·� is the ceiling function. Without loss of generality we can suppose that

x − y
ũn

> 4. (3.29)

Obviously,

x − y
ũn

− 1 ≤ jn <
x − y
ũn

. (3.30)

Moreover, without loss of generality we can suppose that for every sufficiently large n the
inequality

λn > 2ϑK (3.31)

holds. Set

x0 := y,

x1 := y + ũn,

x2 := y + 2ũn,

...

xjn := y + jn · ũn,
xjn+1 := x.

(3.32)

Consider for all sufficiently large n the expression

En := jnV ′1(tn, ũn) + V
′
2(tn, ũn) ·

[
f(tn, x) − f

(
tn, y

)]
. (3.33)
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Then

En = jnV ′1(tn, ũn) + V
′
2(tn, ũn) ·

jn+1∑
i=1

[
f(tn, xi) − f(tn, xi−1)

]

= jnV ′1(tn, ũn) + V
′
2(tn, ũn) ·

jn∑
i=1

[
f(tn, xi) − f(tn, xi−1)

]
+
[
f(tn, x) − f

(
tn, xjn

)]

≥ [due to (vi)] ≥ jnV ′1(tn, ũn) + V ′2(tn, ũn) ·
jn∑
i=1

[
f(tn, xi) − f(tn, xi−1)

]

= [due to (iv) and (v)] = jnV ′1(tn, ũn) + V
′
2(tn, ũn) · jn

[−V ′1(tn, ũn) + V̇ (tn, ũn)
V ′2(tn, ũn)

]

≥ [due to (iv)]

≥ jnV ′1(tn, ũn) + V ′2(tn, ũn) · jn
[−V ′1(tn, ũn) + g(tn, V (tn, ũn))

V ′2(tn, ũn)

]

= jn · g(tn, V (tn, ũn)) = [due to (3.27)] = jn · g(tn, un) ≥ [due to (3.25)]

≥ jnλnun ≥ [due to (3.31)] ≥ jnun · 2ϑK ≥ [due to (3.30)]

≥
(
x − y
ũn

− 1
)
un · 2ϑK

=
(
x − y
ũn

− 1
)
V (tn, ũn) · 2ϑK

≥ [due to (3.16) ] ≥
(
x − y
ũn

− 1
)
ξ(ũn) · 2ϑK

=
(
x − y − ũn

) · ξ(ũn)
ũn

· 2ϑK

≥ [due to (3.29)] ≥ 3
4
· (x − y) · 2ϑK · ξ(ũn)

ũn

=
3
2
· (x − y) · ϑK · ξ(ũn)

ũn
> 0.

(3.34)

Estimating the expression En from above we get (see (3.32))

En ≤
x − y
ũn

V ′1(tn, ũn) + V
′
2(tn, ũn) ·

[
f(tn, x) − f

(
tn, y

)]

≤ [due to (v)]

≤ x − y
ũn

· ϑ · ξ(ũn) + ϑ · ξ(ũn)
ũn

· (K − 1)
(
x − y) = ϑ · ξ(ũn)

ũn
·K(x − y).

(3.35)
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These two above estimations yield

0 <
3
2
· (x − y) · ϑK · ξ(ũn)

ũn
≤ En ≤

(
x − y) · ϑK · ξ(ũn)

ũn
, (3.36)

in contrast to (3/2) � 1. Since the initially taken points x and y, 0 < y < x, can be chosen
arbitrarily close to zero, the theorem is proved.

The following result is a consequence of Theorem 3.5 if V (t, x) := |x|, ξ(x) := x and ϑ = 1.
Condition (3.38) below was discussed previously in [5].

Theorem 3.6. There exists no system of two functions f and g satisfying the following suppositions:

(i) f : R0 → R with R0 := {(t, x) ∈ R × R, 0 ≤ t ≤ a, 0 ≤ x ≤ b} is a continuous function;
(ii) the continuous function g : (0, a] × R+ → R+, g(t, 0) := 0 if t ∈ (0, a], has the following

property: there exists a continuously differentiable function u∗(t) on 0 ≤ t ≤ a, satisfying
the differential equation

u̇(t) = g(t, u) (3.37)

for 0 < t ≤ a such that u∗(0) = 0 and u∗(t) > 0 for t /= 0;

(iii) for 0 < t ≤ a, 0 < y < x ≤ b

f(t, x) − f(t, y) ≥ g(t, x − y) ≥ 0; (3.38)

(iv) for 0 < y < x ≤ b the inequality f(0, x) − f(0, y) ≥ 0 holds.

Remark 3.7. Let us note that in the singular case, that is, when we permit that the function
f(t, x) is not continuous at t = 0, the given sets of conditions in Theorems 3.5 and 3.6 can
be compatible. This can be seen from the proof where the continuity of f is substantial. Such
singular case was considered in [13].
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We study oscillation properties of 2n-order Sturm-Liouville difference equations. For these
equations, we show a conjugacy criterion using the p-criticality (the existence of linear dependent
recessive solutions at ∞ and −∞). We also show the equivalent condition of p-criticality for one
term 2n-order equations.

1. Introduction

In this paper, we deal with 2n-order Sturm-Liouville difference equations and operators

L
(
y
)
k =

n∑
ν=0

(−Δ)ν
(
r
[ν]
k

Δνyk+n−ν
)
= 0, r

[n]
k

> 0, k ∈ Z, (1.1)

where Δ is the forward difference operator, that is, Δyk = yk+1 − yk, and r[ν], ν = 0, . . . , n, are
real-valued sequences. The main result is the conjugacy criterion which we formulate for the
equation L(y)k + qkyk+n = 0, that is viewed as a perturbation of (1.1), and we suppose that
(1.1) is at least p-critical for some p ∈ {1, . . . , n}. The concept of p-criticality (a disconjugate
equation is said to be p-critical if and only if it possesses p solutions that are recessive both
at∞ and −∞, see Section 3) was introduced for second-order difference equations in [1], and
later in [2] for (1.1). For the continuous counterpart of the used techniques, see [3–5] from
where we get an inspiration for our research.

The paper is organized as follows. In Section 2, we recall necessary preliminaries.
In Section 3, we recall the concept of p-criticality, as introduced in [2], and show the first
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2 Abstract and Applied Analysis

result—the equivalent condition of p-criticality for the one term difference equation

Δn(rkΔnyk
)
= 0 (1.2)

(Theorem 3.4). In Section 4 we show the conjugacy criterion for equation

(−Δ)n
(
rkΔnyk

)
+ qkyk+n = 0, (1.3)

and Section 5 is devoted to the generalization of this criterion to the equation with the middle
terms

n∑
ν=0

(−Δ)ν
(
r
[ν]
k Δνyk+n−ν

)
+ qkyk+n = 0. (1.4)

2. Preliminaries

The proof of our main result is based on equivalency of (1.1) and the linear Hamiltonian
difference systems

Δxk = Axk+1 + Bkuk, Δuk = Ckxk+1 −ATuk, (2.1)

where A,Bk, and Ck are n×n matrices of which Bk and Ck are symmetric. Therefore, we start
this section recalling the properties of (2.1), which we will need later. For more details, see
the papers [6–11] and the books [12, 13].

The substitution

x
[y]
k

=

⎛
⎜⎜⎜⎜⎜⎜⎝

yk+n−1

Δyk+n−2

...

Δn−1yk

⎞
⎟⎟⎟⎟⎟⎟⎠
, u

[y]
k

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n∑
ν=1

(−Δ)ν−1
(
r
[ν]
k Δνyk+n−ν

)

...

−Δ
(
r
[n]
k

Δnyk
)
+ r[n−1]

k
Δn−1yk+1

r
[n]
k

Δnyk

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.2)

transforms (1.1) to linear Hamiltonian system (2.1) with the n × n matrices A,Bk, and Ck

given by

A =
(
aij

)n
i,j=1, aij =

⎧⎨
⎩

1, if j = i + 1, i = 1, . . . , n − 1,

0, elsewhere,

Bk = diag

⎧⎨
⎩0, . . . , 0,

1

r
[n]
k

⎫⎬
⎭, Ck = diag

{
r
[0]
k
, . . . , r

[n−1]
k

}
.

(2.3)

Then, we say that the solution (x, u) of (2.1) is generated by the solution y of (1.1).
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Abstract and Applied Analysis 3

Let us consider, together with system (2.1), the matrix linear Hamiltonian system

ΔXk = AXk+1 + BkUk, ΔUk = CkXk+1 −ATUk, (2.4)

where the matrices A,Bk, and Ck are also given by (2.3). We say that the matrix solution
(X,U) of (2.4) is generated by the solutions y[1], . . . , y[n] of (1.1) if and only if its columns
are generated by y[1], . . . , y[n], respectively, that is, (X,U) = (x[y1], . . . , x[yn], u[y1], . . . , u[yn]).
Reversely, if we have the solution (X,U) of (2.4), the elements from the first line of the
matrix X are exactly the solutions y[1], . . . , y[n] of (1.1). Now, we can define the oscillatory
properties of (1.1) via the corresponding properties of the associated Hamiltonian system
(2.1) with matrices A,Bk, and Ck given by (2.3), for example, (1.1) is disconjugate if and only
if the associated system (2.1) is disconjugate, the system of solutions y[1], . . . , y[n] is said to be
recessive if and only if it generates the recessive solution X of (2.4), and so forth. Therefore,
we define the following properties just for linear Hamiltonian systems.

For system (2.4), we have an analog of the continuous Wronskian identity. Let (X,U)
and (X̃, Ũ) be two solutions of (2.4). Then,

XT
k Ũk −UT

kX̃k ≡W (2.5)

holds with a constant matrix W . We say that the solution (X,U) of (2.4) is a conjoined basis, if

XT
kUk ≡ UT

kXk, rank

(
X

U

)
= n. (2.6)

Two conjoined bases (X,U), (X̃, Ũ) of (2.4) are called normalized conjoined bases of (2.4) if
W = I in (2.5) (where I denotes the identity operator).

System (2.1) is said to be right disconjugate in a discrete interval [l,m], l,m ∈ Z, if the
solution

(
X
U

)
of (2.4) given by the initial condition Xl = 0, Ul = I satisfies

kerXk+1 ⊆ kerXk, XkX
†
k+1(I −A)−1Bk ≥ 0, (2.7)

for k = l, . . . , m − 1, see [6]. Here ker, †, and ≥ stand for kernel, Moore-Penrose generalized
inverse, and nonnegative definiteness of the matrix indicated, respectively. Similarly, (2.1) is
said to be left disconjugate on [l,m], if the solution given by the initial condition Xm = 0,
Um = −I satisfies

kerXk ⊆ kerXk+1, Xk+1X
†
k
Bk(I −A)T−1 ≥ 0, k = l, . . . , m − 1. (2.8)

System (2.1) is disconjugate on Z, if it is right disconjugate, which is the same as left
disconjugate, see [14, Theorem 1], on [l,m] for every l,m ∈ Z, l < m. System (2.1) is said to be
nonoscillatory at∞ (nonoscillatory at −∞), if there exists l ∈ Z such that it is right disconjugate
on [l,m] for every m > l (there exists m ∈ Z such that (2.1) is left disconjugate on [l,m] for
every l < m).
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We call a conjoined basis
(
X̃
Ũ

)
of (2.4) the recessive solution at∞, if the matrices X̃k are

nonsingular, X̃kX̃
−1
k+1(I − Ak)

−1Bk ≥ 0 (both for large k), and for any other conjoined basis(
X
U

)
, for which the (constant) matrix XTŨ −UTX̃ is nonsingular, we have

lim
k→∞

X−1
k X̃k = 0. (2.9)

The solution (X,U) is called the dominant solution at ∞. The recessive solution at ∞ is
determined uniquely up to a right multiple by a nonsingular constant matrix and exists
whenever (2.4) is nonoscillatory and eventually controllable. (System is said to be eventually
controllable if there exist N,κ ∈ N such that for any m ≥ N the trivial solution ( xu ) =

(
0
0

)
of (2.1) is the only solution for which xm = xm+1 = · · · = xm+κ = 0.) The equivalent
characterization of the recessive solution

(
X̃
Ũ

)
of eventually controllable Hamiltonian

difference systems (2.1) is

lim
k→∞

(∑
kX̃−1

j+1(I −A)−1BjX̃
T−1
j

)−1
= 0, (2.10)

see [12]. Similarly, we can introduce the recessive and the dominant solutions at −∞. For
related notions and results for second-order dynamic equations, see, for example, [15, 16].

We say that a pair (x, u) is admissible for system (2.1) if and only if the first equation in
(2.1) holds.

The energy functional of (1.1) is given by

F(y) :=
∞∑

k=−∞

n∑
ν=0

r
[ν]
k

(
Δνyk+n−ν

)2
. (2.11)

Then, for admissible (x, u), we have

F(y) =
∞∑

k=−∞

n∑
ν=0

r
[ν]
k

(
Δνyk+n−ν

)2

=
∞∑

k=−∞

⎡
⎣n−1∑
ν=0

r
[ν]
k

(
Δνyk+n−ν

)2 +
1

r
[n]
k

(
r
[n]
k

Δnyk
)2

⎤
⎦

=
∞∑

k=−∞

[
xTk+1Ckxk+1 + uTkBkuk

]
=: F(x, u).

(2.12)

To prove our main result, we use a variational approach, that is, the equivalency of
disconjugacy of (1.1) and positivity of F(x, u); see [6].

Now, we formulate some auxiliary results, which are used in the proofs of Theorems
3.4 and 4.1. The following Lemma describes the structure of the solution space of

Δn(rkΔnyk
)
= 0, rk > 0. (2.13)
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Lemma 2.1 (see [17, Section 2]). Equation (2.13) is disconjugate on Z and possesses a system of
solutions y[j], ỹ[j], j = 1, . . . , n, such that

y[1] ≺ · · · ≺ y[n] ≺ ỹ[1] ≺ · · · ≺ ỹ[n] (2.14)

as k → ∞, where f ≺ g as k → ∞ for a pair of sequences f, g means that limk→∞(fk/gk) = 0.
If (2.14) holds, the solutions y[j] form the recessive system of solutions at ∞, while ỹ[j] form the
dominant system, j = 1, . . . , n. The analogous statement holds for the ordered system of solutions as
k → −∞.

Now, we recall the transformation lemma.

Lemma 2.2 (see [14, Theorem 4]). Let hk > 0, L(y) =
∑n

ν=0(−Δ)ν(r[ν]k Δνyk+n−ν) and consider
the transformation yk = hkzk. Then, one has

hk+nL
(
y
)
=

n∑
ν=0

(−Δ)ν
(
R

[ν]
k

Δνzk+n−ν
)
, (2.15)

where

R
[n]
k

= hk+nhkr
[n]
k
, R

[0]
k

= hk+nL(h), (2.16)

that is, y solves L(y) = 0 if and only if z solves the equation

n∑
ν=0

(−Δ)ν
(
R

[ν]
k

Δνzk+n−ν
)
= 0. (2.17)

The next lemma is usually called the second mean value theorem of summation calculus.

Lemma 2.3 (see [17, Lemma 3.2]). Let n ∈ N and the sequence ak be monotonic for k ∈ [K + n −
1, L+ n− 1] (i.e., Δak does not change its sign for k ∈ [K + n− 1, L+ n− 2]). Then, for any sequence
bk there exist n1, n2 ∈ [K,L − 1] such that

L−1∑
j=K

an+jbj ≤ aK+n−1

n1−1∑
i=K

bi + aL+n−1

L−1∑
i=n1

bi,

L−1∑
j=K

an+jbj ≥ aK+n−1

n2−1∑
i=K

bi + aL+n−1

L−1∑
i=n2

bi.

(2.18)

Now, let us consider the linear difference equation

yk+n + a
[n−1]
k yk+n−1 + · · · + a[0]k yk = 0, (2.19)

where k ≥ n0 for some n0 ∈ N and a
[0]
k /= 0, and let us recall the main ideas of [18] and [19,

Chapter IX].
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An integerm > n0 is said to be a generalized zero of multiplicity k of a nontrivial solution
y of (2.19) if ym−1 /= 0, ym = ym+1 = · · · = ym+k−2 = 0, and (−1)kym−1ym+k−1 ≥ 0. Equation (2.19)
is said to be eventually disconjugate if there exists N ∈ N such that no non-trivial solution of
this equation has n or more generalized zeros (counting multiplicity) on [N,∞).

A system of sequences u[1]
k
, . . . , u

[n]
k

is said to form the D-Markov system of sequences
for k ∈ [N,∞) if Casoratians

C
(
u[1], . . . , u[j]

)
k
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u
[1]
k

· · · u
[j]
k

u
[1]
k+1 · · · u

[j]
k+1

...
...

u
[1]
k+j−1 · · · u

[j]
k+j−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, j = 1, . . . , n (2.20)

are positive on (N + j,∞).

Lemma 2.4 (see [19, Theorem 9.4.1]). Equation (2.19) is eventually disconjugate if and only if
there existN ∈ N and solutions y[1], . . . , y[n] of (2.19) which form a D-Markov system of solutions
on (N,∞). Moreover, this system can be chosen in such a way that it satisfies the additional condition

lim
k→∞

y
[i]
k

y
[i+1]
k

= 0, i = 1, . . . , n − 1. (2.21)

3. Criticality of One-Term Equation

Suppose that (1.1) is disconjugate on Z and let ŷ[i] and ỹ[i], i = 1, . . . , n, be the recessive
systems of solutions of L(y) = 0 at −∞ and∞, respectively. We introduce the linear space

H = Lin
{
ŷ[1], . . . , ŷ[n]

}
∩ Lin

{
ỹ[1], . . . , ỹ[n]

}
. (3.1)

Definition 3.1 (see [2]). Let (1.1) be disconjugate on Z and let dimH = p ∈ {1, . . . , n}. Then,
we say that the operator L (or (1.1)) is p-critical on Z. If dimH = 0, we say that L is subcritical
on Z. If (1.1) is not disconjugate on Z, that is, L /≥ 0, we say that L is supercritical on Z.

To prove the result in this section, we need the following statements, where we use the
generalized power function

k(0) = 1, k(i) = k(k − 1) · · · (k − i + 1), i ∈ N. (3.2)

For reader’s convenience, the first statement in the following lemma is slightly more general
than the corresponding one used in [2] (it can be verified directly or by induction).
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Lemma 3.2 (see [2]). The following statements hold.
(i) Let zk be any sequence,m ∈ {0, . . . , n}, and

yk :=
k−1∑
j=0

(
k − j − 1

)(n−1)
zj , (3.3)

then

Δmyk =

⎧⎪⎪⎨
⎪⎪⎩
(n − 1)(m)

k−1∑
j=0

(
k − j − 1

)(n−1−m)
zj , m ≤ n − 1,

(n − 1)!zk, m = n.

(3.4)

(ii) The generalized power function has the binomial expansion

(
k − j)(n) = n∑

i=0
(−1)i

(
n

i

)
k(n−i)

(
j + i − 1

)(i)
. (3.5)

We distinguish two types of solutions of (2.13). The polynomial solutions k(i), i = 0, . . . , n − 1,
for which Δnyk = 0, and nonpolynomial solutions

k−1∑
j=0

(
k − j − 1

)(n−1)
j(i)r−1

j , i = 0, . . . , n − 1, (3.6)

for which Δnyk /= 0. (Using Lemma 3.2(i) we obtain Δnyk = (n − 1)!k(i)r−1
k

.)
Now, we formulate one of the results of [20].

Proposition 3.3 (see [20, Theorem 4]). If for some m ∈ {0, . . . , n − 1}

0∑
k=−∞

[
k(n−m−1)

]2
r−1
k =∞ =

∞∑
k=0

[
k(n−m−1)

]2
r−1
k , (3.7)

then

Lin
{

1, . . . , k(m)
}
⊆ H, (3.8)

that is, (2.13) is at least (m + 1)-critical on Z.

Now, we show that (3.7) is also sufficient for (2.13) to be at least (m + 1)-critical.

Theorem 3.4. Letm ∈ {0, . . . , n − 1}. Equation (2.13) is at least (m + 1)-critical if and only if (3.7)
holds.
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Proof. Let V+ and V− denote the subspaces of the solution space of (2.13) generated by the
recessive system of solutions at ∞ and −∞, respectively. Necessity of (3.7) follows directly
from Proposition 3.3. To prove sufficiency, it suffices to show that if one of the sums in (3.7) is
convergent, then {1, . . . , k(m)} /⊆ V+ ∩ V−. We show this statement for the sum

∑∞. The other
case is proved similarly, so it will be omitted. Particularly, we show

∞∑
k=0

[
k(n−m−1)

]2
r−1
k <∞ =⇒ k(m) /∈ V+. (3.9)

Let us denote p := n − m − 1, and let us consider the following nonpolynomial solutions of
(2.13):

y
[�]
k

=
k−1∑
j=0

(
k − j − 1

)(n−1)
j(p+�−1)r−1

j −
p∑
i=0

⎡
⎣(−1)i

(
n − 1

i

)
(k − 1)(n−1−i)

∞∑
j=0

j(p+�−1)(j + i − 1
)(i)

r−1
j

⎤
⎦,

(3.10)

where � = 1 − p, . . . ,m + 1. By Stolz-Cesàro theorem, since (using Lemma 3.2(i)) Δny
[�]
k

=
(n − 1)!k(p+�−1)r−1

k
, these solutions are ordered, that is, y[i] ≺ y[i+1], i = 1 − p, . . . ,m, as well as

the polynomial solutions, that is, k(i) ≺ k(i+1), i = 0, . . . , n − 2.
By some simple calculation and by Lemma 3.2 (at first, we use (i), and at the end, we

use (ii)), we have

Δmy
[1]
k

=
(n − 1)!

(n −m − 1)!

k−1∑
j=0

(
k − j − 1

)(n−m−1)
j(p)r−1

j

−
p∑
i=0

⎡
⎣(−1)i

(
n − 1

i

)
(n − 1 − i)!

(n −m − 1 − i)!(k − 1)(n−m−1−i)
∞∑
j=0

j(p)
(
j + i − 1

)(i)
r−1
j

⎤
⎦

=
(n − 1)!
p!

k−1∑
j=0

(
k − j − 1

)(p)
j(p)r−1

j

−
p∑
i=0

⎡
⎣(−1)i

(n − 1)!(n − 1 − i)!
(n − 1 − i)!i!(p − i)!

(k − 1)(p−i)
∞∑
j=0

j(p)
(
j + i − 1

)(i)
r−1
j

⎤
⎦

=
(n − 1)!
p!

⎧⎨
⎩

k−1∑
j=0

(
k − j − 1

)(p)
j(p)r−1

j −
p∑
i=0

⎡
⎣(−1)i

(
p

i

)
(k − 1)(p−i)

∞∑
j=0

j(p)
(
j + i − 1

)(i)
r−1
j

⎤
⎦
⎫⎬
⎭

=
(n − 1)!
p!

⎡
⎣k−1∑
j=0

(
k − j − 1

)(p)
j(p)r−1

j −
∞∑
j=0

(
k − j − 1

)(p)
j(p)r−1

j

⎤
⎦
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= −(n − 1)!
p!

∞∑
j=k

(
k − j − 1

)(p)
j(p)r−1

j

= (−1)p+1 (n − 1)!
p!

∞∑
j=k

(
j + 1 − k)(p)j(p)r−1

j ,

∞∑
j=k

(
j + 1 − k)(p)j(p)r−1

j ≤
∞∑
j=k

[
j(p)

]2
r−1
j .

(3.11)

Hence, from this and by Stolz-Cesàro theorem, we get

lim
k→∞

y
[1]
k

k(m)
=

1
m!

lim
k→∞

Δmy
[1]
k

= 0, (3.12)

thus y[1]
k ≺ k(m). We obtained that {1, k, . . . , k(m−1), y[1−p], . . . , y[1]} ≺ k(m), which means that

we have n solutions less than k(m), therefore k(m) /∈ V+ and (2.13) is at most m-critical.

4. Conjugacy of Two-Term Equation

In this section, we show the conjugacy criterion for two-term equation.

Theorem 4.1. Let n > 1, qk be a real-valued sequence, and let there exist an integerm ∈ {0, . . . , n−1}
and real constants c0, . . . , cm such that (2.13) is at least (m + 1)-critical and the sequence hk :=
c0 + c1k + · · · + cmk(m) satisfies

lim sup
K↓−∞, L↑∞

L∑
k=K

qkh
2
k+n ≤ 0. (4.1)

If q /≡ 0, then

(−Δ)n
(
rkΔnyk

)
+ qkyk+n = 0 (4.2)

is conjugate on Z.

Proof. We prove this theorem using the variational principle; that is, we find a sequence y ∈
�2

0(Z) such that the energy functional F(y) =
∑∞

k=−∞[rk(Δ
nyk)

2 + qky2
k+n] < 0.

At first, we estimate the first term of F(y). To do this, we use the fact that this term is
an energy functional of (2.13). Let us denote it by F̃ that is,

F̃
(
y
)
=

∞∑
k=−∞

rk
(
Δnyk

)2
. (4.3)
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Using the substitution (2.2), we find out that (2.13) is equivalent to the linear Hamiltonian
system (2.1) with the matrix Ck ≡ 0; that is,

Δxk = Akxk+1 + Bkuk, Δuk = −ATuk, (4.4)

and to the matrix system

ΔXk = AkXk+1 + BkUk, ΔUk = −ATUk. (4.5)

Now, let us denote the recessive solutions of (4.5) at −∞ and ∞ by (X−, U−) and (X+, U+),
respectively, such that the first m + 1 columns of X+ and X− are generated by the sequences
1, k, . . . , k(m). Let K,L,M, and N be arbitrary integers such that N −M > 2n,M−L > 2n, and
L −K > 2n (some additional assumptions on the choice of K,L,M,N will be specified later),
and let (x[f], u[f]) and (x[g], u[g]) be the solutions of (4.4) given by the formulas

x
[f]
k

= X−k

⎛
⎝k−1∑

j=K

B−j

⎞
⎠

⎛
⎝L−1∑

j=K

B−j

⎞
⎠
−1(

X−L
)−1

x
[h]
L ,

u
[f]
k

= U−k

⎛
⎝k−1∑

j=K

B−j

⎞
⎠

⎛
⎝L−1∑

j=K

B−j

⎞
⎠
−1(

X−L
)−1

x
[h]
L +

(
X−k

)T−1

⎛
⎝L−1∑

j=K

B−j

⎞
⎠
−1(

X−L
)−1

x
[h]
L ,

x
[g]
k

= X+
k

⎛
⎝N−1∑

j=k

B+j

⎞
⎠

⎛
⎝N−1∑

j=M

B+j

⎞
⎠
−1(

X+
M

)−1
x
[h]
M ,

u
[g]
k

= U+
k

⎛
⎝N−1∑

j=k

B+j

⎞
⎠

⎛
⎝N−1∑

j=M

B+j

⎞
⎠
−1(

X+
M

)−1
x
[h]
M −

(
X+
k

)T−1

⎛
⎝N−1∑

j=M

B+j

⎞
⎠
−1(

X+
M

)−1
x
[h]
M ,

(4.6)

where

B−k =
(
X−k+1

)−1(I −A)−1Bk
(
X−k

)T−1
,

B+k =
(
X+
k+1

)−1(I −A)−1Bk
(
X+
k

)T−1
,

(4.7)

and (x[h], u[h]) is the solution of (4.4) generated by h. By a direct substitution, and using the
convention that

∑k−1
k = 0, we obtain

x
[f]
K = 0, x

[f]
L = x[h]

L , x
[g]
M = x[h]

M , x
[g]
N = 0. (4.8)

Now, from (4.1), together with the assumption q /≡ 0, we have that there exist k̃ ∈ Z and ε > 0
such that qk̃ ≤ −ε. Because the numbers K,L,M, and N have been “almost free” so far, we
may choose them such that L < k̃ < M − n − 1.

IEEE eXpress Sample eBook, page 182



Abstract and Applied Analysis 11

Let us introduce the test sequence

yk :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, k ∈ (−∞, K − 1],

fk, k ∈ [K,L − 1],

hk(1 +Dk), k ∈ [L,M − 1],

gk, k ∈ [M,N − 1],

0, k ∈ [N,∞),

(4.9)

where

Dk =

⎧⎨
⎩
δ > 0, k = k̃ + n,

0, otherwise.
(4.10)

To finish the first part of the proof, we use (4.4) to estimate the contribution of the term

F̃
(
y
)
=

∞∑
k=−∞

rk
(
Δnyk

)2 =
∞∑

k=−∞
u
[y]T
k

Bku
[y]
k

=
N−1∑
k=K

u
[y]T
k

Bku
[y]
k
. (4.11)

Using the definition of the test sequence y, we can split F̃ into three terms. Now, we estimate
two of them as follows. Using (4.4), we obtain

L−1∑
k=K

u
[f]T
k

Bku
[f]
k

=
L−1∑
k=K

[
u
[f]T
k

(
Δx[f]

k
−Ax[f]

k+1

)]
=

L−1∑
k=K

[
u
[f]T
k

Δx[f]
k
− u[f]T

k
Ax

[f]
k+1

]

=
L−1∑
k=K

[
Δ
(
u
[f]T
k

x
[f]
k

)
−Δu[f]T

k
x
[f]
k+1 − u

[f]T
k

Ax
[f]
k+1

]

=
L−1∑
k=K

[
Δ
(
u
[f]T
k

x
[f]
k

)
− x[f]T

k+1

(
Δu[f]

k
+ATu

[f]
k

)]
= u

[f]T
k

x
[f]
k

∣∣∣L
K
= x[f]T

L u
[f]
L

= x[h]T
L

⎡
⎢⎣U−L(X−L)−1

x
[h]
L +

(
X−L

)T−1

⎛
⎝L−1∑

j=K

B−j

⎞
⎠
−1(

X−L
)−1

x
[h]
L

⎤
⎥⎦

= x[h]T
L

(
X−L

)T−1

⎛
⎝L−1∑

j=K

B−j

⎞
⎠
−1(

X−L
)−1

x
[h]
L =: G,

(4.12)
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where we used the fact that x[h]T
L U−L(X

−
L)
−1x

[h]
L ≡ 0 (recall that the last n − m − 1 entries of

x
[h]
L are zeros and that the first m + 1 columns of X− and U− are generated by the solutions

1, . . . , k(m)). Similarly,

N−1∑
k=M

u
[g]T
k Bku

[g]
k = −x[g]T

M u
[g]
M = x[h]T

M

(
X+
M

)T−1

⎛
⎝N−1∑

j=M

B+j

⎞
⎠
−1(

X+
M

)−1
x
[h]
M =:H. (4.13)

Using property (2.10) of recessive solutions of the linear Hamiltonian difference systems, we
can see that G → 0 as K → −∞ andH → 0 as N → ∞. We postpone the estimation of the
middle term of F̃ to the end of the proof.

To estimate the second term of F(y), we estimate at first its terms

L−1∑
k=K

qkf
2
k+n,

N−1∑
k=M

qkg
2
k+n. (4.14)

For this estimation, we use Lemma 2.3. To do this, we have to show the monotonicity of the
sequences

fk
hk

for k ∈ [K + n − 1, L + n − 1],

gk
hk

for k ∈ [M + n − 1,N + n − 1].

(4.15)

Let x[1], . . . , x[2n] be the ordered system of solutions of (2.13) in the sense of Lemma 2.1. Then,
again by Lemma 2.1, there exist real numbers d1, . . . , dn such that h = d1x

[1] + · · · + dnx[n].
Because h/≡ 0, at least one coefficient di is nonzero. Therefore, we can denote p := max{i ∈
[1, n] : di /= 0}, and we replace the solution x[p] by h. Let us denote this new system again
x[1], . . . , x[2n] and note that this new system has the same properties as the original one.

Following Lemma 2.2, we transform (2.13) via the transformation yk = hkzk, into

n∑
ν=0

(−Δ)ν
(
R

[ν]
k

Δνzk+n−ν
)
= 0, (4.16)

that is,

(−Δ)n
(
rkhkhk+nΔn−1wk

)
+ · · · −Δ

(
R

[1]
k wk+n−1

)
= 0 (4.17)
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possesses the fundamental system of solutions

w[1] = −Δ
(
x[1]

h

)
, . . . , w[p−1] = −Δ

(
x[p−1]

h

)
,

w[p] = Δ

(
x[p+1]

h

)
, . . . , w[2n−1] = Δ

(
x[2n]

h

)
.

(4.18)

Now, let us compute the Casoratians

C
(
w[1]

)
= w[1] = −Δ

(
x[1]

h

)
=
C
(
x[1], h

)
hkhk+1

> 0,

C
(
w[1], w[2]

)
=
C
(
x[1], x[2], h

)
hkhk+1hk+2

> 0,

...

C
(
w[1], . . . , w[2n−1]

)
=
C
(
x[1], . . . , x[p−1], x[p+1], . . . , x[2n], h

)
hk · · ·hk+2n−1

> 0.

(4.19)

Hence,w[1], . . . , w[2n−1] form the D-Markov system of sequences on [M,∞), forM sufficiently
large. Therefore, by Lemma 2.4, (4.17) is eventually disconjugate; that is, it has at most 2n − 2
generalized zeros (counting multiplicity) on [M,∞). The sequence Δ(g/h) is a solution of
(4.17), and we have that this sequence has generalized zeros of multiplicity n − 1 both at M
and at N; that is,

Δ
(
gM+i

hM+i

)
= 0 = Δ

(
gN+i

hN+i

)
, i = 0, . . . , n − 2. (4.20)

Moreover, gM/hM = 1 and gN/hN = 0. Hence, Δ(gk/hk) ≤ 0, k ∈ [M,N + n − 1]. We can
proceed similarly for the sequence f/h.

Using Lemma 2.3, we have that there exist integers ξ1 ∈ [K,L − 1] and ξ2 ∈ [M,N − 1]
such that

L−1∑
k=K

qkf
2
k+n =

L−1∑
k=K

[
qkh

2
k+n

(
fk+n
hk+n

)2
]
≤

L−1∑
k=ξ1

qkh
2
k+n,

N−1∑
k=M

qkg
2
k+n =

N−1∑
k=M

[
qkh

2
k+n

(
gk+n
hk+n

)2
]
≤

ξ2−1∑
k=M

qkh
2
k+n.

(4.21)
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Finally, we estimate the remaining term of F(y). By (4.9), we have

M−1∑
k=L

[
rk
(
Δnyk

)2 + qky2
k+n

]

=
M−1∑
k=L

{
rk[Δnhk + Δn(hkDk)]

2 + qk(hk+n + hk+nDk+n)
2
}

=
M−1∑
k=L

{
rk[Δn(hkDk)]

2 + qkh2
k+n + 2qkh2

k+nDk+n + qkh2
k+nD

2
k+n

}

=
k̃+n∑
k=k̃

{
rk[Δn(hkDk)]

2
}
+
M−1∑
k=L

[
qkh

2
k+n

]
+ 2qk̃h

2
k̃+n

Dk̃+n + qk̃h
2
k̃+n

D2
k̃+n

=
k̃+n∑
k=k̃

⎧⎨
⎩rk

[
(−1)k−k̃

(
n

k − k̃

)
hk̃+nδ

]2
⎫⎬
⎭ +

M−1∑
k=L

[
qkh

2
k+n

]
+ 2δqk̃h

2
k̃+n

+ δ2qk̃h
2
k̃+n

≤ δ2h2
k̃+n

k̃+n∑
k=k̃

⎡
⎣rk

(
n

k − k̃

)2⎤
⎦ +

M−1∑
k=L

[
qkh

2
k+n

]
− 2δεh2

k̃+n
− δ2εh2

k̃+n

< δ2h2
k̃+n

k̃+n∑
k=k̃

⎡
⎣rk

(
n

k − k̃

)2⎤
⎦ +

M−1∑
k=L

[
qkh

2
k+n

]
− 2δεh2

k̃+n
.

(4.22)

Altogether, we have

F
(
y
)
< δ2h2

k̃+n

k̃+n∑
k=k̃

⎡
⎣rk

(
n

k − k̃

)2⎤
⎦ +

M−1∑
k=L

[
qkh

2
k+n

]
− 2δεh2

k̃+n
+ G +H +

L−1∑
k=ξ1

qkh
2
k+n +

ξ2−1∑
k=M

qkh
2
k+n

= δ2h2
k̃+n

k̃+n∑
k=k̃

⎡
⎣rk

(
n

k − k̃

)2⎤
⎦ − 2δεh2

k̃+n
+ G +H +

ξ2−1∑
k=ξ1

qkh
2
k+n,

(4.23)

where for K sufficiently small is G < δ2/3, for N sufficiently large is H < δ2/3, and, from
(4.1),

∑ξ2−1
k=ξ1

qkh
2
k+n < δ

2/3 for ξ1 < L and ξ2 > M. Therefore,

F
(
y
)
< δ2 + δ2h2

k̃+n

k̃+n∑
k=k̃

⎡
⎣rk

(
n

k − k̃

)2⎤
⎦ − 2δεh2

k̃+n

= δ

⎧⎨
⎩δ

⎡
⎣1 + h2

k̃+n

k̃+n∑
k=k̃

⎡
⎣rk

(
n

k − k̃

)2⎤
⎦
⎤
⎦ − εh2

k̃+n

⎫⎬
⎭,

(4.24)

which means that F(y) < 0 for δ sufficiently small, and (4.2) is conjugate on Z.
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5. Equation with the Middle Terms

Under the additional condition qk ≤ 0 for large |k|, and by combining of the proof of
Theorem 4.1 with the proof of [2, Lemma 1], we can establish the following criterion for the
full 2n-order equation.

Theorem 5.1. Let n > 1, qk be a real-valued sequence, and let there exist an integerm ∈ {0, . . . , n−1}
and real constants c0, . . . , cm such that (1.1) is at least (m + 1)-critical and the sequence hk := c0 +
c1k + · · · + cmk(m) satisfies

lim sup
K↓−∞,L↑∞

L∑
k=K

qkh
2
k+n ≤ 0. (5.1)

If qk ≤ 0 for large |k| and q /≡ 0, then

L
(
y
)
k + qkyk+n =

n∑
ν=0

(−Δ)ν
(
r
[ν]
k Δνyk+n−ν

)
+ qkyk+n = 0 (5.2)

is conjugate on Z.

Remark 5.2. Using Theorem 3.4, we can see that the statement of Theorem 4.1 holds if and
only if (3.7) holds. Finding a criterion similar to Theorem 3.4 for (1.1) is still an open question.

Remark 5.3. In the view of the matrix operator associated to (1.1) in the sense of [21], we can
see that the perturbations in Theorem 4.1 affect the diagonal elements of the associated matrix
operator. A description of behavior of (1.1), with regard to perturbations of limited part of
the associated matrix operator (but not only of the diagonal elements), is given in [2].

Acknowledgment

The research was supported by the Czech Science Foundation under Grant no. P201/
10/1032.

References

[1] F. Gesztesy and Z. Zhao, “Critical and subcritical Jacobi operators defined as Friedrichs extensions,”
Journal of Differential Equations, vol. 103, no. 1, pp. 68–93, 1993.
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This paper investigates some initial value problems in discrete fractional calculus. We introduce a
linear difference equation of fractional order along with suitable initial conditions of fractional type
and prove the existence and uniqueness of the solution. Then the structure of the solutions space
is discussed, and, in a particular case, an explicit form of the general solution involving discrete
analogues of Mittag-Leffler functions is presented. All our observations are performed on a special
time scale which unifies and generalizes ordinary difference calculus and q-difference calculus.
Some of our results are new also in these particular discrete settings.

1. Introduction

The fractional calculus is a research field of mathematical analysis which may be taken for
an old as well as a modern topic. It is an old topic because of its long history starting from
some notes and ideas of G. W. Leibniz and L. Euler. On the other hand, it is a modern topic
due to its enormous development during the last two decades. The present interest of many
scientists and engineers in the theory of fractional calculus has been initiated by applications
of this theory as well as by new mathematical challenges.

The theory of discrete fractional calculus belongs among these challenges. Founda-
tions of this theory were formulated in pioneering works by Agarwal [1] and Diaz and
Osler [2], where basic approaches, definitions, and properties of the theory of fractional sums
and differences were reported (see also [3, 4]). The cited papers discussed these notions on
discrete sets formed by arithmetic or geometric sequences (giving rise to fractional difference
calculus or q-difference calculus). Recently, a series of papers continuing this research has
appeared (see, e.g., [5, 6]).

The extension of basic notions of fractional calculus to other discrete settings was
performed in [7], where fractional sums and differences have been introduced and studied
in the framework of (q, h)-calculus, which can be reduced to ordinary difference calculus
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2 Abstract and Applied Analysis

and q-difference calculus via the choice q = h = 1 and h = 0, respectively. This extension
follows recent trends in continuous and discrete analysis, characterized by a unification and
generalization, and resulting into the origin and progressive development of the time scales
theory (see [8, 9]). Discussing problems of fractional calculus, a question concerning the
introduction of (Hilger) fractional derivative or integral on arbitrary time scale turns out
to be a difficult matter. Although first attempts have been already performed (see, e.g., [10]),
results obtained in this direction seem to be unsatisfactory.

The aim of this paper is to introduce some linear nabla (q, h)-fractional difference
equations (i.e., equations involving difference operators of noninteger orders) and investigate
their basic properties. Some particular results concerning this topic are already known, either
for ordinary difference equations or q-difference equations of fractional order (some relevant
references will be mentioned in Section 4). We wish to unify them and also present results
which are new even also in these particular discrete settings.

The structure of the paper is the following: Section 2 presents a necessary mathemat-
ical background related to discrete fractional calculus. In particular, we are going to make
some general remarks concerning fractional calculus on arbitrary time scales. In Section 3,
we consider a linear nabla (q, h)-difference equation of noninteger order and discuss the
question of the existence and uniqueness of the solution for the corresponding initial value
problem, as well as the question of a general solution of this equation. In Section 4, we
consider a particular case of the studied equation and describe the base of its solutions space
by the use of eigenfunctions of the corresponding difference operator. We show that these
eigenfunctions can be taken for discrete analogues of the Mittag-Leffler functions.

2. Preliminaries

The basic definitions of fractional calculus on continuous or discrete settings usually originate
from the Cauchy formula for repeated integration or summation, respectively. We state here
its general form valid for arbitrary time scale T. Before doing this, we recall the notion of
Taylor monomials introduced in [9]. These monomials ĥn : T

2 → R, n ∈ N0 are defined
recursively as follows:

ĥ0(t, s) = 1 ∀s, t ∈ T (2.1)

and, given ĥn for n ∈ N0, we have

ĥn+1(t, s) =
∫ t
s

ĥn(τ, s)∇τ ∀s, t ∈ T . (2.2)

Now let f : T → R be ∇-integrable on [a, b] ∩ T, a, b ∈ T. We put

a∇−1f(t) =
∫ t
a

f(τ)∇τ ∀t ∈ T, a ≤ t ≤ b (2.3)
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and define recursively

a∇−nf(t) =
∫ t
a
a∇−n+1f(τ)∇τ (2.4)

for n = 2, 3, . . .. Then we have the following.

Proposition 2.1 (Nabla Cauchy formula). Let n ∈ Z
+, a, b ∈ T and let f : T → R be

∇-integrable on [a, b] ∩ T. If t ∈ T, a ≤ t ≤ b, then

a∇−nf(t) =
∫ t
a

ĥn−1
(
t, ρ(τ)

)
f(τ)∇τ . (2.5)

Proof. This assertion can be proved by induction. If n = 1, then (2.5) obviously holds. Let
n ≥ 2 and assume that (2.5) holds with n replaced with n − 1, that is,

a∇−n+1f(t) =
∫ t
a

ĥn−2
(
t, ρ(τ)

)
f(τ)∇τ. (2.6)

By the definition, the left-hand side of (2.5) is an antiderivative of a∇−n+1f(t). We show that
the right-hand side of (2.5) is an antiderivative of

∫ t
a ĥn−2(t, ρ(τ))f(τ)∇τ . Indeed, it holds

∇
∫ t
a

ĥn−1
(
t, ρ(τ)

)
f(τ)∇τ =

∫ t
a

∇ĥn−1
(
t, ρ(τ)

)
f(τ)∇τ =

∫ t
a

ĥn−2
(
t, ρ(τ)

)
f(τ)∇τ, (2.7)

where we have employed the property

∇
∫ t
a

g(t, τ)∇τ =
∫ t
a

∇g(t, τ)∇τ + g
(
ρ(t), t

)
(2.8)

(see [9, page 139]). Consequently, the relation (2.5) holds up to a possible additive constant.
Substituting t = a, we can find this additive constant zero.

The formula (2.5) is a corner stone in the introduction of the nabla fractional integral
a∇−αf(t) for positive reals α. However, it requires a reasonable and natural extension of a
discrete system of monomials (ĥn, n ∈ N0) to a continuous system (ĥα, α ∈ R

+). This matter
is closely related to a problem of an explicit form of ĥn. Of course, it holds ĥ1(t, s) = t − s
for all t, s ∈ T. However, the calculation of ĥn for n > 1 is a difficult task which seems to be
answerable only in some particular cases. It is well known that for T = R, it holds

ĥn(t, s) =
(t − s)n
n!

, (2.9)
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4 Abstract and Applied Analysis

while for discrete time scales T = Z and T = qZ = {qk, k ∈ Z} ∪ {0}, q > 1, we have

ĥn(t, s) =

∏n−1
j=0
(
t − s + j)
n!

, ĥn(t, s) =
n−1∏
j=0

qjt − s∑j

r=0 q
r
, (2.10)

respectively. In this connection, we recall a conventional notation used in ordinary difference
calculus and q-calculus, namely,

(t − s)(n) =
n−1∏
j=0

(
t − s + j), (t − s)(n)

q̃
= tn

n−1∏
j=0

(
1 − q̃

js

t

) (
0 < q̃ < 1

)
(2.11)

and [j]q =
∑j−1

r=0 q
r(q > 0), [n]q! =

∏n
j=1[j]q. To extend the meaning of these symbols also for

noninteger values (as it is required in the discrete fractional calculus), we recall some other
necessary background of q-calculus. For any x ∈ R and 0 < q /= 1, we set [x]q = (qx−1)/(q−1).
By the continuity, we put [x]1 = x. Further, the q-Gamma function is defined for 0 < q̃ < 1 as

Γq̃(x) =

(
q̃, q̃
)
∞
(
1 − q̃)1−x(

q̃x, q̃
)
∞

, (2.12)

where (p, q̃)∞ =
∏∞

j=0(1 − pq̃j), x ∈ R \ {0,−1,−2, . . .}. Note that this function satisfies the
functional relation Γq̃(x+1) = [x]q̃Γq̃(x) and the condition Γq̃(1) = 1. Using this, the q-binomial
coefficient can be introduced as

[
x

k

]

q̃

=
Γq̃(x + 1)

Γq̃(k + 1)Γq̃(x − k + 1)
, x ∈ R, k ∈ Z. (2.13)

Note that although the q-Gamma function is not defined at nonpositive integers, the formula

Γq̃(x +m)
Γq̃(x)

= (−1)mq̃xm+(m2 )
Γq̃(1 − x)

Γq̃(1 − x −m)
, x ∈ R, m ∈ Z

+ (2.14)

permits to calculate this ratio also at such the points. It is well known that if q̃ → 1− then Γq̃(x)
becomes the Euler Gamma function Γ(x) (and analogously for the q-binomial coefficient).
Among many interesting properties of the q-Gamma function and q-binomial coefficients,
we mention q-Pascal rules

[
x

k

]

q̃

=

[
x − 1

k − 1

]

q̃

+ q̃k
[
x − 1

k

]

q̃

, x ∈ R, k ∈ Z , (2.15)

[
x

k

]

q̃

= q̃x−k
[
x − 1

k − 1

]

q̃

+

[
x − 1

k

]

q̃

, x ∈ R, k ∈ Z (2.16)
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and the q-Vandermonde identity

m∑
j=0

[
x

m − j

]

q̃

[
y

j

]

q̃

q̃j
2−mj+xj =

[
x + y

m

]

q̃

, x, y ∈ R, m ∈ N0 (2.17)

(see [11]) that turn out to be very useful in our further investigations.
The computation of an explicit form of ĥn(t, s) can be performed also in a more general

case. We consider here the time scale

T
t0

(q,h) =
{
t0q

k + [k]qh, k ∈ Z

}
∪
{

h

1 − q
}
, t0 > 0, q ≥ 1, h ≥ 0, q + h > 1 (2.18)

(see also [7]). Note that if q = 1 then the cluster point h/(1 − q) = −∞ is not involved in
T
t0
(q,h). The forward and backward jump operator is the linear function σ(t) = qt + h and

ρ(t) = q−1(t − h), respectively. Similarly, the forward and backward graininess is given by
μ(t) = (q − 1)t + h and ν(t) = q−1μ(t), respectively. In particular, if t0 = q = h = 1, then T

t0
(q,h)

becomes Z, and if t0 = 1, q > 1, h = 0, then T
t0
(q,h) is reduced to qZ.

Let a ∈ T
t0
(q,h), a > h/(1 − q) be fixed. Then we introduce restrictions of the time scale

T
t0
(q,h) by the relation

T̃
σi(a)
(q,h) =

{
t ∈ T

t0

(q,h), t ≥ σ
i(a)
}
, i = 0, 1, . . . , (2.19)

where the symbol σi stands for the ith iterate of σ (analogously, we use the symbol ρi). To
simplify the notation, we put q̃ = 1/q whenever considering the time scale T

t0
(q,h) or T̃

σi(a)
(q,h) .

Using the induction principle, we can verify that Taylor monomials on T
t0
(q,h) have the

form

ĥn(t, s) =

∏n−1
j=0
(
σj(t) − s)
[n]q!

=

∏n−1
j=0
(
t − ρj(s))
[n]q̃!

. (2.20)

Note that this result generalizes previous forms (2.10) and, moreover, enables its unified
notation. In particular, if we introduce the symbolic (q, h)-power

(t − s)(n)(q̃,h) =
n−1∏
j=0

(
t − ρj(s)

)
(2.21)

unifying (2.11), then the Cauchy formula (2.5) can be rewritten for T = T
t0
(q,h) as

a∇−nf(t) =
∫ t
a

(
t − ρ(τ))(n−1)

(q̃,h)
[n − 1]q̃!

f(τ)∇τ. (2.22)
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6 Abstract and Applied Analysis

Discussing a reasonable generalization of (q, h)-power (2.21) to real values α instead
of integers n, we recall broadly accepted extensions of its particular cases (2.11) in the form

(t − s)(α) = Γ(t − s + α)
Γ(t − s) , (t − s)(α)

q̃
= tα

(
s/t, q̃

)
∞(

q̃αs/t, q̃
)
∞
, t /= 0. (2.23)

Now, we assume s, t ∈ T
t0
(q,h), t ≥ s > h/(1 − q). First, consider (q, h)-power (2.21)

corresponding to the time scale T
t0
(q,h), where q > 1. Then we can rewrite (2.21) as

(t − s)(n)(q̃,h) =
(
t +

hq̃

1 − q̃
)n n−1∏

j=0

(
1 − q̃j s + hq̃/

(
1 − q̃)

t + hq̃/
(
1 − q̃)

)
= ([t] − [s])(n)

q̃
, (2.24)

where [t] = t+hq̃/(1− q̃) and [s] = s+hq̃/(1− q̃). A required extension of (q, h)-power (2.21)
is then provided by the formula

(t − s)(α)(q̃,h) = ([t] − [s])(α)
q̃
. (2.25)

Now consider (q, h)-power (2.21) corresponding to the time scale T
t0
(q,h), where q = 1. Then

(t − s)(n)(1,h) =
n−1∏
j=0

(
t − s + jh) = hn n−1∏

j=0

(
t − s
h

+ j
)

= hn
((t − s)/h + n − 1)!
((t − s)/h − 1)!

(2.26)

and the formula (2.21) can be extended by

(t − s)(α)(1,h) =
hαΓ((t − s)/h + α)

Γ((t − s)/h) . (2.27)

These definitions are consistent, since it can be shown that

lim
q̃→ 1−

([t] − [s])(α)
q̃

= (t − s)(α)(1,h). (2.28)

Now the required extension of the monomial ĥn(t, s) corresponding to T
t0
(q,h) takes the form

ĥα(t, s) =
(t − s)(α)(q̃,h)

Γq̃(α + 1)
. (2.29)

Another (equivalent) expression of ĥα(t, s) is provided by the following assertion.
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Proposition 2.2. Let α ∈ R, s, t ∈ T
t0
(q,h) and n ∈ N0 be such that t = σn(s). Then

ĥα(t, s) = (ν(t))α
[
α + n − 1

n − 1

]

q̃

= (ν(t))α
[−α − 1

n − 1

]

q̃

(−1)n−1q̃α(n−1)+(n2 ). (2.30)

Proof. Let q > 1. Using the relations

[t] =
ν(t)(
1 − q̃) ,

[s]
[t]

= q̃n, (2.31)

we can derive that

ĥα(t, s) =
[t]α
(
[s]/[t], q̃

)
∞

Γq̃(α + 1)
(
q̃α[s]/[t], q̃

)
∞

=

(
1 − q̃)−αν(t)α(q̃n, q̃)∞
Γq̃(α + 1)

(
q̃α+n, q̃

)
∞

= (ν(t))α
Γq̃(α + n)

Γq̃(α + 1)Γq̃(n)
= (ν(t))α

[
α + n − 1

n − 1

]

q̃

.

(2.32)

The second equality in (2.30) follows from the identity (2.14). The case q = 1 results from
(2.27).

The key property of ĥα(t, s) follows from its differentiation. The symbol ∇m(q,h) used in
the following assertion (and also undermentioned) is the mth order nabla (q, h)-derivative
on the time scale T

t0
(q,h), defined for m = 1 as

∇(q,h)f(t) =
f(t) − f(ρ(t))

ν(t)
=
f(t) − f(q̃(t − h))(

1 − q̃)t + q̃h (2.33)

and iteratively for higher orders.

Lemma 2.3. Letm ∈ Z
+, α ∈ R, s, t ∈ T

t0
(q,h) and n ∈ Z

+, n ≥ m be such that t = σn(s). Then

∇m(q,h)ĥα(t, s) =
⎧⎨
⎩
ĥα−m(t, s), α /∈ {0, 1, . . . , m − 1},
0, α ∈ {0, 1, . . . , m − 1}.

(2.34)
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Proof. First let m = 1. For α = 0 we get ĥ0(t, s) = 1 and the first nabla (q, h)-derivative is zero.
If α/= 0, then by (2.30) and (2.16), we have

∇(q,h)ĥα(t, s) =
ĥα(t, s) − ĥα

(
ρ(t), s

)
ν(t)

=
1
ν(t)

⎛
⎝(ν(t))α

[
α + n − 1

n − 1

]

q̃

− (ν(ρ(t)))α
[
α + n − 2

n − 2

]

q̃

⎞
⎠

= (ν(t))α−1

⎛
⎝
[
α + n − 1

n − 1

]

q̃

− q̃α
[
α + n − 2

n − 2

]

q̃

⎞
⎠ = ĥα−1(t, s).

(2.35)

The case m ≥ 2 can be verified by the induction principle.

We note that an extension of this property for derivatives of noninteger orders will be
performed in Section 4.

Now we can continue with the introduction of (q, h)-fractional integral and derivative
of a function f : T̃

a
(q,h) → R. Let t ∈ T̃

a
(q,h). Our previous considerations (in particular, the

Cauchy formula (2.5) along with the relations (2.22) and (2.29)) warrant us to introduce the
nabla (q, h)-fractional integral of order α ∈ R

+ over the time scale interval [a, t] ∩ T̃
a
(q,h) as

a∇−α(q,h)f(t) =
∫ t
a

ĥα−1
(
t, ρ(τ)

)
f(τ)∇τ (2.36)

(see also [7]). The nabla (q, h)-fractional derivative of order α ∈ R
+ is then defined by

a∇α
(q,h)f(t) = ∇m

(q,h) a∇
−(m−α)
(q,h) f(t), (2.37)

where m ∈ Z
+ is given by m − 1 < α ≤ m. For the sake of completeness, we put

a∇0
(q,h)f(t) = f(t). (2.38)

As we noted earlier, a reasonable introduction of fractional integrals and fractional
derivatives on arbitrary time scales remains an open problem. In the previous part, we have
consistently used (and in the sequel, we shall consistently use) the time scale notation of main
procedures and operations to outline a possible way out to further generalizations.

3. A Linear Initial Value Problem

In this section, we are going to discuss the linear initial value problem

m∑
j=1

pm−j+1(t) a∇α−j+1

(q,h) y(t) + p0(t)y(t) = 0 , t ∈ T̃
σm+1(a)

(q,h) , (3.1)
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a∇α−j(q,h)y(t)
∣∣∣
t=σm(a)

= yα−j , j = 1, 2, . . . , m, (3.2)

where α ∈ R
+ and m ∈ Z

+ are such that m − 1 < α ≤ m. Further, we assume that pj(t)

are arbitrary real-valued functions on T̃
σm+1(a)
(q,h) (j = 1, . . . , m − 1), pm(t) = 1 on T̃

σm+1(a)
(q,h) and

yα−j(j = 1, . . . , m) are arbitrary real scalars.
If α is a positive integer, then (3.1)-(3.2) becomes the standard discrete initial value

problem. If α is not an integer, then applying the definition of nabla (q, h)-fractional
derivatives, we can observe that (3.1) is of the general form

n−1∑
i=0

ai(t)y
(
ρi(t)
)
= 0 , t ∈ T̃

σm+1(a)
(q,h) , n being such that t = σn(a), (3.3)

which is usually referred to as the equation of Volterra type. If such an equation
has two different solutions, then their values differ at least at one of the points
σ(a), σ2(a), . . . , σm(a). In particular, if a0(t)/= 0 for all t ∈ T̃

σm+1(a)
(q,h) , then arbitrary values of

y(σ(a)), y(σ2(a)), . . . , y(σm(a)) determine uniquely the solution y(t) for all t ∈ T̃
σm+1(a)
(q,h) . We

show that the values yα−1, yα−2, . . . , yα−m, introduced by (3.2), keep the same properties.

Proposition 3.1. Let y : T̃
σ(a)
(q,h) → R be a function. Then (3.2) represents a one-to-one mapping

between the vectors (y(σ(a)), y(σ2(a)), . . . , y(σm(a))) and (yα−1, yα−2, . . . , yα−m).

Proof. The case α ∈ Z
+ is well known from the literature. Let α /∈ Z

+. We wish to show that
the values of y(σ(a)), y(σ2(a)), . . . , y(σm(a)) determine uniquely the values of

a∇α−1
(q,h)y(t)

∣∣∣
t=σm(a)

, a∇α−2
(q,h)y(t)

∣∣∣
t=σm(a)

, . . . , a∇α−m(q,h)y(t)
∣∣∣
t=σm(a)

(3.4)

and vice versa. Utilizing the relation

a∇α−j
(q,h)y(t)

∣∣∣
t=σm(a)

=
m∑
k=1

ν
(
σm−k+1(a)

)
ĥj−1−α

(
σm(a), σm−k(a)

)
y
(
σm−k+1(a)

)
(3.5)

(see [7, Propositions 1 and 3] with respect to (2.30)), we can rewrite (3.2) as the linear
mapping

m∑
k=1

rjky
(
σm−k+1(a)

)
= yα−j , j = 1, . . . , m, (3.6)

where

rjk = ν
(
σm−k+1(a)

)
ĥj−1−α

(
σm(a), σm−k(a)

)
, j, k = 1, . . . , m (3.7)
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10 Abstract and Applied Analysis

are elements of the transformation matrix Rm. We show that Rm is regular. Obviously,

detRm =

(
m∏
k=1

ν
(
σk(a)

))
detHm, (3.8)

where

Hm =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

ĥ−α
(
σm(a), σm−1(a)

)
ĥ−α
(
σm(a), σm−2(a)

) · · · ĥ−α(σm(a), a)

ĥ1−α
(
σm(a), σm−1(a)

)
ĥ1−α
(
σm(a), σm−2(a)

) · · · ĥ1−α(σm(a), a)

...
...

. . .
...

ĥm−1−α
(
σm(a), σm−1(a)

)
ĥm−1−α

(
σm(a), σm−2(a)

) · · · ĥm−1−α(σm(a), a)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (3.9)

To calculate detHm, we employ some elementary operations preserving the value of detHm.
Using the properties

ĥi−α
(
σm(a), σ�(a)

)
− ν(σm(a))ĥi−α−1

(
σm(a), σ�(a)

)
= ĥi−α

(
σm−1(a), σ�(a)

)

(i = 1, 2, . . . , m − 1, l = 0, 1, . . . m − 2),

ĥi−α
(
σm(a), σm−1(a)

)
− ν(σm(a))ĥi−α−1

(
σm(a), σm−1(a)

)
= 0,

(3.10)

which follow from Lemma 2.3, we multiply the ith row (i = 1, 2, . . . , m−1) ofHm by −ν(σm(a))
and add it to the successive one. We arrive at the form

⎛
⎜⎜⎜⎜⎜⎜⎝

ĥ−α
(
σm(a), σm−1(a)

)
0

...

0

ĥ−α
(
σm(a), σm−2(a)

) · · · ĥ−α(σm(a), a)

Hm−1

⎞
⎟⎟⎟⎟⎟⎟⎠
. (3.11)

Then we apply repeatedly this procedure to obtain the triangular matrix

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

ĥ−α
(
σm(a), σm−1(a)

)
ĥ−α
(
σm(a), σm−2(a)

) · · · ĥ−α(σm(a), a)

0 ĥ1−α
(
σm−1(a), σm−2(a)

) · · · ĥ1−α
(
σm−1(a), a

)
...

...
. . .

...

0 0 · · · ĥm−1−α(σ(a), a)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (3.12)

Since ĥi−α(σk(a), σk−1(a)) = (ν(σk(a))i−α(i = 0, 1, . . . , m − 1), we get

IEEE eXpress Sample eBook, page 198



Abstract and Applied Analysis 11

detHm =
m∏
k=1

(
ν
(
σk(a)

))m−k−α
, that is, detRm =

m∏
k=1

(
ν
(
σk(a)

))m−k−α+1
/= 0. (3.13)

Thus the matrix Rm is regular, hence the corresponding mapping (3.6) is one to one.

Now we approach a problem of the existence and uniqueness of (3.1)-(3.2). First we
recall the general notion of ν-regressivity of a matrix function and a corresponding linear
nabla dynamic system (see [9]).

Definition 3.2. An n × n-matrix-valued function A(t) on a time scale T is called ν-regressive
provided

det(I − ν(t)A(t))/= 0 ∀t ∈ Tκ, (3.14)

where I is the identity matrix. Further, we say that the linear dynamic system

∇z(t) = A(t)z(t) (3.15)

is ν-regressive provided that A(t) is ν-regressive.

Considering a higher order linear difference equation, the notion of ν-regressivity for
such an equation can be introduced by means of its transformation to the corresponding first
order linear dynamic system. We are going to follow this approach and generalize the notion
of ν-regressivity for the linear fractional difference equation (3.1).

Definition 3.3. Let α ∈ R
+ and m ∈ Z

+ be such that m − 1 < α ≤ m. Then (3.1) is called
ν-regressive provided the matrix

A(t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0

0 0 1
. . .

...

...
...

. . . . . . 0

0 0 · · · 0 1

− p0(t)
νm−α(t)

−p1(t) · · · −pm−2(t) −pm−1(t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.16)

is ν-regressive.

Remark 3.4. The explicit expression of the ν-regressivity property for (3.1) can be read as

1 +
m−1∑
j=1

pm−j(t)(ν(t))j + p0(t)(ν(t))α /= 0 ∀t ∈ T̃
σm+1(a)
(q,h) . (3.17)

If α is a positive integer, then both these introductions agree with the definition of
ν-regressivity of a higher order linear difference equation presented in [9].
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12 Abstract and Applied Analysis

Theorem 3.5. Let (3.1) be ν-regressive. Then the problem (3.1)-(3.2) has a unique solution defined
for all t ∈ T̃

σ(a)
(q,h).

Proof. The conditions (3.2) enable us to determine the values of y(σ(a)), y(σ2 (a)),
. . . , y(σm (a)) by the use of (3.6). To calculate the values of y(σm+1(a)), y(σm+2(a)), . . ., we
perform the transformation

zj(t) = a∇α−m+j−1
(q,h) y(t), t ∈ T̃

σj (a)
(q,h) , j = 1, 2, . . . , m (3.18)

which allows us to rewrite (3.1) into a matrix form. Before doing this, we need to express y(t)
in terms of z1(t), z1(ρ(t)), . . . , z1(σ(a)). Applying the relation a∇m−α(q,h) a∇

−(m−α)
(q,h) y(t) = y(t) (see

[7]) and expanding the fractional derivative, we arrive at

y(t) = a∇m−α(q,h)z1(t) =
z1(t)
νm−α(t)

+
∫ρ(t)
a

ĥα−m−1
(
t, ρ(τ)

)
z1(τ)∇τ. (3.19)

Therefore, the problem (3.1)-(3.2) can be rewritten to the vector form

a∇(q,h)z(t) = A(t)z(t) + b(t), t ∈ T̃
σm+1(a)
(q,h) ,

z(σm(a)) =
(
yα−m, . . . , yα−1

)T
,

(3.20)

where

z(t) = (z1(t), . . . , zm(t))T , b(t) =

(
0, . . . , 0,−p0(t)

∫ρ(t)
a

ĥα−m−1
(
t, ρ(τ)

)
z1(τ)∇τ

)T

(3.21)

and A(t) is given by (3.16). The ν-regressivity of the matrix A(t) enables us to write

z(t) = (I − ν(t)A(t))−1(z(ρ(t)) + ν(t)b(t)), t ∈ T̃
σm+1(a)
(q,h) , (3.22)

hence, using the value of z(σm(a)), we can solve this system by the step method starting from
t = σm+1(a). The solution y(t) of the original initial value problem (3.1)-(3.2) is then given by
the formula (3.19).

Remark 3.6. The previous assertion on the existence and uniqueness of the solution can be
easily extended to the initial value problem involving nonhomogeneous linear equations as
well as some nonlinear equations.

The final goal of this section is to investigate the structure of the solutions of (3.1). We
start with the following notion.
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Definition 3.7. Let γ ∈ R, 0 ≤ γ < 1. For m functions yj : T̃
a
(q,h) → R(j = 1, 2, . . . , m), we define

the γ-Wronskian Wγ(y1, . . . , ym)(t) as determinant of the matrix

Vγ
(
y1, . . . , ym

)
(t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a∇−γ(q,h)y1(t) a∇−γ(q,h)y2(t) · · · a∇−γ(q,h)ym(t)
a∇1−γ

(q,h)y1(t) a∇1−γ
(q,h)y2(t) · · · a∇1−γ

(q,h)ym(t)

...
...

. . .
...

a∇m−1−γ
(q,h) y1(t) a∇m−1−γ

(q,h) y2(t) · · · a∇m−1−γ
(q,h) ym(t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
, t ∈ T̃

σm(a)
(q,h) .

(3.23)

Remark 3.8. Note that the first row of this matrix involves fractional order integrals. It is a
consequence of the form of initial conditions utilized in our investigations. Of course, this
introduction of Wγ(y1, . . . , ym)(t) coincides for γ = 0 with the classical definition of the
Wronskian (see [8]). Moreover, it holds Wγ(y1, . . . , ym)(t) =W0( a∇−γ(q,h)y1, . . . , a∇−γ(q,h)ym)(t).

Theorem 3.9. Let functions y1(t), . . . , ym(t) be solutions of the ν-regressive equation (3.1) and let
Wm−α(y1, . . . , ym)(σm(a))/= 0. Then any solution y(t) of (3.1) can be written in the form

y(t) =
m∑
k=1

ckyk(t), t ∈ T̃
σ(a)
(q,h), (3.24)

where c1, . . . , cm are real constants.

Proof. Let y(t) be a solution of (3.1). By Proposition 3.1, there exist real scalars yα−1, . . . , yα−m
such that y(t) is satisfying (3.2). Now we consider the function u(t) =

∑m
k=1 ckyk(t), where

the m-tuple (c1, . . . , cm) is the unique solution of

Vm−α
(
y1, . . . , ym

)
(σm(a)) ·

⎛
⎜⎜⎜⎜⎜⎜⎝

c1

c2

...

cm

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

yα−m

yα−m+1

...

yα−1

⎞
⎟⎟⎟⎟⎟⎟⎠
. (3.25)

The linearity of (3.1) implies that u(t) has to be its solution. Moreover, it holds

a∇α−j
(q,h)u(t)

∣∣∣
t=σm(a)

= yα−j , j = 1, 2, . . . , m, (3.26)

hence u(t) is a solution of the initial value problem (3.1)-(3.2). By Theorem 3.5, it must be
y(t) = u(t) for all t ∈ T̃

σ(a)
(q,h) and (3.24) holds.

Remark 3.10. The formula (3.24) is essentially an expression of the general solution of (3.1).
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14 Abstract and Applied Analysis

4. Two-Term Equation and (q, h)-Mittag-Leffler Function

Our main interest in this section is to find eigenfunctions of the fractional operator a∇α(q,h),
α ∈ R

+. In other words, we wish to solve (3.1) in a special form

a∇α(q,h)y(t) = λy(t), λ ∈ R, t ∈ T̃
σm+1(a)

(q,h) . (4.1)

Throughout this section, we assume that ν-regressivity condition for (4.1) is ensured, that is,

λ(ν(t))α /= 1. (4.2)

Discussions on methods of solving fractional difference equations are just at the
beginning. Some techniques how to explicitly solve these equations (at least in particular
cases) are exhibited, for example, in [12–14], where a discrete analogue of the Laplace
transform turns out to be the most developed method. In this section, we describe the
technique not utilizing the transform method, but directly originating from the role which
is played by the Mittag-Leffler function in the continuous fractional calculus (see, e.g., [15]).
In particular, we introduce the notion of a discrete Mittag-Leffler function in a setting formed
by the time scale T̃

a
(q,h) and demonstrate its significance with respect to eigenfunctions of the

operator a∇α(q,h). These results generalize and extend those derived in [16, 17].
We start with the power rule stated in Lemma 2.3 and perform its extension to

fractional integrals and derivatives.

Proposition 4.1. Let α ∈ R
+, β ∈ R and t ∈ T̃

σ(a)
(q,h). Then it holds

a∇−α(q,h)ĥβ(t, a) = ĥα+β(t, a). (4.3)

Proof. Let t ∈ T̃
σ(a)
(q,h) be such that t = σn(a) for some n ∈ Z

+. We have

a∇−α(q,h)ĥβ(t, a) =
n−1∑
k=0

ĥα−1

(
t, ρk+1(t)

)
ν
(
ρk(t)

)
ĥβ
(
ρk(t), a

)

=
n−1∑
k=0

(ν(t))α−1

[−α
k

]

q̃

(−1)kq̃(α−1)k+
(
k+1

2

)
q̃kν(t)

×
(
ν
(
ρk(t)

))β[ −β − 1

n − k − 1

]

q̃

(−1)n−k−1q̃
β(n−k−1)+

(
n−k

2

)

= (ν(t))α+β
n−1∑
k=0

[−α
k

]

q̃

[ −β − 1

n − k − 1

]

q̃

(−1)n−1q̃k
2−k(n−1)+kα+(n2 )+β(n−1)
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= (ν(t))α+β
n−1∑
k=0

[ −α
n − k − 1

]

q̃

[−β − 1

k

]

q̃

× (−1)n−1q̃(n−k−1)2−(n−k−1)(n−1)+(n−k−1)α+(n2 )+β(n−1)

= (ν(t))α+β
n−1∑
k=0

[ −α
n − k − 1

]

q̃

[−β − 1

k

]

q̃

(−1)n−1q̃k
2−k(n−1)−kα+(α+β)(n−1)+(n2 )

= (ν(t))α+β
[−α − β − 1

n − 1

]

q̃

(−1)n−1q̃(α+β)(n−1)+(n2 ) = ĥα+β(t, a),

(4.4)

where we have used (2.30) on the second line and (2.17) on the last line.

Corollary 4.2. Let α ∈ R
+, β ∈ R, t ∈ T̃

σm+1(a)
(q,h) , wherem ∈ Z

+ is satisfyingm − 1 < α ≤ m. Then

a∇α(q,h)ĥβ(t, a) =
⎧⎨
⎩
ĥβ−α(t, a), β − α /∈ {−1, . . . ,−m},
0, β − α ∈ {−1, . . . ,−m}.

(4.5)

Proof. Proposition 4.1 implies that

a∇α(q,h)ĥβ(t, a) = ∇m
(q,h)

(
a∇−(m−α)(q,h) ĥβ(t, a)

)
= ∇m

(q,h)ĥm+β−α(t, a). (4.6)

Then the statement is an immediate consequence of Lemma 2.3.

Now we are in a position to introduce a (q, h)-discrete analogue of the Mittag-Leffler
function. We recall that this function is essentially a generalized exponential function, and its
two-parameter form (more convenient in the fractional calculus) can be introduced for T = R

by the series expansion

Eα,β(t) =
∞∑
k=0

tk

Γ
(
αk + β

) , α, β ∈ R
+, t ∈ R. (4.7)

The fractional calculus frequently employs (4.7), because the function

tβ−1Eα,β(λtα) =
∞∑
k=0

λk
tαk+β−1

Γ
(
αk + β

) (4.8)

(a modified Mittag-Leffler function, see [15]) satisfies under special choices of β a continuous
(differential) analogy of (4.1). Some extensions of the definition formula (4.7) and their
utilization in special fractional calculus operators can be found in [18, 19].

Considering the discrete calculus, the form (4.8) seems to be much more convenient for
discrete extensions than the form (4.7), which requires, among others, the validity of the law
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of exponents. The following introduction extends the discrete Mittag-Leffler function defined
and studied in [20] for the case q = h = 1.

Definition 4.3. Let α, β, λ ∈ R. We introduce the (q, h)-Mittag-Leffler function Es,λα,β(t) by the
series expansion

Es,λα,β(t) =
∞∑
k=0

λkĥαk+β−1(t, s)

⎛
⎝=

∞∑
k=0

λk
(t − s)(αk+β−1)

(q̃,h)

Γq̃
(
αk + β

)
⎞
⎠, s, t ∈ T̃

a
(q,h), t ≥ s . (4.9)

It is easy to check that the series on the right-hand side converges (absolutely) if |λ|(ν(t))α < 1.
As it might be expected, the particular (q, h)-Mittag-Leffler function

Ea,λ1,1 (t) =
n−1∏
k=0

1
1 − λν(ρk(t)) , (4.10)

where n ∈ Z
+ satisfies t = σn(a), is a solution of the equation

∇(q,h)y(t) = λy(t), t ∈ T̃
σ(a)
(q,h), (4.11)

that is, it is a discrete (q, h)-analogue of the exponential function.
The main properties of the (q, h)-Mittag-Leffler function are described by the following

assertion.

Theorem 4.4. (i) Let η ∈ R
+ and t ∈ T̃

σ(a)
(q,h). Then

a∇−η(q,h)E
a,λ
α,β(t) = E

a,λ
α,β+η(t). (4.12)

(ii) Let η ∈ R
+,m ∈ Z

+ be such thatm − 1 < η ≤ m and let αk + β − 1 /∈ {0,−1, . . . ,−m + 1}
for all k ∈ Z

+. If t ∈ T̃
σm+1(a)
(q,h) , then

a∇η(q,h)E
a,λ
α,β(t) =

⎧⎨
⎩
Ea,λ
α,β−η(t), β − η /∈ {0,−1, . . . ,−m + 1},

λEa,λ
α,β−η+α(t), β − η ∈ {0,−1, . . . ,−m + 1}.

(4.13)

Proof. The part (i) follows immediately from Proposition 4.1. Considering the part (ii), we
can write

a∇η(q,h)E
a,λ
α,β(t) = a∇η(q,h)

∞∑
k=0

λkĥαk+β−1(t, a) =
∞∑
k=0

λk a∇η(q,h)ĥαk+β−1(t, a) (4.14)

due to the absolute convergence property.
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If k ∈ Z
+, then Corollary 4.2 implies the relation

a∇η(q,h)ĥαk+β−1(t, a) = ĥαk+β−η−1(t, a) (4.15)

due to the assumption αk + β − 1 /∈ {0,−1, . . . ,−m + 1}. If k = 0, then two possibilities may
occur. If β − η /∈ {0,−1, . . . ,−m + 1}, we get (4.15) with k = 0 which implies the validity of
(4.13)1. If β − η ∈ {0,−1, . . . ,−m + 1}, the nabla (q, h)-fractional derivative of this term is zero
and by shifting the index k, we obtain (4.13)2.

Corollary 4.5. Let α ∈ R
+ andm ∈ Z

+ be such thatm − 1 < α ≤ m. Then the functions

Ea,λα,β(t), β = α −m + 1, . . . , α − 1, α (4.16)

define eigenfunctions of the operator a∇α
(q,h) on each set [σ(a), b] ∩ T̃

σ(a)
(q,h), where b ∈ T̃

σ(a)
(q,h) is

satisfying |λ|(ν(b))α < 1.

Proof. The assertion follows from Theorem 4.4 by the use of η = α.

Our final aim is to show that any solution of (4.1) can be written as a linear
combination of (q, h)-Mittag-Leffler functions (4.16).

Lemma 4.6. Let α ∈ R
+ andm ∈ Z

+ be such thatm − 1 < α ≤ m. Then

Wm−α
(
Ea,λα,α−m+1, E

a,λ
α,α−m+2, . . . , E

a,λ
α,α

)
(σm(a)) =

m∏
k=1

1
1 − λ(ν(σk(a)))α /= 0. (4.17)

Proof. The case m = 1 is trivial. For m ≥ 2, we can formally write λEa,λα,α−�(t) = Ea,λα,−�(t) for

all t ∈ T̃
σm(a)
(q,h) (� = 0, . . . , m − 2). Consequently, applying Theorem 4.4, the Wronskian can be

expressed as

Wm−α
(
Ea,λα,α−m+1, E

a,λ
α,α−m+2, . . . , E

a,λ
α,α

)
(σm(a)) = detMm(σm(a)), (4.18)

where

Mm(σm(a)) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Ea,λα,1(σ
m(a)) Ea,λα,2(σ

m(a)) . . . Ea,λα,m(σm(a))

Ea,λα,0(σ
m(a)) Ea,λα,1(σ

m(a)) . . . Ea,λα,m−1(σ
m(a))

. . . . . .
. . . . . .

Ea,λα,2−m(σ
m(a)) Ea,λα,3−m(σ

m(a)) . . . Ea,λα,1(σ
m(a))

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (4.19)

Using the q-Pascal rule (2.15), we obtain the equality

Ea,λα,i (σ
m(a)) − ν(σ(a))Ea,λα,i−1(σ

m(a)) = Eσ(a),λα,i (σm(a)), i ∈ Z, i ≥ 3 −m. (4.20)
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Starting with the first row, (m2 ) elementary row operations of the type (4.20) transform the
matrix Mm(σm(a)) into the matrix

M̂m(σm(a)) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

E
σm−1(a),λ
α,1 (σm(a)) E

σm−1(a),λ
α,2 (σm(a)) . . . E

σm−1(a),λ
α,m (σm(a))

E
σm−2(a),λ
α,0 (σm(a)) E

σm−2(a),λ
α,1 (σm(a)) . . . E

σm−2(a),λ
α,m−1 (σm(a))

. . . . . .
. . . . . .

Ea,λα,2−m(σ
m(a)) Ea,λα,3−m(σ

m(a)) . . . Ea,λα,1(σ
m(a))

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(4.21)

with the property detM̂m(σm(a)) = detMm(σm(a)). By Lemma 2.3, we have

E
σi(a),λ
α,p (σm(a)) − ν(σm(a))Eσi(a),λα,p−1 (σm(a)) = Eσ

i(a),λ
α,p

(
σm−1(a)

)
, i = 0, . . . , m − 2,

E
σi(a),λ
α,p (σm(a)) − ν(σm(a))Eσi(a),λα,p−1 (σm(a)) = 0, i = m − 1,

(4.22)

where p ∈ Z, p ≥ 3 − m + i. Starting with the last column, using m − 1 elementary column
operations of the type (4.22), we obtain the matrix

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

E
σm−1(a),λ
α,1 (σm(a))

E
σm−2(a),λ
α,0 (σm(a))

...

Ea,λα,2−m(σ
m(a))

0 · · · 0

M̂m−1
(
σm−1(a)

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(4.23)

preserving the value of det M̂m(σm(a)). Since

E
σm−1(a),λ
α,1 (σm(a)) =

∞∑
k=0

λk(ν(σm(a)))αk =
1

1 − λ(ν(σm(a)))α , (4.24)

we can observe the recurrence

det M̂m(σm(a)) =
1

1 − λ(σm(a))α det M̂m−1

(
σm−1(a)

)
, (4.25)

which implies the assertion.

Now we summarize the results of Theorem 3.9, Corollary 4.5, and Lemma 4.6 to obtain

Theorem 4.7. Let y(t) be any solution of (4.1) defined on [σ(a), b] ∩ T̃
σ(a)
(q,h), where b ∈ T̃

σ(a)
(q,h) is

satisfying |λ|(ν(b))α < 1. Then
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y(t) =
m∑
j=1

cjE
a,λ
α,α−m+j(t), (4.26)

where c1, . . . , cm are real constants.

We conclude this paper by the illustrating example.

Example 4.8. Consider the initial value problem

a∇α(q,h)y(t) = λ y(t), σ3(a) ≤ t ≤ σn(a), 1 < α ≤ 2,

a∇α−1
(q,h)y(t)

∣∣∣
t=σ2(a)

= yα−1,

a∇α−2
(q,h)y(t)

∣∣∣
t=σ2(a)

= yα−2,

(4.27)

where n is a positive integer given by the condition |λ|ν(σn(a))α < 1. By Theorem 4.7, its
solution can be expressed as a linear combination

y(t) = c1E
a,λ
α,α−1(t) + c2E

a,λ
α,α(t). (4.28)

The constants c1, c2 can be determined from the system

V2−α
(
Ea,λα,α−1, E

a,λ
α,α

)(
σ2(a)

)
·
(
c1

c2

)
=

(
yα−2

yα−1

)
(4.29)

with the matrix elements

v11 = v22 =
[1]q +

(
[α]q − [1]q

)
λν(σ(a))α(

1 − λν(σ(a))α)(1 − λν(σ2(a))α
) ,

v12 =
[2]qν(σ(a)) +

(
[α]q − [2]q

)
λν(σ(a))α+1

(
1 − λν(σ(a))α)(1 − λν(σ2(a))α

) ,

v21 =
[α]qλν(σ(a))

α−1

(
1 − λν(σ(a))α)(1 − λν(σ2(a))α

) .

(4.30)

By Lemma 4.6, the matrix V2−α(E
a,λ
α,α−1, E

a,λ
α,α)(σ2(a)) has a nonzero determinant, hence applying

the Cramer rule, we get

c1 =
yα−2v22 − yα−1v12

W2−α
(
Ea,λα,α−1, E

a,λ
α,α

)
(σ2(a))

,

c2 =
yα−1v11 − yα−2v21

W2−α
(
Ea,λα,α−1, E

a,λ
α,α

)
(σ2(a))

.

(4.31)
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Figure 1: α = 1.8, a = 1, λ = −1/3, yα−1 = −1, yα−2 = 1.

Now we make a particular choice of the parameters α, a, λ, yα−1 and yα−2 and consider
the initial value problem in the form

1∇1.8
(q,h)y(t) = −

1
3
y(t), σ3(1) ≤ t ≤ σn(1),

1∇0.8
(q,h)y(t)

∣∣∣∣
t=σ2(1)

= −1,

1∇−0.2
(q,h)y(t)

∣∣∣∣
t=σ2(1)

= 1,

(4.32)

where n is a positive integer satisfying ν(σn(1)) < 35/9. If we take the time scale of integers
(the case q = h = 1), then the solution y(t) of the corresponding initial value problem takes
the form

y(t) =
14
5

∞∑
k=0

(
−1

3

)k∏t−2
j=1
(
j + 1.8k − 0.2

)
(t − 2)!

− 2
15

∞∑
k=0

(
−1

3

)k∏t−2
j=1
(
j + 1.8k + 0.8

)
(t − 2)!

, t = 2, 3, . . . .

(4.33)

Similarly we can determine y(t) for other choices of q and h. For comparative reasons,
Figure 1 depicts (in addition to the above case q = h = 1) the solution y(t) under particular
choices q = 1.2, h = 0 (the pure q-calculus), q = 1, h = 0.1 (the pure h-calculus) and also the
solution of the corresponding continuous (differential) initial value problem.
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A nonlinear stochastic differential-difference control system with delay of neutral type is
considered. Sufficient conditions for the exponential stability are derived by using Lyapunov-
Krasovskii functionals of quadratic form with exponential factors. Upper bound estimates for the
exponential rate of decay are derived.

1. Introduction

The theory and applications of functional differential equations form an important part of
modern nonlinear dynamics. Such equations are natural mathematical models for various
real life phenomena where the aftereffects are intrinsic features of their functioning. In recent
years, functional differential equations have been used to model processes in different areas
such as population dynamics and ecology, physiology and medicine, economics, and other
natural sciences [1–3]. In many of the models the initial data and parameters are subjected to
random perturbations, or the dynamical systems themselves represent stochastic processes.
For this reason, stochastic functional differential equations are widely studied [4, 5].

One of the principal problems of the corresponding mathematical analysis of
equations is a comprehensive study of their global dynamics and the related prediction of
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2 Abstract and Applied Analysis

long-term behaviors in applied models. Of course, the problem of stability of a particular
solution plays a significant role. Therefore, the study of stability of linear equations is the first
natural and important step in the analysis of more complex nonlinear systems.

When applying the mathematical theory to real-world problems a mere statement of
the stability in the system is hardly sufficient. In addition to stability as such, it is of significant
importance to obtain constructive and verifiable estimates of the rate of convergence of
solutions in time. One of the principal tools used in the related studies is the second Lyapunov
method [6–8]. For functional differential equations, this method has been developing in two
main directions in recent years. The first one is the method of finite Lyapunov functions
with the additional assumption of Razumikhin type [9, 10]. The second one is the method
of Lyapunov-Krasovskii functionals [11, 12]. For stochastic functional differential equations,
some aspects of these two lines of research have been developed, for example, in [11, 13–19]
and [11, 18, 20–25], respectively. In the present paper, by using the method of Lyapunov-
Krasovskii functionals, we derive sufficient conditions for stability together with the rate of
convergence to zero of solutions for a class of linear stochastic functional differential equation
of a neutral type.

2. Preliminaries

In solving control problems for linear systems, very often, a scalar function u = u(x) needs to
be found such that the system

ẋ(t) = Ax(t) + bu(x(t)) (2.1)

is asymptotically stable. Frequently, such a function depends on a scalar argument which is a
linear combination of phase coordinates and its graph lies in the first and the third quadrants
of the plane. An investigation of the asymptotic stability of systems with a control function

u(x(t)) = f(σ(t)), σ(t) = cTx(t), (2.2)

that is, an investigation of systems

ẋ(t) = Ax(t) + bf(σ(t)), σ(t) = cTx(t), (2.3)

with a function f satisfying f(0) = 0, f(σ)(kσ − f(σ)) > 0 for σ /= 0 and a k > 0 is called an
analysis of the absolute stability of control systems [26]. One of the fundamental methods
(called a frequency method) was developed by Gelig et al. (see, e.g., the book [27]). Another
basic method is the method of Lyapunov’s functions and Lyapunov-Krasovskii functionals.
Very often, the appropriate Lyapunov functions and Lyapunov-Krasovskii functionals are
constructed as quadratic forms with integral terms containing a given nonlinearity [28, 29].
An overview of the present state can be found, for example, in [30, 31]. Problems of absolute
stability of stochastic equations are treated, for example, in [11, 14, 15, 24].
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3. Main Results

Consider the following control system of stochastic differential-difference equations of a
neutral type

d[x(t) −Dx(t − τ)] = [
A0x(t) +A1x(t − τ) + a2f(σ(t))

]
dt

+
[
B0x(t) + B1x(t − τ) + b2f(σ(t))

]
dw(t),

(3.1)

where

σ(t) := cT [x(t) −Dx(t − τ)], (3.2)

x : [0,∞) → R
n is an n-dimensional column vector, A0, A1, B0, B1, and D are real n × n

constant matrices, a2, b2, and c are n×1 constant vectors, f : R → R is a continuous function,
τ > 0 is a constant delay, and w(t) is a standard scalar Wiener process with

M{dw(t)} = 0, M
{
dw2(t)

}
= dt, M{dw(t1)dw(t2), t1 /= t2} = 0. (3.3)

An Ft-measurable random process {x(t) ≡ x(t, ω)} is called a solution of (3.1) if it satisfies,
with a probability one, the following integral equation

x(t) = Dx(t − τ) + [x(0) −Dx(−τ)]

+
∫ t

0

[
A0x(s) +A1x(s − τ) + a2f(σ(s))

]
ds

+
∫ t

0

[
B0x(s) + B1x(s − τ) + b2f(σ(s))

]
dw(s), t ≥ 0

(3.4)

and the initial conditions

x(t) = ϕ(t), x′(t) = ψ(t), t ∈ [−τ, 0], (3.5)

where ϕ, ψ : [−τ, 0] → R
n are continuous functions. Here and in the remaining part of the

paper, we will assume that the initial functions ϕ and ψ are continuous random processes.
Under those assumptions, a solution to the initial value problem (3.1), (3.5) exists and is
unique for all t ≥ 0 up to its stochastic equivalent solution on the space (Ω, F, P) [4].
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4 Abstract and Applied Analysis

We will use the following norms of matrices and vectors

‖A‖ :=
√
λmax

(
ATA

)
,

‖x(t)‖ :=

√√√√ n∑
i=1

x2
i (t),

‖x(t)‖τ := max
−τ≤s≤0

{‖x(t + s)‖},

‖x(t)‖2
τ,γ :=

∫ t
t−τ

e−γ(t−s)‖x(s)‖2ds,

(3.6)

where λmax(∗) is the largest eigenvalue of the given symmetric matrix (similarly, the symbol
λmin(∗) denotes the smallest eigenvalue of the given symmetric matrix), and γ is a positive
parameter.

Throughout this paper, we assume that the function f satisfies the inequality

0 ≤ f(σ)σ ≤ kσ2 (3.7)

if σ ∈ R where k is a positive constant.
For the reader’s convenience, we recall that the zero solution of (3.1) is called stable

in the square mean if, for every ε > 0, there exists a δ = δ(ε) > 0 such that every solution
x = x(t) of (3.1) satisfies M{‖x(t)‖2} < ε provided that the initial conditions (3.5) are such
that ‖ϕ(0)‖τ < δ and ‖ψ(0)‖τ < δ. If the zero solution is stable in the square mean and,
moreover,

lim
t→+∞

M
{
‖x(t)‖2

}
= 0, (3.8)

then it is called asymptotically stable in the square mean.

Definition 3.1. If there exist positive constants N, γ , and θ such that the inequality

M
{
‖x(t)‖2

τ,γ

}
≤N ‖x(0)‖2

τ e
−θt (3.9)

holds on [0,∞), then the zero solution of (3.1) is called exponentially γ-integrally stable in
the square mean.

In this paper, we prove the exponential γ-integral stability in the square mean of
the differential-difference equation with constant delay (3.1). We employ the method of
stochastic Lyapunov-Krasovskii functionals. In [11, 18, 22, 24] the Lyapunov-Krasovskii
functional is chosen to be of the form

V [x(t), t] = h[x(t) − cx(t − τ)]2 + g
∫0

−τ
x2(t + s)ds, (3.10)

IEEE eXpress Sample eBook, page 213



Abstract and Applied Analysis 5

where constants h > 0 and g > 0 are such that the total stochastic differential of the functional
along solutions is negative definite.

In the present paper, we consider the Lyapunov-Krasovskii functional in the following
form:

V [x(t), t] = [x(t) −Dx(t − τ)]TH[x(t) −Dx(t − τ)]

+
∫ t
t−τ

e−γ(t−s)xT (s)Gx(s)ds + β
∫σ(t)

0
f(ξ)dξ,

(3.11)

where constants γ > 0, β > 0 and n × n positive definite symmetric matrices G, H are to be
restricted later on. This allows us not only to derive sufficient conditions for the stability of
the zero solution but also to obtain coefficient estimates of the rate of the exponential decay
of solutions.

We set

P :=

(
H −HD

−DTH DTHD

)
. (3.12)

Then, by using introduced norms, the functional (3.11) yields two-sided estimates

λmin(G)‖x(t)‖2
τ,γ ≤ V [x(t), t] ≤

[
λmax(P) + 0.5βk‖c‖2

]
‖x(t)‖2

+
[
λmax(P) + 0.5βk

∥∥∥cTD
∥∥∥2
]
‖x(t − τ)‖2 + λmax(G)‖x(t)‖2

τ,γ ,

(3.13)

where t ∈ [0,∞).
We will use an auxiliary (2n + 1) × (2n + 1)-dimensional matrix:

S = S
(
β, γ, ν, G,H

)
:=

⎛
⎜⎜⎝
s11 s12 s13

s21 s22 s23

s31 s32 s33

⎞
⎟⎟⎠, (3.14)
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where

s11 := −A0H −HA0 − BT0HB0 −G,

s12 := AT
0HD −HA1 − BT0HB1,

s13 := −Ha2 − BT0Hb2 − 1
2
(
βA0 + νI

)T
c,

s21 := sT12,

s22 := DTHA1 +AT
1HD − BT1HB1 + e−γτG,

s23 := DTHa2 − BT1Hb2 − 1
2
βA1c,

s31 := sT13,

s32 := sT23,

s33 :=
ν

k
− bT2Hb2 − βcTa2,

(3.15)

where ν is a parameter.
Now we establish our main result on the exponential γ-integral stability of a trivial

solution in the square mean of system (3.1) when t → ∞.

Theorem 3.2. Let ‖D‖ < 1. Let there exist positive constants β, γ , ν and positive definite symmetric
matricesG,H such that the matrix S is positively definite as well. Then the zero solution of the system
(3.1) is exponentially γ-integrally stable in the square mean on [0,∞). Moreover, every solution x(t)
of (3.1) satisfies the inequality

M
{
‖x(t)‖2

τ,γ

}
≤N‖x(0)‖2

τ e
−θt (3.16)

for all t ≥ 0 where

N :=
1

λmin(G)
·
(

2λmax(P) + 0.5βk‖c‖2 + 0.5βk
∥∥∥cTD∥∥∥2

+
1
γ
λmax(G)

)
,

θ := min

{
γλmin(G)
λmax(G)

,
λmin(S)

λmax(P) + 0.5βk‖c‖2

}
.

(3.17)
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Proof. We will apply the method of Lyapunov-Krasovskii functionals using functional (3.11).
Using the Itô formula, we compute the stochastic differential of (3.11) as follows

dV [x(t), t] =
([
A0x(t) +A1x(t − τ) + a2f(σ(t))

]T
dt

+
[
B0x(t) + B1x(t − τ) + b2f(σ(t))

]T
dw(t)

)

×H[x(t) −Dx(t − τ)] + [x(t) −Dx(t − τ)]T

×H
([
A0x(t) +A1x(t − τ) + a2f(σ(t))

]
dt

+
[
B0x(t) + B1x(t − τ) + b2f(σ(t))

]T
dw(t)

)

+
[
B0x(t) + B1x(t − τ) + b2f(σ(t))

]T

×H[
B0x(t) + B1x(t − τ) + b2f(σ(t))

]
d
(
w2(t)

)

+ xT (t)Gx(t)dt − e−γτxT (t − τ)Gx(t − τ)dt + βf(σ(t))cT

×
([
A0x(t) +A1x(t − τ) + a2f(σ(t))

]
dt

+
[
B0x(t) + B1x(t − τ) + b2f(σ(t))

]T
dw(t)

)

− γ
∫ t
t−τ

e−γ(t−s)xT (s)Gx(s)dsdt.

(3.18)

Taking the mathematical expectation we obtain (we use properties (3.3))

M{dV [x(t), t]} =M
{[
A0x(t) +A1x(t − τ) + a2f(σ(t))

]T

×H[x(t) −Dx(t − τ)]dt
}

+M
{
[x(t) −Dx(t − τ)]T

×H[
A0x(t) +A1x(t − τ) + a2f(σ(t))

]
dt
}

+M
{[
B0x(t) + B1x(t − τ) + b2f(σ(t))

]T

×H[
B0x(t) + B1x(t − τ) + b2f(σ(t))

]
d
(
w2(t)

)}

+M
{[
xT (t)Gx(t)dt − e−γτxT (t − τ)Gx(t − τ)dt

]}

+ βM
{
f(σ(t))cT

[
A0x(t) +A1x(t − τ) + a2f(σ(t))

]
dt
}

− γM
{∫ t

t−τ
e−γ(t−s)xT (s)Gx(s)dsdt

}
.

(3.19)
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Utilizing the matrix S defined by (3.14), the last expression can be rewritten in the following
vector matrix form

d

dt
M{V [x(t), t]} = −M

{(
xT (t), xT (t − τ), f(σ(t))

)
× S ×

(
xT (t), xT (t − τ), f(σ(t))

)T}

− ν
[
σ(t) − f(σ(t))

k

]
f(σ(t)) − γM

{∫ t
t−τ

e−γ(t−s)xT (s)Gx(s)ds

}
.

(3.20)

We will show next that solutions of (3.1) decay exponentially by calculating the correspond-
ing exponential rate.

The full derivative of the mathematical expectation for the Lyapunov-Krasovskii
functional (3.11) satisfies

d

dt
M{V [x(t), t]} ≤ −λmin(S)M

{
‖x(t)‖2

}

− λmin(S)M
{
‖x(t − τ)‖2

}

− γλmin(G)M
{
‖x(t)‖2

τ,γ

}
.

(3.21)

In the following we will use inequalities being a consequence of (3.13).

λmin(G)M
{
‖x(t)‖2

τ,γ

}
≤M{V [x(t)]}

≤
[
λmax(P) + 0.5βk‖c‖2

]
×M

{
‖x(t)‖2

}

+
[
λmax(P) + 0.5βk

∥∥∥cTD
∥∥∥2
]
M
{
‖x(t − τ)‖2

}

+ λmax(G)M
{
‖x(t)‖2

τ,γ

}
.

(3.22)

Let us derive conditions for the coefficients of (3.1) and parameters of the Lyapunov-
Krasovskii functional (3.11) such that the following inequality:

d

dt
M{V [x(t), t]} ≤ −θM{V [x(t), t]} (3.23)

holds. We use a sequence of the following calculations supposing that either inequality

γλmin(G) − λmin(S)

λmax(P) + 0.5βk|c|2
λmax(G) ≥ 0 (3.24)
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holds, or the opposite inequality

γλmin(G) − λmin(S)

λmax(P) + 0.5βk|c|2
λmax(G) ≤ 0 (3.25)

is valid.
(1) Let inequality (3.24) holds. Rewrite the right-hand part of inequality (3.22) in the

form

−M
{
‖x(t)‖2

}
≤ 1

λmax(P) + 0.5βk‖c‖2

×
[
−M{V [x(t), t]} + λmax(G)M

{
‖x(t)‖2

τ,γ

}

+
[
λmax(P) + 0.5βk

∥∥∥cTD
∥∥∥2
]
M
{
‖x(t − τ)‖2

}]
(3.26)

and substitute the latter into inequality (3.21). This results in

d

dt
M{V [x(t), t]} ≤ − λmin(S)

λmax(P) + 0.5βk‖c‖2

×
[
−M{V [x(t), t]} + λmax(G)M

{
‖x(t)‖2

τ,γ

}

+
[
λmax(P) + 0.5βk

∥∥∥cTD∥∥∥2
]
M
{
‖x(t − τ)‖2

}]

− γλmin(G)M
{
‖x(t)‖2

τ,γ

}
− λmin(S)M

{
‖x(t − τ)‖2

}
,

(3.27)

or, equivalently,

d

dt
M{V [x(t), t]} ≤ − λmin(S)

λmax(P) + 0.5βk‖c‖2
M{V [x(t), t]}

− λmin(S)

(
1 − λmax(P) + 0.5βk

∥∥cTD∥∥2

λmax(P) + 0.5βk‖c‖2

)
M
{
‖x(t − τ)‖2

}

−
(
γλmin(G) − λmin(S)

λmax(P) + 0.5βk‖c‖2
λmax(G)

)
M
{
‖x(t)‖2

τ,γ

}
.

(3.28)

The inequality

λmax(P) + 0.5βk
∥∥cTD∥∥2

λmax(P) + 0.5βk‖c‖2
≤ 1 (3.29)
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always holds. Because inequality (3.24) is valid, a differential inequality

d

dt
M{V [x(t), t]} ≤ − λmin(S)

λmax(P) + 0.5βk‖c‖2
M{V [x(t), t]}

≤ −θM{V [x(t), t]}
(3.30)

will be true as well.
(2) Let inequality (3.25) hold. We rewrite the right-hand side of inequality (3.22) in the

form

−M
{
‖x(t)‖2

τ,γ

}
≤ 1
λmax(G)

×
(
−M{V [x(t), t]} +

(
λmax(P) + 0.5βk‖c‖2

)
M
{
‖x(t)‖2

}

+
[
λmax(P) + 0.5βk

∥∥∥cTD
∥∥∥2
]
M
{
‖x(t − τ)‖2

}) (3.31)

and substitute the latter again into inequality (3.21). This results in

d

dt
M{V [x(t), t]} ≤ −λmin(S)M

{
‖x(t)‖2

}
− λmin(S)M

{
‖x(t − τ)‖2

}
+ γ

λmin(G)
λmax(G)

×
{
−M{V [x(t), t]} +

(
λmax(P) + 0.5βk‖c‖2

)
M
{
‖x(t)‖2

}

+
[
λmax(P) + 0.5βk

∥∥∥cTD
∥∥∥2
]
M
{
‖x(t − τ)‖2

}}
(3.32)

or in

d

dt
M{V [x(t), t]} ≤ −γ λmin(G)

λmax(G)
M{V [x(t), t]}

−
(
λmin(S) −

λmax(P) + 0.5βk‖c‖2

λmax(G)
γλmin(G)

)
M
{
‖x(t)‖2

}

−

⎛
⎜⎝λmin(S) −

γλmin(G)
[
λmax(P) + 0.5βk

∥∥cTD∥∥2
]

λmax(G)

⎞
⎟⎠M

{
‖x(t − τ)‖2

}
.

(3.33)

Because inequality (3.25) is valid, a differential inequality

d

dt
M{V [x(t), t]} ≤ −γ λmin(G)

λmax(G)
M{V [x(t), t]} ≤ −θM{V [x(t), t]} (3.34)

will be valid as well.
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Analysing inequalities (3.30) and (3.34) we conclude that (3.23) always holds. Solving
inequality (3.23) we obtain

M{V [x(t), t]} ≤M{V [x(0), 0]}e−θt. (3.35)

Now we derive estimates of the rate of the exponential decay of solutions. We use inequalities
(3.22), (3.35). It is easy to see that

λmin(G)M
{
‖x(t)‖2

τ,γ

}
≤M{V [x(t), t]} ≤M{V [x(0), 0]}e−θt

≤
((

λmax(P) + 0.5βk‖c‖2
)
‖x(0)‖2

+
[
λmax(P) + 0.5βk

∥∥∥cTD
∥∥∥2
]
‖x(−τ)‖2 + λmax(G)‖x(0)‖2

τ,γ

)
e−θt

≤
(

2λmax(P) + 0.5βk‖c‖2 + 0.5βk
∥∥∥cTD∥∥∥2

+
1
γ
λmax(G)

)
‖x(0)‖2

τe
−θt.

(3.36)

Now, inequality (3.16) is a simple consequence of the latter chain of inequalities.

4. A Scalar Case

As an example, we will apply Theorem 3.2 to a scalar control stochastic differential-difference
equation of a neutral type

d[x(t) − d0x(t − τ)] =
[
a0x(t) + a1x(t − τ) + a2f(σ(t))

]
dt

+
[
b0x(t) + b1x(t − τ) + b2f(σ(t))

]
dw(t),

(4.1)

where σ(t) = c[x(t) − d0x(t − τ)], x ∈ R, a0, a1, a2, b0, b1, d2, d0, and c are real constants,
τ > 0 is a constant delay, and w(t) is a standard scalar Wiener process satisfying (3.3). An
Ft-measurable random process {x(t) ≡ x(t, ω)} is called a solution of (4.1) if it satisfies, with
a probability one, the following integral equation:

x(t) = d0x(t − τ) + [x(0) − d0x(−τ)]

+
∫ t

0

[
a0x(s) + a1x(s − τ) + a2f(σ(t))

]
ds

+
∫ t

0

[
b0x(s) + b1x(s − τ) + b2f(σ(t))

]
dw(s), t ≥ 0.

(4.2)
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The Lyapunov-Krasovskii functional V reduces to

V [x(t), t] = [x(t) − d0x(t − τ)]2 + g
∫ t
t−τ

e−γ(t−s)x2(s)ds + β
∫σ(t)

0
f(ξ)dξ, (4.3)

where we assume g > 0 and β > 0. The matrix S reduces to (for simplicity we set H = (1))

S = S
(
g, β, γ, ν

)
:=

⎛
⎜⎜⎝
s11 s12 s13

s21 s22 s23

s31 s32 s33

⎞
⎟⎟⎠ (4.4)

and has entries

s11 := −2a0 − b2
0 − g,

s12 := a0d0 − a1 − b0b1,

s13 := −a2 − b0b2 − 1
2
(
βa0 + ν

)
c,

s21 := s12,

s22 := 2a1d0 − b2
1 + e

−γτg,

s23 := a2d0 − b1b2 − 0.5βa1c,

s31 := s13,

s32 := s23,

s33 :=
ν

k
− b2

2 − βca2,

(4.5)

where ν is a parameter. Therefore, the above calculation yields the following result.

Theorem 4.1. Let |d0| < 1. Assume that positive constants β, γ , g, and ν are such that the matrix
S is positive definite. Then the zero solution of (4.1) is exponentially γ-integrally stable in the square
mean on [0,∞). Moreover, every solution x(t) satisfies the following convergence estimate:

M
{
‖x(t)‖2

τ,γ

}
≤N‖x(0)‖2

τe
−θt (4.6)

for all t ≥ 0 where

N :=
1
g

(
2 + 2d2

0 + 0.5βkc2 + 0.5βk(cd0)
2
)
+

1
γ
,

θ := min

{
γ,

λmin(S)
1 + d2

0 + 0.5βkc2

}
.

(4.7)
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Solutions of the equation ẏ(t) = −f(t, yt) are considered for t → ∞. The existence of two
classes of positive solutions which are asymptotically different is proved using the retract method
combined with Razumikhin’s technique. With the aid of two auxiliary linear equations, which
are constructed using upper and lower linear functional estimates of the right-hand side of the
equation considered, inequalities for both types of positive solutions are given as well.

1. Introduction

Let C([a, b],�n), where a, b ∈ �, a < b, be the Banach space of the continuous mappings from
the interval [a, b] into �n equipped with the supremum norm

∥∥ψ∥∥C = sup
θ∈[a,b]

∥∥ψ(θ)∥∥, ψ ∈ C([a, b],�n), (1.1)

where ‖ · ‖ is the maximum norm in �
n . In the case of a = −r < 0 and b = 0, we will denote

this space as Cn
r , that is,

Cn
r := C([−r, 0],�n). (1.2)

If σ ∈ �n , A ≥ 0, and y ∈ C([σ − r, σ +A],�n), then, for each t ∈ [σ, σ +A], we define
yt ∈ Cn

r by yt(θ) = y(t + θ), θ ∈ [−r, 0].
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2 Abstract and Applied Analysis

The present article is devoted to the problem of the existence of two classes of
asymptotically different positive solutions of the delayed equation

ẏ(t) = −f(t, yt), (1.3)

for t → +∞, where f : Ω → � is a continuous quasibounded functional that satisfies a local
Lipschitz condition with respect to the second argument and Ω is an open subset in � × C1

r

such that conditions which use f are well defined.
The main supposition of our investigation is that the right-hand side of (1.3) can be

estimated as follows:

CA(t)yt(−r) ≤ f
(
t, yt

) ≤ CB(t)yt(−r), (1.4)

where (t, yt) ∈ Ω, and CA,CB : [t0 − r,∞) → �
+ := (0,∞), t0 ∈ � are continuous functions

satisfying

0 < CA(t) ≤ CB(t) ≤ 1
(re)

, t ∈ [t0 − r,∞), (1.5)

∫∞
t0−r

CB(t)dt < 1. (1.6)

Quite lots of investigations are devoted to existence of positive solutions of different classes
of equations (we mention at least monographs [1–6] and papers [7–12]). The investigation
of two classes of asymptotically different solutions of (1.3) has been started in the paper [13]
using a monotone iterative technique and a retract principle. Assumptions of results obtained
are too cumbersome and are applied to narrow classes of equations. In the presented paper
we derive more general statements under weaker conditions. This progress is related to more
general inequalities (1.4) for the right-hand side of (1.3) which permit to omit utilization of
properties of solutions of transcendental equations used in [13].

1.1. Ważewski’s Principle

In this section we introduce Ważewski’s principle for a system of retarded functional
differential equations

ẏ(t) = F
(
t, yt

)
, (1.7)

where F : Ω∗ 	→ �
n is a continuous quasibounded map which satisfies a local Lipschitz

condition with respect to the second argument and Ω∗ is an open subset in � × Cn
r . We recall

that the functional F is quasibounded if F is bounded on every set of the form [t1, t2] × Cn
rL ⊂

Ω∗, where t1 < t2, Cn
rL := C([−r, 0], L) and L is a closed bounded subset of �n (compare [2,

page 305]).
In accordance with [14], a function y(t) is said to be a solution of system (1.7) on [σ −

r, σ +A) if there are σ ∈ � and A > 0 such that y ∈ C([σ − r, σ +A),�n), (t, yt) ∈ Ω∗, and y(t)
satisfies the system (1.7) for t ∈ [σ, σ+A). For a given σ ∈ �, ϕ ∈ C, we say y(σ, ϕ) is a solution
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of the system (1.7) through (σ, ϕ) ∈ Ω∗ if there is anA > 0 such that y(σ, ϕ) is a solution of the
system (1.7) on [σ − r, σ +A) and yσ(σ, ϕ) = ϕ. In view of the above conditions, each element
(σ, ϕ) ∈ Ω∗ determines a unique solution y(σ, ϕ) of the system (1.7) through (σ, ϕ) ∈ Ω∗ on its
maximal interval of existence Iσ,ϕ = [σ, a), σ < a ≤ ∞ which depends continuously on initial
data [14]. A solution y(σ, ϕ) of the system (1.7) is said to be positive if

yi
(
σ, ϕ

)
> 0 (1.8)

on [σ − r, σ] ∪ Iσ,ϕ for each i = 1, 2, . . . , n. A nontrivial solution y(σ, ϕ) of the system (1.7)
is said to be oscillatory on Iσ,ϕ (under condition Iσ,ϕ = [σ,∞)) if (1.8) does not hold on any
subinterval [σ1,∞) ⊂ [σ,∞), σ1 ≥ σ.

As a method of proving the existence of positive solutions of (1.3), we use Ważewski’s
retract principle which was first introduced by Ważewski [15] for ordinary differential
equations and later extended to retarded functional differential equations by Rybakowski
[16] and which is widely applicable to concrete examples. A summary of this principle is
given below.

As usual, if a set ω ⊂ � × �n , then intω and ∂ω denote the interior and the boundary
of ω, respectively.

Definition 1.1 (see [16]). Let the continuously differentiable functions li(t, y), i = 1, 2, . . . , p
and mj(t, y), j = 1, 2, . . . , q, p2 + q2 > 0 be defined on some open set ω0 ⊂ � × �n . The set

ω∗ =
{(
t, y

) ∈ ω0 : li
(
t, y

)
< 0, mj

(
t, y

)
< 0, i = 1, . . . , p, j = 1, . . . , q

}
(1.9)

is called a regular polyfacial set with respect to the system (1.7), provided that it is nonempty,
if (α) to (γ) below hold.

(α) For (t, π) ∈ � × Cn
r such that (t + θ, π(θ)) ∈ ω∗ for θ ∈ [−r, 0), we have (t, π) ∈ Ω∗.

(β) For all i = 1, 2, . . . , p, all (t, y) ∈ ∂ω∗ for which li(t, y) = 0, and all π ∈ Cn
r for which

π(0) = y and (t + θ, π(θ)) ∈ ω∗, θ ∈ [−r, 0). It follows that Dli(t, y) > 0, where

Dli
(
t, y

) ≡ n∑
k=1

∂li
(
t, y

)
∂yk

fk(t, π) +
∂li

(
t, y

)
∂t

. (1.10)

(γ) For all j = 1, 2, . . . , q, all (t, y) ∈ ∂ω∗ for which mj(t, y) = 0, and all π ∈ Cn
r for which

π(0) = y and (t + θ, π(θ)) ∈ ω∗, θ ∈ [−r, 0). It follows that Dmj(t, y) < 0, where

Dmj

(
t, y

) ≡ n∑
k=1

∂mj

(
t, y

)
∂yk

fk(t, π) +
∂mj

(
t, y

)
∂t

. (1.11)

The elements (t, π) ∈ � × Cn
r in the sequel are assumed to be such that (t, π) ∈ Ω∗.

In the following definition, a set ω∗ is an arbitrary set without any connection with a
regular polyfacial set ω∗ defined by (1.9) in Definition 1.1.
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Definition 1.2. A system of initial functions pA,ω∗ with respect to the nonempty sets A and ω∗,
where A ⊂ ω∗ ⊂ � ×�n is defined as a continuous mapping p : A → Cn

r such that (α) and (β)
below hold.

(α) If z = (t, y) ∈ A ∩ intω∗, then (t + θ, p(z)(θ)) ∈ ω∗ for θ ∈ [−r, 0].
(β) If z = (t, y) ∈ A ∩ ∂ω∗, then (t + θ, p(z)(θ)) ∈ ω∗ for θ ∈ [−r, 0) and (t, p(z)(0)) = z.

Definition 1.3 (see [17]). If A ⊂ B are subsets of a topological space and π : B → A is a
continuous mapping from B onto A such that π(p) = p for every p ∈ A, then π is said to be
a retraction of B ontoA. When a retraction of B ontoA exists,A is called a retract of B.

The following lemma describes the main result of the paper [16].

Lemma 1.4. Let ω∗ ⊂ ω0 be a regular polyfacial set with respect to the system (1.7), and let W be
defined as follows:

W =
{(
t, y

) ∈ ∂ω∗ : mj

(
t, y

)
< 0, j = 1, 2, . . . , q

}
. (1.12)

Let Z ⊂ W ∪ ω∗ be a given set such that Z ∩W is a retract of W but not a retract of Z. Then for
each fixed system of initial functions pZ,ω∗ , there is a point z0 = (σ0, y0) ∈ Z ∩ ω∗ such that for the
corresponding solution y(σ0, p(z0))(t) of (1.7), one has

(
t, y

(
σ0, p(z0)

)
(t)

) ∈ ω∗ (1.13)

for each t ∈ Dσ0 ,p(z0).

Remark 1.5. When Lemma 1.4 is applied, a lot of technical details should be fulfilled. In order
to simplify necessary verifications, it is useful, without loss of generality, to vary the first
coordinate t in definition of the set ω∗ in (1.9) within a half-open interval open at the right.
Then the set ω∗ is not open, but tracing the proof of Lemma 1.4, it is easy to see that for
such sets it remains valid. Such possibility is used below. We will apply similar remark and
explanation to sets of the type Ω, Ω∗ which serve as domains of definitions of functionals on
the right-hand sides of equations considered.

For continuous vector functions

ρ∗ =
(
ρ∗1, ρ

∗
2, . . . , ρ

∗
n

)
, δ∗ =

(
δ∗1, δ

∗
2, . . . , δ

∗
n

)
: [t0 − r,∞) −→ �

n , (1.14)

with ρ∗(t) � δ∗(t) for t ∈ [t0 − r,∞) (the symbol � here and below means that ρ∗i (t) < δ∗i (t)
for all i = 1, 2, . . . , n), continuously differentiable on [t0,∞), we define the set

ω∗ :=
{(
t, y

)
: t ∈ [t0,∞), ρ∗(t)� y � δ∗(t)

}
. (1.15)

In the sequel, we employ the following result from [18, Theorem 1], which is proved with the
aid of the retract technique combined with Razumikhin’s approach.
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Theorem 1.6. Let there be a p ∈ {0, . . . , n} such that

(i) if t ≥ t0, φ ∈ Cn
r and (t + θ, φ(θ)) ∈ ω∗ for any θ ∈ [−r, 0), then

(
δ∗i

)′
(t) < Fi

(
t, φ

)
, when φi(0) = δ∗i(t),

(
ρ∗i

)′
(t) > Fi

(
t, φ

)
, when φi(0) = ρ∗i(t)

(1.16)

for any i = 1, 2, . . . , p, (If p = 0, this condition is omitted.)

(ii) if t ≥ t0, φ ∈ Cn
r and (t + θ, φ(θ)) ∈ ω∗ for any θ ∈ [−r, 0) then

(
ρ∗i

)′
(t) < Fi

(
t, φ

)
, when φi(0) = ρ∗i(t),

(
δ∗i

)′
(t) > Fi

(
t, φ

)
, when φi(0) = δ∗i(t)

(1.17)

for any i = p + 1, p + 2, . . . , n. (If p = n, this condition is omitted.)

Then, there exists an uncountable set Y of solutions of (1.7) on [t0−r,∞) such that each y ∈ Y
satisfies

ρ∗(t)� y(t)� δ∗(t), t ∈ [t0 − r,∞). (1.18)

1.2. Structure of Solutions of a Linear Equation

In this section we focus our attention to structure of solutions of scalar linear differential
equation of the type (1.3) with variable bounded delay of the form

ẋ(t) = −c(t)x(t − τ(t)) (1.19)

with continuous functions c : [t0 − r,∞) → �
+ and τ : [t0,∞) → (0, r].

In accordance with above definitions of positive or oscillatory solutions, we call a
solution of (1.19) oscillatory if it has arbitrary large zeros, otherwise it is called nonoscillatory
(positive or negative).

Let us mention properties of (1.19) which will be used later. Theorem 13 from [19]
describes sufficient conditions for existence of positive solutions of (1.19) with nonzero limit.

Theorem 1.7 (see [19, Theorem 13]). Linear equation (1.19) has a positive solution with nonzero
limit if and only if

∫∞
c(t)dt <∞. (1.20)
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Remark 1.8. Tracing the proof of Theorem 1.7, we conclude that a positive solution x = x(t) of
(1.19) with nonzero limit exists on [t0 − r,∞) if

∫∞
t0−r

c(t)dt < 1. (1.21)

The following theorem is a union of parts of results from [20] related to the structure
formulas for solutions of (1.19).

Theorem 1.9. Suppose the existence of a positive solution of (1.19) on [t0 − r,∞). Then there exist
two positive solutions xd and xs of (1.19) on [t0 − r,∞) satisfying the relation

lim
t→∞

xs(t)
xd(t)

= 0 (1.22)

such that every solution x = x(t) of (1.19) on [t0 − r,∞) can be represented by the formula

x(t) = Kxd(t) +O(xs(t)), (1.23)

where the constant K depends on x.

The symbol O, applied in (1.23) and below, is the Landau order symbol frequently
used in asymptotic analysis.

Moreover, Theorem 9 in [20] gives a possibility to replace the pair of solutions xd(t)
and xs(t) in (1.23) by another pairs of solutions x̃d(t) and x̃s(t) if

lim
t→∞

x̃s(t)
x̃d(t)

= 0 (1.24)

as given in the following theorem.

Theorem 1.10. Let x̃d(t) and x̃s(t) be positive solutions of (1.19) on [t0 − r,∞) such that (1.24)
holds. Then every solution x = x(t) of (1.19) on [t0 − r,∞) can be represented by the formula

x(t) = K∗x̃d(t) +O(x̃s(t)), (1.25)

where the constant K∗ depends on x.

The next definition is based on the properties of solutions xd, x̃d, xs, and x̃s described
in Theorems 1.9 and 1.10.

Definition 1.11 (see [20, Definition 2]). Suppose that the positive solutions xd and xs of (1.19)
on [t0 − r,∞) satisfy the relation (1.22). Then, we call the solution xd a dominant solution and
the solution xs a subdominant solution.

Due to linearity of (1.19), there are infinitely many dominant and subdominant
solutions. Obviously, another pair of a dominant and a subdominant solutions is the pair
x̃d(t), x̃s(t) in Theorem 1.10.
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2. Main Results

Let us consider two auxiliary linear equations:

ẋ(t) = −CA(t)x(t − r), (2.1)

ż(t) = −CB(t)z(t − r), (2.2)

where r ∈ �+ and CA, CB are positive continuous functions on [t0 − r,∞), t0 ∈ �. According
to the Theorems 1.7 and 1.9, both (2.1) and (2.2) have two types of positive solutions
(subdominant and dominant). Let us denote them xd(t), xs(t) for (2.1) and zd(t), zs(t) for
(2.2), respectively, such that

lim
t→∞

xs(t)
xd(t)

= 0, lim
t→∞

zs(t)
zd(t)

= 0. (2.3)

Without loss of generality, we can suppose that xs(t) < xd(t) and zs(t) < zd(t) on [t0 − r,∞).

2.1. Auxiliary Linear Result

The next lemma states that if zd(t), zs(t) are dominant and subdominant solutions for (2.2),
then there are dominant and subdominant solutions x∗

d
(t), x∗s(t) for (2.1) satisfying certain

inequalities.

Lemma 2.1. Let (1.5) be valid. Let zd(t), zs(t) be dominant and subdominant solutions for (2.2).
Then there are positive solutions x∗s(t), x

∗
d(t) of (2.1) on [t0 − r,∞) such that:

(a) x∗s(t) < zs(t), t ∈ [t0 − r,∞),

(b) zd(t) < x∗d(t), t ∈ [t0 − r,∞),

(c) x∗d(t) and x
∗
s(t) are dominant and subdominant solutions for (2.1).

Proof. (a) To prove the part (a), we employ Theorem 1.6 with p = n = 1; that is, we apply the
case (i). Consider (2.1), set F(t, φ) := −CA(t)φ(−r), ρ∗(t) := 0, δ∗(t) := zs(t), and assume (see
the case (i)):

0 < φ(θ) < zs(t + θ), θ ∈ [−r, 0), φ(0) = zs(t), t ≥ t0. (2.4)
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8 Abstract and Applied Analysis

Now we have to verify the inequalities (1.16), that is, in our case:

F
(
t, φ

) − (δ∗)′(t) = −CA(t)φ(−r) − (δ∗)′(t)
= −CA(t)φ(−r) − z′s(t)
= −CA(t)φ(−r) +CB(t)zs(t − r)
≥ (we use (1.5))

≥ −CB(t)φ(−r) + CB(t)zs(t − r)
> CB(t)[zs(t − r) − zs(t − r)] = 0

(2.5)

and F(t, φ) > (δ∗)′(t) if t ∈ [t0,∞). Further, we have

−F(t, φ) + (
ρ∗
)′(t) = CA(t)φ(−r) + 0 = CA(t)φ(−r) > 0 (2.6)

and F(t, φ) < (ρ∗)′(t) if t ∈ [t0,∞). Since both inequalities are fulfilled and all assumptions
of Theorem 1.6 are satisfied for the case in question, there exists a solution x∗s(t) of (2.1) on
[t0 − r,∞) such that x∗s(t) < zs(t) for t ∈ [t0 − r,∞).

(b) To prove the part (b), we consider a solution x = x∗
d
(t) of the following initial

problem:

ẋ(t) = −CA(t)x(t − r), t ∈ [t0 − r,∞), (2.7)

x(t) = zd(t), t ∈ [t0 − r, t0]. (2.8)

Now, let us define a function

W(t, x) = zd(t) − x(t), t ∈ [t0 − r,∞). (2.9)

We find the sign of the full derivative of W along the trajectories of (2.7) if t ∈ [t0, t0 + r]:

dW(t, x)
dt

∣∣∣∣
t∈[t0,t0+r]

= −CB(t)zd(t − r) + CA(t)x(t − r)

= (due to (2.8))

= −CB(t)zd(t − r) + CA(t)zd(t − r)
≤ [CA(t) − CB(t)]zd(t − r) ≤ (due to (1.5)) ≤ 0.

(2.10)

It means that function W is nonincreasing and it holds

W(t0, x(t0)) = zd(t0) − x(t0) = zd(t0) − zd(t0)
= 0 ≥W(t0 + ε, x(t0 + ε)) = zd(t0 + ε) − x(t0 + ε), ε ∈ [0, r],

(2.11)
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and hence zd(t0 + ε) ≤ x(t0 + ε). It will be showed that this inequality holds also for every
t > t0 + r.

On the contrary, let us suppose that the inequality is not true, that is, there exists a point
t = t∗∗ such that zd(t∗∗) > x(t∗∗). Then there exists a point t∗ ∈ [t0, t∗∗) such that zd(t∗) < x(t∗),
otherwise zd(t) ≡ x(t) on [t0, t∗∗]. Without loss of generality, we can suppose that x(t) ≡ zd(t)
on [t0, t∗∗∗] with a t∗∗∗ ∈ [t0, t∗) and x(t) > zd(t) on (t∗∗∗, t∗). Then, there exists a point t� ∈
(t∗∗∗, t∗) such that x(t�) = Kzd(t�) for a constant K > 1 and

Kzd(t) > x(t), for t ∈ [t0, t�). (2.12)

Hence, for a function W∗(t, x) defined as W∗(t, x) := Kzd(t) − x(t), t ∈ [t0, t�], we get

dW∗(t, x)
dt

∣∣∣∣
t=t�

= K(−CB(t)zd(t − r)) + CA(t)x(t − r)

< (due to (2.12))

< K(−CB(t)zd(t − r)) + CA(t)Kzd(t − r)
= Kzd(t − r)[CA(t) −CB(t)] ≤

(
by (1.5)

) ≤ 0.

(2.13)

It means that Kzd(t) < x(t) on a right-hand neighborhood of t�. This is a contradiction with
inequality

zd(t) < Kzd(t) < x(t), (2.14)

hence it is proved that the existence of a solution x∗d(t) satisfies zd(t) < x∗d(t) on [t0 − r,∞).
(c) To prove the part (c), we consider limt→∞ x∗s(t)/x

∗
d(t). Due to (a) and (b), we get

0 ≤ lim
t→∞

x∗s(t)
x∗d(t)

≤ lim
t→∞

zs(t)
zd(t)

= 0, (2.15)

and x∗
d
(t) and x∗s(t) are (by Definition 1.11) dominant and subdominant solutions for (2.1).

2.2. Existence of Positive Solutions of (1.3)

The next theorems state that there exist two classes of positive solutions of (1.3) such
that graphs of each solution of the first class are between graphs of dominant solutions
of (2.1) and (2.2), and graphs of each solution of the second class are between graphs of
subdominant solutions of (2.1) and (2.2), respectively. It means that we prove there are two
classes of asymptotically different positive solutions of (1.3). Without loss of generality (see
Remark 1.5), we put Ω := [t0,∞) × C1

r . In the following, we will use our main supposition
(1.4); that is, we assume that for (t, φ) ∈ Ω inequalities,

CA(t)φ(−r) ≤ f
(
t, φ

) ≤ CB(t)φ(−r) (2.16)

hold, where φ is supposed to be positive.
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Theorem 2.2. Let f : Ω → � be a continuous quasibounded functional. Let inequality (1.5) be
valid, and (2.16) holds for any (t, φ) ∈ Ω with φ(θ) > 0, θ ∈ [−r, 0]. Let x(t) be a positive solution of
(2.1) on [t0 − r,∞), and let z(t) be a positive solution of (2.2) on [t0 − r,∞) such that x(t) < z(t) on
[t0 − r,∞). Then there exists an uncountable set Y of positive solutions of (1.3) on [t0 − r,∞) such
that each solution y ∈ Y satisfies

x(t) < y(t) < z(t) (2.17)

for t ∈ [t0 − r,∞).

Proof. To prove this theorem, we employ Theorem 1.6 with p = n = 1; that is, we apply the
case (i). Set F(t, yt) := −f(t, yt), ρ∗(t) := x(t), δ∗(t) := z(t); hence, the set ω∗ will be defined as

ω∗ :=
{(
t, y

)
: t ∈ [t0 − r,∞), x(t) < y(t) < z(t)

}
. (2.18)

Now, we have to verify the inequalities (1.16). In our case

F
(
t, φ

) − (δ∗)′(t) = −f(t, φ) − (δ∗)′(t)
= −f(t, φ) − z′(t)
= −f(t, φ) + CB(t)z(t − r)
≥ (we use (2.16))

≥ −CB(t)φ(−r) + CB(t)z(t − r)
>
(
we use (2.18) : φ(−r) < z(t − r))

> CB(t)[z(t − r) − z(t − r)] = 0,

−F(t, φ) + (
ρ∗
)′(t) = f(t, φ) + (

ρ∗
)′(t)

= f
(
t, φ

)
+ x′(t)

= f
(
t, φ

) − CA(t)x(t − r)
≥ (we use (2.16))

≥ CA(t)φ(−r) −CA(t)x(t − r)
>
(
we use (2.18) : φ(−r) > x(t − r))

> CA(t)[x(t − r) − x(t − r)] = 0.

(2.19)

Therefore,

F
(
t, φ

) − (δ∗)′(t) > 0,

−F(t, φ) + (
ρ∗
)′(t) > 0.

(2.20)
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Both inequalities (1.16) are fulfilled, and all assumptions of Theorem 1.6 are satisfied for the
case in question. There exists class of positive solutions Y of (1.3) on [t0 − r,∞) that for each
solution y ∈ Y from this class it is satisfied that x(t) < y(t) < z(t) for t ∈ [t0 − r,∞).

Corollary 2.3. Let, in accordance with Lemma 2.1, xs(t) be the subdominant solution of (2.1), and
let zs(t) be the subdominant solution of (2.2), that is, xs(t) < zs(t) on [t0 − r,∞). Then, there exists
an uncountable set Ys of positive solutions of (1.3) on [t0 − r,∞) such that each solution ys ∈ Ys
satisfies

xs(t) < ys(t) < zs(t). (2.21)

If inequality (1.6) holds, then dominant solutions xd(t) of (2.1) and zd(t) of (2.2) have
finite positive limits

Cx := lim
t→∞

xd(t), Cx > 0,

Cz := lim
t→∞

zd(t), Cz > 0.
(2.22)

This is a simple consequence of positivity of solutions xd(t), zd(t) and properties of dominant
and subdominant solutions (see Theorem 1.7, Remark 1.8, Theorem 1.9, formulas (1.22)–
(1.25) and (2.3)). Then, due to linearity of (2.1) and (2.2), it is clear that there are dominant
solutions xd(t), zd(t) of both equations such that zd(t) < xd(t) on [t0 − r,∞). In the following
lemma, we without loss of generality suppose that xd(t) and zd(t) are such solutions and
their initial functions are nonincreasing on initial interval [t0 − r, t0]. We will need constants
M and L satisfying

M >M∗ :=
xd(t0 − r)

Cz
,

L > L∗ :=
Mzd(t0 − r)

Cx
.

(2.23)

Lemma 2.4. Let f : Ω → � be a continuous quasibounded functional. Let inequalities (1.5) and
(1.6) be valid, and (2.16) holds for any (t, φ) ∈ Ωwith φ(θ) > 0, θ ∈ [−r, 0]. Let xd(t), t ∈ [t0−r,∞)
be a dominant solution of (2.1), nonincreasing on [t0−r, t0], and let zd(t), t ∈ [t0−r,∞) be a dominant
solution of (2.2), nonincreasing on [t0 − r, t0], such that zd(t) < xd(t), t ∈ [t0 − r,∞). Then there
exists another dominant solution z∗

d
(t) of (2.2) and a positive solution y = yd(t) of (1.3) on [t0−r,∞)

such that it holds that

xd(t) < yd(t) < z∗d(t) (2.24)

for t ∈ [t0 − r,∞) and z∗
d
(t) =Mzd(t).
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Proof. Both dominant solutions xd(t) and zd(t), of (2.1) and (2.2), respectively, have nonzero
positive limitsCx andCz. From linearity of (2.1) and (2.2), it follows that solutions multiplied
by an arbitrary constant are also solutions of (2.1) and (2.2), respectively. It holds that

z∗d(t0 − r) = Mzd(t0 − r) ≥Mzd(t) = z∗d(t) > MCz > xd(t0 − r) ≥ xd(t), (2.25)

where t ∈ [t0 − r,∞).
Now, we define the set ω∗ in the same way as (2.18) in the proof of Theorem 2.2, but

with xd(t) instead of x(t) and with z∗
d
(t) instead of z(t), that is,

ω∗ :=
{(
t, y

)
: t ∈ [t0 − r,∞), xd(t) < y(t) < z∗d(t)

}
. (2.26)

According to the Theorem 2.2 (with xd(t) instead of x(t) and with z∗
d
(t) instead of z(t)), it is

visible that there exists a positive solution y = yd(t) of (1.3) satisfying

xd(t) < yd(t) < z∗d(t), (2.27)

where t ∈ [t0,∞); that is, inequalities (2.24) hold.

Theorem 2.5. Let all suppositions of Lemma 2.4 be valid, and let yd(t) be a solution of (1.3)
satisfying inequalities (2.24). Then, there exists a positive solution x∗∗

d
(t) of (2.1) on [t0 − r,∞)

satisfying

zd(t) < yd(t) < x∗∗d (t), (2.28)

where x∗∗d (t) = Lxd(t) and t ∈ [t0 − r,∞).

Proof. Multiplying solution xd(t) by the constant L, we have

Lxd(t) > LCx > Mzd(t0 − r). (2.29)

Using (2.29) and (2.24), we get

x∗∗d (t) = Lxd(t) > Mzd(t0 − r) = z∗d(t0 − r) > z∗d(t) > yd(t) > xd(t) > zd(t), (2.30)

where t ∈ [t0 − r,∞). Hence, there exists a solution yd(t) of (1.3) such that inequalities (2.28)
hold.

2.3. Asymptotically Different Behavior of Positive Solutions of (1.3)

Somewhat reformulating the statement of Theorem 2.5, we can define a class of positive
solutions Yd of (1.3) such that every solution yd ∈ Yd is defined on [t0 − r,∞) and satisfies

Czd(t) < yd(t) < Cx∗∗d (t), (2.31)
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where t ∈ [t0 − r,∞) for a positive constant C and, for every positive constant C, there exists
a solution yd ∈ Yd satisfying (2.31) on [t0 − r,∞).

The following theorem states that positive solutions ys(t) and yd(t) of (1.3) have a
different order of vanishing.

Theorem 2.6. Let all the assumptions of Corollary 2.3 and Theorem 2.5 be met. Then there exist two
classes Ys and Yd of positive solutions of (1.3) described by inequalities (2.21) and (2.31). Every two
solutions ys, yd, such that ys ∈ Ys and yd ∈ Yd, have asymptotically different behavior, that is,

lim
t→+∞

ys(t)
yd(t)

= 0. (2.32)

Proof. Let the solution ys(t) be the one specified in Corollary 2.3 and the solution yd(t)
specified by (2.31) with a positive constant C. Now let us verify that (2.32) holds. With the
aid of inequalities (2.21) and (2.31), we get

0 ≤ lim
t→+∞

ys(t)
yd(t)

≤ lim
t→+∞

zs(t)
Czd(t)

= 0 (2.33)

in accordance with (1.22), since zs(t) and zd(t) are positive (subdominant and dominant)
solutions of linear equation (2.2).

Another final statement, being a consequence of Lemma 2.1 and Theorems 2.2 and 2.5,
is the following.

Theorem 2.7. Let f : Ω → � be a continuous quasibounded functional. Let inequalities (1.5) and
(1.6) be valid, and (2.16) holds for any (t, φ) ∈ Ω with φ(θ) > 0, θ ∈ [−r, 0]. Then on [t0 − r,∞)
there exist

(a) dominant and subdominant solutions xd(t), xs(t) of (2.1),

(b) dominant and subdominant solutions zd(t), zs(t) of (2.2),

(c) solutions yd(t), ys(t) of (1.3)

such that

0 < xs(t) < ys(t) < zs(t) < zd(t) < yd(t) < xd(t), (2.34)

lim
t→∞

xs(t)
xd(t)

= lim
t→∞

zs(t)
zd(t)

= lim
t→∞

ys(t)
yd(t)

= 0. (2.35)

Example 2.8. Let (1.3) be reduced to

ẏ(t) = −f(t, yt) := −3t exp
(
−3t +

1
2

cos
(
ty(t − 1)

)) · y(t − 1), (2.36)
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and let auxiliary linear equations (2.1) and (2.2) be reduced to

ẋ(t) = −4t exp(2 − 4t) · x(t − 1), (2.37)

ż(t) = −2t exp(1 − 2t) · z(t − 1), (2.38)

that is,

CA(t) := 4t exp(2 − 4t), CB(t) := 2t exp(1 − 2t), r = 1. (2.39)

Let t0 be sufficiently large. Inequalities (1.5), (1.6), and (2.16) hold. In view of linearity and
by Remark 1.8, we conclude that there exist dominant solutions xd(t) of (2.37) and zd(t) of
(2.38) such that

lim
t→∞

xd(t) = 11, lim
t→∞

zd(t) = 2, zd(t) < xd(t), t ∈ [t0 − 1,∞). (2.40)

Moreover, there exist subdominant solutions xs(t) of (2.37) and zs(t) of (2.38) such that
xs(t) < zs(t), t ∈ [t0 − 1,∞) which are defined as

xs(t) := exp
(
−2t2

)
, zs(t) := exp

(
−t2

)
. (2.41)

By Theorem 2.7, we conclude that there exist solutions ys(t) and yd(t) of (2.36) satisfying
inequalities (2.34), and (without loss of generality) inequalities

0 < xs(t) = exp
(
−2t2

)
< ys(t) < zs(t) = exp

(
−t2

)
< 1 ≤ zd(t) < yd(t) < 10 ≤ xd(t) (2.42)

hold on [t0 − 1,∞).

3. Conclusions and Open Problems

The following problems were not answered in the paper and present interesting topics for
investigation.

Open Problem 3.1. In Lemma 2.4 and Theorems 2.5–2.7 we used the convergence assumption
(1.6) being, without loss of generality, equivalent to

∫∞
CB(t)dt < ∞. (3.1)

It is an open question whether similar results could be proved if the integral is divergent, that
is, if

∫∞
CB(t)dt = ∞. (3.2)
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Open Problem 3.2. Dominant and subdominant solutions are used for representation of family
of all solutions of scalar linear differential delayed equation, for example, by formula (1.25).
Investigation in this line of the role of solutions yd(t) and ys(t) of (1.3) (see Theorems 2.6
and 2.7) is an important question. Namely, it seems to be an interesting question to establish
sufficient conditions for the right-hand side of (1.3) such that its every solution y = y(t) can
be represented on [t0 − r,∞) by the formula

y(t) = Kyd(t) +O
(
ys(t)

)
, (3.3)

where the constant K depends only on y(t).

Open Problem 3.3. The notions dominant and subdominant solutions are in the cited papers
defined for scalar differential delayed equations only. It is a rather interesting question if the
results presented can be enlarged to systems of differential delayed equations.

Remark 3.4. Except for papers and books mentioned in this paper we refer, for example, to
sources [21–23], treating related problems as well. Note that the topic is connected with
similar questions for discrete equations (e.g., [24–27]).
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Received 31 December 2010; Revised 1 July 2011; Accepted 1 July 2011

Academic Editor: Josef Diblı́k

Copyright q 2011 Alexander Boichuk et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

The weakly perturbed linear nonhomogeneous impulsive systems in the form ẋ = A(t)x +
εA1(t)x + f(t), t ∈ R, t /∈ T := {τi}Z,Δx|t=τi = γi + εA1ix(τi−), τi ∈ T ⊂ R, γi ∈ R

n, and
i ∈ Z are considered. Under the assumption that the generating system (for ε = 0) does not
have solutions bounded on the entire real axis for some nonhomogeneities and using the Vishik-
Lyusternik method, we establish conditions for the existence of solutions of these systems bounded
on the entire real axis in the form of a Laurent series in powers of small parameter ε with finitely
many terms with negative powers of ε, and we suggest an algorithm of construction of these
solutions.

1. Introduction

In this contribution we study the problem of existence and construction of solutions of
weakly perturbed linear differential systems with impulsive action bounded on the entire real
axis. The application of the theory of differential systems with impulsive action (developed
in [1–3]), the well-known results on the splitting index by Sacker [4] and by Palmer [5]
on the Fredholm property of bounded solutions of linear systems of ordinary differential
equations [6–9], the theory of pseudoinverse matrices [10] and results obtained in analyzing
boundary-value problems for ordinary differential equations (see [10–12]), enables us to
obtain existence conditions and to propose an algorithm for the construction of solutions
bounded on the entire real axis of weakly perturbed linear impulsive differential systems.
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2 Abstract and Applied Analysis

2. Initial Problem

We consider the problem of existence and construction of solutions bounded on the entire
real axis of linear systems of ordinary differential equations with impulsive action at fixed
points of time

ẋ = A(t)x + f(t), t ∈ R \ T,

Δx|t=τi = γi, τi ∈ T, i ∈ Z,
(2.1)

where A ∈ BCT(R) is an n × n matrix of functions, f ∈ BCT(R) is an n × 1 vector function,
BCT(R) is the Banach space of real vector functions bounded on R and left-continuous for
t ∈ R with discontinuities of the first kind at t ∈ T := {τi}Z with the norm: ‖x‖BCT(R) :=
supt∈R‖x(t)‖, γi are n-dimensional column constant vectors: γi ∈ R

n; · · · < τ−2 < τ−1 < τ0 = 0 <
τ1 < τ2 < · · · , and Δx|t=τi := x(τi+) − x(τi−).

The solution x(t) of the system (2.1) is sought in the Banach space of n-
dimensional bounded on R and piecewise continuously differentiable vector functions with
discontinuities of the first kind at t ∈ T : x ∈ BC1

T(R).

Parallel with the nonhomogeneous impulsive system (2.1), we consider the corre-
sponding homogeneous system

ẋ = A(t)x, Δx|t=τi = 0, (2.2)

which is the homogeneous system without impulses, and let X(t) be the fundamental matrix
of (2.2) such that X(0) = I.

Assume that the homogeneous system (2.2) is exponentially dichotomous (e-dicho-
tomous) [5, 10] on semiaxes R− = (−∞, 0] and R+ = [0,∞), that is, there exist projectors P
and Q (P 2 = P, Q2 = Q) and constants Ki ≥ 1, αi > 0 (i = 1, 2) such that the following
inequalities are satisfied:

∥∥∥X(t)PX−1(s)
∥∥∥ ≤ K1e

−α1(t−s), t ≥ s,

∥∥∥X(t)(I − P)X−1(s)
∥∥∥ ≤ K1e

−α1(s−t), s ≥ t, t, s ∈ R+,

∥∥∥X(t)QX−1(s)
∥∥∥ ≤ K2e

−α2(t−s), t ≥ s,

∥∥∥X(t)(I −Q)X−1(s)
∥∥∥ ≤ K2e

−α2(s−t), s ≥ t, t, s ∈ R−.

(2.3)
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Abstract and Applied Analysis 3

For getting the solution x ∈ BC1
T(R) bounded on the entire axis, we assume that t =

0 /∈ T, that is, x(0+) − x(0−) = γ0 = 0.
We use the following notation: D = P − (I −Q); D+ is a Moore-Penrose pseudoinverse

matrix to D; PD and PD∗ are n×n matrices (orthoprojectors) projecting R
n onto N(D) = kerD

and onto N(D∗) = kerD∗, respectively, that is, PD : R
n → N(D), P 2

D = PD = P ∗D, and PD∗ :
R
n → N(D∗), P 2

D∗ = PD∗ = P ∗D∗ ; H(t) = [PD∗Q]X−1(t); d = rank[PD∗Q] = rank[PD∗(I − P)]
and r = rank[PPD] = rank[(I −Q)PD].

The existence conditions and the structure of solutions of system (2.1) bounded on the
entire real axis was analyzed in [13]. Here the following theorem was formulated and proved.

Theorem 2.1. Assume that the linear nonhomogeneous impulsive differential system (2.1) has the
corresponding homogeneous system (2.2) e-dichotomous on the semiaxes R− = (−∞, 0] and R+ =
[0,∞)with projectors P andQ, respectively. Then the homogeneous system (2.2) has exactly r linearly
independent solutions bounded on the entire real axis. If nonhomogeneities f ∈ BCT(R) and γi ∈ R

n

satisfy d linearly independent conditions

∫∞
−∞

Hd(t)f(t)dt +
∞∑

i=−∞
Hd(τi)γi = 0, (2.4)

then the nonhomogeneous system (2.1) possesses an r-parameter family of linearly independent
solutions bounded on R in the form

x(t, cr) = Xr(t)cr +

(
G

[
f

γi

])
(t), ∀cr ∈ R

r . (2.5)

Here, Hd(t) = [PD∗Q]dX
−1(t) is a d × n matrix formed by a complete system of d linearly

independent rows of matrix H(t),

Xr(t) := X(t)[PPD]r = X(t)[(I −Q)PD]r (2.6)

is an n × r matrix formed by a complete system of r linearly independent solutions bounded
on R of homogeneous system (2.2), and

(
G
[
f
γi

])
(t) is the generalized Green operator of
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4 Abstract and Applied Analysis

the problem of finding bounded solutions of the nonhomogeneous impulsive system (2.1),
acting upon f ∈ BCT(R) and γi ∈ R

n, defined by the formula

(
G

[
f

γi

])
(t) = X(t)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ t
0
PX−1(s)f(s)ds −

∫∞
t

(I − P)X−1(s)f(s)ds

+
j∑
i=1

PX−1(τi)γi −
∞∑

i=j+1

(I − P)X−1(τi)γi

+PD+

{∫0

−∞
QX−1(s)f(s)ds +

∫∞
0
(I − P)X−1(s)f(s)ds

+
−1∑

i=−∞
QX−1(τi)γi +

∞∑
i=1

(I − P)X−1(τi)γi

}
, t ≥ 0;

∫ t
−∞
QX−1(s)f(s)ds −

∫0

t

(I −Q)X−1(s)f(s)ds

+
−(j+1)∑
i=−∞

QX−1(τi)γi −
−1∑
i=−j

(I −Q)X−1(τi)γi

+(I −Q)D+

{∫0

−∞
QX−1(s)f(s)ds +

∫∞
0
(I − P)X−1(s)f(s)ds

+
−1∑

i=−∞
QX−1(τi)γi +

∞∑
i=1

(I − P)X−1(τi)γi

}
, t ≤ 0,

(2.7)

with the following property

(
G

[
f

γi

])
(0−) −

(
G

[
f

γi

])
(0+) =

∫∞
−∞

H(t)f(t)dt +
∞∑

i=−∞
H(τi)γi. (2.8)

These results are required to establish new conditions for the existence of solutions of
weakly perturbed linear impulsive systems bounded on the entire real axis.

3. Perturbed Problems

Consider a weakly perturbed nonhomogeneous linear impulsive system in the form

ẋ = A(t)x + εA1(t)x + f(t), t ∈ R \ T,
Δx|t=τi = γi + εA1ix(τi−), τi ∈ T, γi ∈ R

n, i ∈ Z,
(3.1)

where A1 ∈ BCT(R) is an n × n matrix of functions, A1i are n × n constant matrices.
Assume that the condition of solvability (2.4) of the generating system (2.1) (obtained

from system (3.1) for ε = 0) is not satisfied for all nonhomogeneities f ∈ BCT(R) and γi ∈ R
n,

that is, system (2.1) does not have solutions bounded on the entire real axis. Therefore, we
analyze whether the system (2.1) can be made solvable by introducing linear perturbations
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to the differential system and to the pulsed conditions. Also it is important to determine
perturbations A1(t) and A1i required to make the problem (3.1) solvable in the space of
functions bounded on the entire real axis, that is, it is necessary to specify pertubations for
which the corresponding homogeneous system

ẋ = A(t)x + εA1(t)x, t ∈ R \ T,

Δx|t=τi = εA1ix(τi−), τi ∈ T, i ∈ Z,
(3.2)

turns into a system e-trichotomous or e-dichotomous on the entire real axis [10].
We show that this problem can be solved using the d × r matrix

B0 =
∫∞
−∞

Hd(t)A1(t)Xr(t)dt +
∞∑

i=−∞
Hd(τi)A1iXr(τi−), (3.3)

constructed with the coefficients of the system (3.1). The Vishik-Lyusternik method
developed in [14] enables us to establish conditions under which a solution of impulsive
system (3.1) can be represented by a function bounded on the entire real axis in the form
of a Laurent series in powers of the small fixed parameter ε with finitely many terms with
negative powers of ε.

We use the following notation: B+
0 is the unique matrix pseudoinverse to B0 in the

Moore-Penrose sense, PB0 is the r × r matrix (orthoprojector) projecting the space Rr to the
null space N(B0) of the d × r matrix B0, that is, PB0 :Rr → N(B0), and PB∗0 is the d × d matrix
(orthoprojector) projecting the space R

d to the null space N(B∗0) of the r × d matrix B∗0 (B∗0 =
BT ), that is, PB∗0 : R

d → N(B∗0).
Now we formulate and prove a theorem that enables us to solve indicated problem.

Theorem 3.1. Suppose that the system (3.1) satisfies the conditions imposed above, and the
homogeneous system (2.2) is e-dichotomous on R+ and R− with projectors P and Q, respectively.
Let nonhomogeneities f ∈ BCT(R) and γi ∈ R

n be given such that the condition (2.4) is not satisfied
and the generating system (2.1) does not have solutions bounded on the entire real axis. If

PB∗0 = 0, (3.4)

then the system (3.2) is e-trichotomous on R and, for all nonhomogeneities f ∈ BCT(R) and γi ∈ R
n,

the system (3.1) possesses at least one solution bounded on R in the form of a series

x(t, ε) =
∞∑

k=−1

εkxk(t), (3.5)

uniformly convergent for sufficiently small fixed ε ∈ (0, ε∗].
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6 Abstract and Applied Analysis

Here, ε∗ is a proper constant characterizing the range of convergence of the series (3.5)
and the coefficients xk(t) of the series (3.5) are determined from the corresponding impulsive
systems as

xk(t) = xk(t, ck) = Xr(t)ck +

(
G

[
A1(·)xk−1(·, ck−1)

A1ix(τi−, ck−1)

])
(t) for k = 1, 2, . . . ,

ck = −B+
0

[∫∞
−∞

Hd(t)A1(t)

(
G

[
A1(·)xk−1(·, ck−1)

A1ixk−1(τi−, ck−1)

])
(t)dt

+
∞∑

i=−∞
Hd(τi)A1i

(
G

[
A1(·)xk−1(·, ck−1)

A1ixk−1(·, ck−1)

])
(τi−)
]
,

x−1(t) = x−1(t, c−1) = Xr(t)c−1, c−1 = B+
0

{∫∞
−∞

Hd(t)f(t)dt +
∞∑

i=−∞
Hd(τi−)γi

}
,

x0(t) = x0(t, c0) = Xr(t)c0 +

(
G

[
A1(·)Xr(t)c−1 + f(·)
γi +A1iXr(τi−)c−1

])
(t),

c0 = −B+
0

[∫∞
−∞

Hd(t)A1(t)

(
G

[
A1(·)x−1(·, c−1) + f(·)
A1ix−1(τi−, c−1) + γi

])
(t)dt

+
∞∑

i=−∞
Hd(τi)A1i

(
G

[
A1(·)x−1(·, c−1) + f(·)
A1ix−1(·, c−1) + γi

])
(τi−)
]
.

(3.6)

Proof. We suppose that the problem (3.1) has a solution in the form of a Laurent series (3.5).
We substitute this solution into the system (3.1) and equate the coefficients at the same
powers of ε. The problem of determination of the coefficient x−1(t) of the term with ε−1 in
series (3.5) is reduced to the problem of finding solutions of homogeneous system without
impulses

ẋ−1 = A(t)x−1, t /∈ T,
Δx−1|t=τi = 0, i ∈ Z,

(3.7)

bounded on the entire real axis. According to the Theorem 2.1, the homogeneous system (3.7)
possesses r-parameter family of solutions

x−1(t, c−1) = Xr(t)c−1 (3.8)

bounded on the entire real axis, where c−1 is an r-dimensional vector column c−1 ∈ R
r and

is determined from the condition of solvability of the problem used for determining the
coefficient x0 of the series (3.5).
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For ε0, the problem of determination of the coefficient x0(t) of series (3.5) reduces to
the problem of finding solutions of the following nonhomogeneous system:

ẋ0 = A(t)x0 +A1(t)x−1 + f(t), t /∈ T,

Δx0|t=τi = A1ix−1(τi−) + γi, i ∈ Z,
(3.9)

bounded on the entire real axis. According to the Theorem 2.1, the condition of solvability of
this problem takes the form

∫∞
−∞

Hd(t)
[
A1(t)Xr(t)c−1 + f(t)

]
dt+

∞∑
i=−∞

Hd(τi)
[
A1iXr(τi−)c−1 + γi

]
= 0. (3.10)

Using the matrix B0, we get the following algebraic system for c−1 ∈ R
r :

B0c−1 = −
∫∞
−∞

Hd(t)f(t)dt +
∞∑

i=−∞
Hd(τi−)γi, (3.11)

which is solvable if and only if the condition

PB∗0

{∫∞
−∞

Hd(t)f(t)dt +
∞∑

i=−∞
Hd(τi−)γi

}
= 0 (3.12)

is satisfied, that is, if

PB∗0 = 0. (3.13)

In this case, this algebraic system is solvable with respect to c−1 ∈ R
r within an arbitrary

vector constant PB0c(∀c ∈ R
r) from the null space of the matrix B0, and one of its solutions

has the form

c−1 = B+
0

{∫∞
−∞

Hd(t)f(t)dt +
∞∑

i=−∞
Hd(τi−)γi

}
. (3.14)

Therefore, under condition (3.4), the nonhomogeneous system (3.9) possesses an r-parameter
set of solution bounded on R in the form

x0(t, c0) = Xr(t)c0 +

(
G

[
A1(·)x−1(·, c−1) + f(·)
γi +A1ix−1(τi−, c−1)

])
(t), (3.15)

where (G[ ∗∗ ])(t) is the generalized Green operator (2.7) of the problem of finding bounded
solutions of system (3.9), and c0 is an r-dimensional constant vector determined in the next
step of the process from the condition of solvability of the impulsive problem for coefficient
x1(t).
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We continue this process by problem of determination of the coefficient x1(t) of the
term with ε1 in the series (3.5). It reduces to the problem of finding solutions of the system

ẋ1 = A(t)x1 +A1(t)x0, t /∈ T,
Δx1|t=τi = A1ix0(τi−), i ∈ Z,

(3.16)

bounded on the entire real axis. If the condition (3.4) is satisfied and by using the condition
of solvability of this problem, that is,

∫∞
−∞

Hd(t)A1(t)

[
Xr(t)c0 +

(
G

[
A1(·)x−1(·, c−1) + f(·)
A1ix−1(τi−, c−1) + γi

])
(t)

]
dt

+
∞∑

i=−∞
Hd(τi−)A1i

[
Xr(τi−)c0 +

(
G

[
A1(·)x−1(·, c−1) + f(·)
A1ix−1(·, c−1) + γi

])
(τi−)
]
= 0,

(3.17)

we determine the vector c0 ∈ R
r (within an arbitrary vector constant PB0c, ∀c ∈ R

r) as

c0 = −B+
0

[∫∞
−∞

Hd(t)A1(t)

(
G

[
A1(·)x−1(·, c−1) + f(·)
A1ix−1(τi−, c−1) + γi

])
(t)dt

+
∞∑

i=−∞
Hd(τi)A1i

(
G

[
A1(·)x−1(·, c−1) + f(·)
A1ix−1(·, c−1) + γi

])
(τi−)
]
.

(3.18)

Thus, under the condition (3.4), system (3.16) possesses an r-parameter set of solutions
bounded on R in the form

x1(t, c1) = Xr(t)c1 +

(
G

[
A1(·)x0(·, c0)

A1ix(τi−, c0)

])
(t), (3.19)

where (G[ ∗∗ ])(t) is the generalized Green operator (2.7) of the problem of finding bounded
solutions of system (3.16), and c1 is an r-dimensional constant vector determined in the next
stage of the process from the condition of solvability of the problem for x2(t).

If we continue this process, we prove (by induction) that the problem of determination
of the coefficient xk(t) in the series (3.5) is reduced to the problem of finding solutions of the
system

ẋk = A(t)xk +A1(t)xk−1, t /∈ T,
Δxk|t=τi = A1ixk−1(τi−), i ∈ Z, k = 1, 2, . . . ,

(3.20)
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bounded on the entire real axis. If the condition (3.4) is satisfied, then a solution of this
problem bounded on R has the form

xk(t) = xk(t, ck) = Xr(t)ck +

(
G

[
A1(·)xk−1(·, ck−1)

A1kxk−1(τi−, ck−1)

])
(t), (3.21)

where (G[ ∗∗ ])(t) is the generalized Green operator of the problem of finding bounded
solutions of impulsive system (3.20) and the constant vector ck ∈ Rr is given by the formula

ck = −B+
0

[∫∞
−∞

Hd(t)A1(t)

(
G

[
A1(·)xk−1(·, ck−1)

A1ixk−1(τi−, ck−1)

])
(t)dt

+
∞∑

i=−∞
Hd(τi)A1i

(
G

[
A1(·)xk−1(·, ck−1)

A1ixk−1(·, ck−1)

])
(τi−)
] (3.22)

(within an arbitrary vector constant PB0c, c ∈ Rr).
The fact that the series (3.5) is convergent can be proved by using the procedure of

majorization.

In the case where the number r = rankPPD = rank(I − Q)PD of linear independent
solutions of system (2.2) bounded on R is equal to the number d = rank[PD∗Q] = rank[PD∗(I−
P)], Theorem 3.1 yields the following assertion.

Corollary 3.2. Suppose that the system (3.1) satisfies the conditions imposed above, and the
homogeneous system (2.2) is e-dichotomous on R+ and R− with projectors P and Q, respectively.
Let nonhomogeneities f ∈ BCT(R) and γi ∈ R

n be given such that the condition (2.4) is not satisfied,
and the generating system (2.1) does not have solutions bounded on the entire real axis. If condition

detB0 /= 0 (r = d), (3.23)

is satisfied, then the system (3.1) possesses a unique solution bounded on R in the form of series (3.5)
uniformly convergent for sufficiently small fixed ε ∈ (0, ε∗].

Proof. If r = d, then B0 is a square matrix. Therefore, it follows from condition (3.4) that
PB0 = PB∗0 = 0, which is equivalent to the condition (3.23). In this case, the constant vectors
ck ∈ R

r are uniquely determined from (3.22). The coefficients of the series (3.5) are also
uniquely determined by (3.21), and, for all f ∈ BCT(R) and γi ∈ R

n, the system (3.1) possesses
a unique solution bounded on R, which means that system (3.2) is e-dichotomous.

We now illustrate the assertions proved above.
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Example 3.3. Consider the impulsive system

ẋ = A(t)x + εA1(t)x + f(t), t ∈ R \ T,

Δx|t=τi = γi + εA1ix(τi−), γi =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γ
(1)
i

γ
(2)
i

γ
(3)
i

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
∈ R

3, i ∈ Z,
(3.24)

where

A(t) = diag{− tanh t, − tanh t, tanh t},
f(t) = col

{
f1(t), f2(t), f3(t)

} ∈ BCT(R),

A1(t) =
{
aij(t)

}3
i,j=1 ∈ BCT(R), A1i =

{
ãij
}3
i,j=1.

(3.25)

The generating homogenous system (for ε = 0) has the form

ẋ = A(t)x, Δx|t=τi = 0 (3.26)

and is e-dichotomous (as shown in [6]) on the semiaxes R+ and R− with projectors P =
diag{1, 1, 0} and Q = diag{0, 0, 1}. The normal fundamental matrix of this system is

X(t) = diag
{

2
et + e−t

,
2

et + e−t
,
et + e−t

2

}
. (3.27)

Thus, we have

D = 0, D+ = 0, PD = PD∗ = I3,

r = rankPPD = 2, d = rankPD∗Q = 1,

Xr(t) =

⎛
⎜⎜⎜⎜⎝

2
et + e−t

0

0
2

et + e−t
0 0

⎞
⎟⎟⎟⎟⎠,

(3.28)

Hd(t) =
(

0, 0,
2

et + e−t

)
. (3.29)

In order that the generating impulsive system (2.1) with the matrix A(t) specified
above has solutions bounded on the entire real axis, the nonhomogeneities f(t) =
col{f1(t), f2(t), f3(t)} ∈ BCT(R) and γi = col{γ (1)i , γ

(2)
i , γ

(3)
i } ∈ R

3 must satisfy condition (2.4).
In this analyzed impulsive problem, this condition takes the form

∫∞
−∞

2 f3(t)
et + e−t

dt +
∞∑

i=−∞

2
eτi + e−τi

γ
(3)
i = 0, ∀f1(t), f2(t) ∈ BCT(R), ∀γ (1)i , γ

(2)
i ∈ R. (3.30)
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Let f3 and γ
(3)
i be given such that the condition (3.30) is not satisfied and the corresponding

generating system (2.1) does not have solutions bounded on the entire real axis. The system
(3.24) will be an e-trichotomous on R if the coefficients a31(t), a32(t) ∈ BCT(R) of the
perturbing matrix A1(t) and the coefficients ã31, ã32 ∈ R of the perturbing matrix A1i satisfy
condition (3.4), that is, PB∗0 = 0, where the matrix B0 has the form

B0 =
∫∞
−∞

[
a31(t)

(et + e−t)2
,

a32(t)

(et + e−t)2

]
dt +

∞∑
i=−∞

[
ã31

(eτi− + e−τi−)2
,

ã32

(eτi− + e−τi−)2

]
. (3.31)

Therefore, if a31(t), a32(t) ∈ BCT(R) and ã31, ã32 ∈ R are such that at least one of the following
inequalities

∫∞
−∞

a31(t)

(et + e−t)2
dt +

∞∑
i=−∞

ã31

(eτi− + e−τi−)2 /= 0,

∫∞
−∞

a32(t)

(et + e−t)2
dt +

∞∑
i=−∞

ã32

(eτi− + e−τi−)2 /= 0

(3.32)

is satisfied, then either the condition (3.4) or the equivalent condition rank B0 = d = 1
from Theorem 3.1 is satisfied and the system (3.2) is e-trichotomous on R. In this case,
the coefficients a11(t),a12(t),a13(t),a21(t), a22(t), a23(t), a33(t) are arbitrary functions from the
space BCT(R), and ã11, ã12, ã13, ã21, ã22, ã23, ã33 are arbitrary constants from R. Moreover, for
any

f(t) = col
{
f1(t), f2(t), f3(t)

} ∈ BCT(R) (3.33)

a solution of the system (3.24) bounded on R is given by the series (3.5) (within a constant
from the null space N(B0), dimN(B0) = r − rank B0 = 1).

Another Perturbed Problem

In this part, we show that the problem of finding bounded solutions of nonhomogeneous
system (2.1), in the case if the condition (2.4) is not satisfied, can be made solvable by
introducing linear perturbations only to the pulsed conditions.

Therefore, we consider the weakly perturbed nonhomogeneous linear impulsive
system in the form

ẋ = A(t)x + f(t), t ∈ R \ T, A, f ∈ BCT(R),

Δx|t=τi = γi + εA1ix(τi−), γi ∈ R
n, i ∈ Z,

(3.34)

where A1i are n × n constant matrices. For ε = 0, we obtain the generating system (2.1).
We assume that this generating system does not have solutions bounded on the entire
real axis, which means that the condition of solvability (2.4) is not satisfied (for some
nonhomogeneities f ∈ BCT(R) and γi ∈ R

n). Let us show that it is possible to make this
problem solvable by adding linear perturbation only to the pulsed conditions. In the case, if
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this is possible, it is necessary to determine perturbations A1i for which the corresponding
homogeneous system

ẋ = A(t)x, t ∈ R \ T,
Δx|t=τi = εA1ix(τi−), i ∈ Z,

(3.35)

turns into the system e-trichotomous or e-dichotomous on the entire real axis.
This problem can be solved with help of the d × r matrix

B0 =
∞∑

i=−∞
Hd(τi)A1iXr(τi−) (3.36)

constructed with the coefficients from the impulsive system (3.34).
By using Theorem 3.1, we seek a solution in the form of the series (3.5). Thus, we have

the following corollary.

Corollary 3.4. Suppose that the system (3.34) satisfies the conditions imposed above and the
generating homogeneous system (2.2) is e-dichotomous on R+ and R− with projectors P and Q,
respectively. Let nonhomogeneities f ∈ BCT(R) and γi ∈ R

n be given such that the condition (2.4)
is not satisfied, and the generating system (2.1) does not have solutions bounded on the entire real
axis. If the condition (3.4) is satisfied, then the system (3.35) is e-trichotomous on R, and the system
(3.34) possesses at least one solution bounded on R in the form of series (3.5) uniformly convergent
for sufficiently small fixed ε ∈ (0, ε∗].
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nonlinear delay differential systems,” Abstract and Applied Analysis, vol. 2011, Article ID 631412, 19
pages, 2011.
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This paper contains some sufficient conditions for the existence of positive solutions which are
bounded below and above by positive functions for the first-order nonlinear neutral differential
equations. These equations can also support the existence of positive solutions approaching zero
at infinity

1. Introduction

This paper is concerned with the existence of a positive solution of the neutral differential
equations of the form

d

dt
[x(t) − a(t)x(t − τ)] = p(t)f(x(t − σ)), t ≥ t0, (1.1)

where τ > 0, σ ≥ 0, a ∈ C([t0,∞), (0,∞)), p ∈ C(R, (0,∞)), f ∈ C(R,R), f is nondecreasing
function, and xf(x) > 0, x /= 0.

By a solution of (1.1) we mean a function x ∈ C([t1 − m,∞), R), m = max{τ, σ}, for
some t1 ≥ t0, such that x(t) − a(t)x(t − τ) is continuously differentiable on [t1,∞) and such
that (1.1) is satisfied for t ≥ t1.

The problem of the existence of solutions of neutral differential equations has been
studied by several authors in the recent years. For related results we refer the reader to [1–
11] and the references cited therein. However there is no conception which guarantees the
existence of positive solutions which are bounded below and above by positive functions. In
this paper we have presented some conception. The method also supports the existence of
positive solutions approaching zero at infinity.
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2 Abstract and Applied Analysis

As much as we know, for (1.1) in the literature, there is no result for the existence of
solutions which are bounded by positive functions. Only the existence of solutions which
are bounded by constants is treated, for example, in [6, 10, 11]. It seems that conditions of
theorems are rather complicated, but cannot be simpler due to Corollaries 2.3, 2.6, and 3.2.

The following fixed point theorem will be used to prove the main results in the next
section.

Lemma 1.1 ([see [6, 10] Krasnoselskii’s fixed point theorem]). Let X be a Banach space, letΩ be
a bounded closed convex subset of X, and let S1, S2 be maps of Ω into X such that S1x + S2y ∈ Ω for
every pair x, y ∈ Ω. If S1 is contractive and S2 is completely continuous, then the equation

S1x + S2x = x (1.2)

has a solution in Ω.

2. The Existence of Positive Solution

In this section we will consider the existence of a positive solution for (1.1). The next theorem
gives us the sufficient conditions for the existence of a positive solution which is bounded by
two positive functions.

Theorem 2.1. Suppose that there exist bounded functions u, v ∈ C1([t0,∞), (0,∞)), constant c > 0
and t1 ≥ t0 +m such that

u(t) ≤ v(t), t ≥ t0, (2.1)

v(t) − v(t1) − u(t) + u(t1) ≥ 0, t0 ≤ t ≤ t1, (2.2)

1
u(t − τ)

(
u(t) +

∫∞
t

p(s)f(v(s − σ))ds
)
≤ a(t)

≤ 1
v(t − τ)

(
v(t) +

∫∞
t

p(s)f(u(s − σ))ds
)
≤ c < 1, t ≥ t1.

(2.3)

Then (1.1) has a positive solution which is bounded by functions u, v.

Proof. Let C([t0,∞), R) be the set of all continuous bounded functions with the norm ‖x‖ =
supt≥t0 |x(t)|. Then C([t0,∞), R) is a Banach space. We define a closed, bounded, and convex
subset Ω of C([t0,∞), R) as follows:

Ω = {x = x(t) ∈ C([t0,∞), R) : u(t) ≤ x(t) ≤ v(t), t ≥ t0}. (2.4)
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We now define two maps S1 and S2 : Ω → C([t0,∞), R) as follows:

(S1x)(t) =

⎧⎨
⎩
a(t)x(t − τ), t ≥ t1,
(S1x)(t1), t0 ≤ t ≤ t1,

(S2x)(t) =

⎧⎪⎪⎨
⎪⎪⎩
−
∫∞
t

p(s)f(x(s − σ))ds, t ≥ t1,

(S2x)(t1) + v(t) − v(t1), t0 ≤ t ≤ t1.

(2.5)

We will show that for any x, y ∈ Ω we have S1x + S2y ∈ Ω. For every x, y ∈ Ω and t ≥ t1, we
obtain

(S1x)(t) +
(
S2y
)
(t) ≤ a(t)v(t − τ) −

∫∞
t

p(s)f(u(s − σ))ds ≤ v(t). (2.6)

For t ∈ [t0, t1], we have

(S1x)(t) +
(
S2y
)
(t) = (S1x)(t1) +

(
S2y
)
(t1) + v(t) − v(t1)

≤ v(t1) + v(t) − v(t1) = v(t).
(2.7)

Furthermore, for t ≥ t1, we get

(S1x)(t) +
(
S2y
)
(t) ≥ a(t)u(t − τ) −

∫∞
t

p(s)f(v(s − σ))ds ≥ u(t). (2.8)

Let t ∈ [t0, t1]. With regard to (2.2), we get

v(t) − v(t1) + u(t1) ≥ u(t), t0 ≤ t ≤ t1. (2.9)

Then for t ∈ [t0, t1] and any x, y ∈ Ω, we obtain

(S1x)(t) +
(
S2y
)
(t) = (S1x)(t1) +

(
S2y
)
(t1) + v(t) − v(t1)

≥ u(t1) + v(t) − v(t1) ≥ u(t).
(2.10)

Thus we have proved that S1x + S2y ∈ Ω for any x, y ∈ Ω.
We will show that S1 is a contraction mapping on Ω. For x, y ∈ Ω and t ≥ t1 we have

∣∣(S1x)(t) −
(
S1y
)
(t)
∣∣ = ∣∣a(t)‖x(t − τ) − y(t − τ)∣∣ ≤ c∥∥x − y∥∥. (2.11)

This implies that

∥∥S1x − S1y
∥∥ ≤ c∥∥x − y∥∥. (2.12)
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Also for t ∈ [t0, t1], the previous inequality is valid. We conclude that S1 is a contraction
mapping on Ω.

We now show that S2 is completely continuous. First we will show that S2 is
continuous. Let xk = xk(t) ∈ Ω be such that xk(t) → x(t) as k → ∞. Because Ω is closed,
x = x(t) ∈ Ω. For t ≥ t1 we have

|(S2xk)(t) − (S2x)(t)| ≤
∣∣∣∣
∫∞
t

p(s)
[
f(xk(s − σ)) − f(x(s − σ))

]
ds

∣∣∣∣

≤
∫∞
t1

p(s)
∣∣f(xk(s − σ)) − f(x(s − σ))∣∣ds.

(2.13)

According to (2.8), we get

∫∞
t1

p(s)f(v(s − σ))ds <∞. (2.14)

Since |f(xk(s − σ)) − f(x(s − σ))| → 0 as k → ∞, by applying the Lebesgue dominated
convergence theorem, we obtain

lim
k→∞

‖(S2xk)(t) − (S2x)(t)‖ = 0. (2.15)

This means that S2 is continuous.
We now show that S2Ω is relatively compact. It is sufficient to show by the Arzela-

Ascoli theorem that the family of functions {S2x : x ∈ Ω} is uniformly bounded and
equicontinuous on [t0,∞). The uniform boundedness follows from the definition of Ω. For
the equicontinuity we only need to show, according to Levitans result [7], that for any given
ε > 0 the interval [t0,∞) can be decomposed into finite subintervals in such a way that on
each subinterval all functions of the family have a change of amplitude less than ε. Then with
regard to condition (2.14), for x ∈ Ω and any ε > 0, we take t∗ ≥ t1 large enough so that

∫∞
t∗
p(s)f(x(s − σ))ds < ε

2
. (2.16)

Then, for x ∈ Ω, T2 > T1 ≥ t∗, we have

|(S2x)(T2) − (S2x)(T1)| ≤
∫∞
T2

p(s)f(x(s − σ))ds

+
∫∞
T1

p(s)f(x(s − σ))ds < ε

2
+
ε

2
= ε.

(2.17)

IEEE eXpress Sample eBook, page 256



Abstract and Applied Analysis 5

For x ∈ Ω and t1 ≤ T1 < T2 ≤ t∗, we get

|(S2x)(T2) − (S2x)(T1)| ≤
∫T2

T1

p(s)f(x(s − σ))ds

≤ max
t1≤s≤t∗

{
p(s)f(x(s − σ))}(T2 − T1).

(2.18)

Thus there exists δ1 = ε/M, where M = maxt1≤s≤t∗{p(s)f(x(s − σ))}, such that

|(S2x)(T2) − (S2x)(T1)| < ε if 0 < T2 − T1 < δ1. (2.19)

Finally for any x ∈ Ω, t0 ≤ T1 < T2 ≤ t1, there exists a δ2 > 0 such that

|(S2x)(T2) − (S2x)(T1)| = |v(T1) − v(T2)| =
∣∣∣∣∣
∫T2

T1

v′(s)ds

∣∣∣∣∣
≤ max

t0≤s≤t1

{∣∣v′(s)∣∣}(T2 − T1) < ε if 0 < T2 − T1 < δ2.

(2.20)

Then {S2x : x ∈ Ω} is uniformly bounded and equicontinuous on [t0,∞), and hence S2Ω is
relatively compact subset of C([t0,∞), R). By Lemma 1.1 there is an x0 ∈ Ω such that S1x0 +
S2x0 = x0. We conclude that x0(t) is a positive solution of (1.1). The proof is complete.

Corollary 2.2. Suppose that there exist functions u, v ∈ C1([t0,∞), (0,∞)), constant c > 0 and
t1 ≥ t0 +m such that (2.1), (2.3) hold and

v′(t) − u′(t) ≤ 0, t0 ≤ t ≤ t1. (2.21)

Then (1.1) has a positive solution which is bounded by the functions u, v.

Proof. We only need to prove that condition (2.21) implies (2.2). Let t ∈ [t0, t1] and set

H(t) = v(t) − v(t1) − u(t) + u(t1). (2.22)

Then with regard to (2.21), it follows that

H ′(t) = v′(t) − u′(t) ≤ 0, t0 ≤ t ≤ t1. (2.23)

Since H(t1) = 0 and H ′(t) ≤ 0 for t ∈ [t0, t1], this implies that

H(t) = v(t) − v(t1) − u(t) + u(t1) ≥ 0, t0 ≤ t ≤ t1. (2.24)

Thus all conditions of Theorem 2.1 are satisfied.
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Corollary 2.3. Suppose that there exists a function v ∈ C1([t0,∞), (0,∞)), constant c > 0 and
t1 ≥ t0 +m such that

a(t) =
1

v(t − τ)
(
v(t) +

∫∞
t

p(s)f(v(s − σ))ds
)
≤ c < 1, t ≥ t1. (2.25)

Then (1.1) has a solution x(t) = v(t), t ≥ t1.

Proof. We put u(t) = v(t) and apply Theorem 2.1.

Theorem 2.4. Suppose that there exist functions u, v ∈ C1([t0,∞), (0,∞)), constant c > 0 and
t1 ≥ t0 +m such that (2.1), (2.2), and (2.3) hold and

lim
t→∞

v(t) = 0. (2.26)

Then (1.1) has a positive solution which is bounded by the functions u, v and tends to zero.

Proof. The proof is similar to that of Theorem 2.1 and we omit it.

Corollary 2.5. Suppose that there exist functions u, v ∈ C1([t0,∞), (0,∞)), constant c > 0 and
t1 ≥ t0 +m such that (2.1), (2.3), (2.21), and (2.26) hold. Then (1.1) has a positive solution which is
bounded by the functions u, v and tends to zero.

Proof. The proof is similar to that of Corollary 2.2, and we omitted it.

Corollary 2.6. Suppose that there exists a function v ∈ C1([t0,∞), (0,∞)), constant c > 0 and
t1 ≥ t0 +m such that (2.25), (2.26) hold. Then (1.1) has a solution x(t) = v(t), t ≥ t1 which tends to
zero.

Proof. We put u(t) = v(t) and apply Theorem 2.4.

3. Applications and Examples

In this section we give some applications of the theorems above.

Theorem 3.1. Suppose that

∫∞
t0

p(t)dt =∞, (3.1)
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0 < k1 ≤ k2 and there exist constants c > 0, γ ≥ 0, t1 ≥ t0 +m such that

k1

k2
exp

(
(k2 − k1)

∫ t0
t0−γ

p(t)dt

)
≥ 1, (3.2)

exp

(
−k2

∫ t
t−τ

p(s)ds

)
+ exp

(
k2

∫ t−τ
t0−γ

p(s)ds

)

×
∫∞
t

p(s)f

(
exp

(
−k1

∫ s−σ
t0−γ

p(ξ)dξ

))
ds ≤ a(t)

≤ exp

(
−k1

∫ t
t−τ

p(s)ds

)
+ exp

(
k1

∫ t−τ
t0−γ

p(s)ds

)

×
∫∞
t

p(s)f

(
exp

(
−k2

∫ s−σ
t0−γ

p(ξ)dξ

))
ds ≤ c < 1, t ≥ t1.

(3.3)

Then (1.1) has a positive solution which tends to zero.

Proof. We set

u(t) = exp

(
−k2

∫ t
t0−γ

p(s)ds

)
, v(t) = exp

(
−k1

∫ t
t0−γ

p(s)ds

)
, t ≥ t0. (3.4)

We will show that the conditions of Corollary 2.5 are satisfied. With regard to (2.21), for
t ∈ [t0, t1], we get

v′(t) − u′(t) = −k1p(t)v(t) + k2p(t)u(t)

= p(t)v(t)

[
−k1 + k2u(t) exp

(
k1

∫ t
t0−γ

p(s)ds

)]

= p(t)v(t)

[
−k1 + k2 exp

(
(k1 − k2)

∫ t
t0−γ

p(s)ds

)]

≤ p(t)v(t)
[
−k1 + k2 exp

(
(k1 − k2)

∫ t0
t0−γ

p(s)ds

)]
≤ 0.

(3.5)

Other conditions of Corollary 2.5 are also satisfied. The proof is complete.
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Corollary 3.2. Suppose that k > 0, c > 0, t1 ≥ t0 +m, (3.1) holds, and

a(t) = exp

(
−k
∫ t
t−τ

p(s)ds

)
+ exp

(
k

∫ t−τ
t0

p(s)ds

)

×
∫∞
t

p(s)f

(
exp

(
−k
∫ s−σ
t0

p(ξ)dξ

))
ds ≤ c < 1, t ≥ t1.

(3.6)

Then (1.1) has a solution

x(t) = exp

(
−k
∫ t
t0

p(s)ds

)
, t ≥ t1, (3.7)

which tends to zero.

Proof. We put k1 = k2 = k, γ = 0 and apply Theorem 3.1.

Example 3.3. Consider the nonlinear neutral differential equation

[x(t) − a(t)x(t − 2)]′ = px3(t − 1), t ≥ t0, (3.8)

where p ∈ (0,∞). We will show that the conditions of Theorem 3.1 are satisfied. Condition
(3.1) obviously holds and (3.2) has a form

k1

k2
exp
(
(k2 − k1)pγ

) ≥ 1, (3.9)

0 < k1 ≤ k2, γ ≥ 0. For function a(t), we obtain

exp
(−2pk2

)
+

1
3k1

exp
(
p
[
k2
(
γ − t0 − 2

) − 3k1
(
γ − t0 − 1

)
+ (k2 − 3k1)t

])

≤ a(t) ≤ exp
(−2pk1

)

+
1

3k2
exp
(
p
[
k1
(
γ − t0 − 2

) − 3k2
(
γ − t0 − 1

)
+ (k1 − 3k2)t

])
, t ≥ t0.

(3.10)

For p = 1, k1 = 1, k2 = 2, γ = 1, t0 = 1, condition (3.9) is satisfied and

e−4 +
1

3e
e−t ≤ a(t) ≤ e−2 +

e4

6
e−5t, t ≥ t1 ≥ 3. (3.11)

If the function a(t) satisfies (3.11), then (3.8) has a solution which is bounded by the functions
u(t) = exp(−2t), v(t) = exp(−t), t ≥ 3.

IEEE eXpress Sample eBook, page 260



Abstract and Applied Analysis 9

For example if p = 1, k1 = k2 = 1.5, γ = 1, t0 = 1, from (3.11) we obtain

a(t) = e−3 +
e1.5

4.5
e−3t, (3.12)

and the equation

[
x(t) −

(
e−3 +

e1.5

4.5
e−3t

)
x(t − 2)

]′
= x3(t − 1), t ≥ 3, (3.13)

has the solution x(t) = exp(−1.5t) which is bounded by the function u(t) and v(t).
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Asymptotic properties of solutions of the singular differential equation (p(t)u′(t))′ = p(t)f(u(t))
are described. Here, f is Lipschitz continuous on � and has at least two zeros 0 and L > 0. The
function p is continuous on [0,∞) and has a positive continuous derivative on (0,∞) and p(0) = 0.
Further conditions for f and p under which the equation has oscillatory solutions converging to 0
are given.

1. Introduction

For k ∈ �, k > 1, and L ∈ (0,∞), consider the equation

u′′ +
k − 1
t

u′ = f(u), t ∈ (0,∞), (1.1)

where

f ∈ Liploc(�), f(0) = f(L) = 0, f(x) < 0, x ∈ (0, L), (1.2)

∃B ∈ (−∞, 0) : f(x) > 0, x ∈
[
B, 0
)
. (1.3)

Let us put

F(x) = −
∫x

0
f(z)dz for x ∈ �. (1.4)
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2 Abstract and Applied Analysis

Moreover, we assume that f fulfils

F
(
B
)
= F(L), (1.5)

and denote

L0 = inf
{
x < B : f(x) > 0

}
≥ −∞. (1.6)

Due to (1.2)–(1.4), we see that F ∈ C1(�) is decreasing and positive on (L0, 0) and increasing
and positive on (0, L].

Equation (1.1) arises in many areas. For example, in the study of phase transitions
of Van der Waals fluids [1–3], in population genetics, where it serves as a model for the
spatial distribution of the genetic composition of a population [4, 5], in the homogenous
nucleation theory [6], and in relativistic cosmology for description of particles which can
be treated as domains in the universe [7], in the nonlinear field theory, in particular, when
describing bubbles generated by scalar fields of the Higgs type in the Minkowski spaces [8].
Numerical simulations of solutions of (1.1), where f is a polynomial with three zeros, have
been presented in [9–11]. Close problems about the existence of positive solutions can be
found in [12–14].

In this paper, we investigate a generalization of (1.1) of the form

(
p(t)u′

)′ = p(t)f(u), t ∈ (0,∞), (1.7)

where f satisfies (1.2)–(1.5) and p fulfils

p ∈ C[0,∞) ∩C1(0,∞), p(0) = 0, (1.8)

p′(t) > 0, t ∈ (0,∞), lim
t→∞

p′(t)
p(t)

= 0. (1.9)

Equation (1.7) is singular in the sense that p(0) = 0. If p(t) = tk−1, with k > 1, then p satisfies
(1.8), (1.9), and (1.7) is equal to (1.1).

Definition 1.1. A function u ∈ C1[0,∞) ∩ C2(0,∞) which satisfies (1.7) for all t ∈ (0,∞) is
called a solution of (1.7).

Consider a solution u of (1.7). Since u ∈ C1[0,∞), we have u(0), u′(0) ∈ � and the
assumption, p(0) = 0 yields p(0)u′(0) = 0. We can find M > 0 and δ > 0 such that |f(u(t))| ≤
M for t ∈ (0, δ). Integrating (1.7), we get

∣∣u′(t)∣∣ =
∣∣∣∣∣

1
p(t)

∫ t
0
p(s)f(u(s))ds

∣∣∣∣∣ ≤
M

p(t)

∫ t
0
p(s)ds ≤Mt, t ∈ (0, δ). (1.10)
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Consequently, the condition

u′(0) = 0 (1.11)

is necessary for each solution of (1.7). Denote

usup = sup{u(t) : t ∈ [0,∞)}. (1.12)

Definition 1.2. Let u be a solution of (1.7). If usup < L, then u is called a damped solution.

If a solution u of (1.7) satisfies usup = L or usup > L, then we call u a bounding
homoclinic solution or an escape solution. These three types of solutions have been
investigated in [15–18]. Here, we continue the investigation of the existence and asymptotic
properties of damped solutions. Due to (1.11) and Definition 1.2, it is reasonable to study
solutions of (1.7) satisfying the initial conditions

u(0) = u0 ∈ (L0, L], u′(0) = 0. (1.13)

Note that if u0 > L, then a solution u of the problem (1.7), (1.13) satisfies usup > L, and
consequently u is not a damped solution. Assume that L0 > −∞, then f(L0) = 0, and if we
put u0 = L0, a solution u of (1.7), (1.13) is a constant function equal to L0 on [0,∞). Since we
impose no sign assumption on f(x) for x < L0, we do not consider the case u0 < L0. In fact, the
choice of u0 between two zeros L0 and 0 of f has been motivated by some hydrodynamical
model in [11].

A lot of papers are devoted to oscillatory solutions of nonlinear differential equations.
Wong [19] published an account on a nonlinear oscillation problem originated from earlier
works of Atkinson and Nehari. Wong’s paper is concerned with the study of oscillatory
behaviour of second-order Emden-Fowler equations

y′′(x) + a(x)
∣∣y(x)∣∣γ−1

y(x) = 0, γ > 0, (1.14)

where a is nonnegative and absolutely continuous on (0,∞). Both superlinear case (γ > 1)
and sublinear case (γ ∈ (0, 1)) are discussed, and conditions for the function a giving
oscillatory or nonoscillatory solutions of (1.14) are presented; see also [20]. Further extensions
of these results have been proved for more general differential equations. For example, Wong
and Agarwal [21] or Li [22] worked with the equation

(
a(t)
(
y′(t)

)σ)′ + q(t)f(y(t)) = 0, (1.15)

where σ > 0 is a positive quotient of odd integers, a ∈ C1(�) is positive, q ∈ C(�), f ∈ C1(�),
xf(x) > 0, f ′(x) ≥ 0 for all x/= 0. Kulenović and Ljubović [23] investigated an equation

(
r(t)g

(
y′(t)

))′ + p(t)f(y(t)) = 0, (1.16)
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4 Abstract and Applied Analysis

where g(u)/u ≤ m, f(u)/u ≥ k > 0, or f ′(u) ≥ k for all u/= 0. The investigation of oscillatory
and nonoscillatory solutions has been also realized in the class of quasilinear equations. We
refer to the paper [24] by Ho, dealing with the equation

(
tn−1Φp

(
u′
))′ + tn−1

N∑
i=1

αit
βiΦqi(u) = 0, (1.17)

where 1 < p < n, αi > 0, βi ≥ −p, qi > p − 1, i = 1, . . . ,N, Φp(y) = |y|p−2y.
Oscillation results for the equation

(
a(t)Φp

(
x′
))′ + b(t)Φq(x) = 0, (1.18)

where a, b ∈ C([0,∞)) are positive, can be found in [25]. We can see that the nonlinearity
f(y) = |y|γ−1y in (1.14) is an increasing function on � having a unique zero at y = 0.

Nonlinearities in all the other (1.15)–(1.18) have similar globally monotonous
behaviour. We want to emphasize that, in contrast to the above papers, the nonlinearity f
in our (1.7) needs not be globally monotonous. Moreover, we deal with solutions of (1.7)
starting at a singular point t = 0, and we provide an interval for starting values u0 giving
oscillatory solutions (see Theorems 2.3, 2.10, and 2.16). We specify a behaviour of oscillatory
solutions in more details (decreasing amplitudes—see Theorems 2.10 and 2.16), and we show
conditions which guarantee that oscillatory solutions converge to 0 (Theorem 3.1).

The paper is organized in this manner: Section 2 contains results about existence,
uniqueness, and other basic properties of solutions of the problem (1.7), (1.13). These results
which mainly concern damped solutions are taken from [18] and extended or modified
a little. We also provide here new conditions for the existence of oscillatory solutions in
Theorem 2.16. Section 3 is devoted to asymptotic properties of oscillatory solutions, and the
main result is contained in Theorem 3.1.

2. Solutions of the Initial Problem (1.7), (1.13)

Let us give an account of this section in more details. The main objective of this paper is
to characterize asymptotic properties of oscillatory solutions of the problem (1.7), (1.13). In
order to present more complete results about the solutions, we start this section with the
unique solvability of the problem (1.7), (1.13) on [0,∞) (Theorem 2.1). Having such global
solutions, we have proved (see papers [15–18]) that oscillatory solutions of the problem (1.7),
(1.13) can be found just in the class of damped solutions of this problem. Therefore, we give
here one result about the existence of damped solutions (Theorem 2.3). Example 2.5 shows
that there are damped solutions which are not oscillatory. Consequently, we bring results
about the existence of oscillatory solutions in the class of damped solutions. This can be found
in Theorem 2.10, which is an extension of Theorem 3.4 of [18] and in Theorem 2.16, which
are new. Theorems 2.10 and 2.16 cover different classes of equations which is illustrated by
examples.
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Theorem 2.1 (existence and uniqueness). Assume that (1.2)–(1.5), (1.8), (1.9) hold and that there
exists CL ∈ (0,∞) such that

0 ≤ f(x) ≤ CL for x ≥ L (2.1)

then the initial problem (1.7), (1.13) has a unique solution u. The solution u satisfies

u(t) ≥ u0 if u0 < 0,

u(t) > B if u0 ≥ 0,
for t ∈ [0,∞). (2.2)

Proof. Let u0 < 0, then the assertion is contained in Theorem 2.1 of [18]. Now, assume that
u0 ∈ [0, L], then the proof of Theorem 2.1 in [18] can be slightly modified.

For close existence results, see also Chapters 13 and 14 of [26], where this kind of
equations is studied.

Remark 2.2. Clearly, for u0 = 0 and u0 = L, the problem (1.7), (1.13) has a unique solution
u ≡ 0 and u ≡ L, respectively. Since f ∈ Liploc(�), no solution of the problem (1.7), (1.13) with
u0 < 0 or u0 ∈ (0, L) can touch the constant solutions u ≡ 0 and u ≡ L.

In particular, assume that C ∈ {0, L}, a > 0, u is a solution of the problem (1.7), (1.13)
with u0 < L, u0 /= 0, and (1.2), (1.8), and (1.9) hold. If u(a) = C, then u′(a)/= 0, and if u′(a) = 0,
then u(a)/=C.

The next theorem provides an extension of Theorem 2.4 in [18].

Theorem 2.3 (existence of damped solutions). Assume that (1.2)–(1.5), (1.8), and (1.9) hold,
then for each u0 ∈ [B, L), the problem (1.7), (1.13) has a unique solution. This solution is damped.

Proof. First, assume that there exists CL > 0 such that f satisfies (2.1), then, by Theorem 2.1,
the problem (1.7), (1.13) has a unique solution u satisfying (2.2). Assume that u is not
damped, that is,

sup{u(t) : t ∈ [0,∞)} ≥ L. (2.3)

By (1.3)–(1.5), the inequality F(u0) ≤ F(L) holds. Since u fulfils (1.7), we have

u′′(t) +
p′(t)
p(t)

u′(t) = f(u(t)) for t ∈ (0,∞). (2.4)

Multiplying (2.4) by u′ and integrating between 0 and t > 0, we get

0 <
u
′2(t)
2

+
∫ t

0

p′(s)
p(s)

u
′2(s)ds = F(u0) − F(u(t)), t ∈ (0,∞), (2.5)
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and consequently

0 <
∫ t

0

p′(s)
p(s)

u
′2(s)ds ≤ F(u0) − F(u(t)), t ∈ (0,∞). (2.6)

By (2.3), we can find that b ∈ (0,∞] such that u(b) ≥ L, (u(∞) = lim supt→∞u(t)), and hence,
according to (1.5),

0 <
∫b

0

p′(s)
p(s)

u
′2(s)ds ≤ F(u0) − F(u(b)) ≤ F(B) − F(L) ≤ 0, (2.7)

which is a contradiction. We have proved that sup{u(t) : t ∈ [0,∞)} < L, that is, u is damped.
Consequently, assumption (2.1) can be omitted.

Example 2.4. Consider the equation

u′′ +
2
t
u′ = u(u − 1)(u + 2), (2.8)

which is relevant to applications in [9–11]. Here, p(t) = t2, f(x) = x(x − 1)(x + 2), L0 = −2,
and L = 1. Hence f(x) < 0 for x ∈ (0, 1), f(x) > 0 for x ∈ (−2, 0), and

F(x) = −
∫x

0
f(z)dz = −x

4

4
− x

3

3
+ x2. (2.9)

Consequently, F is decreasing and positive on [−2, 0) and increasing and positive on (0, 1].
Since F(1) = 5/12 and F(−1) = 13/12, there exists a unique B ∈ (−1, 0) such that F(B) =
5/12 = F(1). We can see that all assumptions of Theorem 2.3 are fulfilled and so, for each
u0 ∈ [B, 1), the problem (2.8), (1.13) has a unique solution which is damped. We will show
later (see Example 2.11), that each damped solution of the problem (2.8), (1.13) is oscillatory.

In the next example, we will show that damped solutions can be nonzero and
monotonous on [0,∞) with a limit equal to zero at ∞. Clearly, such solutions are not
oscillatory.

Example 2.5. Consider the equation

u′′ +
3
t
u′ = f(u), (2.10)

where

f(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−x3 for x ≤ 1,

x − 2 for x ∈ (1, 3),

1 for x ≥ 3.

(2.11)
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We see that p(t) = t3 in (2.10) and the functions f and p satisfy conditions (1.2)–(1.5), (1.8),
and (1.9) with L = 2. Clearly, L0 = −∞. Further,

F(x) = −
∫x

0
f(z)dz =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x4

4
for x ≤ 1,

−x
2

2
+ 2x − 5

4
for x ∈ (1, 3),

−x +
13
4

for x ≥ 3.

(2.12)

Since F(L) = F(2) = 3/4, assumption (1.5) yields F(B) = B
4
/4 = 3/4 and B = −31/4. By

Theorem 2.3, for each u0 ∈ [−31/4, 2), the problem (2.10), (1.13) has a unique solution u which
is damped. On the other hand, we can check by a direct computation that for each u0 ≤ 1 the
function

u(t) =
8u0

8 + u2
0t

2
, t ∈ [0,∞) (2.13)

is a solution of equation (2.10) and satifies conditions (1.13). If u0 < 0, then u < 0, u′ > 0 on
(0,∞), and if u0 ∈ (0, 1], then u > 0, u′ < 0 on (0,∞). In both cases, limt→∞u(t) = 0.

In Example 2.5, we also demonstrate that there are equations fulfilling Theorem 2.3
for which all solutions with u0 < L, not only those with u0 ∈ [B, L), are damped. Some
additional conditions giving, moreover, bounding homoclinic solutions and escape solutions
are presented in [15–17].

In our further investigation of asymptotic properties of damped solutions the
following lemmas are useful.

Lemma 2.6. Assume (1.2), (1.8), and (1.9). Let u be a damped solution of the problem (1.7), (1.13)
with u0 ∈ (L0, L) which is eventually positive or eventually negative, then

lim
t→∞

u(t) = 0, lim
t→∞

u′(t) = 0. (2.14)

Proof. Let u be eventually positive, that is, there exists t0 ≥ 0 such that

u(t) > 0 for t ∈ [t0,∞). (2.15)

Denote θ = inf{t0 ≥ 0 : u(t) > 0, t ∈ [t0,∞)}.
Let θ > 0, then u(θ) = 0 and, by Remark 2.2, u′(θ) > 0. Assume that u′ > 0 on (θ,∞),

then u is increasing on (θ,∞), and there exists limt→∞u(t) = � ∈ (0, L). Multiplying (2.4) by
u′, integrating between θ and t, and using notation (1.4), we obtain

u
′2(t)
2

+
∫ t
θ

p′(s)
p(s)

u
′2(s)ds = F(u0) − F(u(t)), t ∈ (θ,∞). (2.16)
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Letting t → ∞, we get

lim
t→∞

u
′2(t)
2

= − lim
t→∞

∫ t
θ

p′(s)
p(s)

u
′2(s)ds + F(u0) − F(�). (2.17)

Since the function
∫ t
θ
(p′(s)/p(s))u

′2(s)ds is positive and increasing, it follows that it has a
limit at ∞, and hence there exists also limt→∞u′(t) ≥ 0. If limt→∞u′(t) > 0, then L > l =
limt→∞u(t) =∞, which is a contradiction. Consequently

lim
t→∞

u′(t) = 0. (2.18)

Letting t → ∞ in (2.4) and using (1.2), (1.9) and � ∈ (0, L), we get limt→∞u′′(t) = f(�) < 0,
and so limt→∞u′(t) = −∞, which is contrary to (2.18). This contradiction implies that the
inequality u′ > 0 on (θ,∞) cannot be satisfied and that there exists a > θ such that u′(a) = 0.
Since u > 0 on (a,∞), we get by (1.2), (1.7), and (1.13) that (pu′)′ < 0 on (a,∞). Due
to p(a)u′(a) = 0, we see that u′ < 0 on (a,∞). Therefore, u is decreasing on (a,∞) and
limt→∞u(t) = �0 ∈ [0, L). Using (2.16) with a in place of θ, we deduce as above that (2.18)
holds and that limt→∞u′′(t) = f(�0) = 0. Consequently, �0 = 0. We have proved that (2.14)
holds provided θ > 0.

If θ = 0, then we take a = 0 and use the above arguments. If u is eventually negative,
we argue similarly.

Lemma 2.7. Assume (1.2)–(1.5), (1.8), (1.9), and

p ∈ C2(0,∞), lim sup
t→∞

∣∣∣∣p
′′(t)
p′(t)

∣∣∣∣ <∞, (2.19)

lim
x→ 0+

f(x)
x

< 0. (2.20)

Let u be a solution of the problem (1.7), (1.13) with u0 ∈ (0, L), then there exists δ1 > 0 such that

u(δ1) = 0, u′(t) < 0 for t ∈ (0, δ1]. (2.21)

Proof. Assume that such δ1 does not exist, then u is positive on [0,∞) and, by Lemma 2.6, u
satisfies (2.14). We define a function

v(t) =
√
p(t)u(t), t ∈ [0,∞). (2.22)

By (2.19), we have v ∈ C2(0,∞) and

v′(t) =
p′(t)u(t)

2
√
p(t)

+
√
p(t)u′(t), (2.23)

v′′(t) = v(t)

[
1
2
p′′(t)
p(t)

− 1
4

(
p′(t)
p(t)

)2

+
f(u(t))
u(t)

]
, t ∈ (0,∞). (2.24)
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By (1.9) and (2.19), we get

lim
t→∞

[
1
2
p′′(t)
p(t)

− 1
4

(
p′(t)
p(t)

)2]
=

1
2

lim
t→∞

p′′(t)
p′(t)

· p
′(t)
p(t)

= 0. (2.25)

Since u is positive on (0,∞), conditions (2.14) and (2.20) yield

lim
t→∞

f(u(t))
u(t)

= lim
x→ 0+

f(x)
x

< 0. (2.26)

Consequently, there exist ω > 0 and R > 0 such that

1
2
p′′(t)
p(t)

− 1
4

(
p′(t)
p(t)

)2

+
f(u(t))
u(t)

< −ω for t ≥ R. (2.27)

By (2.22), v is positive on (0,∞) and, due to (2.24) and (2.27), we get

v′′(t) < −ωv(t) < 0 for t ≥ R. (2.28)

Thus, v′ is decreasing on [R,∞) and limt→∞v′(t) = V . If V < 0, then limt→∞v(t) = −∞,
contrary to the positivity of v. If V ≥ 0, then v′ > 0 on [R,∞) and v(t) ≥ v(R) > 0 for t ∈
[R,∞). Then (2.28) yields 0 > −ωv(R) ≥ −ωv(t) > v′′(t) for t ∈ [R,∞). We get limt→∞v′(t) =
−∞ which contradicts V ≥ 0. The obtained contradictions imply that u has at least one zero
in (0,∞). Let δ1 > 0 be the first zero of u. Then u > 0 on [0, δ1) and, by (1.2) and (1.7), u′ < 0
on (0, δ1). Due to Remark 2.2, we have also u′(δ1) < 0.

For negative starting value, we can prove a dual lemma by similar arguments.

Lemma 2.8. Assume (1.2)–(1.5), (1.8), (1.9), (2.19) and

lim
x→ 0−

f(x)
x

< 0. (2.29)

Let u be a solution of the problem (1.7), (1.13) with u0 ∈ (L0, 0), then there exists θ1 > 0 such that

u(θ1) = 0, u′(t) > 0 for t ∈ (0, θ1]. (2.30)

The arguments of the proof of Lemma 2.8 can be also found in the proof of Lemma 3.1
in [18], where both (2.20) and (2.29) were assumed. If one argues as in the proofs of Lemmas
2.7 and 2.8 working with a1, A1 and b1, B1 in place of 0, and u0, one gets the next corollary.
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Corollary 2.9. Assume (1.2)–(1.5), (1.8), (1.9), (2.19), (2.20), and (2.29). Let u be a solution of the
problem (1.7), (1.13) with u0 ∈ (L0, 0) ∪ (0, L).

(I) Assume that there exist b1 > 0 and B1 ∈ (L0, 0) such that

u(b1) = B1, u′(b1) = 0, (2.31)

then there exists θ > b1 such that

u(θ) = 0, u′(t) > 0 for t ∈ (b1, θ]. (2.32)

(II) Assume that there exist a1 > 0 and A1 ∈ (0, L) such that

u(a1) = A1, u′(a1) = 0, (2.33)

then there exists δ > a1 such that

u(δ) = 0, u′(t) < 0 for t ∈ (a1, δ]. (2.34)

Note that if all conditions of Lemmas 2.7 and 2.8 are satisfied, then each solution of
the problem (1.7), (1.13) with u0 ∈ (L0, 0) ∪ (0, L) has at least one simple zero in (0,∞).
Corollary 2.9 makes possible to construct an unbounded sequence of all zeros of any damped
solution u. In addition, these zeros are simple (see the proof of Theorem 2.10). In such a case, u
has either a positive maximum or a negative minimum between each two neighbouring zeros.
If we denote sequences of these maxima and minima by {An}∞n=1 and {Bn}∞n=1, respectively,
then we call the numbers |An − Bn|, n ∈ � amplitudes of u.

In [18], we give conditions implying that each damped solution of the problem (1.7),
(1.13) with u0 < 0 has an unbounded set of zeros and decreasing sequence of amplitudes.
Here, there is an extension of this result for u0 ∈ (0, L).

Theorem 2.10 (existence of oscillatory solutions I). Assume that (1.2)–(1.5), (1.8), (1.9), (2.19),
(2.20), and (2.29) hold, Then each damped solution of the problem (1.7), (1.13) with u0 ∈ (L0, 0) ∪
(0, L) is oscillatory and its amplitudes are decreasing.

Proof. For u0 < 0, the assertion is contained in Theorem 3.4 of [18]. Let u be a damped solution
of the problem (1.7), (1.13) with u0 ∈ (0, L). By (2.2) and Definition 1.2, we can find L1 ∈ (0, L)
such that

B < u(t) ≤ L1 for t ∈ [0,∞). (2.35)

Step 1. Lemma 2.7 yields δ1 > 0 satisfying (2.21). Hence, there exists a maximal interval
(δ1, b1) such that u′ < 0 on (δ1, b1). If b1 = ∞, then u is eventually negative and decreasing.
On the other hand, by Lemma 2.6, u satisfies (2.14). But this is not possible. Therefore, b1 < ∞
and there exists B1 ∈ (B, 0) such that (2.31) holds. Corollary 2.9 yields θ1 > b1 satisfying (2.32)
with θ = θ1. Therefore, u has just one negative local minimum B1 = u(b1) between its first
zero δ1 and second zero θ1.
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Step 2. By (2.32) there exists a maximal interval (θ1, a1), where u′ > 0. If a1 = ∞, then u is
eventually positive and increasing. On the other hand, by Lemma 2.6, u satisfies (2.14). We
get a contradiction. Therefore a1 < ∞ and there exists A1 ∈ (0, L) such that (2.33) holds.
Corollary 2.9 yields δ2 > a1 satisfying (2.34) with δ = δ2. Therefore u has just one positive
maximum A1 = u(a1) between its second zero θ1 and third zero δ2.

Step 3. We can continue as in Steps 1 and 2 and get the sequences {An}∞n=1 ⊂ (0, L) and
{Bn}∞n=1 ⊂ [u0, 0) of positive local maxima and negative local minima of u, respectively.
Therefore u is oscillatory. Using arguments of the proof of Theorem 3.4 of [18], we get that
the sequence {An}∞n=1 is decreasing and the sequence {Bn}∞n=1 is increasing. In particular, we
use (2.5) and define a Lyapunov function Vu by

Vu(t) =
u
′2(t)
2

+ F(u(t)) = F(u0) −
∫ t

0

p′(s)
p(s)

u
′2(s)ds, t ∈ (0,∞), (2.36)

then

Vu(t) > 0, V ′u(t) = −
p′(t)
p(t)

u
′2(t) ≤ 0 for t ∈ (0,∞), (2.37)

V ′u(t) < 0 for t ∈ (0,∞), t /=an, bn, n ∈ �. (2.38)

Consequently,

cu := lim
t→∞

Vu(t) ≥ 0. (2.39)

So, sequences {Vu(an)}∞n=1 = {F(An)}∞n=1 and {Vu(bn)}∞n=1 = {F(Bn)}∞n=1 are decreasing and

lim
n→∞

F(An) = lim
n→∞

F(Bn) = cu. (2.40)

Finally, due to (1.4), the sequence {An}∞n=1 is decreasing and the sequence {Bn}∞n=1 is
increasing. Hence, the sequence of amplitudes {An − Bn}∞n=1 is decreasing, as well.

Example 2.11. Consider the problem (1.7), (1.13), where p(t) = t2 and f(x) = x(x − 1)(x + 2).
In Example 2.4, we have shown that (1.2)–(1.5), (1.8), and (1.9) with L0 = −2, L = 1 are valid.
Since

lim
t→∞

p′′(t)
p′(t)

= lim
t→∞

1
t
= 0,

lim
x→ 0

f(x)
x

= lim
x→ 0

(x − 1)(x + 2) = −2 < 0,

(2.41)
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we see that (2.19), (2.20), and (2.29) are satisfied. Therefore, by Theorem 2.10, each damped
solution of (2.8), (1.13) with u0 ∈ (−2, 0) ∪ (0, 1) is oscillatory and its amplitudes are
decreasing.

Example 2.12. Consider the problem (1.7), (1.13), where

p(t) =
tk

1 + t�
, k > � ≥ 0,

f(x) =

⎧⎪⎨
⎪⎩
x(x − 1)(x + 3), for x ≤ 0,

x(x − 1)(x + 4), for x > 0,

(2.42)

then L0 = −3, L = 1,

lim
t→∞

p′′(t)
p′(t)

= 0, lim
x→ 0−

f(x)
x

= −3, lim
x→ 0+

f(x)
x

= −4. (2.43)

We can check that also all remaining assumptions of Theorem 2.10 are satisfied, and this
theorem is applicable here.

Assume that f does not fulfil (2.20) and (2.29). It occurs, for example, if f(x) =
−|x|α signx with α > 1 for x in some neighbourhood of 0, then Theorem 2.10 cannot be
applied. Now, we will give another sufficient conditions for the existence of oscillatory
solutions. For this purpose, we introduce the following lemmas.

Lemma 2.13. Assume (1.2)–(1.5), (1.8), (1.9), and

∫∞
1

1
p(s)

ds = ∞, (2.44)

∃ε > 0 : f ∈ C1(0, ε), f ′ ≤ 0 on (0, ε). (2.45)

Let u be a solution of the problem (1.7), (1.13) with u0 ∈ (0, L), then there exists δ1 > 0 such that

u(δ1) = 0, u′(t) < 0 for t ∈ (0, δ1]. (2.46)

Proof. Assume that such δ1 does not exist, then u is positive on [0,∞) and, by Lemma 2.6, u
satisfies (2.14). In view of (1.7) and (1.2), we have u′ < 0 on (0,∞). From (2.45), it follows that
there exists t0 > 0 such that

0 < u(t) < ε, for t ∈ [t0,∞). (2.47)
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Motivated by arguments of [27], we divide (1.7) by f(u) and integrate it over interval [t0, t].
We get

∫ t
t0

(
p(s)u′(s)

)′
f(u(s))

ds =
∫ t
t0

p(s)ds for t ∈ [t0,∞). (2.48)

Using the per partes integration, we obtain

p(t)u′(t)
f(u(t))

+
∫ t
t0

p(s)f ′(u(s))u
′2(s)

f2(u(s))
ds =

p(t0)u′(t0)
f(u(t0))

+
∫ t
t0

p(s)ds, t ∈ [t0,∞). (2.49)

From (1.8) and (1.9), it follows that there exists t1 ∈ (t0,∞) such that

p(t0)u′(t0)
f(u(t0))

+
∫ t
t0

p(s)ds ≥ 1, t ∈ [t1,∞), (2.50)

and therefore

p(t)u′(t)
f(u(t))

+
∫ t
t0

p(s)f ′(u(s))u
′2(s)

f2(u(s))
ds ≥ 1, t ∈ [t1,∞). (2.51)

From the fact that f ′(u(s)) ≤ 0 for s > t0 (see (2.45)), we have

p(t)u′(t)
f(u(t))

+
∫ t
t1

p(s)f ′(u(s))u
′2(s)

f2(u(s))
ds ≥ 1, t ∈ [t1,∞), (2.52)

then

p(t)u′(t)
f(u(t))

≥ 1 −
∫ t
t1

p(s)f ′(u(s))u
′2(s)

f2(u(s))
ds > 0, t ∈ [t1,∞), (2.53)

p(t)u′(t)

f(u(t))
(

1 − ∫ tt1 p(s)f ′(u(s))u′2(s)f−2(u(s))ds
) ≥ 1, t ∈ [t1,∞). (2.54)

Multiplying this inequality by −f ′(u(t))u′(t)/f(u(t)) ≥ 0, we get

(
ln

(
1 −
∫ t
t1

p(s)f ′(u(s))u
′2(s)

f2(u(s))
ds

))′
≥ −(ln∣∣f(u(t))∣∣)′, t ∈ [t1,∞), (2.55)

and integrating it over [t1, t], we obtain

ln

(
1 −
∫ t
t1

p(s)f ′(u(s))u
′2(s)

f2(u(s))
ds

)
≥ ln
(
f(u(t1))
f(u(t))

)
, (2.56)
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and therefore,

1 −
∫ t
t1

p(s)f ′(u(s))u
′2(s)

f2(u(s))
ds ≥ f(u(t1))

f(u(t))
, t ∈ [t1,∞). (2.57)

According to (2.53), we have

p(t)u′(t)
f(u(t))

≥ f(u(t1))
f(u(t))

, t ∈ [t1,∞), (2.58)

and consequently,

u′(t) ≤ f(u(t1)) 1
p(t)

, t ∈ [t1,∞). (2.59)

Integrating it over [t1, t], we get

u(t) ≤ u(t1) + f(u(t1))
∫ t
t1

1
p(s)

ds, t ∈ [t1,∞). (2.60)

From (2.44), it follows that

lim
t→∞

u(t) = −∞, (2.61)

which is a contradiction.

By similar arguments, we can prove a dual lemma.

Lemma 2.14. Assume (1.2)–(1.5), (1.8), (1.9), (2.44), and

∃ε > 0 : f ∈ C1(−ε, 0), f ′ ≤ 0 on (−ε, 0). (2.62)

Let u be a solution of the problem (1.7), (1.13) with u0 ∈ (L0, 0), then, there exists θ1 > 0 such that

u(θ1) = 0, u′(t) > 0 for t ∈ (0, θ1]. (2.63)

Following ideas before Corollary 2.9, we get the next corollary.

Corollary 2.15. Assume (1.2)–(1.5), (1.8), (1.9), (2.44), (2.45), and (2.62). Let u be a solution of
the problem (1.7), (1.13) with u0 ∈ (L0, 0) ∪ (0, L), then the assertions I and II of Corollary 2.9 are
valid.

Now, we are able to formulate another existence result for oscillatory solutions. Its
proof is almost the same as the proof of Theorem 2.10 for u0 ∈ (L0, 0) and the proof of
Theorem 3.4 in [18] for u0 ∈ (0, L). The only difference is that we use Lemmas 2.13, 2.14,
and Corollary 2.15, in place of Lemmas 2.7, 2.8, and Corollary 2.9, respectively.
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Theorem 2.16 (existence of oscillatory solutions II). Assume that (1.2)–(1.5), (1.8), (1.9), (2.44),
(2.45), and (2.62) hold, then each damped solution of the problem (1.7), (1.13) with u0 ∈ (L0, 0) ∪
(0, L) is oscillatory and its amplitudes are decreasing.

Example 2.17. Let us consider (1.7) with

p(t) = tα, t ∈ [0,∞),

f(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−|x|λsgnx, x ≤ 1,

x − 2, x ∈ (1, 3),

1, x ≥ 3,

(2.64)

where λ and α are real parameters.

Case 1. Let λ ∈ (1,∞) and α ∈ (0, 1], then all assumptions of Theorem 2.16 are satisfied. Note
that f satisfies neither (2.20) nor (2.29) and hence Theorem 2.10 cannot be applied.

Case 2. Let λ = 1 and α ∈ (0,∞), then all assumptions of Theorem 2.10 are satisfied. If α ∈
(0, 1], then also all assumptions of Theorem 2.16 are fulfilled, but for α ∈ (1,∞), the function
p does not satisfy (2.44), and hence Theorem 2.16 cannot be applied.

3. Asymptotic Properties of Oscillatory Solutions

In Lemma 2.6 we show that if u is a damped solution of the problem (1.7), (1.13) which is not
oscillatory then u converges to 0 for t → ∞. In this section, we give conditions under which
also oscillatory solutions converge to 0.

Theorem 3.1. Assume that (1.2)–(1.5), (1.8), and (1.9) hold and that there exists k0 > 0 such that

lim inf
t→∞

p(t)
tk0

> 0, (3.1)

then each damped oscillatory solution u of the problem (1.7), (1.13) with u0 ∈ (L0, 0)∪ (0, L) satisfies

lim
t→∞

u(t) = 0, lim
t→∞

u′(t) = 0. (3.2)

Proof. Consider an oscillatory solution u of the problem (1.7), (1.13) with u0 ∈ (0, L).

Step 1. Using the notation and some arguments of the proof of Theorem 2.10, we have the
unbounded sequences {an}∞n=1, {bn}∞n=1, {θn}∞n=1, and {δn}∞n=1, such that

0 < δ1 < b1 < θ1 < a1 < δ2 < · · · < δn < bn < θn < an < δn+1 < · · · , (3.3)
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where u(θn) = u(δn) = 0, u(an) = An > 0 is a unique local maximum of u in (θn, δn+1),
u(bn) = Bn < 0 is a unique local minimum of u in (δn, θn), n ∈ �. Let Vu be given by (2.36)
and then (2.39) and (2.40) hold and, by (1.2)–(1.4), we see that

lim
t→∞

u(t) = 0 ⇐⇒ cu = 0. (3.4)

Assume that (3.2) does not hold. Then cu > 0. Motivated by arguments of [28], we derive a
contradiction in the following steps.

Step 2 (estimates of u). By (2.36) and (2.39), we have

lim
n→∞

u
′2(δn)

2
= lim

n→∞
u
′2(θn)

2
= cu > 0, (3.5)

and the sequences {u′2(δn)}∞n=1 and {u′2(θn)}∞n=1 are decreasing. Consider n ∈ �. Then
u
′2(δn)/2 > cu and there are αn, βn satisfying an < αn < δn < βn < bn and such that

u
′2(αn) = u

′2(βn) = cu, u
′2(t) > cu, t ∈ (αn, βn). (3.6)

Since Vu(t) > cu for t > 0 (see (2.39)), we get by (2.36) and (3.6) the inequalities cu/2 +
F(u(αn)) > cu and cu/2 + F(u(βn)) > cu, and consequently F(u(αn)) > cu/2 and F(u(βn)) >
cu/2. Therefore, due to (1.4), there exists c̃ > 0 such that

u(αn) > c̃, u
(
βn
)
< −c̃, n ∈ �. (3.7)

Similarly, we deduce that there are α̃n, β̃n satisfying bn < α̃n < θn < β̃n < an+1 and such that

u(α̃n) < −c̃, u
(
β̃n
)
> c̃, n ∈ �. (3.8)

The behaviour of u and inequalities (3.7) and (3.8) yield

|u(t)| > c̃, t ∈ [βn, α̃n] ∪
[
β̃n, αn+1

]
, n ∈ �. (3.9)

Step 3 (estimates of βn − αn). We prove that there exist c0, c1 ∈ (0,∞) such that

c0 < βn − αn < c1, n ∈ �. (3.10)

Assume on the contrary that there exists a subsequence satisfying lim�→∞(β� − α�) = 0. By
the mean value theorem and (3.7), there is ξ� ∈ (α�, β�) such that 0 < 2c̃ < u(α�) − u(β�) =
|u′(ξ�)|(β� − α�). Since F(u(t)) ≥ 0 for t ∈ [0,∞), we get by (2.16) the inequality

∣∣u′(t)∣∣ <
√

2F(u0), t ∈ [0,∞), (3.11)
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and consequently

0 < 2c̃ ≤
√

2F(u0) lim
�→∞

(
β� − α�

)
= 0, (3.12)

which is a contradiction. So, c0 satisfying (3.10) exists. Using the mean value theorem again,
we can find τn ∈ (αn, δn) such that u(δn) − u(αn) = u′(τn)(δn − αn) and, by (3.6),

δn − αn =
−u(αn)
u′(τn)

=
u(αn)
|u′(τn)| <

A1√
cu
. (3.13)

Similarly, we can find ηn ∈ (δn, βn) such that

βn − δn =
u
(
βn
)

u′
(
ηn
) =

∣∣u(βn)∣∣∣∣u′(ηn)∣∣ <
|B1|√
cu
. (3.14)

If we put c1 = (A1 + |B1|)/√cu, then (3.10) is fulfilled. Similarly, we can prove

c0 < β̃n − α̃n < c1, n ∈ �. (3.15)

Step 4 (estimates of αn+1 − αn). We prove that there exist c2 ∈ (0,∞) such that

αn+1 − αn < c2, n ∈ �. (3.16)

Put m1 = min{f(x) : B1 ≤ x ≤ −c̃} > 0. By (3.9), B1 ≤ u(t) < −c̃ for t ∈ [βn, α̃n], n ∈ �.
Therefore,

f(u(t)) ≥ m1, t ∈ [βn, α̃n], n ∈ �. (3.17)

Due to (1.9), we can find t1 > 0 such that

p′(t)
p(t)

√
2F(u0) <

m1

2
, t ∈ [t1,∞). (3.18)

Let n1 ∈ � fulfil αn1 ≥ t1, then, according to (2.4), (3.11), (3.17), and (3.18), we have

u′′(t) > −m1

2
+m1 =

m1

2
, t ∈ [βn, α̃n], n ≥ n1. (3.19)

Integrating (3.19) from bn to βn and using (3.6), we get 2
√
cu > m1(bn−βn) for n ≥ n1. Similarly

we get 2
√
cu > m1(α̃n − bn) for n ≥ n1. Therefore

4
m1

√
cu > α̃n − βn, n ≥ n1. (3.20)
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By analogy, we put m2 = min{−f(x) : c̃ ≤ x ≤ A1} > 0 and prove that there exists n2 ∈ � such
that

4
m2

√
cu > αn+1 − β̃n, n ≥ n2. (3.21)

Inequalities (3.10), (3.15), (3.20), and (3.21) imply the existence of c2 fulfilling (3.16).

Step 5 (construction of a contradiction). Choose t0 > c1 and integrate the equality in (2.37)
from t0 to t > t0. We have

Vu(t) = Vu(t0) −
∫ t
t0

p′(τ)
p(τ)

u
′2(τ)dτ, t ≥ t0. (3.22)

Choose n0 ∈ � such that αn0 > t0. Further, choose n ∈ �, n > n0 and assume that t > βn, then,
by (3.6),

∫ t
t0

p′(τ)
p(τ)

u
′2(τ)dτ >

n∑
j=n0

∫βj
αj

p′(τ)
p(τ)

u
′2(τ)dτ

> cu
n∑

j=n0

∫βj
αj

p′(τ)
p(τ)

dτ = cu
n∑

j=n0

[
ln p(τ)

]βj
αj
.

(3.23)

By virtue of (3.1) there exists c3 > 0 such that p(t)/tk0 > c3 for t ∈ [t0,∞). Thus, ln p(t) >
ln c3 + k0 ln t and

∫ t
t0

p′(τ)
p(τ)

u
′2(τ)dτ > cu

n∑
j=n0

[ln c3 + k0 ln t)]
βj
αj = cuk0

n∑
j=n0

ln
βj

αj
. (3.24)

Due to (3.10) and c1 < αn0 , we have

1 <
βj

αj
< 1 +

c1

αj
< 2, j = n0, . . . , n, (3.25)

and the mean value theorem yields ξj ∈ (1, 2) such that

ln
βj

αj
=

(
βj

αj
− 1

)
1
ξj
>
βj − αj

2αj
, j = n0, . . . , n. (3.26)

By (3.10) and (3.16), we deduce

βj − αj
αj

>
c0

αj
, αj < jc2 + α1, j = n0, . . . , n. (3.27)
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Thus,

βj − αj
αj

>
c0

jc2 + α1
, j = n0, . . . , n. (3.28)

Using (3.24)–(3.28) and letting t to∞, we obtain

∫∞
t0

p′(τ)
p(τ)

u′2(τ)dτ ≥ cuk0

∞∑
n=n0

ln
βn

αn
≥ 1

2
cuk0

∞∑
n=n0

βn − αn
αn

≥ 1
2
cuk0

∞∑
n=n0

c0

nc2 + α1
=∞.

(3.29)

Using it in (3.22), we get limt→∞Vu(t) = −∞, which is a contradiction. So, we have proved
that cu = 0.

Using (2.4) and (3.4), we have

lim
t→∞

(
u
′2(t)
2

+
∫ t

0

p′(s)
p(s)

u
′2(s)ds

)
= F(u0) − F(0) = F(u0). (3.30)

Since the function
∫ t

0(p
′(s)/p(s))u

′2(s)ds is increasing, there exists

lim
t→∞

∫ t
0

p′(s)
p(s)

u
′2(s)ds ≤ F(u0). (3.31)

Therefore, there exists

lim
t→∞

u
′2(t) = �2. (3.32)

If � > 0, then limt→∞|u′(t)| = �, which contradicts (3.4). Therefore, � = 0 and (3.2) is proved.
If u0 ∈ (L0, 0), we argue analogously.
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By applying a fixed point theorem for mappings that are decreasing with respect to a cone, this
paper investigates the existence of positive solutions for the nonlinear fractional boundary value
problem: Dα

0+u(t) + f(t, u(t)) = 0, 0 < t < 1, u(0) = u′(0) = u′(1) = 0, where 2 < α < 3, Dα
0+ is the

Riemann-Liouville fractional derivative.

1. Introduction

Many papers and books on fractional calculus differential equation have appeared recently.
Most of them are devoted to the solvability of the linear initial fractional equation in terms of
a special function [1–4]. Recently, there has been significant development in the existence
of solutions and positive solutions to boundary value problems for fractional differential
equations by the use of techniques of nonlinear analysis (fixed point theorems, Leray-
Schauder theory, etc.), see [5, 6] and the references therein.

In this paper, we consider the following boundary value problems of the nonlinear
fractional differential equation

Dα
0+u(t) + f(t, u(t)) = 0, 0 < t < 1, 2 < α < 3,

u(0) = u′(0) = u′(1) = 0,
(1.1)

where Dα
0+ is the standard Riemann-Liouville fractional derivative and f(t, x) is singular at
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x = 0. Our assumptions throughout are

(H1) f(t, x) : (0, 1) × (0,∞) → [0,∞) is continuous,

(H2) f(t, x) is decreasing in x, for each fixed t,

(H3) limx→ 0+f(t, x) = ∞ and limx→∞f(t, x) = 0, uniformly on compact subsets of (0,1),
and

(H4) 0 <
∫1

0 f(t, qθ(t))dt <∞ for all θ > 0 and qθ as defined in (3.1).

The seminal paper by Gatica et al. [7] in 1989 has had a profound impact on the
study of singular boundary value problems for ordinary differential equations (ODEs). They
studied singularities of the type in (H1)–(H4) for second order Sturm-Louiville problems, and
their key result hinged on an application of a particular fixed point theorem for operators
which are decreasing with respect to a cone. Various authors have used these techniques
to study singular problems of various types. For example, Henderson and Yin [8] as well as
Eloe and Henderson [9, 10] have studied right focal, focal, conjugate, and multipoint singular
boundary value problems for ODEs. However, as far as we know, no paper is concerned with
boundary value problem for fractional differential equation by using this theorem. As a result,
the goal of this paper is to fill the gap in this area.

Motivated by the above-mentioned papers and [11], the purpose of this paper is to
establish the existence of solutions for the boundary value problem (1.1) by the use of a
fixed point theorem used in [7, 11]. The paper has been organized as follows. In Section 2,
we give basic definitions and provide some properties of the corresponding Green’s function
which are needed later. We also state the fixed point theorem from [7] for mappings that are
decreasing with respect to a cone. In Section 3, we formulate two lemmas which establish
a priori upper and lower bounds on solutions of (1.1). We then state and prove our main
existence theorem.

For fractional differential equation and applications, we refer the reader to [1–3].
Concerning boundary value problems (1.1) with ordinary derivative (not fractional one),
we refer the reader to [12, 13].

2. Some Preliminaries and a Fixed Point Theorem

For the convenience of the reader, we present here the necessary definitions from fractional
calculus theory. These definitions and properties can be found in the literature.

Definition 2.1 (see [3]). The Riemann-Liouville fractional integral of order α > 0 of a function
f : (0,∞) → R is given by

Iα0+f(t) =
1

Γ(α)

∫ t
0
(t − s)α−1f(s)ds, (2.1)

provided that the right-hand side is pointwise defined on (0,∞).

Definition 2.2 (see [3]). The Riemann-Liouville fractional derivative of order α > 0 of a con-
tinuous function f : (0,∞) → R is given by

Dα
0+f(t) =

1
Γ(n − α)

(
d

dt

)n ∫ t
0

f(s)

(t − s)α−n+1
ds, (2.2)
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where n − 1 ≤ α < n, provided that the right-hand side is pointwise defined on (0,∞).

Definition 2.3. By a solution of the boundary value problem (1.1) we understand a function
u ∈ C[0, 1] such that Dα

0+u is continuous on (0, 1) and u satisfies (1.1).

Lemma 2.4 (see [3]). Assume that u ∈ C(0, 1) ∩ L(0, 1) with a fractional derivative of order α > 0
that belongs to C(0, 1) ∩ L(0, 1). Then

Iα0+D
α
0+u(t) = u(t) + c1t

α−1 + c2t
α−2 + · · · + cNtα−N (2.3)

for some ci ∈ R, i = 1, . . . ,N,N = [α].

Lemma 2.5. Given f ∈ C[0, 1], and 2 < α < 3, the unique solution of

Dα
0+u(t) + f(t) = 0, 0 < t < 1,
u(0) = u′(0) = u′(1) = 0

(2.4)

is
u(t) =

∫1

0
G(t, s)f(s)ds, (2.5)

where

G(t, s) =

⎧⎪⎪⎨
⎪⎪⎩

tα−1(1 − s)α−2 − (t − s)α−1

Γ(α)
, 0 ≤ s ≤ t ≤ 1,

tα−1(1 − s)α−2

Γ(α)
, 0 ≤ t ≤ s ≤ 1.

(2.6)

Proof. We may apply Lemma 2.4 to reduce (2.4) to an equivalent integral equation

u(t) = −Iα0+f(t) + c1t
α−1 + c2t

α−2 + c3t
α−3 (2.7)

for some ci ∈ R, i = 1, 2, 3. From u(0) = u′(0) = u′(1) = 0, one has

c1 =
∫1

0

(1 − s)α−2

Γ(α)
f(s)ds, c2 = c3 = 0. (2.8)

Therefore, the unique solution of problem (2.4) is

u(t) =
∫1

0

tα−1(1 − s)α−2

Γ(α)
f(s)ds − 1

Γ(α)

∫ t
0
(t − s)α−1f(s)ds

=
∫ t

0

[
tα−1(1 − s)α−2 − (t − s)α−1

Γ(α)

]
f(s)ds +

∫1

t

tα−1(1 − s)α−2

Γ(α)
f(s)ds

=
∫1

0
G(t, s)f(s)ds.

(2.9)
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Lemma 2.6. The function G(t, s) defined by (2.6) satisfies the following conditions:

(i) G(t, s) > 0, 0 < t, s < 1,

(ii) q(t)G(1, s) ≤ G(t, s) ≤ G(1, s) = s(1 − s)α−2/(Γ(α)) for 0 ≤ t, s ≤ 1, where q(t) = tα−1.

Proof. Observing the expression of G(t, s), it is clear that G(t, s) > 0 for 0 < t, s < 1. For given
s ∈ (0, 1), G(t, s) is increasing with respect to t. Consequently, G(t, s) ≤ G(1, s) for 0 ≤ t, s ≤ 1.
If s ≤ t, we have

G(t, s) =
t(t − ts)α−2 − (t − s)(t − s)α−2

Γ(α)

≥ t(t − ts)
α−2 − (t − s)(t − ts)α−2

Γ(α)

=
stα−2(1 − s)α−2

Γ(α)
≥ st

α−1(1 − s)α−2

Γ(α)
= q(t)G(1, s).

(2.10)

If t ≤ s, we have

G(t, s) =
tα−1(1 − s)α−2

Γ(α)
≥ st

α−1(1 − s)α−2

Γ(α)
= q(t)G(1, s). (2.11)

Let E be a Banach space, P ⊂ E be a cone in E. Every cone P in E defines a partial
ordering in E given by x ≤ y if and only if y − x ∈ P . If x ≤ y and x /=y, we write x < y.
A cone P is said to be normal if there exists a constant N > 0 such that θ ≤ x ≤ y implies
‖x‖ ≤N‖y‖. If P is normal, then every order interval [x, y] = {z ∈ E | x ≤ z ≤ y} is bounded.
For the concepts and properties about the cone theory we refer to [14, 15].

Next we state the fixed point theorem due to Gatica et al. [7] which is instrumental in
proving our existence results.

Theorem 2.7 (Gatica-Oliker-Waltman fixed point theorem). Let E be a Banach space, P ⊂ E be
a normal cone, and D ⊂ P be such that if x, y ∈ D with x ≤ y, then [x, y] ⊂ D. Let T : D → P be
a continuous, decreasing mapping which is compact on any closed order interval contained in D, and
suppose there exists an x0 ⊂ D such that T2x0 is defined (where T2x0 = T(Tx0)) and Tx0, T2x0 are
order comparable to x0. Then T has a fixed point in D provided that either:

(i) Tx0 ≤ x0 and T2x0 ≤ x0;

(ii) x0 ≤ Tx0 and x0 ≤ T2x0; or

(iii) The complete sequence of iterates {Tnx0}∞n=0 is defined and there exists y0 ∈ D such that
Ty0 ∈ D with y0 ≤ Tnx0 for all n ∈ ��

3. Main Results

In this section, we apply Theorem 2.7 to a sequence of operators that are decreasing with
respect to a cone. These obtained fixed points provide a sequence of iterates which converges
to a solution of (1.1).
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Let the Banach space E = C[0, 1] with the maximum norm ‖u‖ = maxt∈[0,1]|u(t)|, and
let P = {u ∈ E | u(t) ≥ 0, t ∈ [0, 1]}. P is a norm cone in E. For θ > 0, let

qθ(t) = θ · q(t), (3.1)

where q(t) is given in Lemma 2.6. Define D ⊂ P by

D =
{
u ∈ P | ∃θ(u) > 0 such that u(t) ≥ qθ(t), t ∈ [0, 1]

}
, (3.2)

and the integral operator T : D → P by

(Tu)(t) =
∫1

0
G(t, s)f(s, u(s))ds, (3.3)

where G(t, s) is given in (2.6). It suffices to define D as above, since the singularity in f
precludes us from defining T on all of P . Furthermore, it can easily be verified that T is well
defined. In fact, note that for u ∈ D there exists θ(u) > 0 such that u(t) ≥ qθ(t) for all t ∈ [0, 1].
Since f(t, x) decreases with respect to x, we see f(t, u(t)) ≤ f(t, qθ(t)) for t ∈ [0, 1]. Thus,

0 ≤
∫1

0
G(t, s)f(s, u(s))ds ≤

∫1

0
f
(
s, qθ(s)

)
ds < ∞. (3.4)

Similarly, T is decreasing with respect to D.

Lemma 3.1. u ∈ D is a solution of (1.1) if and only if Tu = u.

Proof. One direction of the lemma is obviously true. To see the other direction, let u ∈ D. Then
(Tu)(t) =

∫1
0 G(t, s)f(s, u(s))ds, and Tu satisfies (1.1). Moreover, by Lemma 2.6, we have

(Tu)(t) =
∫1

0
G(t, s)f(s, u(s))ds

≥ q(t)
∫1

0
G(1, s)f(s, u(s))ds = q(t)‖Tu‖, ∀t ∈ [0, 1].

(3.5)

Thus, there exists some θ(Tu) such that (Tu)(t) ≥ qθ(t), which implies that Tu ∈ D. That is,
T : D → D.

We now present two lemmas that are required in order to apply Theorem 2.7. The first
establishes a priori upper bound on solutions, while the second establishes a priori lower
bound on solutions.

Lemma 3.2. If f satisfies (H1)–(H4), then there exists an S > 0 such that ‖u‖ ≤ S for any solution
u ∈ D of (1.1).
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Proof. For the sake of contradiction, suppose that the conclusion is false. Then there exists a
sequence {un}∞n=1 of solutions to (1.1) such that ‖un‖ ≤ ‖un+1‖ with limn→∞‖un‖ = ∞. Note
that for any solution un ∈ D of (1.1), by (3.5), we have

un(t) = (Tun)(t) ≥ q(t)‖un‖, t ∈ [0, 1], n ≥ 1. (3.6)

Then, assumptions (H2) and (H4) yield, for 0 ≤ t ≤ 1 and all n ≥ 1,

un(t) = (Tun)(t) =
∫1

0
G(t, s)f(s, un(s))ds

≤ 1
Γ(α)

∫1

0
s(1 − s)α−2f

(
s, q‖u1‖(s)

)
ds =N,

(3.7)

for some 0 < N < +∞. In particular, ‖un‖ ≤ N, for all n ≥ 1, which contradicts limn→∞‖un‖ =
∞.

Lemma 3.3. If f satisfies (H1)–(H4), then there exists an R > 0 such that ‖u‖ ≥ R for any solution
u ∈ D of (1.1).

Proof. For the sake of contradiction, suppose un(t) → 0 uniformly on [0, 1] as n → ∞. Let
M = inf{G(t, s) : (t, s) ∈ [1/4, 3/4] × [1/4, 3/4]} > 0. From (H3), we see that limx→ 0+f(t, x) =
∞ uniformly on compact subsets of (0, 1). Hence, there exists some δ > 0 such that for t ∈
[1/4, 3/4] and 0 < x < δ, we have f(t, x) ≥ 2/M. On the other hand, there exists an n0 ∈ N
such that n ≥ n0 implies 0 < un(t) < δ/2, for t ∈ (0, 1). So, for t ∈ [1/4, 3/4] and n ≥ n0,

un(t) = (Tun)(t) =
∫1

0
G(t, s)f(s, un(s))ds ≥

∫3/4

1/4
G(t, s)f(s, un(s))ds

≥M
∫3/4

1/4
f

(
s,
δ

2

)
ds ≥M

∫3/4

1/4

2
M

ds = 1.

(3.8)

But this contradicts the assumption that ‖un‖ → 0 uniformly on [0, 1] as n → ∞. Hence,
there exists an R > 0 such that R ≤ ‖u‖.

We now present the main result of the paper.

Theorem 3.4. If f satisfies (H1)–(H4), then (1.1) has at least one positive solution.

Proof. For each n ≥ 1, defined vn : [0, 1] → [0,+∞) by

vn(t) =
∫1

0
G(t, s)f(s, n)ds. (3.9)
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By conditions (H1)–(H4), for n ≥ 1,

0 < vn+1(t) ≤ vn(t), on (0, 1], (3.10)

lim
n→∞

vn(t) = 0 uniformly on [0, 1]. (3.11)

Now define a sequence of functions fn : (0, 1) × [0,+∞), n ≥ 1, by

fn(t, x) = f(t,max{x, vn(t)}). (3.12)

Then, for each n ≥ 1, fn is continuous and satisfies (H2). Furthermore, for n ≥ 1,

fn(t, x) ≤ f(t, x) on (0, 1) × (0,+∞),

fn(t, x) ≤ f(t, vn(t)) on (0, 1) × (0,+∞).
(3.13)

Note that fn has effectively “removed the singularity” in f(t, x) at x = 0, then we define a
sequence of operators Tn : P → P , n ≥ 1, by

(Tnu)(t) =
∫1

0
G(t, s)fn(s, u(s))ds, u ∈ P. (3.14)

From standard arguments involving the Arzela-Ascoli Theorem, we know that each Tn is in
fact a compact mapping on P . Furthermore, Tn(0) ≥ 0 and T2

n(0) ≥ 0. By Theorem 2.7, for each
n ≥ 1, there exists un ∈ P such that Tnun(x) = un(t) for t ∈ [0, 1]. Hence, for each n ≥ 1, un
satisfies the boundary conditions of the problem. In addition, for each un,

(Tnun)(t) =
∫1

0
G(t, s)fn(s, un(s))ds =

∫1

0
G(t, s)fn(s,max{un(s), vn(s)})ds

≤
∫1

0
G(t, s)fn(s, vn(s))ds ≤ Tvn(t),

(3.15)

which implies

un(t) = (Tnun)(t) ≤ Tvn(t), t ∈ [0, 1], n ∈ N. (3.16)

Arguing as in Lemma 3.2 and using (3.11), it is fairly straightforward to show that there exists
an S > 0 such that ‖un‖ ≤ S for all n ∈ �. Similarly, we can follow the argument of Lemma 3.3
and (3.5) to show that there exists an R > 0 such that

un(t) ≥ q(t)R, on [0, 1], for n ≥ 1. (3.17)

Since T : D → D is a compact mapping, there is a subsequence of {Tun} which converges
to some u∗ ∈ D. We relabel the subsequence as the original sequence so that Tun → u∗ as
n → ∞.
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To conclude the proof of this theorem, we need to show that

lim
n→∞

‖Tun − un‖ = 0. (3.18)

To that end, fixed θ = R, and let ε > 0 be give. By the integrability condition (H4), there exists
0 < δ < 1 such that

∫δ
0
s(1 − s)α−2f

(
s, qθ(s)

)
ds <

Γ(α)
2

ε. (3.19)

Further, by (3.11), there exists an n0 such that, for n ≥ n0,

vn(t) ≤ qθ(t) on [δ, 1], (3.20)

so that

vn(t) ≤ qθ(t) ≤ un(t) on [δ, 1]. (3.21)

Thus, for s ∈ [δ, 1] and n ≥ n0,

fn(s, un(s)) = f(s,max{un(s), vn(s)}) = f(s, un(s)), (3.22)

and for t ∈ [0, 1],

Tun(t) − un(t) = Tun(t) − Tnun(t)

=
∫1

0
G(t, s)

[
f(s, un(s)) − fn(s, un(s))

]
ds.

(3.23)

Thus, for t ∈ [0, 1],

|Tun(t) − un(t)| ≤ 1
Γ(α)

[∫δ
0
s(1 − s)α−2f(s, un(s))ds +

∫δ
0
s(1 − s)α−2f(s,max{un(s), vn(s)})ds

]

≤ 1
Γ(α)

[∫δ
0
s(1 − s)α−2f(s, un(s))ds +

∫δ
0
s(1 − s)α−2f(s, un(s))ds

]

≤ 2
Γ(α)

∫δ
0
s(1 − s)α−2f

(
s, qθ(s)

)
ds < ε.

(3.24)

Since t ∈ [0, 1] was arbitrary, we conclude that ‖Tun−un‖ ≤ ε for all n ≥ n0. Hence, u∗ ∈ [qR, S]
and for t ∈ [0, 1]

Tu∗(t) = T
(

lim
n→∞

Tun(t)
)

= T
(

lim
n→∞

un(t)
)

= lim
n→∞

Tun = u∗(t). (3.25)
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We all-sidedly consider a three-point boundary value problem for p-Laplacian differential equation
with nonlinear term involving derivative. Some new sufficient conditions are obtained for the
existence of at least one, triple, or arbitrary odd positive pseudosymmetric solutions by using
pseudosymmetric technique and fixed-point theory in cone. As an application, two examples are
given to illustrate the main results.

1. Introduction

Recent research results indicate that considerable achievement was made in the existence
of positive solutions to dynamic equations; for details, please see [1–6] and the references
therein. In particular, the existence of positive pseudosymmetric solutions to p-Laplacian
difference and differential equations attract many researchers’ attention, such as [7–11].
The reason is that the pseudosymmetry problem not only has theoretical value, such as in
the study of metric manifolds [12], but also has practical value itself; for example, we can
apply this characteristic into studying the chemistry structure [13]. On another hand, there
are much attention paid to the positive solutions of boundary value problems (BVPs) for
differential equation with the nonlinear term involved with the derivative explicitly [14–18].
Hence, it is natural to continue study pseudosymmetric solutions to p-Laplacian differential
equations with the nonlinear term involved with the first-order derivative explicitly.

First, let us recall some relevant results about BVPs with p-Laplacian, We would like
to mention the results of Avery and Henderson [7, 8], Ma and Ge [11] and Sun and Ge [16].
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2 Abstract and Applied Analysis

Throughout this paper, we denote the p-Laplacian operator by ϕp(u); that is, ϕp(u) = |u|p−2u

for p > 1 with (ϕp)
−1 = ϕq and 1/p + 1/q = 1.

For the three-point BVPs with p-Laplacian

(
ϕp
(
u′(t)

))′ + h(t)f(t, u(t)) = 0 for t ∈ [0, 1],

u(0) = 0, u
(
η
)
= u(1),

(1.1)

here, η ∈ (0, 1) is constant, by using the five functionals fixed point theorem in a cone [19],
Avery and Henderson [8] established the existence of at least three positive pseudosymmetric
solutions to BVPs (1.1). The authors also obtained the similar results in their paper [7] for
the discrete case. In addition, Ma and Ge [11] developed the existence of at least two positive
pseudosymmetric solutions to BVPs (1.1) by using the monotone iterative technique.

For the three-point p-Laplacian BVPs with dependence on the first-order derivative

(
ϕp
(
u′(t)

))′ + h(t)f(t, u(t), u′(t)) = 0 for t ∈ [0, 1],

u(0) = 0, u
(
η
)
= u(1),

(1.2)

Sun and Ge [16] obtained the existence of at least two positive pseudosymmetric solutions
to BVPs (1.2) via the monotone iterative technique again. However, it is worth mentioning
that the above-mentioned papers [7, 8, 10, 11, 16], the authors only considered results
on the existence of positive pseudosymmetric solutions partly, they failed to further
provide comprehensive results on the existence of positive pseudosymmetric solutions to
p-Laplacian. Naturally, in this paper, we consider the existence of positive pseudosymmetric
solutions for p-Laplacian differential equations in all respects.

Motivated by the references [7, 8, 10, 11, 16, 18], in present paper, we consider all-
sidedly p-Laplacian BVPs (1.2), using the compression and expansion fixed point theorem
[20] and Avery-Peterson fixed point theorem [21]. We obtain that there exist at least one,
triple or arbitrary odd positive pseudosymmetric solutions to problem (1.2). In particular, we
not only get some local properties of pseudosymmetric solutions, but also obtain that the
position of pseudosymmetric solutions is determined under some conditions, which is much
better than the results in papers [8, 11, 16]. Correspondingly, we generalize and improve the
results in papers Avery and Henderson [8]. From the view of applications, two examples are
given to illustrate the main results.

Throughout this paper, we assume that

(S1) f(t, u, u′) : [0, 1] × [0,∞) × (−∞,+∞) → [0,∞) is continuous, does not vanish
identically on interval [0, 1], and f(t, u, u′) is pseudosymmetric about η on [0, 1],

(S2) h(t) ∈ L([0, 1], [0,∞)) is pseudosymmetric about η on [0, 1], and does not vanish
identically on any closed subinterval of [0, 1]. Furthermore, 0 <

∫1
0 h(t)dt <∞.

2. Preliminaries

In the preceding of this section, we state the definition of cone and several fixed point
theorems needed later [20, 22]. In the rest of this section, we will prove that solving BVPs
(1.2) is equivalent to finding the fixed points of a completely continuous operator.
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We first list the definition of cone and the compression and expansion fixed point
theorem [20, 22].

Definition 2.1. Let E be a real Banach space. A nonempty, closed, convex set P ⊂ E is said to
be a cone provided the following conditions are satisfied:

(i) if x ∈ P and λ ≥ 0, then λx ∈ P ,

(ii) if x ∈ P and −x ∈ P , then x = 0.

Lemma 2.2 (see [20, 22]). Let P be a cone in a Banach spaceE. Assume thatΩ1,Ω2 are open bounded
subsets of E with 0 ∈ Ω1,Ω1 ⊂ Ω2. If A : P ∩ (Ω2 \ Ω1) → P is a completely continuous operator
such that either

(i) ‖Ax‖ ≤ ‖x‖, ∀x ∈ P ∩ ∂Ω1 and ‖Ax‖ ≥ ‖x‖, ∀x ∈ P ∩ ∂Ω2, or

(ii) ‖Ax‖ ≥ ‖x‖, ∀x ∈ P ∩ ∂Ω1 and ‖Ax‖ ≤ ‖x‖, ∀x ∈ P ∩ ∂Ω2.

Then, A has a fixed point in P ∩ (Ω2 \Ω1).

Given a nonnegative continuous functional γ on a cone P of a real Banach space E, we
define, for each d > 0, the set P(γ, d) = {x ∈ P : γ(x) < d}.

Let γ and θ be nonnegative continuous convex functionals on P , α a nonnegative
continuous concave functional on P , and ψ a nonnegative continuous functional on P
respectively. We define the following convex sets:

P
(
γ, α, b, d

)
=
{
x ∈ P : b ≤ α(x), γ(x) ≤ d},

P
(
γ, θ, α, b, c, d

)
=
{
x ∈ P : b ≤ α(x), θ(x) ≤ c, γ(x) ≤ d}, (2.1)

and a closed set R(γ, ψ, a, d) = {x ∈ P : a ≤ ψ(x), γ(x) ≤ d}.
Next, we list the fixed point theorem due to Avery-Peterson [21].

Lemma 2.3 (see [21]). Let P be a cone in a real Banach space E and γ, θ, α, ψ defined as above;
moreover, ψ satisfies ψ(λ′x) ≤ λ′ψ(x) for 0 ≤ λ′ ≤ 1 such that for some positive numbers h and d,

α(x) ≤ ψ(x), ‖x‖ ≤ hγ(x), (2.2)

for all x ∈ P(γ, d). Suppose that A : P(γ, d) → P(γ, d) is completely continuous and there exist
positive real numbers a, b, c with a < b such that

(i) {x ∈ P(γ, θ, α, b, c, d) : α(x) > b}/= ∅ and α(A(x)) > b for x ∈ P(γ, θ, α, b, c, d),
(ii) α(A(x)) > b for x ∈ P(γ, α, b, d) with θ(A(x)) > c,

(iii) 0 /∈ R(γ, ψ, a, d) and ψ(A(x)) < a for all x ∈ R(γ, ψ, a, d) with ψ(x) = a.

Then, A has at least three fixed points x1, x2, x3 ∈ P(γ, d) such that

γ(xi) ≤ d for i = 1, 2, 3, b < α(x1), a < ψ(x2), α(x2) < b with ψ(x3) < a. (2.3)
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Now, let E = C1([0, 1],R). Then, E is a Banach space with norm

‖u‖ = max
{

max
t∈[0,1]

|u(t)|, max
t∈[0,1]

∣∣u′(t)∣∣
}
. (2.4)

Define a cone P ⊂ E by

P =
{
u ∈ E | u(0) = 0, u is concave, nonnegative on [0, 1]and u is symmetricon

[
η, 1
]}
.

(2.5)

The following lemma can be founded in [11], which is necessary to prove our result.

Lemma 2.4 (see [11]). If u ∈ P , then the following statements are true:

(i) u(t) ≥ (u(ω1)/ω1)min{t, 1 + η − t} for t ∈ [0, 1], here ω1 = (η + 1)/2,

(ii) u(t) ≥ (η/ω1)u(ω1) for t ∈ [η,ω1],

(iii) maxt∈[0,1]u(t) = u(ω1).

Lemma 2.5. If u ∈ P , then the following statements are true:

(i) u(t) ≤ maxt∈[0,1]|u′(t)|,
(ii) ‖u(t)‖ = maxt∈[0,1]|u′(t)| = max{|u′(0)|, |u′(1)|},
(iii) mint∈[0,ω1]u(t) = u(0) and mint∈[ω1,1]u(t) = u(1).

Proof. (i) Since

u(t) = u(0) +
∫ t

0
u′(t)dt for t ∈ [0, 1], (2.6)

which reduces to

u(t) ≤
∫ t

0

∣∣u′(t)∣∣dt ≤ max
t∈[0,1]

∣∣u′(t)∣∣. (2.7)

(ii) By using u′′(t) ≤ 0 for t ∈ [0, 1], we have u′(t) is monotone decreasing function on
[0, 1]. Moreover,

max
t∈[0,1]

u(t) = u
(
η + 1

2

)
= u(ω1), (2.8)

which implies that u′(ω1) = 0, so, u′(t) ≥ 0 for t ∈ [0, ω1] and u′(t) ≤ 0 for t ∈ [ω1, 1].

IEEE eXpress Sample eBook, page 294



Abstract and Applied Analysis 5

Now, we define the operator A : P → E by

(Au)(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫ t
0
ϕq

(∫ω1

s

h(r)f(r, u(r), u′(r))dr
)
ds for t ∈ [0, ω1],

w
(
η
)
+
∫1

t

ϕq

(∫s
ω1

h(r)f(r, u(r), u′(r))dr

)
ds for t ∈ [ω1, 1],

(2.9)

here, w(η) = (Au)(η).

Lemma 2.6. A : P → P is a completely continuous operator.

Proof. In fact, (Au)(t) ≥ 0 for t ∈ [0, 1], (Au)(η) = (Au)(1) and (Au)(0) = 0.
It is easy to see that the operator A is pseudosymmetric about ω1 on [0, 1].
In fact, for t ∈ [η,ω1], we have 1−t+η ∈ [ω1, 1], and according to the integral transform,

one has

∫1

1−t+η
ϕq

(∫ s
ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

=
∫ t
η

ϕq

(∫ω1

s1

h(r1)f
(
r1, u(r1), u′(r1)

)
dr1

)
ds1,

(2.10)

here, s = 1 − s1 + η, r = 1 − r1 + η. Hence,

(Au)
(
1 − t + η) = w(η) +

∫ 1

1−t+η
ϕq

(∫ s
ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

= w
(
η
)
+
∫ t
η

ϕq

(∫ω1

s1

h(r1)f
(
r1, u(r1), u′(r1)

)
dr1

)
ds1

=
∫η

0
ϕq

(∫ω1

s

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

+
∫ t
η

ϕq

(∫ω1

s

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

=
∫ t

0
ϕq

(∫ω1

s

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds = (Au)(t).

(2.11)

For t ∈ [ω1, 1], we note that 1 − t + η ∈ [η,ω1], by using the integral transform, one has

∫1−t+η

η

ϕq

(∫ω1

s

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

=
∫1

t

ϕq

(∫s1

ω1

h(r1)f
(
r1, u(r1), u′(r1)

)
dr1

)
ds1,

(2.12)
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where s = 1 − s1 + η, r = 1 − r1 + η. Thus,

(Au)
(
1 − t + η) =

∫1−t+η

0
ϕq

(∫ω1

s

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

= w
(
η
)
+
∫1−t+η

η

ϕq

(∫ω1

s

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

= w
(
η
)
+
∫1

t

ϕq

(∫s1

ω1

h(r1)f
(
r1, u(r1), u′(r1)

)
dr1

)
ds1

= w
(
η
)
+
∫1

t

ϕq

(∫s
ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds = (Au)(t).

(2.13)

Hence, A is pseudosymmetric about η on [0, 1].
In addition,

(Au)′(t) = ϕq
(∫ω1

t

h(r)f
(
r, u(r), u′(r)

)
ds

)
≥ 0, t ∈ [0, ω1] (2.14)

is continuous and nonincreasing in [0, ω1]; moreover, ϕq(x) is a monotone increasing
continuously differentiable function

(∫ω1

t

h(s)f
(
s, u(s), u′(s)

)
ds

)′
= −h(t)f(t, u(t), u′(t)) ≤ 0, t ∈ [0, ω1], (2.15)

it is easy to obtain (Au)′′(t) ≤ 0 for t ∈ [0, ω1]. By using the similar way, we can deduce
(Au)′′(t) ≤ 0 for t ∈ [ω1, 1]. So, A : P → P . It is easy to obtain that A : P → P is completely
continuous.

Hence, the solutions of BVPs (1.2) are fixed points of the completely continuous
operator A.

3. One Solutions

In this section, we will study the existence of one positive pseudosymmetric solution to
problem (1.2) by Krasnosel’skii’s fixed point theorem in a cone.
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Motivated by the notations in reference [23], for u ∈ P , let

f0 = sup
t∈[0,1]

lim
(u,u′)→ (0,0)

f(t, u, u′)
ϕp(|u′|) ,

f0 = inf
t∈[0,1]

lim
(u,u′)→ (0,0)

f(t, u, u′)
ϕp(|u′|) ,

f∞ = sup
t∈[0,1]

lim
(u,u′)→ (∞,∞)

f(t, u, u′)
ϕp(|u′|) ,

f∞ = inf
t∈[0,1]

lim
(u,u′)→ (∞,∞)

f(t, u, u′)
ϕp(|u′|) .

(3.1)

In the following, we discuss the problem (1.2) under the following four possible cases.

Theorem 3.1. If f0 = 0 and f∞ = ∞, problem (1.2) has at least one positive pseudosymmetric
solution u.

Proof. In view of f0 = 0, there exists an H1 > 0 such that

f
(
t, u, u′

) ≤ ϕp(ε)ϕp(∣∣u′∣∣) = ϕp(ε∣∣u′∣∣) for
(
t, u, u′

) ∈ [0, 1] × (0,H1] × [−H1,H1], (3.2)

here, ε > 0 and satisfies

εϕq

(∫ω1

0
h(s)ds

)
≤ 1. (3.3)

If u ∈ P with ‖u‖ = H1, by Lemma 2.5, we have

u(t) ≤ max
t∈[0,1]

∣∣u′(t)∣∣ ≤ ‖u‖ = H1 for t ∈ [0, 1], (3.4)

hence,

‖Au‖ = max
{∣∣(Au)′(0)∣∣, ∣∣(Au)′(1)∣∣}

= max

{
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
, ϕq

(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)}

≤ εmax
t∈[0,1]

∣∣u′(t)∣∣ϕq
(∫ω1

0
h(s)ds

)
≤ ‖u‖.

(3.5)

If set ΩH1 = {u ∈ E : ‖u‖ < H1}, one has ‖Au‖ ≤ ‖u‖ for u ∈ P ∩ ∂ΩH1 .
According to f∞ =∞, there exists an H ′2 > 0 such that

f
(
t, u, u′

) ≥ max
t∈[0,1]

ϕp(k)ϕp
(∣∣u′∣∣) = max

t∈[0,1]
ϕp
(
k
∣∣u′∣∣), (3.6)
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where (t, u, u′) ∈ [0, 1] × [H ′2,∞) × (−∞,H ′2] ∪ [H ′2,∞), k > 0 and satisfies

kϕq

(∫1

ω1

h(r)dr

)
≥ 1. (3.7)

Set

H2 = max
{

2H1,
ω1

η
H ′2

}
, ΩH∗2 = {u ∈ E : ‖u‖ < 5H2},

ΩH2 =
{
u ∈ ΩH∗2 : u(ω1) < H2

}
.

(3.8)

For u ∈ P ∩ ∂ΩH2 , we have u(ω1) = H2 since u(t) ≤ |u′(t)| for u ∈ P .
If u ∈ P with u(ω1) = H2, Lemmas 2.4 and 2.5 reduce to

min
t∈[ω1,1]

∣∣u′(t)∣∣ ≥ min
t∈[ω1,1]

u(t) = u(1) ≥ ηu(ω1)
ω1

≥ H ′2. (3.9)

For u ∈ P ∩ ∂ΩH2 , according to (3.6), (3.7) and (3.9), we get

‖Au‖ = max

{
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
, ϕq

(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)}

≥ ϕq
(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)

≥ kmax
t∈[0,1]

∣∣u′(t)∣∣ϕq
(∫ω1

1
h(r)dr

)
= ‖u‖.

(3.10)

Thus, by (i) of Lemma 2.2, the problem (1.2) has at least one positive pseudosymmetric
solution u in P ∩ (ΩH2 \ΩH1).

Theorem 3.2. If f0 = ∞ and f∞ = 0, problem (1.2) has at least one positive pseudosymmetric
solution u.

Proof. Since f0 =∞, there exists an H3 > 0 such that

f
(
t, u, u′

) ≥ max
t∈[0,1]

ϕp(m)ϕp
(∣∣u′∣∣) = max

t∈[0,1]
ϕp
(
m
∣∣u′∣∣), (3.11)

here, (t, u, u′) ∈ [0, 1] × (0,H3] × [−H3,H3] and m is such that

mϕq

(∫1

ω1

h(r)dr

)
≥ 1. (3.12)
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If u ∈ P with ‖u‖ = H3, Lemma 2.5 implies that

u(t) ≤ max
t∈[0,1]

∣∣u′(t)∣∣ ≤ ‖u‖ = H3 for t ∈ [0, 1], (3.13)

now, by (3.11), (3.12), and (3.13), we have

‖Au‖ = max

{
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
, ϕq

(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)}

≥ ϕq
(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)
≥ mmax

t∈[0,1]

∣∣u′(t)∣∣ϕq
(∫1

ω1

h(r)dr

)
= ‖u‖.

(3.14)

If let ΩH3 = {u ∈ E : ‖u‖ < H3}, one has ‖Au‖ ≥ ‖u‖ for u ∈ P ∩ ∂ΩH3 .
Now, we consider f∞ = 0.
Suppose that f is bounded, for some constant K > 0, then

f
(
t, u, u′

) ≤ ϕp(K) ∀(t, u, u′) ∈ [0, 1] × [0,∞) × (−∞,∞). (3.15)

Pick

H4 ≥ max
{
H ′4, 2H3, Kϕq

(∫ω1

0
h(s)ds

)
,
C

δ

}
, (3.16)

here, C is an arbitrary positive constant and satisfy the (3.21). Let

ΩH4 = {u ∈ E : ‖u‖ < H4}. (3.17)

If u ∈ P ∩ ∂ΩH4 , one has ‖u‖ = H4, then (3.15) and (3.16) imply that

‖Au‖ = max

{
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
, ϕq

(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)}

≤ Kϕq
(∫ω1

0
h(s)ds

)
≤ H4 = ‖u‖.

(3.18)

Suppose that f is unbounded.
By definition of f∞ = 0, there exists H ′4 > 0 such that

f
(
t, u, u′

) ≤ ϕp(δ)ϕp(∣∣u′∣∣) = ϕp(δ∣∣u′∣∣), (3.19)

where (t, u, u′) ∈ [0, ω1] × [H ′4,∞) × (−∞,H ′4] ∪ [H ′4,∞) and δ > 0 satisfies

δϕq

(∫ω1

0
h(s)ds

)
≤ 1. (3.20)
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From f ∈ C([0, 1] × [0,+∞) × (−∞,∞), [0,+∞)), we have

f
(
t, u, u′

) ≤ ϕp(C) for
(
t, u, u′

) ∈ [0, 1] × [0,H ′4] × [−H ′4,H ′4], (3.21)

here, C is an arbitrary positive constant.
Then, for (t, u, u′) ∈ [0, 1] × [0,∞) × (−∞,∞), we have

f
(
t, u, u′

) ≤ max
{
ϕp(C), ϕp(δ)ϕp

(∣∣u′∣∣)}. (3.22)

If u ∈ P ∩ ∂ΩH4 , one has ‖u‖ = H4, which reduces to

‖Au‖ = max

{
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
, ϕq

(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)}

≤ max
{
C, δ
∥∥u′∥∥}ϕq

(∫ω1

0
h(r)dr

)

≤ H4 = ‖u‖.

(3.23)

Consequently, for any cases, if we take ΩH4 = {u ∈ E : ‖u‖ < H4}, we have ‖Au‖ ≤ ‖u‖ for u ∈
P ∩ ∂ΩH4 . Thus, the condition (ii) of Lemma 2.2 is satisfied.

Consequently, the problem (1.2) has at least one positive pseudosymmetric solution

u ∈ P ∩
(
ΩH4 \ΩH3

)
with H3 ≤ ‖u‖ ≤ H4. (3.24)

Theorem 3.3. Suppose that the following conditions hold:

(i) there exist nonzero finite constants c1 and c2 such that f0 = c1 and f∞ = c2,

(ii) there exist nonzero finite constants c3 and c4 such that f0 = c3 and f∞ = c4.

Then, problem (1.2) has at least one positive pseudosymmetric solution u.

Proof. (i) In view of f0 = c1, there exists an H5 > 0 such that

f
(
t, u, u′

) ≤ ϕp(ε + c11)ϕp
(∣∣u′∣∣)

= ϕp
(
(ε + c11)

∣∣u′∣∣) for
(
t, u, u′

) ∈ [0, 1] × (0,H5] × [−H5,H5],
(3.25)

here, c1 = ϕp(c11 + ε), ε > 0 and satisfies

(ε + c11)ϕq
(∫ω1

0
h(s)ds

)
≤ 1. (3.26)

If u ∈ P with ‖u‖ = H5, by Lemma 2.5, we have

u(t) ≤ ∣∣u′(t)∣∣ ≤ ‖u‖ = H5 for t ∈ [0, 1], (3.27)
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hence,

‖Au‖ = max
{∣∣(Au)′(0)∣∣, ∣∣(Au)′(1)∣∣}

= max

{
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
, ϕq

(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)}

≤ (ε + c11)max
t∈[0,1]

∣∣u′(t)∣∣ϕq
(∫ω1

0
h(s)ds

)
≤ ‖u‖.

(3.28)

If set ΩH5 = {u ∈ E : ‖u‖ < H5}, one has ‖Au‖ ≤ ‖u‖ for u ∈ P ∩ ∂ΩH5 .
According to f∞ = c2, there exists an H ′6 > 0 such that

f
(
t, u, u′

) ≥ max
t∈[0,1]

ϕp(c22 − ε)ϕp
(∣∣u′∣∣) = max

t∈[0,1]
ϕp
(
(c22 − ε)

∣∣u′∣∣), (3.29)

where (t, u, u′) ∈ [0, 1] × [H ′6,∞) × (−∞,H ′6] ∪ [H ′6,∞), c2 = ϕp(c22 − ε), ε > 0 and satisfies

(c22 − ε)ϕq
(∫1

ω1

h(r)dr

)
≥ 1. (3.30)

Set

H6 = max
{

2H5,
ω1

η
H ′6

}
, ΩH∗6 = {u ∈ E : ‖u‖ < 5H6},

ΩH6 =
{
u ∈ ΩH∗6 : u(ω1) < H6

}
.

(3.31)

If u ∈ P with u(ω1) = H6, Lemmas 2.4 and 2.5 reduce to

min
t∈[ω1,1]

∣∣u′(t)∣∣ ≥ min
t∈[ω1,1]

u(t) = u(1) ≥ ηu(ω1)
ω1

≥ H ′6. (3.32)

For u ∈ P ∩ ∂ΩH6 , according to (3.29), (3.30) and (3.32), we get

‖Au‖ = max

{
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
, ϕq

(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)}

≥ ϕq
(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)

≥ (c22 − ε)max
t∈[0,1]

∣∣u′(t)∣∣ϕq
(∫ω1

1
h(r)dr

)
= ‖u‖.

(3.33)

Thus, by (i) of Lemma 2.2, the problem (1.2) has at least one positive pseudosymmetric
solution u in P ∩ (ΩH6 \ΩH5).

(ii) By using the similar way as to Theorem 3.2, we can prove to it.
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4. Triple Solutions

In the previous section, some results on the existence of at least one positive pseudosymmetric
solutions to problem (1.2) are obtained. In this section, we will further discuss the existence
criteria for at least three and arbitrary odd positive pseudosymmetric solutions of problems
(1.2) by using the Avery-Peterson fixed point theorem [21].

Choose a r ∈ (η,ω1), for the notational convenience, we denote

M = ω1ϕq

(∫ω1

0
h(r)dr

)
, N = ηϕq

(∫ω1

η

h(r)dr

)
, W = ϕq

(∫ω1

0
h(r)dr

)
. (4.1)

Define the nonnegative continuous convex functionals θ and γ , nonnegative continu-
ous concave functional α, and nonnegative continuous functional ϕ, respectively, on P by

γ(u) = max
t∈[0,1]

∣∣u′(t)∣∣ = max
{
u′(0), u′(1)

}
= ‖u‖,

ψ(u) = θ(u) = max
t∈[0,ω1]

u(t) = u(ω1) ≤ ‖u‖,

α(u) = min
t∈[η,ω1]

u(t) = u
(
η
)
.

(4.2)

Now, we state and prove the results in this section.

Theorem 4.1. Suppose that there exist constants a∗, b∗, and d∗ such that 0 < a∗ < b∗ < (N/W)d∗.
In addition, f satisfies the following conditions:

(i) f(t, u, u′) ≤ ϕp(d∗/W) for (t, u, u′) ∈ [0, 1] × [0, d∗] × [−d∗, d∗],
(ii) f(t, u, u′) > ϕp(b∗/N) for (t, u, u′) ∈ [η,ω1] × [b∗, d∗] × [−d∗, d∗],
(iii) f(t, u, u′) < ϕp(a∗/M) for (t, u, u′) ∈ [0, ω1] × [0, a∗] × [−d∗, d∗].
Then, problem (1.2) has at least three positive pseudosymmetric solutions u1, u2, and u3 such

that

‖xi‖ ≤ d∗ for i = 1, 2, 3, b∗ < min
t∈[η,ω1]

u1(t), a∗ < max
t∈[0,1]

u2(t),

min
t∈[η,ω1]

u2(t) < b∗ withmax
t∈[0,1]

u3(t) < a∗.
(4.3)

Proof. According to the definition of completely continuous operator A and its properties, we
need to show that all the conditions of Lemma 2.3 hold with respect to A.

It is obvious that

ψ
(
λ′u
)
= λ′u(ω1) = λ′ψ(u) for 0 < λ′ < 1,

α(u) ≤ ψ(u) ∀u ∈ P,
‖u‖ = γ(u) ∀u ∈ P.

(4.4)
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Firstly, we show that A : P(γ, d∗) → P(γ, d∗).
For any u ∈ P(γ, d∗), we have

u(t) ≤ max
t∈[0,1]

∣∣u′(t)∣∣ ≤ ‖u‖ = γ(u) ≤ d∗ for t ∈ [0, 1], (4.5)

hence, the assumption (i) implies that

‖Au‖ = max

{
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
, ϕq

(∫1

ω1

h(r)f
(
r, u(r), u′(r)

)
dr

)}

≤ d∗

W
ϕq

(∫ω1

0
h(r)dr

)
= d∗.

(4.6)

From the above analysis, it remains to show that (i)–(iii) of Lemma 2.3 hold.
Secondly, we verify that condition (i) of Lemma 2.3 holds; let u(t) ≡ (tb∗/η) + b∗, t ∈

[0, 1], and it is easy to see that

α(u) = u
(
η
)

= 2b∗ > b∗,

θ(u) = u(ω1) =
ω1b

∗

η
+ b∗ ≤ ω1b

∗

η
+ b∗,

(4.7)

in addition, we have γ(u) = (b∗/η) < d∗, since b∗ < (N/W)d∗. Thus

{
u ∈ P

(
γ, θ, α, b∗,

ω1b
∗

η
+ b∗, d∗

)
: α(x) > b∗

}
/= ∅. (4.8)

For any

u ∈ P
(
γ, θ, α, b∗,

ω1b
∗

η
+ b∗, d∗

)
, (4.9)

one has

b∗ ≤ u(t) ≤ ‖u‖ ≤ d∗ ∀t ∈ [η,ω1
]
, (4.10)

it follows from the assumption (ii) that

α(Au) = (Au)
(
η
)
=
∫η

0
ϕq

(∫ω1

s

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

≥
∫η

0
ϕq

(∫ω1

η

h(r)f
(
r, u(r), u′(r)

)
dr

)
ds

>
b∗

N
ηϕq

(∫ω1

η

h(r)dr

)
= b∗.

(4.11)
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Thirdly, we prove that the condition (ii) of Lemma 2.3 holds. In fact,

α(Au) = Au
(
η
)
,

θ(Au) = max
t∈[0,ω1]

A(u) = Au(ω1).
(4.12)

For any u ∈ P(γ, α, b∗, d∗) with θ(Au) > (ω1b
∗/η) + b∗, we have

α(Au) = Au
(
η
) ≥ η

ω1
Au(ω1) ≥

η

ω1
θ(Au) = b∗ +

ω1b
∗

η
> b∗. (4.13)

Finally, we check condition (iii) of Lemma 2.3.
Clearly, since ψ(0) = 0 < a∗, we have 0 /∈ R(γ, ψ, a∗, d∗). If

u ∈ R(γ, ψ, a∗, d∗) with ψ (u) = max
t∈[0,ω1]

u(t) = u(ω1) = a∗, (4.14)

then

0 ≤ u(t) ≤ a∗ ∀t ∈ [0, ω1],

max
t∈[0,1]

∣∣u′(t)∣∣ = ‖u‖ = γ(u) ≤ d∗. (4.15)

Hence, by assumption (iii), we have

ψ(Au) = (Au)(ω1)

≤
∫ω1

0
ϕq

(∫ω1

0
h(r)f

(
r, u(r), u′(r)

)
dr

)
ds

<
a∗

M
ω1ϕq

(∫ω1

0
h(r)dr

)
= a∗.

(4.16)

Consequently, from above, all the conditions of Lemma 2.3 are satisfied. The proof is
completed.

Corollary 4.2. If the condition (i) in Theorem 4.1 is replaced by the following condition (i′):

(i′) lim
(u,u′)→ (∞,∞)

(f(t, u, u′)/(ϕp(|u′|))) ≤ ϕp(1/W),

then the conclusion of Theorem 4.1 also holds.

Proof. From Theorem 4.1, we only need to prove that (i′) implies that (i) holds. That is, assume
that (i′) holds, then there exists a number d∗ ≥ (W/N)b∗ such that

f
(
t, u, u′

) ≤ ϕp
(
d∗

W

)
for
(
t, u, u′

) ∈ [0, 1] × [0, d∗] × [−d∗, d∗]. (4.17)
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Suppose on the contrary that for any d∗ ≥ (W/N)b∗, there exists (uc, u′c) ∈ [0, d∗] ×
[−d∗, d∗] such that

f
(
t, uc, u

′
c

)
> ϕp

(
d∗

W

)
for t ∈ [0, 1]. (4.18)

Hence, if we choose c∗n > (W/N)b∗ (n = 1, 2, . . .) with c∗n → ∞, then there exist (un, u′n) ∈
[0, c∗n] × [−c∗n, c∗n] such that

f
(
t, un, u

′
n

)
> ϕp

(
c∗n
W

)
for t ∈ [0, 1], (4.19)

and so

lim
n→∞

f
(
t, un, u

′
n

)
=∞ for t ∈ [0, 1]. (4.20)

Since the condition (i′) holds, there exists τ > 0 satisfying

f
(
t, u, u′

) ≤ ϕp
( |u′|
W

)
for
(
t, u, u′

) ∈ [0, 1] × [τ,∞) × (−∞, τ] ∪ [τ,∞). (4.21)

Hence, we have

un <
∣∣u′n∣∣ ≤ τ. (4.22)

Otherwise, if

∣∣u′n∣∣ > un > τ for t ∈ [0, 1], (4.23)

it follows from (4.21) that

f
(
t, un, u

′
n

) ≤ ϕp
(un
W

)
≤ ϕp

(
c∗n
W

)
for t ∈ [0, 1], (4.24)

which contradicts (4.19).
Let

W = max
(t,u,u′)∈[0,1]×[0,τ]×[−τ,τ]

f
(
t, u, u′

)
, (4.25)

then

f
(
t, un, u

′
n

) ≤W(n = 1, 2, . . .), (4.26)

which also contradicts (4.20).
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Theorem 4.3. Suppose that there exist constants a∗i , b
∗
i , and d

∗
i such that

0 < a∗1 < b
∗
1 <

N

W
d∗2 < a

∗
2 < b

∗
2 <

N

W
d∗3 < · · · < a∗n < b∗n <

N

W
d∗n+1, (4.27)

here, n ∈ N and i = 1, 2, . . . , n. In addition, suppose that f satisfies the following conditions:

(i) f(t, u, u′) ≤ ϕp(d∗i /W) for (t, u, u′) ∈ [0, 1] × [0, d∗i ] × [−d∗i , d∗i ],
(ii) f(t, u, u′) > ϕp(b∗i /N) for (t, u, u′) ∈ [η,ω1] × [b∗i , d∗i ] × [−d∗i , d∗i ],
(iii) f(t, u, u′) < ϕp(a∗i /M) for (t, u, u′) ∈ [0, ω1] × [0, a∗i ] × [−d∗i , d∗i ].

Then, problem (1.2) has at least 2n − 1 positive pseudosymmetric solutions.

Proof. When n = 1, it is immediate from condition (i) that

A : Pa∗1 −→ Pa∗1 ⊂ Pa∗1 . (4.28)

It follows from the Schauder fixed point theorem that A has at least one fixed point

u1 ∈ Pa∗1 , (4.29)

which means that

‖u1‖ ≤ a∗1. (4.30)

When n = 2, it is clear that Theorem 4.1 holds (with a∗ = a∗1, b
∗ = b∗1, and d∗ = d∗2).

Then, there exists at least three positive pseudosymmetric solutions u1, u2, and u3 such that

‖x1‖ ≤ d∗2, ‖x2‖ ≤ d∗2, ‖x3‖ ≤ d∗2, b∗ < min
t∈[η,ω1]

u1(t), a∗1 < max
t∈[0,1]

u2(t),

min
t∈[η,ω1]

u2(t) < b∗1 with max
t∈[0,1]

u3(t) < a∗1.
(4.31)

Following this way, we finish the proof by induction. The proof is complete.

5. Examples

In this section, we present two simple examples to illustrate our results.

Example 5.1. Consider the following BVPs:

(
ϕp
(
u′(t)

))′ + t(t + 1 +
∣∣u′(t)∣∣p−2

)
= 0, t ∈ [0, 1],

u(0) = 0, u(0.2) = u(1).
(5.1)
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Note that

f0 = inf
t∈[0,1]

lim
(u,u′)→ (0,0)

t + 1 + |u′(t)|p−2

|u′(t)|p−2u′(t)
=∞,

f∞ = sup
t∈[0,1]

lim
(u,u′)→ (∞,∞)

t + 1 + |u′(t)|p−2

|u′(t)|p−2u′(t)
= 0.

(5.2)

Hence, Theorem 3.2 implies that the BVPs in (5.1) have at least one pseudosymmetric
solution u.

Example 5.2. Consider the following BVPs with p = 3:

(
ϕp
(
u′(t)

))′ + h(t)f(t, u(t), u′(t)) = 0, t ∈ [0, 1],

u(0) = 0, u (0.2) = u(1),
(5.3)

where h(t) = 2t and

f
(
t, u, u′

)
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

t + 4 +
(
u′

5.5

)2

, u ∈ [0, 0.9],

t + 750u − 671 +
(
u′

5.5

)2

, u ∈ [0.9, 1],

t + 79 +
(
u′

5.5

)2

, u ∈ [1, 5.5],

t + 14.364u +
(
u′

5.5

)2

, u ∈ [5.5,+∞).

(5.4)

Note that η = 0.2, ω1 = 0.6, then a direct calculation shows that

M = ω1ϕq

(∫ω1

0
h(r)dr

)
= 0.6 × 0.6 = 0.36, N ≈ 0.1131, W = 0.6. (5.5)

If we take a′ = 0.9, b′ = 1, d′ = 5.5, then a′ < b′ < (N/W)d′ holds; furthermore,

f
(
t, u, u′

)
< 82 < 84.028 ≈ ϕp

(
d′

W

)
for
(
t, u, u′

) ∈ [0, 0.6] × [0, 5.5] × [−5.5, 5.5],

f
(
t, u, u′

)
> 79 > 78.176 ≈ ϕp

(
b′

N

)
for
(
t, u, u′

) ∈ [0.6, 1] × [1, 5.5] × [−5.5, 5.5],

f
(
t, u, u′

)
< 6.2 < 6.25 = ϕp

(
a′

M

)
for
(
t, u, u′

) ∈ [0, 0.6] × [0, 0.9] × [−5.5, 5.5].

(5.6)
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By Theorem 4.1, we see that the BVPs in (5.3) have at least three positive pseudosymmetric
solutions u1,u2 and u3 such that

‖xi‖ ≤ 5.5 for i = 1, 2, 3, 1 < min
t∈[0.2,0.6]

u1(t), 0.9 < max
t∈[0,1]

u2(t),

min
t∈[0.2,0.6]

u2(t) < 1 with max
t∈[0,1]

u3(t) < 0.9.
(5.7)
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This work is concerned with a system of nonlinear wave equations with nonlinear damping
and source terms acting on both equations. We prove a global nonexistence theorem for certain
solutions with positive initial energy.

1. Introduction

In this paper we study the initial-boundary-value problem

utt − div
(
g
(
|∇u|2

)
∇u
)
+ |ut|m−1ut = f1(u, v), (x, t) ∈ Ω × (0, T),

vtt − div
(
g
(
|∇v|2

)
∇v
)
+ |vt|r−1vt = f2(u, v), (x, t) ∈ Ω × (0, T),

u(x, t) = v(x, t) = 0, x ∈ ∂Ω × (0, T),

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ Ω,

(1.1)

where Ω is a bounded domain in R
n with a smooth boundary ∂Ω, m, r ≥ 1, and fi(·, ·) : R

2 →
R (i = 1, 2) are given functions to be specified later. We assume that g is a function which
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2 Abstract and Applied Analysis

satisfies

g ∈ C1, g(s) > 0, g(s) + 2sg ′(s) > 0 (1.2)

for s > 0.
To motivate our work, let us recall some results regarding g ≡ 1. The single-wave

equation of the form

utt −Δu + h(ut) = f(u), x ∈ Ω, t > 0 (1.3)

in Ω × (0,∞) with initial and boundary conditions has been extensively studied, and many
results concerning global existence, blow-up, energy decay have been obtained. In the
absence of the source term, that is, (f = 0), it is well known that the damping term h(ut)
assures global existence and decay of the solution energy for arbitrary initial data (see [1]).
In the absence of the damping term, the source term causes finite time blow-up of solutions
with a large initial data (negative initial energy) (see [2, 3]). The interaction between the
damping term and the source term makes the problem more interesting. This situation was
first considered by Levine [4, 5] in the linear damping case h(ut) = aut and a polynomial
source term of the form f(u) = b|u|p−2u. He showed that solutions with negative initial energy
blow up in finite time. The main tool used in [4, 5] is the “concavity method.” Georgiev and
Todorova in [6] extended Levine’s result to the nonlinear damping case h(ut) = a|ut|m−2ut.
In their work, the authors considered problem (1.3) with f(u) = b|u|p−2u and introduced a
method different from the one known as the concavity method and showed that solutions
with negative energy continue to exist globally in time if m ≥ p ≥ 2 and blow up in finite time
if p > m ≥ 2 and the initial energy is sufficiently negative. This latter result has been pushed
by Messaoudi [7] to the situation where the initial energy E(0) < 0 and has been improved
by the same author in [8] to accommodate certain solutions with positive initial energy.

In the case of g being a given nonlinear function, the following equation:

utt − g(ux)x − uxxt + δ|ut|m−1 ut = μ|u|p−1u, x ∈ (0, 1), t > 0, (1.4)

with initial and boundary conditions has been extensively studied. Equation of type of (1.4)
is a class of nonlinear evolution governing the motion of a viscoelastic solid composed of
the material of the rate type, see [9–12]. It can also be seen as field equation governing the
longitudinal motion of a viscoelastic bar obeying the nonlinear Voigt model, see [13]. In two-
and three-dimensional cases, they describe antiplane shear motions of viscoelastic solids.
We refer to [14–16] for physical origins and derivation of mathematical models of motions
of viscoelastic media and only recall here that, in applications, the unknown u naturally
represents the displacement of the body relative to a fixed reference configuration. When
δ = μ = 0, there have been many impressive works on the global existence and other
properties of solutions of (1.4), see [9, 10, 17, 18]. Especially, in [19] the authors have proved
the global existence and uniqueness of the generalized and classical solution for the initial
boundary value problem (1.4) when we replace δ|ut|m−1ut and μ|u|p−1u by g(ut) and f(u),
respectively. But about the blow-up of the solution for problem, in this paper there has
not been any discussion. Chen et al. [20] considered problem (1.4) and first established an
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Abstract and Applied Analysis 3

ordinary differential inequality, next given the sufficient conditions of blow-up of the solution
of (1.4) by the inequality. In [21], Hao et al. considered the single-wave equation of the
form

utt − div
(
g
(
|∇u|2

)
∇u
)
+ h(ut) = f(u), x ∈ Ω, t > 0 (1.5)

with initial and Dirichlet boundary condition, where g satisfies condition (1.2) and

g(s) ≥ b1 + b2s
q, q ≥ 0. (1.6)

The damping term has the form

h(ut) = d1ut + d2|ut|r−1 ut, r > 1. (1.7)

The source term is

f(u) = a1u + a2|u|p−1u (1.8)

with p ≥ 1 for n = 1, 2 and 1 ≤ n ≤ 2n/(n − 2) for n ≥ 3, a1, a2, b1, b2, d1, d2 are nonnegative
constants, and b1 + b2 > 0. By using the energy compensation method [7, 8, 22], they proved
that under some conditions on the initial value and the growth orders of the nonlinear strain
term, the damping term, and the source term, the solution to problem (1.5) exists globally
and blows up in finite time with negative initial energy, respectively.

Some special cases of system (1.1) arise in quantum field theory which describe the
motion of charged mesons in an electromagnetic field, see [23, 24]. Recently, some of the ideas
in [6, 22] have been extended to study certain systems of wave equations. Agre and Rammaha
[25] studied the system of (1.1) with g ≡ 1 and proved several results concerning local and
global existence of a weak solution and showed that any weak solution with negative initial
energy blows up in finite time, using the same techniques as in [6]. This latter blow-up result
has been improved by Said-Houari [26] by considering a larger class of initial data for which
the initial energy can take positive values. Recently, Wu et al. [27] considered problem (1.1)
with the nonlinear functions f1(u, v) and f2(u, v) satisfying appropriate conditions. They
proved under some restrictions on the parameters and the initial data several results on
global existence of a weak solution. They also showed that any weak solution with initial
energy E(0) < 0 blows up in finite time.

In this paper, we also consider problem (1.1) and improve the global nonexistence
result obtained in [27], for a large class of initial data in which our initial energy can take
positive values. The main tool of the proof is a technique introduced by Payne and Sattinger
[28] and some estimates used firstly by Vitillaro [29], in order to study a class of a single-wave
equation.
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4 Abstract and Applied Analysis

2. Preliminaries and Main Result

First, let us introduce some notation used throughout this paper. We denote by || · ||q the Lq(Ω)
norm for 1 ≤ q ≤ ∞ and by ||∇ · ||2 the Dirichlet norm in H1

0(Ω) which is equivalent to the
H1(Ω) norm. Moreover, we set

(
ϕ, ψ
)
=
∫
Ω
ϕ(x)ψ(x)dx (2.1)

as the usual L2(Ω) inner product.
Concerning the functions f1(u, v) and f2(u, v), we take

f1(u, v) =
[
a|u + v|2(p+1)(u + v) + b|u|pu|v|(p+2)

]
,

f2(u, v) =
[
a|u + v|2(p+1)(u + v) + b|u|(p+2)|v|pv

]
,

(2.2)

where a, b > 0 are constants and p satisfies

⎧⎪⎨
⎪⎩
p > −1, if n = 1, 2,

−1 < p ≤ 4 − n
n − 2

, if n ≥ 3.
(2.3)

One can easily verify that

uf1(u, v) + vf2(u, v) = 2
(
p + 2

)
F(u, v), ∀(u, v) ∈ R

2, (2.4)

where

F(u, v) =
1

2
(
p + 2

)[a|u + v|2(p+2) + 2b|uv|p+2
]
. (2.5)

We have the following result.

Lemma 2.1 (see [30, Lemma 2.1]). There exist two positive constants c0 and c1 such that

c0

2
(
p + 2

)(|u|2(p+2) + |v|2(p+2)
)
≤ F(u, v) ≤ c1

2
(
p + 2

)(|u|2(p+2) + |v|2(p+2)
)
. (2.6)

Throughout this paper, we define g by

g(s) = b1 + b2s
q, q ≥ 0, b1 + b2 > 0, (2.7)

where b1, b2 are nonnegative constants. Obviously, g satisfies conditions (1.2) and (1.6). Set

G(s) =
∫ s

0
g(s)ds, s ≥ 0. (2.8)
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In order to state and prove our result, we introduce the following function space:

Z =
{
(u, v) | u, v ∈ L∞

(
[0, T);W1,2(q+1)

0 (Ω) ∩ L2(p+2)(Ω)
)
,

ut ∈ L∞
(
[0, T);L2(Ω)

)
∩ Lm+1(Ω × (0, T)),

vt ∈ L∞
(
[0, T);L2(Ω)

)
∩ Lr+1(Ω × (0, T)), utt, vtt ∈ L∞

(
[0, T), L2(Ω)

)}
.

(2.9)

Define the energy functional E(t) associated with our system

E(t) =
1
2

(
‖ut(t)‖2

2 + ‖vt(t)‖2
2

)
+

1
2

∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx −

∫
Ω
F(u, v)dx. (2.10)

A simple computation gives

dE(t)
dt

= −‖u‖m+1
m+1 − ‖v‖r+1

r+1 ≤ 0. (2.11)

Our main result reads as follows.

Theorem 2.2. Assume that (2.3) holds. Assume further that 2(p + 2) > max{2q + 2, m + 1, r + 1}.
Then any solution of (1.1) with initial data satisfying

(∫
Ω

(
G
(
|∇u0|2

)
+G
(
|∇v0|2

))
dx

)1/2

> α1, E(0) < E2, (2.12)

cannot exist for all time, where the constant α1 and E2 are defined in (3.7).

3. Proof of Theorem 2.2

In this section, we deal with the blow-up of solutions of the system (1.1). Before we prove our
main result, we need the following lemmas.

Lemma 3.1. Let Θ(t) be a solution of the ordinary differential inequality

dΘ(t)
dt

≥ CΘ1+ε(t), t > 0, (3.1)

where ε > 0. If Θ(0) > 0, then the solution ceases to exist for t ≥ Θ−ε(0)C−1ε−1.

Lemma 3.2. Assume that (2.3) holds. Then there exists η > 0 such that for any (u, v) ∈ Z, one has

‖u + v‖2(p+2)
2(p+2) + 2‖uv‖p+2

p+2 ≤ η
(∫

Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx

)p+2

. (3.2)
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Proof. By using Minkowski’s inequality, we get

‖u + v‖2
2(p+2) ≤ 2

(
‖u‖2

2(p+2) + ‖v‖2
2(p+2)

)
. (3.3)

Also, Hölder’s and Young’s inequalities give us

‖uv‖p+2 ≤ ‖u‖2(p+2)‖v‖2(p+2) ≤
1
2

(
‖u‖2

2(p+2) + ‖v‖2
2(p+2)

)
. (3.4)

If b1 > 0, then we have

∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx ≥ c

(
‖∇u‖2

2 + ‖∇v‖2
2

)
. (3.5)

If b1 = 0, from b1 + b2 > 0, we have b2 > 0. Since W1,2(q+1)
0 (Ω) ↪→ H1

0(Ω), we have

‖∇u‖2
2 + ‖∇v‖2

2 ≤ c1

(
‖∇u‖2

2(q+1) + ‖∇v‖2
2(q+1)

)
, (3.6)

which implies that (3.5) still holds for b1 = 0. Combining (3.3), (3.4) with (3.5) and the
embedding H1

0(Ω) ↪→ L2(p+2)(Ω), we have (3.2).

In order to prove our result and for the sake of simplicity, we take a = b = 1 and
introduce the following:

B = η1/(2(p+2)), α1 = B−(p+2/(p+1)), E1 =

(
1
2
− 1

2
(
p + 2

)
)
α2

1,

E2 =

(
1

2
(
q + 1

) − 1
2
(
p + 2

)
)
α2

1,

(3.7)

where η is the optimal constant in (3.2). The following lemma will play an essential role in
the proof of our main result, and it is similar to a lemma used first by Vitillaro [29].

Lemma 3.3. Assume that (2.3) holds. Let (u, v) ∈ Z be the solution of the system (1.1). Assume
further that E(0) < E1 and

(∫
Ω

(
G
(
|∇u0|2

)
+G
(
|∇v0|2

))
dx

)1/2

> α1. (3.8)

Then there exists a constant α2 > α1 such that

(∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx

)1/2

≥ α2, for t > 0, (3.9)

(
‖u + v‖2(p+2)

2(p+2) + 2‖uv‖p+2
p+2

)1/(2(p+2)) ≥ Bα2, for t > 0. (3.10)
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Proof. We first note that, by (2.10), (3.2), and the definition of B, we have

E(t) ≥ 1
2

∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx − 1

2
(
p + 2

)(‖u + v‖2(p+2)
2(p+2) + 2‖uv‖p+2

p+2

)

≥ 1
2

∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx − B2(p+2)

2
(
p + 2

)
(∫

Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx

)p+2

=
1
2
α2 − B2(p+2)

2
(
p + 2

)α2(p+2),

(3.11)

where α = (
∫
Ω(G(|∇u|2) + G(|∇v|2))dx)1/2. It is not hard to verify that g is increasing for

0 < α < α1, decreasing for α > α1, g(α) → −∞ as α → +∞, and

g(α1) =
1
2
α2

1 −
B2(p+2)

2
(
p + 2

)α2(p+2)
1 = E1, (3.12)

where α1 is given in (3.7). Since E(0) < E1, there exists α2 > α1 such that g(α2) = E(0).
Set α0 = (

∫
Ω(G(|∇u0|2) +G(|∇v0|2))dx)1/2. Then by (3.11) we get g(α0) ≤ E(0) = g(α2),

which implies that α0 ≥ α2. Now, to establish (3.9), we suppose by contradiction that

(∫
Ω

(
G
(
|∇u(t0)|2

)
+G
(
|∇v(t0)|2

))
dx

)1/2

< α2, (3.13)

for some t0 > 0. By the continuity of
∫
Ω(G(|∇u|2) +G(|∇v|2))dx, we can choose t0 such that

(∫
Ω

(
G
(
|∇u(t0)|2

)
+G
(
|∇v(t0)|2

))
dx

)1/2

> α1. (3.14)

Again, the use of (3.11) leads to

E(t0) ≥ g
((∫

Ω

(
G
(
|∇u(t0)|2

)
+G
(
|∇v(t0)|2

))
dx

)1/2
)
> g(α2) = E(0). (3.15)

This is impossible since E(t) ≤ E(0) for all t ∈ [0, T). Hence (3.9) is established.
To prove (3.10), we make use of (2.10) to get

1
2

∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx ≤ E(0) + 1

2
(
p + 2

)(‖u + v‖2(p+2)
2(p+2) + 2‖uv‖p+2

p+2

)
. (3.16)
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Consequently, (3.9) yields

1
2
(
p + 2

)(‖u + v‖2(p+2)
2(p+2) + 2‖uv‖p+2

p+2

)
≥ 1

2

∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx − E(0)

≥ 1
2
α2

2 − E(0) ≥
1
2
α2

2 − g(α2) =
B2(p+2)

2
(
p + 2

)α2(p+2)
2 .

(3.17)

Therefore, (3.17) and (3.7) yield the desired result.

Proof of Theorem 2.2. We suppose that the solution exists for all time and we reach to a contra-
diction. Set

H(t) = E2 − E(t). (3.18)

By using (2.10) and (3.18), we have

0 < H(0) ≤ H(t) = E2 − 1
2

(
‖ut(t)‖2

2 + ‖vt(t)‖2
2

)
− 1

2

∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx

+
1

2
(
p + 2

)(‖u + v‖2(p+2)
2(p+2) + 2‖uv‖p+2

p+2

)
.

(3.19)

From (3.9), we have

E2 − 1
2

(
‖ut(t)‖2

2 + ‖vt(t)‖2
2

)
− 1

2

∫
Ω

(
G
(
|∇u|2

)
+G
(
|∇v|2

))
dx

≤ E2 − 1
2
α2

1 ≤ E1 − 1
2
α2

1 = − 1
2
(
p + 2

)α2
1 < 0, ∀t ≥ 0.

(3.20)

Hence, by the above inequality and (2.6), we have

0 < H(0) ≤ H(t) ≤ 1
2
(
p + 2

)(‖u + v‖2(p+2)
2(p+2) + 2‖uv‖p+2

p+2

)
, (3.21)

≤ c1

2
(
p + 2

)(‖u‖2(p+2)
2(p+2) + ‖v‖

2(p+2)
2(p+2)

)
. (3.22)

We then define

Θ(t) = H1−δ(t) + ε
∫
Ω
(uut + vvt)dx, (3.23)

where ε small enough is to be chosen later and

0 < δ ≤ min

{
p + 1

2
(
p + 2

) , 2
(
p + 2

) − (m + 1)

2m
(
p + 2

) ,
2
(
p + 2

) − (r + 1)

2r
(
p + 2

)
}
. (3.24)
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Our goal is to show that Θ(t) satisfies the differential inequality (3.1) which leads to a blow-
up in finite time. By taking a derivative of (3.23), we get

Θ′(t) = (1 − δ)H−δ(t)H ′(t) + ε
(
‖ut‖2

2 + ‖vt‖2
2

)
− ε
∫
Ω

(
g
(
|∇u|2

)
|∇u|2 + g

(
|∇v|2

)
|∇v|2

)
dx

− ε
∫
Ω

(
|ut|m−1utu + |vt|r−1vtv

)
dx + ε

∫
Ω

(
uf1(u, v) + vf2(u, v)

)
dx

= (1 − δ)H−δ(t)H ′(t) + ε
(
‖ut‖2

2 + ‖vt‖2
2

)
− b1ε

(
‖∇u‖2

2 + ‖∇v‖2
2

)
− εb2‖∇u‖2(q+2)

2(q+2)

− εb2‖∇v‖2(q+2)
2(q+2) − ε

∫
Ω

(
|ut|m−1utu + |vt|r−1vtv

)
dx + ε

(
‖u + v‖2(p+2)

2(p+2) + 2‖uv‖p+2
p+2

)
.

(3.25)

From the definition of H(t), it follows that

−b2‖∇u‖2(q+2)
2(q+2) − b2‖∇v‖2(q+2)

2(q+2) = 2
(
q + 1

)
H(t) − 2

(
q + 1

)
E2 +

(
q + 1

)(‖ut‖2
2 + ‖vt‖2

2

)

+
(
q + 1

)
b1

(
‖∇u‖2

2 + ‖∇v‖2
2

)
− 2
(
q + 1

) ∫
Ω
F(u, v)dx,

(3.26)

which together with (3.25) gives

Θ′(t) = (1 − δ)H−δ(t)H ′(t) + ε
(
q + 2

)(‖ut‖2
2 + ‖vt‖2

2

)
+ b1qε

(
‖∇u‖2

2 + ‖∇v‖2
2

)

− ε
∫
Ω

(
|ut|m−1utu + |vt|r−1vtv

)
dx + ε

(
1 − q + 1

p + 2

)(
‖u + v‖2(p+2)

2(p+2) + 2‖uv‖p+2
p+2

)

+ 2
(
q + 1

)
H(t) − 2

(
q + 1

)
E2.

(3.27)

Then, using (3.10), we obtain

Θ′(t) ≥ (1 − δ)H−δ(t)H ′(t) + ε
(
q + 2

)(‖ut‖2
2 + ‖vt‖2

2

)
+ b1qε

(
‖∇u‖2

2 + ‖∇v‖2
2

)
+ 2
(
q + 1

)
H(t)

+ εc
(
‖u + v‖2(p+2)

2(p+2) + 2‖uv‖p+2
p+2

)
− ε
∫
Ω

(
|ut|m−1utu + |vt|r−1vtv

)
dx,

(3.28)

where c = 1−(q+1)/(p+2)−2(q+1)E2(Bα2)
−2(p+2). It is clear that c > 0, since α2 > B

−(p+2)/(p+1).
We now exploit Young’s inequality to estimate the last two terms on the right side of (3.28)

∣∣∣∣
∫
Ω
|ut|m−1utudx

∣∣∣∣ ≤ ηm+1
1

m + 1
‖u‖m+1

m+1 +
mη

−((m+1)/m)
1

m + 1
‖ut‖m+1

m+1,

∣∣∣∣
∫
Ω
|vt|r−1vtvdx

∣∣∣∣ ≤ ηr+1
2

r + 1
‖v‖r+1

r+1 +
rη
−((r+1)/r)
2

r + 1
‖vt‖r+1

r+1,

(3.29)
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where η1, η2 are parameters depending on the time t and specified later. Inserting the last two
estimates into (3.28), we have

Θ′(t) ≥ (1 − δ)H−δ(t)H ′(t) + ε
(
q + 2

)(‖ut‖2
2 + ‖vt‖2

2

)
+ b1qε

(
‖∇u‖2

2 + ‖∇v‖2
2

)
+ 2
(
q + 1

)
H(t)

+ εc
(
‖u + v‖2(p+2)

2(p+2) + 2‖uv‖p+2
p+2

)
− ε η

m+1
1

m + 1
‖u‖m+1

m+1 − ε
mη

−((m+1)/m)
1

m + 1
‖ut‖m+1

m+1

− ε η
r+1
2

r + 1
‖v‖r+1

r+1 − ε
rη
−((r+1)/r)
2

r + 1
‖vt‖r+1

r+1.

(3.30)

By choosing η1 and η2 such that

η
−(m+1)/m
1 =M1H

−δ(t), η
−(r+1)/r
2 =M2H

−δ(t), (3.31)

where M1 and M2 are constants to be fixed later. Thus, by using (2.6) and (3.31), inequality
(3.31) then takes the form

Θ′(t) ≥ ((1 − δ) −Mε)H−δ(t)H ′(t) + ε
(
q + 2

)(‖ut‖2
2 + ‖vt‖2

2

)
+ b1qε

(
‖∇u‖2

2 + ‖∇v‖2
2

)

+ 2
(
q + 1

)
H(t) + εc2

(
‖u‖2(p+2)

2(p+2) + 2‖v‖2(p+2)
2(p+2)

)
− εM−m

1 Hδm(t)‖u‖m+1
m+1

− εM−r
2 Hδr(t)‖v‖r+1

r+1,

(3.32)

where M = m/(m + 1)M1 + r/(r + 1)M2 and c2 is a positive constant.
Since 2(p + 2) > max{m + 1, r + 1}, taking into account (2.6) and (3.21), then we have

Hδm(t)‖u‖m+1
m+1 ≤ c3

(
‖u‖2δm(p+2)+(m+1)

2(p+2) + ‖v‖2δm(p+2)
2(p+2) ‖u‖m+1

m+1

)
,

Hδr(t)‖v‖r+1
r+1 ≤ c4

(
‖v‖2δr(p+2)+(r+1)

2(p+2) + ‖u‖2δr(p+2)
2(p+2) ‖v‖r+1

r+1

)
,

(3.33)

for some positive constants c3 and c4. By using (3.24) and the algebraic inequality

zν ≤ z + 1 ≤
(

1 +
1
a

)
(z + a), ∀z ≥ 0, 0 < ν ≤ 1, a ≥ 0, (3.34)

we have

‖u‖2δm(p+2)+(m+1)
2(p+2) ≤ d

(
‖u‖2(p+2)

2(p+2) +H(0)
)
≤ d
(
‖u‖2(p+2)

2(p+2) +H(t)
)
, ∀t ≥ 0, (3.35)
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where d = 1 + 1/H(0). Similarly,

‖v‖2δr(p+2)+(r+1)
2(p+2) ≤ d

(
‖v‖2(p+2)

2(p+2) +H(t)
)
, ∀t ≥ 0. (3.36)

Also, since

(X + Y )s ≤ C(Xs + Ys), X, Y ≥ 0, s > 0, (3.37)

by using (3.24) and (3.34), we conclude that

‖v‖2δm(p+2)
2(p+2) ‖u‖m+1

m+1 ≤ C
(
‖v‖2(p+2)

2(p+2) + ‖u‖
2(p+2)
(m+1)

)
≤ C
(
‖v‖2(p+2)

2(p+2) + ‖u‖
2(p+2)
2(p+2)

)
,

‖u‖2δr(p+2)
2(p+2) ‖v‖r+1

r+1 ≤ C
(
‖u‖2(p+2)

2(p+2) + ‖v‖
2(p+2)
(r+1)

)
≤ C
(
‖u‖2(p+2)

2(p+2) + ‖v‖
2(p+2)
2(p+2)

)
,

(3.38)

where C is a generic positive constant. Taking into account (3.33)–(3.38), estimate (3.32) takes
the form

Θ′(t) ≥ ((1 − δ) −Mε)H−δ(t)H ′(t) + ε
(
q + 2

)(‖ut‖2
2 + ‖vt‖2

2

)

+ ε
(
2
(
q + 1

) − C1M
−m
1 − C1M

−r
2

)
H(t)

+ ε
(
c2 − C2M

−m
1 − C2M

−r
2

)(‖u‖2(p+2)
2(p+2) + ‖v‖

2(p+2)
2(p+2)

)
,

(3.39)

where C1 = max{c3d + C, c4d + C}, C2 = max{c3d, c4d}. At this point, and for large values of
M1 and M2, we can find positive constants κ1 and κ2 such that (3.39) becomes

Θ′(t) ≥ ((1 − δ) −Mε)H−δ(t)H ′(t) + ε
(
q + 2

)(‖ut‖2
2 + ‖vt‖2

2

)

+ εκ1H(t) + εκ2

(
‖u‖2(p+2)

2(p+2) + ‖v‖
2(p+2)

2(p+2)

)
.

(3.40)

Once M1 and M2 are fixed, we pick ε small enough so that (1 − δ) −Mε ≥ 0 and

Θ(0) = H1−δ(0) + ε
∫
Ω
(u0u1 + v0v1)dx > 0. (3.41)

Since H ′(t) ≥ 0, there exists Λ > 0 such that (3.40) becomes

Θ′(t) ≥ εΛ
(
H(t) + ‖ut‖2

2 + ‖vt‖2
2 + ‖u‖2(p+2)

2(p+2) + ‖v‖
2(p+2)
2(p+2)

)
. (3.42)

Then, we have

Θ(t) ≥ Θ(0), ∀t ≥ 0. (3.43)
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Next, we have by Hölder’s and Young’s inequalities

(∫
Ω
uutdx +

∫
Ω
vvtdx

)1/(1−δ)
≤ C
(
‖u‖τ/(1−δ)

2(p+2) + ‖ut‖s/(1−δ)2 + ‖v‖τ/(1−δ)
2(p+2) + ‖vt‖s/(1−δ)2

)
,

(3.44)

for 1/τ + 1/s = 1. We take s = 2(1 − δ), to get τ/(1 − δ) = 2/(1 − 2δ). Here and in the sequel,
C denotes a positive constant which may change from line to line. By using (3.24) and (3.34),
we have

‖u‖2/(1−2δ)
2(p+2) ≤ d

(
‖u‖2(p+2)

2(p+2) +H(t)
)
, ‖v‖2/(1−2δ)

2(p+2) ≤ d
(
‖v‖2(p+2)

2(p+2) +H(t)
)
, ∀t ≥ 0. (3.45)

Therefore, (3.44) becomes

(∫
Ω
uutdx +

∫
Ω
vvtdx

)1/(1−δ)
≤ C
(
‖u‖2(p+2)

2(p+2) + ‖v‖
2(p+2)
2(p+2) + ‖ut‖2

2 + ‖vt‖2
2

)
. (3.46)

Note that

Θ1/(1−δ)(t) =
(
H1−δ(t) + ε

∫
Ω
(uut + vvt)dx

)1/(1−δ)

≤ C
(
H(t) +

∣∣∣∣
∫
Ω
uutdx +

∫
Ω
vvtdx

∣∣∣∣
1/(1−δ))

≤ C
(
H(t) + ‖u‖2(p+2)

2(p+2) + ‖v‖
2(p+2)

2(p+2) + ‖ut‖
2
2 + ‖vt‖2

2

)
.

(3.47)

Combining (3.42) with (3.47), we have

Θ(t) ≥ CΘ1/(1−δ)(t), ∀t ≥ 0. (3.48)

A simple application of Lemma 3.1 gives the desired result.
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The issue of H∞ estimation for a class of Lipschitz nonlinear discrete-time systems with time delay
and disturbance input is addressed. First, through integrating the H∞ filtering performance index
with the Lipschitz conditions of the nonlinearity, the design of robust estimator is formulated
as a positive minimum problem of indefinite quadratic form. Then, by introducing the Krein
space model and applying innovation analysis approach, the minimum of the indefinite quadratic
form is obtained in terms of innovation sequence. Finally, through guaranteeing the positivity
of the minimum, a sufficient condition for the existence of the H∞ estimator is proposed and the
estimator is derived in terms of Riccati-like difference equations. The proposed algorithm is proved
to be effective by a numerical example.

1. Introduction

In control field, nonlinear estimation is considered to be an important task which is also
of great challenge, and it has been a very active area of research for decades [1–7]. Many
kinds of methods on estimator design have been proposed for different types of nonlinear
dynamical systems. Generally speaking, there are three approaches widely adopted for
nonlinear estimation. In the first one, by using an extended (nonexact) linearization of
the nonlinear systems, the estimator is designed by employing classical linear observer
techniques [1]. The second approach, based on a nonlinear state coordinate transformation
which renders the dynamics driven by nonlinear output injection and the output linear on the
new coordinates, uses the quasilinear approaches to design the nonlinear estimator [2–4]. In
the last one, methods are developed to design nonlinear estimators for systems which consist
of an observable linear part and a locally or globally Lipschitz nonlinear part [5–7]. In this
paper, the problem of H∞ estimator design is investigated for a class of Lipschitz nonlinear
discrete-time systems with time delay and disturbance input.
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In practice, most nonlinearities can be regarded as Lipschitz, at least locally when they
are studied in a given neighborhood [6]. For example, trigonometric nonlinearities occurring
in many robotic problems, non-linear softening spring models frequently used in mechanical
systems, nonlinearities which are square or cubic in nature, and so forth. Thus, in recent years,
increasing attention has been paid to estimator design for Lipschitz nonlinear systems [8–19].
For the purpose of designing this class of nonlinear estimator, a number of approaches have
been developed, such as sliding mode observers [8, 9], H∞ optimization techniques [10–
13], adaptive observers [14, 15], high-gain observers [16], loop transfer recovery observers
[17], proportional integral observers [18], and integral quadratic constraints approach [19].
All of the above results are obtained in the assumption that the Lipschitz nonlinear systems
are delay free. However, time delay is an inherent characteristic of many physical systems,
and it can result in instability and poor performances if it is ignored. The estimator design
for time-delay Lipschitz nonlinear systems has become a substantial need. Unfortunately,
compared with estimator design for delay-free Lipschitz nonlinear systems, less research has
been carried out on the time-delay case. In [20], the linear matrix inequality-(LMI-) based full-
order and reduced-order robust H∞ observers are proposed for a class of Lipschitz nonlinear
discrete-time systems with time delay. In [21], by using Lyapunov stability theory and LMI
techniques, a delay-dependent approach to theH∞ and L2−L∞ filtering is proposed for a class
of uncertain Lipschitz nonlinear time-delay systems. In [22], by guaranteeing the asymptotic
stability of the error dynamics, the robust observer is presented for a class of uncertain
discrete-time Lipschitz nonlinear state delayed systems; In [23], based on the sliding mode
techniques, a discontinuous observer is designed for a class of Lipschitz nonlinear systems
with uncertainty. In [24], an LMI-based convex optimization approach to observer design is
developed for both constant-delay and time-varying delay Lipschitz nonlinear systems.

In this paper, the H∞ estimation problem is studied for a class of Lipschitz nonlinear
discrete time-delay systems with disturbance input. Inspired by the recent study on H∞ fault
detection for linear discrete time-delay systems in [25], a recursive Kalman-like algorithm
in an indefinite metric space, named the Krein space [26], will be developed to the design
of H∞ estimator for time-delay Lipschitz nonlinear systems. Unlike [20], the delay-free
nonlinearities and the delayed nonlinearities in the presented systems are decoupling. For
the case presented in [20], the H∞ observer design problem, utilizing the technical line of this
paper, can be solved by transforming it into a delay-free system through state augmentation.
Indeed, the state augmentation results in a higher system dimension and, thus, a much
more expensive computational cost. Therefore, this paper based on the presented time-
delay Lipschitz nonlinear systems, focuses on the robust estimator design without state
augmentation by employing innovation analysis approach in the Krein space. The major
contribution of this paper can be summarized as follows: (i) it extends the Krein space linear
estimation methodology [26] to the state estimation of the time-delay Lipschitz nonlinear
systems and (ii) it develops a recursive Kalman-like robust estimator for time-delay Lipschitz
nonlinear systems without state augmentation.

The remainder of this paper is arranged as follows. In Section 2, the interest system, the
Lipschitz conditions, and the H∞ estimation problem are introduced. In Section 3, a partially
equivalent Krein space problem is constructed, the H∞ estimator is obtained by computed
Riccati-like difference equations, and sufficient existence condition is derived in terms of
matrix inequalities. An example is given to show the effect of the proposed algorithm in
Section 4. Finally, some concluding remarks are made in Section 5.

In the sequel, the following notation will be used: elements in the Krein space will
be denoted by boldface letters, and elements in the Euclidean space of complex numbers
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will be denoted by normal letters; R
n denotes the real n-dimensional Euclidean space; ‖ · ‖

denotes the Euclidean norm; θ(k) ∈ l2[0,N] means
∑N

k=0(θ
T (k)θ(k)) < ∞; the superscripts

“−1” and “T” stand for the inverse and transpose of a matrix, resp.; I is the identity matrix
with appropriate dimensions; For a real matrix, P > 0 (P < 0, resp.) means that P is
symmetric and positive (negative, resp.) definite; 〈∗, ∗〉 denotes the inner product in the Krein
space; diag{· · · } denotes a block-diagonal matrix; L{· · ·} denotes the linear space spanned by
sequence {· · ·}.

2. System Model and Problem Formulation

Consider a class of nonlinear systems described by the following equations:

x(k + 1) = Ax(k) +Adx(kd) + f(k, Fx(k), u(k))

+ h(k,Hx(kd), u(k)) + Bw(k),

y(k) = Cx(k) + v(k),

z(k) = Lx(k),

(2.1)

where kd = k − d, and the positive integer d denotes the known state delay; x(k) ∈ R
n is the

state, u(k) ∈ R
p is the measurable information, w(k) ∈ R

q and v(k) ∈ R
m are the disturbance

input belonging to l2[0,N], y(k) ∈ R
m is the measurement output, and z(k) ∈ R

r is the signal
to be estimated; the initial condition x0(s) (s = −d,−d + 1, . . . , 0) is unknown; the matrices
A ∈ R

n×n, Ad ∈ R
n×n, B ∈ R

n×q, C ∈ R
m×n and L ∈ R

r×n, are real and known constant matrices.
In addition, f(k, Fx(k), u(k)) and h(k,Hx(kd), u(k)) are assumed to satisfy the

following Lipschitz conditions:

‖f(k, Fx(k), u(k)) − f(k, Fx̆(k), u(k))‖ ≤ α‖F(x(k) − x̆(k))‖,
‖h(k,Hx(kd), u(k)) − h(k,Hx̆(kd), u(k))‖ ≤ β‖H(x(kd) − x̆(kd))‖,

(2.2)

for all k ∈ {0, 1, . . . ,N}, u(k) ∈ R
p and x(k), x̆(k), x(kd), x̆(kd) ∈ R

n. where α > 0 and β > 0
are known Lipschitz constants, and F, H are real matrix with appropriate dimension.

TheH∞ estimation problem under investigation is stated as follows. Given the desired
noise attenuation level γ > 0 and the observation {y(j)}kj=0, find an estimate z̆(k | k) of the
signal z(k), if it exists, such that the following inequality is satisfied:

sup
(x0,w,v)/= 0

∑N
k=0 ‖z̆(k | k) − z(k)‖2

∑0
k=−d ‖x0(k)‖2

Π−1(k) +
∑N

k=0 ‖w(k)‖2 +
∑N

k=0 ‖v(k)‖2
< γ2, (2.3)

where Π(k) (k = −d,−d + 1, . . . , 0) is a given positive definite matrix function which reflects
the relative uncertainty of the initial state x0(k) (k = −d,−d + 1, . . . , 0) to the input and
measurement noises.

Remark 2.1. For the sake of simplicity, the initial state estimate x̂0(k) (k = −d,−d + 1, . . . , 0) is
assumed to be zero in inequality (2.3).
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Remark 2.2. Although the system given in [20] is different from the one given in this paper,
the problem mentioned in [20] can also be solved by using the presented approach. The
resolvent first converts the system given in [20] into a delay-free one by using the classical
system augmentation approach, and then designs estimator by employing the similar but
easier technical line with our paper.

3. Main Results

In this section, the Krein space-based approach is proposed to design the H∞ estimator
for Lipschitz nonlinear systems. To begin with, the H∞ estimation problem (2.3) and the
Lipschitz conditions (2.2) are combined in an indefinite quadratic form, and the nonlinearities
are assumed to be obtained by {y(i)}ki=0 at the time step k. Then, an equivalent Krein
space problem is constructed by introducing an imaginary Krein space stochastic system.
Finally, based on projection formula and innovation analysis approach in the Krein space, the
recursive estimator is derived.

3.1. Construct a Partially Equivalent Krein Space Problem

It is proved in this subsection that the H∞ estimation problem can be reduced to a positive
minimum problem of indefinite quadratic form, and the minimum can be obtained by using
the Krein space-based approach.

Since the denominator of the left side of (2.3) is positive, the inequality (2.3) is
equivalent to

0∑
k=−d
‖x0(k)‖2

Π−1(k) +
N∑
k=0

‖w(k)‖2 +
N∑
k=0

‖v(k)‖2 − γ−2
N∑
k=0

‖vz(k)‖2

︸ ︷︷ ︸
�J∗N

> 0, ∀(x0, w, v)/= 0,
(3.1)

where vz(k) = z̆(k | k) − z(k).
Moreover, we denote

zf(k) = Fx(k), z̆f(k | k) = Fx̆(k | k),
zh(kd) = Hx(kd), z̆h(kd | k) = Hx̆(kd | k),

(3.2)

where z̆f(k | k) and z̆h(kd | k) denote the optimal estimation of zf(k) and zh(kd) based on
the observation {y(j)}kj=0, respectively. And, let

wf(k) = f
(
k, zf(k), u(k)

) − f(k, z̆f(k | k), u(k)),
wh(kd) = h(k, zh(kd), u(k)) − h(k, z̆h(kd | k), u(k)),

vzf (k) = z̆f(k | k) − zf(k),

vzh(kd) = z̆h(kd | k) − zh(kd).

(3.3)
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From the Lipschitz conditions (2.2), we derive that

J∗N +
N∑
k=0

∥∥wf(k)
∥∥2 +

N∑
k=0

‖wh(kd)‖2 − α2
N∑
k=0

∥∥∥vzf (k)
∥∥∥2 − β2

N∑
k=0

‖vzh(kd)‖2

︸ ︷︷ ︸
�JN

≤ J∗N.
(3.4)

Note that the left side of (3.1) and (3.4), JN , can be recast into the form

JN =
0∑

k=−d
‖x0(k)‖2

Π
−1
(k)

+
N∑
k=0

‖w(k)‖2 +
N∑
k=0

‖v(k)‖2

− γ−2
N∑
k=0

‖vz(k)‖2 − α2
N∑
k=0

∥∥∥vzf (k)
∥∥∥2 − β2

N∑
k=d

‖vzh(kd)‖2,

(3.5)

where

Π(k) =

⎧⎨
⎩
(
Π−1(k) − β2HTH

)−1
, k = −d, . . . ,−1,

Π(k), k = 0,

w(k) =
[
wT (k) wT

f (k) wT
h (kd)

]T
.

(3.6)

Since JN ≤ J∗N , it is natural to see that if JN > 0 then the H∞ estimation problem (2.3)
is satisfied, that is, J∗N > 0. Hence, the H∞ estimation problem (2.3) can be converted into
finding the estimate sequence {{z̆(k | k)}Nk=0; {z̆f (k | k)}Nk=0; {z̆h(kd | k)}Nk=d} such that JN
has a minimum with respect to {x0, w} and the minimum of JN is positive. As mentioned in
[25, 26], the formulated H∞ estimation problem can be solved by employing the Krein space
approach.

Introduce the following Krein space stochastic system

x(k + 1) = Ax(k) +Adx(kd) + f
(
k, z̆f(k | k),u(k)

)
+ h(k, z̆h(kd | k),u(k)) + Bw(k),

y(k) = Cx(k) + v(k),

z̆f(k | k) = Fx(k) + vzf (k),

z̆(k | k) = Lx(k) + vz(k),

z̆h(kd | k) = Hx(kd) + vzh(kd), k ≥ d,

(3.7)

where B = [B I I] ; the initial state x0(s) (s = −d,−d + 1, . . . , 0) and w(k), v(k), vzf (k), vz(k)
and vzh(k) are mutually uncorrelated white noises with zero means and known covariance
matrices Π(s), Qw(k) = I, Qv(k) = I, Qvzf (k) = −α−2I, Qvz(k) = −γ2I, and Qvzh(k) = −β−2I;
z̆f(k | k), z̆(k | k) and z̆h(kd | k) are regarded as the imaginary measurement at time k for the
linear combination Fx(k), Lx(k), and Hx(kd), respectively.
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Let

yz(k) =

⎧⎪⎨
⎪⎩

[
yT (k) z̆Tm(k | k)

]T
, 0 ≤ k < d,

[
yT (k) z̆Tm(k | k) z̆T

h(kd | k)
]T
, k ≥ d,

vz,a(k) =

⎧⎪⎨
⎪⎩

[
vT (k) vTzf (k) vTz (k)

]T
, 0 ≤ k < d,

[
vT (k) vTzf (k) vTz (k) vTzh(kd)

]T
, k ≥ d,

z̆m(k | k) =
[
z̆T
f (k | k) z̆T (k | k)

]T
.

(3.8)

Definition 3.1. The estimator ŷ(i | i − 1) denotes the optimal estimation of y(i) given the
observation L{{yz(j)}i−1

j=0}; the estimator ẑm(i | i) denotes the optimal estimation of z̆m(i |
i) given the observation L{{yz(j)}i−1

j=0;y(i)}; the estimator ẑh(id | i) denotes the optimal

estimation of z̆h(id | i) given the observation L{{yz(j)}i−1
j=0;y(i), z̆m(i | i)}.

Furthermore, introduce the following stochastic vectors and the corresponding
covariance matrices

ỹ(i | i − 1) = y(i) − ŷ(ii − 1), Rỹ(ii − 1) = 〈ỹ(ii − 1), ỹ(ii − 1)〉,
z̃m(i | i) = z̆m(ii) − ẑm(ii), Rz̃m(ii) = 〈z̃m(ii), z̃m(ii)〉,
z̃h(id | i) = z̆h(idi) − ẑh(idi), Rz̃h(idi) = 〈z̃h(idi), z̃h(idi)〉.

(3.9)

And, denote

ỹz(i) =

⎧⎪⎨
⎪⎩

[
ỹT (i | i − 1) z̃Tm(i | i)

]T
, 0 ≤ i < d,

[
ỹT (i | i − 1) z̃Tm(i | i) z̃T

h
(id | i)

]T
, i ≥ d,

Rỹz(i) = 〈ỹz(i), ỹz(i)〉.

(3.10)

For calculating the minimum of JN , we present the following Lemma 3.2.

Lemma 3.2. {{ỹz(i)}ki=0} is the innovation sequence which spans the same linear space as that of
L{{yz(i)}ki=0}.

Proof. From Definition 3.1 and (3.9), ỹ(i | i − 1), z̃m(i | i) and z̃h(id | i) are the linear
combination of the observation sequence {{yz(j)}i−1

j=0;y(i)}, {{yz(j)}i−1
j=0; y(i), z̆m(i | i)}, and

{{yz(j)}ij=0}, respectively. Conversely, y(i), z̆m(i | i) and z̆h(id | i) can be given by the linear

combination of {{ỹz(j)}i−1
j=0; ỹ(i | i − 1)}, {{ỹz(j)}i−1

j=0; ỹ(i | i − 1), z̃m(i | i)} and {{ỹz(j)}ij=0},
respectively. Hence,

L
{
{ỹz(i)}ki=0

}
= L
{
{yz(i)}ki=0

}
. (3.11)
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It is also shown by (3.9) that ỹ(i | i − 1), z̃m(i | i) and z̃h(id | i) satisfy

ỹ(i | i − 1) ⊥ L
{{

yz
(
j
)}i−1

j=0

}
,

z̃m(i | i) ⊥ L
{{

yz
(
j
)}i−1

j=0;y(i)
}
,

z̃h(id | i) ⊥ L
{{

yz
(
j
)}i−1

j=0;y(i), z̃m(i | i)
}
.

(3.12)

Consequently,

ỹ(i | i − 1) ⊥ L
{{

ỹz
(
j
)}i−1

j=0

}
,

z̃m(i | i) ⊥ L
{{

ỹz
(
j
)}i−1

j=0; ỹ(i | i − 1)
}
,

z̃h(id | i) ⊥ L
{{

ỹz
(
j
)}i−1

j=0; ỹ(i | i − 1), z̃m(i | i)
}
.

(3.13)

This completes the proof.

Now, an existence condition and a solution to the minimum of JN are derived as
follows.

Theorem 3.3. Consider system (2.1), given a scalar γ > 0 and the positive definite matrixΠ(k) (k =
−d,−d + 1, . . . , 0), then JN has the minimum if only if

Rỹ(k | k − 1) > 0, 0 ≤ k ≤N,

Rz̃m(k | k) < 0, 0 ≤ k ≤N,

Rz̃h(kd | k) < 0, d ≤ k ≤N.

(3.14)

In this case the minimum value of JN is given by

min JN =
N∑
k=0

ỹT (k | k − 1)R−1
ỹ (k | k − 1)ỹ(k | k − 1) +

N∑
k=0

z̃Tm(k | k)R−1
z̃m
(k | k)z̃m(k | k)

+
N∑
k=d

z̃Th(kd | k)R−1
z̃h
(kd | k)z̃h(kd | k),

(3.15)

where

ỹ(k | k − 1) = y(k) − ŷ(k | k − 1),

z̃m(k | k) = z̆m(k | k) − ẑm(k | k),
z̃h(kd | k) = z̆h(kd | k) − ẑh(kd | k),

z̆m(k | k) =
[
z̆T
f (k | k) z̆T (k | k)

]T
,

(3.16)
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ŷ(k | k − 1) is obtained from the Krein space projection of y(k) onto L{{yz(j)}k−1
j=0 }, ẑm(k | k) is

obtained from the Krein space projection of z̆m(k | k) onto L{{yz(j)}k−1
j=0 ; y(k)}, and ẑh(kd | k) is

obtained from the Krein space projection of z̆h(kd | k) onto L{{yz(j)}k−1
j=0 ; y(k), z̆m(k | k)}.

Proof. Based on the definition (3.2) and (3.3), the state equation in system (2.1) can be
rewritten as

x(k + 1) = Ax(k) +Adx(kd) + f
(
k, z̆f(k | k), u(k)

)

+ h(k, z̆h(kd | k), u(k)) + Bw(k).
(3.17)

In this case, it is assumed that f(k, z̆f(k | k), u(k)) and h(k, z̆h(kd | k), u(k)) are known at
time k. Then, we define

yz(k) =

⎧⎪⎨
⎪⎩

[
yT (k) z̆T

f (k | k) z̆T (k | k)
]T
, 0 ≤ k < d,

[
yT (k) z̆T

f (k | k) z̆T (k | k) z̆T
h(kd | k)

]T
, k ≥ d.

(3.18)

By introducing an augmented state

xa(k) =
[
xT (k) xT (k − 1) · · · xT (k − d)]T , (3.19)

we obtain an augmented state-space model

xa(k + 1) = Aaxa(k) + Bu,au(k) + Baw(k),

yz(k) = Cz,a(k)xa(k) + vz,a(k),
(3.20)

where

Aa =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A 0 · · · 0 Ad

I 0 · · · 0 0

0 I · · · 0 0

...
...

. . .
...

...

0 0 · · · I 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Bu,a =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I I

0 0

0 0

...
...

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Ba =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B

0

0

...

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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Cz,a(k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎣
C 0 · · · 0

F 0 · · · 0

L 0 · · · 0

⎤
⎥⎥⎥⎦, 0 ≤ k < d,

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

C 0 · · · 0

F 0 · · · 0

L 0 · · · 0

0 · · · 0 H

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, k ≥ d,

vz,a(k) =

⎧⎪⎨
⎪⎩

[
vT (k) vTzf (k) vTz (k)

]T
, 0 ≤ k < d,

[
vT (k) vTzf (k) vTz (k) vTzh(kd)

]T
, k ≥ d,

u(k) =
[
fT
(
k, z̆f(k | k), u(k)

)
hT (k, z̆h(kd | k), u(k))

]T
.

(3.21)

Additionally, we can rewrite JN as

JN =

⎡
⎢⎢⎣
xa(0)

wN

vz,aN

⎤
⎥⎥⎦
T⎡
⎢⎢⎣
Pa(0) 0 0

0 I 0

0 0 Qvz,aN

⎤
⎥⎥⎦
−1⎡
⎢⎢⎣
xa(0)

wN

vz,aN

⎤
⎥⎥⎦, (3.22)

where

Pa(0) = diag
{
Π(0),Π(−1), . . . ,Π(−d)

}
,

wN =
[
wT (0) wT (1) · · · wT (N)

]T
,

vz,aN =
[
vTz,a(0) vTz,a(1) · · · vTz,a(N)

]T
,

Qvz,aN = diag
{
Qvz,a(0), Qvz,a(1), . . . , Qvz,a(N)

}
,

Qvz,a(k) =

⎧⎨
⎩

diag
{
I,−γ2,−α−2}, 0 ≤ k < d,

diag
{
I,−γ2,−α−2,−β−2}, k ≥ d.

(3.23)

Define the following state transition matrix

Φ(k + 1, m) = AaΦ(k,m),

Φ(m,m) = I,
(3.24)
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and let

yzN =
[
yTz (0) yTz (1) · · · yTz (N)

] T
,

uN =
[
uT (0) uT (1) · · · uT (N)

]T
.

(3.25)

Using (3.20) and (3.24), we have

yzN = Ψ0Nxa(0) + ΨuNuN + ΨwNwN + vz,aN, (3.26)

where

Ψ0N =

⎡
⎢⎢⎢⎢⎢⎢⎣

Cz,a(0)Φ(0, 0)

Cz,a(1)Φ(1, 0)

...

Cz,a(N)Φ(N, 0)

⎤
⎥⎥⎥⎥⎥⎥⎦
, ΨuN =

⎡
⎢⎢⎢⎢⎢⎢⎣

ϕ00 ϕ01 · · · ϕ0N

ϕ10 ϕ11 · · · ϕ1N

...
...

. . .
...

ϕN0 ϕN1 · · · ϕNN

⎤
⎥⎥⎥⎥⎥⎥⎦
,

ϕij =

⎧⎨
⎩
Cz,a(i)Φ

(
i, j + 1

)
Bu,a, i > j,

0, i ≤ j.

(3.27)

The matrix ΨwN is derived by replacing Bu,a in ΨuN with Ba.
Thus, JN can be reexpressed as

JN =

⎡
⎢⎢⎣
xa(0)

wN

yzN

⎤
⎥⎥⎦
T⎧⎪⎪⎨
⎪⎪⎩
ΓN

⎡
⎢⎢⎣
Pa(0) 0 0

0 I 0

0 0 Qvz,aN

⎤
⎥⎥⎦ΓTN

⎫⎪⎪⎬
⎪⎪⎭

−1⎡
⎢⎢⎣
xa(0)

wN

yzN

⎤
⎥⎥⎦, (3.28)

where

yzN = yzN −ΨuNuN,

ΓN =

⎡
⎢⎢⎣

I 0 0

0 I 0

Ψ0N ΨwN I

⎤
⎥⎥⎦.

(3.29)

Considering the Krein space stochastic system defined by (3.7) and state transition
matrix (3.24), we have

yzN = Ψ0Nxa(0) + ΨuNuN + ΨwNwN + vz,aN, (3.30)

where matrices Ψ0N , ΨuN , and ΨwN are the same as given in (3.26), vectors yzN and uN are,
respectively, defined by replacing Euclidean space element yz and u in yzN and uN given
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by (3.25) with the Krein space element yz and u, vectors wN and vz,aN are also defined by
replacing Euclidean space element w and vz,a in wN and vz,aN given by (3.23) with the Krein
space element w and vz,a, and vector xa(0) is given by replacing Euclidean space element x
in xa(k) given by (3.19) with the Krein space element x when k = 0.

Using the stochastic characteristic of xa(0), wN and vz,a, we have

JN =

⎡
⎢⎢⎣
xa(0)

wN

yzN

⎤
⎥⎥⎦
T〈⎡⎢⎢⎣

xa(0)

wN

yzN

⎤
⎥⎥⎦,
⎡
⎢⎢⎣
xa(0)

wN

yzN

⎤
⎥⎥⎦
〉−1⎡
⎢⎢⎣
xa(0)

wN

yzN

⎤
⎥⎥⎦, (3.31)

where yzN = yzN −ΨuNuN .
In the light of Theorem 2.4.2 and Lemma 2.4.3 in [26], JN has a minimum over

{xa(0), wN} if and only if RyzN
= 〈yzN,yzN〉 and Qvz,aN = 〈vz,aN,vz,aN〉 have the same inertia.

Moreover, the minimum of JN is given by

min JN = yTzNR
−1
yzN

yzN. (3.32)

On the other hand, applying the Krein space projection formula, we have

yzN = ΘN ỹzN, (3.33)

where

ỹzN =
[
ỹTz (0) ỹTz (1) · · · ỹTz (N)

]T
,

ΘN =

⎡
⎢⎢⎢⎢⎢⎢⎣

θ00 θ01 · · · θ0N

θ10 θ11 · · · θ1N

...
...

. . .
...

θN0 θN1 · · · θNN

⎤
⎥⎥⎥⎥⎥⎥⎦
,
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θij =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈
yz(i), ỹz

(
j
)〉
R−1
ỹz

(
j
)
, i > j ≥ 0,⎡

⎣ I 0

m1 I

⎤
⎦, d > i = j ≥ 0,

⎡
⎢⎢⎢⎣
I 0 0

m1 I 0

m2 m3 I

⎤
⎥⎥⎥⎦, i = j ≥ d,

0, 0 ≤ i < j,

m1 =
〈
z̆m(i | i), ỹ

(
j | j − 1

)〉
R−1
ỹ

(
j | j − 1

)
,

m2 =
〈
z̆h(id | i), ỹ

(
j | j − 1

)〉
R−1
ỹ

(
j | j − 1

)
,

m3 =
〈
z̆h(id | i), z̃m

(
j | j)〉R−1

z̃m

(
j | j),

yz(i) = yz(i) −
N∑
j=0

ϕiju
(
j
)
,

z̆m(i | i) = z̆m(i | i) −
N∑
j=0

ϕm,iju
(
j
)
,

z̆h(id | i) = z̆h(id | i) −
N∑
j=0

ϕh,iju
(
j
)
,

(3.34)

where ϕm,ij is derived by replacing Cz,a in ϕij with
[
F 0 ··· 0
L 0 ··· 0

]
, ϕh,ij is derived by replacing Cz,a

in ϕij with [0 0 · · · H] Furthermore, it follows from (3.33) that

RyzN
= ΘNRỹzNΘ

T
N, yzN = ΘNỹzN, (3.35)

where

RỹzN = 〈ỹzN, ỹzN〉,

ỹzN =
[
ỹTz (0) ỹTz (1) · · · ỹTz (N)

]T
,

ỹz(i) =

⎧⎪⎨
⎪⎩

[
ỹT (i | i − 1) z̃Tm(i | i)

]T
, 0 ≤ i < d,

[
ỹT (i | i − 1) z̃Tm(i | i) z̃T

h(id | i)
]T
, i ≥ d.

(3.36)
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Since matrix ΘN is nonsingular, it follows from (3.35) thatRyzN
andRỹzN are congruent, which

also means that RyzN
and RỹzN have the same inertia. Note that both RỹzN andQvz,aN are block-

diagonal matrices, and

Rỹz(k) =

⎧⎨
⎩

diag
{
Rỹ(k | k − 1), Rz̃m(k | k)

}
, 0 ≤ k < d,

diag
{
Rỹ(k | k − 1), Rz̃m(k | k), Rz̃h(kd | k)

}
, k ≤ d,

(3.37)

Qvz,a(k) is given by (3.23). It follows that RỹzN and Qvz,aN have the same inertia if and only if
Rỹ(k | k − 1) > 0 (0 ≤ k ≤N), Rz̃m(k | k) < 0 (0 ≤ k ≤N) and Rz̃h(kd | k) < 0 (d ≤ k ≤N).

Therefore, JN subject to system (2.1) with Lipschitz conditions (2.2) has the minimum
if and only if Rỹ(k | k − 1) > 0 (0 ≤ k ≤ N), Rz̃m(k | k) < 0 (0 ≤ k ≤ N) and Rz̃h(kd | k) <
0 (d ≤ k ≤N). Moreover, the minimum value of JN can be rewritten as

min JN = yTzNR
−1
yzN

yzN = ỹTzNR
−1
ỹzN

ỹzN

=
N∑
k=0

ỹT (k | k − 1)R−1
ỹ (k | k − 1)ỹ(k | k − 1) +

N∑
k=0

z̃Tm(k | k)R−1
z̃m
(k | k)z̃m(k | k)

+
N∑
k=d

z̃Th(kd | k)R−1
z̃h
(kd | k)z̃h(kd | k).

(3.38)

The proof is completed.

Remark 3.4. Due to the built innovation sequence {{ỹz(i)}ki=0} in Lemma 3.2, the form of the
minimum on indefinite quadratic form JN is different from the one given in [26–28]. It is
shown from (3.15) that the estimation errors ỹ(k | k−1), z̃m(k | k) and z̃h(kd | k) are mutually
uncorrelated, which will make the design of H∞ estimator much easier than the one given in
[26–28].

3.2. Solution of the H∞ Estimation Problem

In this subsection, the Kalman-like recursive H∞ estimator is presented by using orthogonal
projection in the Krein space.

Denote

y0(i) = y(i),

y1(i) =
[
yT (i) z̆Tm(i | i)

]T
,

y2(i) =
[
yT (i) z̆Tm(i | i) z̆T

h(i | i + d)
]T
.

(3.39)
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Observe from (3.8), we have

L
{
{yz(i)}ji=0

}
= L
{
{y1(i)}ji=0

}
, 0 ≤ j < d,

L
{
{yz(i)}ji=0

}
= L
{
{y2(i)}jdi=0

}
;
{
{y1(i)}ji=jd+1

}
, j ≥ d.

(3.40)

Definition 3.5. Given k ≥ d, the estimator ξ̂(i | j, 2) for 0 ≤ j < kd denotes the optimal estimate
of ξ(i) given the observation L{{y2(s)}js=0}, and the estimator ξ̂(i | j, 1) for kd ≤ j ≤ k denotes
the optimal estimate of ξ(i) given the observation L{{y2(s)}kd−1

s=0 ; {y1(τ)}jτ=kd}. For simplicity,

we use ξ̂(i, 2) to denote ξ̂(i | i − 1, 2), and use ξ̂(i, 1) to denote ξ̂(i | i − 1, 1) throughout the
paper.

Based on the above definition, we introduce the following stochastic sequence and the
corresponding covariance matrices

ỹ2(i, 2) = y2(i) − ŷ2(i, 2), Rỹ2(i, 2) = 〈ỹ2(i, 2), ỹ2(i, 2)〉,
ỹ1(i, 1) = y1(i) − ŷ1(i, 1), Rỹ1(i, 1) = 〈ỹ1(i, 1), ỹ1(i, 1)〉,
ỹ0(i, 0) = y0(i) − ŷ0(i, 1), Rỹ0(i, 0) = 〈ỹ0(i, 0), ỹ0(i, 0)〉.

(3.41)

Similar to the proof of Lemma 2.2.1 in [27], we can obtain that {ỹ2(0, 2), . . . , ỹ2(kd −
1, 2); ỹ1(kd, 1),. . . , ỹ1(k − 1, 1)} is the innovation sequence which is a mutually uncor-
related white noise sequence and spans the same linear space as L{y2(0), . . . ,y2(kd −
1);y1(kl), . . . ,y1(k − 1)} or equivalently L{yz(0), . . . ,yz(k − 1)}.

Applying projection formula in the Krein space, x̂(i, 2) (i = 0, 1, . . . , kd) is computed
recursively as

(3.42)

x̂(i + 1, 2) =
i∑
j=0

〈
x(i + 1), ỹ2

(
j, 2
)〉
R−1
ỹ2

(
j, 2
)
ỹ2
(
j, 2
)

= Ax̂(i | i, 2) +Adx̂(id | i, 2) + f
(
i, z̆f(i | i),u(i)

)
+ h(i, z̆h(id | i),u(i)), i = 0, 1, . . . , kd − 1,

x̂(τ, 2) = 0, (τ = −d,−d + 1, . . . , 0).

(3.43)

Note that

x̂(i | i, 2) = x̂(i, 2) + P2(i, i)CT
2R
−1
ỹ2
(i, 2)ỹ2(i, 2),

x̂(id | i, 2) = x̂(id, 2) +
i∑

j=id

P2
(
id, j
)
CT

2R
−1
ỹ2

(
j, 2
)
ỹ2
(
j, 2
)
,

(3.44)

IEEE eXpress Sample eBook, page 337



Abstract and Applied Analysis 15

where

C2 =
[
CT FT LT HT

]T
,

P2
(
i, j
)
=
〈
e(i, 2), e

(
j, 2
)〉
,

e(i, 2) = x(i) − x̂(i, 2),

Rỹ2(i, 2) = C2P2(i, i)CT
2 +Qv2(i),

Qv2(i) = diag
{
I,−α−2I,−γ2I,−β−2I

}
.

(3.45)

Substituting (3.44) into (3.43), we have

x̂(i + 1, 2) = Ax̂(i, 2) +Adx̂(id, 2) + f
(
i, z̆f(i | i),u(i)

)
+ h(i, z̆h(id | i),u(i))

+Ad

i−1∑
j=id

P2
(
id, j
)
CT

2R
−1
ỹ2

(
j, 2
)
ỹ2
(
j, 2
)
+K2(i)ỹ2(i, 2),

K2(i) = AdP2(id, i)CT
2R
−1
ỹ2
(i, 2) +AP2(i, i)CT

2R
−1
ỹ2
(i, 2).

(3.46)

Moreover, taking into account (3.7) and (3.46), we obtain

e(i + 1, 2) = Ae(i, 2) +Ade(id, 2) + Bw(i) −K2(i)ỹ2(i, 2)

−Ad

i−1∑
j=id

P2
(
id, j
)
CT

2R
−1
ỹ2

(
j, 2
)
ỹ2
(
j, 2
)
, i = 0, 1, . . . , kd − 1. (3.47)

Consequently,

P2
(
i − j, i + 1

)
=
〈
e
(
i − j, 2), e(i + 1, 2)

〉

= P2
(
i − j, i)AT + PT

2
(
id, i − j

)
AT
d − P2

(
i − j, i)CT

2K
T
2 (i)

−
i−1∑
t=i−j

P2
(
i − j, t)CT

2R
−1
ỹ2
(t, 2)C2P

T
2 (id, t)A

T
d, j = 0, 1, . . . , d,

P2(i + 1, i + 1) = 〈e(i + 1, 2), e(i + 1, 2)〉

= AP2(i, i + 1) +AdP2(id, i + 1) + BQw(i)B
T
,

(3.48)
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where Qw(i) = I. Thus, P2(i, i) (i = 0, 1, . . . , kd) can be computed recursively as

P2
(
i − j, i + 1

)
= P2
(
i − j, i)AT + PT

2
(
id, i − j

)
AT
d − P2

(
i − j, i)CT

2K
T
2 (i)

−
i−1∑
t=i−j

P2
(
i − j, t)CT

2R
−1
ỹ2
(t, 2)C2P

T
2 (id, t)A

T
d,

P2(i + 1, i + 1) = AP2(i, i + 1) +AdP2(id, i + 1) + BQw(i)B
T
, j = 0, 1, . . . , d.

(3.49)

Similarly, employing the projection formula in the Krein space, the optimal estimator
x̂(i, 1) (i = kd + 1, . . . , k) can be computed by

x̂(i + 1, 1) = Ax̂(i, 1) +Adx̂(id, 2) + f
(
i, z̆f(i | i),u(i)

)
+ h(i, z̆h(id | i),u(i))

+K1(i)ỹ1(i, 1) +Ad

kd−1∑
j=id

P2
(
id, j
)
CT

2R
−1
ỹ2

(
j, 2
)
ỹ2
(
j, 2
)

+Ad

i−1∑
j=kd

P1
(
id, j
)
CT

1R
−1
ỹ1

(
j, 1
)
ỹ1
(
j, 1
)
,

x̂(kd, 1) = x̂(kd, 2),

(3.50)

where

C1 =
[
CT FT LT

]T
,

P1
(
i, j
)
=

⎧⎨
⎩
〈
e(i, 2), e

(
j, 1
)〉
, i < kd,〈

e(i, 1), e
(
j, 1
)〉
, i ≥ kd,

e(i, 1) = x(i) − x̂(i, 1),

Rỹ1(i, 1) = C1P1(i, i)CT
1 +Qv1(i),

Qv1(i) = diag
{
I,−α−2I,−γ2I

}
,

K1(i) = AP1(i, i)CT
1R
−1
ỹ1
(i, 1) +AdP1(id, i)CT

1R
−1
ỹ1
(i, 1).

(3.51)

Then, from (3.7) and (3.50), we can yield

e(i + 1, 1) = Ae(i, 1) +Ade(id, 2) + Bw(i) −K1(i)ỹ1(i, 1)

−Ad

kd−1∑
j=id

P2
(
id, j
)
CT

2R
−1
ỹ2

(
j, 2
)
ỹ2
(
j, 2
)

−Ad

i−1∑
j=kd

P1
(
id, j
)
CT

1R
−1
ỹ1

(
j, 1
)
ỹ1
(
j, 1
)
.

(3.52)
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Thus, we obtain that

(1) if i − j ≥ kd, we have

P1
(
i − j, i + 1

)
=
〈
e
(
i − j, 1), e(i + 1, 1)

〉

= P1
(
i − j, i)AT + PT

1

(
id, i − j

)
AT
d − P1

(
i − j, i)CT

1K
T
1 (i)

−
i−1∑
t=i−j

P1
(
i − j, t)CT

1R
−1
ỹ1
(t, 1)C1P

T
1 (id, t)A

T
d,

(3.53)

(2) if i − j < kd, we have

P1
(
i − j, i + 1

)
=
〈
e
(
i − j, 2), e(i + 1, 1)

〉

= P1
(
i − j, i)AT + PT

2
(
id, i − j

)
AT
d − P1

(
i − j, i)CT

1K
T
1 (i)

−
kd−1∑
t=i−j

P2
(
i − j, t)CT

2R
−1
ỹ2
(t, 2)C2P

T
2 (id, t)A

T
d

−
i−1∑
t=kd

P1
(
i − j, t)CT

1R
−1
ỹ1
(t, 1)C1P

T
1 (id, t)A

T
d,

(3.54)

P1(i + 1, i + 1) =
〈
e
(
i − j, 2), e(i + 1, 1)

〉

= AP1(i, i + 1) +AdP1(id, i + 1) + BQw(i)B
T
.

(3.55)

It follows from (3.53), (3.54), and (3.55) that P1(i, i) (i = kd + 1, . . . , k) can be computed by

P1
(
i − j, i + 1

)
= P1
(
i − j, i)AT + PT

2
(
id, i − j

)
AT
d − P1

(
i − j, i)CT

1K
T
1 (i)

−
kd−1∑
t=i−j

P2
(
i − j, t)CT

2R
−1
ỹ2
(t, 2)C2P

T
2 (id, t)A

T
d

−
i−1∑
t=kd

P1
(
i − j, t)CT

1R
−1
ỹ1
(t, 1)C1P

T
1 (id, t)A

T
d, i − j < kd,

P1
(
i − j, i + 1

)
= P1
(
i − j, i)AT + PT

1

(
id, i − j

)
AT
d − P1

(
i − j, i)CT

1K
T
1 (i)

−
i−1∑
t=i−j

P1
(
i − j, t)CT

1R
−1
ỹ1
(t, 1)C1P

T
1 (id, t)A

T
d, i − j ≥ kd,

P1(i + 1, i + 1) = AP1(i, i + 1) +AdP1(id, i + 1) + BQw(i)B
T
, j = 0, 1, . . . , d.

(3.56)
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Next, according to the above analysis, ẑm(k | k) as the Krein space projections of z̆m(k |
k) onto L{{yz(j)}k−1

j=0 ;y0(k)} can be computed by the following formula

ẑm(k | k) = Cmx̂(k, 1) + CmP1(k, k)CTR−1
ỹ0
(k, 0)ỹ0(k, 0), (3.57)

where

Cm =
[
FT LT

]T
,

Rỹ0(k, 0) = CP1(k, k)CT +Qv(k).
(3.58)

And, ẑh(kd | k) as the Krein space projections of z̆h(kd | k) onto L{{yz(j)}k−1
j=0 ;y1(k)} can be

computed by the following formula

ẑ(kd | k) = Hx̂(kd, 1) +
k∑

j=kd

HP1
(
kd, j
)
CT

1R
−1
ỹ1

(
j, 1
)
ỹ1
(
j, 1
)
. (3.59)

Based on Theorem 3.3 and the above discussion, we propose the following results.

Theorem 3.6. Consider system (2.1) with Lipschitz conditions (2.2), given a scalar γ > 0 and matrix
Π(k) (k = −d, . . . , 0), then theH∞ estimator that achieves (2.3) if

Rỹ(k | k − 1) > 0, 0 ≤ k ≤N,

Rz̃m(k | k) < 0, 0 ≤ k ≤N,

Rz̃h(kd | k) < 0, d ≤ k ≤N,

(3.60)

where

Rỹ(k | k − 1) = Rỹ0(k, 0),

Rz̃m(k | k) = CmP1(k, k)CT
m − CmP1(k, k)CTR−1

ỹ0
(k, 0)CP1(k, k)CT

m +Qvm(k),

Rz̃h(kd | k) = HP1(kd, kd)HT −
k∑

j=kd

HP1
(
kd, j
)
CT

1R
−1
ỹ1

(
j, 1
)
C1P

T
1

(
kd, j
)
HT − β−2I,

Qvm(k) = diag
{
−α−2I,−γ2I

}
,

(3.61)

Rỹ0(k, 0), P1(i, j), and Rỹ1(j, 1) are calculated by (3.58), (3.56), and (3.51), respectively.
Moreover, one possible level-γ H∞ estimator is given by

z̆(k | k) = Eẑm(k | k), (3.62)

where E = [0 I], and ẑm(k | k) is computed by (3.57).
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Proof. In view of Definitions 3.1 and 3.5, it follows from (3.9) and (3.41) that Rỹ(k | k − 1) =
Rỹ0(k, 0). In addition, according to (3.7), (3.9), and (3.57), the covariance matrix Rz̃m(k | k)
can be given by the second equality in (3.61). Similarly, based on (3.7), (3.9), and (3.59), the
covariance matrix Rz̃h(kd | k) can be obtained by the third equality in (3.61). Thus, from
Theorem 3.3, it follows that JN has a minimum if (3.60) holds.

On the other hand, note that the minimum value of JN is given by (3.15) in
Theorem 3.3 and any choice of estimator satisfying min JN > 0 is an acceptable one. Therefore,
Taking into account (3.60), one possible estimator can be obtained by setting z̆m(k | k) =
ẑm(k | k) and z̆h(kd | k) = ẑh(kd | k). This completes the proof.

Remark 3.7. It is shown from (3.57) and (3.59) that ẑm(k | k) and ẑ(kd | k) are, respectively,
the filtering estimate and fixed-lag smoothing of z̆m(k | k) and z̆(kd | k) in the Krein space.
Additionally, it follows from Theorem 3.6 that z̆m(k | k) and z̆h(kd | k) achieving the H∞
estimation problem (2.3) can be, respectively, computed by the right side of (3.57) and (3.59).
Thus, it can be concluded that the proposed results in this paper are related with both the H2

filtering and H2 fixed-lag smoothing in the Krein space.

Remark 3.8. Recently, the robustH∞ observers for Lipschitz nonlinear delay-free systems with
Lipschitz nonlinear additive uncertainties and time-varying parametric uncertainties have
been studied in [10, 11], where the optimization of the admissible Lipschitz constant and
the disturbance attenuation level are discussed simultaneously by using the multiobjective
optimization technique. In addition, the sliding mode observers with H∞ performance have
been designed for Lipschitz nonlinear delay-free systems with faults (matched uncertainties)
and disturbances in [8]. Although the Krein space-based robust H∞ filter has been proposed
for discrete-time uncertain linear systems in [28], it cannot be applied to solving the H∞
estimation problem given in [10] since the considered system contains Lipschitz nonlinearity
and Lipschitz nonlinear additive uncertainty. However, it is meaningful and promising in the
future, by combining the algorithm given in [28] with our proposed method in this paper, to
construct a Krein space-based robust H∞ filter for discrete-time Lipschitz nonlinear systems
with nonlinear additive uncertainties and time-varying parametric uncertainties.

4. A Numerical Example

Consider the system (2.1) with time delay d = 3 and the parameters

A =

[
0.7 0

0 −0.4

]
, Ad =

[−0.5 0

0 0.3

]
, F =

[
0.02 0

0 0.01

]
,

H =

[
0.03 0

0 0.02

]
, B =

[
1.2

0.7

]
, C =

[
1.7 0.9

]
, L =

[
0.5 0.6

]
,

f(k, Fx(k), u(k)) = sin(Fx(k)), h(k,Hx(kd), u(k)) = cos(Hx(kd)).

(4.1)

Then we have α = β = 1. Set x(k) = [−0.2k 0.1k]T (k = −3,−2,−1, 0), and
Π(k) = I (k = −3,−2,−1, 0). Both the system noise w(k) and the measurement noise v(k)
are supposed to be band-limited white noise with power 0.01. By applying Theorem 3.1 in
[20], we obtain the minimum disturbance attenuation level γmin = 1.6164 and the observer
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Figure 1: Signal z(k) (solid), its estimate using our algorithm (star), and its estimate using algorithm in
[20] (dashed).
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Figure 2: Estimation error of our algorithm (solid) and estimation error of algorithm in [20] (dashed).

parameter L = [−0.3243 0.0945]T of (5) in [20]. In this numerical example, we compare our
algorithm with the one given in [20] in case of γ = 1.6164. Figure 1 shows the true value
of signal z(k), the estimate using our algorithm, and the estimate using the algorithm given
in [20]. Figure 2 shows the estimation error of our approach and the estimation error of the
approach in [20]. It is shown in Figures 1 and 2 that the proposed algorithm is better than the
one given in [20]. Figure 3 shows the ratios between the energy of the estimation error and
input noises for the proposedH∞ estimation algorithm. It is shown that the maximum energy
ratio from the input noises to the estimation error is less than γ2 by using our approach.
Figure 4 shows the value of indefinite quadratic form JN for the given estimation algorithm. It
is shown that the value of indefinite quadratic form JN is positive by employing the proposed
algorithm in Theorem 3.6.

5. Conclusions

A recursive H∞ filtering estimate algorithm for discrete-time Lipschitz nonlinear systems
with time-delay and disturbance input is proposed. By combining the H∞-norm estimation
condition with the Lipschitz conditions on nonlinearity, the H∞ estimation problem is
converted to the positive minimum problem of indefinite quadratic form. Motivated by the
observation that the minimum problem of indefinite quadratic form coincides with Kalman
filtering in the Krein space, a novel Krein space-based H∞ filtering estimate algorithm is

IEEE eXpress Sample eBook, page 343



Abstract and Applied Analysis 21

0 20 40 60 80 100
0

0.02

0.04

0.06

0.08

Time k
E

ne
rg

y
ra

ti
o

Figure 3: The energy ratio between estimation error and all input noises for the proposed H∞ estimation
algorithm.
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Figure 4: The value of indefinite quadratic form JN for the given estimation algorithm.

developed. Employing projection formula and innovation analysis technology in the Krein
space, the H∞ estimator and its sufficient existence condition are presented based on Riccati-
like difference equations. A numerical example is provided in order to demonstrate the
performances of the proposed approach.

Future research work will extend the proposed method to investigate more general
nonlinear system models with nonlinearity in observation equations. Another interesting
research topic is theH∞ multistep prediction and fixed-lag smoothing problem for time-delay
Lipschitz nonlinear systems.
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The present investigation deals with global instability of a general n-dimensional system of
ordinary differential equations with quadratic right-hand sides. The global instability of the zero
solution in a given cone is proved by Chetaev’s method, assuming that the matrix of linear
terms has a simple positive eigenvalue and the remaining eigenvalues have negative real parts.
The sufficient conditions for global instability obtained are formulated by inequalities involving
norms and eigenvalues of auxiliary matrices. In the proof, a result is used on the positivity of a
general third-degree polynomial in two variables to estimate the sign of the full derivative of an
appropriate function in a cone.

1. Introduction

Recently, there has been a rapidly growing interest in investigating the instability conditions
of differential systems. The number of papers dealing with instability problems is rather low
compared with the huge quantity of papers in which the stability of the motion of differential
systems is investigated. The first results on the instability of zero solution of differential
systems were obtained in a general form by Lyapunov [1] and Chetaev [2].

Further investigation on the instability of solutions of systems was carried out to
weaken the conditions of the Lyapunov and Chetaev theorems for special-form systems.
Some results are presented, for example, in [3–10], but instability problems are analysed only
locally. For example, in [7], a linear system of ordinary differential equations in the matrix
form is considered, and conditions such that the corresponding forms (of the second and the
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third power) have fixed sign in some cone of the space R
n are derived. To investigate this

property another problem inverse to the known Lyapunov problem for the construction of
Lyapunov functions is solved.

In the present paper, instability solutions of systems with quadratic right-hand sides
is investigated in a cone dealing with a general n-dimensional system with quadratic right-
hand sides. We assume that the matrix of linear terms has a simple positive eigenvalue and
the remaining eigenvalues have negative real parts.

Unlike the previous investigations, we prove the global instability of the zero solution
in a given cone and the conditions for global instability are formulated by inequalities
involving norms and eigenvalues of auxiliary matrices. The main tool is the method of
Chetaev and application of a suitable Chetaev-type function. A novelty in the proof of the
main result (Theorem 3.1) is the utilization of a general third-order polynomial inequality of
two variables to estimate the sign of the full derivative of an appropriate function along the
trajectories of a given system in a cone.

In the sequel, the norms used for vectors and matrices are defined as

‖x‖ =
(

n∑
i=1

x2
i

)1/2

, (1.1)

for a vector x = (x1, . . . , xn)
T and

‖F‖ =
(
λmax

(
FTF

))1/2
, (1.2)

for any m×n matrix F. Here and throughout the paper, λmax(·) (or λmin(·)) is the maximal (or
minimal) eigenvalue of the corresponding symmetric and positive-semidefinite matrix FTF
(see, e.g., [11]).

In this paper, we consider the instability of the trivial solution of a nonlinear
autonomous differential system with quadratic right-hand sides

ẋi =
n∑
s=1

aisxs +
n∑

s,q=1

bisqxsxq, i = 1, . . . , n, (1.3)

where coefficients ais and bisq are constants. Without loss of generality, throughout this paper
we assume

bisq = b
i
qs. (1.4)

As emphasized, for example, in [2, 10–12], system (1.3) can be written in a general vector-
matrix form

ẋ = Ax +XTBx, (1.5)
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where A is an n × n constant square matrix, matrix XT is an n × n2 rectangular matrix

XT =
{
XT

1 , X
T
2 , . . . , X

T
n

}
, (1.6)

where the entries of the n × n square matrices Xi, i = 1, . . . , n are equal to zero except the ith
row with entries xT = (x1, x2, . . . , xn), that is,

XT
i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0

· · · · · · · · · · · ·
0 0 · · · 0

x1 x2 · · · xn
0 0 · · · 0

· · · · · · · · · · · ·
0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (1.7)

and B is a rectangular n2 × n matrix such that

BT = {B1, B2, . . . , Bn}, (1.8)

where matrices Bi = {bisq}, i, s, q = 1, . . . , n, that is, matrices

Bi =

⎛
⎜⎜⎜⎜⎜⎝

bi11 bi12 · · · bi1n
bi21 bi22 · · · bi2n
· · · · · · · · · · · ·
bin1 bin2 · · · binn

⎞
⎟⎟⎟⎟⎟⎠

(1.9)

are n×n constant and symmetric. Representation (1.5) permits an investigation of differential
systems with quadratic right-hand sides by methods of matrix analysis. Such approach was
previously used, for example, in [13].

If matrix A admits one simple positive eigenvalue, the system (1.5) can be
transformed, using a suitable linear transformation of the dependent variables, to the same
form (1.5) but with the matrix A having the form

A =

(
A0 θ

θT λ

)
, (1.10)

where A0 is an (n − 1) × (n − 1) constant matrix, θ = (0, 0, . . . , 0)T is the (n − 1)-dimensional
zero vector and λ > 0. With regard to this fact, we do not introduce new notations for the
coefficients bisq, i, s, q = 1, 2, . . . , n in (1.5), assuming throughout the paper that A in (1.5) has
the form (1.10), preserving the old notations aij for entries of matrix A0. This means that we
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assume that A = {ais}, i, s = 1, 2, . . . , n with ans = asn = 0 for s = 1, 2, . . . , n − 1 and ann = λ,
and A0 = {ais}, i, s = 1, 2, . . . , n − 1.

We will give criteria of the instability of a trivial solution of the system (1.5) if the
matrix A of linear terms is defined by (1.10).

2. Preliminaries

In this part we collect the necessary material-the definition of a cone, auxiliary Chetaev-type
results on instability in a cone and, finally, a third degree polynomial inequality, which will be
used to estimate the sign of the full derivative of a Chetaev-type function along the trajectories
of system (1.5).

2.1. Instability of the Zero Solution of Systems of Differential
Equations in a Cone

We consider an autonomous system of differential equations

ẋ = f(x), (2.1)

where f : R
n → R

n satisfies a local Lipschitz condition and f(0) = 0, that is, (2.1) admits the
trivial solution. We will consider solutions of (2.1) determined by points (x, t) = (x0, 0) where
x0 ∈ R

n. The symbol x(x0, t) denotes the solution x = x(t) of (2.1), satisfying initial condition
x(0) = x0.

Definition 2.1. The zero solution x ≡ 0 of (2.1) is called unstable if there exists ε > 0 such that,
for arbitrary δ > 0, there exists an x0 ∈ R

n with ‖x0‖ < δ and T ≥ 0 such that ‖x(x0, T)‖ ≥ ε.

Definition 2.2. A set K ⊂ Rn is called a cone if αx ∈ K for arbitrary x ∈ K and α > 0.

Definition 2.3. A cone K is said to be a global cone of instability for (2.1) if x(x0, t) ∈ K for
arbitrary x0 ∈ K and t ≥ 0 and limt→∞‖x(x0, t)‖ =∞.

Definition 2.4. The zero solution x ≡ 0 of (2.1) is said to be globally unstable in a cone K if K
is a global cone of instability for (2.1).

Now, we prove results analogous to the classical Chetaev theorem (see, e.g., [2]) on
instability in a form suitable for our analysis. As usual, if S is a set, then ∂S denotes its
boundary and S its closure, that is, S := S ∪ ∂S.

Theorem 2.5. Let V : R
n → R, V (0, . . . , 0) = 0 be a continuously differentiable function. Assume

that the set

K = {x ∈ Rn : V (x) > 0} (2.2)

is a cone. If the full derivative of V along the trajectories of (2.1) is positive for every x ∈ K, that is, if

V̇ (x) := gradTV (x)f(x) > 0, x ∈ K, (2.3)

then K is a global cone of instability for the system (2.1).
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Proof. Let ε be a positive number. We define a neighborhood of the origin

Uε := {x ∈ Rn : ‖x‖ < ε}, (2.4)

and a constant

Mε := max
x∈Uε∩K

V (x). (2.5)

Moreover, define a set

Wδ :=
{
x ∈ Uε ∩K,V (x) ≥ δ

}
, (2.6)

where δ is a positive number such that δ < Mε. Then, Wδ /= ∅.
Let x0 ∈Wδ∩K, then V (x0) = δ1 ∈ [δ,Mε]. We show that there exists a t = tT = tT (ε, x0)

such that x(x0, tT ) /∈ Uε and x(x0, tT ) ∈ K.
Suppose to the contrary that this is not true and x(x0, t) ∈ Uε for all t ≥ 0. Since

V̇ (x) > 0, the function V is increasing along the solutions of (2.1). Thus x(x0, t) remains in K.
Due to the compactness of Wδ, there exists a positive value β such that for x(x0, t) ∈Wδ

d

dt
V (x(x0, t)) = gradTV (x(x0, t))f(x(x0, t)) > β. (2.7)

Integrating this inequality over the interval [0, t], we get

V (x(x0, t)) − V (x0) = V (x(x0, t)) − δ1 > βt. (2.8)

Then there exists a t = tT = tT (ε, x0) satisfying

tT >
(Mε − δ1)

β
, (2.9)

such that V (x(x0, tT )) > Mε and, consequently, x(x0, tT ) /∈ Uε. This is contrary to our
supposition. Since ε > 0 is arbitrary, we have

lim
t→∞
‖x(x0, t)‖ =∞, (2.10)

that is, the zero solution is globally unstable, and K is a global cone of instability.

Theorem 2.6. Let V : R
n → R be a continuously differentiable function and let S,Z : R

n → R,
Z(0, . . . , 0) = 0 be continuous functions such that V = S · Z. Assume that the set

K1 = {x ∈ Rn : Z(x) > 0} (2.11)
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is a cone, and S(x) > 0 for any x ∈ K1. If the full derivative (2.3) of V along the trajectories of (2.1) is
positive for every x ∈ K1, that is, if V̇ (x) > 0 for every x ∈ K1, then K1 is a global cone of instability
for the system (2.1).

Proof. The proof is a modification of the proof of Theorem 2.5. Let ε be a positive number. We
define a neighborhood Uε of the origin by formula (2.4) and a constant

Mε := max
x∈Uε∩K1

V (x). (2.12)

Moreover, define a set

Wδ :=
{
x ∈ Uε ∩K1, V (x) ≥ δ

}
, (2.13)

where δ is a positive number such that δ < Mε. Then Wδ /= ∅.
Let x0 ∈ Wδ ∩ K1. Then V (x0) = δ1 ∈ [δ,Mε]. We show that there exists a t = tT =

tT (ε, x0) such that x(x0, tT ) /∈ Uε and x(x0, tT ) ∈ K1.
Suppose to the contrary that this is not true and x(x0, t) ∈ Uε for all t ≥ 0. Since

V̇ (x) > 0, the function V is increasing along the solutions of (2.1). Due to the compactness of
Wδ, there exists a positive value β such that for x(x0, t) ∈Wδ

d

dt
V (x(x0, t)) = gradTV (x(x0, t))f(x(x0, t)) > β. (2.14)

Integrating this inequality over interval [0, t], we get

V (x(x0, t)) − V (x0) = V (x(x0, t)) − δ1 = S(x(x0, t))Z(x(x0, t)) − δ1 > βt. (2.15)

Since S(x(x0, t)) > 0, the inequality

Z(x(x0, t)) >
δ1 + βt

S(x(x0, t))
> 0 (2.16)

is an easy consequence of (2.15). Thus x(x0, t) remains in K1. Apart from this, (2.15) also
implies the existence of a t = tT = tT (ε, x0) satisfying

tT >
(Mε − δ1)

β
, (2.17)

such that V (x(x0, tT )) > Mε. Consequently, x(x0, tT ) /∈ Uε. This is contrary to our supposition.
Since ε > 0 is arbitrary, we have

lim
t→∞
‖x(x0, t)‖ =∞, (2.18)

that is, the zero solution is globally unstable and K1 is a global cone of instability.
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Definition 2.7. A function V satisfying all the properties indicated in Theorem 2.5 is called a
Chetaev function for the system (2.1). A function V satisfying all the properties indicated in
Theorem 2.6 is called a Chetaev-type function for the system (2.1).

2.2. Auxiliary Inequality

Our results will be formulated in terms of global cones of instability. These will be derived
using an auxiliary inequality valid in a given cone. Let (x, y) ∈ R

2 and let k be a positive
number. We define a cone

K :=
{(
x, y
) ∈ R

2 : y > k|x|
}
. (2.19)

Lemma 2.8. Let a, b, c, d, and k be given constants such that b > 0, d > 0, k > 0, and |c| ≤ kd.
Assume, moreover, either

|a| ≤ kb, (2.20)

or

|a| > kb, (2.21)

|c|/= kd, k ≥ max

⎧⎨
⎩
√
|a + kb|
c + kd

,

√
|a − kb|
|c − kd|

⎫⎬
⎭, (2.22)

then

ax3 + bx2y + cxy2 + dy3 > 0, (2.23)

for every (x, y) ∈ K.

Proof. We partitionK into two disjoint cones

K1 :=
{(
x, y
) ∈ R

2 : y > k|x|, x > 0
}
,

K2 :=
{(
x, y
) ∈ R

2 : y > k|x|, x ≤ 0
}
,

(2.24)

and rewrite (2.23) as

x
(
ax2 + cy2

)
+ y
(
bx2 + dy2

)
> 0. (2.25)

We prove the validity of (2.23) in each of the two cones separately.
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The case of the cone K1. Suppose that (2.20) holds. Estimating the left-hand side of
(2.25), we get

x
(
ax2 + cy2

)
+ y
(
bx2 + dy2

)
> x
(
ax2 + cy2

)
+ kx

(
bx2 + dy2

)

= x
[
x2(a + kb) + y2(c + kd)

]
> 0,

(2.26)

and (2.23) holds.
If inequalities (2.21) and (2.22) are valid, then, estimating the left-hand side of (2.25),

we get

x
(
ax2 + cy2

)
+ y
(
bx2 + dy2

)
> x
(
ax2 + cy2

)
+ kx

(
bx2 + dy2

)

= x
[
x2(a + kb) + y2(c + kd)

]

≥ x
[
−|a + kb|x2 + (c + kd)y2

]

= (c + kd)x
[
y2 − |a + kb|

c + kd
x2
]

= (c + kd)x

⎡
⎣y −

√
|a + kb|
c + kd

x

⎤
⎦
⎡
⎣y +

√
|a + kb|
c + kd

x

⎤
⎦

= (c + kd)x2

⎡
⎣k −

√
|a + kb|
c + kd

⎤
⎦
⎡
⎣k +

√
|a + kb|
c + kd

⎤
⎦

≥ 0,

(2.27)

and (2.23) holds again.
The case of the coneK2. Suppose that (2.20) hold, then, estimating the left-hand side of

(2.25), we get

x
(
ax2 + cy2

)
+ y
(
bx2 + dy2

)
= −|x|

(
ax2 + cy2

)
+ y
(
bx2 + dy2

)

> −|x|
(
ax2 + cy2

)
+ k|x|

(
bx2 + dy2

)

= −|x|
[
(a − kb)x2 + (c − kd)y2

]

≥ 0,

(2.28)

and (2.23) holds.
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If inequalities (2.21) and (2.22) are valid, then the estimation of (2.25) implies (we use
(2.28))

x
(
ax2 + cy2

)
+ y
(
bx2 + dy2

)

> −|x|
[
(a − kb)x2 + (c − kd)y2

]

= |c − kd||x|
[
y2 − a − kb

|c − kd|x
2
]

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

≥ 0 if a − kb < 0,

|c − kd||x|
[
y −
√

a − kb
|c − kd| x

][
y +

√
a − kb
|c − kd| x

]

≥ |c − kd|x2

[
k +

√
a − kb
|c − kd|

][
k −
√

a − kb
|c − kd|

]
≥ 0 if a − kb > 0.

(2.29)

Hence, (2.23) holds again.

3. Global Cone of Instability

In this part we derive a result on the instability of system (1.5) in a cone. In order to
properly formulate the results, we have to define some auxiliary vectors and matrices (some
definitions copy the previous ones used in Introduction, but with a dimension of n − 1 rather
than n). We denote

x(n−1) = (x1, x2, . . . , xn−1)T ,

bi =
(
bi1n, b

i
2n, . . . , b

i
n−1,n

)T
, i = 1, 2, . . . , n,

b̃ =
(
b1
nn, b

2
nn, . . . , b

n−1
nn

)T
.

(3.1)

Apart from this, we define symmetric (n − 1) × (n − 1) matrices

B0
i =
{
bisq

}
, i = 1, 2, . . . , n, s, q = 1, 2, . . . , n − 1, (3.2)
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that is,

B0
i =

⎛
⎜⎜⎜⎜⎜⎝

bi11 bi12 · · · bi1,n−1

bi21 bi22 · · · bi2,n−1

· · · · · · · · · · · ·
bin−1,1 bin−1,2 · · · bin−1,n−1

⎞
⎟⎟⎟⎟⎟⎠
,

B̃ =

⎛
⎜⎜⎜⎜⎜⎝

b1
1n b1

2n · · · b1
n−1,n

b2
1n b2

2n · · · b2
n−1,n

· · · · · · · · · · · ·
bn−1

1n bn−1
2n · · · bn−1

n−1,n

⎞
⎟⎟⎟⎟⎟⎠
.

(3.3)

Finally, we define an (n − 1) × (n − 1)2 matrix

B
T
=
{
B
T

1 , B
T

2 , . . . , B
T

n−1

}
, (3.4)

where (n − 1) × (n − 1) matrices B
T

i , i = 1, 2, . . . , n − 1 are defined as

B
T

i =

⎛
⎜⎜⎜⎜⎜⎝

b1
i1 b1

i2 · · · b1
i,n−1

b2
i1 b2

i2 · · · b2
i,n−1

· · · · · · · · · · · ·
bn−1
i1 bn−1

i2 · · · bn−1
i,n−1

⎞
⎟⎟⎟⎟⎟⎠
. (3.5)

We consider a matrix equation

AT
0H +HA0 = −C, (3.6)

where H and C are (n− 1)× (n− 1) matrices. It is well-known (see, e.g., [14]) that, for a given
positive definite symmetric matrix C, (3.6) can be solved for a positive definite symmetric
matrix H if and only if the matrix A0 is asymptotically stable.

Theorem 3.1 (Main result). Assume that the matrix A0 is asymptotically stable, bnnn > 0 and h is a
positive number. Let C be an (n − 1) × (n − 1) positive definite symmetric matrix andH be a related
(n − 1) × (n − 1) positive definite symmetric matrix solving equation (3.6). Assume that the matrix
(−HB̃T − B̃H + h(B0

n)
T ) is positive definite,

∥∥∥2hbn −Hb̃
∥∥∥ ≤
√
λmin(H)h · bnnn, (3.7)
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and, in addition, one of the following conditions is valid:
either

∥∥∥∥HB
T
∥∥∥∥ ≤
√
λmin(H)

h
· λmin

(
−HB̃T − B̃H + h

(
B0
n

)T) (3.8)

or

∥∥∥∥HB
T
∥∥∥∥ >
√
λmin(H)

h
· λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)
, (3.9)

a strong inequality holds in (3.7), and

√
λmin(H)

h
≥ max

{√
T1,
√
T2

}
, (3.10)

where

T1 =

∥∥∥∥HB
T
∥∥∥∥ −
√
λmin(H)/h · λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)

−
∥∥∥2hbn −Hb̃

∥∥∥ +√λmin(H)h · bnnn
,

T2 =

∥∥∥∥HB
T
∥∥∥∥ +
√
λmin(H)/h · λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)
∥∥∥2hbn −Hb̃

∥∥∥ +√λmin(H)h · bnnn
.

(3.11)

Then the set

K :=
{(
xT(n−1), xn

)
:
√
hxn >

√
xT(n−1)Hx(n−1)

}
(3.12)

is a global cone of instability for the system (1.5).

Proof. First we make auxiliary computations. For the reader’s convenience, we recall that, for
two (n − 1) × (n − 1) matricesA,A1, two 1 × (n − 1) vectors 	, 	1, two (n − 1) × 1 vectors C, C1

and two 1 × 1 “matrices” m, m1, the multiplicative rule

(A C
	 m

)(A1 C1

	1 m1

)
=

(AA1 + C	1 AC1 + Cm1

	A1 +m	1 	C1 +mm1

)
(3.13)

holds. This rule can be modified easily for the case of arbitrary rectangular matrices under
the condition that all the products are well defined.
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We will rewrite system (1.5) in an equivalent form, suitable for further investigation.
With this in mind, we define an (n − 1)2 × (n − 1) matrix X(n−1) as

XT
(n−1) =

(
XT

1(n−1), X
T
2(n−1), . . . , X

T
n−1(n−1)

)
, (3.14)

where all the elements of the (n − 1) × (n − 1) matrices XT
i(n−1), i = 1, 2, . . . , n − 1 are equal to

zero except the ith row, which equals xT(n−1), that is,

XT
i(n−1) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0

· · · · · · · · · · · ·
0 0 · · · 0

x1 x2 · · · xn−1

0 0 · · · 0

· · · · · · · · · · · ·
0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.15)

Moreover, we define 1 × (n − 1) vectors Yi, i = 1, 2, . . . , n − 1 with components equal to zero
except the ith element, which equals xn, that is,

Yi = (0, . . . , 0, xn, 0, . . . , 0), (3.16)

and (n − 1) × (n − 1) zero matrix Θ.
It is easy to see that matrices XT and B in (1.5) can be expressed as

XT =

(
XT

1(n−1) YT
1 · · · XT

n−1(n−1) YT
n−1 Θ θ

θT 0 · · · θT 0 xT(n−1) xn

)
,

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

B0
1 b1

bT1 b1
nn

· · · · · ·
B0
n bn

bTn bnnn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(3.17)
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Now we are able to rewrite the system (1.5) under the above assumption regarding the
representation of the matrix A in the form (1.10) in an equivalent form

(
ẋ(n−1)

ẋn

)
=

(
A0 θ

θT λ

)(
x(n−1)

xn

)

+

(
XT

1(n−1) YT
1 · · · XT

n−1(n−1) YT
n−1 Θ θ

θT 0 · · · θT 0 xT(n−1) xn

)

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

B0
1 b1

bT
1 b1

nn

· · · · · ·
B0
n bn

bTn bnnn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(
x(n−1)

xn

)
.

(3.18)

Finally, since the equalities

n−1∑
j=1

XT
j(n−1)B

0
j = B

T
X(n−1),

n−1∑
j=1

YT
j b

T
j = B̃xn,

n−1∑
j=1

XT
j(n−1)bj = B̃x(n−1),

n−1∑
j=1

YT
j b

j
nn = b̃xn

(3.19)

can be verified easily using (3.13), we have

(
ẋ(n−1)

ẋn

)
=

⎛
⎜⎜⎝
A0 + r11

(
xT(n−1), xn

)
r12

(
xT(n−1), xn

)

r21

(
xT(n−1), xn

)
λ + r22

(
xT(n−1), xn

)

⎞
⎟⎟⎠
(
x(n−1)

xn

)
, (3.20)
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where

r11

(
xT(n−1), xn

)
=

n−1∑
j=1

[
XT
j(n−1)B

0
j + Y

T
j b

T
j

]
= B

T
X(n−1) + B̃xn,

r12

(
xT(n−1), xn

)
=

n−1∑
j=1

[
XT
j(n−1)bj + Y

T
j b

j
nn

]
= B̃x(n−1) + b̃xn,

r21

(
xT(n−1), xn

)
= xT(n−1)B

0
n + xnb

T
n ,

r22

(
xT(n−1), xn

)
= xT(n−1)bn + xnb

n
nn.

(3.21)

The remaining part of the proof is based on Theorem 2.6 with a Chetaev-type function V =
S · Z and with suitable functions S and Z. Such functions we define as

V
(
xT(n−1), xn

)
=
(
xT(n−1) xn

)(−H θ

θT h

)(
x(n−1)

xn

)
, (3.22)

that is,

V
(
xT(n−1), xn

)
= −xT(n−1)Hx(n−1) + hx2

n,

S
(
xT(n−1), xn

)
=
√
xT(n−1)Hx(n−1) +

√
hxn,

Z
(
xT(n−1), xn

)
= −
√
xT(n−1)Hx(n−1) +

√
hxn.

(3.23)

We will verify the necessary properties. Obviously, V = S · Z, the set

K1 : =
{(
xT(n−1), xn

)
∈ R

n : Z
(
x(n−1), xn

)
> 0
}

=
{(
xT(n−1), xn

)
∈ R

n :
√
hxn >

√
xT(n−1)Hx(n−1)

} (3.24)

is a cone and S(xT(n−1), xn) > 0 for every (xT(n−1), xn) ∈ K1.
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The full derivative of V (in the form (3.22)) along the trajectories of the system (1.5)
(we use its transformed form (3.20)) equals

V̇
(
xT(n−1), xn

)
=
(
ẋT(n−1) ẋn

)(−H θ

θT h

)(
x(n−1)

xn

)
+
(
xT(n−1) xn

)(−H θ

θT h

)(
ẋ(n−1)

ẋn

)

=
(
xT(n−1) xn

)⎛⎝AT
0 + rT11

(
xT(n−1), xn

)
rT21

(
xT(n−1), xn

)

rT12

(
xT(n−1), xn

)
λ + r22

(
xT(n−1), xn

)
⎞
⎠
(−H θ

θT h

)(
x(n−1)

xn

)

+
(
xT(n−1) xn

)(−H θ

θT h

)⎛
⎝A0 + r11

(
xT(n−1), xn

)
r12

(
xT(n−1), xn

)

r21

(
xT(n−1), xn

)
λ + r22

(
xT(n−1), xn

)
⎞
⎠

×
(
x(n−1)

xn

)
.

(3.25)

Using formula (3.13), we get

V̇
(
xT(n−1), xn

)
=
(
xT(n−1) xn

)
⎛
⎜⎝
c11

(
xT(n−1), xn

)
c12

(
xT(n−1), xn

)

c21

(
xT(n−1), xn

)
c22

(
xT(n−1), xn

)
⎞
⎟⎠
⎛
⎝x(n−1)

xn

⎞
⎠, (3.26)

where

c11

(
xT(n−1), xn

)
= −
[
A0 + r11(xT(n−1), xn)

]T
H −H

[
A0 + r11

(
xT(n−1), xn

)]
,

c12

(
xT(n−1), xn

)
= hrT21

(
xT(n−1), xn

)
−Hr12

(
xT(n−1), xn

)
,

c21

(
xT(n−1), xn

)
= hr21

(
xT(n−1), xn

)
− rT12

(
xT(n−1), xn

)
H = cT12

(
xT(n−1), xn

)
,

c22

(
xT(n−1), xn

)
= 2h
[
λ + r22

(
xT(n−1), xn

)]
.

(3.27)

We reduce these formulas using (3.21). Then,

c11

(
xT(n−1), xn

)
= −
(
AT

0H +HA0

)
−
(
B
T
X(n−1) + B̃xn

)T
H −H

(
B
T
X(n−1) + B̃xn

)
,

c12

(
xT(n−1), xn

)
= h
(
xT(n−1)B

0
n + xnb

T
n

)T −H(B̃x(n−1) + b̃xn
)
,

c21

(
xT(n−1), xn

)
= h
(
xT(n−1)B

0
n + xnb

T
n

)
−
(
B̃x(n−1) + b̃xn

)T
H,

c22

(
xT(n−1), xn

)
= 2h
(
λ + xT(n−1)bn + xnb

n
nn

)
.

(3.28)

IEEE eXpress Sample eBook, page 360



16 Abstract and Applied Analysis

The derivative (3.26) turns into

V̇
(
xT(n−1), xn

)
= xT(n−1)c11

(
xT(n−1), xn

)
x(n−1) + xT(n−1)c12

(
xT(n−1), xn

)
xn

+ xnc21

(
xT(n−1), xn

)
x(n−1) + xnc22

(
xT(n−1), xn

)
xn

= xT(n−1)

[
−
(
AT

0H +HA0

)
−
(
B
T
X(n−1) + B̃xn

)T
H −H

(
B
T
X(n−1) + B̃xn

)]
x(n−1)

+ xT(n−1)

[
h
(
xT(n−1)B

0
n + xnb

T
n

)T −H(B̃x(n−1) + b̃xn
)]
xn

+ xn
[
h
(
xT(n−1)B

0
n + xnb

T
n

)
−
(
B̃x(n−1) + b̃xn

)T
H

]
x(n−1)

+ xn
[
2h
(
λ + xT(n−1)bn + xnb

n
nn

)]
xn

= −xT(n−1)

(
AT

0H +HA0

)
x(n−1) + 2hλx2

n

− xT(n−1)

((
B
T
X(n−1)

)T
H +HB

T
X(n−1)

)
x(n−1)

− xT(n−1)

((
B̃xn
)T
H +HB̃xn

)
x(n−1)

+ xT(n−1)

(
2h
(
B0
n

)T −HB̃ − B̃H
)
x(n−1)xn

+ 2xT(n−1)

(
hbn −Hb̃

)
x2
n

+ 2h
(
xT(n−1)bn + xnb

n
nn

)
x2
n.

(3.29)

Finally, using (3.6), we get

V̇
(
xT(n−1), xn

)
= xT(n−1)Cx(n−1) + 2hλx2

n − 2xT(n−1)HB
T
X(n−1)x(n−1)

+ 2xT(n−1)

[
−HB̃T − B̃H + h

(
B0
n

)T]
x(n−1)xn + 2xT(n−1)

(
2hbn −Hb̃

)
x2
n + 2hbnnnx

3
n.

(3.30)
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Let us find the conditions for the positivity of V̇ (xT(n−1), xn) in the cone K1. We use (3.30). If
(xT(n−1), xn) ∈ K1, then xn ≥ 0 and

V̇
(
xT(n−1), xn

)
≥ xT(n−1)Cx(n−1) + 2hλx2

n − 2
∥∥∥∥HB

T
∥∥∥∥ · ∥∥x(n−1)

∥∥3

+ 2λmin

(
−HB̃T − B̃H + h

(
B0
n

)T) · ∥∥x(n−1)
∥∥2 · xn

− 2
∥∥∥2hbn −Hb̃

∥∥∥ · ∥∥x(n−1)
∥∥ · x2

n + 2hbnnnx
3
n.

(3.31)

We set

a = −2
∥∥∥∥HB

T
∥∥∥∥,

b = 2λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)
,

c = −2
∥∥∥2hbn −Hb̃

∥∥∥,
d = 2hbnnn.

(3.32)

If

a
∥∥x(n−1)

∥∥3 + b
∥∥x(n−1)

∥∥2 · xn + c
∥∥x(n−1)

∥∥ · x2
n + dx

3
n > 0 (3.33)

in K1, then V̇ (xT(n−1), xn) > 0 since C is a positive definite matrix and

xT(n−1)Cx(n−1) + 2hλx2
n ≥ λmin(C)

∥∥x(n−1)
∥∥2 + 2hλx2

n > 0. (3.34)

If (xT(n−1), xn) ∈ K1, then

xn >

√
xT(n−1)Hx(n−1)

h
≥
√
λmin(H)

h
· ∥∥x(n−1)

∥∥, (3.35)

K1 ⊂ K∗ :=

⎧⎨
⎩
(
xT(n−1), xn

)
∈ R

n : xn >

√
λmin(H)

h
· ∥∥x(n−1)

∥∥
⎫⎬
⎭. (3.36)

Now, we use Lemma 2.8 with K = K∗, y = xn, x = ‖x(n−1)‖, with coefficients a, b, c, and d
defined by formula (3.32) and with k :=

√
λmin(H)/h.

Obviously |c| ≤ kd because, due to (3.7), inequality

∥∥∥2hbn −Hb̃
∥∥∥ ≤
√
λmin(H)h · bnnn (3.37)
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holds. Moreover, |a| ≤ kb if (3.8) holds, that is, if

∥∥∥∥HB
T
∥∥∥∥ ≤
√
λmin(H)

h
· λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)
. (3.38)

Further, |a| > kb if (3.9) holds, that is, if

∥∥∥∥HB
T
∥∥∥∥ >
√
λmin(H)

h
· λmin

(
−HB̃T − B̃H + hn

(
B0
n

)T)
, (3.39)

and (2.22) holds due to (4.10) and the condition |c|/= kd. Thus the assumptions of Lemma 2.8
are true, the inequality (3.33) holds in the coneK∗ and, due to embedding (3.36), in the cone
K1 as well.

All the assumptions of Theorem 2.6 are fulfilled with regard to system (1.5) and the
theorem is proved, because K1 = K.

Remark 3.2. We will focus our attention to Lemma 2.8 about the positivity of a third-degree
polynomial in two variables in the coneK. We used it to estimate the derivative V̇ expressed
by formula (3.30). Obviously, there are other possibilities of estimating its sign. Let us
demonstrate one of them. Let us, for example, estimate the right-hand side of (3.31) in the
cone K1 using inequality (3.35), then

V̇
(
xT(n−1), xn

)
≥ xT(n−1)Cx(n−1) + 2hλx2

n − 2
∥∥∥∥HB

T
∥∥∥∥ · ∥∥x(n−1)

∥∥3

+ 2λmin

(
−HB̃T − B̃H + h

(
B0
n

)T) · ∥∥x(n−1)
∥∥2 · xn

− 2
∥∥∥2hbn −Hb̃

∥∥∥ · ∥∥x(n−1)
∥∥ · x2

n + 2hbnnnx
3
n

≥ λmin(C)
∥∥x(n−1)

∥∥2 + 2hλx2
n − 2

∥∥∥∥HB
T
∥∥∥∥ · ∥∥x(n−1)

∥∥3

+ 2

√
λmin(H)

h
· λmin

(
−HB̃T − B̃H + h

(
B0
n

)T) · ∥∥x(n−1)
∥∥3

− 2
∥∥∥2hbn −Hb̃

∥∥∥ · ∥∥x(n−1)
∥∥ · x2

n + 2

√
λmin(H)

h
· ∥∥x(n−1)

∥∥ · hbnnn · x2
n,

(3.40)

and the positivity of V̇ (xT(n−1), xn) will be guaranteed if

∥∥∥∥HB
T
∥∥∥∥ ≤
√
λmin(H)

h
· λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)
,

∥∥∥2hbn −Hb̃
∥∥∥ ≤
√
λmin(H)h · bnnn.

(3.41)
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We see that this approach produces only one set of inequalities for the positivity of
V̇ (xT(n−1), xn), namely the case when (3.7) and (3.8) holds. Unfortunately, using such
approach, we are not able to detect the second case (3.7) and (3.9) when V̇ (xT(n−1), xn) is
positive. This demonstrates the advantage of detailed estimates using the above third-degree
polynomial in two variables.

4. Planar Case

Now we consider a particular case of the system (1.5) for n = 2. This means that, in accordance
with (1.5) and (1.10), we consider a system

ẋ1(t) = ax1(t) + b1
11x

2
1(t) + 2b1

12x1(t)x2(t) + b1
22x

2
2(t),

ẋ2(t) = λx2(t) + b2
11x

2
1(t) + 2b2

12x1(t)x2(t) + b2
22x

2
2(t),

(4.1)

where a < 0 and λ > 0. The solution of matrix equation (3.6) for A0 = (a), H = (h11), and
C = (c) with c > 0, that is,

(ah11) + (h11a) = −(c) (4.2)

gives

H = (h11) =
(
− c

2a

)
, (4.3)

with h11 = −c/2a > 0. The set K defined by (3.12) where h > 0 and x(n−1) = x1 reduces to

K =

{
(x1, x2) : x2 >

√
c

2|a|h · |x1|
}
. (4.4)

Now, from Theorem 3.1, we will deduce sufficient conditions indicating K being a global
cone of instability for system (4.1). In our particular case, we have

bi =
(
bi12

)
, i = 1, 2, b̃ =

(
b1

22

)
,

B0
i =
(
bi11

)
, i = 1, 2, B̃ =

(
b1

12

)
, B

T
=
(
b1

11

)
= B0

1 .

(4.5)

IEEE eXpress Sample eBook, page 364



20 Abstract and Applied Analysis

Now, we compute all necessary expressions used in Theorem 3.1. We have

−HB̃T − B̃H + h
(
B0
n

)T
= −
(
− c

2a

)(
b1

12

)
−
(
b1

12

)(
− c

2a

)
+ h
(
b2

11

)
=
(
hb2

11 −
c

|a|b
1
12

)
,

∥∥∥2hbn −Hb̃
∥∥∥ =
∣∣∣∣2hb2

12 −
c

2|a|b
1
22

∣∣∣∣,
√
λmin(H)h =

√
ch

2|a| ,

√
λmin(H)

h
=

√
c

2|a|h ,

∥∥∥∥HB
T
∥∥∥∥ =
∣∣∣∣ c

2|a|b
1
11

∣∣∣∣ = c

2|a|
∣∣∣b1

11

∣∣∣,

λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)
= hb2

11 −
c

|a|b
1
12,

T1 =

∥∥∥∥HB
T
∥∥∥∥ −
√
λmin(H)/h · λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)

−
∥∥∥2hbn −Hb̃

∥∥∥ +√λmin(H)h · bnnn

=
(c/2|a|)∣∣b1

11

∣∣ −√c/2|a|h · (hb2
11 − (c/|a|)b1

12

)
−∣∣2hb2

12 − (c/2|a|)b1
22

∣∣ +√ch/2|a| · b2
22

,

T2 =

∥∥∥∥HB
T
∥∥∥∥ +
√
λmin(H)/h · λmin

(
−HB̃T − B̃H + h

(
B0
n

)T)
∥∥∥2hbn −Hb̃

∥∥∥ +√λmin(H)h · bnnn

=
(c/2|a|)∣∣b1

11

∣∣ +√(c/2|a|h) · (hb2
11 − (c/|a|)b1

12

)
∣∣2hb2

12 − (c/2|a|)b1
22

∣∣ +√(ch/2|a|) · b2
22

.

(4.6)

Theorem 4.1 (Planar Case). Assume that a < 0, b2
22 > 0, h > 0, c > 0 and hb2

11|a| > cb1
12. Let

∣∣∣∣2hb2
12 −

c

2|a|b
1
22

∣∣∣∣ ≤
√

ch

2|a| · b
2
22, (4.7)

and, in addition, one of the following conditions is valid:
either

c

2|a|
∣∣∣b1

11

∣∣∣ ≤
√

c

2|a|h ·
(
hb2

11 −
c

|a|b
1
12

)
(4.8)
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or

c

2|a|
∣∣∣b1

11

∣∣∣ >
√

c

2|a|h ·
(
hb2

11 −
c

|a|b
1
12

)
, (4.9)

strong inequality holds in (4.7), and

√
c

2|a|h ≥ max
{√
T1,
√
T2

}
, (4.10)

where T1 and T1 are defined by (4.6). Then the setK defined by (4.4) is a global cone of instability for
the system (4.1).

It is easy to see that the choice h = 1, c = |a| significantly simplifies all assumptions.
Therefore we give such a particular case of Theorem 4.1.

Corollary 4.2 (Planar Case). Assume that a < 0, b2
22 > 0 and b2

11 > b
1
12. Let

∣∣∣∣2b2
12 −

1
2
b1

22

∣∣∣∣ ≤ 1√
2
· b2

22, (4.11)

and, in addition, one of the following conditions is valid:
either

1
2

∣∣∣b1
11

∣∣∣ ≤ 1√
2
·
(
b2

11 − b1
12

)
(4.12)

or

1
2

∣∣∣b1
11

∣∣∣ > 1√
2
·
(
b2

11 − b1
12

)
, (4.13)

strong inequality holds in (4.11), and

1√
2
≥ max

{√
T1,
√
T2

}
, (4.14)

where

T1 =
(1/2)

∣∣b1
11

∣∣ − (1/
√

2
)
· (b2

11 − b1
12

)

−∣∣2b2
12 − (1/2)b1

22

∣∣ + (1/
√

2
)
· b2

22

, T2 =
(1/2)

∣∣b1
11

∣∣ + (1/
√

2
)
· (b2

11 − b1
12

)
∣∣2b2

12 − (1/2)b1
22

∣∣ + (1/
√

2
)
· b2

22

, (4.15)
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Then the set

K =
{
(x1, x2) : x2 >

1√
2
· |x1|
}

(4.16)

is a global cone of instability for the system (4.1).

Example 4.3. The set K defined by (4.16) is a global cone of instability for the system

ẋ1(t) = ax1(t) + x2
1(t) + 2

√
2x1(t)x2(t) + x2

2(t),

ẋ2(t) = λx2(t) + 2
√

2x2
1(t) + 2x1(t)x2(t) + 2

√
2x2

2(t),
(4.17)

where a < 0 and λ > 0 since inequalities (4.11) and (4.12) in Corollary 4.2 hold.

Example 4.4. The set K defined by (4.16) is a global cone of instability for the system

ẋ1(t) = ax1(t) + 4x2
1(t) + 2

√
2x1(t)x2(t) + x2

2(t),

ẋ2(t) = λx2(t) + 2
√

2x2
1(t) + 2x1(t)x2(t) + 20

√
2x2

2(t),
(4.18)

where a < 0 and λ > 0 since inequalities (4.11), (4.13), (4.14) in Corollary 4.2 hold.
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Sufficient conditions for the existence and asymptotic stability of the invariant sets of an impulsive
system of differential equations defined in the direct product of a torus and an Euclidean space are
obtained.

1. Introduction

The evolution of variety of processes in physics, chemistry, biology, and so forth, frequently
undergoes short-term perturbations. It is sometimes convenient to neglect the duration of the
perturbations and to consider these perturbations to be “instantaneous.” This leads to the
necessity of studying the differential equations with discontinuous trajectories, the so-called
impulsive differential equations. The fundamentals of the mathematical theory of impulsive
differential equations are stated in [1–4]. The theory is developing intensively due to its
applied value in simulations of the real world phenomena.

At the same time, this paper is closely related to the oscillation theory. In the middle
of the 20th century, a sharp turn towards the investigations of the oscillating processes that
were characterized as “almost exact” iterations within “almost the same” periods of time took
place. Quasiperiodic oscillations were brought to the primary focus of investigations of the
oscillation theory [5].

Quasiperiodic oscillations are a sufficiently complicated and sensitive object for
investigating. The practical value of indicating such oscillations is unessential. Due to
the instability of frequency basis, quasiperiodic oscillation collapses easily and may be
transformed into periodic oscillation via small shift of the right-hand side of the system. This
fact has led to search for more rough object than the quasiperiodic solution. Thus the minimal
set that is covered by the trajectories of the quasiperiodic motions becomes the main object of
investigations. As it is known, such set is a torus. The first profound assertions regarding the
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invariant toroidal manifolds were obtained by Bogoliubov et al. [6, 7]. Further results in this
area were widely extended by many authors.

Consider the system of differential equations

dz

dt
= F(z), (1.1)

where the function F(z) is defined in some subset D of the (m + n)-dimensional Euclidean
space Em+n, continuous and satisfies a Lipschitz condition. Let M be an invariant toroidal
manifold of the system. While investigating the trajectories that begin in the neighborhood of
the manifold M, it is convenient to make the change of variables from Euclidean coordinates
(z1, . . . , zm+n) to so-called local coordinates ϕ = (ϕ1, . . . , ϕm), x = (x1, . . . , xn), where ϕ is a
point on the surface of an m-dimensional torus Tm and x is a point in an n-dimensional
Euclidean space En. The change of variables is performed in a way such that the equation,
which defines the invariant manifold M, transforms into x = 0, ϕ ∈ Tm in the new
coordinates. In essence, the manifold x = 0, ϕ ∈ Tm is the m-dimensional torus in the space
Tm×En. The character of stability of the invariant torusM is closely linked with stability of the
set x = 0, ϕ ∈ Tm: from stability, asymptotic stability, and instability of the manifold M, there
follow the stability, asymptotic stability, and instability of the torus x = 0, ϕ ∈ Tm correspond-
ingly and vice versa. This is what determines the relevance and value of the investigation
of conditions for the existence and stability of invariant sets of the systems of differential
equations defined in Tm × En. Theory of the existence and perturbation, properties of
smoothness, and stability of invariant sets of systems defined inTm×En are considered in [8].

2. Preliminaries

The main object of investigation of this paper is the system of differential equations, defined
in the direct product of anm-dimensional torusTm and an n-dimensional Euclidean space En

that undergo impulsive perturbations at the moments when the phase point ϕ meets a given
set in the phase space. Consider the system

dϕ

dt
= a

(
ϕ
)
,

dx

dt
= A

(
ϕ
)
x + f

(
ϕ
)
, ϕ /∈ Γ,

Δx|ϕ∈Γ = B
(
ϕ
)
x + g

(
ϕ
)
,

(2.1)

where ϕ = (ϕ1, . . . , ϕm)
T ∈ Tm, x = (x1, . . . , xn)

T ∈ En, a(ϕ) is a continuous 2π-periodic with
respect to each of the components ϕv, v = 1, . . . , m vector function that satisfies a Lipschitz
condition

∥∥a(ϕ′′) − a(ϕ′)∥∥ ≤ L∥∥ϕ′′ − ϕ′∥∥ (2.2)

for every ϕ′, ϕ′′ ∈ Tm. A(ϕ), B(ϕ) are continuous 2π-periodic with respect to each of
the components ϕv, v = 1, . . . , m square matrices; f(ϕ), g(ϕ) are continuous (piecewise
continuous with first kind discontinuities in the set Γ) 2π-periodic with respect to each of
the components ϕv, v = 1, . . . , m vector functions.
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Some aspects regarding existence and stability of invariant sets of systems similar to
(2.1) were considered by different authors in [9–12].

We regard the point ϕ = (ϕ1, . . . , ϕm)
T as a point of the m-dimensional torus Tm so

that the domain of the functions A(ϕ), B(ϕ), f(ϕ), g(ϕ), and a(ϕ) is the torus Tm. We assume
that the set Γ is a subset of the torus Tm, which is a manifold of dimension m − 1 defined
by the equation Φ(ϕ) = 0 for some continuous scalar 2π-periodic with respect to each of the
components ϕv, v = 1, . . . , m function.

The system of differential equations

dϕ

dt
= a

(
ϕ
)

(2.3)

defines a dynamical system on the torusTm. Denote by ϕt(ϕ) the solution of (2.3) that satisfies
the initial condition ϕ0(ϕ) = ϕ. The Lipschitz condition (2.2) guarantees the existence and
uniqueness of such solution. Moreover, the solutions ϕt(ϕ) satisfies a group property [8]

ϕt
(
ϕτ

(
ϕ
))

= ϕt+τ
(
ϕ
)

(2.4)

for all t, τ ∈ R and ϕ ∈ Tm.
Denote by ti(ϕ), i ∈ Z the solutions of the equation Φ(ϕt(ϕ)) = 0 that are the moments

of impulsive action in system (2.1). Let the function Φ(ϕ) be such that the solutions t = ti(ϕ)
exist, since otherwise, system (2.1) would not be an impulsive system. Assume that

lim
i→±∞

ti
(
ϕ
)
= ±∞,

lim
T→±∞

i(t, t + T)
T

= p <∞
(2.5)

uniformly with respect to t ∈ R, where i(a, b) is the number of the points ti(ϕ) in the interval
(a, b). Hence, the moments of impulsive perturbations ti(ϕ) satisfy the equality [10, 11]

ti
(
ϕ−t

(
ϕ
)) − ti(ϕ) = t. (2.6)

Together with system (2.1), we consider the linear system

dx

dt
= A

(
ϕt
(
ϕ
))
x + f

(
ϕt
(
ϕ
))
, t /= ti

(
ϕ
)
,

Δx|t=ti(ϕ) = B
(
ϕti(ϕ)

(
ϕ
))
x + g

(
ϕti(ϕ)

(
ϕ
)) (2.7)

that depends on ϕ ∈ Tm as a parameter. We obtain system (2.7) by substituting ϕt(ϕ) for
ϕ in the second and third equations of system (2.1). By invariant set of system (2.1), we
understand a set that is defined by a function u(ϕ), which has a period 2π with respect to
each of the components ϕv, v = 1, . . . , m, such that the function x(t, ϕ) = u(ϕt(ϕ)) is a solution
of system (2.7) for every ϕ ∈ Tm.
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We call a point ϕ∗ an ω-limit point of the trajectory ϕt(ϕ) if there exists a sequence
{tn}n∈N in R so that

lim
n→+∞

tn = +∞,

lim
n→+∞

ϕtn
(
ϕ
)
= ϕ∗.

(2.8)

The set of all ω-limit points for a given trajectory ϕt(ϕ) is called ω-limit set of the trajectory
ϕt(ϕ) and denoted by Ωϕ.

Referring to system (2.7), the matrices A(ϕt(ϕ)) and B(ϕt(ϕ)), that influence the
behavior of the solution x(t, ϕ) of the system (2.7), depend not only on the functions A(ϕ)
and B(ϕ) but also on the behavior of the trajectories ϕt(ϕ). Moreover, in [9], sufficient
conditions for the existence and stability of invariant sets of a system similar to (2.1) were
obtained in terms of a Lyapunov function V (ϕ, x) that satisfies some conditions in the domain
Z = {ϕ ∈ Ω, x ∈ Jh}, where Jh = {x ∈ En, ‖x‖ ≤ h, h > 0},

Ω =
⋃
ϕ∈Tm

Ωϕ. (2.9)

Since the Lyapunov function has to satisfy some conditions not on the whole surface of the
torus Tm but only in the ω-limit set Ω, it is interesting to consider system (2.1) with specific
properties in the domain Ω.

3. Main Result

Consider system (2.1) assuming that the matrices A(ϕ) and B(ϕ) are constant in the domain
Ω:

A
(
ϕ
)∣∣

ϕ∈Ω = Ã,

B
(
ϕ
)∣∣

ϕ∈Ω = B̃.
(3.1)

Therefore, for every ϕ ∈ Tm

lim
t→+∞

A
(
ϕt
(
ϕ
))

= Ã,

lim
t→+∞

B
(
ϕt
(
ϕ
))

= B̃.
(3.2)

We will obtain sufficient conditions for the existence and asymptotic stability of an invariant
set of the system (2.1) in terms of the eigenvalues of the matrices Ã and B̃. Denote by

γ = max
j=1,...,n

Reλj
(
Ã
)
,

α2 = max
j=1,...,n

λj

((
E + B̃

)T(
E + B̃

))
.

(3.3)

Similar systems without impulsive perturbations have been considered in [13].
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Theorem 3.1. Let the moments of impulsive perturbations {ti(ϕ)} be such that uniformly with respect
to t ∈ R there exists a finite limit

lim
T̃→∞

i
(
t, t + T̃

)

T̃
= p. (3.4)

If the following inequality holds

γ + p lnα < 0, (3.5)

then system (2.1) has an asymptotically stable invariant set.

Proof. Consider a homogeneous system of differential equations

dx

dt
= A

(
ϕt
(
ϕ
))
x, t /= ti

(
ϕ
)
,

Δx|t=ti(ϕ) = B
(
ϕti(ϕ)

(
ϕ
))
x

(3.6)

that depends on ϕ ∈ Tm as a parameter. By Ωt
τ(ϕ), we denote the fundamental matrix of

system (3.6), which turns into an identity matrix at the point t = τ , that is, Ωτ
τ(ϕ) ≡ E. It can

be readily verified [4] that Ωt
τ(ϕ) satisfies the equalities

∂

∂t
Ωt
τ

(
ϕ
)
= A

(
ϕt
(
ϕ
))
Ωt
τ

(
ϕ
)
,

Ωt
τ

(
ϕ
)
= Ωt

τ

(
ϕ + 2πek

)
,

Ωt
t+τ

(
ϕ−t

(
ϕ
))

= Ω0
τ

(
ϕ
)

(3.7)

for all t, τ ∈ R and ϕ ∈ Tm. Rewrite system (3.6) in the form

dx

dt
= Ãx +

(
A
(
ϕt
(
ϕ
)) − Ã)

x, t /= ti
(
ϕ
)
,

Δx|t=ti(ϕ) = B̃x +
(
B
(
ϕti(ϕ)

(
ϕ
)) − B̃)x.

(3.8)

The fundamental matrix Ωt
τ(ϕ) of the system (3.6) may be represented in the following way

[4]:

Ωt
τ

(
ϕ
)
= Xt

τ

(
ϕ
)
+
∫ t

τ

Xt
s

(
ϕ
)(
A
(
ϕs

(
ϕ
)) − Ã)

Ωt
s

(
ϕ
)
ds

+
∑

τ≤ti(ϕ)<t
Xt
ti(ϕ)

(
ϕ
)(
B
(
ϕti(ϕ)

(
ϕ
)) − B̃)Ωti(ϕ)

τ

(
ϕ
)
,

(3.9)
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where Xt
τ(ϕ) is the fundamental matrix of the homogeneous impulsive system with constant

coefficients

dx

dt
= Ãx, t /= ti

(
ϕ
)
,

Δx|t=ti(ϕ) = B̃x
(3.10)

that depends on ϕ ∈ Tm as a parameter. Taking into account that the matrix Xt
τ(ϕ) satisfies

the estimate [14]

∥∥Xt
τ

(
ϕ
)∥∥ ≤ Ke−μ(t−τ), t ≥ τ (3.11)

for every ϕ ∈ Tm and some K ≥ 1, where γ + p lnα < −μ < 0, we obtain

∥∥Ωt
τ

(
ϕ
)∥∥ ≤ Ke−μ(t−τ) +

∫ t

τ

Ke−μ(t−s)
∥∥∥A(

ϕs
(
ϕ
)) − Ã∥∥∥∥∥Ωs

τ

(
ϕ
)∥∥ds

+
∑

τ≤ti(ϕ)<t
Ke−μ(t−ti(ϕ))

∥∥∥B(ϕti(ϕ)(ϕ)) − B̃
∥∥∥∥∥∥Ωti(ϕ)

τ

(
ϕ
)∥∥∥.

(3.12)

It follows from (3.2) that for arbitrary small εA and εB, there exists a moment T such
that

∥∥∥A(
ϕt
(
ϕ
)) − Ã∥∥∥ ≤ εA,

∥∥∥B(ϕt(ϕ)) − B̃
∥∥∥ ≤ εB

(3.13)

for all t ≥ T . Hence, multiplying (3.12) by eμ(t−τ), utilizing (3.13), and weakening the
inequality, we obtain

eμ(t−τ)
∥∥Ωt

τ

(
ϕ
)∥∥ ≤ K +

∫T

τ

Keμ(s−τ)
∥∥∥A(

ϕs
(
ϕ
)) − Ã∥∥∥∥∥Ωs

τ

(
ϕ
)∥∥ds

+
∫ t

τ

KεAe
μ(s−τ)∥∥Ωs

τ

(
ϕ
)∥∥ds

+
∑

τ≤ti(ϕ)<T
Keμ(ti(ϕ)−τ)

∥∥∥B(ϕti(ϕ)(ϕ)) − B̃
∥∥∥∥∥∥Ωti(ϕ)

τ

(
ϕ
)∥∥∥

+
∑

τ≤ti(ϕ)<t
KεBe

μ(ti(ϕ)−τ)
∥∥∥Ωti(ϕ)

τ

(
ϕ
)∥∥∥.

(3.14)

Using the Gronwall-Bellman inequality for piecewise continuous functions [4], we obtain the
estimate for the fundamental matrix Ωt

τ(ϕ) of the system (3.6)

∥∥Ωt
τ

(
ϕ
)∥∥ ≤ K1e

−(μ−KεA−p ln(1+KεB))(t−τ), (3.15)
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where

K1 = K +
∫T

τ

Keμ(s−τ)
∥∥∥A(

ϕs
(
ϕ
)) − Ã∥∥∥∥∥Ωs

τ

(
ϕ
)∥∥ds

+
∑

τ≤ti(ϕ)<T
Keμ(ti(ϕ)−τ)

∥∥∥B(ϕti(ϕ)(ϕ)) − B̃
∥∥∥∥∥∥Ωti(ϕ)

τ

(
ϕ
)∥∥∥.

(3.16)

Choosing εA and εB so that μ > KεA + p ln(1 +KεB), the following estimate holds

∥∥Ωt
τ

(
ϕ
)∥∥ ≤ K1e

−γ1(t−τ) (3.17)

for all t ≥ τ and some K1 ≥ 1, γ1 > 0.
Estimate (3.17) is a sufficient condition for the existence and asymptotic stability of

an invariant set of system (2.1). Indeed, it is easy to verify that invariant set x = u(ϕ) of the
system (2.1) may be represented as

u
(
ϕ
)
=
∫0

−∞
Ω0
τ

(
ϕ
)
f
(
ϕτ

(
ϕ
))
dτ +

∑
ti(ϕ)<0

Ω0
ti(ϕ)

(
ϕ
)
g
(
ϕti(ϕ)

(
ϕ
))
. (3.18)

The integral and the sum from (3.18) converge since inequality (3.17) holds and limit (3.4)
exists. Utilizing the properties (3.7) of the matrix Ωt

τ(ϕ) (2.4), and (2.6), one can show that
the function u(ϕt(ϕ)) satisfies the equation

dx

dt
= A

(
ϕt
(
ϕ
))
x + f

(
ϕt
(
ϕ
))

(3.19)

for t /= ti(ϕ) and has discontinuities B(ϕti(ϕ)(ϕ))u(ϕti(ϕ)(ϕ))+g(ϕti(ϕ)(ϕ)) at the points t = ti(ϕ).
It means that the function x(t, ϕ) = u(ϕt(ϕ)) is a solution of the system (2.7). Hence, u(ϕ)
defines the invariant set of system (2.1).

Let us prove the asymptotic stability of the invariant set. Let x = x(t, ϕ) be an arbitrary
solutions of the system (2.7), and x∗ = u(ϕt(ϕ)) is the solution that belongs to the invariant
set. The difference of these solutions admits the representation

x
(
t, ϕ

) − u(ϕt(ϕ)) = Ωt
0

(
ϕ
)(
x
(
0, ϕ

) − u(ϕ)). (3.20)

Taking into account estimate (3.17), the following limit exists

lim
t→∞

∥∥x(t, ϕ) − u(ϕt(ϕ))∥∥ = 0. (3.21)

It proves the asymptotic stability of the invariant set x = u(ϕ).
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4. Perturbation Theory

Let us show that small perturbations of the right-hand side of the system (2.1) do not ruin
the invariant set. Let A1(ϕ) and B1(ϕ) be continuous 2π-periodic with respect to each of the
components ϕv, v = 1, . . . , m square matrices. Consider the perturbed system

dϕ

dt
= a

(
ϕ
)
,

dx

dt
=
(
A
(
ϕ
)
+A1

(
ϕ
))
x + f

(
ϕ
)
, ϕ /∈ Γ,

Δx|ϕ∈Γ =
(
B
(
ϕ
)
+ B1

(
ϕ
))
x + g

(
ϕ
)
.

(4.1)

Theorem 4.1. Let the moments of impulsive perturbations {ti(ϕ)} be such that uniformly with respect
to t ∈ R, there exists a finite limit

lim
T̃→∞

i
(
t, t + T̃

)

T̃
= p (4.2)

and the following inequality holds

γ + p lnα < 0. (4.3)

Then there exist sufficiently small constants a1 > 0 and b1 > 0 such that for any continuous 2π-
periodic with respect to each of the components ϕv, v = 1, . . . , m functions A1(ϕ) and B1(ϕ) such
that

max
ϕ∈Tm

∥∥A1
(
ϕ
)∥∥ ≤ a1,

max
ϕ∈Tm

∥∥B1
(
ϕ
)∥∥ ≤ b1,

(4.4)

system (4.1) has an asymptotically stable invariant set.

Proof. The constants a1 and b1 exist since the matrices A1(ϕ) and B1(ϕ) are continuous
functions defined in the torus Tm, which is a compact manifold.

Consider the impulsive system that corresponds to system(4.1)

dx

dt
= A

(
ϕt
(
ϕ
))
x +A1

(
ϕt
(
ϕ
))
x, t /= ti

(
ϕ
)
,

Δx|t=ti(ϕ) = B
(
ϕti(ϕ)

(
ϕ
))
x + B1

(
ϕti(ϕ)

(
ϕ
))
x

(4.5)
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that depends on ϕ ∈ Tm as a parameter. The fundamental matrix Ψt
τ(ϕ) of the system (4.5)

may be represented in the following way

Ψt
τ

(
ϕ
)
= Ωt

τ

(
ϕ
)
+
∫ t

τ

Ωt
s

(
ϕ
)
A1

(
ϕs

(
ϕ
))
Ψt
s

(
ϕ
)
ds

+
∑

τ≤ti(ϕ)<t
Ωt
ti(ϕ)

(
ϕ
)
B1

(
ϕti(ϕ)

(
ϕ
))
Ψti(ϕ)
τ

(
ϕ
)
,

(4.6)

where Ωt
τ(ϕ) is the fundamental matrix of the system (3.6). Then taking estimate (3.17) into

account,

eγ1(t−τ)∥∥Ψt
τ

(
ϕ
)∥∥ ≤ K1 +

∫ t

τ

K1a1e
γ1(s−τ)∥∥Ψs

τ

(
ϕ
)∥∥ds

+
∑

τ≤ti(ϕ)<t
K1b1e

γ1(ti(ϕ)−τ)
∥∥∥Ψti(ϕ)

τ

(
ϕ
)∥∥∥.

(4.7)

Using the Gronwall-Bellman inequality for piecewise continuous functions, we obtain the
estimate for the fundamental matrix Ψt

τ(ϕ) of the system (4.5)

∥∥Ψt
τ

(
ϕ
)∥∥ ≤ K1e

−(γ1−K1a1−p ln(1+K1b1))(t−τ). (4.8)

Let the constants a1 and b1 be such that γ1 > K1a1 + p ln(1 +K1b1). Hence, the matrix Ψt
τ(ϕ)

satisfies the estimate

∥∥Ψt
τ

(
ϕ
)∥∥ ≤ K2e

−γ2(t−τ) (4.9)

for all t ≥ τ and some K2 ≥ 1, γ2 > 0. As in Theorem 3.1, from estimate (4.9), we conclude
that the system (4.1) has an asymptotically stable invariant set x = u(ϕ), which admits the
representation

u
(
ϕ
)
=
∫0

−∞
Ψ0
τ

(
ϕ
)
f
(
ϕτ

(
ϕ
))
dτ +

∑
ti(ϕ)<0

Ψ0
ti(ϕ)

(
ϕ
)
g
(
ϕti(ϕ)

(
ϕ
))
. (4.10)

Consider the nonlinear system of differential equations with impulsive perturbations
of the form

dϕ

dt
= a

(
ϕ
)
,

dx

dt
= F

(
ϕ, x

)
, ϕ /∈ Γ,

Δx|ϕ∈Γ = I
(
ϕ, x

)
,

(4.11)
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where ϕ ∈ Tm, x ∈ Jh, a(ϕ) is a continuous 2π-periodic with respect to each of the
components ϕv, v = 1, . . . , m vector function and satisfies Lipschitz conditions (2.2); F(ϕ, x)
and I(ϕ, x) are continuous 2π-periodic with respect to each of the components ϕv, v =
1, . . . , m functions that have continuous partial derivatives with respect to x up to the second
order inclusively. Taking these assumptions into account, system (4.11) may be rewritten in
the following form:

dϕ

dt
= a

(
ϕ
)
,

dx

dt
= A0

(
ϕ
)
x +A1

(
ϕ, x

)
x + f

(
ϕ
)
, ϕ /∈ Γ,

Δx|ϕ∈Γ = B0
(
ϕ
)
x + B1

(
ϕ, x

)
x + g

(
ϕ
)
,

(4.12)

where

A
(
ϕ, x

)
=
∫1

0

∂F
(
ϕ, τx

)
∂(τx)

dτ, B
(
ϕ, x

)
=
∫1

0

∂I
(
ϕ, τx

)
∂(τx)

dτ, (4.13)

A0(ϕ) = A(ϕ, 0), A1(ϕ, x) = A(ϕ, x) − A(ϕ, 0), B0(ϕ) = B(ϕ, 0), B1(ϕ, x) = B(ϕ, x) − B(ϕ, 0),
f(ϕ) = F(ϕ, 0), and g(ϕ) = I(ϕ, 0). We assume that the matrices A0(ϕ) and B0(ϕ) are constant
in the domain Ω:

A0(ϕ)
∣∣
ϕ∈Ω = Ã,

B0(ϕ)
∣∣
ϕ∈Ω = B̃

(4.14)

and the inequality γ + p lnα < 0 holds.
We will construct the invariant set of system (4.12) using an iteration method proposed

in [8]. As initial invariant set M0, we consider the set x = 0, as Mk—the invariant set of the
system

dϕ

dt
= a

(
ϕ
)
,

dx

dt
= A0

(
ϕ
)
x +A1

(
ϕ, uk−1

(
ϕ
))
x + f

(
ϕ
)
, ϕ /∈ Γ,

Δx|ϕ∈Γ = B0
(
ϕ
)
x + B1

(
ϕ, uk−1

(
ϕ
))
x + g

(
ϕ
)
,

(4.15)

where x = uk−1(ϕ) is the invariant set on (k − 1)-step.
Using Theorem 4.1, the invariant set x = uk(ϕ), k = 1, 2, . . . may be represented as

uk
(
ϕ
)
=
∫0

−∞
Ψ0
τ

(
ϕ, k

)
f
(
ϕτ

(
ϕ
))
dτ +

∑
ti(ϕ)<0

Ψ0
ti(ϕ)+0

(
ϕ, k

)
g
(
ϕti(ϕ)

(
ϕ
))
, (4.16)
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where Ψt
τ(ϕ, k) is the fundamental matrix of the homogeneous system

dx

dt
=
(
A0

(
ϕt
(
ϕ
))

+A1
(
ϕt
(
ϕ
)
, uk−1

(
ϕt
(
ϕ
))))

x, t /= ti
(
ϕ
)
,

Δx|t=ti(ϕ) =
(
B0

(
ϕt
(
ϕ
))

+ B1
(
ϕt
(
ϕ
)
, uk−1

(
ϕt
(
ϕ
))))

x

(4.17)

that depends on ϕ ∈ Tm as a parameter and satisfies the estimate

∥∥Ψt
τ

(
ϕ, k

)∥∥ ≤ K2e
−γ2(t−τ) (4.18)

for all t ≥ τ and some K2 ≥ 1, γ2 > 0 only if

max
ϕ∈Tm

∥∥A1
(
ϕ, uk−1

(
ϕ
))∥∥ ≤ a1,

max
ϕ∈Tm

∥∥B1
(
ϕ, uk−1

(
ϕ
))∥∥ ≤ b1.

(4.19)

Let us prove that the invariant sets x = uk(ϕ) belong to the domain Jh. Denote by

max
ϕ∈Tm

∥∥f(ϕ)∥∥ ≤Mf,

max
ϕ∈Tm

∥∥g(ϕ)∥∥ ≤Mg.
(4.20)

Since the torus Tm is a compact manifold, such constants Mf and Mg exist. Analogously to
[4], using the representation (4.16) and estimate (4.18), we obtain that

∥∥uk(ϕ)∥∥ ≤ K2

γ2
Mf +

K2

1 − e−γ2θ1
Mg, (4.21)

where θ1 is a minimum gap between moments of impulsive actions. Condition (3.4)
guarantees that such constant θ1 exists. Assume that the constants K2 and γ2 are such that
‖u(ϕ)‖ ≤ h.

Let us obtain the conditions for the convergence of the sequence {uk(ϕ)}. For this
purpose, we estimate the difference wk+1(ϕ) = uk+1(ϕ) − uk(ϕ) and take into account that
the functions uk(ϕt(ϕ)) satisfy the relations

d

dt
uk

(
ϕt
(
ϕ
))

=
(
A0

(
ϕt
(
ϕ
))

+A1
(
ϕt
(
ϕ
)
, uk−1

(
ϕt
(
ϕ
))))

× uk
(
ϕt
(
ϕ
))

+ f
(
ϕt
(
ϕ
))
, t /= ti

(
ϕ
)
,

Δuk
(
ϕt
(
ϕ
))∣∣

t=ti(ϕ)
=
(
B0

(
ϕt
(
ϕ
))

+ B1
(
ϕt
(
ϕ
)
, uk−1

(
ϕt
(
ϕ
))))

× uk
(
ϕt
(
ϕ
))

+ g
(
ϕt
(
ϕ
))

(4.22)
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for all ϕ ∈ Tm, k = 1, 2, . . .. Hence, the difference wk+1(ϕ) = uk+1(ϕ)−uk(ϕ) is the invariant set
of the linear impulsive system

dϕ

dt
= a

(
ϕ
)
,

dx

dt
=
(
A0

(
ϕ
)
+A1

(
ϕ, uk

(
ϕ
)))

x +
(
A1

(
ϕ, uk

(
ϕ
)) −A1

(
ϕ, uk−1

(
ϕ
)))

uk
(
ϕ
)
, ϕ /∈ Γ,

Δx|ϕ∈Γ =
(
B0

(
ϕ
)
+ B1

(
ϕ, uk

(
ϕ
)))

x +
(
B1

(
ϕ, uk

(
ϕ
)) − B1

(
ϕ, uk−1

(
ϕ
)))

uk
(
ϕ
)
.

(4.23)

Then, taking (4.21) into account,

max
ϕ∈Tm

∥∥uk+1
(
ϕ
) − uk(ϕ)∥∥ ≤ K2

γ2

∥∥A1
(
ϕ, uk

(
ϕ
)) −A1

(
ϕ, uk−1

(
ϕ
))∥∥∥∥uk(ϕ)∥∥

+
K2

1 − e−γ2θ

∥∥B1
(
ϕ, uk

(
ϕ
)) − B1

(
ϕ, uk−1

(
ϕ
))∥∥∥∥uk(ϕ)∥∥.

(4.24)

Let the functions A1(ϕ, x) and B1(ϕ, x) satisfy the Lipschitz condition with constants LA and
LB correspondingly. Then

max
ϕ∈Tm

∥∥uk+1
(
ϕ
) − uk(ϕ)∥∥ ≤ K2

γ2
LAh

∥∥uk(ϕ) − uk−1
(
ϕ
)∥∥ +

K2

1 − e−γ2θ
LBh

∥∥uk(ϕ) − uk−1
(
ϕ
)∥∥

=
(
K2h

γ2
LA +

K2h

1 − e−γ2θ
LB

)∥∥uk(ϕ) − uk−1
(
ϕ
)∥∥.

(4.25)

Assuming that the constants LA and LB are so small that

K2h

γ2
LA +

K2h

1 − e−γ2θ
LB < 1, (4.26)

we conclude that the sequence {uk(ϕ)} converges uniformly with respect to ϕ ∈ Tm and

lim
k→∞

uk
(
ϕ
)
= u

(
ϕ
)
. (4.27)

Thus, the invariant set x = u(ϕ) admits the representation

u
(
ϕ
)
=
∫0

−∞
Ψ0
τ

(
ϕ
)
f
(
ϕτ

(
ϕ
))
dτ +

∑
ti(ϕ)<0

Ψ0
ti(ϕ)

(
ϕ
)
g
(
ϕti(ϕ)

(
ϕ
))
, (4.28)
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where Ψt
τ(ϕ) is the fundamental matrix of the homogeneous system

dx

dt
=
(
A
(
ϕt
(
ϕ
))

+A1
(
ϕt
(
ϕ
)
, u

(
ϕt
(
ϕ
))))

x, t /= ti
(
ϕ
)
,

Δx|t=ti(ϕ) =
(
B
(
ϕt
(
ϕ
))

+ B
(
ϕt
(
ϕ
)
, u

(
ϕt
(
ϕ
))))

x

(4.29)

that depends on ϕ ∈ Tm as a parameter and satisfies the estimation

∥∥Ψt
τ

(
ϕ
)∥∥ ≤ K2e

−γ2(t−τ) (4.30)

for all t ≥ τ and some K2 ≥ 1, γ2 > 0. The following assertion has been proved.

Theorem 4.2. Let the matrices A0(ϕ) and B0(ϕ) be constant in the domain Ω:

A0(ϕ)
∣∣
ϕ∈Ω = Ã,

B0(ϕ)
∣∣
ϕ∈Ω = B̃,

(4.31)

uniformly with respect to t ∈ R, there exists a finite limit

lim
T̃→∞

i
(
t, t + T̃

)

T̃
= p (4.32)

and the following inequality holds

γ + p lnα < 0, (4.33)

where

γ = max
j=1,...,n

Reλj
(
Ã
)
,

α2 = max
j=1,...,n

λj

((
E + B̃

)T(
E + B̃

))
.

(4.34)

Then there exist sufficiently small constants a1 and b1 and sufficiently small Lipschitz constants LA
and LB such that for any continuous 2π-periodic with respect to each of the components ϕv, v =
1, . . . , m matrices F(ϕ, x) and I(ϕ, x), which have continuous partial derivatives with respect to x up
to the second order inclusively, such that

max
ϕ∈Tm,x∈Jh

∥∥A1
(
ϕ, x

)∥∥ ≤ a1,

max
ϕ∈Tm,x∈Jh

∥∥B1
(
ϕ, x

)∥∥ ≤ b1

(4.35)
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and for any x′, x′′ ∈ Jh
∥∥A1

(
ϕ, x′

) −A1
(
ϕ, x′′

)∥∥ ≤ LA∥∥x′ − x′′∥∥,∥∥B1
(
ϕ, x′

) − B1
(
ϕ, x′′

)∥∥ ≤ LB∥∥x′ − x′′∥∥,
(4.36)

system (4.11) has an asymptotically stable invariant set.

5. Conclusion

In summary, we have obtained sufficient conditions for the existence and asymptotic stability
of invariant sets of a linear impulsive system of differential equations defined in Tm ×En that
has specific properties in the ω-limit set Ω of the trajectories ϕt(ϕ). We have proved that it is
sufficient to impose some restrictions on system (2.1) only in the domain Ω to guarantee the
existence and asymptotic stability of the invariant set.
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New explicit conditions of asymptotic and exponential stability are obtained for the scalar
nonautonomous linear delay differential equation ẋ(t) +

∑m
k=1 ak(t)x(hk(t)) = 0 with measurable

delays and coefficients. These results are compared to known stability tests.

1. Introduction

In this paper we continue the study of stability properties for the scalar linear differential
equation with several delays and an arbitrary number of positive and negative coefficients

ẋ(t) +
m∑
k=1

ak(t)x(hk(t)) = 0, t ≥ t0, (1.1)

which was begun in [1–3]. Equation (1.1) and its special cases were intensively studied, for
example, in [4–21]. In [2] we gave a review of stability tests obtained in these papers.

In almost all papers on stability of delay-differential equations coefficients and delays
are assumed to be continuous, which is essentially used in the proofs of main results. In real-
world problems, for example, in biological and ecological models with seasonal fluctuations
of parameters and in economical models with investments, parameters of differential equa-
tions are not necessarily continuous.

There are also some mathematical reasons to consider differential equations without
the assumption that parameters are continuous functions. One of the main methods to
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2 Abstract and Applied Analysis

investigate impulsive differential equations is their reduction to a nonimpulsive differential
equation with discontinuous coefficients. Similarly, difference equations can sometimes be
reduced to the similar problems for delay-differential equations with discontinuous piece-
wise constant delays.

In paper [1] some problems for differential equations with several delays were re-
duced to similar problems for equations with one delay which generally is not continuous.

One of the purposes of this paper is to extend and partially improve most popular
stability results for linear delay equations with continuous coefficients and delays to equa-
tions with measurable parameters.

Another purpose is to generalize some results of [1–3]. In these papers, the sum of
coefficients was supposed to be separated from zero and delays were assumed to be bounded.
So the results of these papers are not applicable, for example, to the following equations:

ẋ(t) + |sin t|x(t − τ) = 0,

ẋ(t) + α(|sin t| − sin t)x(t − τ) = 0,

ẋ(t) +
1
t
x(t) +

α

t
x

(
t

2

)
= 0.

(1.2)

In most results of the present paper these restrictions are omitted, so we can consider all
the equations mentioned above. Besides, necessary stability conditions (probably for the first
time) are obtained for (1.1) with nonnegative coefficients and bounded delays. In particular,
if this equation is exponentially stable then the ordinary differential equation

ẋ(t) +
m∑
k=1

ak(t)x(t) = 0 (1.3)

is also exponentially stable.

2. Preliminaries

We consider the scalar linear equation with several delays (1.1) for t ≥ t0 with the initial
conditions (for any t0 ≥ 0)

x(t) = ϕ(t), t < t0, x(t0) = x0, (2.1)

and under the following assumptions:

(a1) ak(t) are Lebesgue measurable essentially bounded on [0,∞) functions;

(a2) hk(t) are Lebesgue measurable functions,

hk(t) ≤ t, lim sup
t→∞

hk(t) =∞; (2.2)

(a3) ϕ : (−∞, t0) → R is a Borel measurable bounded function.

We assume conditions (a1)–(a3) hold for all equations throughout the paper.
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Definition 2.1. A locally absolutely continuous for t ≥ t0 function x : R → R is called a solution
of problem (1.1), (2.1) if it satisfies (1.1) for almost all t ∈ [t0,∞) and the equalities (2.1) for
t ≤ t0.

Below we present a solution representation formula for the nonhomogeneous equation
with locally Lebesgue integrable right-hand side f(t):

ẋ(t) +
m∑
k=1

ak(t)x(hk(t)) = f(t), t ≥ t0. (2.3)

Definition 2.2. A solution X(t, s) of the problem

ẋ(t) +
m∑
k=1

ak(t)x(hk(t)) = 0, t ≥ s ≥ 0,

x(t) = 0, t < s, x(s) = 1,

(2.4)

is called the fundamental function of (1.1).

Lemma 2.3 (see [22, 23]). Suppose conditions (a1)–(a3) hold. Then the solution of (2.3), (2.1) has
the following form

x(t) = X(t, t0)x0 −
∫ t
t0

X(t, s)
m∑
k=1

ak(s)ϕ(hk(s))ds +
∫ t
t0

X(t, s)f(s)ds, (2.5)

where ϕ(t) = 0, t ≥ t0.

Definition 2.4 (see [22]). Equation (1.1) is stable if for any initial point t0 and number ε > 0
there exists δ > 0 such that the inequality supt<t0 |ϕ(t)|+ |x(t0)| < δ implies |x(t)| < ε, t ≥ t0, for
the solution of problem (1.1), (2.1).

Equation (1.1) is asymptotically stable if it is stable and all solutions of (1.1)-(2.1) for any
initial point t0 tend to zero as t → ∞.

In particular, (1.1) is asymptotically stable if the fundamental function is uniformly
bounded: |X(t, s)| ≤ K, t ≥ s ≥ 0 and all solutions tend to zero as t → ∞.

We apply in this paper only these two conditions of asymptotic stability.

Definition 2.5. Equation (1.1) is (uniformly) exponentially stable, if there exist M > 0, μ > 0 such
that the solution of problem (1.1), (2.1) has the estimate

|x(t)| ≤Me−μ(t−t0)
(
|x(t0)| + sup

t<t0

∣∣ϕ(t)∣∣
)
, t ≥ t0, (2.6)

where M and μ do not depend on t0.
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4 Abstract and Applied Analysis

Definition 2.6. The fundamental function X(t, s) of (1.1) has an exponential estimation if there
exist K > 0, λ > 0 such that

|X(t, s)| ≤ Ke−λ(t−s), t ≥ s ≥ 0. (2.7)

For the linear (1.1) with bounded delays the last two definitions are equivalent. For
unbounded delays estimation (2.7) implies asymptotic stability of (1.1).

Under our assumptions the exponential stability does not depend on values of equa-
tion parameters on any finite interval.

Lemma 2.7 (see [24, 25]). Suppose ak(t) ≥ 0. If

∫ t
max{h(t),t0}

m∑
i=1

ai(s)ds ≤ 1
e
, h(t) = min

k
{hk(t)}, t ≥ t0, (2.8)

or there exists λ > 0, such that

λ ≥
m∑
k=1

Ake
λσk , (2.9)

where

0 ≤ ak(t) ≤ Ak, t − hk(t) ≤ σk, t ≥ t0, (2.10)

then X(t, s) > 0, t ≥ s ≥ t0, where X(t, s) is the fundamental function of (1.1).

Lemma 2.8 (see [3]). Suppose ak(t) ≥ 0,

lim inf
t→∞

m∑
k=1

ak(t) > 0, (2.11)

lim sup
t→∞

(t − hk(t)) <∞, k = 1, . . . , m, (2.12)

and there exists r(t) ≤ t such that for sufficiently large t

∫ t
r(t)

m∑
k=1

ak(s)ds ≤ 1
e
. (2.13)

If

lim sup
t→∞

m∑
k=1

ak(t)∑m
i=1 ai(t)

∣∣∣∣∣
∫ r(t)
hk(t)

m∑
i=1

ai(s)ds

∣∣∣∣∣ < 1, (2.14)

then (1.1) is exponentially stable.
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Lemma 2.9 (see [3]). Suppose (2.12) holds and there exists a set of indices I ⊂ {1, . . . , m}, such that
ak(t) ≥ 0, k ∈ I,

lim inf
t→∞

∑
k∈I
ak(t) > 0, (2.15)

and the fundamental function of the equation

ẋ(t) +
∑
k∈I
ak(t)x(hk(t)) = 0 (2.16)

is eventually positive. If

lim sup
t→∞

∑
k/∈I |ak(t)|∑
k∈I ak(t)

< 1, (2.17)

then (1.1) is exponentially stable.

The following lemma was obtained in [26, Corollary 2], see also [27].

Lemma 2.10. Suppose for (1.1) condition (2.12) holds and this equation is exponentially stable. If

∫∞
0

n∑
k=1

|bk(s)|ds <∞, lim sup
t→∞

(
t − gk(t)

)
<∞, gk(t) ≤ t, (2.18)

then the equation

ẋ(t) +
m∑
k=1

ak(t)x(hk(t)) +
n∑
k=1

bk(t)x
(
gk(t)

)
= 0 (2.19)

is exponentially stable.

The following elementary result will be used in the paper.

Lemma 2.11. The ordinary differential equation

ẋ(t) + a(t)x(t) = 0 (2.20)

is exponentially stable if and only if there exists R > 0 such that

lim inf
t→∞

∫ t+R
t

a(s)ds > 0. (2.21)
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6 Abstract and Applied Analysis

The following example illustrates that a stronger than (2.21) sufficient condition

lim inf
t,s→∞

1
t − s

∫ t
s

a(τ)dτ > 0 (2.22)

is not necessary for the exponential stability of the ordinary differential equation (2.20).

Example 2.12. Consider the equation

ẋ(t) + a(t)x(t) = 0, where a(t) =

⎧⎨
⎩

1, t ∈ [2n, 2n + 1),

0, t ∈ [2n + 1, 2n + 2),
n = 0, 1, 2, . . . (2.23)

Then lim inf in (2.22) equals zero, but |X(t, s)| < ee−0.5(t−s), so the equation is exponentially
stable. Moreover, if we consider lim inf in (2.22) under the condition t − s ≥ R, then it is still
zero for any R ≤ 1.

3. Main Results

Lemma 3.1. Suppose ak(t) ≥ 0, (2.11), (2.12) hold and

lim sup
t→∞

m∑
k=1

ak(t)∑m
i=1 ai(t)

∫ t
hk(t)

m∑
i=1

ai(s)ds < 1 +
1
e
. (3.1)

Then (1.1) is exponentially stable.

Proof. By (2.11) there exists function r(t) ≤ t such that for sufficiently large t

∫ t
r(t)

m∑
k=1

ak(s)ds =
1
e
. (3.2)

For this function condition (2.14) has the form

lim sup
t→∞

m∑
k=1

ak(t)∑m
i=1 ai(t)

∣∣∣∣∣
∫ t
hk(t)

m∑
i=1

ai(s)ds −
∫ t
r(t)

m∑
i=1

ai(s)ds

∣∣∣∣∣

= lim sup
t→∞

m∑
k=1

ak(t)∑m
i=1 ai(t)

∣∣∣∣∣
∫ t
hk(t)

m∑
i=1

ai(s)ds − 1
e

∣∣∣∣∣ < 1.

(3.3)

The latter inequality follows from (3.1). The reference to Lemma 2.8 completes the proof.
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Corollary 3.2. Suppose ak(t) ≥ 0, (2.11), (2.12) hold and

lim sup
t→∞

∫ t
mink{hk(t)}

m∑
i=1

ai(s)ds < 1 +
1
e
. (3.4)

Then (1.1) is exponentially stable.

The following theorem contains stability conditions for equations with unbounded
delays. We also omit condition (2.11) in Lemma 3.1.

We recall that b(t) > 0 in the space of Lebesgue measurable essentially bounded
functions means b(t) ≥ 0 and b(t)/= 0 almost everywhere.

Theorem 3.3. Suppose ak(t) ≥ 0, condition (3.1) holds,
∑m

k=1 ak(t) > 0 and

∫∞
0

m∑
k=1

ak(t)dt =∞, lim sup
t→∞

∫ t
hk(t)

m∑
i=1

ai(s)ds < ∞. (3.5)

Then (1.1) is asymptotically stable.
If in addition there exists R > 0 such that

lim inf
t→∞

∫ t+R
t

m∑
k=1

ak(τ)dτ > 0 (3.6)

then the fundamental function of (1.1) has an exponential estimation.
If condition (2.12) also holds then (1.1) is exponentially stable.

Proof. Let s = p(t) :=
∫ t

0

∑m
k=1 ak(τ)dτ , y(s) = x(t), where p(t) is a strictly increasing function.

Then x(hk(t)) = y(lk(s)), lk(s) ≤ s, lk(s) =
∫hk(t)

0

∑m
i=1 ai(τ)dτ and (1.1) can be rewritten in the

form

ẏ(s) +
m∑
k=1

bk(s)y(lk(s)) = 0, (3.7)

where bk(s) = ak(t)/
∑m

i=1 ai(t), s − lk(s) =
∫ t
hk(t)

∑m
i=1 ai(τ)dτ . Since

∑m
k=1 bk(s) = 1 and

lim sups→∞(s − lk(s)) < ∞, then Lemma 3.1 can be applied to (3.7). We have

lim sup
s→∞

m∑
k=1

bk(s)∑m
i=1 bi(s)

∫ s
lk(s)

m∑
i=1

bi(τ)dτ

= lim sup
s→∞

m∑
k=1

bk(s)(s − lk(s))

= lim sup
t→∞

m∑
k=1

ak(t)∑m
i=1 ai(t)

∫ t
hk(t)

m∑
i=1

ai(s)ds < 1 +
1
e
.

(3.8)
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By Lemma 3.1, (3.7) is exponentially stable. Due to the first equality in (3.5) t → ∞ implies
s → ∞. Hence limt→∞x(t) = lims→∞y(s) = 0.

Equation (3.7) is exponentially stable, thus the fundamental function Y(u, v) of (3.7)
has an exponential estimation

|Y(u, v)| ≤ Ke−λ(u−v), u ≥ v ≥ 0, (3.9)

with K > 0, λ > 0. Since X(t, s) = Y(
∫ t

0

∑m
k=1 ak(τ)dτ,

∫s
0

∑m
k=1 ak(τ)dτ), where X(t, s) is the

fundamental function of (1.1), then (3.9) yields

|X(t, s)| ≤ K exp

{
−λ
∫ t
s

m∑
k=1

ak(τ)dτ

}
. (3.10)

Hence |X(t, s)| ≤ K, t ≥ s ≥ 0, which together with limt→∞x(t) = 0 yields that (1.1) is
asymptotically stable.

Suppose now that (3.6) holds. Without loss of generality we can assume that for some
R > 0, α > 0 we have

∫ t+R
t

m∑
k=1

ak(τ)dτ ≥ α > 0, t ≥ s ≥ 0. (3.11)

Hence

exp

{
−λ
∫ t
s

m∑
k=1

ak(τ)dτ

}
≤ exp

{
λR sup

t≥0

m∑
k=1

ak(t)

}
e−λα(t−s)/R. (3.12)

Thus, condition (3.6) implies the exponential estimate for X(t, s).
The last statement of the theorem is evident.

Remark 3.4. The substitution s = p(t) :=
∫ t

0

∑m
k=1 ak(τ)dτ , y(s) = x(t) was first used in [28].

Note that in [10, Lemma 2] this idea was extended to a more general equation

ẋ(t) +
∫ t
t0

x(s)dsr(t, s) = 0. (3.13)

The ideas of [10] allow to generalize the results of the present paper to equations with a
distributed delay.

Corollary 3.5. Suppose ak(t) ≥ 0,
∑m

k=1 ak(t) ≡ α > 0, condition (2.12) holds and

lim sup
t→∞

m∑
k=1

ak(t)(t − hk(t)) < 1 +
1
e
. (3.14)

Then (1.1) is exponentially stable.
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Corollary 3.6. Suppose ak(t) = αkp(t), αk > 0, p(t) > 0,
∫∞

0 p(t)dt = ∞ and

lim sup
t→∞

m∑
k=1

αk

∫ t
hk(t)

p(s)ds < 1 +
1
e
. (3.15)

Then (1.1) is asymptotically stable.
If in addition there exists R > 0 such that

lim inf
t→∞

∫ t+R
t

p(τ)dτ > 0, (3.16)

then the fundamental function of (1.1) has an exponential estimation.
If also (2.12) holds then (1.1) is exponentially stable.

Remark 3.7. Let us note that similar results for (3.13) were obtained in [10], see Corollary
3.4 and remark after it, Theorem 4 and Corollaries 4.1 and 4.2 in [10], where an analogue
of condition (3.16) was applied. This allows to extend the results of the present paper to
equations with a distributed delay.

Corollary 3.8. Suppose a(t) ≥ 0, b(t) ≥ 0, a(t) + b(t) > 0,

∫∞
0
(a(t) + b(t))dt =∞, lim sup

t→∞

∫ t
h(t)

(a(s) + b(s))ds <∞,

lim sup
t→∞

b(t)
a(t) + b(t)

∫ t
h(t)

(a(s) + b(s))ds < 1 +
1
e
.

(3.17)

Then the following equation is asymptotically stable

ẋ(t) + a(t)x(t) + b(t)x(h(t)) = 0. (3.18)

If in addition there exists R > 0 such that lim inft→∞
∫ t+R
t

(a(τ) + b(τ))dτ > 0 then the
fundamental function of (3.18) has an exponential estimation.

If also lim supt→∞(t − h(t)) <∞ then (3.18) is exponentially stable.

In the following theorem we will omit the condition
∑m

k=1 ak(t) > 0 of Theorem 3.3.

Theorem 3.9. Suppose ak(t) ≥ 0, condition (3.4) and the first inequality in (3.5) hold. Then (1.1) is
asymptotically stable.

If in addition (3.6) holds then the fundamental function of (1.1) has an exponential estimation.
If also (2.12) holds then (1.1) is exponentially stable.

Proof. For simplicity suppose that m = 2 and consider the equation

ẋ(t) + a(t)x(h(t)) + b(t)x
(
g(t)
)
= 0, (3.19)
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where a(t) ≥ 0, b(t) ≥ 0,
∫∞

0 (a(s) + b(s))ds = ∞ and there exist t0 ≥ 0, ε > 0 such that

∫ t
min{h(t),g(t)}

(a(s) + b(s))ds < 1 +
1
e
− ε, t ≥ t0. (3.20)

Let us find t1 ≥ t0 such that e−h(t) < ε/4, e−g(t) < ε/4, t ≥ t1, such t1 exists due to (a2). Then∫ t
min{h(t),g(t)} e

−sds < ε/2, t ≥ t1. Rewrite (3.19) in the form

ẋ(t) +
(
a(t) + e−t

)
x(h(t)) + b(t)x

(
g(t)
) − e−tx(h(t)) = 0, (3.21)

where a(t)+b(t)+e−t > 0. After the substitution s =
∫ t
t1
(a(τ)+b(τ)+e−τ )dτ , y(s) = x(t), (3.21)

has the form

ẏ(s) +
a(t) + e−t

a(t) + b(t) + e−t
y(l(s)) +

b(t)
a(t) + b(t) + e−t

y
(
p(s)

) − e−t

a(t) + b(t) + e−t
y(l(s)) = 0,

(3.22)

where similar to the proof of Theorem 3.3

s − l(s) =
∫ t
h(t)

(
a(τ) + b(τ) + e−τ

)
dτ, s − p(s) =

∫ t
g(t)

(
a(τ) + b(τ) + e−τ

)
dτ. (3.23)

First we will show that by Corollary 3.2 the equation

ẏ(s) +
a(t) + e−t

a(t) + b(t) + e−t
y(l(s)) +

b(t)
a(t) + b(t) + e−t

y
(
p(s)

)
= 0 (3.24)

is exponentially stable. Since (a(t) + e−t)/(a(t) + b(t) + e−t) + b(t)/(a(t) + b(t) + e−t) = 1, then
(2.11) holds. Condition (3.20) implies (2.12). So we have to check only condition (3.4) where
the sum under the integral is equal to 1. By (3.20), (3.23) we have

∫s
min{l(s),p(s)}

1ds = s −min
{
l(s), p(s)

}
, s − l(s) =

∫ t
h(t)

(
a(τ) + b(τ) + e−τ

)
dτ

=
∫ t
h(t)

(a(τ) + b(τ))dτ +
∫ t
h(t)

e−τdτ < 1 +
1
e
− ε + ε

2
= 1 +

1
e
− ε

2
, t ≥ t1.

(3.25)

The same calculations give s − p(s) < 1 + (1/e) − ε/2, thus condition (3.4) holds.
Hence (3.24) is exponentially stable.
We return now to (3.22), t ≥ t1. We have ds = (a(t) + b(t) + e−t)dt, then

∫∞
t1

e−t

a(t) + b(t) + e−t
ds =

∫∞
t1

e−t

a(t) + b(t) + e−t
(
a(t) + b(t) + e−t

)
dt < ∞. (3.26)
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By Lemma 2.10, (3.22) is exponentially stable. Since t → ∞ implies s → ∞ then
limt→∞x(t) = lims→∞y(s) = 0, which completes the proof of the first part of the theorem.
The rest of the proof is similar to the proof of Theorem 3.3.

Corollary 3.10. Suppose a(t) ≥ 0,
∫∞

0 a(t)dt = ∞ and

lim sup
t→∞

∫ t
h(t)

a(s)ds < 1 +
1
e
. (3.27)

Then the equation

ẋ(t) + a(t)x(h(t)) = 0 (3.28)

is asymptotically stable. If in addition condition (2.21) holds then the fundamental function of (3.28)
has an exponential estimation. If also lim supt→∞(t − h(t)) < ∞ then (3.28) is exponentially stable.

Now consider (1.1), where only some of coefficients are nonnegative.

Theorem 3.11. Suppose there exists a set of indices I ⊂ {1, . . . , m} such that ak(t) ≥ 0, k ∈ I,

∫∞
0

∑
k∈I
ak(t)dt =∞, lim sup

t→∞

∫ t
hk(t)

∑
i∈I
ai(s)ds <∞, k = 1, . . . , m, (3.29)

∑
k/∈I
|ak(t)| = 0, t ∈ E, lim sup

t→∞, t/∈E

∑
k/∈I |ak(t)|∑
k∈I ak(t)

< 1, where E =

{
t ≥ 0,

∑
k∈I
ak(t) = 0

}
. (3.30)

If the fundamental function X0(t, s) of (2.16) is eventually positive then all solutions of (1.1)
tend to zero as t → ∞.

If in addition there exists R > 0 such that

lim inf
t→∞

∫ t+R
t

∑
k∈I
ak(τ)dτ > 0 (3.31)

then the fundamental function of (1.1) has an exponential estimation.
If condition (2.12) also holds then (1.1) is exponentially stable.

Proof. Without loss of generality we can assume X0(t, s) > 0, t ≥ s ≥ 0. Rewrite (1.1) in the
form

ẋ(t) +
∑
k∈I
ak(t)x(hk(t)) +

∑
k/∈I
ak(t)x(hk(t)) = 0. (3.32)
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Suppose first that
∑

k∈I ak(t)/= 0. After the substitution s = p(t) :=
∫ t

0

∑
k∈I ak(τ)dτ , y(s) = x(t)

we have x(hk(t)) = y(lk(s)), lk(s) ≤ s, lk(s) =
∫hk(t)

0

∑
i∈I ai(τ)dτ , k = 1, . . . , m, and (1.1) can be

rewritten in the form

ẏ(s) +
m∑
k=1

bk(s)y(lk(s)) = 0, (3.33)

where bk(s) = ak(t)/
∑

i∈I ai(t). Denote by Y0(u, v) the fundamental function of the equation

ẏ(s) +
∑
k∈I
bk(s)y(lk(s)) = 0. (3.34)

We have

X0(t, s) = Y0

(∫ t
0

∑
k∈I
ak(τ)dτ,

∫s
0

∑
k∈I
ak(τ)dτ

)
,

Y0(u, v) = X0

(
p−1(u), p−1(v)

)
> 0, u ≥ v ≥ 0.

(3.35)

Let us check that other conditions of Lemma 2.9 hold for (3.33). Since
∑

k∈I bk(s) = 1
then condition (2.15) is satisfied. In addition,

lim sup
s→∞, p−1(s)/∈E

∑
k/∈I |bk(s)|∑
k∈I bk(s)

= lim sup
t→∞, t/∈E

∑
k/∈I |ak(t)|∑
k∈I ak(t)

< 1. (3.36)

By Lemma 2.9, (3.33) is exponentially stable. Hence for any solution x(t) of (1.1) we have
limt→∞x(t) = lims→∞y(s) = 0. The end of the proof is similar to the proof of Theorem 3.9. In
particular, to remove the condition

∑
k∈I ak(t)/= 0 we rewrite the equation by adding the term

e−t to one of ak(t), k ∈ I.

Remark 3.12. Explicit positiveness conditions for the fundamental function were presented in
Lemma 2.7.

Corollary 3.13. Suppose

a(t) ≥ 0,
∫∞

0
a(t)dt = ∞, lim sup

t→∞

∫ t
gk(t)

a(s)ds <∞,

n∑
k=1

|bk(t)| = 0, t ∈ E, lim sup
t→∞, t/∈E

∑n
k=1|bk(t)|
a(t)

< 1,

(3.37)

where E = {t ≥ 0, a(t) = 0}. Then the equation

ẋ(t) + a(t)x(t) +
n∑
k=1

bk(t)x
(
gk(t)

)
= 0 (3.38)
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is asymptotically stable. If in addition (2.21) holds then the fundamental function of (3.38) has an
exponential estimation. If also lim supt→∞(t − gk(t)) < ∞ then (3.38) is exponentially stable.

Theorem 3.14. Suppose
∫∞

0

∑m
k=1 |ak(s)|ds < ∞. Then all solutions of (1.1) are bounded and (1.1)

is not asymptotically stable.

Proof. For the fundamental function of (1.1) we have the following estimation

|X(t, s)| ≤ exp

{∫ t
s

m∑
k=1

|ak(τ)|dτ
}
. (3.39)

Then by solution representation formula (2.5) for any solution x(t) of (1.1) we have

|x(t)| ≤ exp

{∫ t
t0

m∑
k=1

|ak(s)|ds
}
|x(t0)| +

∫ t
t0

exp

{∫ t
s

m∑
k=1

|ak(τ)|dτ
}

m∑
k=1

|ak(s)|
∣∣ϕ(hk(s))∣∣ds

≤ exp

{∫∞
t0

m∑
k=1

|ak(s)|ds
}(
|x(t0)| +

∫∞
t0

m∑
k=1

|ak(s)|ds‖ϕ‖
)
,

(3.40)

where ‖ϕ‖ = maxt<0|ϕ(t)|. Then x(t) is a bounded function.
Moreover, |X(t, s)| ≤ A := exp{∫∞0 ∑m

k=1 |ak(s)|ds}, t ≥ s ≥ 0. Let us choose t0 ≥ 0 such
that

∫∞
t0

∑m
k=1 |ak(s)|ds < 1/(2A), thenX′t(t, t0)+

∑m
k=1 ak(t)X(hk(t), t0) = 0,X(t0, t0) = 1 implies

X(t, t0) ≥ 1 − ∫∞t0
∑m

k=1 |ak(s)|Ads > 1 − A(1/(2A)) = 1/2, thus X(t, t0) does not tend to zero,
so (1.1) is not asymptotically stable.

Theorems 3.11 and 3.14 imply the following results.

Corollary 3.15. Suppose ak(t) ≥ 0, there exists a set of indices I ⊂ {1, . . . , m} such that condition
(3.30) and the second condition in (3.29) hold. Then all solutions of (1.1) are bounded.

Proof. If
∫∞

0

∑
k∈I |ak(t)|dt = ∞, then all solutions of (1.1) are bounded by Theorem 3.11. Let∫∞

0

∑
k∈I |ak(t)|dt < ∞. By (3.30) we have

∫∞
0

∑
k/∈I |ak(t)|dt ≤

∫∞
0

∑
k∈I |ak(t)|dt < ∞. Then∫∞

0

∑m
k=1 |ak(t)|dt <∞. By Theorem 3.14 all solutions of (1.1) are bounded.

Theorem 3.16. Suppose ak(t) ≥ 0. If (1.1) is asymptotically stable, then the ordinary differential
equation

ẋ(t) +

(
m∑
k=1

ak(t)

)
x(t) = 0 (3.41)

is also asymptotically stable. If in addition (2.12) holds and (1.1) is exponentially stable, then (3.41)
is also exponentially stable.
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Proof. The solution of (3.41), with the initial condition x(t0) = x0, can be presented as x(t) =
x0 exp{− ∫ t

t0

∑m
k=1 ak(s)ds}, so (3.41) is asymptotically stable, as far as

∫∞
0

m∑
k=1

ak(s)ds =∞ (3.42)

and is exponentially stable if (3.6) holds (see Lemma 2.11).
If (3.42) does not hold, then by Theorem 3.14, (1.1) is not asymptotically stable.
Further, let us demonstrate that exponential stability of (1.1) really implies (3.6).
Suppose for the fundamental function of (1.1) inequality (2.7) holds and condition

(3.6) is not satisfied. Then there exists a sequence {tn}, tn → ∞, such that

∫ tn+n
tn

m∑
k=1

ak(τ)dτ <
1
n
<

1
e
, n ≥ 3. (3.43)

By (2.12) there exists n0 > 3 such that t−hk(t) ≤ n0, k = 1, . . . , m. Lemma 2.7 impliesX(t, s) > 0,
tn ≤ s ≤ t ≤ tn + n, n ≥ n0. Similar to the proof of Theorem 3.14 and using the inequality
1 − x ≥ e−x, x > 0, we obtain

X(tn, tn + n) ≥ 1 −
∫ tn+n
tn

m∑
k=1

ak(τ)dτ ≥ exp

{
−
∫ tn+n
tn

m∑
k=1

ak(τ)dτ

}
> e−1/n. (3.44)

Inequality (2.7) implies |X(tn +n, tn)| ≤ Ke−λn. Hence Ke−λn ≥ e−1/n, n ≥ n0, or K > eλn−1/3 for
any n ≥ n0. The contradiction proves the theorem.

Theorems 3.11 and 3.16 imply the following statement.

Corollary 3.17. Suppose ak(t) ≥ 0 and the fundamental function of (1.1) is positive. Then (1.1) is
asymptotically stable if and only if the ordinary differential equation (3.41) is asymptotically stable.

If in addition (2.12) holds then (1.1) is exponentially stable if and only if (3.41) is exponen-
tially stable.

4. Discussion and Examples

In paper [2] we gave a review of known stability tests for the linear equation (1.1). In this
part we will compare the new results obtained in this paper with known stability conditions.

First let us compare the results of the present paper with our papers [1–3]. In all
these three papers we apply the same method based on Bohl-Perron-type theorems and
comparison with known exponentially stable equations.

In [1–3] we considered exponential stability only. Here we also give explicit conditions
for asymptotic stability. For this type of stability, we omit the requirement that the delays are
bounded and the sum of the coefficients is separated from zero. We also present some new
stability tests, based on the results obtained in [3].

Compare now the results of the paper with some other known results [5–7, 9, 10, 22].
First of all we replace the constant 3/2 in most of these tests by the constant 1+1/e. Evidently
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1 + 1/e = 1.3678 · · · < 3/2, so we have a worse constant, but it is an open problem to obtain
(3/2)-stability results for equations with measurable coefficients and delays.

Consider now (3.28) with a single delay. This equation is well studied beginning with
the classical stability result by Myshkis [29]. We present here several statements which cover
most of known stability tests for this equation.

Statement 1 (see [5]). Suppose a(t) ≥ 0, h(t) ≤ t are continuous functions and

lim sup
t→∞

∫ t
h(t)

a(s)ds ≤ 3
2
. (4.1)

Then all solutions of (3.28) are bounded.
If in addition

lim inf
t→∞

∫ t
h(t)

a(s)ds > 0, (4.2)

and the strict inequality in (4.1) holds then (3.28) is exponentially stable.

Statement 2 (see [7]). Suppose a(t) ≥ 0, h(t) ≤ t are continuous functions, the strict inequality
(4.1) holds and

∫∞
0 a(s)ds =∞. Then all solutions of (3.28) tend to zero as t → ∞.

Statement 3 (see [9, 10]). Suppose a(t) ≥ 0, h(t) ≤ t are measurable functions,
∫∞

0 a(s)ds = ∞,
A(t) =

∫ t
0 a(s)ds is a strictly monotone increasing function and

lim sup
t→∞

∫ t
h(t)

a(s)ds < sup
0<ω<π/2

(
ω +

1
Φ(ω)

)
≈ 1.45 . . . , (4.3)

Φ(ω) =
∫∞

0 u(t, ω)dt, where u(t, ω) is a solution of the initial value problem

ẏ(t) + y(t −ω) = 0, y(t) = 0, t < 0, y(0) = 1. (4.4)

Then (3.28) is asymptotically stable.

Note that instead of the equation ẏ(t)+y(t−ω) = 0 with a constant delay, the equation

ẏ(t) + y(t − τ(t)) = 0 (4.5)

can be used as the model equation. For example, the following results are valid.

Statement 4 (see [10]). Equation (4.5) is exponentially stable if |τ(t) − ω| ≤ k/χ(ω), where
k ∈ [0, ω), 0 ≤ ω < π/2 and χ(ω) =

∫∞
0 |u(t, ω)|dt.

Obviously in this statement the delay can exceed 2.

Statement 5 (see [10]). Let τ(t) ≤ k +ω{t/ω}, where k ∈ (0, 1), 0 < ω < 1, {q} is the fractional
part of q. Then (4.5) is exponentially stable.
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Here the delay τ(t) can be in the neighbourhood of ω which is close to 1.

Example 4.1. Consider the equation

ẋ(t) + α(|sin t| − sin t)x(h(t)) = 0, h(t) ≤ t, (4.6)

where h(t) is an arbitrary measurable function such that t − h(t) ≤ π and α > 0.

This equation has the form (3.28) where a(t) = α(| sin t| − sin t). Let us check that the
conditions of Corollary 3.10 hold. It is evident that

∫∞
0 a(s)ds =∞. We have

lim sup
t→∞

∫ t
h(t)

a(s)ds ≤ lim sup
t→∞

∫ t
t−π

a(s)ds ≤ −α
∫ 2π

π

2 sin s ds = 4α. (4.7)

If α < 0.25(1 + 1/e), then condition (3.27) holds, hence all solutions of (4.6) tend to zero as
t → ∞.

Statements 1–3 fail for this equation. In Statements 1 and 2 the delay should be
continuous. In Statement 3 function A(t) =

∫ t
0 a(s)ds should be strictly increasing.

Consider now the general equation (1.1) with several delays. The following two
statements are well known for this equation.

Statement 6 (see [6]). Suppose ak(t) ≥ 0, hk(t) ≤ t are continuous functions and

lim sup
t→∞

ak(t)lim sup
t→∞

(t − hk(t)) ≤ 1. (4.8)

Then all solutions of (1.1) are bounded and 1 in the right-hand side of (4.8) is the best possible
constant.

If
∑m

k=1 ak(t) > 0 and the strict inequality in (4.8) is valid then all solutions of (1.1) tend
to zero as t → ∞.

If ak(t) are constants then in (4.8) the number 1 can be replaced by 3/2.

Statement 7 (see [7]). Suppose ak(t) ≥ 0, hk(t) ≤ t are continuous, h1(t) ≤ h2(t) ≤ · · · ≤ hm(t)
and

lim sup
t→∞

∫ t
h1(t)

m∑
k=1

ak(s)ds ≤ 3
2
. (4.9)

Then any solution of (1.1) tends to a constant as t → ∞.
If in addition

∫∞
0

∑m
k=1 ak(s)ds = ∞, then all solutions of (1.1) tend to zero as t → ∞.

Example 4.2. Consider the equation

ẋ(t) +
α

t
x

(
t

2
− sin t

)
+
β

t
x

(
t

2

)
= 0, t ≥ t0 > 0, (4.10)

where α > 0, β > 0. Denote p(t) = 1/t, h(t) = t/2 − sin t, g(t) = t/2.
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We apply Corollary 3.6. Since limt→∞[ln(t/2) − ln(t/2 − sin t)] = 0, then

lim sup
t→∞

(
α

∫ t
h(t)

p(s)ds + β
∫ t
g(t)

p(s)ds

)
≤ (α + β

)
ln 2. (4.11)

Hence if α + β < (1/ ln 2)(1 + 1/e) then (4.10) is asymptotically stable. Statement 4 fails for
this equation since the delays are unbounded. Statement 5 fails for this equation since neither
h(t) ≤ g(t) nor g(t) ≤ h(t) holds.

Stability results where the nondelay term dominates over the delayed terms are well
known beginning with the book of Krasovskii [30]. The following result is cited from the
monograph [22].

Statement 8 (see [22]). Suppose a(t), bk(t), t − hk(t) are bounded continuous functions, there
exist δ, k, δ > 0, 0 < k < 1, such that a(t) ≥ δ and

∑m
k=1 |bk(t)| < kδ. Then the equation

ẋ(t) + a(t)x(t) +
m∑
k=1

bk(t)x(hk(t)) = 0 (4.12)

is exponentially stable.

In Corollary 3.13 we obtained a similar result without the assumption that the
parameters of the equation are continuous functions and the delays are bounded.

Example 4.3. Consider the equation

ẋ(t) +
1
t
x(t) +

α

t
x

(
t

2

)
= 0, t ≥ t0 > 0. (4.13)

If α < 1 then by Corollary 3.13 all solutions of (4.13) tend to zero. The delay is unbounded,
thus Statement 8 fails for this equation.

In [31] the authors considered a delay autonomous equation with linear and nonlinear
parts, where the differential equation with the linear part only has a positive fundamental
function and the linear part dominates over the nonlinear one. They generalized the early
result of Győri [32] and some results of [33].

In Theorem 3.11 we obtained a similar result for a linear nonautonomous equation
without the assumption that coefficients and delays are continuous.

In all the results of the paper we assumed that all or several coefficients of equations
considered here are nonnegative. Stability results for (3.28) with oscillating coefficient a(t)
were obtained in [34, 35].

We conclude this paper with some open problems.

(1) Is the constant 1 + 1/e sharp? Prove or disprove that in Corollary 3.10 the constant
1 + 1/e can be replaced by the constant 3/2.
Note that all known proofs with the constant 3/2 apply methods which are not
applicable for equations with measurable parameters.
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(2) Suppose (2.11), (2.12) hold and

lim sup
t→∞

m∑
k=1

|ak(t)|∑m
i=1 ai(t)

∫ t
hk(t)

m∑
i=1

ai(s)ds < 1 +
1
e
. (4.14)

Prove or disprove that (1.1) is exponentially stable.
The solution of this problem will improve Theorem 3.3.

(3) Suppose (1.1) is exponentially stable. Prove or disprove that the ordinary
differential equation (3.41) is also exponentially (asymptotically) stable, without
restrictions on the signs of coefficients ak(t) ≥ 0, as in Theorem 3.16. The solution of
this problem would improve Theorem 3.16.
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Existence of nonoscillatory solutions for the second-order dynamic equation (A0x
Δ)Δ(t) +∑

i∈[1,n]N Ai(t)x(αi(t)) = 0 for t ∈ [t0,∞)
T

is investigated in this paper. The results involve
nonoscillation criteria in terms of relevant dynamic and generalized characteristic inequalities,
comparison theorems, and explicit nonoscillation and oscillation conditions. This allows to obtain
most known nonoscillation results for second-order delay differential equations in the case A0(t) ≡
1 for t ∈ [t0,∞)

R
and for second-order nondelay difference equations (αi(t) = t+ 1 for t ∈ [t0,∞)

N
).

Moreover, the general results imply new nonoscillation tests for delay differential equations with
arbitrary A0 and for second-order delay difference equations. Known nonoscillation results for
quantum scales can also be deduced.

1. Introduction

This paper deals with second-order linear delay dynamic equations on time scales.
Differential equations of the second order have important applications and were extensively
studied; see, for example, the monographs of Agarwal et al. [1], Erbe et al. [2], Győri and
Ladas [3], Ladde et al. [4], Myškis [5], Norkin [6], Swanson [7], and references therein.
Difference equations of the second order describe finite difference approximations of second-
order differential equations, and they also have numerous applications.

We study nonoscillation properties of these two types of equations and some of
their generalizations. The main result of the paper is that under some natural assumptions
for a delay dynamic equation the following four assertions are equivalent: nonoscillation
of solutions of the equation on time scales and of the corresponding dynamic inequality,
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2 Abstract and Applied Analysis

positivity of the fundamental function, and the existence of a nonnegative solution for a
generalized Riccati inequality. The equivalence of oscillation properties of the differential
equation and the corresponding differential inequality can be applied to obtain new explicit
nonoscillation and oscillation conditions and also to prove some well-known results in a
different way. A generalized Riccati inequality is used to compare oscillation properties of
two equations without comparing their solutions. These results can be regarded as a natural
generalization of the well-known Sturm-Picone comparison theorem for a second-order
ordinary differential equation; see [7, Section 1.1]. Applying positivity of the fundamental
function, positive solutions of two equations can be compared. There are many results
of this kind for delay differential equations of the first-order and only a few for second-
order equations. Myškis [5] obtained one of the first comparison theorems for second-order
differential equations. The results presented here are generalizations of known nonoscillation
tests even for delay differential equations (when the time scale is the real line).

The paper also contains conditions on the initial function and initial values which
imply that the corresponding solution is positive. Such conditions are well known for first-
order delay differential equations; however, to the best of our knowledge, the only paper
concerning second-order equations is [8].

From now on, we will without furthermore mentioning suppose that the time scale T

is unbounded from above. The purpose of the present paper is to study nonoscillation of the
delay dynamic equation

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) = f(t) for t ∈ [t0,∞)
T
, (1.1)

where n ∈ N, t0 ∈ T, f ∈ Crd([t0,∞)
T
,R) is the forcing term, A0 ∈ Crd([t0,∞)

T
,R+), and for

all i ∈ [1, n]
N

, Ai ∈ Crd([t0,∞)
T
,R) is the coefficient corresponding to the function αi, where

αi ≤ σ on [t0,∞)
T

.
In this paper, we follow the method employed in [8] for second-order delay differential

equations. The method can also be regarded as an application of that used in [9] for first-order
dynamic equations.

As a special case, the results of the present paper allow to deduce nonoscillation
criteria for the delay differential equation

(
A0x

′)′(t) + ∑
i∈[1,n]

N

Ai(t)x(αi(t)) = 0 for t ∈ [t0,∞)
R
, (1.2)

in the caseA0(t) ≡ 1 for t ∈ [t0,∞)
R

, they coincide with theorems in [8]. The case of a “quickly
growing” function A0 when the integral of its reciprocal can converge is treated separately.

Let us recall some known nonoscillation and oscillation results for the ordinary
differential equations

(
A0x

′)′(t) +A1(t)x(t) = 0 for t ∈ [t0,∞)
R
, (1.3)

x′′(t) +A1(t)x(t) = 0 for t ∈ [t0,∞)
R
, (1.4)

where A1 is nonnegative, which are particular cases of (1.2) with n = 1, α1(t) = t, and A0(t) ≡
1 for all t ∈ [t0,∞)

R
.
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In [10], Leighton proved the following well-known oscillation test for (1.4); see [10,
11].

Theorem A (see [10]). Assume that

∫∞
t0

1
A0
(
η
)dη =∞,

∫∞
t0

A1
(
η
)
dη =∞, (1.5)

then (1.3) is oscillatory.

This result for (1.4) was obtained by Wintner in [12] without imposing any sign
condition on the coefficient A1.

In [13], Kneser proved the following result.

Theorem B (see [13]). Equation (1.4) is nonoscillatory if t2A1(t) ≤ 1/4 for all t ∈ [t0,∞)
R
, while

oscillatory if t2A1(t) > λ0/4 for all t ∈ [t0,∞)
R
and some λ0 ∈ (1,∞)

T
.

In [14], Hille proved the following result, which improves the one due to Kneser; see
also [14–16].

Theorem C (see [14]). Equation (1.4) is nonoscillatory if

t

∫∞
t

A1
(
η
)
dη ≤ 1

4
∀t ∈ [t0,∞)

R
, (1.6)

while it is oscillatory if

t

∫∞
t

A1
(
η
)
dη >

λ0

4
∀t ∈ [t0,∞)

R
and some λ0 ∈ (1,∞)

R
. (1.7)

Another particular case of (1.1) is the second-order delay difference equation

Δ(A0Δx)(k) +
∑

i∈[1,n]
N

Ai(k)x(αi(k)) = 0 for ∈ [k0,∞)
N
, (1.8)

to the best of our knowledge, there are very few nonoscillation results for this equation; see,
for example, [17]. However, nonoscillation properties of the nondelay equations

Δ(A0Δx)(k) +A1(k)x(k + 1) = 0 for k ∈ [k0,∞)
N
, (1.9)

Δ2x(k) +A1(k)x(k + 1) = 0 for k ∈ [k0,∞)
N

(1.10)

have been extensively studied in [1, 18–22]; see also [23]. In particular, the following result is
valid.
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4 Abstract and Applied Analysis

Theorem D. Assume that

∞∑
j=k0

A1
(
j
)
=∞, (1.11)

then (1.10) is oscillatory.

The following theorem can be regarded as the discrete analogue of the nonoscillation
result due to Kneser.

Theorem E. Assume that k(k + 1)A1(k) ≤ 1/4 for all k ∈ [k0,∞)
N
, then (1.10) is nonoscillatory.

Hille’s result in [14] also has a counterpart in the discrete case. In [22], Zhou and
Zhang proved the nonoscillation part, and in [24], Zhang and Cheng justified the oscillation
part which generalizes Theorem E.

Theorem F (see [22, 24]). Equation (1.10) is nonoscillatory if

k
∞∑
j=k

A1
(
j
) ≤ 1

4
∀k ∈ [k0,∞)

N
, (1.12)

while is oscillatory if

k
∞∑
j=k

A1
(
j
)
>
λ0

4
∀k ∈ [k0,∞)

N
and some λ0 ∈ (1,∞)

R
. (1.13)

In [23], Tang et al. studied nonoscillation and oscillation of the equation

Δ2x(k) +A1(k)x(k) = 0 for k ∈ [k0,∞)
N
, (1.14)

where {A1(k)} is a sequence of nonnegative reals and obtained the following theorem.

Theorem G (see [23]). Equation (1.14) is nonoscillatory if (1.12) holds, while is it oscillatory if
(1.13) holds.

These results together with some remarks on the q-difference equations will be
discussed in Section 7. The readers can find some nonoscillation results for second-order
nondelay dynamic equations in the papers [20, 25–29], some of which generalize some of
those mentioned above.

The paper is organized as follows. In Section 2, some auxiliary results are presented.
In Section 3, the equivalence of the four above-mentioned properties is established. Section 4
is dedicated to comparison results. Section 5 includes some explicit nonoscillation and
oscillation conditions. A sufficient condition for existence of a positive solution is given
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in Section 6. Section 7 involves some discussion and states open problems. Section 7 as an
appendix contains a short account on the fundamentals of the time scales theory.

2. Preliminary Results

Consider the following delay dynamic equation:

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) = f(t) for t ∈ [t0,∞)
T
,

x(t0) = x1, xΔ(t0) = x2, x(t) = ϕ(t) for t ∈ [t−1, t0)T
,

(2.1)

where n ∈ N, T is a time scale unbounded above, t0 ∈ T, x1, x2 ∈ R are the initial values, ϕ ∈
Crd([t−1, t0)T

,R) is the initial function, such that ϕ has a finite left-sided limit at the initial point
t0 provided that it is left dense, f ∈ Crd([t0,∞)

T
,R) is the forcing term, A0 ∈ Crd([t0,∞)

T
,R+),

and for all i ∈ [1, n]
N

, Ai ∈ Crd([t0,∞)
T
,R) is the coefficient corresponding to the function

αi ∈ Crd([t0,∞)
T
,T), which satisfies αi(t) ≤ σ(t) for all t ∈ [t0,∞)

T
and limt→∞αi(t) = ∞.

Here, we denoted

αmin(t) := min
i∈[1,n]

N

{αi(t)} for t ∈ [t0,∞)
T
, t−1 := inf

t∈[t0,∞)
T

{αmin(t)}, (2.2)

then t−1 is finite, since αmin asymptotically tends to infinity.

Definition 2.1. A function x : [t−1,∞)
T
→ R with x ∈ C1

rd([t0,∞)
T
,R) and a derivative

satisfying A0x
Δ ∈ C1

rd([t0,∞)
T
,R) is called a solution of (2.1) if it satisfies the equation in

the first line of (2.1) identically on [t0,∞)
T

and also the initial conditions in the second line of
(2.1).

For a given function ϕ ∈ Crd([t−1, t0)T
,R) with a finite left-sided limit at the initial

point t0 provided that it is left-dense and x1, x2 ∈ R, problem (2.1) admits a unique solution
satisfying x = ϕ on [t−1, t0)T

with x(t0) = x1 and xΔ(t0) = x2 (see [30] and [31, Theorem 3.1]).

Definition 2.2. A solution of (2.1) is called eventually positive if there exists s ∈ [t0,∞)
T

such
that x > 0 on [s,∞)

T
, and if (−x) is eventually positive, then x is called eventually negative.

If (2.1) has a solution which is either eventually positive or eventually negative, then it is
called nonoscillatory. A solution, which is neither eventually positive nor eventually negative,
is called oscillatory, and (2.1) is said to be oscillatory provided that every solution of (2.1) is
oscillatory.

For convenience in the notation and simplicity in the proofs, we suppose that functions
vanish out of their specified domains, that is, let f : D → R be defined for some D ⊂ R, then
it is always understood that f(t) = χD(t)f(t) for t ∈ R, where χD is the characteristic function
of the set D ⊂ R defined by χD(t) ≡ 1 for t ∈ D and χD(t) ≡ 0 for t /∈ D.
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6 Abstract and Applied Analysis

Definition 2.3. Let s ∈ T and s−1 := inft∈[s,∞)
T
{αmin(t)}. The solutions X1 = X1(·, s) and X2 =

X2(·, s) of the problems

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) = 0 for t ∈ [s,∞)
T
,

xΔ(s) =
1

A0(s)
, x(t) ≡ 0 for t ∈ [s−1, s]T

,

(2.3)

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) = 0 for t ∈ [s,∞)
T
,

xΔ(s) = 0, x(t) = χ{s}(t) for t ∈ [s−1, s]T
,

(2.4)

which satisfy X1(·, s), X2(·, s) ∈ C1
rd([s,∞)

T
,R), are called the first fundamental solution and

the second fundamental solution of (2.1), respectively.

The following lemma plays the major role in this paper; it presents a representation
formula to solutions of (2.1) by the means of the fundamental solutionsX1 andX2.

Lemma 2.4. Let x be a solution of (2.1), then x can be written in the following form:

x(t) = x2X1(t, t0) + x1X2(t, t0) +
∫ t
t0

X1
(
t, σ
(
η
))
⎡
⎣f(η) − ∑

i∈[1,n]
N

Ai

(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη (2.5)

for t ∈ [t0,∞)
T
.

Proof. For t ∈ [t−1,∞)
T

, let

y(t) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫ t
t0

X1
(
t, σ
(
η
))
⎡
⎣f(η) − ∑

i∈[1,n]
N

Ai

(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη for t ∈ [t0,∞)

T
,

ϕ(t) for t ∈ [t1, t0)T
.

(2.6)

We recall that X1(·, t0) and X2(·, t0) solve (2.3) and (2.4), respectively. To complete the proof,
let us demonstrate that y solves

(
A0y

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)y(αi(t)) = f(t) for t ∈ [t0,∞)
T
,

y(t0) = 0, yΔ(t0) = 0, y(t) = ϕ(t) for t ∈ [t−1, t0)T
.

(2.7)
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This will imply that the function z defined by z := x2X1(·, t0) + x1X2(·, t0) + y on [t0,∞)
T

is a solution of (2.1). Combining this with the uniqueness result in [31, Theorem 3.1] will
complete the proof. For all t ∈ [t0,∞)

T
, we can compute that

yΔ(t) =
∫ t
t0

XΔ
1

(
t, σ
(
η
))
⎡
⎣f(η) − ∑

i∈[1,n]
N

Ai

(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη

+X1(σ(t), σ(t))

⎡
⎣f(t) − ∑

i∈[1,n]
N

Ai(t)ϕ(αi(t))

⎤
⎦

=
∫ t
t0

XΔ
1

(
t, σ
(
η
))
⎡
⎣f(η) − ∑

i∈[1,n]
N

Ai

(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη.

(2.8)

Therefore, y(t0) = 0, yΔ(t0) = 0, and y = ϕ on [t−1, t0)T
, that is, y satisfies the initial conditions

in (2.7). Differentiating yΔ after multiplying by A0 and using the properties of the first
fundamental solutionX1, we get

(
A0y

Δ
)Δ

(t) =
∫ t
t0

(
A0XΔ

1

(·, σ(η)))Δ(t)
⎡
⎣f(η) − ∑

i∈[1,n]
N

Ai

(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη

+Aσ
0 (t)XΔ

1 (σ(t), σ(t))

⎡
⎣f(t) − ∑

i∈[1,n]
N

Ai(t)ϕ(αi(t))

⎤
⎦

= −
∑

j∈[1,n]
N

Aj(t)
∫αj (t)
t0

X1
(
αj(t), σ

(
η
))
⎡
⎣f(η) − ∑

i∈[1,n]
N

Ai

(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη

−
∑

i∈[1,n]
N

Ai(t)ϕ(αi(t)) + f(t)

(2.9)

for all t ∈ [t0,∞)
T

. For t ∈ [t0,∞)
T

, set I(t) = {i ∈ [1, n]
N

: χ[t0,∞)
T
(αi(t)) = 1} and J(t) := {i ∈

[1, n]
N

: χ[t−1,t0)T
(αi(t)) = 1}. Making some arrangements, for all t ∈ [t0,∞)

T
, we find

(
A0y

Δ
)Δ

(t) = −
∑
j∈I(t)

Aj(t)
∫αj (t)
t0

X1
(
αj(t), σ

(
η
))
⎡
⎣f(η) − ∑

i∈[1,n]
N

Ai

(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη

−
∑
j∈J(t)

Aj(t)
∫αj (t)
t0

X1
(
αj(t), σ

(
η
))
⎡
⎣f(η) − ∑

i∈[1,n]
N

Ai

(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη

−
∑

i∈[1,n]
N

Ai(t)ϕ(αi(t)) + f(t),

(2.10)
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and thus

(
A0y

Δ
)Δ

(t) = −
∑
j∈I(t)

Aj(t)
∫αj (t)
t0

X1
(
αj(t), σ

(
η
))
f
(
η
)
Δη −

∑
j∈J(t)

Ai(t)ϕ(αi(t)) + f(t)

= −
∑
j∈I(t)

Aj(t)y
(
αj(t)

) − ∑
j∈J(t)

Aj(t)y
(
αj(t)

)
+ f(t),

(2.11)

which proves that y satisfies (2.7) on [t0,∞)
T

since I(t) ∩ J(t) = ∅ and I(t) ∪ J(t) = [1, n]
N

for
each t ∈ [t0,∞)

T
. The proof is therefore completed.

Next, we present a result from [9] which will be used in the proof of the main result.

Lemma 2.5 (see [9, Lemma 2.5]). Let t0 ∈ T and assume that K is a nonnegative Δ-integrable
function defined on {(t, s) ∈ T × T : t ∈ [t0,∞)

T
, s ∈ [t0, t]T

}. If f, g ∈ Crd([t0,∞)
T
,R) satisfy

f(t) =
∫ t
t0

K
(
t, η
)
f
(
η
)
Δη + g(t) ∀t ∈ [t0,∞)

T
, (2.12)

then g(t) ≥ 0 for all t ∈ [t0,∞)
T
implies f(t) ≥ 0 for all t ∈ [t0,∞)

T
.

3. Nonoscillation Criteria

Consider the delay dynamic equation

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) = 0 for t ∈ [t0,∞)
T (3.1)

and its corresponding inequalities

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) ≤ 0 for t ∈ [t0,∞)
T
, (3.2)

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) ≥ 0 for t ∈ [t0,∞)
T
. (3.3)

We now prove the following result, which plays a major role throughout the paper.

Theorem 3.1. Suppose that the following conditions hold:

(A1) A0 ∈ Crd([t0,∞)
T
,R+),

(A2) for i ∈ [1, n]
N
, Ai ∈ Crd([t0,∞)

T
,R+

0 ),

(A3) for i ∈ [1, n]
N
, αi ∈ Crd([t0,∞)

T
,T) satisfies αi(t) ≤ σ(t) for all t ∈ [t0,∞)

T
and

limt→∞αi(t) =∞,
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then the following conditions are equivalent:

(i) the second-order dynamic equation (3.1) has a nonoscillatory solution,

(ii) the second-order dynamic inequality (3.2) has an eventually positive solution and/or (3.3)
has an eventually negative solution,

(iii) there exist a sufficiently large t1 ∈ [t0,∞)
T
and a function Λ ∈ C1

rd([t1,∞)
T
,R) with

Λ/A0 ∈ R+([t1,∞)
T
,R) satisfying the first-order dynamic Riccati inequality

ΛΔ(t) +
1

A0(t)
Λσ(t)Λ(t) +

∑
i∈[1,n]

N

Ai(t)e�(Λ/A0)(t, αi(t)) ≤ 0 ∀t ∈ [t1,∞)
T
, (3.4)

(iv) the first fundamental solution X1 of (3.1) is eventually positive, that is, there exists a
sufficiently large t1 ∈ [t0,∞)

T
such that X1(t, s) > 0 for all t ∈ (s,∞)

T
and all s ∈

[t1,∞)
T
.

Proof. The proof follows the scheme: (i)⇒(ii)⇒(iii)⇒(iv)⇒(i).
(i)⇒(ii) This part is trivial, since any eventually positive solution of (3.1) satisfies (3.2)

too, which indicates that its negative satisfies (3.3).
(ii)⇒(iii) Let x be an eventually positive solution of (3.2), then there exists t1 ∈ [t0,∞)

T

such that x(t) > 0 for all t ∈ [t1,∞)
T

. We may assume without loss of generality that x(t1) = 1
(otherwise, we may proceed with the function x/x(t1), which is also a solution since (3.2) is
linear). Let

Λ(t) := A0(t)
xΔ(t)
x(t)

for t ∈ [t1,∞)
T
, (3.5)

then evidently Λ ∈ C1
rd([t1,∞)

T
,R) and

1 + μ(t)
Λ(t)
A0(t)

= 1 + μ(t)
xΔ(t)
x(t)

=
xσ(t)
x(t)

> 0 ∀t ∈ [t1,∞)
T
, (3.6)

which proves that Λ/A0 ∈ R+([t1,∞)
T
,R). This implies that the exponential function

eΛ/A0(·, t1) is well defined and is positive on the entire time scale [t1,∞)
T

; see [32, Theorem
2.48]. From (3.5), we see that Λ satisfies the ordinary dynamic equation

xΔ(t) =
Λ(t)
A0(t)

x(t) for t ∈ [t1,∞)
T
,

x(t1) = 1,

(3.7)

whose unique solution is

x(t) = eΛ/A0(t, t1) ∀t ∈ [t1,∞)
T
, (3.8)
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10 Abstract and Applied Analysis

see [32, Theorem 2.77]. Hence, using (3.8), for all t ∈ [t1,∞)
T

, we get

xΔ(t) =
Λ(t)
A0(t)

eΛ/A0(t, t1),

(
A0x

Δ)Δ(t) = (ΛeΛ/A0(·, t1))Δ(t) = ΛΔ(t)eΛ/A0(t, t1) + Λσ(t)eΔΛ/A0
(t, t1)

= ΛΔ(t)eΛ/A0(t, t1) +
1

A0(t)
Λσ(t)Λ(t)eΛ/A0(t, t1),

(3.9)

which gives by substituting into (3.2) and using [32, Theorem 2.36] that

0 ≥ ΛΔ(t)eΛ/A0(t, t1) +
1

A0(t)
Λσ(t)Λ(t)eΛ/A0(t, t1) +

∑
i∈[1,n]

N

Ai(t)eΛ/A0(αi(t), t1)

= eΛ/A0(t, t1)

⎡
⎣ΛΔ(t) +

1
A0(t)

Λσ(t)Λ(t) +
∑

i∈[1,n]
N

Ai(t)
eΛ/A0(αi(t), t1)

eΛ/A0(t, t1)

⎤
⎦

= eΛ/A0(t, t1)

⎡
⎣ΛΔ(t) +

1
A0(t)

Λσ(t)Λ(t) +
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(t, αi(t))

⎤
⎦

(3.10)

for all t ∈ [t1,∞)
T

. Since the expression in the brackets is the same as the left-hand side of
(3.4) and eΛ/A0(·, t1) > 0 on [t1,∞)

T
, the function Λ is a solution of (3.4).

(iii)⇒(iv) Consider the initial value problem

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) = f(t) for t ∈ [t1,∞)
T
,

xΔ(t1) = 0, x(t) ≡ 0 for t ∈ [t−1, t1]T
.

(3.11)

Denote

g(t) := A0(t)xΔ(t) −Λ(t)x(t) for t ∈ [t1,∞)
T
, (3.12)

where x is any solution of (3.11) and Λ is a solution of (3.4). From (3.12), we have

xΔ(t) =
Λ(t)
A0(t)

x(t) +
g(t)
A0(t)

for t ∈ [t1,∞)
T
,

x(t1) = 0,

(3.13)

whose unique solution is

x(t) =
∫ t
t1

eΛ/A0

(
t, σ
(
η
)) g(η)
A0
(
η
)Δη ∀t ∈ [t1,∞)

T
, (3.14)
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see [32, Theorem 2.77]. Now, for all t ∈ [t1,∞)
T

, we compute that

x(t) = e�(Λ/A0)(σ(t), t)

[∫σ(t)
t1

eΛ/A0

(
σ(t), σ

(
η
)) g(η)
A
(
η
)Δη − μ(t)eΛ/A0(σ(t), σ(t))

g(t)
A0(t)

]

=
A0(t)

A0(t) + μ(t)Λ(t)

[
xσ(t) − μ(t) g(t)

A0(t)

]

=
1

A0(t) + μ(t)Λ(t)
[
A0(t)xσ(t) − μ(t)g(t)

]
,

(3.15)

and similarly

x(αi(t)) = e�(Λ/A0)(σ(t), αi(t))

×
[∫σ(t)

t1

eΛ/A0

(
σ(t), σ

(
η
)) g(η)
A
(
η
)Δη −

∫σ(t)
αi(t)

eΛ/A0

(
σ(t), σ

(
η
)) g(η)
A0
(
η
)Δη

]

= e�(Λ/A0)(σ(t), αi(t))

[
xσ(t) −

∫σ(t)
αi(t)

eΛ/A0

(
σ(t), σ

(
η
)) g(η)
A0
(
η
)Δη

]

= e�(Λ/A0)(σ(t), αi(t))x
σ(t) −

∫σ(t)
αi(t)

eΛ/A0

(
αi(t), σ

(
η
)) g(η)
A0
(
η
)Δη

(3.16)

for i ∈ [1, n]
N

. From (3.12) and (3.15), we have

(
A0x

Δ
)Δ

(t) =
(
Λx + g

)Δ(t) = ΛΔ(t)xσ(t) + Λ(t)xΔ(t) + gΔ(t)

= ΛΔ(t)xσ(t) +
Λ2(t)
A0(t)

x(t) +
Λ(t)
A0(t)

g(t) + gΔ(t)
(3.17)

for all t ∈ [t1,∞)
T

. We substitute (3.14), (3.15), (3.16), and (3.17) into (3.11) and find that

f(t) =

⎡
⎣ΛΔ(t)xσ(t) +

Λ2(t)
A0(t)

x(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t))

⎤
⎦ +

Λ(t)
A0(t)

g(t) + gΔ(t)

=

⎡
⎣ΛΔ(t) +

Λ2(t)
A0(t) + μ(t)Λ(t)

+
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(σ(t), αi(t))

⎤
⎦xσ(t)
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−
⎡
⎣ μ(t)Λ2(t)
A0(t)

(
A0(t) + μ(t)Λ(t)

)g(t) + ∑
i∈[1,n]

N

Ai(t)
∫σ(t)
αi(t)

eΛ/A0

(
αi(t), σ

(
η
)) g(η)
A0
(
η
)Δη

⎤
⎦

+
Λ(t)
A0(t)

g(t) + gΔ(t)

=

⎡
⎣ΛΔ(t) +

Λ2(t)
A0(t) + μ(t)Λ(t)

+
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(σ(t), αi(t))

⎤
⎦

×
[

1 + μ(t)
Λ(t)
A0(t)

] ∫σ(t)
t1

eΛ/A0

(
t, σ
(
η
)) g(η)
A0
(
η
)Δη

−
∑

i∈[1,n]
N

Ai(t)
∫σ(t)
αi(t)

eΛ/A0

(
αi(t), σ

(
η
)) g(η)
A0
(
η
)Δη

+
Λ(t)

A0(t) + μ(t)Λ(t)
g(t) + gΔ(t)

(3.18)

for all t ∈ [t1,∞)
T

. Then, (3.18) can be rewritten as

gΔ(t) = − Λ(t)
A0(t) + μ(t)Λ(t)

g(t) + Υ(t)
∫σ(t)
t1

eΛ/A0

(
t, σ
(
η
)) g(η)
A0
(
η
)Δη

+
∑

i∈[1,n]
N

Ai(t)
∫σ(t)
αi(t)

eΛ/A0

(
αi(t), σ

(
η
)) g(η)
A0
(
η
)Δη + f(t)

(3.19)

for all t ∈ [t1,∞)
T

, where

Υ(t) := −
[

1 + μ(t)
Λ(t)
A0(t)

]⎡
⎣ΛΔ(t) +

Λ2(t)
A0(t) + μ(t)Λ(t)

+
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(σ(t), αi(t))

⎤
⎦
(3.20)

for t ∈ [t1,∞)
T

. We now show that Υ ≥ 0 on [t1,∞)
T

. Indeed, by using (3.4) and the simple
useful formula (A.2), we get

Υ(t) = −
⎡
⎣
(

1 + μ(t)
Λ(t)
A0(t)

)
ΛΔ(t) +

1
A0(t)

Λ2(t) +
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(t, αi(t))

⎤
⎦

= −
⎡
⎣ΛΔ(t) +

1
A0(t)

Λσ(t)Λ(t) +
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(t, αi(t))

⎤
⎦ ≥ 0

(3.21)
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for all t ∈ [t1,∞)
T

. On the other hand, from (3.11) and (3.12), we see that g(t1) = 0. Then, by
[32, Theorem 2.77], we can write (3.19) in the equivalent form

g =Hg + h on [t1,∞)
T
, (3.22)

where, for t ∈ [t1,∞)
T

, we have defined

(Hg)(t) :=
∫ t
t1

e−Λ/(A0+μΛ)
(
t, σ
(
η
))
⎡
⎣Υ(η)

∫σ(η)
t1

eΛ/A0

(
σ
(
η
)
, σ(ζ)

) g(ζ)
A0(ζ)

Δζ

+
∑

i∈[1,n]
N

Ai

(
η
) ∫σ(η)

αi(η)
eΛ/A0

(
αi
(
η
)
, σ(ζ)

) g(ζ)
A0(ζ)

Δζ

⎤
⎦Δη,
(3.23)

h(t) :=
∫ t
t1

eΛ/A0(t, σ(ζ))f
(
η
)
Δη. (3.24)

Note that Λ/A0 ∈ R+([t1,∞)
T
,R) implies −Λ/(A0 + μΛ) ∈ R+([t1,∞)

T
,R) (indeed, we have

1 − μΛ/(A0 + μΛ) = A0/(A0 + μΛ) > 0 on [t1,∞)
T
), and thus the exponential function

e�(Λ/A0)(·, t1) is also well defined and positive on the entire time scale [t1,∞)
T

, see [32, Exercise
2.28]. Thus, f ≥ 0 on [t1,∞)

T
implies h ≥ 0 on [t1,∞)

T
. For simplicity of notation, for

s, t ∈ [t1,∞)
T

, we let

K1(t, s) :=
1

A0(s)

∫ t
s

e−Λ/(A0+μΛ)
(
t, σ
(
η
))
Υ
(
η
)
eΛ/A0

(
σ
(
η
)
, σ(s)

)
Δη,

K2(t, s) :=
1

A0(s)

∫ t
s

e−Λ/(A0+μΛ)
(
t, σ
(
η
)) ∑

i∈[1,n]
N

Ai

(
η
)
χ[αi(η),∞)

T
(s)eΛ/A0

(
σ
(
η
)
, σ(s)

)
Δη.

(3.25)

Using the change of integration order formula in [33, Lemma 1], for all t ∈ [t1,∞)
T

, we obtain

∫ t
t1

∫σ(η)
t1

e−Λ/(A0+μΛ)
(
t, σ
(
η
))
Υ
(
η
)
eΛ/A0

(
σ
(
η
)
, σ(ζ)

) g(ζ)
A0(ζ)

ΔζΔη

=
∫ t
t1

∫ t
ζ

e−Λ/(A0+μΛ)
(
t, σ
(
η
))
Υ
(
η
)
eΛ/A0

(
σ
(
η
)
, σ(ζ)

) g(ζ)
A0(ζ)

ΔηΔζ

=
∫ t
t1

K1(t, ζ)g(ζ)Δζ,

(3.26)
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and similarly

∫ t
t1

∫σ(η)
t1

e−Λ/(A0+μΛ)
(
t, σ
(
η
)) ∑

i∈[1,n]
N

Ai

(
η
)
χ[αi(η),∞)

T
(ζ)eΛ/A0

(
σ
(
η
)
, σ(ζ)

) g(ζ)
A0(ζ)

ΔζΔη

=
∫ t
t1

K2(t, ζ)g(ζ)Δζ.

(3.27)

Therefore, we can rewrite (3.23) in the equivalent form of the integral operator

(Hg)(t) =
∫ t
t1

[
K1
(
t, η
)
+K2

(
t, η
)]
g
(
η
)
Δη for t ∈ [t1,∞)

T
, (3.28)

whose kernel is nonnegative. Consequently, using (3.22), (3.24), and (3.28), we obtain that
f ≥ 0 on [t1,∞)

T
implies h ≥ 0 on [t1,∞)

T
; this and Lemma 2.5 yield that g ≥ 0 on [t1,∞)

T
.

Therefore, from (3.14), we infer that if f ≥ 0 on [t1,∞)
T

, then x ≥ 0 on [t1,∞)
T

too. On the
other hand, by Lemma 2.4, x has the following representation:

x(t) =
∫ t
t1

X1
(
t, σ
(
η
))
f
(
η
)
Δη for t ∈ [t1,∞)

T
. (3.29)

Since x is eventually nonnegative for any eventually nonnegative function f , we infer that
the kernel X1 of the integral on the right-hand side of (3.29) is eventually nonnegative.
Indeed, assume to the contrary that x ≥ 0 on [t1,∞)

T
but X1 is not nonnegative, then

we may pick t2 ∈ [t1,∞)
T

and find s ∈ [t1, t2)T
such that X1(t2, σ(s)) < 0. Then, letting

f(t) := −min{X1(t2, σ(t)), 0} ≥ 0 for t ∈ [t1,∞)
T

, we are led to the contradiction x(t2) < 0,
where x is defined by (3.29). To prove that X1 is eventually positive, set x(t) := X1(t, s)
for t ∈ [t0,∞)

T
, where s ∈ [t1,∞)

T
, to see that x ≥ 0 and (A0x

Δ)Δ ≤ 0 on [s,∞)
T

,
which implies A0x

Δ is nonincreasing on [s,∞)
T

. So that, we may let t1 ∈ [t0,∞)
T

so large
that xΔ (i.e., A0x

Δ) is of fixed sign on [s,∞)
T
⊂ [t1,∞)

T
. The initial condition and (A1)

together with xΔ(s) = 1/A0(s) > 0 imply that xΔ > 0 on [s,∞)
T

. Consequently, we have
x(t) = X1(t, s) > X1(s, s) = 0 for all t ∈ (s,∞)

T
⊂ [t1,∞)

T
.

(iv)⇒(i) Clearly,X1(·, t0) is an eventually positive solution of (3.1).
The proof is completed.

Let us introduce the following condition:

(A4) A0 ∈ Crd([t0,∞)
T
,R+) with

∫∞
t0

1
A0
(
η
)Δη =∞. (3.30)
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Remark 3.2. It is well known that (A4) ensures existence of t1 ∈ [t0,∞)
T

such that x(t)xΔ(t) ≥
0 for all t ∈ [t1,∞)

T
, for any nonoscillatory solution x of (3.1). This fact follows from the

formula

x(t) = x(s) +A0(s)xΔ(s)
∫ t
s

1
A0
(
η
)Δη −

∫ t
s

1
A0
(
η
)
⎡
⎣
∫η
s

∑
i∈[1,n]

N

Ai(ζ)x(αi(ζ))Δζ

⎤
⎦Δη (3.31)

for all t ∈ [t0,∞)
T

, obtained by integrating (3.1) twice, where s ∈ [t0,∞)
T

. In the case when
(A4) holds, (iii) of Theorem 3.1 can be assumed to hold with Λ ∈ C1

rd([t1,∞)
T
,R+

0 ), which
means that any positive (negative) solution is nondecreasing (nonincreasing).

Remark 3.3. Let (A4) hold and exist t1 ∈ [t0,∞)
T

and the function Λ ∈ C1
rd([t1,∞)

T
,R+

0 )
satisfying inequality (3.4), then the assertions (i), (iii), and (iv) of Theorem 3.1 are also valid
on [t1,∞)

T
.

Remark 3.4. It should be noted that (3.4) is also equivalent to the inequality

ΛΔ(t) +
Λ2(t)

A0(t) + μ(t)Λ(t)
+
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(σ(t), αi(t)) ≤ 0 ∀t ∈ [t1,∞)
T
, (3.32)

see (3.20) and compare with [26, 28, 29, 34].

Example 3.5. For T = R, (3.4) has the form

Λ′(t) +
1

A0(t)
Λ2(t) +

∑
i∈[1,n]

N

Ai(t) exp

{
−
∫ t
αi(t)

Λ
(
η
)

A0
(
η
)dη

}
≤ 0 ∀t ∈ [t1,∞)

R
, (3.33)

see [8] for the case A0(t) ≡ 1, t ∈ [t0,∞)
R

, and [35] for n = 1, α1(t) = t, t ∈ [t0,∞)
R

.

Example 3.6. For T = N, (3.4) becomes

ΔΛ(k) +
Λ2(k)

A0(k) + Λ(k)
+
∑

i∈[1,n]
N

Ai(k)
k∏

j=αi(k)

A0
(
j
)

A0
(
j
)
+ Λ
(
j
) ≤ 0 ∀k ∈ [k1,∞)

N
, (3.34)

where the product over the empty set is assumed to be equal to one; see [1, 18] (or (1.10)) for
n = 1, α1(k) = k + 1, k ∈ [k0,∞)

N
, and [20] for n = 1, A0(k) ≡ 1, α1(k) = k + 1, k ∈ [k0,∞)

N
.

It should be mentioned that in the literature all the results relating difference equations with
discrete Riccati equations consider only the nondelay case. This result in the discrete case is
therefore new.
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16 Abstract and Applied Analysis

Example 3.7. For T = qZ with q ∈ (1,∞)
R

, under the same assumption on the product as in
the previous example, condition (3.4) reduces to the inequality

DqΛ(t) +
Λ2(t)

A0(t) +
(
q − 1

)
tΛ(t)

+
∑

i∈[1,n]
N

Ai(t)
logq(t)∏

η=logq(αi(t))

A0
(
qη
)

A0
(
qη
)
+
(
q − 1

)
qηΛ
(
qη
) ≤ 0 (3.35)

for all t ∈ [t1,∞)
qZ .

4. Comparison Theorems

Theorem 3.1 can be employed to obtain comparison nonoscillation results. To this end,
together with (3.1), we consider the second-order dynamic equation

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Bi(t)x(αi(t)) = 0 for t ∈ [t0,∞)
T
, (4.1)

where Bi ∈ Crd([t0,∞)
T
,R) for i ∈ [1, n]

N
.

The following theorem establishes the relation between the first fundamental solution
of the model equation with positive coefficients and comparison (4.1) with coefficients of
arbitrary signs.

Theorem 4.1. Suppose that (A2), (A3), (A4), and the following condition hold:

(A5) for i ∈ [1, n]
N
, Bi ∈ Crd([t0,∞)

T
,R) with Ai(t) ≥ Bi(t) for all t ∈ [t0,∞)

T
.

Assume further that (3.4) admits a solution Λ ∈ C1
rd([t1,∞)

T
,R+

0 ) for some t1 ∈ [t0,∞)
T
, then the

first fundamental solution Y1 of (4.1) satisfies Y1(t, s) ≥ X1(t, s) > 0 for all t ∈ (s,∞)
T
and all

s ∈ [t1,∞)
T
, whereX1 denotes the first fundamental solution of (3.1).

Proof. We consider the initial value problem

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Bi(t)x(αi(t)) = f(t) for t ∈ [t0,∞)
T
,

xΔ(t0) = 0, x(t) ≡ 0 for t ∈ [t−1, t0]T
,

(4.2)

where f ∈ Crd([t0,∞)
T
,R). Let g ∈ Crd([t1,∞)

T
,R), and define the function x as

x(t) =
∫ t
t1

X1
(
t, σ
(
η
))
g
(
η
)
Δη ∀t ∈ [t1,∞)

T
. (4.3)
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By the Leibnitz rule (see [32, Theorem 1.117]), for all t ∈ [t1,∞)
T

, we have

xΔ(t) =
∫ t
t1

XΔ
1

(
t, σ
(
η
))
g
(
η
)
Δη, (4.4)

(
A0x

Δ
)Δ

(t) =
∫ t
t1

(
A0XΔ

1

(·, σ(η)))Δ(t)g(η)Δη + g(t). (4.5)

Substituting (4.3) and (4.5) into (4.2), we get

f(t) =
∫ t
t1

(
A0XΔ

1

(·, σ(η)))Δ(t)g(η)Δη +
∑

i∈[1,n]
N

Bi(t)
∫αi(t)
t1

X1
(
αi(t), σ

(
η
))
g
(
η
)
Δη + g(t)

=
∑

i∈[1,n]
N

[Bi(t) −Ai(t)]
∫αi(t)
t1

X1
(
αi(t), σ

(
η
))
g
(
η
)
Δη + g(t)

=
∑

i∈[1,n]
N

[Bi(t) −Ai(t)]
∫ t
t1

X1
(
αi(t), σ

(
η
))
g
(
η
)
Δη + g(t),

(4.6)

where in the last step, we have used the fact that X1(t, σ(s)) ≡ 0 for all t ∈ [t1,∞)
T

and all
s ∈ [t,∞)

T
. Therefore, we obtain the operator equation

g =Hg + f on [t1,∞)
T
, (4.7)

where

(Hg)(t) :=
∫ t
t1

∑
i∈[1,n]

N

X1
(
αi(t), σ

(
η
))
[Ai(t) − Bi(t)]g

(
η
)
Δη for t ∈ [t1,∞)

T
, (4.8)

whose kernel is nonnegative. An application of Lemma 2.5 shows that nonnegativity of f
implies the same for g, and thus x is nonnegative by (4.3). On the other hand, by Lemma 2.4,
x has the representation

x(t) =
∫ t
t0

Y1
(
t, σ
(
η
))
f
(
η
)
Δη ∀t ∈ [t0,∞)

T
. (4.9)

Proceeding as in the proof of the part (iii)⇒(iv) of Theorem 3.1, we conclude that the first
fundamental solution Y1 of (4.1) satisfies Y1(t, s) ≥ 0 for all t ∈ (s,∞)

T
and all s ∈ [t1,∞)

T
.

To complete the proof, we have to show that Y1(t, s) ≥ X1(t, s) > 0 for all t ∈ (s,∞)
T

and all
s ∈ [t1,∞)

T
. Clearly, for any fixed s ∈ [t1,∞)

T
and all t ∈ [s,∞)

T
, we have

(
A0YΔ

1 (·, s)
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)Y1(αi(t), s) =
∑

i∈[1,n]
N

[Ai(t) − Bi(t)]Y1(αi(t), s), (4.10)
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18 Abstract and Applied Analysis

which by the solution representation formula yields that

Y1(t, s) = X1(t, s) +
∫ t
s

X1
(
t, σ
(
η
)) ∑

i∈[1,n]
N

[
Ai

(
η
) − Bi(η)]Y1

(
αi
(
η
)
, s
)
Δη ≥ X1(t, s) (4.11)

for all t ∈ [s,∞)
T

. This completes the proof since the first fundamental solution X1 satisfies
X1(t, s) > 0 for all t ∈ (s,∞)

T
and all s ∈ [t1,∞)

T
by Remark 3.3.

Corollary 4.2. Suppose that (A1), (A2), (A3), and (A5) hold, and (3.1) has a nonoscillatory solution
on [t1,∞)

T
⊂ [t0,∞)

T
, then (4.1) admits a nonoscillatory solution on [t2,∞)

T
⊂ [t1,∞)

T
.

Corollary 4.3. Assume that (A2) and (A3) hold.

(i) If (A1) holds and the dynamic inequality

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

A+
i (t)x(αi(t)) ≤ 0 for t ∈ [t0,∞)

T
, (4.12)

where A+
i (t) := max{Ai(t), 0} for t ∈ [t0,∞)

T
and i ∈ [1, n]

N
, has a positive solution on

[t0,∞)
T
, then (3.1) also admits a positive solution on [t1,∞)

T
⊂ [t0,∞)

T
.

(ii) If (A4) holds and there exist a sufficiently large t1 ∈ [t0,∞)
T
and a function Λ ∈

C1
rd([t1,∞)

T
,R+

0 ) satisfying the inequality

ΛΔ(t) +
1

A0(t)
Λσ(t)Λ(t) +

∑
i∈[1,n]

N

A+
i (t)e�(Λ/A0)(t, αi(t)) ≤ 0 ∀t ∈ [t1,∞)

T
, (4.13)

then the first fundamental solutionX1 of (3.1) satisfiesX1(t, s) > 0 for all t ∈ (s,∞)
T
and

all s ∈ [t1,∞)
T
.

Proof. Consider the dynamic equation

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

A+
i (t)x(αi(t)) = 0 for t ∈ [t0,∞)

T
. (4.14)

Theorem 3.1 implies that for this equation the assertions (i) and (ii) hold. Since for all
i ∈ [1, n]

N
, we have Ai(t) ≤ A+

i (t) for all t ∈ [t0,∞)
T

, the application of Corollary 4.2 and
Theorem 4.1 completes the proof.

Now, let us compare the solutions of problem (2.1) and the following initial value
problem:

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Bi(t)x(αi(t)) = g(t) for t ∈ [t0,∞)
T
,

x(t0) = y1, xΔ(t0) = y2, x(t) = ψ(t) for t ∈ [t−1, t0)T
,

(4.15)
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where y1, y2 ∈ R are the initial values, ψ ∈ Crd([t−1, t0)T
,R) is the initial function such

that ψ has a finite left-sided limit at the initial point t0 provided that it is left dense,
g ∈ Crd([t0,∞)

T
,R) is the forcing term.

Theorem 4.4. Suppose that (A2), (A3), (A4), (A5), and the following condition hold:

(A6) f, g ∈ Crd([t0,∞)
T
,R) and ϕ, ψ ∈ Crd([t−1, t0)T

,R) satisfy

f(t) −
∑

i∈[1,n]
N

Bi(t)ϕ(αi(t)) ≤ g(t) −
∑

i∈[1,n]
N

Bi(t)ψ(αi(t)) ∀t ∈ [t0,∞)
T
. (4.16)

Moreover, let (2.1) have a positive solution x on [t0,∞)
T
, y1 = x1, and y2 ≥ x2, then the solution y

of (4.15) satisfies y(t) ≥ x(t) for all t ∈ [t0,∞)
T
.

Proof. By Theorem 3.1 and Remark 3.3, we can assume that Λ ∈ Crd([t0,∞)
T
,R+

0 ) is a solution
of the dynamic Riccati inequality (3.4), then by (A5), the function Λ is also a solution of the
dynamic Riccati inequality

ΛΔ(t) +
1

A0(t)
Λσ(t)Λ(t) +

∑
i∈[1,n]

N

Bi(t)e�(Λ/A0)(t, αi(t)) ≤ 0 ∀t ∈ [t0,∞)
T
, (4.17)

which is associated with (4.15). Hence, by Theorem 3.1 and Remark 3.3, the first fundamental
solution Y1 of (4.15) satisfies Y1(t, s) > 0 for all t ∈ (s,∞)

T
and all s ∈ [t0,∞)

T
. Rewriting (2.1)

in the form

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Bi(t)x(αi(t)) = f(t) −
∑

i∈[1,n]
N

[Ai(t) − Bi(t)]x(αi(t)), t ∈ [t0,∞)
T

x(t0) = x1, xΔ(t0) = x2, x(t) = ϕ(t), t ∈ [t−1, t0)T
,

(4.18)

applying Lemma 2.4, and using (A6), we have

x(t) = x2Y1(t, t0) + x1Y2(t, t0) +
∫ t
t0

Y1
(
t, σ
(
η
))

×
⎡
⎣f(η) − ∑

i∈[1,n]
N

[
Ai

(
η
) − Bi(η)]χ[t0,∞)

T

(
αi
(
η
))
x
(
αi
(
η
)) − ∑

i∈[1,n]
N

Bi
(
η
)
ϕ
(
αi
(
η
))
⎤
⎦Δη

≤ y2Y1(t, t0) + y1Y2(t, t0) +
∫ t
t0

Y1
(
t, σ
(
η
))
⎡
⎣g(η) − ∑

i∈[1,n]
N

Bi
(
η
)
ψ
(
αi
(
η
))
⎤
⎦Δη

= y(t)
(4.19)

for all t ∈ [t0,∞)
T

. This completes the proof.
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Figure 1: The graph of 10 iterates for the solutions of (4.20) and (4.22) illustrates the result of Theorem 4.4,
here y(t) > x(t) for all t ∈ (1,∞)2Z

.

Remark 4.5. If Bi ∈ Crd([t0,∞)
T
,R+

0 ) for i ∈ [1, n]
N

, f(t) ≤ g(t) for all t ∈ [t0,∞)
T

and ϕ(t) ≥
ψ(t) for all t ∈ [t−1, t0)T

, then (A6) holds.

The following example illustrates Theorem 4.4 for the quantum time scale T = 2Z.

Example 4.6. Let 2Z := {2k : k ∈ Z} ∪ {0}, and consider the following initial value problems:

D2
(
Id2ZD2x

)
(t) +

2
t4
x

(
t

4

)
= − 1

t4
for t ∈ [1,∞)2Z ,

D2x(1) = 1, x(t) ≡ 1 for t ∈
[

1
4
, 1
]

2Z

,

(4.20)

where Id2Z is the identity function on 2Z, that is, Id2Z(t) = t for t ∈ 2Z, and

D2x(t) =
1
t
(x(2t) − x(t)) for t ∈ 2Z, (4.21)

D2
(
Id2ZD2x

)
(t) +

1
t4
x

(
t

4

)
=

1
t4

for t ∈ [1,∞)2Z ,

D2x(1) = 1, x(t) ≡ 1 for t ∈
[

1
4
, 1
]

2Z

.

(4.22)

Denoting by x and y the solutions of (4.20) and (4.22), respectively, we obtain y(t) ≥ x(t) for
all t ∈ [1,∞)2Z by Theorem 4.4. For the graph of the first 10 iterates, see Figure 1.

As an immediate consequence of Theorem 4.4, we obtain the following corollary.
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Corollary 4.7. Suppose that (A1), (A2), and (A3) hold and that (3.1) is nonoscillatory, then, for
f ∈ Crd([t0,∞)

T
,R+

0 ), the dynamic equation

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) = f(t) for t ∈ [t0,∞)
T (4.23)

is also nonoscillatory.

We now consider the following dynamic equation:

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)x(αi(t)) = g(t) for t ∈ [t0,∞)
T
,

x(t0) = y1, xΔ(t0) = y2, x(t) = ψ(t) for t ∈ [t−1, t0)T
,

(4.24)

where the parameters are the same as in (4.15).
We obtain the most complete result if we compare solutions of (2.1) and (4.24) by

omitting the condition (A2) and assuming that the solution of (2.1) is positive.

Corollary 4.8. Suppose that (A3), (A4), and the following condition hold:

(A7) f, g ∈ Crd([t0,∞)
T
,R) and ϕ, ψ ∈ Crd([t−1, t0)T

,R) satisfy

f(t) −
∑

i∈[1,n]
N

Ai(t)ϕ(αi(t)) ≤ g(t) −
∑

i∈[1,n]
N

Ai(t)ψ(αi(t)) ∀t ∈ [t0,∞)
T
. (4.25)

If x is a positive solution of (2.1) on [t0,∞)
T
with x1 = y1 and y2 ≥ x2, then for the solution y of

(4.24), one has y(t) ≥ x(t) for all t ∈ [t0,∞)
T
.

Proof. Corollary 4.3 and Remark 3.3 imply that the first fundamental solution X1 associated
with (2.1) (and (4.24)) satisfies X1(t, s) > 0 for all t ∈ (s,∞)

T
and all s ∈ [t0,∞)

T
. Hence, the

claim follows from the solution representation formula.

Remark 4.9. If at least one of the inequalities in the statements of Theorem 4.4 and
Corollary 4.8 is strict, then the conclusions hold with the strict inequality too.

Let us compare equations with different coefficients and delays. Now, we consider

(
A0x

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Bi(t)x
(
βi(t)

)
= 0 for t ∈ [t0,∞)

T
. (4.26)

Theorem 4.10. Suppose that (A2), (A4), (A5), and the following condition hold:

(A8) for i ∈ [1, n]
N
, βi ∈ Crd([t0,∞)

T
,T) satisfies βi(t) ≤ αi(t) for all t ∈ [t0,∞)

T
and

limt→∞βi(t) =∞.

Assume further that the first-order dynamic Riccati inequality (3.4) has a solution Λ ∈ C1
rd([t1,

∞)
T
,R+

0 ) for some t1 ∈ [t0,∞)
T
, then the first fundamental solution Y1 of (4.26) satisfiesY1(t, s) > 0

for all t ∈ (s,∞)
T
and all s ∈ [t1,∞)

T
.
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Proof. Note that (A5) implies Ai(t) ≥ B+
i (t) for all t ∈ [t0,∞)

T
and i ∈ [1, n]

N
, then we have

0 ≥ ΛΔ(t) +
Λ2(t)

A0(t) + μ(t)Λ(t)
+
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(σ(t), αi(t))

≥ ΛΔ(t) +
Λ2(t)

A0(t) + μ(t)Λ(t)
+
∑

i∈[1,n]
N

B+
i (t)e�(Λ/A0)

(
σ(t), βi(t)

) (4.27)

for all t ∈ [t1,∞)
T

. The reference to Corollary 4.3 (ii) concludes the proof.

Remark 4.11. If the condition (A4) in Theorem 4.1, Theorem 4.4, Corollary 4.8, and
Theorem 4.10 is replaced with (A1), then the claims of the theorems are valid eventually.

Let us introduce the function

αmax(t) := max
i∈[1,n]

N

{αi(t)} for t ∈ [t0,∞)
T
. (4.28)

Corollary 4.12. Suppose that (A1), (A2), (A3), and (A5) hold. If

(
A0x

Δ
)Δ

(t) +

⎛
⎝ ∑

i∈[1,n]
N

Ai(t)

⎞
⎠x(αmax(t)) = 0 for t ∈ [t0,∞)

T
(4.29)

is nonoscillatory, then (4.1) is also nonoscillatory.

Remark 4.13. The claim of Corollary 4.12 is also true when αmax is replaced by σ.

5. Explicit Nonoscillation and Oscillation Results

Theorem 5.1. Suppose that (A1), (A2), and (A3) hold and that

σ(t)
2tA0(t) + μ(t)

+ 2tσ(t)
∑

i∈[1,n]
N

Ai(t)e�(1/(2IdTA0))(σ(t), αi(t)) ≤ 1 ∀t ∈ [t1,∞)
T
, (5.1)

where t1 ∈ [t0,∞)
T
and IdT is the identity function on T, then (3.1) is nonoscillatory.

Proof. The statement of the theorem yields that Λ(t) = 1/(2t) for t ∈ [t0,∞)
T+ is a positive

solution of the Riccati inequality (3.32).

Next, let us apply Theorem 5.1 to delay differential equations.
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Corollary 5.2. Let A0 ∈ C([t0,∞)
R
,R+), for i ∈ [1, n]

N
, Ai ∈ C([t0,∞)

R
,R+

0 ), and αi ∈
C([t0,∞)

R
,R) such that αi(t) ≤ t for all t ∈ [t0,∞)

R
and limt→∞αi(t) =∞. If

1
2A0(t)

+ 2t2
∑

i∈[1,n]
N

Ai(t) exp

{
−
∫ t
αi(t)

1
2ηA0

(
η
)dη
}
≤ 1 ∀t ∈ [t1,∞)

R (5.2)

for some t1 ∈ [t0,∞)
R
, then (1.2) is nonoscillatory.

Now, let us proceed with the discrete case.

Corollary 5.3. Let {A0(k)} be a positive sequence, for i ∈ [1, n]
N
, let {Ai(k)} be a nonnegative

sequence, and let {αi(k)} be a divergent sequence such that αi(k) ≤ k + 1 for all k ∈ [k0,∞)
N
. If

k + 1
2kA0(k) + 1

+ 2k(k + 1)
∑

i∈[1,n]
N

Ai(k)
k∏

j=αi(k)

2jA0
(
j
)

2jA0
(
j
)
+ 1
≤ 1 ∀k ∈ [k1,∞)

N (5.3)

for some k1 ∈ [k0,∞)
N
, then (1.8) is nonoscillatory.

Let us introduce the function

A(t, s) :=
∫ t
s

1
A0
(
η
)Δη for s, t ∈ [t0,∞)

T
. (5.4)

Theorem 5.4. Suppose that (A1), (A2), and (A3) hold, and for every t1 ∈ [t0,∞)
T
, the dynamic

equation

(
A0x

Δ
)Δ

(t) +
1

A(αmax(t), t1)

⎛
⎝ ∑

i∈[1,n]
N

Ai(t)A(αi(t), t1)

⎞
⎠x(αmax(t)) = 0, t ∈ [t2,∞)

T
(5.5)

is oscillatory, where t2 ∈ [t1,∞)
T
satisfies αmin(t) > t1 for all t ∈ [t2,∞)

T
, then (3.1) is also

oscillatory.

Proof. Assume to the contrary that (3.1) is nonoscillatory, then there exists a solution x of (3.1)
such that x > 0, (A0x

Δ)Δ ≤ 0 on [t1,∞)
T
⊂ [t0,∞)

T
. This implies that A0x

Δ is nonincreasing
on [t1,∞)

T
, then it follows that

x(t) ≥ x(t) − x(t1) =
∫ t
t1

1
A0
(
η
)A0
(
η
)
xΔ(η)Δη ≥ A(t, t1)A0(t)xΔ(t) ∀t ∈ [t1,∞)

T
, (5.6)

or simply by using (5.4),

x(t) −A(t, t1)A0(t)xΔ(t) ≥ 0 ∀t ∈ [t1,∞)
T
. (5.7)
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Now, let

ψ(t) :=
x(t)

A(t, t1)
for t ∈ (t1,∞)

T
. (5.8)

By the quotient rule, (5.4) and (5.7), we have

ψΔ(t) =
A(t, t1)A0(t)xΔ(t) − x(t)
A(σ(t), t1)A(t, t1)A0(t)

≤ 0 ∀t ∈ (t1,∞)
T
, (5.9)

proving that ψ is nonincreasing on (t1,∞)
T

. Therefore, for all i ∈ [1, n]
N

, we obtain

x(αmax(t))
A(αmax(t), t1)

= ψ(αmax(t)) ≤ ψ(αi(t)) = x(αi(t))
A(αi(t), t1)

∀t ∈ [t2,∞)
T
, (5.10)

where t2 ∈ [t1,∞)
T

satisfies αmin(t) > t1 for all t ∈ [t2,∞)
T

. Using (5.10) in (3.1), we see that x
solves

(
A0x

Δ
)Δ

(t) +
1

A(αmax(t), t1)

⎛
⎝ ∑

i∈[1,n]
N

Ai(t)A(αi(t), t1)

⎞
⎠x(αmax(t)) ≤ 0 ∀t ∈ [t2,∞)

T
, (5.11)

which shows that (5.5) is also nonoscillatory by Theorem 3.1. This is a contradiction, and the
proof is completed.

The following theorem can be regarded as the dynamic generalization of Leighton’s
result (Theorem A).

Theorem 5.5. Suppose that (A2), (A3), and (A4) hold and that

∫∞
t2

∑
i∈[1,n]

N

Ai

(
η
)
e�(1/(A0A(·,t1)))

(
σ
(
η
)
, αi
(
η
))
Δη =∞, (5.12)

where t2 ∈ (t1,∞) ⊂ [t0,∞)
T
, then every solution of (3.1) is oscillatory.

Proof. Assume to the contrary that (3.1) is nonoscillatory. It follows from Theorem 3.1 and
Remark 3.2 that (3.4) has a solution Λ ∈ Crd([t0,∞)

T
,R+

0 ). Using (3.5) and (5.7), we see that

Λ(t) ≤ 1
A(t, t1)

∀t ∈ [t2,∞)
T
, (5.13)

which together with (3.4) implies that

ΛΔ(t) +
∑

i∈[1,n]
N

Ai(t)e�(1/(A0A(·,t1)))(σ(t), αi(t)) ≤ 0 ∀t ∈ [t2,∞)
T
. (5.14)
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Integrating the last inequality, we get

Λ(t) −Λ(t2) +
∫ t
t2

∑
i∈[1,n]

N

Ai

(
η
)
e�(1/(A0A(·,t1)))

(
σ
(
η
)
, αi
(
η
))
Δη ≤ 0 ∀t ∈ [t2,∞)

T
, (5.15)

which is in a contradiction with (5.12). This completes the proof.

We conclude this section with applications of Theorem 5.5 to delay differential
equations and difference equations.

Corollary 5.6. Let A0 ∈ C([t0,∞)
R
,R+), for i ∈ [1, n]

N
, Ai ∈ C([t0,∞)

R
,R+

0 ), and αi ∈
C([t0,∞)

R
,R) such that αi(t) ≤ t for all t ∈ [t0,∞)

R
and limt→∞αi(t) =∞. If

lim
t→∞

A(t, t0) =∞,
∫∞
t0

∑
i∈[1,n]

N

Ai

(
η
)A(αi(η), t0)

A
(
η, t0
) dη =∞, (5.16)

where

A(t, s) :=
∫ t
s

1
A0
(
η
)dη for s, t ∈ [t0,∞)

R
, (5.17)

then (1.2) is oscillatory.

Corollary 5.7. Let {A0(k)} be a positive sequence, for i ∈ [1, n]
N
, let {Ai(k)} be a nonnegative

sequence and let {αi(k)} be a divergent sequence such that αi(k) ≤ k + 1 for all k ∈ [k0,∞)
N
. If

lim
k→∞

A(k, k0) =∞,
∞∑
j=k0

∑
i∈[1,n]

N

Ai

(
j
) j∏
�=αi(j)

A0(�)A(�, k0)
A0(�)A(�, k0) + 1

=∞, (5.18)

where

A(k, l) :=
k−1∑
j=l

1
A0
(
j
) for l, k ∈ [k0,∞)

N
, (5.19)

then (1.8) is oscillatory.

6. Existence of a Positive Solution

Theorem 6.1. Suppose that (A2), (A3), and (A4) hold, f ∈ Crd([t0,∞)
T
,R+

0 ), and the first-order
dynamic Riccati inequality (3.4) has a solution Λ ∈ C1

rd([t0,∞)
T
,R+

0 ). Moreover, suppose that there
exist x1, x2 ∈ R

+ such that ϕ(t) ≤ x1 for all t ∈ [t−1, t0)T
and x2 ≥ Λ(t0)x1/A0(t0), then (2.1) admits

a positive solution x such that x(t) ≥ x1 for all t ∈ [t0,∞)
T
.
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Proof. First assume that y is the solution of the following initial value problem:

(
A0y

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)y(αi(t)) = 0 for t ∈ [t0,∞)
T
,

yΔ(t0) =
Λ(t0)
A0(t0)

x1, y(t) ≡ x1 for t ∈ [t−1, t0]T
.

(6.1)

Denote

z(t) :=

⎧⎨
⎩
x1eΛ/A0(t, t0) for t ∈ [t0,∞)

T
,

x1 for t ∈ [t−1, t0)T
,

(6.2)

then, by following similar arguments to those in the proof of the part (ii)⇒(iii) of
Theorem 3.1, we obtain

g(t) :=
(
A0z

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)z(αi(t))

= x1eΛ/A0(t, t0)

⎡
⎣ΛΔ(t) +

1
A0(t)

Λσ(t)Λ(t) +
∑

i∈[1,n]
N

Ai(t)e�(Λ/A0)(t, αi(t))

⎤
⎦ ≤ 0

(6.3)

for all t ∈ [t0,∞)
T

. So z is a solution to

(
A0z

Δ
)Δ

(t) +
∑

i∈[1,n]
N

Ai(t)z(αi(t)) = g(t) for t ∈ [t0,∞)
T
,

zΔ(t0) =
Λ(t0)
A0(t0)

x1, z(t) ≡ x1 for t ∈ [t−1, t0]T
.

(6.4)

Theorem 4.4 implies that y(t) ≥ z(t) ≥ x1 > 0 for all t ∈ [t0,∞)
T

. By the hypothesis of the
theorem, Theorem 4.4, and Corollary 4.8, we have x(t) ≥ y(t) ≥ x1 > 0 for all t ∈ [t0,∞)

T
. This

completes the proof for the case f ≡ 0 and g ≡ 0 on [t0,∞)
T

.
The general case where f /≡ 0 on [t0,∞)

T
is also a consequence of Theorem 4.4.

Let us illustrate the result of Theorem 6.1 with the following example.

Example 6.2. Let
√

N0 := {
√
k : k ∈ N0}, and consider the following delay dynamic equation:

(
Id√

N0
xΔ
)Δ

(t) +
1

8t
√
t2 + 1

(
x(t) +

1
2
x
(√

t2 − 1
))

=
1

t
√
t2 + 1

, t ∈ [1,∞)√
N0
,

xΔ(1) = 2, x(t) ≡ 2 for t ∈ [0, 1]√
N0
,

(6.5)
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x
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Figure 2: The graph of 15 iterates for the solution of (6.5) illustrates the result of Theorem 6.1.

then (5.1) takes the form Φ(t) ≤ 1 for all t ∈ [1,∞)√
N0

, where the function Φ is defined by

Φ(t) :=
1

2t2 +
(√

t2 + 1 − t
)
⎛
⎜⎝√t2 + 1 +

t2

2

⎛
⎜⎝1 +

t2 − 1

2(t2 − 1) +
(
t −
√
t2 − 1

)
⎞
⎟⎠
⎞
⎟⎠ for t ∈ [1,∞)

R

(6.6)

and is decreasing on [1,∞)
R

and thus is not greater than Φ(1) ≈ 0.79, that is, Theorem 5.1
holds. Theorem 6.1 therefore ensures that the solution is positive on [1,∞)√

N0
. For the graph

of 15 iterates, see Figure 2.

7. Discussion and Open Problems

We start this section with discussion of explicit nonoscillation conditions for delay differential
and difference equations. Let us first consider the continuous case. Corollary 5.6 with n = 1
and α1(t) = t for t ∈ [t0,∞)

R
reduces to Theorem A. Nonoscillation part of Kneser’s result

for (1.4) follows from Corollary 5.2 by letting n = 1, A0(t) ≡ 1, and α1(t) = t for t ∈ [t0,∞)
R

.
Theorem E is obtained by applying Corollary 5.3 to (1.10).

Known nonoscillation tests for difference equations can also be deduced from the
results of the present paper. In [18, Lemma 1.2], Chen and Erbe proved that (1.9) is
nonoscillatory if and only if there exists a sequence {Λ(k)} with A0(k) + Λ(k) > 0 for all
k ∈ [k1,∞)

N
and some k1 ∈ [k0,∞)

N
satisfying

ΔΛ(k) +
Λ2(k)

A0(k) + Λ(k)
+A1(k) ≤ 0 ∀k ∈ [k1,∞)

N
. (7.1)

Since this result is a necessary and sufficient condition, the conclusion of Theorem F could be
deduced from

ΔΛ(k) +
Λ2(k)

1 + Λ(k)
+A1(k) ≤ 0 ∀k ∈ [k1,∞)

N
, (7.2)

IEEE eXpress Sample eBook, page 428



28 Abstract and Applied Analysis

which is a particular case of (7.1) with A0(k) ≡ 1 for k ∈ [k0,∞)
N

. We present below a short
proof for the nonoscillation part only. Assuming (1.12) and letting

Λ(k) :=
1

4(k − 1)
+
∞∑
j=k

A1
(
j
)

for k ∈ [k1,∞)
N
⊂ [2,∞)

N
, (7.3)

we get

1
4(k − 1)

+
1

4k
≥ Λ(k) ≥ 1

4(k − 1)
∀k ∈ [k1,∞)

N
, (7.4)

and this yields

ΔΛ(k) +
Λ2(k)

1 + Λ(k)
+A1(k) ≤ − 1

4k2(4k − 3)
< 0 ∀ k ∈ [k1,∞)

N
. (7.5)

That is, the discrete Riccati inequality (7.2) has a positive solution implying that (1.10)
is nonoscillatory. It is not hard to prove that (1.13) implies nonexistence of a sequence
{Λ(k)} satisfying the discrete Riccati inequality (7.2) (see the proof of [23, Lemma
3]). Thus, oscillation/nonoscillation results for (1.10) in [21] can be deduced from
nonexistence/existence of a solution for the discrete Riccati inequality (7.2); see also [20].

An application of Theorem 3.1 with Λ(t) := λ/t for t ∈ [t0,∞)
qZ

+ and λ ∈ R
+ implies

the following result for quantum scales.

Example 7.1. Let T = qZ := {qk : k ∈ Z} ∪ {0} with q ∈ (1,∞)
R

. If there exist λ ∈ R
+
0 and

t1 ∈ [t0,∞)
qZ

+ such that

λ2

A0(t) +
(
q − 1

)
λ
+ t2

∑
i∈[1,n]

N

Ai(t)
logq(t)∏

η=logq(αi(t))

A0
(
qη
)

A0
(
qη
)
+
(
q − 1

)
λ
≤ λ
q
, t ∈ [t1,∞)

qZ , (7.6)

then the delay q-difference equation

Dq

(
A0Dqx

)
(t) +

∑
i∈[1,n]

N

Ai(t)x(αi(t)) = 0 for t ∈ [t0,∞)
qZ (7.7)

is nonoscillatory.

In [36], Bohner and Ünal studied nonoscillation and oscillation of the q-difference
equation

D2
qx(t) +

a

qt2
x
(
qt
)
= 0 for t ∈ [t0,∞)

qZ , (7.8)
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where a ∈ R
+
0 , and proved that (7.7) is nonoscillatory if and only if

a ≤ 1(√
q + 1

)2
. (7.9)

For the above q-difference equation, (7.6) reduces to the algebraic inequality

λ2

1 +
(
q − 1

)
λ
+
a

q
≤ λ
q

or λ2 − (1 − (q − 1
)
a
)
λ + a ≤ 0, (7.10)

whose discriminant is (1 − (q − 1)a)2 − 4a = (q − 1)2a2 − (q + 1)a + 1. The discriminant is
nonnegative if and only if

a ≥ q + 2√q + 1
q2 − 2q + 1

=
1(√
q − 1

)2
or a ≤ q − 2√q + 1

q2 − 2q + 1
=

1(√
q + 1

)2
. (7.11)

If the latter one holds, then the inequality (7.6) holds with an equality for the value

λ :=
1
2

(
1 − (q − 1

)
a +
√(

1 − (q − 1
)
a
)2 − 4a

)
. (7.12)

It is easy to check that this value is not less than 2/(√q + 1)2, that is, the solution is
nonnegative. This gives us the nonoscillation part of [36, Theorem 3].

Let us also outline connections to some known results in the theory of second-order
ordinary differential equations. For example, the Sturm-Picone comparison theorem is an
immediate corollary of Theorem 4.10 if we remark that a solution Λ ∈ C1

rd([t1,∞)
T
,R) of the

inequality (3.32) satisfying Λ/A0 ∈ R+([t1,∞)
T
,R) is also a solution of (3.32) with Bi instead

of Ai for i = 0, 1.

Proposition 7.2 (see [28, 32, 36]). Suppose that B0(t) ≥ A0(t) > 0, A1(t) ≥ 0, and A1(t) ≥ B1(t)
for all t ∈ [t0,∞)

T
, then nonoscillation of

(
A0x

Δ
)Δ

(t) +A1(t)xσ(t) = 0 for t ∈ [t0,∞)
T

(7.13)

implies nonoscillation of

(
B0x

Δ
)Δ

(t) + B1(t)xσ(t) = 0 for t ∈ [t0,∞)
T
. (7.14)

The following result can also be regarded as another generalization of the Sturm-
Picone comparison theorem. It is easily deduced that there is a solution Λ ∈ C1

rd([t1,∞)
T
,R+

0 )
of the inequality (3.4).
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Proposition 7.3. Suppose that (A4) and the conditions of Proposition 7.2 are fulfilled, then
nonoscillation of

(
A0x

Δ
)Δ

(t) +A1(t)x(t) = 0 for t ∈ [t0,∞)
T

(7.15)

implies the same for

(
B0x

Δ
)Δ

(t) + B1(t)x(t) = 0 for t ∈ [t0,∞)
T
. (7.16)

Finally, let us present some open problems. To this end, we will need the following
definition.

Definition 7.4. A solution x of (3.1) is said to be slowly oscillating if for every t1 ∈ [t0,∞)
T

there exist t2 ∈ (t1,∞)
T

with αmin(t) ≥ t1 for all t ∈ [t2,∞)
T

and t3 ∈ [t2,∞)
T

such that
x(t1)xσ(t1) ≤ 0, x(t2)xσ(t2) ≤ 0, x(t) > 0 for all t ∈ (t1, t2)T

.

Following the method of [8, Theorem 10], we can demonstrate that if (A1), (A2) with
positive coefficients and (A3) hold, then the existence of a slowly oscillating solution of (3.1)
which has infinitely many zeros implies oscillation of all solutions.

(P1) Generally, will existence of a slowly oscillating solution imply oscillation of all
solutions? To the best of our knowledge, slowly oscillating solutions have not been
studied for difference equations yet, the only known result is [9, Proposition 5.2].

All the results of the present paper are obtained under the assumptions that all
coefficients of (3.1) are nonnegative, and if some of them are negative, it is supposed that
the equation with the negative terms omitted has a positive solution.

(P2) Obtain sufficient nonoscillation conditions for (3.1) with coefficients of an arbitrary
sign, not assuming that all solutions of the equation with negative terms omitted are
nonoscillatory. In particular, consider the equation with one oscillatory coefficient.

(P3) Describe the asymptotic and the global properties of nonoscillatory solutions.

(P4) Deduce nonoscillation conditions for linear second-order impulsive equations on
time scales, where both the solution and its derivative are subject to the change at
impulse points (and these changes can be matched or not). The results of this type
for second-order delay differential equations were obtained in [37].

(P5) Consider the same equation on different time scales. In particular, under which
conditions will nonoscillation of (1.8) imply nonoscillation of (1.2)?

(P6) Obtain nonoscillation conditions for neutral delay second-order equations. In
particular, for difference equations some results of this type (a necessary oscillation
conditions) can be found in [17].

(P7) In the present paper, all parameters of the equation are rd-continuous which
corresponds to continuous delays and coefficients for differential equations.
However, in [8], nonoscillation of second-order equations is studied under a more
general assumption that delays and coefficients are Lebesgue measurable functions.
Can the restrictions of rd-continuity of the parameters be relaxed to involve,
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for example, discontinuous coefficients which arise in the theory of impulsive
equations?

Appendix

Time Scales Essentials

A time scale, which inherits the standard topology on R, is a nonempty closed subset of reals.
Here, and later throughout this paper, a time scale will be denoted by the symbol T, and the
intervals with a subscript T are used to denote the intersection of the usual interval with T.
For t ∈ T, we define the forward jump operator σ : T → T by σ(t) := inf(t,∞)

T
while the

backward jump operator ρ : T → T is defined by ρ(t) := sup(−∞, t)
T

, and the graininess function
μ : T → R

+
0 is defined to be μ(t) := σ(t)− t. A point t ∈ T is called right dense if σ(t) = t and/or

equivalently μ(t) = 0 holds; otherwise, it is called right scattered, and similarly left dense and
left scattered points are defined with respect to the backward jump operator. For f : T → R

and t ∈ T, the Δ-derivative fΔ(t) of f at the point t is defined to be the number, provided it
exists, with the property that, for any ε > 0, there is a neighborhood U of t such that

∣∣∣[fσ(t) − f(s)] − fΔ(t)[σ(t) − s]
∣∣∣ ≤ ε|σ(t) − s| ∀s ∈ U, (A.1)

where fσ := f ◦ σ on T. We mean the Δ-derivative of a function when we only say
derivative unless otherwise is specified. A function f is called rd-continuous provided that
it is continuous at right-dense points in T and has a finite limit at left-dense points, and the
set of rd-continuous functions is denoted by Crd(T,R). The set of functions C1

rd(T,R) includes
the functions whose derivative is in Crd(T,R) too. For a function f ∈ C1

rd(T,R), the so-called
simple useful formula holds

fσ(t) = f(t) + μ(t)fΔ(t) ∀t ∈ T
κ, (A.2)

where T
κ := T \ {sup T} if sup T = max T and satisfies ρ(max T)/= max T; otherwise, T

κ := T.
For s, t ∈ T and a function f ∈ Crd(T,R), the Δ-integral of f is defined by

∫ t
s

f
(
η
)
Δη = F(t) − F(s) for s, t ∈ T, (A.3)

where F ∈ C1
rd(T,R) is an antiderivative of f , that is, FΔ = f on T

κ. Table 1 gives the explicit
forms of the forward jump, graininess, Δ-derivative, and Δ-integral on the well-known time
scales of reals, integers, and the quantum set, respectively.

A function f ∈ Crd(T,R) is called regressive if 1 + μf /= 0 on T
κ, and positively regressive

if 1 + μf > 0 on T
κ. The set of regressive functions and the set of positively regressive functions are

denoted by R(T,R) and R+(T,R), respectively, and R−(T,R) is defined similarly.
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Table 1: Forward jump, Δ-derivative, and Δ-integral.

T R Z qZ, (q > 1)

σ(t) t t + 1 qt

fΔ(t) f ′(t) Δf(t)
Dqf(t) := (f(qt) − f(t))/((q − 1)t)

∫ t
s f(η)Δη

∫ t
s f(η)dη

∑t−1
η=s f(η)

∫ t
s f(η)dqη := (q − 1)

∑logq(t/q)

η=logq(s)
f(qη)qη

Table 2: The exponential function.

T R Z qZ, (q > 1)

ef (t, s) exp{∫ ts f(η)dη} ∏t−1
η=s(1 + f(η))

∏logq(t/q)

η=logq(s)
(1 + (q − 1)qηf(qη))

Let f ∈ R(T,R), then the exponential function ef(·, s) on a time scale T is defined to be
the unique solution of the initial value problem

xΔ(t) = f(t)x(t) for t ∈ T
κ,

x(s) = 1
(A.4)

for some fixed s ∈ T. For h ∈ R
+, set Ch := {z ∈ C : z/= − 1/h}, Zh := {z ∈ C : −π/h < Im(z) ≤

π/h}, and C0 := Z0 := C. For h ∈ R
+
0 , we define the cylinder transformation ξh : Ch → Zh by

ξh(z) :=

⎧⎪⎨
⎪⎩
z, h = 0,

1
h

Log(1 + hz), h > 0
(A.5)

for z ∈ Ch, then the exponential function can also be written in the form

ef(t, s) := exp

{∫ t
s

ξμ(η)
(
f
(
η
))
Δη

}
for s, t ∈ T. (A.6)

Table 2 illustrates the explicit forms of the exponential function on some well-known time
scales.

The exponential function ef(·, s) is strictly positive on [s,∞)
T

if f ∈ R+([s,∞)
T
,R),

while ef(·, s) alternates in sign at right-scattered points of the interval [s,∞)
T

provided that
f ∈ R−([s,∞)

T
,R). For h ∈ R

+
0 , let z,w ∈ Ch, the circle plus ⊕h and the circle minus �h are

defined by z⊕h w := z + w + hzw and z�hw := (z − w)/(1 + hw), respectively. Further
throughout the paper, we will abbreviate the operations ⊕μ and �μ simply by ⊕ and �,
respectively. It is also known that R+(T,R) is a subgroup of R(T,R), that is, 0 ∈ R+(T,R),
f, g ∈ R+(T,R) implies f⊕μg ∈ R+(T,R) and �μf ∈ R+(T,R), where �μf := 0�μf on T.

The readers are referred to [32] for further interesting details in the time scale theory.
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We consider equation x′′ + g(x) = 0, where g(x) is a polynomial, allowing the equation to have
multiple period annuli. We detect the maximal number of possible period annuli for polynomials
of odd degree and show how the respective optimal polynomials can be constructed.

1. Introduction

Consider equation

x′′ + g(x) = 0, (1.1)

where g(x) is an odd degree polynomial with simple zeros.
The equivalent differential system

x′ = y, y′ = −g(x) (1.2)

has critical points at (pi, 0), where pi are zeros of g(x). Recall that a critical point O of (1.2) is
a center if it has a punctured neighborhood covered with nontrivial cycles.

We will use the following definitions.

Definition 1.1 (see [1]). A central region is the largest connected region covered with cycles
surrounding O.
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Figure 2: The phase portrait for (1.1), where G(x) is as in Figure 1.

Definition 1.2 (see [1]). A period annulus is every connected region covered with nontrivial
concentric cycles.

Definition 1.3. We will call a period annulus associated with a central region a trivial period
annulus. Periodic trajectories of a trivial period annulus encircle exactly one critical point of
the type center.

Definition 1.4. Respectively, a period annulus enclosing several (more than one) critical points
will be called a nontrivial period annulus.

For example, there are four central regions and three nontrivial period annuli in the
phase portrait depicted in Figure 2.

Period annuli are the continua of periodic solutions. They can be used for constructing
examples of nonlinear equations which have a prescribed number of solutions to the Dirichlet
problem

x′′ + g(x) = 0, x(0) = 0, x(1) = 0, (1.3)

or a given number of positive solutions [2] to the same problem.
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Under certain conditions, period annuli of (1.1) give rise to limit cycles in a dissipative
equation

x′′ + f(x)x′ + g(x) = 0. (1.4)

The Liénard equation with a quadratical term

x′′ + f(x)x′2 + g(x) = 0 (1.5)

can be reduced to the form (1.1) by Sabatini’s transformation [3]

u := Φ(x) =
∫x

0
eF(s)ds, (1.6)

where F(x) =
∫x

0 f(s)ds. Since du/dx > 0, this is one-to-one correspondence and the inverse
function x = x(u) is well defined.

Lemma 1.5 (see [3, Lemma 1]). The function x(t) is a solution of (1.5) if and only if u(t) = Φ(x(t))
is a solution to

u′′ + g(x(u))eF(x(u)) = 0. (1.7)

Our task in this article is to define the maximal number of nontrivial period annuli for
(1.1).

(A) We suppose that g(x) is an odd degree polynomial with simple zeros and with a
negative coefficient at the principal term (so g(−∞) = +∞ and g(+∞) = −∞). A
zero z is called simple if g(z) = 0 and g ′(z)/= 0.

The graph of a primitive function G(x) =
∫x

0 g(s)ds is an even degree polynomial with
possible multiple local maxima.

The function g(x) = −x(x2 − p2)(x2 − q2) is a sample.
We discuss nontrivial period annuli in Section 2. In Section 3, a maximal number of

regular pairs is detected. Section 4 is devoted to construction of polynomials g(x) which
provide the maximal number of regular pairs or, equivalently, nontrivial period annuli in (1.1).

2. Nontrivial Period Annuli

The result below provides the criterium for the existence of nontrivial period annuli.

Theorem 2.1 (see [4]). Suppose that g(x) in (1.1) is a polynomial with simple zeros. Assume
that M1 and M2 (M1 < M2) are nonneighboring points of maximum of the primitive function
G(x). Suppose that any other local maximum of G(x) in the interval (M1,M2) is (strictly) less than
min{G(M1);G(M2)}.

Then, there exists a nontrivial period annulus associated with a pair (M1,M2).
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It is evident that if G(x) has m pairs of non-neighboring points of maxima then m
nontrivial period annuli exist.

Consider, for example, (1.1), where

g(x) = −x(x + 3)(x + 2.2)(x + 1.9)(x + 0.8)(x − 0.3)(x − 1.5)(x − 2.3)(x − 2.9). (2.1)

The equivalent system has alternating “saddles” and “centers”, and the graph of G(x) is
depicted in Figure 1.

There are three pairs of non-neighboring points of maxima and three nontrivial period
annuli exist, which are depicted in Figure 2.

3. Polynomials

Consider a polynomial G(x). Points of local maxima xi and xj of G(x) are non-neighboring if
the interval (xi, xj) contains at least one point of local maximum of G(x).

Definition 3.1. Two non-neighboring points of maxima xi < xj of G(x) will be called a regular
pair if G(x) < min{G(xi), G(xj)} at any other point of maximum lying in the interval (xi, xj).

Theorem 3.2. Suppose g(x) is a polynomial which satisfies the condition A. Let G(x) be a primitive
function for g(x) and n a number of local maxima of G(x).

Then, the maximal possible number of regular pairs is n − 2.

Proof. By induction, let x1, x2, . . . , xn be successive points of maxima of G(x), x1 < x2 < · · · <
xn.

(1) Let n = 3. The following combinations are possible at three points of maxima:

(a) G(x1) ≥ G(x2) ≥ G(x3),

(b) G(x2) < G(x1), G(x2) < G(x3),

(c) G(x1) ≤ G(x2) ≤ G(x3),

(d) G(x2) ≥ G(x1), G(x2) ≥ G(x3).

Only the case (b) provides a regular pair. In this case, therefore, the maximal number
of regular pairs is 1.

(2) Suppose that for any sequence of n > 3 ordered points of maxima of G(x) the
maximal number of regular pairs is n − 2. Without loss of generality, add to the right one
more point of maximum of the function G(x). We get a sequence of n + 1 consecutive points
of maximum x1, x2, . . . , xn, xn+1, x1 < x2 < . . . < xn < xn+1. Let us prove that the maximal
number of regular pairs is n − 1. For this, consider the following possible variants.

(a) The couple x1, xn is a regular pair. If G(x1) > G(xn) and G(xn+1) > G(xn), then,
beside the regular pairs in the interval [x1, xn], only one new regular pair can appear,
namely, x1, xn+1. Then, the maximal number of regular pairs which can be composed
of the points x1, x2, . . . , xn, xn+1, is not greater than (n−2)+1 = n−1. IfG(x1) ≤ G(xn)
or G(xn+1) ≤ G(xn), then the additional regular pair does not appear. In a particular
caseG(x2) < G(x3) < · · · < G(xn) < G(xn+1) andG(x1) > G(xn) the following regular
pairs exist, namely, x1 and x3, x1 and x4,. . ., x1 and xn, and the new pair x1 and xn+1

appears, totally n − 1 pairs.

IEEE eXpress Sample eBook, page 439



Abstract and Applied Analysis 5

(b) Suppose that x1, xn is not a regular pair. Let xi and xj be a regular pair, 1 ≤ i < j ≤ n,
and there is no other regular pair xp, xq such that 1 ≤ p ≤ i < j ≤ q ≤ n. Let us
mention that if such a pair xi, xj does not exist, then the function G(x) does not
have regular pairs at all and the sequence {G(xk)}, k = 1, · · · , n, is monotone. Then,
if G(xn+1) is greater than any other maximum, there are exactly (n + 1) − 2 = n − 1
regular pairs.

Otherwise, we have two possibilities:

either G(xi) ≥ G(xp), p = 1, . . . , i − 1,

or G(xj) ≥ G(xq), q = j + 1, . . . , n.

In the first case, the interval [x1, xi] contains i points of maximum of G(x), i < n, and
hence the number of regular pairs in this interval does not exceed i − 2. There are no regular
pairs xp, xk for 1 ≤ p < i, i < k ≤ n + 1. The interval [xi, xn+1] contains (n + 1) − (i − 1) points
of maximum of G(x), and hence the number of regular pairs in this interval does not exceed
(n + 1) − (i − 1) − 2 = n − i. Totally, there are no more regular pairs than (i − 2) + (n − i) = n − 2.

In the second case, the number of regular pairs in [xi, xj] does not exceed j −(i−1)−2 =
j − i− 1. In [xj , xn+1],there are no more than (n+ 1)− (j − 1)− 2 = n− j regular pairs. The points
xp, p = 1, . . . , i − 1, xq, j < q ≤ n do not form regular pairs, by the choice of xp and xq. The
points xp, p = 1, . . . , i, together with xn+1 (it serves as the i+1th point in a collection of points)
form not more than (i + 1) − 2 = i − 1 regular pairs. Totally, the number of regular pairs is not
greater than (j − i − 1) + (n − j) + (i − 1) = n − 2.

4. Existence of Polynomials with Optimal Distribution

Theorem 4.1. Given number n, a polynomial g(x) can be constructed such that

(a) the condition (A) is satisfied,

(b) the primitive function G(x) has exactly n points of maximum and the number of regular
pairs is exactly n − 2.

Proof of the Theorem. Consider the polynomial

G(x) = −
(
x +

1
2

)(
x − 1

2

)(
x +

3
2

)(
x − 3

2

)(
x +

5
2

)(
x − 5

2

)(
x +

7
2

)(
x − 7

2

)
. (4.1)

It is an even function with the graph depicted in Figure 3.
Consider now the polynomial

Gε(x) = −
(
x +

1
2
+ ε

)(
x − 1

2

)(
x +

3
2

)(
x − 3

2

)(
x +

5
2

)(
x − 5

2

) (
x +

7
2

)(
x − 7

2

)
,

(4.2)

where ε > 0 is small enough. The graph of Gε(x) with ε = 0.2 is depicted in Figure 4.
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Figure 3: G(x) (solid) and G′(x) = g(x) (dashed).
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Figure 4: G(x) (solid line), Gε(x) (dashed line), and G(x) −Gε(x) (dotted line).

Denote the maximal values of G(x) and Gε(x) to the right of x = 0 m+
1 , m

+
2 . Denote

the maximal values of G(x) and Gε(x) to the left of x = 0 m−1 , m
−
2 . One has for G(x) that

m+
1 = m−1 < m

−
2 = m+

2 . One has for Gε(x) that m+
1 < m

−
1 < m

+
2 < m

−
2 . Then, there are two regular

pairs (resp., m−1 and m+
2 , m+

2 and m−2 ).
For arbitrary even n the polynomial

Gε(x) = −
(
x +

1
2

)(
x − 1

2

)(
x +

3
2

)(
x − 3

2

)
· · ·

(
x +

2n − 1
2

)(
x − 2n − 1

2

)
, (4.3)

is to be considered where the maximal values m+
1 , m

+
2 , . . . , m

+
n/2 to the right of x = 0 form

ascending sequence, and, respectively, the maximal values m−1 , m
−
2 , . . . , m

−
n/2 to the left of x =

0 also form ascending sequence. One has that m+
i = m−i for all i. For a slightly modified

polynomial

Gε(x) = −
(
x +

1
2
+ ε

)(
x − 1

2

)(
x +

3
2

)(
x − 3

2

)
. . .

(
x +

2n − 1
2

)(
x − 2n − 1

2

)
, (4.4)

the maximal values are arranged as

m+
1 < m

−
1 < m

+
2 < m

−
2 < · · · < m+

n/2 < m
−
n/2. (4.5)
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Figure 5: G(x) (solid) and G′(x) = g(x) (dashed).
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Figure 6: G(x) (solid), Gε(x) (dashed), and G(x) −Gε(x) (dotted).

Therefore, there exist exactly n − 2 regular pairs and, consequently, n − 2 nontrivial period
annuli in the differential equation (1.1).

If n is odd, then the polynomial

G(x) = −x2(x − 1)(x + 1)(x − 2)(x + 2) · · · (x − (n − 1))(x + (n − 1)) (4.6)

with n local maxima is to be considered. The maxima are descending for x < 0 and ascending
if x > 0. The polynomial with three local maxima is depicted in Figure 5.

The slightly modified polynomial

G(x) = −x2(x − 1 − ε)(x + 1)(x − 2)(x + 2) · · · (x − (n − 1))(x + (n − 1)) (4.7)

has maxima which are not equal and are arranged in an optimal way in order to produce the
maximal (n − 2) regular pairs.

The graph of Gε(x) with ε = 0.2 is depicted in Figure 6.
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Existence of positive solutions for advanced equations with several terms ẋ(t) +∑m
k=1 ak(t)x(hk(t)) = 0, hk(t) ≥ t is investigated in the following three cases: (a) all coefficients

ak are positive; (b) all coefficients ak are negative; (c) there is an equal number of positive and
negative coefficients. Results on asymptotics of nonoscillatory solutions are also presented.

1. Introduction

This paper deals with nonoscillation properties of scalar advanced differential equations.
Advanced differential equations appear in several applications, especially as mathematical
models in economics; an advanced term may, for example, reflect the dependency on
anticipated capital stock [1, 2].

It is not quite clear how to formulate an initial value problem for such equations, and
existence and uniqueness of solutions becomes a complicated issue. To study oscillation, we
need to assume that there exists a solution of such equation on the halfline. In the beginning of
1980s, sufficient oscillation conditions for first-order linear advanced equations with constant
coefficients and deviations of arguments were obtained in [3] and for nonlinear equations
in [4]. Later oscillation properties were studied for other advanced and mixed differential
equations (see the monograph [5], the papers [6–12] and references therein). Overall, these
publications mostly deal with sufficient oscillation conditions; there are only few results
[7, 9, 12] on existence of positive solutions for equations with several advanced terms and
variable coefficients, and the general nonoscillation theory is not complete even for first-order
linear equations with variable advanced arguments and variable coefficients of the same sign.
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The present paper partially fills up this gap. We obtain several nonoscillation results for
advanced equations using the generalized characteristic inequality [13]. The main method
of this paper is based on fixed point theory; thus, we also state the existence of a solution in
certain cases.

In the linear case, the best studied models with advanced arguments were the
equations of the types

ẋ(t) − a(t)x(h(t)) + b(t)x(t) = 0,

ẋ(t) − a(t)x(t) + b(t)x(g(t)) = 0,
(1.1)

where a(t) ≥ 0, b(t) ≥ 0, h(t) ≥ t, and g(t) ≥ t.
Let us note that oscillation of higher order linear and nonlinear equations with

advanced and mixed arguments was also extensively investigated, starting with [14]; see
also the recent papers [15–19] and references therein.

For equations with an advanced argument, the results obtained in [20, 21] can be
reformulated as Theorems A–C below.

Theorem A (see [20]). If a, b, and h are equicontinuous on [0,∞), a(t) ≥ 0, b(t) ≥ 0, h(t) ≥ t, and
lim supt→∞[h(t) − t] <∞, then the advanced equation

ẋ(t) + a(t)x(h(t)) + b(t)x(t) = 0 (1.2)

has a nonoscillatory solution.

In the present paper, we extend Theorem A to the case of several deviating arguments
and coefficients (Theorem 2.10).

Theorem B (see [20]). If a, b, and h are equicontinuous on [0,∞), a(t) ≥ 0, b(t) ≥ 0, h(t) ≥ t,
lim supt→∞[h(t) − t] <∞, and

lim sup
t→∞

∫h(t)

t

a(s) exp

{∫h(s)

s

b(τ)dτ

}
ds <

1
e
, (1.3)

then the advanced equation

ẋ(t) − a(t)x(h(t)) − b(t)x(t) = 0 (1.4)

has a nonoscillatory solution.

Corollary 2.3 of the present paper extends Theorem B to the case of several coefficients
ak ≥ 0 and advanced arguments hk (generally, b(t) ≡ 0); if

∫maxkhk(t)

t

m∑
i=1

ai(s)ds ≤ 1
e
, (1.5)
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then the equation

ẋ(t) +
m∑
k=1

ak(t)x(hk(t)) = 0 (1.6)

has an eventually positive solution. To the best of our knowledge, only the opposite
inequality (with minkhk(t) rather than maxkhk(t) in the upper bound) was known as a
sufficient oscillation condition. Coefficients and advanced arguments are also assumed to
be of a more general type than in [20]. Comparison to equations with constant arguments
deviations, and coefficients (Corollary 2.8) is also outlined.

For advanced equations with coefficients of different sign, the following result is
known.

Theorem C (see [21]). If 0 ≤ a(t) ≤ b(t) and h(t) ≥ t, then there exists a nonoscillatory solution of
the equation

ẋ(t) − a(t)x(h(t)) + b(t)x(t) = 0. (1.7)

This result is generalized in Theorem 2.13 to the case of several positive and negative
terms and several advanced arguments; moreover, positive terms can also be advanced as far
as the advance is not greater than in the corresponding negative terms.

We also study advanced equations with positive and negative coefficients in the case
when positive terms dominate rather than negative ones; some sufficient nonoscillation
conditions are presented in Theorem 2.15; these results are later applied to the equation with
constant advances and coefficients. Let us note that analysis of nonoscillation properties of
the mixed equation with a positive advanced term

ẋ(t) + a(t)x(h(t)) − b(t)x(g(t)) = 0, h(t) ≥ t, g(t) ≤ t, a(t) ≥ 0, b(t) ≥ 0 (1.8)

was also more complicated compared to other cases of mixed equations with positive and
negative coefficients [21].

In nonoscillation theory, results on asymptotic properties of nonoscillatory solutions
are rather important; for example, for equations with several delays and positive coefficients,
all nonoscillatory solutions tend to zero if the integral of the sum of coefficients diverges;
under the same condition for negative coefficients, all solutions tend to infinity. In Theorems
2.6 and 2.11, the asymptotic properties of nonoscillatory solutions for advanced equations
with coefficients of the same sign are studied.

The paper is organized as follows. Section 2 contains main results on the existence of
nonoscillatory solutions to advanced equations and on asymptotics of these solutions: first
for equations with coefficients of the same sign, then for equations with both positive and
negative coefficients. Section 3 involves some comments and open problems.
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2. Main Results

Consider first the equation

ẋ(t) −
m∑
k=1

ak(t)x(hk(t)) = 0, (2.1)

under the following conditions:

(a1) ak(t) ≥ 0, k = 1, . . . , m, are Lebesgue measurable functions locally essentially
bounded for t ≥ 0,

(a2) hk : [0,∞) → � are Lebesgue measurable functions, hk(t) ≥ t, k = 1, . . . , m.

Definition 2.1. A locally absolutely continuous function x : [t0,∞) → R is called a solution of
problem (2.1) if it satisfies (2.1) for almost all t ∈ [t0,∞).

The same definition will be used for all further advanced equations.

Theorem 2.2. Suppose that the inequality

u(t) ≥
m∑
k=1

ak(t) exp

{∫hk(t)

t

u(s)ds

}
, t ≥ t0 (2.2)

has a nonnegative solution which is integrable on each interval [t0, b], then (2.1) has a positive solution
for t ≥ t0.

Proof. Let u0(t) be a nonnegative solution of inequality (2.2). Denote

un+1(t) =
m∑
k=1

ak(t) exp

{∫hk(t)

t

un(s)ds

}
, n = 0, 1, . . . , (2.3)

then

u1(t) =
m∑
k=1

ak(t) exp

{∫hk(t)

t

u0(s)ds

}
≤ u0(t). (2.4)

By induction we have 0 ≤ un+1(t) ≤ un(t) ≤ u0(t). Hence, there exists a pointwise limit u(t) =
limn→∞un(t). By the Lebesgue convergence theorem, we have

u(t) =
m∑
k=1

ak(t) exp

{∫hk(t)

t

u(s)ds

}
. (2.5)

Then, the function

x(t) = x(t0) exp

{∫ t

t0

u(s)ds

}
for any x(t0) > 0 (2.6)

is a positive solution of (2.1).
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Corollary 2.3. If
∫maxkhk(t)

t

m∑
i=1

ai(s)ds ≤ 1
e
, t ≥ t0, (2.7)

then (2.1) has a positive solution for t ≥ t0.

Proof. Let u0(t) = e
∑m

k=1 ak(t), then u0 satisfies (2.2) at any point t where
∑m

k=1 ak(t) = 0. In
the case when

∑m
k=1 ak(t)/= 0, inequality (2.7) implies

u0(t)∑m
k=1 ak(t) exp

{∫hk(t)
t

u0(s)ds
}

≥ u0(t)∑m
k=1 ak(t) exp

{∫maxkhk(t)
t

u0(s)ds
}

=
e
∑m

k=1 ak(t)∑m
k=1 ak(t) exp

{
e
∫maxkhk(t)
t

∑m
i=1 ai(s)ds

}

≥ e
∑m

k=1 ak(t)∑m
k=1 ak(t)e

= 1.

(2.8)

Hence, u0(t) is a positive solution of inequality (2.2). By Theorem 2.2, (2.1) has a positive
solution for t ≥ t0.

Corollary 2.4. If there exists σ > 0 such that hk(t) − t ≤ σ and
∫∞

0

∑m
k=1 ak(s)ds < ∞, then (2.1)

has an eventually positive solution.

Corollary 2.5. If there exists σ > 0 such that hk(t) − t ≤ σ and limt→∞ak(t) = 0, then (2.1) has an
eventually positive solution.

Proof. Under the conditions of either Corollary 2.4 or Corollary 2.5, obviously there exists
t0 ≥ 0 such that (2.7) is satisfied.

Theorem 2.6. Let
∫∞∑m

k=1 ak(s)ds = ∞ and x be an eventually positive solution of (2.1), then
limt→∞x(t) = ∞.

Proof. Suppose that x(t) > 0 for t ≥ t1, then ẋ(t) ≥ 0 for t ≥ t1 and

ẋ(t) ≥
m∑
k=1

ak(t)x(t1), t ≥ t1, (2.9)

which implies

x(t) ≥ x(t1)
∫ t

t1

m∑
k=1

ak(s)ds. (2.10)

Thus, limt→∞x(t) = ∞.
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Consider together with (2.1) the following equation:

ẋ(t) −
m∑
k=1

bk(t)x
(
gk(t)

)
= 0, (2.11)

for t ≥ t0. We assume that for (2.11) conditions (a1)-(a2) also hold.

Theorem 2.7. Suppose that t ≤ gk(t) ≤ hk(t), 0 ≤ bk(t) ≤ ak(t), t ≥ t0, and the conditions of
Theorem 2.2 hold, then (2.11) has a positive solution for t ≥ t0.

Proof. Let u0(t) ≥ 0 be a solution of inequality (2.2) for t ≥ t0, then this function is also a
solution of this inequality if ak(t) and hk(t) are replaced by bk(t) and gk(t). The reference to
Theorem 2.2 completes the proof.

Corollary 2.8. Suppose that there exist ak > 0 and σk > 0 such that 0 ≤ ak(t) ≤ ak, t ≤ hk(t) ≤
t + σk, t ≥ t0, and the inequality

λ ≥
m∑
k=1

ake
λσk (2.12)

has a solution λ ≥ 0, then (2.1) has a positive solution for t ≥ t0.

Proof. Consider the equation with constant parameters

ẋ(t) −
m∑
k=1

akx(t + σk) = 0. (2.13)

Since the function u(t) ≡ λ is a solution of inequality (2.2) corresponding to (2.13), by
Theorem 2.2, (2.13) has a positive solution. Theorem 2.7 implies this corollary.

Corollary 2.9. Suppose that 0 ≤ ak(t) ≤ ak, t ≤ hk(t) ≤ t + σ for t ≥ t0, and

m∑
k=1

ak ≤ 1
eσ

, (2.14)

then (2.1) has a positive solution for t ≥ t0.

Proof. Since
∑m

k=1 ak ≤ 1/eσ, the number λ = 1/σ is a positive solution of the inequality

λ ≥
(

m∑
k=1

ak

)
eλσ, (2.15)

which completes the proof.
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Consider now the equation with positive coefficients

ẋ(t) +
m∑
k=1

ak(t)x(hk(t)) = 0. (2.16)

Theorem 2.10. Suppose that ak(t) ≥ 0 are continuous functions bounded on [t0,∞) and hk are
equicontinuous functions on [t0,∞) satisfying 0 ≤ hk(t) − t ≤ δ, then (2.16) has a nonoscillatory
solution.

Proof. In the space C[t0,∞) of continuous functions on [t0,∞), consider the set

M =

{
u | 0 ≤ u ≤

m∑
k=1

ak(t)

}
, (2.17)

and the operator

(Hu)(t) =
m∑
k=1

ak(t) exp

{
−
∫hk(t)

t

u(s)ds

}
. (2.18)

If u ∈M, then Hu ∈M.
For the integral operator

(Tu)(t) :=
∫hk(t)

t

u(s)ds, (2.19)

we will demonstrate that TM is a compact set in the space C[t0,∞). If u ∈M, then

‖(Tu)(t)‖C[t0,∞) ≤ sup
t≥t0

∫ t+δ

t

|u(s)|ds ≤ sup
t≥t0

m∑
k=1

ak(t)δ <∞. (2.20)

Hence, the functions in the set TM are uniformly bounded in the space C[t0,∞).
Functions hk are equicontinuous on [t0,∞), so for any ε > 0, there exists a σ0 > 0 such

that for |t − s| < σ0, the inequality

|hk(t) − hk(s)| < ε

2

(
sup
t≥t0

m∑
k=1

ak(t)

)−1

, k = 1, . . . , m (2.21)

holds. From the relation

∫hk(t0)

t0

−
∫hk(t)

t

=
∫ t

t0

+
∫hk(t0)

t

−
∫hk(t0)

t

−
∫hk(t)

hk(t0)
=
∫ t

t0

−
∫hk(t)

hk(t0)
, (2.22)
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we have for |t − t0| < min{σ0, ε/2 supt≥t0
∑m

k=1 ak(t)} and u ∈M the estimate

|(Tu)(t) − (Tu)(t0)| =
∣∣∣∣∣
∫hk(t)

t
u(s) −

∫hk(t0)

t0

u(s)ds

∣∣∣∣∣

≤
∫ t

t0

|u(s)|ds +
∫hk(t)

hk(t0)
|u(s)|ds

≤ |t − t0|sup
t≥t0

m∑
k=1

ak(t) + |hk(t) − hk(t0)|sup
t≥t0

m∑
k=1

ak(t)

<
ε

2
+
ε

2
= ε.

(2.23)

Hence, the set TM contains functions which are uniformly bounded and equicontinuous on
[t0,∞), so it is compact in the space C[t0,∞); thus, the set HM is also compact in C[t0,∞).

By the Schauder fixed point theorem, there exists a continuous function u ∈ M such
that u = Hu, then the function

x(t) = exp

{
−
∫ t

t0

u(s)ds

}
(2.24)

is a bounded positive solution of (2.16). Moreover, since u is nonnegative, this solution is
nonincreasing on [t0,∞).

Theorem 2.11. Suppose that the conditions of Theorem 2.10 hold,

∫∞
t0

m∑
k=1

ak(s)ds =∞, (2.25)

and x is a nonoscillatory solution of (2.16), then limt→∞x(t) = 0.

Proof. Let x(t) > 0 for t ≥ t0, then ẋ(t) ≤ 0 for t ≥ t0. Hence, x(t) is nonincreasing and thus
has a finite limit. If limt→∞x(t) = d > 0, then x(t) > d for any t, and thus ẋ(t) ≤ −d∑m

k=1 ak(t)
which implies limt→∞x(t) = −∞. This contradicts to the assumption that x(t) is positive, and
therefore limt→∞x(t) = 0.

Let us note that we cannot guarantee any (exponential or polynomial) rate of
convergence to zero even for constant coefficients ak, as the following example demonstrates.

Example 2.12. Consider the equation ẋ(t) +x(h(t)) = 0, where h(t) = tt ln t, t ≥ 3, x(3) = 1/ ln 3.
Then, x(t) = 1/(ln t) is the solution which tends to zero slower than t−r for any r > 0.

Consider now the advanced equation with positive and negative coefficients

ẋ(t) −
m∑
k=1

[
ak(t)x(hk(t)) − bk(t)x

(
gk(t)

)]
= 0, t ≥ 0. (2.26)
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Theorem 2.13. Suppose that ak(t) and bk(t) are Lebesgue measurable locally essentially bounded
functions, ak(t) ≥ bk(t) ≥ 0, hk(t) and gk(t) are Lebesgue measurable functions, hk(t) ≥ gk(t) ≥ t,
and inequality (2.2) has a nonnegative solution, then (2.26) has a nonoscillatory solution; moreover,
it has a positive nondecreasing and a negative nonincreasing solutions.

Proof. Let u0 be a nonnegative solution of (2.2) and denote

un+1(t) =
m∑
k=1

(
ak(t) exp

{∫hk(t)

t

un(s)ds

}
− bk(t) exp

{∫gk(t)

t

un(s)ds

})
, t ≥ t0, n ≥ 0.

(2.27)

We have u0 ≥ 0, and by (2.2),

u0 ≥
m∑
k=1

ak(t) exp

{∫hk(t)

t

u0(s)ds

}

≥
m∑
k=1

(
ak(t) exp

{∫hk(t)

t

u0(s)ds

}
− bk(t) exp

{∫gk(t)

t

u0(s)ds

})
= u1(t).

(2.28)

Since ak(t) ≥ bk(t) ≥ 0 and t ≤ gk(t) ≤ hk(t), then u1(t) ≥ 0.
Next, let us assume that 0 ≤ un(t) ≤ un−1(t). The assumptions of the theorem imply

un+1 ≥ 0. Let us demonstrate that un+1(t) ≤ un(t). This inequality has the form

m∑
k=1

(
ak(t) exp

{∫hk(t)

t

un(s)ds

}
− bk(t) exp

{∫gk(t)

t

un(s)ds

})

≤
m∑
k=1

(
ak(t) exp

{∫hk(t)

t

un−1(s)ds

}
− bk(t) exp

{∫gk(t)

t

un−1(s)ds

})
,

(2.29)

which is equivalent to

m∑
k=1

exp

{∫hk(t)

t

un(s)ds

}(
ak(t) − bk(t) exp

{
−
∫hk(t)

gk(t)
un(s)ds

})

≤
m∑
k=1

exp

{∫hk(t)

t

un−1(s)ds

}(
ak(t) − bk(t) exp

{
−
∫hk(t)

gk(t)
un−1(s)ds

})
.

(2.30)

This inequality is evident for any 0 ≤ un(t) ≤ un−1(t), ak(t) ≥ 0, and bk ≥ 0; thus, we have
un+1(t) ≤ un(t).

By the Lebesgue convergence theorem, there is a pointwise limit u(t) = limn→∞un(t)
satisfying

u(t) =
m∑
k=1

(
ak(t) exp

{∫hk(t)

t

u(s)ds

}
− bk(t) exp

{∫gk(t)

t

u(s)ds

})
, t ≥ t0, (2.31)
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u(t) ≥ 0, t ≥ t0. Then, the function

x(t) = x(t0) exp

{∫ t

t0

u(s)ds

}
, t ≥ t0 (2.32)

is a positive nondecreasing solution of (2.26) for any x(t0) > 0 and is a negative nonincreasing
solution of (2.26) for any x(t0) < 0.

Corollary 2.14. Let ak(t) and bk(t) be Lebesgue measurable locally essentially bounded functions
satisfying ak(t) ≥ bk(t) ≥ 0, and let hk(t) and gk(t) be Lebesgue measurable functions, where hk(t) ≥
gk(t) ≥ t. Assume in addition that inequality (2.7) holds. Then, (2.26) has a nonoscillatory solution.

Consider now the equation with constant deviations of advanced arguments

ẋ(t) −
m∑
k=1

[ak(t)x(t + τk) − bk(t)x(t + σk)] = 0, (2.33)

where ak, bk are continuous functions, τk ≥ 0, σk ≥ 0.
Denote Ak = supt≥t0ak(t), ak = inft≥t0ak(t), Bk = supt≥t0bk(t), bk = inft≥t0bk(t).

Theorem 2.15. Suppose that ak ≥ 0, bk ≥ 0, Ak <∞, and Bk < ∞.
If there exists a number λ0 < 0 such that

m∑
k=1

(
ake

λ0τk − Bk
)
≥ λ0, (2.34)

m∑
k=1

(
Ak − bkeλ0σk

)
≤ 0, (2.35)

then (2.33) has a nonoscillatory solution; moreover, it has a positive nonincreasing and a negative
nondecreasing solutions.

Proof. In the space C[t0,∞), consider the set M = {u | λ0 ≤ u ≤ 0} and the operator

(Hu)(t) =
m∑
k=1

(
ak(t) exp

{∫ t+τk

t

u(s)ds

}
− bk(t) exp

{∫ t+σk

t

u(s)ds

})
. (2.36)

For u ∈M, we have from (2.34) and (2.35)

(Hu)(t) ≤
m∑
k=1

(
Ak − bkeλ0σk

)
≤ 0,

(Hu)(t) ≥
m∑
k=1

(
ake

λ0τk − Bk
)
≥ λ0.

(2.37)

Hence, HM ⊂M.
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Consider the integral operator

(Tu)(t) :=
∫ t+δ

t

u(s)ds, δ > 0. (2.38)

We will show that TM is a compact set in the space C[t0,∞). For u ∈M, we have

‖(Tu)(t)‖C[t0,∞) ≤ sup
t≥t0

∫ t+δ

t

|u(s)|ds ≤ |λ0|δ. (2.39)

Hence, the functions in the set TM are uniformly bounded in the space C[t0,∞).
The equality

∫ t0+δ
t0
− ∫ t+δt =

∫ t
t0
+
∫ t0+δ
t − ∫ t0+δt − ∫ t+δt0+δ

=
∫ t
t0
− ∫ t+δt0+δ

implies

|(Tu)(t) − (Tu)(t0)| =
∣∣∣∣∣
∫ t+δ

t

u(s) −
∫ t0+δ

t0

u(s)ds

∣∣∣∣∣

≤
∫ t

t0

|u(s)|ds +
∫ t+δ

t0+δ
|u(s)|ds ≤ 2|λ0||t − t0|.

(2.40)

Hence, the set TM and so the set HM are compact in the space C[t0,∞).
By the Schauder fixed point theorem, there exists a continuous function u satisfying

λ0 ≤ u ≤ 0 such that u = Hu; thus, the function

x(t) = x(t0) exp

{∫ t

t0

u(s)ds

}
, t ≥ t0 (2.41)

is a positive nonincreasing solution of (2.33) for any x(t0) > 0 and is a negative nondecreasing
solution of (2.26) for any x(t0) < 0.

Let us remark that (2.35) for any λ0 < 0 implies
∑m

k=1(Ak − bk) < 0.

Corollary 2.16. Let
∑m

k=1(Ak − bk) < 0,
∑m

k=1 Ak > 0, and for

λ0 =
ln
(∑m

k=1 Ak/
∑m

k=1 bk
)

maxkσk
, (2.42)

the inequality

m∑
k=1

(
ake

λ0τk − Bk
)
≥ λ0 (2.43)

holds, then (2.33) has a bounded positive solution.

Proof. The negative number λ0 defined in (2.42) is a solution of both (2.34) and (2.35); by
definition, it satisfies (2.35), and (2.43) implies (2.34).
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Figure 1: The domain of values (d, r) satisfying inequality (2.47). If the values of advances d and r are
under the curve, then (2.44) has a positive solution.

Example 2.17. Consider the equation with constant advances and coefficients

ẋ(t) − ax(t + r) + bx(t + d) = 0, (2.44)

where 0 < a < b, d > 0, r ≥ 0. Then, λ0 = (1/d) ln(a/b) is the minimal value of λ for which
inequality (2.35) holds; for (2.44), it has the form a − beλd ≤ 0.

Inequality (2.34) for (2.44) can be rewritten as

f(λ) = aeλr − b − λ ≥ 0, (2.45)

where the function f(x) decreases on (−∞,− ln(ar)/r] if τ > 0 and for any negative x if r = 0;
besides, f(0) < 0. Thus, if f(λ1) < 0 for some λ1 < 0, then f(λ) < 0 for any λ ∈ [λ1, 0). Hence,
the inequality

f(λ0) = a
(a
b

)r/d
− b − 1

d
ln
(a
b

)
≥ 0 (2.46)

is necessary and sufficient for the conditions of Theorem 2.15 to be satisfied for (2.44).
Figure 1 demonstrates possible values of advances d and r, such that Corollary 2.16

implies the existence of a positive solution in the case 1 = a < b = 2. Then, (2.46) has the form
0.5r/d ≥ 2 − (ln 2)/d, which is possible only for d > 0.5 ln 2 ≈ 0.347 and for these values is
equivalent to

r ≤ −d ln(2 − ln 2/d)
ln 2

. (2.47)
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3. Comments and Open Problems

In this paper, we have developed nonoscillation theory for advanced equations with variable
coefficients and advances. Most previous nonoscillation results deal with either oscillation
or constant deviations of arguments. Among all cited papers, only [8] has a nonoscillation
condition (Theorem 2.11) for a partial case of (2.1) (with hk(t) = t + τk), which in this case
coincides with Corollary 2.4. The comparison of results of the present paper with the previous
results of the authors was discussed in the introduction.

Finally, let us state some open problems and topics for research.

(1) Prove or disprove:
if (2.1), with ak(t) ≥ 0, has a nonoscillatory solution, then (2.26) with positive and
negative coefficients also has a nonoscillatory solution.

As the first step in this direction, prove or disprove that if h(t) ≥ t and the equation

ẋ(t) − a+(t)x(h(t)) = 0 (3.1)

has a nonoscillatory solution, then the equation

ẋ(t) − a(t)x(h(t)) = 0 (3.2)

also has a nonoscillatory solution, where a+(t) = max{a(t), 0}.
If these conjectures are valid, obtain comparison results for advanced equations.

(2) Deduce nonoscillation conditions for (2.1) with oscillatory coefficients. Oscillation
results for an equation with a constant advance and an oscillatory coefficient were
recently obtained in [22].

(3) Consider advanced equations with positive and negative coefficients when the
numbers of positive and negative terms do not coincide.

(4) Study existence and/or uniqueness problem for the initial value problem or
boundary value problems for advanced differential equations.
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For a system of linear functional differential equations, we consider a three-point problem with
nonseparated boundary conditions determined by singular matrices. We show that, to investigate
such a problem, it is often useful to reduce it to a parametric family of two-point boundary
value problems for a suitably perturbed differential system. The auxiliary parametrised two-point
problems are then studied by a method based upon a special kind of successive approximations
constructed explicitly, whereas the values of the parameters that correspond to solutions of the
original problem are found from certain numerical determining equations. We prove the uniform
convergence of the approximations and establish some properties of the limit and determining
functions.

1. Introduction

The aim of this paper is to show how a suitable parametrisation can help when dealing
with nonseparated three-point boundary conditions determined by singular matrices. We
construct a suitable numerical-analytic scheme allowing one to approach a three-point
boundary value problem through a certain iteration procedure. To explain the term, we
recall that, formally, the methods used in the theory of boundary value problems can be
characterised as analytic, functional-analytic, numerical, or numerical-analytic ones.

While the analytic methods are generally used for the investigation of qualitative
properties of solutions such as the existence, multiplicity, branching, stability, or dichotomy
and generally use techniques of calculus (see, e.g., [1–11] and the references in [12]), the
functional-analytic ones are based mainly on results of functional analysis and topological
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2 Abstract and Applied Analysis

degree theory and essentially use various techniques related to operator equations in abstract
spaces [13–26]. The numerical methods, under the assumption on the existence of solutions,
provide practical numerical algorithms for their approximation [27, 28]. The numerical
construction of approximate solutions is usually based on an idea of the shooting method and
may face certain difficulties because, as a rule, this technique requires some global regularity
conditions, which, however, are quite often satisfied only locally.

Methods of the so-called numerical-analytic type, in a sense, combine, advantages of
the mentioned approaches and are usually based upon certain iteration processes constructed
explicitly. Such an approach belongs to the few of them that offer constructive possibilities
both for the investigation of the existence of a solution and its approximate construction. In
the theory of nonlinear oscillations, numerical-analytic methods of this kind had apparently
been first developed in [20, 29–31] for the investigation of periodic boundary value problems.
Appropriate versions were later developed for handling more general types of nonlinear
boundary value problems for ordinary and functional-differential equations. We refer, for
example, to the books [12, 32–34], the handbook [35], the papers [36–50], and the survey
[51–57] for related references.

For a boundary value problem, the numerical-analytic approach usually replaces the
problem by the Cauchy problem for a suitably perturbed system containing some artificially
introduced vector parameter z, which most often has the meaning of an initial value of
the solution and the numerical value of which is to be determined later. The solution of
Cauchy problem for the perturbed system is sought for in an analytic form by successive
approximations. The functional “perturbation term,” by which the modified equation differs
from the original one, depends explicitly on the parameter z and generates a system of
algebraic or transcendental “determining equations” from which the numerical values of
z should be found. The solvability of the determining system, in turn, may by checked by
studying some of its approximations that are constructed explicitly.

For example, in the case of the two-point boundary value problem

x′(t) = f(t, x(t)), t ∈ [a, b], (1.1)

Ax(a) +Dx(b) = d, (1.2)

where x : [a, b] → R
n,−∞ < a < b < +∞, d ∈ R

n, detD/= 0, the corresponding Cauchy
problem for the modified parametrised system of integrodifferential equations has the form
[12]

x′(t) = f(t, x(t)) +
1

b − a
(
D−1d −

(
D−1A + 1n

)
z
)
− 1
b − a

∫b
a

f(s, x(s))ds, t ∈ [a, b],

x(a) = z,

(1.3)

where 1n is the unit matrix of dimension n and the parameter z ∈ R
n has the meaning of

initial value of the solution at the point a. The expression

1
b − a

(
D−1d −

(
D−1A + 1n

)
z
)
− 1
b − a

∫b
a

f(s, x(s))ds (1.4)
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Abstract and Applied Analysis 3

in (1.3) plays the role of a ”perturbation term” and its choice is, of course, not unique. The
solution of problem (1.3) is sought for in an analytic form by the method of successive
approximations similar to the Picard iterations. According to the formulas

xm+1(t, z) := z +
∫ t
a

(
f(s, xm(s, z))ds − 1

b − a
∫b
a

f(τ, xm(τ, z))dτ

)
ds

+
t − a
b − a

(
D−1d −

(
D−1A + 1n

)
z
)
, m = 0, 1, 2, . . . ,

(1.5)

where x0(t, z) := z for all t ∈ [a, b] and z ∈ R
n, one constructs the iterations xm(·, z), m =

1, 2, . . ., which depend upon the parameter z and, for arbitrary its values, satisfy the given
boundary conditions (1.2): Axm(a, z) + Dxm(b, z) = d, z ∈ R

n, m = 1, 2, . . .. Under suitable
assumptions, one proves that sequence (1.5) converges to a limit function x∞(·, z) for any
value of z.

The procedure of passing from the original differential system (1.1) to its ”perturbed”
counterpart and the investigation of the latter by using successive approximations (1.5) leads
one to the system of determining equations

D−1d −
(
D−1A + 1n

)
z −
∫b
a

f(s, x∞(s, z))ds = 0, (1.6)

which gives those numerical values z = z∗ of the parameter that correspond to solutions of the
given boundary value problem (1.1), (1.10). The form of system (1.6) is, of course, determined
by the choice of the perturbation term (1.4); in some other related works, auxiliary equations
are constructed in a different way (see, e.g., [42]). It is clear that the complexity of the given
equations and boundary conditions has an essential influence both on the possibility of an
efficient construction of approximate solutions and the subsequent solvability analysis.

The aim of this paper is to extend the techniques used in [46] for the system of n linear
functional differential equations of the form

x′(t) = P0(t)x(t) + P1(t)x
(
β(t)
)
+ f(t), t ∈ [0, T], (1.7)

subjected to the inhomogeneous three-point Cauchy-Nicoletti boundary conditions

x1(0) = x10, . . . , xp(0) = xp0,

xp+1(ξ) = dp+1, . . . , xp+q(ξ) = dp+q,

xp+q+1(T) = dp+q+1, . . . , xn(T) = dn,

(1.8)

with ξ ∈ (0, T) is given and x = col(x1, . . . , xn), to the case where the system of linear
functional differential equations under consideration has the general form

x′(t) = (lx)(t) + f(t), t ∈ [a, b], (1.9)
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4 Abstract and Applied Analysis

and the three-point boundary conditions are non-separated and have the form

Ax(a) + Bx(ξ) + Cx(b) = d, (1.10)

whereA, B, and C are singular matrices, d = col(d1, . . . , dn). Here, l = (lk)
n
k=1 : C([a, b],Rn) →

L1([a, b],Rn) is a bounded linear operator and f ∈ L1([a, b],Rn) is a given function.
It should be noted that, due to the singularity of the matrices that determine

the boundary conditions (1.10), certain technical difficulties arise which complicate the
construction of successive approximations.

The following notation is used in the sequel:

C([a, b],Rn) is the Banach space of the continuous functions [a, b] → R
n with the

standard uniform norm;

L1([a, b],Rn) is the usual Banach space of the vector functions [a, b] → R
n with

Lebesgue integrable components;

L(Rn) is the algebra of all the square matrices of dimension n with real elements;

r(Q) is the maximal, in modulus, eigenvalue of a matrix Q ∈ L(Rn);

1k is the unit matrix of dimension k;

0i,j is the zero matrix of dimension i × j;
0i = 0i,i.

2. Problem Setting and Freezing Technique

We consider the system of n linear functional differential equations (1.9) subjected to
the nonseparated inhomogeneous three-point boundary conditions of form (1.10). In the
boundary value problem (1.1), (1.10), we suppose that −∞ < a < b < ∞, l = (lk)

n
k=1 :

C([a, b],Rn) → L1([a, b],Rn) is a bounded linear operator, f : [a, b] → R
n is an integrable

function, d ∈ R
n is a given vector, A, B, and C are singular square matrices of dimension n,

and C has the form

C =

(
V W

0n−q,q 0n−q

)
, (2.1)

where V is nonsingular square matrix of dimension q < n and W is an arbitrary matrix of
dimension q × (n − q). The singularity of the matrices determining the boundary conditions
(1.10) causes certain technical difficulties. To avoid dealing with singular matrices in the
boundary conditions and simplify the construction of a solution in an analytic form, we use
a two-stage parametrisation technique. Namely, we first replace the three-point boundary
conditions by a suitable parametrised family of two-point inhomogeneous conditions, after
which one more parametrisation is applied in order to construct an auxiliary perturbed
differential system. The presence of unknown parameters leads one to a certain system of
determining equations, from which one finds those numerical values of the parameters that
correspond to the solutions of the given three-point boundary value problem.
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We construct the auxiliary family of two-point problems by ”freezing” the values of
certain components of x at the points ξ and b as follows:

col(x1(ξ), . . . , xn(ξ)) = λ,

col
(
xq+1(b), . . . , xn(b)

)
= η,

(2.2)

where λ = col(λ1, . . . , λn) ∈ R
n and η = col(η1, . . . , ηn−q) ∈ R

n−q are vector parameters. This
leads us to the parametrised two-point boundary condition

Ax(a) +Dx(b) = d − Bλ −Nqη, (2.3)

where

Nq :=

(
0q,n−q

1n−q

)
(2.4)

and the matrix D is given by the formula

D :=

(
V W

0n−q,q 1n−q

)
(2.5)

with a certain rectangular matrix W of dimension q × (n − q). It is important to point out that
the matrix D appearing in the two-point condition (2.3) is non-singular.

It is easy to see that the solutions of the original three-point boundary value problem
(1.1), (1.10) coincide with those solutions of the two-point boundary value problem (1.1),
(2.3) for which the additional condition (2.2) is satisfied.

Remark 2.1. The matrices A and B in the boundary conditions (1.10) are arbitrary and, in
particular, may be singular. If the number r of the linearly independent boundary conditions
in (1.10) is less than n, that is, the rank of the (n × 3n)-dimensional matrix [A,B,C] is equal
to r, then the boundary value problem (1.1), (1.10) may have an (n − r)-parametric family of
solutions.

We assume that throughout the paper the operator l determining the system of
equations (1.9) is represented in the form

l = l0 − l1, (2.6)

where lj = (lj
k
)
n

k=1 : C([a, b],Rn) → L1([a, b],Rn), j = 0, 1, are bounded linear operators

posi-tive in the sense that (lj
k
u)(t) ≥ 0 for a.e. t ∈ [a, b] and any k = 1, 2, . . . , n, j = 0, 1, and

u ∈ C([a, b],Rn) such that mint∈[a,b]uk(t) ≥ 0 for all k = 1, 2, . . . , n. We also put l̂k := l0
k
+ l1

k
,

k = 1, 2, . . . , n, and

l̂ := l0 + l1. (2.7)
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6 Abstract and Applied Analysis

3. Auxiliary Estimates

In the sequel, we will need several auxiliary statements.

Lemma 3.1. For an arbitrary essentially bounded function u : [a, b] → R, the estimates

∣∣∣∣∣
∫ t
a

(
u(τ) − 1

b − a
∫b
a

u(s)ds

)
dτ

∣∣∣∣∣ ≤ α(t)
(

ess sup
s∈[a,b]

u(s) − ess inf
s∈[a,b]

u(s)

)
(3.1)

≤ b − a
4

(
ess sup
s∈[a,b]

u(s) − ess inf
s∈[a,b]

u(s)

)
(3.2)

are true for all t ∈ [a, b], where

α(t) := (t − a)
(

1 − t − a
b − a

)
, t ∈ [a, b]. (3.3)

Proof. Inequality (3.1) is established similarly to [58, Lemma 3] (see also [12, Lemma 2.3]),
whereas (3.2) follows directly from (3.1) if the relation

max
t∈[a,b]

α(t)=
1
4
(b − a) (3.4)

is taken into account.

Let us introduce some notation. For any k = 1, 2, . . . , n, we define the n-dimensional
row-vector ek by putting

ek := (0, 0, . . . , 0,︸ ︷︷ ︸
k−1

, 1, 0, . . . , 0).
(3.5)

Using operators (2.7) and the unit vectors (3.5), we define the matrix-valued function Kl :
[a, b] → L(Rn) by setting

Kl :=
[
l̂e∗1, l̂e

∗
2, . . . , l̂e

∗
n

]
. (3.6)

Note that, in (3.6), l̂e∗i means the value of the operator l̂ on the constant vector function
is equal identically to e∗i , where e∗i is the vector transpose to ei. It is easy to see that the
components of Kl are Lebesgue integrable functions.

Lemma 3.2. The componentwise estimate

|(lx)(t)| ≤ Kl(t)max
s∈[a,b]

|x(s)|, t ∈ [a, b], (3.7)

is true for any x ∈ C([a, b],Rn), where Kl : [a, b] → L(Rn) is the matrix-valued function given by
formula (3.6).
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Proof. Let x = (xk)
n
k=1 be an arbitrary function from C([a, b],Rn). Then, recalling the notation

for the components of l, we see that

lx =
n∑
i=1

e∗i lix. (3.8)

On the other hand, due to (3.5), we have x =
∑n

k=1 e
∗
kxk and, therefore, by virtue of (3.8) and

(2.6),

lx =
n∑
i=1

e∗i lix =
n∑
i=1

e∗i li

(
n∑
k=1

e∗kxk

)
=

n∑
i=1

e∗i

(
n∑
k=1

(
l0i e
∗
kxk − l1i e∗kxk

))
. (3.9)

On the other hand, the obvious estimate

σxk(t) ≤ max
s∈[a,b]

|xk(s)|, t ∈ [a, b], k = 1, 2, . . . , n, σ ∈ {−1, 1}, (3.10)

and the positivity of the operators lj , j = 0, 1, imply

l
j

i (σxk)(t) = σ
(
l
j

i xk
)
(t) ≤ lji max

s∈[a,b]
|xk(s)| (3.11)

for a.e. t ∈ [a, b] and any k, j = 1, 2, . . . , n, σ ∈ {−1, 1}. This, in view of (2.7) and (3.9), leads us
immediately to estimate (3.7).

4. Successive Approximations

To study the solution of the auxiliary two-point parametrised boundary value problem (1.9),
(2.3) let us introduce the sequence of functions xm : [a, b] × R

3n−q → R
n, m ≥ 0, by putting

xm+1
(
t, z, λ, η

)
:= ϕz,λ,η(t) +

∫ t
a

((
lxm
(·, z, λ, η))(s) + f(s))ds

− t − a
b − a

∫b
a

((
lxm
(·, z, λ, η))(s) + f(s))ds, m = 0, 1, 2, . . . ,

x0
(
t, z, λ, η

)
:= ϕz,λ,η(t)

(4.1)

for all t ∈ [a, b], z ∈ R
n, λ ∈ R

n, and η ∈ R
n−q, where

ϕz,λ,η(t) := z +
t − a
b − a

(
D−1(d − Bλ +Nqη

) − (D−1A + 1n
)
z
)
. (4.2)

In the sequel, we consider xm as a function of t and treat the vectors z, λ, and η as parameters.
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Lemma 4.1. For anym ≥ 0, t ∈ [a, b], z ∈ R
n, λ ∈ R

n, and η ∈ R
n−q, the equalities

xm
(
a, z, λ, η

)
= z,

Axm
(
a, z, λ, η

)
+Dxm

(
b, z, λ, η

)
= d − Bλ +Nqη,

(4.3)

are true.

The proof of Lemma 4.1 is carried out by straightforward computation. We emphasize
that the matrix D appearing in the two-point condition (2.3) is non-singular. Let us also put

(My
)
(t) :=

(
1 − t − a

b − a
)∫ t

a

y(s)ds +
t − a
b − a

∫b
t

y(s)ds, t ∈ [a, b], (4.4)

for an arbitrary y ∈ L1([a, b],Rn). It is clear that M : L1([a, b],Rn) → C([a, b],Rn) is a
positive linear operator. Using the operatorM, we put

Ql :=
[M(Kle

∗
1

)
,M(Kle

∗
2
)
, . . . ,M(Kle

∗
n)
]
, (4.5)

where Kl is given by formula (3.6). Finally, define a constant square matrix Ql of dimension
n by the formula

Ql := max
t∈[a,b]

Ql(t). (4.6)

We point out that, as before, the maximum in (4.6) is taken componentwise (one should
remember that, for n > 1, a point t∗ ∈ [a, b] such that Ql = Ql(t∗) may not exist).

Theorem 4.2. If the spectral radius of the matrix Ql satisfies the inequality

r(Ql) < 1, (4.7)

then, for arbitrary fixed z ∈ R
n, λ ∈ R

n, and η ∈ R
n−q:

(1) the sequence of functions (4.1) converges uniformly in t ∈ [a, b] for any fixed (z, λ, η) ∈
R

3n−q to a limit function

x∞
(
t, z, λ, η

)
= lim

m→+∞
xm
(
t, z, λ, η

)
; (4.8)

(2) the limit function x∞(·, z, λ, η) possesses the properties

x∞
(
a, z, λ, η

)
= z,

Ax∞
(
a, z, λ, η

)
+Dx∞

(
b, z, λ, η

)
= d − Bλ +Nqη;

(4.9)
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(3) function (4.8) is a unique absolutely continuous solution of the integro-functional equation

x(t) = z +
t − a
b − a

(
D−1(d − Bλ +Nqη

) − (D−1A + 1n
)
z
)

+
∫ t
a

(
(lx)(s) + f(s)

)
ds − t − a

b − a
∫b
a

(
(lx)(s) + f(s)

)
ds, t ∈ [a, b];

(4.10)

(4) the error estimate

max
t∈[a,b]

∣∣x∞(t, z, λ, η) − xm(t, z, λ, η)∣∣ ≤ b − a4
Qm
l (1n −Ql)−1ω

(
z, λ, η

)
(4.11)

holds, where ω : R
3n−q → R

n is given by the equality

ω
(
z, λ, η

)
:= ess sup

s∈[a,b]

((
lϕz,λ,η

)
(s) + f(s)

) − ess inf
s∈[a,b]

((
lϕz,λ,η

)
(s) + f(s)

)
. (4.12)

In (3.6), (4.11) and similar relations, the signs | · |, ≤, ≥, as well as the operators
”max”, ”ess sup”, ”ess inf”, and so forth, applied to vectors or matrices are understood com-
ponentwise.

Proof. The validity of assertion 1 is an immediate consequence of the formula (4.1). To obtain
the other required properties, we will show, that under the conditions assumed, sequence
(4.1) is a Cauchy sequence in the Banach space C([a, b],Rn) equipped with the standard
uniform norm. Let us put

rm
(
t, z, λ, η

)
:= xm+1

(
t, z, λ, η

) − xm(t, z, λ, η) (4.13)

for all z ∈ R
n, λ ∈ R

n, η ∈ R
n−q, t ∈ [a, b], and m ≥ 0. Using Lemma 3.2 and taking equality

(3.4) into account, we find that (4.1) yields

∣∣x1
(
t, z, λ, η

) − x0
(
t, z, λ, η

)∣∣ =
∣∣∣∣∣
∫ t
a

[(
lϕz,λ,η

)
(s) + f(s)

]
ds − t − a

b − a
∫b
a

[(
lϕz,λ,η

)
(s) + f(s)

]
ds

∣∣∣∣∣
≤ α(t)ω(z, λ, η)

≤ b − a
4

ω
(
z, λ, η

)
,

(4.14)

for arbitrary fixed z, λ, and η, where α is the function given by (3.3) and ω(·) is defined by
formula (4.12).
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10 Abstract and Applied Analysis

According to formulae (4.1), for all t ∈ [a, b], arbitrary fixed z, λ, and η andm = 1, 2, . . .
we have

rm
(
t, z, λ, η

)
=
∫ t
a

l
(
xm
(·, z, λ, η) − xm−1

(·, z, λ, η))(s)ds

− t − a
b − a

∫b
a

l
(
xm
(·, z, λ, η) − xm−1

(·, z, λ, η))(s)ds

=
(

1 − t − a
b − a

)∫ t
a

l
(
xm
(·, z, λ, η) − xm−1

(·, z, λ, η))(s)ds

− t − a
b − a

∫b
t

l
(
xm
(·, z, λ, η) − xm−1

(·, z, λ, η))(s)ds.

(4.15)

Equalities (4.13) and (4.15) imply that for all m = 1, 2, . . ., arbitrary fixed z,λ,η and t ∈ [a, b],

∣∣rm(t, z, λ, η)∣∣ ≤
(

1 − t − a
b − a

)∫ t
a

∣∣l (rm−1
(·, z, λ, η)(s))∣∣ds

+
t − a
b − a

∫b
t

∣∣l(rm−1
(·, z, λ, η))(s)∣∣ds.

(4.16)

Applying inequality (3.7) of Lemma 3.2 and recalling formulae (4.5) and (4.6), we get

∣∣rm(t, z, λ, η)∣∣ ≤
(

1 − t − a
b − a

)∫ t
a

Kl(s) max
τ∈[a,b]

∣∣rm−1
(
τ, z, λ, η

)∣∣ds

+
t − a
b − a

∫b
t

Kl(s) max
τ∈[a,b]

∣∣rm−1
(
τ, z, λ, η

)∣∣ds

=

((
1 − t − a

b − a
)∫ t

a

Kl(s)ds +
t − a
b − a

∫b
t

Kl(s)ds

)
max
τ∈[a,b]

∣∣rm−1
(
τ, z, λ, η

)∣∣

= Ql(t) max
τ∈[a,b]

∣∣rm−1
(
τ, z, λ, η

)∣∣

≤ Ql max
τ∈[a,b]

∣∣rm−1
(
τ, z, λ, η

)∣∣.
(4.17)

Using (4.17) recursively and taking (4.14) into account, we obtain

∣∣rm(t, z, λ, η)∣∣ ≤ Qm
l max
τ∈[a,b]

∣∣r0
(
τ, z, λ, η

)∣∣

≤ b − a
4

Qm
l ω
(
z, λ, η

)
,

(4.18)
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for all m ≥ 1, t ∈ [a, b], z ∈ R
n, λ ∈ R

n, and η ∈ R
n−q. Using (4.18) and (4.13), we easily obtain

that, for an arbitrary j ∈ N,

∣∣xm+j
(
t, z, λ, η

) − xm(t, z, λ, η)∣∣ = ∣∣(xm+j
(
t, z, λ, η

) − xm+j−1
(
t, z, λ, η

))
+
(
xm+j−1

(
t, z, λ, η

) − xm+j−2
(
t, z, λ, η

))
+ · · ·

+
(
xm+1

(
t, z, λ, η

) − xm
(
t, z, λ, η

))∣∣

≤
j−1∑
i=0

∣∣rm+i
(
t, z, λ, η

)∣∣

≤ b − a
4

j−1∑
i=0

Qm+i
l ω

(
z, λ, η

)
.

(4.19)

Therefore, by virtue of assumption (4.7), it follows that

∣∣xm+j
(
t, z, λ, η

) − xm(t, z, λ, η)∣∣ ≤ b − a
4

Qm
l

+∞∑
i=0

Qi
lω
(
z, λ, η

)

=
b − a

4
Qm
l (1n −Ql)−1ω

(
z, λ, η

)
(4.20)

for all m ≥ 1, j ≥ 1, t ∈ [a, b], z ∈ R
n, λ ∈ R

n, and η ∈ R
n−q. We see from (4.20) that (4.1) is

a Cauchy sequence in the Banach space C([a, b],Rn) and, therefore, converges uniformly in
t ∈ [a, b] for all (z, λ, η) ∈ R

3n−q:

lim
m→∞

xm
(
t, z, λ, η

)
= x∞

(
t, z, λ, η

)
, (4.21)

that is, assertion 2 holds. Since all functions xm(t, z, λ, η) of the sequence (4.1) satisfy the
boundary conditions (2.3), by passing to the limit in (2.3) as m → +∞ we show that the
function x∞(·, z, λ, η) satisfies these conditions.

Passing to the limit as m → ∞ in (4.1), we show that the limit function is a solution of
the integro-functional equation (4.10). Passing to the limit as j → ∞ in (4.20) we obtain the
estimate

∣∣x∞(t, z, λ, η) − xm(t, z, λ, η)∣∣ ≤ b − a4
Qm
l (1n −Ql)−1ω

(
z, λ, η

)
(4.22)

for a.e. t ∈ [a, b] and arbitrary fixed z, λ, η, and m = 1, 2, . . .. This completes the proof of
Theorem 4.2.

We have the following simple statement.
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12 Abstract and Applied Analysis

Proposition 4.3. If, under the assumptions of Theorem 4.2, one can specify some values of z, λ, and
η, such that the limit function x∞(·, z, λ, η) possesses the property

D−1(d − Bλ +Nqη
) − (D−1A + 1n

)
z =
∫b
a

((
lx∞
(·, z, λ, η))(s) + f(s))ds = 0, (4.23)

then, for these z, λ, and η,it is also a solution of the boundary value problem (1.9), (2.3).

Proof. The proof is a straightforward application of the above theorem.

5. Some Properties of the Limit Function

Let us first establish the relation of the limit function x∞(·, z, λ, η) to the auxiliary two-point
boundary value problem (1.9), (2.3). Along with system (1.9), we also consider the system
with a constant forcing term in the right-hand side

x′(t) = (lx)(t) + f(t) + μ, t ∈ [a, b], (5.1)

and the initial condition

x(a) = z, (5.2)

where μ = col(μ1, . . . , μn) is a control parameter.
We will show that for arbitrary fixed z ∈ R

n, λ ∈ R
n, and η∈n−q, the parameter μ can

be chosen so that the solution x(·, z, λ, η, μ) of the initial value problem (5.1), (5.2) is, at the
same time, a solution of the two-point parametrised boundary value problem (5.1), (2.3).

Proposition 5.1. Let z ∈ R
n, λ ∈ R

n, and η ∈ R
n−q be arbitrary given vectors. Assume that condition

(4.7) is satisfied. Then a solution x(·) of the initial value problem (5.1), (5.2) satisfies the boundary
conditions (2.3) if and only if x(·) coincides with x∞(·, z, λ, η) and

μ = μz,λ,η, (5.3)

where

μz,λ,η :=
1

b − a
(
D−1(d − Bλ +Nqη

) − (D−1A + 1n
)
z
)

− 1
b − a

∫b
a

[(
lx∞
(·, z, λ, η)(s) + f(s))]ds

(5.4)

and x∞(·, z, λ, η) is the limit function of sequence (4.1).

Proof. The assertion of Proposition 5.1 is obtained by analogy to the proof of [50,
Theorem 4.2]. Indeed, let z ∈ R

n, λ ∈ R
n, and η ∈ R

n−q be arbitrary.
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If μ is given by (5.3), then, due to Theorem 4.2, the function x∞(·, z, λ, η) has properties
(4.9) and satisfies equation (4.10), whence, by differentiation, equation (5.1) with the above-
mentioned value of μ is obtained. Thus, x∞(·, z, λ, η) is a solution of (5.1), (5.2) with μ of form
(5.3) and, moreover, this function satisfies the two-point boundary conditions (2.3).

Let us fix an arbitrary μ ∈ R
n and assume that the initial value problem (5.1), (5.2) has

a solution y satisfies the two-point boundary conditions (2.3). Then

y(t) = z +
∫ t
a

[(
ly
)
(s) + f(s)

]
ds + μ(t − a), (5.5)

for all t ∈ [a, b]. By assumption, y satisfies the two-point conditions (2.3) and, therefore, (5.5)
yields

Ay(a) +Dy(b) = Az +D

(
z +
∫ b
a

((
ly
)
(s) + f(s)

)
(s)ds + μ(b − a)

)

= d − Bλ +Nqη,

(5.6)

whence we find that μ can be represented in the form

μ =
1

b − aD
−1

(
d − Bλ +Nqη − (A +D)z −

∫b
a

((
ly
)
(s) + f(s)

)
(s)ds

)
. (5.7)

On the other hand, we already know that the function x∞(·, z, λ, η), satisfies the two-
point conditions (2.3) and is a solution of the initial value problem (5.1), (5.2) with μ = μz,λ,η,
where the value μz,λ,η is defined by formula (5.4). Consequently,

x∞
(
t, z, λ, η

)
= z +

∫ t
a

[(
lx∞
(·, z, λ, η)(s) + f(s))]ds + μz,λ,η(t − a), t ∈ [a, b]. (5.8)

Putting

h(t) := y(t) − x∞
(
t, z, λ, η

)
, t ∈ [a, b], (5.9)

and taking (5.5), (5.8) into account, we obtain

h(t) =
∫ t
a

(lh)(s)ds +
(
μ − μz,λ,η

)
(t − a), t ∈ [a, b]. (5.10)
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14 Abstract and Applied Analysis

Recalling the definition (5.4) of μz,λ,η and using formula (5.7), we obtain

μ − μz,λ,η = 1
b − a

∫b
a

l
(
x∞
(·, z, λ, η) − y)(s)ds

= − 1
b − a

∫b
a

(lh)(s)ds,

(5.11)

and, therefore, equality (5.10) can be rewritten as

h(t) =
∫ t
a

(lh)(s)ds − t − a
b − a

∫b
a

(lh)(s)ds

=
(

1 − t − a
b − a

)∫ t
a

(lh)(s)ds − t − a
b − a

∫b
t

(lh)(s)ds, t ∈ [a, b].

(5.12)

Applying Lemma 3.2 and recalling notation (4.6), we get

|h(t)| ≤
((

1 − t − a
b − a

)∫ t
a

Kl(s)ds +
t − a
b − a

∫b
t

Kl(s)ds

)
max
τ∈[a,b]

|h(τ)|

≤ Ql max
τ∈[a,b]

|h(τ)|
(5.13)

for an arbitrary t ∈ [a, b]. By virtue of condition (4.7), inequality (5.13) implies that

max
τ∈[a,b]

|h(τ)| ≤ Qm
l max
τ∈[a,b]

|h(τ)| −→ 0 (5.14)

as m → +∞. According to (5.9), this means that y coincides with x∞(·, z, λ, η), and, therefore,
by (5.11), μ = μz,λ,η, which brings us to the desired conclusion.

We show that one can choose certain values of parameters z = z∗, λ = λ∗, η = η∗ for
which the function x∞(·, z∗, λ∗, η∗) is the solution of the original three-point boundary value
problem (1.9), (1.10). Let us consider the function Δ : R

3n−q → R
n given by formula

Δ
(
z, λ, η

)
:= g
(
z, λ, η

) −
∫b
a

((
lx∞
(·, z, λ, η))(s) + f(s))ds (5.15)

with

g
(
z, λ, η

)
:= D−1(d − Bλ +Nqη

) − (D−1A + 1n
)
z (5.16)

for all z, λ, and η, where x∞ is the limit function (4.8).
The following statement shows the relation of the limit function (4.8) to the solution

of the original three-point boundary value problem (1.9), (1.10).
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Theorem 5.2. Assume condition (4.7). Then the function x∞(·, z, λ, η) is a solution of the three-
point boundary value problem (1.9), (1.10) if and only if the triplet z, λ, η satisfies the system of
3n − q algebraic equations

Δ
(
z, λ, η

)
= 0, (5.17)

e1x∞
(
ξ, z, λ, η

)
= λ1, e2x∞

(
ξ, z, λ, η

)
= λ2, . . . , enx∞

(
ξ, z, λ, η

)
= λn, (5.18)

eq+1x∞
(
b, z, λ, η

)
= η1, eq+2x∞

(
b, z, λ, η

)
= η2, . . . , eq+∞x∞

(
b, z, λ, η

)
= ηn−q. (5.19)

Proof. It is sufficient to apply Proposition 5.1 and notice that the differential equation in (5.1)
coincides with (1.9) if and only if the triplet (z, λ, η) satisfies (5.17). On the other hand, (5.18)
and (5.19) bring us from the auxiliary two-point parametrised conditions to the three-point
conditions (1.10).

Proposition 5.3. Assume condition (4.7). Then, for any (zj , λj , ηj), j = 0, 1, the estimate

max
t∈[a,b]

∣∣∣x∞
(
t, z0, λ0, η0

)
− x∞

(
t, z1, λ1, η1

)∣∣∣ ≤ (1n −Ql)−1v
(
z0, λ0, η0, z1, λ1, η1

)
(5.20)

holds, where

v
(
z0, λ0, η0, z1, λ1, η1

)
:= max

t∈[a,b]

∣∣ϕz0,λ0,η0(t) − ϕz1,λ1,η1(t)
∣∣. (5.21)

Proof. Let us fix two arbitrary triplets (zj , λj , ηj), j = 0, 1, and put

um(t) := xm
(
t, z0, λ0, η0

)
− xm

(
t, z1, λ1, η1

)
, t ∈ [a, b]. (5.22)

Consider the sequence of vectors cm, m = 0, 1, . . ., determined by the recurrence relation

cm := c0 +Qlcm−1, m ≥ 1, (5.23)

with

c0 := v
(
z0, λ0, η0, z1, λ1, η1

)
. (5.24)

Let us show that

max
t∈[a,b]

|um(t)| ≤ cm (5.25)
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for all m ≥ 0. Indeed, estimate (5.25) is obvious for m = 0. Assume that

max
t∈[a,b]

|um−1(t)| ≤ cm−1. (5.26)

It follows immediately from (4.1) that

um(t) = ϕz0,λ0,η0(t) − ϕz1,λ1,η1(t) +
∫ t
a

(lum−1)(s)ds − t − a
b − a

∫b
a

(lum−1)(s)ds

= ϕz0,λ0,η0(t) − ϕz1,λ1,η1(t)

+
(

1 − t − a
b − a

)∫ t
a

(lum−1)(s)ds − t − a
b − a

∫b
t

(lum−1)(s)ds,

(5.27)

whence, by virtue of (5.21), estimate (3.7) to Lemma 3.2, and assumption (5.26),

|um(t)| ≤
∣∣ϕz0,λ0,η0(t) − ϕz1,λ1,η1(t)

∣∣

+
(

1 − t − a
b − a

)∫ t
a

|(lum−1)(s)|ds + t − a
b − a

∫b
t

|(lum−1)(s)|ds

≤ v
(
z0, λ0, η0, z1, λ1, η1

)

+
(

1 − t − a
b − a

)∫ t
a

Kl(s)ds max
t∈[a,b]

|um−1(t)| + t − a
b − a

∫b
t

Kl(s)ds max
t∈[a,b]

|um−1(t)|

≤ v
(
z0, λ0, η0, z1, λ1, η1

)
+

((
1 − t − a

b − a
)∫ t

a

Kl(s)ds +
t − a
b − a

∫b
t

Kl(s)ds

)
cm−1

≤ v
(
z0, λ0, η0, z1, λ1, η1

)
+Qlcm−1,

(5.28)

which estimate, in view of (5.23) and (5.24), coincides with the required inequality (5.25).
Thus, (5.25) is true for any m. Using (5.23) and (5.25), we obtain

max
t∈[a,b]

|um(t)| ≤ c0 +Qlcm−1 = c0 +Qlc0 +Q2
l cm−2 = · · ·

=
m−1∑
k=0

Qk
l c0 +Qm

l c0.

(5.29)

Due to assumption (4.7), limm→+∞Qm
l

= 0. Therefore, passing to the limit in (5.29) as m →
+∞ and recalling notation (5.22), we obtain the estimate

max
t∈[a,b]

∣∣∣x∗
(
t, z0, λ0, η0

)
− x∗
(
t, z1, λ1, η1

)∣∣∣ ≤
+∞∑
k=0

Qk
l c0 = (1n −Ql)−1c0, (5.30)
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which, in view of (5.24), coincides with (5.20).

Now we establish some properties of the “determining function” Δ : R
3n−q → R

n

given by equality (5.15).

Proposition 5.4. Under condition (3.10), formula (5.15) determines a well-defined function Δ :
R

3n−q → R
n, which, moreover, satisfies the estimate

∣∣∣Δ(z0, λ0, η0
)
−Δ
(
z1, λ1, η1

)∣∣∣ ≤ ∣∣∣G[z0 − z1, λ0 − λ1, η0 − η1]
∗∣∣∣

+ Rl max
t∈[a,b]

∣∣∣∣z0 − z1 +
t − a
b − aG[z

0 − z1, λ0 − λ1, η0 − η1]
∗
∣∣∣∣,
(5.31)

for all (zj , λj , ηj), j = 0, 1, where the (n × n)-matrices G and Rl are defined by the equalities

G := D−1[A +D,B,Nq

]
,

Rl :=
∫b
a

Kl(s)ds (1n −Ql)−1.
(5.32)

Proof. According to the definition (5.15) of Δ, we have

Δ
(
z0, λ0, η0

)
−Δ
(
z1, λ1, η1

)
= g
(
z0, λ0, η0

)
− g
(
z1, λ1, η1

)

−
∫b
a

(
l
(
x∞
(
·, z0, λ0, η0

)
− x∞

(
·, z1, λ1, η1

))
(s)
)
ds,

(5.33)

whence, due to Lemma 3.2,

∣∣∣Δ(z0, λ0, η0
)
−Δ
(
z1, λ1, η1

)∣∣∣ ≤ ∣∣∣g(z0, λ0, η0
)
− g
(
z1, λ1, η1

)∣∣∣

+
∫b
a

∣∣∣l(x∞
(
·, z0, λ0, η0

)
− x∞

(
·, z1, λ1, η1

))
(s)
∣∣∣ds

≤
∣∣∣g(z0, λ0, η0

)
− g
(
z1, λ1, η1

)∣∣∣

+
∫b
a

Kl(s)dsmax
τ∈[a,b]

∣∣∣x∞
(
τ, z0, λ0, η0

)
− x∞

(
τ, z1, λ1, η1

)
(s)
∣∣∣.

(5.34)
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Using Proposition 5.3, we find

∣∣∣Δ(z0, λ0, η0
)
−Δ
(
z1, λ1, η1

)∣∣∣ ≤ ∣∣∣g(z0, λ0, η0
)
− g
(
z1, λ1, η1

)∣∣∣

+
∫b
a

Kl(s)ds(1n −Ql)−1v
(
z0, λ0, η0, z1, λ1, η1

)
.

(5.35)

On the other hand, recalling (4.2) and (5.21), we get

v
(
z0, λ0, η0, z1, λ1, η1

)
= max

t∈[a,b]

∣∣∣∣z0 − z1 +
t − a
b − a

(
g
(
z0, λ0, η0

)
− g
(
z1, λ1, η1

))∣∣∣∣. (5.36)

It follows immediately from (5.16) that

g
(
z0, λ0, η0

)
− g
(
z1, λ1, η1

)
= −D−1B

(
λ0 − λ1

)
−D−1Nq

(
η0 − η1

)
−
(
D−1A + 1n

)(
z0 − z1

)

= −D−1
[
B
(
λ0 − λ1

)
+Nq

(
η0 − η1

)
+ (A +D)

(
z0 − z1

)]

= D−1[A +D,B,Nq

]
⎛
⎜⎜⎝
z0 − z1

λ0 − λ1

η0 − η1

⎞
⎟⎟⎠.

(5.37)

Therefore, (5.35) and (5.36) yield the estimate

∣∣∣Δ(z0, λ0, η0
)
−Δ
(
z1, λ1, η1

)∣∣∣

≤

∣∣∣∣∣∣∣∣
D−1[A +D,B,Nq

]
⎛
⎜⎜⎝
z0 − z1

λ0 − λ1

η0 − η1

⎞
⎟⎟⎠

∣∣∣∣∣∣∣∣

+
∫b
a

Kl(s)ds(1n −Ql)−1 max
t∈[a,b]

∣∣∣∣∣∣∣∣
z0 − z1 +

t − a
b − aD

−1[A +D,B,Nq

]
⎛
⎜⎜⎝
z0 − z1

λ0 − λ1

η0 − η1

⎞
⎟⎟⎠

∣∣∣∣∣∣∣∣
,

(5.38)

which, in view of (5.32), coincides with (5.31).

Properties stated by Propositions 5.3 and 5.4 can be used when analysing conditions
guaranteeing the solvability of the determining equations.
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6. On the Numerical-Analytic Algorithm of Solving the Problem

Theorems 4.2 and 5.2 allow one to formulate the following numerical-analytic algorithm for
the construction of a solution of the three-point boundary value problem (1.9), (1.10).

(1) For any vector z ∈ R
n, according to (4.1), we analytically construct the sequence

of functions xm(·, z, λ, η) depending on the parameters z, λ, η and satisfying the
auxiliary two-point boundary condition (2.3).

(2) We find the limit x∞(·, z, λ, η) of the sequence xm(·, z, λ, η) satisfying (2.3).

(3) We construct the algebraic determining system (5.17), (5.18), and (5.19) with
respect 3n − q scalar variables.

(4) Using a suitable numerical method, we (approximately) find a root

z∗ ∈ R
n, λ∗ ∈ R

n, η∗ ∈ R
n−q (6.1)

of the determining system (5.17), (5.18), and (5.19).

(5) Substituting values (6.1) into x∞(·, z, λ, η), we obtain a solution of the original three-
point boundary value problem (1.9), (1.10) in the form

x(t) = x∞
(
t, z∗, λ∗, η∗

)
, t ∈ [a, b]. (6.2)

This solution (6.2) can also be obtained by solving the Cauchy problem

x(a) = z∗ (6.3)

for (1.9).

The fundamental difficulty in the realization of this approach arises at point (2) and is
related to the analytic construction of the function x∞(·, z, λ, η). This problem can often be
overcome by considering certain approximations of form (4.1), which, unlike the function
x∞(·, z, λ, η), are known in the analytic form. In practice, this means that we fix a suitable m ≥
1, construct the corresponding function xm(·, z, λ, η) according to relation (4.1), and define
the function Δm : R

3n−q → R
n by putting

Δm

(
z, λ, η

)
:= D−1(d − Bλ +Nqη

) − (D−1A + 1n
)
z −
∫b
a

[(
lxm
(·, z, λ, η)(s) + f(s))]ds,

(6.4)

for arbitrary z, λ, and η. To investigate the solvability of the three-point boundary value
problem (1.9), (1.10), along with the determining system (5.17), (5.18), and (5.19), one
considers the mth approximate determining system

Δm

(
z, λ, η

)
= 0,

e1xm
(
ξ, z, λ, η

)
= λ1, e2xm

(
ξ, z, λ, η

)
= λ2, . . . , enxm

(
ξ, z, λ, η

)
= λn,

eq+1xm
(
b, z, λ, η

)
= η1, . . . , enxm

(
b, z, λ, η

)
= ηn−q,

(6.5)
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where ei, i = 1, 2, . . . , n, are the vectors given by (5.15).
It is natural to expect (and, in fact, can be proved) that, under suitable conditions, the

systems (5.17), (5.18), (5.19), and (6.5) are “close enough” to one another for m sufficiently
large. Based on this circumstance, existence theorems for the three-point boundary value pro-
blem (1.9), (1.10) can be obtained by studying the solvability of the approximate determining
system (6.5) (in the case of periodic boundary conditions, see, e.g., [35]).
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The stability of the zero solution of a system of first-order linear functional differential equations
with nonconstant delay is considered. Sufficient conditions for stability, uniform stability,
asymptotic stability, and uniform asymptotic stability are established.

1. Introduction

We begin with a classical result for the linear system

x′ = A(t)x, (L1)

where A is an n × n matrix function defined and continuous on [0,∞). By CB[0,∞), we will
denote the set of bounded functions defined and continuous on [0,∞) and by |·| the Euclidean
norm.

In 1930, Perron first formulated the following definition being named after him.

Definition 1.1 (see [1]). System (L1) is said to satisfy Perron’s condition (P1) if, for any given
vector function f ∈ CB[0,∞), the solution x(t) of

x′ = A(t)x + f(t), x(0) = 0 (N1)

is bounded.
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2 Abstract and Applied Analysis

The following theorem by Bellman [2] is well known.

Theorem 1.2 (see [2]). If (P1) holds and |A(t)| ≤ M1 for some positive number M1, then the zero
solution of (L1) is uniformly asymptotically stable.

The proof is accomplished by making use of the basic properties of a fundamental
matrix, the Banach-Steinhaus theorem, and the adjoint system

x′ = −AT (t)x, (1.1)

where AT denotes the transpose of A.
It is shown by an example in [3] that Theorem 1.2 may not be valid if the function f

appearing in (N1) is replaced by a constant vector. However, such a theorem is later obtained
in [4] under a Perron-like condition.

Theorem 1.2 is extended by Halanay [5] to linear delay systems of the form

x′(t) = A(t)x(t) + B(t)x(t − τ), (L2)

where A, B are n × n matrix functions defined and continuous on [0,∞) and τ is a positive
real number.

Definition 1.3. System (L2) is said to satisfy Perron’s condition (P2) if for any given vector
function f ∈ CB[0,∞), the solution x(t) of

x′(t) = A(t)x(t) + B(t)x(t − τ) + f(t) (N2)

satisfying x(t) = 0, t ≤ 0, is bounded.

Theorem 1.4 (see [5]). If (P2) holds, |A(t)| ≤M1, and |B(t)| ≤M2 for some positive numbersM1

andM2, then the zero solution of (L2) is uniformly asymptotically stable.

The method used to prove Theorem 1.4 is similar to Bellman’s except that the adjoint
system

y′(t) = −AT (t)y(t) − BT (t + τ)y(t + τ) (1.2)

is not constructed with respect to an inner product but the functional

F
(
x, y

)
(t) =

∫ t+τ

t

yT (s)B(s)x(s − τ)ds + xT (t)y(t). (1.3)

For some extensions to impulsive differential equations, we refer the reader in particular to
[6, 7].

In this paper, we consider the more general linear delay system

x′(t) = A(t)x(t) + B(t)x
(
g(t)

)
, (1.4)
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where A and B are n × n matrix functions defined and continuous on [0,∞) and g is a
continuously differentiable increasing function defined on [0,∞) satisfying g(t) < t and
g ′(t) ≤ 1. We set h := g−1. Obviously, h ∈ C1[0,∞) and increases on [0,∞) and h(t) > t.

Perron’s condition takes the following form.

Definition 1.5. System (1.4) is said to satisfy Perron’s condition (P) if, for any given vector
function f ∈ CB[0,∞), the solution x(t) of

x′(t) = A(t)x(t) + B(t)x
(
g(t)

)
+ f(t) (1.5)

satisfying x(t) = 0, t ≤ 0 is bounded.

A natural question is whether the zero solution of (1.4) is uniformly asymptotically
stable under Perron’s condition (P). It turns out that the answer depends on the delay
function g.

The paper is organized as follows. In Section 2, we only state our results; the proofs are
included in Section 5. We define an adjoint system and give a variation of parameters formula
in Section 3 to be needed in proving the main results. Section 4 contains also some lemmas
concerning Perron’s condition and a relation useful for changing the order of integration.

2. Stability Theorems

The conclusion obtained by Bellman and Halanay for systems (L1) and (L2), respectively,
is quite strong. We are only able to prove the stability of the zero solution for more general
equation (1.4) under Perron’s condition. To get uniform stability or asymptotic stability or
uniform asymptotic stability, we impose restrictions on the delay function.

For our purpose, we denote

h∗(t) := h(t) − t, t ≥ 0,

g∗(t, t0) := sup
r∈[h(t0),t]

{
r − g(r)}, t, t0 ≥ 0.

(2.1)

Theorem 2.1. Let (P) hold. If there are positive numbersM1 andM2 such that

|A(t)| ≤M1, |B(t)| ≤M2 ∀t ≥ 0, (2.2)

then the zero solution of (1.4) is stable.

Theorem 2.2. Let (P) hold. If (2.2) is satisfied and if there exists a positive real number M3 such
that

h∗(t) ≤M3 ∀t ≥ 0, (2.3)

then the zero solution of (1.4) is uniformly stable.
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Theorem 2.3. Let (P) hold. If (2.2) and

lim sup
t→∞

g∗(t, t0)
t − t0 = 0 for each t0 ≥ 0 (2.4)

are satisfied, then the zero solution of (1.4) is asymptotically stable.

Theorem 2.4. Let (P) hold. If (2.2), (2.3), and

lim sup
t→∞

g∗(t, t0)
t − t0 = 0 uniformly for t0 ≥ 0 (2.5)

are satisfied, then the zero solution of (1.4) is uniformly asymptotically stable.

Remark 2.5. Note that if g(t) = t − τ , then h(t) = t + τ and hence the conditions (2.3), (2.4),
and (2.5) are automatically satisfied. In this case, all theorems become equivalent, that is, the
zero solution is uniformly asymptotically stable. Thus, the results obtained by Bellman and
Halanay are recovered.

3. Variation of Parameters Formula

To establish a variation of parameters formula to represent the solutions of (1.5), one needs
an adjoint system. The following lemma helps to define the adjoint of (1.4).

Lemma 3.1. Let x(t) be a solution of (1.4). If y(t) is a solution of

y′(t) = −AT (t)y(t) − BT (h(t))y(h(t))h′(t), (3.1)

then

d

dt
F
(
x(t), y(t)

)
= 0, (3.2)

where

F
(
x, y

)
(t) =

∫h(t)

t

yT (s)B(s)x
(
g(s)

)
ds + xT (t)y(t). (3.3)

Proof. Verify directly.

Definition 3.2. The system (3.1) is said to be adjoint to system (1.4).

It is easy to see that the adjoint of system (3.1) is system (1.4); thus the systems are
mutually adjoint to each other.
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Lemma 3.3. Let Y(t, s) be a matrix solution of (3.1) for t < s satisfying Y(s, s) = I and Y(t, s) = 0
for t > s. Then x(t) is a solution of (1.5) if and only if

x(t) = YT (s, t)x(s) +
∫s

g(s)
YT

(
h
(
β
)
, t
)
B
(
h
(
β
))
x
(
β
)
h′
(
β
)
dβ +

∫ t

s

YT
(
β, t

)
f
(
β
)
dβ. (3.4)

Proof. Replacing t by β in (1.5) and then integrating the resulting equation multiplied by
YT (β, t) over β ∈ [s, t], we have

∫ t

s

YT(β, t)A(
β
)
x
(
β
)
dβ +

∫ t

s

YT(β, t)B(β)x(g(β))dβ +
∫ t

s

YT(β, t)f(β)dβ

=
∫ t

s

YT(β, t)x′(β)dβ

= x(t) − YT (s, t)x(s) −
∫ t

s

[
∂

∂β
YT(β, t)

]
x
(
β
)
dβ

= x(t) − YT (s, t)x(s) +
∫ t

s

[
YT(β, t)A(

β
)
+ YT(h(β), t)B(h(β))h′(β)]x(β)dβ

= x(t) − YT (s, t)x(s) +
∫ t

s

YT(β, t)A(
β
)
x
(
β
)
dβ +

∫h(t)

h(s)
YT(β, t)B(β)x(g(β))dβ.

(3.5)

Comparing both sides and using

∫h(t)

t

YT(β, t)B(β)x(g(β))dβ = 0, (3.6)

which is true in view of Y(β, t) = 0 for β > t, we get

x(t) = YT (s, t)x(s) −
∫s

h(s)
YT(β, t)B(β)x(g(β))dβ +

∫ t

s

YT(β, t)f(β)dβ (3.7)

and hence

x(t) = YT (s, t)x(s) +
∫s

g(s)
YT(h(β), t)B(h(β))x(β)h′(β)dβ +

∫ t

s

YT(β, t)f(β)dβ. (3.8)

It is not difficult to see from (3.4) that if X(t, s) is a matrix solution of (1.4) for t > s
satisfying X(s, s) = I and X(t, s) = 0 for t < s, then

X(t, s) = YT (s, t). (3.9)

Using this relation in Lemma 3.3 leads to the following variation of parameters formula.
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Lemma 3.4. Let X(t, s) be a matrix solution of (1.4) for t > s satisfying X(s, s) = I and X(t, s) = 0
for t < s. Then x(t) is a solution of (1.5) if and only if

x(t) = X(t, s)x(s) +
∫ s

g(s)
X
(
t, h

(
β
))
B
(
h
(
β
))
x
(
β
)
h′
(
β
)
dβ +

∫ t

s

X
(
t, β

)
f
(
β
)
dβ. (3.10)

4. Auxiliary Results

Lemma 4.1. If (P) holds, then there is a positive number K1 such that

∫ t

0
|X(t, s)|ds ≤ K1 ∀t > 0. (4.1)

Proof. The proof follows as in [5]. We provide only the steps for the reader’s convenience.
Define

(
Sf

)
(t) =

∫ t

0
X
(
t, β

)
f
(
β
)
dβ, f ∈ CB[0,∞),

Sk
(
f
)
=
∫ tk

0
X
(
tk, β

)
f
(
β
)
dβ, f ∈ CB[0,∞),

(4.2)

for each rational number tk, k ∈ �.
In view of (P), the family of continuous linear operators {Sk} from CB[0,∞) to

CB[0,∞) is pointwise-bounded. For the space of bounded continuous functions CB[0,∞),
the usual sup norm ‖ · ‖ is used.

By the Banach-Steinhaus theorem, the family is uniformly bounded. Thus, there is
a positive number M such that ‖Sk(f)‖ ≤M‖f‖ for every f ∈ CB[0,∞).

As the rational numbers are dense in the real numbers, for each t there is tk such that
tk → t as k → ∞ and so

∣∣∣∣∣
∫ t

0
X
(
t, β

)
f
(
β
)
dβ

∣∣∣∣∣ ≤M
∥∥f∥∥ ∀f ∈ CB[0,∞). (4.3)

The final step involves choosing a sequence of functions and using a limiting process.

Lemma 4.2. If (2.2) and (4.1) are true, then there is a positive number K2 such that

|Y(s, t)| ≤ K2 ∀ 0 ≤ s < t. (4.4)

Proof. From (3.1), we have

Y(s, t) = I +
∫ t

s

AT(β)Y(β, t)dβ +
∫ t

s

BT
(
h
(
β
))
Y
(
h
(
β
)
, t
)
h′
(
β
)
dβ. (4.5)

IEEE eXpress Sample eBook, page 485



Abstract and Applied Analysis 7

Hence, by using (4.1), we see that for all 0 ≤ s < t,

|Y(s, t)| ≤ 1 +M1K1 +M2K1 =: K2. (4.6)

Lemma 4.3. Let G(r, t) be a continuous function satisfying G(r, t) = 0 for r > t. Then

∫ t

t0

[∫h(s)

s

G(r, t)dr

]
ds =

∫ t

h(t0)

(
r − g(r))G(r, t)dr +

∫h(t0)

t0

(r − t0)G(r, t)dr. (4.7)

5. Proofs of Theorems

Let t0 ≥ 0 be given. For a given continuous vector function φ defined on [g(t0), t0], let x(t) =
x(t, t0, φ) denote the solution of (1.4) satisfying

x(t) = φ(t), t ≤ t0. (5.1)

As usual,

∥∥φ∥∥g = sup
t∈[g(t0),t0]

∣∣φ(t)∣∣. (5.2)

Proof of Theorem 2.1. From Lemma 3.3, we may write

x(t) = YT (t0, t)φ(t0) +
∫ t0

g(t0)
YT(h(β), t)B(h(β))φ(β)h′(β)dβ. (5.3)

In view of Lemma 4.2, it follows that

|x(t)| ≤ (K2 + (h(t0) − t0)K2M2)
∥∥φ∥∥g . (5.4)

Hence, the zero solution is stable.

Proof of Theorem 2.2. Using (2.3) in (5.4), we get

|x(t)| ≤ K3
∥∥φ∥∥g , K3 = K2 +K2M2M3, (5.5)

from which the uniform stability follows.

Proof of Theorem 2.3. By Theorem 2.1, the zero solution is stable. We need to show the attrac-
tivity property.

From Lemma 3.3, for s ≥ t0, we can write

x
(
t, t0, φ

)
= YT (s, t)x

(
s, t0, φ

)
+
∫ s

g(s)
G
(
h
(
β
)
, t
)
x
(
β, t0, φ

)
h′
(
β
)
dβ, (5.6)
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8 Abstract and Applied Analysis

where

G(s, t) = YT (s, t)B(s). (5.7)

Integrating with respect to s from t0 to t, we have

(t − t0)x
(
t, t0, φ

)
=
∫ t

t0

[
YT (s, t)x

(
s, t0, φ

)
+
∫h(s)

s

G(r, t)x
(
g(r), t0, φ

)
dr

]
ds. (5.8)

We change the order of integration by employing Lemma 4.3. After some rearrangements, we
obtain

(t − t0)x
(
t, t0, φ

)
=
∫ t

t0

YT (s, t)x
(
s, t0, φ

)
ds +

∫ t

h(t0)

(
s − g(s))G(s, t)x(g(s), t0, φ)ds

+
∫h(t0)

t0

(s − t0)G(s, t)x
(
g(s), t0, φ

)
ds.

(5.9)

It follows that

(t − t0)
∣∣x(t, t0, φ)∣∣ ≤ K1K3

∥∥φ∥∥g + g∗(t, t0)M2K1
∥∥φ∥∥g + h∗(t0)M2K1

∥∥φ∥∥g . (5.10)

In view of condition (2.4), we see from (5.10) that

lim
t→∞

∣∣x(t, t0, φ)∣∣ = 0. (5.11)

Proof of Theorem 2.4. By Theorem 2.2, the zero solution is uniformly stable. From (5.10) and
(2.3), we have

(t − t0)
∣∣x(t, t0, φ)∣∣ ≤ K1K3

∥∥φ∥∥g + g∗(t, t0)M2K1
∥∥φ∥∥g +M3M2K1

∥∥φ∥∥g. (5.12)

Using condition (2.4) in the above inequality, we see that the zero solution is uniformly
asymptotically stable as t → ∞.
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We consider the following real two-dimensional nonlinear analytic quasi-periodic Hamiltonian
system ẋ = J∇xH, where H(x, t, ε) = (1/2)β(x2

1 + x
2
2) + F(x, t, ε) with β /= 0, ∂xF(0, t, ε) = O(ε) and

∂xxF(0, t, ε) = O(ε) as ε → 0. Without any nondegeneracy condition with respect to ε, we prove
that for most of the sufficiently small ε, by a quasi-periodic symplectic transformation, it can be
reduced to a quasi-periodic Hamiltonian system with an equilibrium.

1. Introduction

We first give some definitions and notations for our problem. A function f(t) is called a quasi-
periodic function with frequencies ω = (ω1, ω2, . . . , ωl) if f(t) = F(ω1t, ω2t, . . . , ωlt) with θi =
ωit, where F(θ1, θ2, . . . , θl) is 2π periodic in all the arguments θj , j = 1, 2, . . . , l. If F(θ) (θ =
(θ1, θ2, . . . , θl)) is analytic on Dρ = {θ ∈ Cl/2πZl | | Im θi| ≤ ρ, i = 1, 2, . . . , l}, we call f(t)
analytic quasi-periodic on Dρ. If all qij(t) (i, j = 1, 2 . . . , n) are analytic quasi-periodic on Dρ,
then the matrix function Q(t) = (qij(t))1≤i, j≤n is called analytic quasi-periodic on Dρ.

If f(t) is analytic quasi-periodic on Dρ, we can write it as Fourier series:

f(t) =
∑
k∈Zl

fke
i〈k,ω〉t. (1.1)

Define a norm of f by ‖f‖ρ =
∑

k∈Zl |fk|e|k|ρ. It follows that |fk| ≤ ‖f‖ρe−|k|ρ. If the matrix
function Q(t) is analytic quasi-periodic on Dρ, we define the norm of Q by ‖Q‖ρ = n ×
max1≤i,j≤n‖qij‖ρ. It is easy to verify ‖Q1Q2‖ρ ≤ ‖Q1‖ρ‖Q2‖ρ. The average of Q(t) is denoted
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2 Abstract and Applied Analysis

by [Q] = ([qij])1≤i,j≤n, where

[
qij

]
= lim

T→∞
1

2T

∫T

−T
qij(t)dt. (1.2)

For the existence of the above limit, see [1].
Denote

D
(
r, ρ, ε0

)
=

{
(x, θ, ε) ∈ Cn ×

(
Cl

2πZl

)
× C | |x| ≤ r, θ ∈ Dρ, |ε| ≤ ε0

}
, (1.3)

where x = (x1, x2, . . . , xn) and |x| = |x1| + |x2| + · · · + |xn|.
Let f(x, t, ε) be analytic quasi-periodic of t and analytic in x and ε on D(r, ρ, ε0). Then

f(x, t, ε) can be expanded as

f(x, t, ε) =
∞∑
m=0

∑
k∈Zl

fmk(x)εm ei〈k,ω〉t. (1.4)

Define a norm by

∥∥f∥∥D(r,ρ,ε0)
=
∞∑
m=0

∑
k∈Zl

∣∣fmk∣∣rεm0 eρ|k|, (1.5)

where |fmk|r = sup|x|≤r |fmk(x)|. Note that

∥∥f1 · f2
∥∥
D(r,ρ,ε0)

≤ ∥∥f1
∥∥
D(r,ρ,ε0)

· ∥∥f2
∥∥
D(r,ρ,ε0)

. (1.6)

Problems

The reducibility on the linear differential system has been studied for a long time. The well-
known Floquet theorem tells us that if A(t) is a T -periodic matrix, then the linear system
ẋ = A(t)x is always reducible to the constant coefficient one by a T -periodic change of
variables. However, this cannot be generalized to the quasi-periodic system. In [2], Johnson
and Sell considered the quasi-periodic system ẋ = A(t)x, where A(t) is a quasi-periodic
matrix. Under some “full spectrum” conditions, they proved that ẋ = A(t)x is reducible.
That is, there exists a quasi-periodic nonsingular transformation x = φ(t)y, where φ(t) and
φ(t)−1 are quasi-periodic and bounded, such that ẋ = A(t)x is transformed to ẏ = By, where
B is a constant matrix.

In [3], Jorba and Simó considered the reducibility of the following linear system:

ẋ = (A + εQ(t))x, x ∈ Rn, (1.7)
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Abstract and Applied Analysis 3

where A is an n × n constant matrix with n different eigenvalues λ1, λ2, . . . , λn and Q(t) is
analytic quasi-periodic with respect to t with frequencies ω = (ω1, ω2, . . . , ωl). Here ε is a
small perturbation parameter. Suppose that the following nonresonance conditions hold:

∣∣∣〈k,ω〉√−1 + λi − λj
∣∣∣ ≥ α

|k|τ , (1.8)

for all k ∈ Zl \ {0}, where α > 0 is a small constant and τ > l − 1. Assume that λ0
j (ε) (j =

1, 2, . . . , n) are eigenvalues of A + ε[Q]. If the following non-degeneracy conditions hold:

d

dε

(
λ0
i (ε) − λ0

j (ε)
)∣∣∣∣

ε=0
/= 0, ∀i /= j, (1.9)

then authors proved that for sufficiently small ε0 > 0, there exists a nonempty Cantor subset
E ⊂ (0, ε0), such that for ε ∈ E, the system (1.7) is reducible. Moreover, meas((0, ε0) \ E) =
o(ε0).

Some related problems were considered by Eliasson in [4, 5]. In the paper [4], to study
one-dimensional linear Schrödinger equation

d2q

dt2
+Q(ωt)q = Eq, (1.10)

Eliasson considered the following equivalent two-dimensional quasi-periodic Hamiltonian
system:

ṗ = (E −Q(ωt))q, q̇ = p, (1.11)

where Q is an analytic quasi-periodic function and E is an energy parameter. The result in [4]
implies that for almost every sufficiently large E, the quasi-periodic system (1.11) is reducible.
Later, in [5] the author considered the almost reducibility of linear quasi-periodic systems.
Recently, the similar problem was considered by Her and You [6]. Let Cω(Λ, gl(m,C)) be the
set ofm×mmatricesA(λ) depending analytically on a parameter λ in a closed interval Λ ⊂ R.
In [6], Her and You considered one-parameter families of quasi-periodic linear equations

ẋ =
(
A(λ) + g(ω1t, . . . , ωlt, λ)

)
x, (1.12)

where A ∈ Cω(Λ, gl(m,C)), and g is analytic and sufficiently small. They proved that under
some nonresonance conditions and some non-degeneracy conditions, there exists an open
and dense set A in Cω(Λ, gl(m,C)), such that for each A ∈ A, the system (1.12) is reducible
for almost all λ ∈ Λ.

In 1996, Jorba and Simó extended the conclusion of the linear system to the nonlinear
case. In [7], Jorba and Simó considered the quasi-periodic system

ẋ = (A + εQ(t))x + εg(t) + h(x, t), x ∈ Rn, (1.13)
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4 Abstract and Applied Analysis

where A has n different nonzero eigenvalues λi. They proved that under some nonresonance
conditions and some non-degeneracy conditions, there exists a nonempty Cantor subset E ⊂
(0, ε0), such that the system (1.13) is reducible for ε ∈ E.

In [8], the authors found that the non-degeneracy condition is not necessary for the
two-dimensional quasi-periodic system. They considered the two-dimensional nonlinear
quasi-periodic system:

ẋ = Ax + f(x, t, ε), x ∈ R2, (1.14)

where A has a pair of pure imaginary eigenvalues ±√−1ω0 with ω0 /= 0 satisfying the
nonresonance conditions

|〈k,ω〉| ≥ α

|k|τ , |〈k,ω〉 − 2ω0| ≥ α

|k|τ (1.15)

for all k ∈ Zl \ {0}, where α > 0 is a small constant and τ > l − 1. Assume that f(0, t, ε) = O(ε)
and ∂xf(0, t, ε) = O(ε) as ε → 0. They proved that either of the following two results holds:

(1) for ∀ε ∈ (0, ε0), the system (1.14) is reducible to ẏ = By +O(y) as y → 0;

(2) there exists a nonempty Cantor subset E ⊂ (0, ε0), such that for ε ∈ E the system
(1.14) is reducible to ẏ = By +O(y2) as y → 0.

Note that the result (1) happens when the eigenvalue of the perturbed matrix of A in
KAM steps has nonzero real part. But the authors were interested in the equilibrium of the
transformed system and obtained a small quasi-periodic solution for the original system.

Motivated by [8], in this paper we consider the Hamiltonian system and we have a
better result.

2. Main Results

Theorem 2.1. Consider the following real two-dimensional Hamiltonian system

ẋ = J∇xH, x ∈ R2, (2.1)

where H(x, t, ε) = (1/2)β(x2
1 + x

2
2) + F(x, t, ε) with β /= 0, F(x, t, ε) is analytic quasi-periodic with

respect to t with frequencies ω = (ω1, ω2, . . . , ωl) and real analytic with respect to x and ε on
D(r, ρ, ε0), and

J =

(
0 1

−1 0

)
. (2.2)
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Here ε ∈ (0, ε0) is a small parameter. Suppose that ∂xF(0, t, ε) = O(ε) and ∂xxF(0, t, ε) = O(ε) as
ε → 0. Moreover, assume that β and ω satisfy

|〈k,ω〉| ≥ α0

|k|τ , (2.3)

∣∣〈k,ω〉 − 2β
∣∣ ≥ α0

|k|τ (2.4)

for all k ∈ Zl \ {0}, where α0 > 0 is a small constant and τ > l − 1.
Then there exist a sufficiently small ε∗ ∈ (0, ε0] and a nonempty Cantor subset E∗ ⊂ (0, ε∗),

such that for ε ∈ E∗, there exists an analytic quasi-periodic symplectic transformation x = φ∗(t)y +
ψ∗(t) on Dρ/2 with the frequencies ω, which changes (2.1) into the Hamiltonian system ẏ = J∇yH∗,
whereH∗(y, t, ε) = 1/2β∗(ε)(y2

1 + y
2
2) + F∗(y, t, ε), where F∗(y, t, ε) = O(y3) as y → 0. Moreover,

meas((0, ε∗) \E∗) = o(ε∗) as ε∗ → 0. Furthermore, β∗(ε) = β +O(ε) and ‖φ∗ − Id‖ρ/2 + ‖ψ∗‖ρ/2 =
O(ε), where Id is the 2-order unit matrix.

3. The Lemmas

The proof of Theorem 2.1 is based on KAM-iteration. The idea is the same as [7, 8]. When
the non-degeneracy conditions do not happen, the small parameter ε is not involved in the
nonresonance conditions. So without deleting any parameter, the KAM step will be valid.
Once the non-degeneracy conditions occur at some step, they will be kept for ever and we
can apply the results with the non-degeneracy conditions. Thus, after infinite KAM steps, the
transformed system is convergent to a desired form.

We first give some lemmas. Let R = (rij)1≤i, j≤2 be a Hamiltonian matrix. Then we have
r11 + r22 = 0. Define a matrix RA = (1/2)dJ with d = r12 − r21. Let

B =
1√
2

(
1 1
√−1 −√−1

)
. (3.1)

It is easy to verify

B−1RAB =
1
2

diag
(√
−1d,−

√
−1d

)
,

B−1(R − RA)B =
1
2

(
0 σ ′ − √−1κ′

σ ′ +
√−1κ′ 0

)
,

(3.2)

where σ ′ = 2r11 and κ′ = r21 + r12.
In the same way as in [7, 8], in KAM steps we need to solve linear homological

equations. For this purpose we need the following lemma.

Lemma 3.1. Consider the following equation of the matrix:

Ṗ = AP − PA + R(t), (3.3)
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6 Abstract and Applied Analysis

where A = β(ε)J with |β(ε)| > μ, μ > 0 is a constant, and R(t) = (rij(t))1≤i, j≤2 is a real analytic
quasi-periodic Hamiltonian matrix on Dρ with frequencies ω. Suppose β(ε) and R are smooth with
respect to ε and |εβ′(ε)| ≤ c0 for ε ∈ E ⊂ (0, ε∗), where c0 is a constant. Note that here and below
the dependence of ε is usually implied and one does not write it explicitly for simplicity. Assume
[R]A = 0, where [R] is the average of R. Suppose that for ε ∈ E, the small divisors conditions (2.3)
and the following small divisors conditions hold:

∣∣〈k,ω〉 − 2β(ε)
∣∣ ≥ α

|k|τ ′
, (3.4)

where τ ′ > 2τ + l. Let 0 < s < ρ and ρ1 = ρ− s. Then there exists a unique real analytic quasi-periodic
Hamiltonian matrix P(t) with frequencies ω, which solves the homological linear equation (3.3) and
satisfies

‖P‖ρ1 ≤
c

αsv
‖R‖ρ, ‖ε∂εP‖ρ1

≤ c

α2sv′

(
‖R‖ρ + ‖ε∂εR‖ρ

)
, (3.5)

where v = τ ′ + l, v′ = 2τ ′ + l and c > 0 is a constant.

Remark 3.2. The subset E of (0, ε∗) is usually a Cantor set and so the derivative with respect
to ε should be understood in the sense of Whitney [9].

Proof. Let P = B−1PB, where B is defined by (3.1). Similarly, define A, R, RA. Then (3.3)
becomes

Ṗ = AP − P A + R(t), (3.6)

where

A = diag
(√
−1β,−

√
−1β

)
. (3.7)

Moreover, RA and R − RA have the same forms as (3.2) and (3.2), respectively
Noting that [R]A = 0, we have [R]A = 0. Write P = (pij)i,j and R = (rij)i,j . Obviously,

we have r11 = −r22 with [rii] = 0.

Insert the Fourier series of P and R into (3.6). Then it follows that p0
ii = 0, pkii =

rkii/(〈k,ω〉
√−1) for k /= 0, and

pkij =
rkij√−1

(〈k,ω〉 ± 2β
) for i /= j. (3.8)

Since R is analytic on Dρ, we have |Rk| ≤ ‖R‖ρe−|k|ρ. So it follows

∥∥∥P
∥∥∥
ρ−s
≤

∑
k∈Zl

∣∣∣Pk
∣∣∣e|k| (ρ−s) ≤ c

αsv
‖R‖ρ. (3.9)
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Note that here and below we always use c to indicate constants, which are independent of
KAM steps.

Since A and R(t) are real matrices, it is easy to obtain that P(t) is also a real matrix.
Obviously, it follows that p11 = −p22 and the trace of the matrix P is zero. So is the trace of P .
Thus, P is a Hamiltonian matrix.

Now we estimate ‖ε∂P/∂ε‖ρ1 . We only consider p12 and p21 since p11 and p22 are easy.

For i /= j we have

dpkij(ε)

dε
=
±2β′(ε)rkij −

(〈k,ω〉 ± 2β
)
rkij

’(ε)

−√−1
(〈k,ω〉 ± 2β

)2
. (3.10)

Then, in the same way as above we obtain the estimate for ‖ε(∂P/∂ε)‖ρ1 .

The following lemma will be used for the zero order term in KAM steps.

Lemma 3.3. Consider the equation

ẋ = Ax + g(t), (3.11)

whereA is the same as in Lemma 3.1, and g is real analytic quasi-periodic in t onDρ with frequencies
ω and smooth with respect to ε. Suppose that the small divisors conditions (3.4) hold. Then there exists
a unique real analytic quasi-periodic solution x(t) with frequencies ω, which satisfies

‖x‖ρ1 ≤
c

αsv
‖g‖ρ,

∥∥∥∥ε∂x∂ε
∥∥∥∥
ρ1

≤ c

α2sv′

(∥∥g∥∥ρ +
∥∥∥∥ε∂g∂ε

∥∥∥∥
ρ

)
, (3.12)

where s,ρ1,v, v′ are defined in Lemma 3.1.

Proof. Similarly, let x = B−1x,A = B−1AB and g(t) = B−1g(t). Then (3.11) becomes

ẋ = Ax + g(t), (3.13)

where A = diag(
√−1β,−√−1β). Expanding x = (x1, x2) and g = (g1, g2) into Fourier series

and using (3.13), we have

xki =
gki√−1

(
〈k,ω〉 + (−1)iβ

) . (3.14)
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Using 2k in place of k in (3.4), we have

∣∣〈k,ω〉 − β(ε)∣∣ ≥ α

2|k|τ ′
. (3.15)

Thus, in the same way as the proof of Lemma 3.1, we can estimate ‖x‖ρ1 and ‖ε∂εx‖ρ1 . We
omit the details.

The following lemma is used in the estimate of Lebesgue measure for the parameter ε
in the case of non-degeneracy.

Lemma 3.4. Let ψ(ε) = σεN + εNf(ε), whereN is a positive integer and f satisfies that f(ε) → 0
as ε → 0 and |f ′(ε)| ≤ c for ε ∈ (0, ε∗). Let φ(ε) = 〈k,ω〉 − 2β − ψ(ε). Let

O =

{
ε ∈ (0, ε∗) |

∣∣φ(ε)∣∣ ≥ α

|k|τ ′
, ∀k /= 0

}
, (3.16)

where τ ′ ≥ 2τ + l, α ≤ (1/2)α0,σ /= 0. Suppose that the small condition (2.4) holds. Then when ε∗ is
sufficiently small, one has

meas(0, ε∗) \O ≤ c α
α2

0

εN+1
∗ , (3.17)

where c is a constant independent of α0, α, ε∗

Proof. Let

Ok =

{
ε ∈ (0, ε∗) |

∣∣φ(ε)∣∣ < α

|k|τ ′
}
. (3.18)

By assumption, if ε∗ is sufficient small, we have that |ψ(ε)| ≤ 2σεN and |ψ ′(ε)| ≥ (σ/2)εN−1

for ε ∈ (0, ε∗). If εN ≤ α0/(4σ|k|τ), by (2.4) we have

∣∣φ(ε)∣∣ ≥ ∣∣〈k,ω〉 − 2β
∣∣ − ∣∣ψ(ε)∣∣ ≥ α

|k|τ ′
. (3.19)

Thus, we only consider the case that εN∗ ≥ εN ≥ (α0/(4σ|k|τ)). We have |k| ≥
(α0/(4σεN∗ ))

1/τ = K. Since

∣∣φ′(ε)∣∣ = ∣∣ψ ′(ε)∣∣ ≥ σ
2
εN−1 ≥ α0

8|k|τε∗
, (3.20)
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we have meas(Ok) ≤ ((2α)/|k|τ ′) × ((8|k|τε∗)/α0) = (16αε∗)/(|k|τ
′−τα0). So

meas((0, ε∗) \ 0) ≤
∑
|k|≥K

meas(Ok) ≤ 16α
α0

ε∗
∑
|k|≥K

1

|k|τ ′−τ

≤ cα
α0
ε∗Kl−τ ′+τ ≤ cα

α2
0

εN+1
∗ ,

(3.21)

where c is a constant independent of α0, α, and ε∗.

Below we give a lemma with the non-degeneracy conditions.

Lemma 3.5. Consider the real nonlinear Hamiltonian system ẋ = J∇xH, where

H(x, t, ε) =
1
2
β
(
x2

1 + x
2
2

)
+ F(x, t, ε) with β /= 0. (3.22)

Suppose that F(x, t, ε) is analytic quasi-periodic with respect to t with frequencies ω and real analytic
with respect to x and ε onD(r, ρ, ε0). Let f(x, t, ε) = J∇xF(x, t, ε). Assume that f(0, t, ε) = O(ε2m0)
and ∂xf(0, t, ε) = O(εm0) as ε → 0, where m0 is a positive integer. Let Q(t, ε) = ∂xf(0, t, ε) =∑

k≥m0
Qk(t)εk. Suppose there exists m0 ≤ k ≤ 2m0 − 1 such that [Qk]A /= 0 and the nonresonance

conditions (2.3) and (2.4) hold. Then, for sufficiently small ε∗ > 0, there exists a nonempty Cantor
subset E∗ ⊂ (0, ε∗), such that for ε ∈ E∗, there exists a quasi-periodic symplectic transformation
x = φ∗(t)y + ψ∗(t) with the frequencies ω, which changes the Hamiltonian system to ẏ = J∇yH∗,
where

H∗
(
y, t, ε

)
=

1
2
β∗(ε)

(
y2

1 + y
2
2

)
+ F∗

(
y, t, ε

)
, (3.23)

where F∗(y, t, ε) = O(y3) as y → 0. Moreover, meas((0, ε∗) \ E∗) = O(εm0+1
∗ ) as ε∗ → 0.

Furthermore, β∗(ε) = β +O(εm0) and ‖φ∗ − Id‖ρ/2 + ‖ψ∗‖ρ/2 = O(εm0).

Proof

KAM Step

The proof is based on a modified KAM iteration. In spirit, it is very similar to [7, 8]. The
important thing is to make symplectic transformations so that the Hamiltonian structure can
be preserved. Note that [Qk]A /= 0 for some m0 ≤ k ≤ 2m0 − 1 is a non-degeneracy condition.

Consider the following Hamiltonian system

ẋ = Ax + f(x, t, ε), (3.24)

where A = β(ε)J and f is analytic quasi-periodic with respect to t with frequencies ω and
real analytic with respect to x and ε on D = D(r, ρ, ε∗).

IEEE eXpress Sample eBook, page 497
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Let ‖f‖D ≤ αrε̃ and ‖ε∂εf‖D ≤ αrε̃. Let Q(t, ε) = ∂xf(0, t, ε), g(t, ε) = f(0, t, ε) and

h(x, t, ε) = f(x, t, ε) − g(t, ε) −Q(t, ε)x. (3.25)

Then h is the higher-order term of f . Moreover, the matrix Q(t, ε) is Hamiltonian. Let [Q]A =
β̂(ε)J .

The system (3.24) is written as

ẋ = (A+ + R(t, ε))x + g(t, ε) + h(x, t, ε), (3.26)

where A+ = A + [Q]A = β+(ε)J and R = Q − [Q]A. By assumption we have

∥∥g∥∥ρ ≤ αrε̃, ‖Q‖ρ ≤ αε̃, ‖h‖D ≤ 3αrε̃. (3.27)

Moreover, we have

∥∥ε∂εg∥∥ρ ≤ αrε̃, ‖ε∂εQ‖ρ ≤ αε̃, ‖ε∂εh‖D ≤ 3αrε̃. (3.28)

Now we want to construct the symplectic change of variables x = T ′y = eP(t)y to (3.26),
where P is a Hamiltonian matrix to be defined later. Then we have

ẏ =
(
e−P

(
A+ + R − Ṗ

)
eP + e−P

(
ṖeP − d

dt
eP(t)

))
y

+ e−Pg(t, ε) + e−Ph
(
ePy, t, ε

)
.

(3.29)

Let W = eP − I − P and W̃ = e−P − I − P . Then the system (3.29) becomes

ẏ =
(
A+ + R − Ṗ +A+P − PA+

)
y +Q′y + e−Pg(t, ε) + e−Ph

(
ePy, t, ε

)
, (3.30)

where

Q′ = − P(R − Ṗ) + (
R − Ṗ)P − P(A+ + R − Ṗ

)
P

− P(A+ + R − Ṗ
)
W +

(
A+ + R − Ṗ

)
W

+ W̃
(
A+ + R − Ṗ

)
eP + e−P

(
ṖeP − d

dt
eP

)
.

(3.31)

We would like to have

Ṗ −A+P + PA+ = R, (3.32)
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where R = Q − [Q]A. Suppose the small divisors conditions (2.3) hold. Let E+ ⊂ (0, ε∗) be a
subset such that for ε ∈ E+ the small divisors conditions hold:

∣∣〈k,ω〉 − 2β+(ε)
∣∣ ≥ α+

|k|τ ′
, ∀k ∈ Zl \ {0}, (3.33)

where τ ′ > 2τ + l. By Lemma 3.1, we have a quasi-periodic Hamiltonian matrix P(t) with
frequencies ω to solve the above equation with the following estimates:

‖P‖ρ−s ≤
c‖Q‖ρ
α+sv

≤ cε̃
sv
,

∥∥∥∥ε∂P∂ε
∥∥∥∥
ρ−s
≤ c

α2
+sv

′

(
‖Q‖ρ +

∥∥∥∥ε∂Q∂ε
∥∥∥∥
ρ

)
≤ cε̃

α+sv
′ ,

(3.34)

where v = τ ′ + l, v′ = 2τ ′ + l and c > 0 is a constant. Then the system (3.30) becomes

ẏ = A+y + f ′
(
y, t, ε

)
, (3.35)

where f ′ = Q′y + e−Pg(t, ε) + e−Ph(ePy, t, ε).

By Lemma 3.3, let us denote by x the solution of ẋ = A+x + g ′(t, ε) on Dρ−2s, where
g ′ = e−Pg(t, ε). Then, by Lemma 3.3 we have

∥∥x∥∥ρ−2s ≤
c
∥∥g∥∥ρ−s
α+sv

≤ crε̃
sv

,

∥∥∥∥ε∂x∂ε
∥∥∥∥
ρ−2s
≤ c

α2
+sv

′

(∥∥g∥∥ρ−s +
∥∥∥∥ε∂g∂ε

∥∥∥∥
ρ−s

)
≤ crε̃

α+sv
′ .

(3.36)

Under the symplectic change of variables y = T ′′x+ = x + x+, the Hamiltonian system
(3.35) is changed to

ẋ+ = A+x+ + f+(x+, t, ε), (3.37)

where A+ = β+J and

f+ = Q′ · T ′′ + e−Ph ◦ T ′ ◦ T ′′. (3.38)
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Let the symplectic transformation T = T ′ ◦ T ′′. Then x = Tx+ = φ(t)x+ + ψ(t), where
φ(t) = eP(t) and ψ(t) = eP(t)x(t). It is easy to obtain that if ‖P‖ρ−2s ≤ 1/2, then

∥∥φ − I∥∥ρ−2s ≤
cε̃

sv
,

∥∥ε∂εφ∥∥ρ−2s ≤
cε̃

α+sv
′ ,

∥∥ψ∥∥ρ−2s ≤
crε̃

sv
,

∥∥ε∂εψ∥∥ρ−2s ≤
crε̃

α+sv
′ .

(3.39)

Under the symplectic change of variables x = Tx+, the Hamiltonian system (3.24) becomes
(3.37).

Below we give the estimates for A+ and f+. Obviously, it follows that A+(ε) − A =
[Q]A = β̂(ε)J and

∣∣β+(ε) − β(ε)∣∣ =
∣∣∣β̂(ε)∣∣∣ ≤ cαε̃, ∣∣ε(β′+(ε) − β′(ε))∣∣ =

∣∣∣εβ̂′(ε)
∣∣∣ ≤ cαε̃. (3.40)

By (3.38) we have

f+(x+, t, ε) = Q′(t)
(
x+ + x(t)

)
+ e−P(t)h

(
eP(t)

(
x+ + x(t)

)
, t, ε

)
. (3.41)

Let ρ+ = ρ−2s, and r+ = ηr with η ≤ 1/8. If cε̃/α+sv+v
′ ≤ η, it follows that ‖x‖ρ−2s ≤ (1/8)r. Let

D+ = D(r+, s+, ε∗). Note thatQ′ and h only consist of high-order terms of P and x, respectively.
It is easy to see |eP(t)(x+ +x(t))| ≤ 4ηr ≤ r. By all the estimates (3.27), (3.28), (3.34), and (3.36),
and using usual technique of KAM estimate, we have

∥∥f+∥∥D+
≤ cε̃

2

s2v
ηr + cαrε̃η2 ≤

(
cε̃

s2v
+ cαη

)
r+ε̃,

∥∥ε∂εf+∥∥D+
≤ cε̃2

α+sv+v
′ ηr + cαrε̃η

2 ≤
(

cε̃

αsv+v′
+ cαη

)
r+ε̃.

(3.42)

Let α+ = α/2 and η = cε̃/(α2sv+v
′
). Then we have

∥∥f+∥∥D+
≤ cα+r+ηε̃ = α+r+ε̃+, ε̃+ = cηε̃. (3.43)

Similarly, we have

∥∥ε∂εf+∥∥D+
≤ α+r+ε̃+. (3.44)

Note that KAM steps only make sense for the small parameter ε satisfying small
divisors conditions. However, by Whitney’s extension theorem, for convenience all the
functions are supposed to be defined for ε on [0, ε∗].
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KAM Iteration

Now we can give the iteration procedure in the same way as in [7] and prove its convergence.
At the initial step, let f0 = f . Let f(x, t, ε) = f(0, t, ε) + ∂xf(0, t, ε)x + h(x, t, ε). By

assumption, if ε∗ is sufficiently small, we have that for all ε ∈ [0, ε∗]

∣∣f(0, t, ε)∣∣ ≤ cε2m0 ,
∣∣∂xf(0, t, ε)∣∣ ≤ cεm0 ,

∣∣ε∂εf(0, t, ε)∣∣ ≤ cε2m0 ,
∣∣ε∂ε∂xf(0, t, ε)∣∣ ≤ cεm0 .

(3.45)

Moreover,

|h(x, t, ε)| ≤ c|x|2, |ε∂εh(x, t, ε)| ≤ c|x|2, ∀|x| ≤ εm0 , ∀ε ∈ [0, ε∗]. (3.46)

Let r0 = εm0 , ρ0 = ρ, s0 = ρ0/8, D0 = D(r0, ρ0, ε∗), and ε̃0 = cεm0/α0. Then we have

∣∣f0
∣∣
D0
≤ α0r0ε̃0,

∣∣ε∂εf0
∣∣
D0
≤ α0r0ε̃0. (3.47)

For n ≥ 1, let

αn =
αn−1

2
, sn =

sn−1

2
, ρn = ρn−1 − 2sn−1,

ηn−1 =
cε̃n−1

α2
n−1s

v+v′
n−1

, rn = ηn−1rn−1, ε̃n = cηn−1ε̃n−1.
(3.48)

Then we have a sequence of quasi-periodic symplectic transformations {Tn} satisfying
Tnx = φn(t)x + ψn(t) with

∥∥φn − I∥∥ρn+1
≤ cε̃n
svn

,
∥∥ψn∥∥ρn+1

≤ crnε̃n
svn

. (3.49)

Let Tn = T0 ◦ T1 · · · ◦ Tn−1. Then under the transformation x = Tny the Hamiltonian system
ẋ = A0x + f0(x, t, ε) is changed to ẏ = Any + fn(y, t, ε).

Moreover, An(ε) = βn(ε)J satisfies An+1 −An = [Qn]A and

∣∣βn+1(ε) − βn(ε)
∣∣ ≤ cαnε̃n, ∣∣ε(β′n+1(ε) − β′n(ε)

)∣∣ ≤ cαnε̃n, (3.50)

∥∥fn∥∥Dn
≤ αnrnε̃n. (3.51)

Convergence

By the above definitions we have ηn/ηn−1 = cε̃n/ε̃n−1 = cηn−1. Thus, we have ηn ≤ cη2
n−1

and so cηn ≤ (cηn−1)
2 ≤ (cη0)

2n . Note that η0 = cε̃0/(α2
0s

v+v′
0 ) ≤ cεm0/(α2

0ρ
v+v′
0 ). Suppose that

ε∗ is sufficiently small such that for 0 < ε < ε∗ we have cη0 ≤ 1/2. Tn are affine, so are Tn
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with Tnx = φn(t)x + ψn(t). By the estimates (3.49) it is easy to prove that φn(t) and ψn(t) are
convergent and so Tn is actually convergent on the domain D(r/2, ρ/2). Let Tn → T∗ and
T∗x = φ∗(t)x + ψ∗(t). It is easy to see that the estimates for φ∗ and ψ∗ in Theorem 2.1 hold.

Using the estimate for fn and Cauchy’s estimate, we have |fn(0, t, ε)| ≤ αnrnε̃n → 0
and |∂xfn(0, t, ε)| ≤ αnε̃n → 0 as n → ∞. Let fn → f∗. Then it follows that f∗(x, t, ε) = O(x2).

By the estimates (3.50) for βn we have βn → β∗. Thus, by the quasi-periodic symplectic
transformation x = T∗y, the original system is changed to ẏ = A∗y + f∗(y, t, ε) with A∗ = β∗J .

Estimate of Measure

Let

En =

{
ε ∈ (0, ε∗) |

∣∣〈ω, k〉 − 2βn(ε)
∣∣ ≥ αn

|k|τ ′
}
. (3.52)

Note that βn = β1 + ψ, where ψ =
∑n−1

j=1 βj+1 − βj , β1 = β + β̂, and β̂J = [Q]A. Note that
ε̃1 = cε̃2

0/(α
2
0s

v+v′
0 ) and ε̃0 = cεm0/α0. By the estimates (3.50), we have ψ(ε) = O(ε2m0) and

εψ ′(ε) = O(ε2m0). By assumption, [Q]A is analytic with respect to ε and there exists m0 ≤N ≤
2m0 − 1 such that [Q]A = δεN + O(εN+1) with δ /= 0. Thus, β1(ε) = β + δεN + O(εN+1). By
Lemma 3.4, we have meas((0, ε∗) − En) ≤ c(αn/α2

0)ε
N+1
∗ . Let E∗ =

⋂
n≥1 En. By αn = α0/2n, it

follows that meas((0, ε∗) − E∗) ≤ cεN+1
∗ /α0. Thus Lemma 3.5 is proved.

4. Proof of Theorem 2.1

As we pointed previously, once the non-degeneracy conditions are satisfied in some KAM
step, the proof is complete by Lemma 3.5. If the non-degeneracy conditions never happen,
the small parameter ε does not involve into the small divisors and so the systems are analytic
in ε. To prepare for KAM iteration, we need a preliminary step to change the original system
to a suitable form.

Preliminary Step

We first give the preliminary KAM step. Let

ẋ = Ax + f(x, t, ε), (4.1)

where A = βJ and f = J∇xF. By Lemma 3.3, denote by x the solution of ẋ = Ax + f(0, t, ε) on
D3ρ/4. Under the change of variables x = T0x+ = x+x+, the Hamiltonian system (2.1) becomes

ẋ+ = Ax+ + f1(x+, t, ε), (4.2)

where f1(x+, t, ε) = f(x + x+, t, ε) − f(0, t, ε) satisfying f1(0, t, ε) = O(ε2) and ∂x+f1(0, t, ε) =
O(ε).
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KAM Step

The next step is almost the same as the proof of Lemma 3.5 and even more simple. In the KAM
iteration, we only need consider the case that the non-degeneracy condition never happens.
In this case, the normal frequency has no shift, which is equivalent to An = A for all n ≥ 1 in
the KAM steps in the above nondegenerate case. Moreover, the small divisors conditions are
always the initial ones as (2.3) and (2.4) and are independent of the small parameter ε. Thus,
we need not delete any parameter. Moreover, the analyticity in ε remains in the KAM steps,
which makes the estimate easier. At the first step, we consider ẋ = Ax+f1(x, t, ε). In the same
way as the case of nondegenerate case, let r1 = ε, ρ1 = 3ρ/4, ε1 = ε0, D1 = D(r1, ρ1, ε1), and
ε̃1 = cε/α0. Then we have ‖f1‖D1 ≤ α0r1ε̃1.

At nth step, we consider the Hamiltonian system

ẋ = Ax + fn(x, t, ε), (4.3)

where fn is analytic quasi-periodic with respect to t with frequencies ω and real analytic with
respect to x and ε on Dn = D(rn, ρn, εn). Moreover, ‖fn‖Dn ≤ α0rnε̃n. Suppose

Qn(t, ε) = ∂xfn(0, t, ε) = O
(
ε2n−1

)
, fn(0, t, ε) = O

(
ε2n

)
. (4.4)

Since Qn is analytic with respect to ε, it follows that

Qn =
∞∑

k=2n−1

Qk
nε

k. (4.5)

Truncating the above power series of ε, we let

Rn(t, ε) =
2n−1∑
k=2n−1

Qk
nε

k, Q̃n = Qn − Rn. (4.6)

Because the non-degeneracy conditions do not happen in KAM steps, we must have
[Rn]A = 0. In the same way as the proof of Lemma 3.5, we have a quasi-periodic symplectic
transformation Tn with Tnx = φn(t)x + ψn(t) satisfying (3.49). Let Tn = T1 ◦ T2 · · · ◦ Tn−1.

By the transformation x = Tny, the system (4.3) is changed to

ẏ = Ay + fn+1
(
y, t, ε

)
, (4.7)

where fn+1 = Q̃n · T ′′n +Q′n · T ′′n + e−Pn · hn ◦ Tn = Q̃n(xn + y) +Q
′
n(xn + y) + e

−Pnhn(ePn(xn + y)).

The last two terms can be estimated similarly as those of (3.41). Note that

Q̃n = Qn − Rn =
∑
k≥2n

Qk
nε

k (4.8)
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only consists of the higher order terms of ε. So, in the same way as [8, 10], we use the
technique of shriek of the domain interval of ε to estimate the first term.

Let r1 = ε, ρ1 = 3ρ/4, ε1 = ε0 and s1 = ρ/16.

Define sn+1 = sn/2, ρn+1 = ρn − 2sn, ηn = (1/8)e−(4/3)n , rn+1 = ηnrn, δn = 1 − (2/3)n and
εn+1 = δnεn. Let Dn+1 = D(rn+1, ρn+1, εn+1).

If cε̃n/s2v
n ≤ ηn < (1/8), it follows that

∥∥fn+1
∥∥
Dn+1
≤
(
α0ε̃ne

−(4/3)n +
(
cε̃n
svn

)2
)
ηnrn + cα0rnε̃nη

2
n ≤ α0rn+1ε̃n+1, (4.9)

where ε̃n+1 = cηnε̃n. Moreover, it is easy to see

∂xfn+1(0, t, ε) = O
(
ε2n

)
, fn+1(0, t, ε) = O

(
ε2n+1

)
. (4.10)

Now we verify cε̃n/s
2v
n ≤ ηn < 1/8. Let Gn = cε̃n/s

2v
n . By Gn = ce−(4/3)n−1

16vGn−1, it follows
that

Gn = (c16v)n−1e−[(4/3)n−1+(4/3)n−2+···+(4/3)1] G1 = (c16v)n−1e4e−4(4/3)n−1
G1. (4.11)

Note that G1 = cε̃1/s
2v
1 . If ε̃1 is sufficiently small, we have cε̃n/s2v

n = Gn ≤ ηn.

Note that (crnε̃n/svn) → 0 and (cε̃n/(ηnsvn)) → 0 as n → ∞, and ε̃n ≤ cs2v
n Gn. Let

ε∗ =
∏

n≥1(1− (2/3)n)ε0. Thus, in the same way as before we can prove the convergence of the
KAM iteration for all ε ∈ (0, ε∗) and obtain the result of Theorem 2.1. We omit the details.

Remark 4.1. As suggested by the referee, we can also introduce an outer parameter to consider
the Hamiltonian function H(x, t, ε) = 〈ω, I〉+(1/2)(β∗+σ(ε))(x2

1 +x
2
2)+F(x, t, ε), where (θ, I)

are the angle variable and the action variable and x = (x1, x2) are a pair of normal variables.
In the same way as in [11], σ(ε) is the modified term of the normal frequency. Then by some
technique as in [11–13], we can also prove Theorem 2.1.

Acknowledgments

The authors would like to thank the reviewers’s suggestions about this revised version. This
work was supported by the National Natural Science Foundation of China (11071038) and
the Natural Science Foundation of Jiangsu Province (BK2010420).

References

[1] N. N. Bogoljubov, J. A. Mitropoliski, and A. M. Samoilenko, Methods of Accelerated Convergence in
Nonlinear Mechanics, Springer, New York, NY, USA, 1976.

[2] R. A. Johnson and G. R. Sell, “Smoothness of spectral subbundles and reducibility of quasiperiodic
linear differential systems,” Journal of Differential Equations, vol. 41, no. 2, pp. 262–288, 1981.

IEEE eXpress Sample eBook, page 504



Abstract and Applied Analysis 17
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The paper deals with the class of jump control systems with semi-Markov coefficients. The control
system is described as the system of linear differential equations. Every jump of the random
process implies the random transformation of solutions of the considered system. Relations
determining the optimal control to minimize the functional are derived using Lyapunov functions.
Necessary conditions of optimization which enables the synthesis of the optimal control are
established as well.

1. The Statement of the Problem

The optimal control theory as mathematical optimization method for deriving control policies
plays an important role in the development of the modern mathematical control theory. The
optimal control deals with the problem of finding such a control law for a given system that a
certain optimality criterion is achieved. The background for the optimization method can be
found in the work of Lev Pontryagin with his well-known Pontryagin’s maximum principle.
The optimal control has been applied in diverse fields, such as economics, bioengineering,
process control, and many others. Some real-life problems are described by a continuous-
time or discrete-time linear system of differential equations, but a lot of them are described
by dynamic systems with random jumping changes, for example economics systems. The
general theory of random structure systems can be found in the work of Artemiev and
Kazakov [1]. The optimization of linear systems with random parameters are considered
in many works, for example in [2–12]. Particularly, the original results concerning the
stabilization of the systems with random coefficients and a random process are derived using
moment equations and Lyapunov functions in [4]. These results create a more convenient
technique for applying the method in practice using suitable software for engineering
or economics investigation. Our aim is the expansion of the achieved results to a new
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2 Abstract and Applied Analysis

class of systems of linear differential equations with semi-Markov coefficients and random
transformation of solutions performed simultaneously with jumps of semi-Markov process.
We will focus on using the particular values of Lyapunov functions for the calculation of
coefficients of the control vector which minimize the quality criterion. We will also establish
the necessary conditions of the optimal solution which enables the synthesis of the optimal
control for the considered class of systems.

Let us consider the linear control system

dX(t)
dt

= A(t, ξ(t))X(t) + B(t, ξ(t))U(t) (1.1)

on the probability basis (Ω,�,P, F ≡ {Ft : t ≥ 0}) and together with (1.1) we consider the
initial conditions

X(0) = ϕ(ω), ϕ : Ω −→ �
n . (1.2)

The coefficients of the system are semi-Markov coefficients defined by the transition
intensities qαk(t), α, k = 1, 2, . . . , n, from state θk to state θα. We suppose that the vectors U(t)
belong to the set of control U and the functions qαk(t), α, k = 1, 2, . . . , n, satisfy the conditions
[13]:

qαk(t) ≥ 0,
∫∞

0
qk(t)dt = 1, qk(t) ≡

∞∑
α=1

qαk(t). (1.3)

Definition 1.1. Let the matrices Q(t, ξ(t)), L(t, ξ(t)) with semi-Markov elements be symmetric
and positive definite. The cost functional

J =
∫∞

0
〈X∗(t)Q(t, ξ(t))X(t) +U∗(t)L(t, ξ(t))U(t)〉dt, (1.4)

defined on the space C1 ×U, where 〈·〉 denotes mathematical expectation, is called the quality
criterion.

Definition 1.2. Let S(t, ξ(t)) be a matrix with semi-Markov elements. The control vector

U(t) = S(t, ξ(t))X(t) (1.5)

which minimizes the quality criterion J(X,U) with respect to the system (1.1) is called the
optimal control.

If we denote

G(t, ξ(t)) ≡ A(t, ξ(t)) + B(t, ξ(t))S(t, ξ(t)),

H(t, ζ(t)) ≡ Q(t, ζ(t)) + S∗(t, ζ(t))L(t, ζ(t))S(t, ζ(t)),
(1.6)
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then the system (1.1) can be rewritten to the form

dX(t)
dt

= G(t, ξ(t))X(t), (1.7)

and the functional (1.4) to the form

J =
∫∞

0
〈X∗(t)H(t, ξ(t))X(t)〉dt. (1.8)

We suppose also that, together with every jump of random process ξ(t) in time tj , the
solutions of the system (1.7) submit to the random transformation

X
(
tj + 0

)
= CskX

(
tj − 0

)
, s, k = 1, 2, . . . , n, (1.9)

if the conditions ξ(tj + 0) = θs, ξ(tj − 0) = θk hold.

Definition 1.3. Let ak(t), k = 1, . . . , n, t ≥ 0 be a selection of n different positive functions. If
ξ(tj + 0) = θs, ξ(tj − 0) = θk, s, k = 1, . . . , n, and for tj ≤ t ≤ tj+1 the equality a(t, ξ(t) = θs) =
as(t − tj) holds, then the function a(t, ξ(t)) is called semi-Markov function.

The application of semi-Markov functions makes it possible to use the concept of
stochastic operator. In fact, the semi-Markov function a(t, ξ(t)) is an operator of the semi-
Markov process ξ(t), because the value of the semi-Markov function a(t, ξ(t)) is defined not
only by the values t and ξ(t), but it is also necessary to specify the function as(t), t ≥ 0 and
the value of the jump of the process ξ(t) in time tj which precedes the moment of time t.

Our task is the construction of Lyapunov function for the new class of systems of linear
differential equations with semi-Markov coefficients and then applying the function to solve
the optimization problem which minimizes the quality criterion.

2. Auxiliary Results

In the proof of Theorem 3.1 in Section 3, we will employ two results concerning the
construction of the Lyapunov function and the construction of the optimal control for the
system of linear differential equations in a deterministic case. We will derive these auxiliary
results in this part.

2.1. The Construction of the Lyapunov Function

Let us consider the system of linear differential equations

dX(t)
dt

= A(t, ξ(t))X(t) (2.1)

associated to the system (1.1).
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4 Abstract and Applied Analysis

Let us define a quadratic form

w(t, x, ξ(t)) = x∗B(t, ξ(t))x, B(t, ξ(t)) > 0, (2.2)

where elements of the matrix B(t, ξ(t)) are the semi-Markov processes. The matrix B(t, ξ(t))
is defined by such a set of n different symmetric and positive definite matrices Bk(t), t ≥ 0,
k = 1, . . . , n, that the equality ξ(t) = θs for tj ≤ t ≤ tj + 1 implies

B(t, ξ(t)) = Bs
(
t − tj

)
, s = 1, 2, . . . , n. (2.3)

Our purpose in this section is to express the value of the functional

ν =
∫∞

0
〈w(t, X(t), ξ(t))〉dt (2.4)

in a convenient form, which can help us to prove the L2-stability of the trivial solution of the
system (2.1).

At first, we introduce the particular Lyapunov functions

νk(x) =
∫∞

0
〈w(t, X(t), ξ(t)) | X(t) = x, ξ(0) = θk〉dt, k = 1, 2, . . . , n. (2.5)

If we can find the values of the particular Lyapunov functions in the form νk(x) = x∗Ckx,
k = 1, 2, . . . , n, then value of the functional ν can be expressed by the formula

ν =
∫
En

n∑
k=1

νk(x)fk(0, x)dx =
n∑
k=1

∫
En

Ck ◦ xx∗fk(0, x)dx =
n∑
k=1

Ck ◦Dk(0), (2.6)

where the scalar value

N ◦ S =
l∑

k=1

m∑
j=1

νkjskj (2.7)

is called the scalar product of the two matrices N = (νkj), S = (skj) and has the property [14]

D(N ◦ S)
DS

= N. (2.8)

The first auxiliary result contains two equivalent, necessary, and sufficient conditions
for the L2-stability (see in [4]) of the trivial solution of the system (2.1) and one sufficient
condition for the stability of the solutions.
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Theorem 2.1. The trivial solution of the system (2.1) is L2-stable if and only if any of the next two
equivalent conditions hold:

(1) the system of equations

Ck =Hk +
∫∞

0

n∑
s=1

qsk(t)N∗
k(t)C

∗
skCsCskNk(t)dt, k = 1, 2, . . . , n (2.9)

has a solution Ck > 0, k = 1, 2, . . . , n forHk > 0, k = 1, 2, . . . , n,

(2) the sequence of the approximations

C
(0)
k

= 0,

C
(j+1)
k

= Hk +
∫∞

0

n∑
s=1

qsk(t)N∗
k(t)C

∗
skC

(j)
s CskNk(t)dt, k = 1, 2, . . . , n, j = 0, 1, 2,

(2.10)

converges.

Moreover, the solutions of the system (2.1) are L2-stabile, if there exist symmetric and positive
definite matrices Ck > 0, k = 1, 2, . . . , n, such that the property

Ck −
∫∞

0

n∑
s=1

qsk(t)N∗
k(t)C

∗
skCsCskNk(t)dt > 0, k = 1, 2, . . . , n (2.11)

holds.

Proof. We will construct a system of equations, which will define the particular Lyapunov
functions νk(x), k = 1, 2, . . . , n. Let us introduce the auxiliary semi-Markov functions

uk(t, x) = 〈w(t, X(t), ξ(t)) | X(0) = x, ξ(0) = θk〉, k = 1, 2, . . . , n. (2.12)

For the state ξ(t) = θk, t ≥ 0 of the random process ξ(t), the equalities

X(t) =Nk(t)x, X(0) = x (2.13)

are true. Simultaneously, with the jumps of the random process ξ(t), the jumps of solutions
of (2.1) occurred, so in view of (2.12), we derive the equations

uk(t, x) = ψk(t)wk(t,Nk(t)x) +
∫ t

0

n∑
s=1

qsk(τ)us(t − τ, CskNk(τ)x)dτ, k = 1, 2, . . . , n. (2.14)

Further, if we introduce denoting

uk(t, x) = x∗uk(t)x, k = 1, 2, . . . , n, (2.15)

IEEE eXpress Sample eBook, page 510



6 Abstract and Applied Analysis

then (2.14) can be rewritten as the system of integral equations for the matrix uk(t) in the
form

uk(t) = ψk(t)N∗
k(t)Bk(t)Nk(t)

+
∫ t

0

n∑
s=1

qsk(τ)N∗
k(τ)C

∗
skus(t − τ)CskNk(τ)dτ, k = 1, 2, . . . , n.

(2.16)

We define matrices Ck, k = 1, 2, . . . , n and functions νk(t), k = 1, 2, . . . , n, with regard to (2.5)
and (2.12), by formulas

Ck =
∫∞

0
uk(t)dt, νk(x) =

∫∞
0
uk(t, x)dt. (2.17)

Integrating the system (2.16) from 0 to∞, we get the system

Ck =
∫∞

0
ψk(t)N∗

k(t)Bk(t)Nk(t)dt

+
∫∞

0

n∑
s=1

qsk(τ)N∗
k(τ)C

∗
skCsCskNk(τ)dτ, k = 1, 2, . . . , n.

(2.18)

Similarly, integrating the system of (2.14), we get the system of equations determining the
particular Lyapunov functions

νk(x) =
∫∞

0
ψk(t)wk(t,Nk(t)x)dt +

∫∞
0

n∑
s=1

qsk(t)νk(CskNk(t)x)dt. (2.19)

Let us denote

Hk =
∫∞

0
ψk(t)N∗

k(t)Bk(t)Nk(t)dt, k = 1, 2, . . . , n. (2.20)

If there exist such positive constants λ1, λ2 that

λ1E ≤ Bk(t) ≤ λ2E, (2.21)

or equivalent conditions

λ1‖x‖2 ≤ x∗Bk(t)x ≤ λ2‖x‖2 (2.22)

hold, then the matrices Hk, k = 1, 2, . . . , n are symmetric and positive definite. Using (2.17),
the system (2.18) can be rewritten to the form

Ck =Hk +
n∑
s=1

L∗skCs, k = 1, 2, . . . , n. (2.23)
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It is easy to see that the system (2.23) is conjugated to the system (2.9). Therefore, the existence
of a positive definite solution Ck > 0, k = 1, 2, . . . , n of the system (2.23) is equivalent to
the existence of a positive definite solution Bk > 0, k = 1, 2, . . . , n and it is equivalent to L2-
stability of the solution of the system (2.1). On the other hand, if the existence of the particular
Lyapunov functions νk(x), k = 1, 2, . . . , n in (2.5) implies L2-stability of the solutions of the
system (2.1), then, in view of conditions (2.22) and the convergence of the integral (2.17), we
get the inequality

∫∞
0
〈w(t, X(t), ξ(t))〉dt ≥

∫∞
0

〈
‖X‖2

〉
dt. (2.24)

The theorem is proved.

Remark 2.2. If the system of linear differential equations (2.1) is a system with piecewise
constant coefficients and the function w(t, X(t), ξ(t)) has the form

w(t, X(t), ξ(t)) = x∗B(ξ(t))x, Bk ≡ B(θk), k = 1, 2, . . . , n, (2.25)

then the system (2.18) can be written in the form

Ck =
∫∞

0
ψk(t)eA

∗
k
tBke

Aktdt +
∫∞

0

n∑
s=1

qsk(t)eA
∗
k
tC∗skCsCske

Aktdt, k = 1, 2, . . . , n. (2.26)

Particularly, if the semi-Markov process ξ(t) is identical with a Markov process, then
the system (2.26) has the form

Ck =
∫∞

0
eakkteA

∗
ktBke

Aktdt +
∫∞

0

n∑
s=1
s/= k

aske
akkteA

∗
ktC∗skCsCske

Aktdt, k = 1, 2, . . . , n, (2.27)

or, more simply

Ck =
∫∞

0
eakkteA

∗
k
t

⎛
⎜⎝Bk +

n∑
s=1
s /= k

askC
∗
skCsCsk

⎞
⎟⎠eAktdt, k = 1, 2, . . . , n. (2.28)

Moreover, under the assumption that the integral in (2.28) converges, the system (2.28) is
equivalent to the system of matrices equations

(
Eakk +A∗k

)
Ck + CkAK + Bk +

n∑
s=1
s/= k

askC
∗
skCsCsk = 0, k = 1, 2, . . . , n, (2.29)
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8 Abstract and Applied Analysis

which can be written as the system

A∗kCk +CkAK + Bk +
n∑
s=1
s /= k

askC
∗
skCsCsk = 0, k = 1, 2, . . . , n, (2.30)

if Ckk = E, k = 1, 2, . . . , n.

Example 2.3. Let the semi-Markov process ξ(t) take two states θ1, θ2 and let it be identical
with the Markov process described by the system of differential equations

dp1(t)
dt

= −λp1(t) + λp2(t),

dp2(t)
dt

= λp1(t) − λp2(t).

(2.31)

We will consider the L2-stability of the solutions of the differential equation

dx(t)
dt

= a(ξ(t))x(t), a(θk) ≡ ak, (2.32)

constructing a system of the type (2.26) related to (2.32). The system is

c1 = 1 +
∫∞

0
e2a2tλe−λtc2dt, c2 = 1 +

∫∞
0
e2a1tλe−λtc1dt, (2.33)

and its solution is

c1 =
(λ − a1)(λ − 2a2)

2a1a2 − λ(a1 + a2)
, c2 =

(λ − a2)(λ − 2a1)
2a1a2 − λ(a1 + a2)

· (2.34)

The trivial solution of (2.32) is L2-stable, if c1 > 0 and c2 > 0. Let the intensities of semi-
Markov process ξ(t) satisfy the conditions

q11(t) ≈ 0, q22(t) ≈ 0, q21(t) − λe−λt ≈ 0, q12(t) − λe−λt ≈ 0. (2.35)

Then, using the Theorem 2.1, the conditions

1 − c1

∫∞
0
q11(t)e2a1tdt − c2

∫∞
0

(
q21(t) − λe−λt

)
e2a2tdt > 0,

1 − c1

∫∞
0

(
q12(t) − λe−λt

)
e2a1tdt − c2

∫∞
0
q22(t)e2a2tdt > 0

(2.36)

are sufficient conditions for the L2-stability of solutions of (2.32).
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2.2. The Construction of an Optimal Control for the System of Linear
Differential Equations in the Deterministic Case

Let us consider the deterministic system of the linear equations

dX(t)
dt

= A(t)X(t) + B(t)U(t) (2.37)

in the boundary field G, where X ∈ �m, U ∈ �l , and together with (2.37) we consider the
initial conditions

X(t) = x0. (2.38)

We assume that the vector U(t) belongs to the control set U. The quality criterion has the
form of the quadratic functional

I(t) =
1
2

∫∞
t

[X∗(τ)C(τ)X(τ) +U∗(τ)D(τ)C(τ)]dτ,

C∗(t) = C(t), D∗(t) = D(t)

(2.39)

in the space � 1(G) ×U. The control vector

U(t) = S(t)X(t), dimS(t) = l ×m, (2.40)

which minimizes the quality criterion (2.39) is called the optimal control.
The optimization problem is the problem of finding the optimal control (2.40) from

all feasible control U, or, in fact, it is the problem of finding the equation to determine S(t),
dimS(t) = l ×m.

Theorem 2.4. Let there exist the optimal control (2.40) for the system of (2.37). Then the control
equations

S = −D−1(t)B∗(t)Ψ∗, Ψ∗ = K(t)X(t), (2.41)

where the matrix K(t) satisfies the Riccati equation

dK(t)
dt

= −C(t) −K(t)A(t) −A∗(t)K(t) +K∗(t)B(t)D−1(t)B∗(t)K(t), (2.42)

determines the synthesis of the optimal control.

Proof. Let the control for the system (2.37) have the form (2.40), where the matrix S(t) is
unknown. Then, the minimum value of the quality criterion (2.39) is

min
S(t)

I(t) =
1
2
X∗(t)K(t)X(t) ≡ ν(t, X(t)). (2.43)
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10 Abstract and Applied Analysis

Under assumption that the vector X(t) is known and using Pontryagin’s maximum principle
[1, 15], the minimum of the quality criterion (2.39) is written as

min
S(t)

I(t) =
1
2
Ψ(t)X(t), τ ≥ t, (2.44)

where

Ψ(t) =
Dν(t, x)
Dx

= X∗K(t) (2.45)

is the row-vector. If we take Hamiltonian function [15] of the form

H(t, x,U,Ψ) = Ψ(A(t)x + B(t)U) +
1
2
(x∗Cx +U∗DU), U = Sx, (2.46)

the necessary condition for optimality is

∂H

∂skj
= 0, k = 1, 2, . . . , l, j = 1, 2, . . . , m, (2.47)

where skj are elements of the matrix S. The scalar value

dH

dS
=

∥∥∥∥∥
∂H

∂skj

∥∥∥∥∥, k = 1, 2, . . . , l, j = 1, 2, . . . , m, (2.48)

is called derivative of the matrix H with respect to the matrix S.
Employing the scalar product of the two matrices in our calculation, the Hamiltonian

function (2.46) can be rewritten into the form

H = ΨA(t)x +
1
2
x∗C(t)x + B∗(t)Ψ∗x∗ ◦ S +

1
2
D(t) · Sxx∗ ◦ S, (2.49)

and its derivative with respect to the matrix S is

dH

dS
= B∗(t)Ψ∗x∗ +D(t)Sxx∗ = 0. (2.50)

Because the equality (2.50) holds for any value of x, the expression of the vector control U
has the form

U = Sx = −D−1(t)B∗(t)Ψ∗ = −D−1(t)B∗(t)K(t)x, (2.51)

which implies

S = −D−1(t)B∗(t)Ψ∗. (2.52)
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If we put the expression of matrix S to (2.49), we obtain a new expression for the Hamiltonian
function

H = Ψ(t)A(t)x +
1
2
x∗C(t)x − 1

2
ΨB(t)D−1(t)B∗(t)Ψ∗, (2.53)

for which the canonical system of linear differential equations

dx

dt
=
DH

DΨ
,

dΨ
dt

=
DH

Dx
(2.54)

has the form

dx

dt
= A(t)x − B(t)D−1(t)B∗(t)Ψ∗,

dΨ∗

dt
= −C(t)x −A∗(t)Ψ∗.

(2.55)

In the end, we define the matrix K(t) as the integral manifolds of solutions of the
system equations

Ψ∗ = K(t)X(t). (2.56)

If we derive the system (2.56) with respect to t regarding the system (2.55) and extract the
vector Ψ∗, then we obtain the matrix differential equation (2.40). This equation is known
as Riccati equation in literature, see for example in [16, 17]. The solution KT (t) of (2.42)
satisfying the initial condition

KT (t) = 0, T > 0 (2.57)

determines the minimum of the functional

min
S(τ)

∫T
t

[X∗(τ)C(τ)X(τ) +U∗(τ)D(τ)U(τ)]dτ =
1
2
X∗(t)KT(t)X(t), (2.58)

and K(t) can be obtained as the limit of the sequence {KT (t)}∞T=1 of the successive
approximations KT (t):

K(t) = lim
T→∞

KT(t). (2.59)

Remark 2.5. Similar results can be obtained from the Bellman equation [18], where the
function ν(t, x) satisfie

min
S(t)

{
∂ν(t, x)
∂t

+
Dν(t, x)
Dx

[A(t) + B(t)S(t)]x +
1
2
x∗C(t)x +

1
2
x∗S∗(t)D(t)S(t)x

}
= 0. (2.60)
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3. The Main Result

Theorem 3.1. Let the coefficients of the control system (1.1) be the semi-Markov functions and let
them be defined by the equations

dXk(t)
dt

= Gk(t)Xk(t), Gk(t) ≡ Ak(t) + Bk(t)Sk(t), k = 1, . . . , n. (3.1)

Then the set of the optimal control is a nonempty subset of the control U, which is identical with the
family of the solutions of the system

Us(t) = L−1
s (t)B∗s(t)Rs(t)Xs(t), s = 1, . . . , n, (3.2)

where the matrix Rs(t) is defined by the system of Riccati type of differential equations

dRs(t)
dt

= −Qs(t) −A∗s(t)Rs(t) − Rs(t)As(t)

+ Rs(t)Bs(t)L−1
s (t)B∗s(t)Rs(t) −

Ψ′s
Ψs(t)

Rs(t)

−
n∑
k=1

qks(t)
Ψs(t)

C∗ksRk(0)Cks, s = 1, . . . , n.

(3.3)

3.1. The Proof of Main Result Using Lyapunov Functions

It should be recalled that the coefficients of the systems (1.1), (1.7) and of the functionals
(1.4), (1.8) have the form

A(t, ξ(t)) = As
(
t − tj

)
, B(t, ξ(t)) = Bs

(
t − tj

)
,

Q(t, ξ(t)) = Qs

(
t − tj

)
, L(t, ξ(t)) = Ls

(
t − tj

)
, S(t, ξ(t)) = Ss

(
t − tj

)
,

(3.4)

if tj ≤ t < tj+1, ξ(t) = θs. In addition to this, we have

G(t, ξ(t)) = Gs

(
t − tj

) ≡ As

(
t − tj

)
+ Bs

(
t − tj

)
Ss
(
t − tj

)
,

H(t, ξ(t)) =Hs

(
t − tj

) ≡ Qs

(
t − tj

)
+ S∗s

(
t − tj

)
Ls
(
t − tj

)
Ss
(
t − tj

)
.

(3.5)

The formula

V =
n∑
k=1

Ck ◦Dk(0) =
n∑
k=1

∫
Em

νk(x)fk(0, x)dx (3.6)
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is useful for the calculation of the particular Lyapunov functions νk(x) ≡ x∗Ckx, k = 1, . . . , n
of the functional (1.8). We get

νk(x) ≡ x∗Ckx

=
∫∞

0
〈X∗(t)H(t, ξ(t))X(t) | X(0) = x, ξ(0) = θk〉dt, k = 1, 2, . . . , n,

(3.7)

or, the more convenient form

νk(x) ≡ x∗Ckx

=
∫∞

0

[
X∗k(t)

(
Ψk(t)Qk(t) +

n∑
s=1

qsk(t)C∗skCsCsk

)
U∗k(t)Ψk(t)Lk(t)Uk(t)

]
dt,

k = 1, 2, . . . , n.

(3.8)

Then the system (3.1) has the form

dXk(t)
dt

= Ak(t)Xk(t) + Bk(t)Uk(t), Uk(t) ≡ Sk(t)Xk(t), k = 1, . . . , n. (3.9)

Let us assume that for the control system (1.1) the optimal control exists in the form (1.5)
independent of the initial value X(0). Regarding the formula (3.6), there exist minimal values
of the particular Lyapunov functions νk(x), k = 1, . . . , n, which are associated with the
optimal control. It also follows from the fact that the functions νk(x), k = 1, . . . , n are particular
values of the functional (3.6). Finding the minimal values νk(x), k = 1, . . . , n by choosing the
optimal control Uk(x) is a well-studied problem, for the main results see [16]. It is significant
that all matrices Cs, s = 1, . . . , n of the integrand in the formula (3.8) are constant matrices,
hence, solving the optimization problem they can be considered as matrices of parameters.

Therefore, the problem to find the optimal control (1.5) for the system (1.1) can be
transformed to n problems to find the optimal control for the deterministic system (3.9),
which is equivalent to the system of linear differential equations of type (2.37).

3.2. The Proof of the Main Result Using Lagrange Functions

In this part, we get one more proof of the Theorem 3.1 using the Lagrange function.
We are looking for the optimal control which reaches the minimum of quality criterion

x∗Cx =
∫T

0
[(X∗(t)QA)X(t) +U∗(t)L(t)U(t)]dt. (3.10)

Let us introduce the Lagrange function

I =
∫T

0

[
X∗(t)Q(t)X(t) +U∗(t)L(t)U(t) + 2Y ∗(t)

(
A(t)X(t) + B(t)U(t) − dX(t)

dt

)]
dt,

(3.11)
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14 Abstract and Applied Analysis

where Y(t) is the column-vector of Lagrange multipliers. In accordance with Pontryagin’s
maximum principle, we put the first variations of the functionals ∂Ix, ∂Iy equal to zero and
we obtain the system of linear differential equations

dX(t)
dt

= A(t)X(t) − B(t)L−1(t)B∗(t)Y(t),

dY(t)
dt

= −Q(t)X(t) −A∗(t)Y(t).
(3.12)

Then the optimal control U(t) can be expressed by

U(t) = L−1(t)B∗(t)Y(t), Y(T) = 0. (3.13)

The synthesis of the optimal control needs to find the integral manifolds of the solutions of
the system (3.12) in the form

Y(t) = K(t)X(t), K(T) = 0. (3.14)

According to the theory of integral manifolds [19] we construct the differential matrix
equations of the Riccati type

dK(t)
dt

= −Q(t) −A∗(t)K(t)A(t) −K(t)B(t)L−1(t)B∗(t)K(t). (3.15)

for the matrix K(t). Integrating them from time t = T to time t = 0 and using the initial
condition K(T) = 0 we obtain Lagrange functions for the optimal control

U(t) = −L−1(t)B∗(t)K(t)X(t). (3.16)

We will prove that

∫T
t

[X∗(τ)Q(τ)X(τ) +U∗(τ)L(τ)U(τ)]dτ = X∗(t)K(t)X(t). (3.17)

Differentiating the equality (3.17) with respect to t we obtain the matrix equation

−X∗(t)Q(t)X(t) −U∗(t)L(t)U(t) = X∗(t)
dK(t)
dt

X(t) +X∗(t)K(t)(A(t)X(t) + B(t)U(t))

+ (X∗(t)A∗(t) +U∗(t)B∗(t))K(t)X(t),
(3.18)

and extracting the optimal control U(t) we obtain differential equation forK(t) identical with
(3.15). The equality K(t) = K∗(t) follows from the positive definite matrices Q(t), L(t) for
t < T . Therefore, from (3.17) we get K(t) = 0; moreover, from (3.10) it follows that C = K(0).
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Applying the formulas (3.15), (3.16) to the system (3.8) with minimal functionals (3.9), the
expression for the optimal control can be found in the form

Us(t) = −Ψ−1
s (t)L−1

s (t)B∗s(t)Ks(t)Xs(t), s = 1, 2, . . . , n, (3.19)

where symmetric matrices Ks(t) satisfy the matrix system of differential equations

dKs(t)
dt

= −Ψs(t) −Qs(t) −A∗s(t)Ks(t) −
n∑
k=1

qksC
∗
ksCkCks

+Ks(t)Bs(t)Ψ−1
s (t)L−1

s (t)Bs(t)Ks(t) s = 1, 2, . . . , n.

(3.20)

The systems (3.9), (3.20) define the necessary condition such that the solutions of the systems
(1.4) will be optimal. In addition to this, the system (3.8) defines the matrices Sk(t), k =
1, 2, . . . , n, of the optimal control in the form

Sk(t) = −Ψ−1
k (t)L−1

k (t)B∗k(t)Kk(t), k = 1, 2, . . . , n. (3.21)

We define matrices Cs from the system equations (3.20) in the view of

Cs = Ks(0), s = 1, 2, . . . , n. (3.22)

In regards to

Rs(t) = −Ψ−1
s (t)Ks(t), Ψs(0) = 1, Cs = Rs(0), s = 1, 2, . . . , n, (3.23)

it can makes the system (3.20) simpler. Then the system (3.20) takes the form (3.3), and
formula (3.2) defines the optimal control.

Remark 3.2. If the control system (1.1) is deterministic, then qks(t) ≡ 0, Ψs(t) ≡ 0, k, s =
1, 2, . . . , n and the system (3.3) is identical to the system of the Riccati type equations (3.15).

4. Particular Cases

The optimal control U(t) for the system (1.1) has some special properties, and the equations
determining it are different from those given in the previous section in case the coefficients of
the control system (1.1) have special properties or intensities qsk(t) satisfy some relations
or some other special conditions are satisfied. Some of these cases will be formulated as
corollaries.

Corollary 4.1. Let the control system (1.1) with piecewise constant coefficients have the form

dX(t)
dt

= A(ξ(t))X(t) + B(ξ(t))U(t). (4.1)
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Then the quadratics functional

V =
∫∞

0
〈X∗(t)Q(ξ(t))X(t) +U∗(t)L(ξ(t))U(t)〉dt (4.2)

determines the optimal control in the form

U(t) = S(t, ξ(t))X(t), (4.3)

where

S(t, ξ(t)) = Sk
(
t − tj

)
, (4.4)

and the matrices Sk(t) satisfy the equations

Sk(t) = −L−1B∗kRk(t), k = 1, 2, . . . , n (4.5)

if tj ≤ t < tj+1, ξ(t) = θk.
The matrices Rk(t), k = 1, 2, . . . , n are the solutions of the systems of the Riccati-type

equations:

dRk(t)
dt

= −Qk −A∗kRk(t) − Rk(t)Ak

+ Rk(t)BkL−1
k B

∗
kRk(t) −

Ψ′k(t)
Ψk(t)

Rk(t)

−
n∑
s=1

qsk(t)
Ψk(t)

C∗skRs(0)Csk, k = 1, . . . , n.

(4.6)

Remark 4.2. In the corollary we mention piecewise constant coefficients of the control system
(4.1). The coefficients of the functional (4.2) will be piecewise as well, but the optimal control
is nonstationary.

Corollary 4.3. Assume that

Ψ′
k(t)

Ψk(t)
= const,

qsk(t)
Ψk(t)

= const, k, s = 1, 2, . . . , n. (4.7)

Then the optimal controlU(t) will be piecewise constant.

Taking into consideration that the optimal control is piecewise constant, we find out
that the matrices Rk(t), k = 1, 2, . . . , n in (4.5) are constant, which implies the form of the
system (4.6) is changed to the form

Qk +A∗kRk + RkAk − RkBkL
−1
k B

∗
kRk +

Ψ′
k(t)

Ψk(t)
Rk(t) +

n∑
s=1

qsk(t)
Ψk(t)

C∗skRkCsk = 0, k = 1, . . . , n.

(4.8)
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The system (4.8) has constant solutions Rk, k = 1, 2, . . . , n, if conditions (4.7) hold. Moreover,
if the random process ξ(t) is a Markov process then the conditions (4.7) have the form

Ψ′
k(t)

Ψk(t)
= akk = const,

qsk(t)
Ψk(t)

= ask = const, k, s = 1, 2, . . . , n, k /= s, (4.9)

and the system (4.8) transforms to the form

Qk +A∗kRk + RkAk − RkBkL
−1
k B

∗
kRk +

n∑
s=1

askC
∗
skRsCsk = 0, k = 1, . . . , n (4.10)

for which the optimal control is

U(t) = S(ξ(t))X(t), S(θk) ≡ Sk, Sk = −L−1
k B

∗
kRk, k = 1, 2, . . . , n. (4.11)

Corollary 4.4. Let the state θs of the semi-Markov process ξ(t) be no longer than Ts > 0. Then the
system (3.8) has the form

νk(x) ≡ x∗Ckx

=
∫Ts

0

(
X∗k(t)

(
Ψk(t)Qk(t) +

n∑
s=1

qsk(t)C∗skCsCsk

)
Xk(t) +U∗k(t)Ψk(t)Lk(t)Uk(t)

)
dt,

k = 1, 2, . . . , n.
(4.12)

Because

Ks(Ts) = Ψs(t)Rs(t), s = 1, 2, . . . , n, (4.13)

then

Ks(Ts) = 0, s = 1, 2, . . . , n. (4.14)

In this case, the search for the matrix Ks(t), s = 1, 2, . . . , n in concrete tasks is reduced
to integration of the matrix system of differential equations (3.15) on the interval [0, Ts] with
initial conditions (4.14). In view of Ψs(Ts) = 0, s = 1, 2, . . . , n, we can expect that every
equation (3.15) has a singular point t = Ts. If Ψs(t) has simple zero at the point t = Ts, then
the system (4.6) meets the necessary condition

Ψs(Ts)Rs(Ts) +
n∑
k=1

qsk(Ts)C∗ksRs(0)Cks = 0, s = 1, . . . , n (4.15)

for boundary of matrix Rs(t) in the singular points.
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Some oscillation criteria are established for the second-order nonlinear neutral differential
equations of mixed type [(x(t) + p1x(t − τ1) + p2x(t + τ2))

γ ]′′ = q1(t)xγ (t − σ1) + q2(t)xγ (t + σ2),
t ≥ t0, where γ ≥ 1 is a quotient of odd positive integers. Our results generalize the results given in
the literature.

1. Introduction

This paper is concerned with the oscillatory behavior of the second-order nonlinear neutral
differential equation of mixed type

[(
x(t) + p1x(t − τ1) + p2x(t + τ2)

)γ]′′ = q1(t)xγ (t − σ1) + q2(t)xγ (t + σ2), t ≥ t0. (1.1)

Throughout this paper, we will assume the following conditions hold.

(A1) pi, τi, and σi, i = 1, 2, are positive constants;

(A2) qi ∈ C([t0,∞), [0,∞)), i = 1, 2.

By a solution of (1.1), we mean a function x ∈ C([Tx,∞),�) for some Tx ≥ t0 which
has the property that (x(t) + p1x(t − τ1) + p2x(t + τ2))γ ∈ C2([Tx,∞),�) and satisfies (1.1) on
[Tx,∞). As is customary, a solution of (1.1) is called oscillatory if it has arbitrarily large zeros
on [t0,∞), otherwise, it is called nonoscillatory. Equation (1.1) is said to be oscillatory if all its
solutions are oscillatory.
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2 Abstract and Applied Analysis

Neutral functional differential equations have numerous applications in electric
networks. For instance, they are frequently used for the study of distributed networks
containing lossless transmission lines which rise in high speed computers where the lossless
transmission lines are used to interconnect switching circuits; see [1].

Recently, many results have been obtained on oscillation of nonneutral continuous
and discrete equations and neutral functional differential equations, we refer the reader to
the papers [2–35], and the references cited therein.

Philos [2] established some Philos-type oscillation criteria for the second-order linear
differential equation

(
r(t)x′(t)

)′ + q(t)x(t) = 0, t ≥ t0. (1.2)

In [3–5], the authors gave some sufficient conditions for oscillation of all solutions of
second-order half-linear differential equation

(
r(t)

∣∣x′(t)∣∣γ−1
x′(t)

)′
+ q(t)|x(τ(t))|γ−1x(τ(t)) = 0, t ≥ t0 (1.3)

by employing a Riccati substitution technique.
Zhang et al. [15] examined the oscillation of even-order neutral differential equation

[
x(t) + p(t)x(τ(t))

](n) + q(t)f(x(σ(t))) = 0, t ≥ t0. (1.4)

Some oscillation criteria for the following second-order quasilinear neutral differential
equation

(
r(t)

∣∣z′(t)∣∣γ−1
z′(t)

)′
+ q(t)|x(σ(t))|γ−1x(σ(t)) = 0, for z(t) = x(t) + p(t)x(τ(t)), t ≥ t0

(1.5)

were obtained by [12–17].
However, there are few results regarding the oscillatory properties of neutral

differential equations with mixed arguments, see the papers [20–24]. In [25], the authors
established some oscillation criteria for the following mixed neutral equation:

(
x(t) + p1x(t − τ1) + p2x(t + τ2)

)′′ = q1(t)x(t − σ1) + q2(t)x(t + σ2), t ≥ t0; (1.6)

here q1 and q2 are nonnegative real-valued functions. Grace [26] obtained some oscillation
theorems for the odd order neutral differential equation

(
x(t) + p1x(t − τ1) + p2x(t + τ2)

)(n) = q1x(t − σ1) + q2x(t + σ2), t ≥ t0, (1.7)
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where n ≥ 1 is odd. Grace [27] and Yan [28] obtained several sufficient conditions for the
oscillation of solutions of higher-order neutral functional differential equation of the form

(x(t) + cx(t − h) + Cx(t +H))(n) + qx
(
t − g) +Qx(t +G) = 0, t ≥ t0, (1.8)

where q and Q are nonnegative real constants.
Clearly, (1.6) is a special case of (1.1). The purpose of this paper is to study the

oscillation behavior of (1.1).
In the sequel, when we write a functional inequality without specifying its domain of

validity we assume that it holds for all sufficiently large t.

2. Main Results

In the following, we give our results.

Theorem 2.1. Assume that σi > τi, i = 1, 2. If

lim sup
t→∞

∫ t+σ2−τ2

t

(t + σ2 − τ2 − s)Q2(s)ds >
(

2γ−1
)2
(

1 + pγ1 +
p
γ

2

2γ−1

)
, (2.1)

lim sup
t→∞

∫ t

t−σ1+τ1

(s − t + σ1 − τ1)Q1(s)ds >
(

2γ−1
)2
(

1 + pγ1 +
p
γ
2

2γ−1

)
, (2.2)

where

Qi(t) = min
{
qi(t − τ1), qi(t), qi(t + τ2)

}
, (2.3)

for i = 1, 2, then every solution of (1.1) oscillates.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t1 ≥ t0 such that x(t) > 0, x(t−τ1) > 0, x(t+τ2) > 0, x(t−σ1) > 0, and x(t+σ2) > 0
for all t ≥ t1. Setting

z(t) =
(
x(t) + p1x(t − τ1) + p2x(t + τ2)

)γ
,

y(t) = z(t) + pγ1z(t − τ1) +
p
γ

2

2γ−1
z(t + τ2).

(2.4)

Thus z(t) > 0, y(t) > 0, and

z′′(t) = q1(t)xγ (t − σ1) + q2(t)xγ (t + σ2) ≥ 0. (2.5)
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Then, z′(t) is of constant sign, eventually. On the other hand,

y′′(t) = q1(t)xγ (t − σ1) + q2(t)xγ (t + σ2)

+ pγ1q1(t − τ1)xγ (t − τ1 − σ1) + p
γ

1q2(t − τ1)xγ (t − τ1 + σ2)

+
p
γ
2

2γ−1
q1(t + τ2)xγ (t + τ2 − σ1)

+
p
γ

2

2γ−1
q2(t + τ2)xγ (t + τ2 + σ2).

(2.6)

Note that g(u) = uγ , γ ≥ 1, u ∈ (0,∞) is a convex function. Hence, by the definition of convex
function, we obtain

aγ + bγ ≥ 1
2γ−1

(a + b)γ . (2.7)

Using inequality (2.7), we get

xγ (t − σ1) + p
γ

1x
γ (t − τ1 − σ1) ≥ 1

2γ−1

(
x(t − σ1) + p1x(t − τ1 − σ1)

)γ
,

1
2γ−1

(
x(t − σ1) + p1x(t − τ1 − σ1)

)γ + p
γ
2

2γ−1
xγ (t + τ2 − σ1)

≥ 1(
2γ−1

)2

(
x(t − σ1) + p1x(t − τ1 − σ1) + p2x(t + τ2 − σ1)

)γ = z(t − σ1)(
2γ−1

)2 .

(2.8)

Similarly, we obtain

xγ (t + σ2) + p
γ

1x
γ (t − τ1 + σ2) +

p
γ

2

2γ−1
xγ (t + τ2 + σ2) ≥ z(t + σ2)(

2γ−1
)2 . (2.9)

Thus, from (2.6), we have

y′′(t) ≥ 1(
2γ−1

)2 (Q1(t)z(t − σ1) +Q2(t)z(t + σ2)). (2.10)

In the following, we consider two cases.

Case 1. Assume that z′(t) > 0. Then, y′(t) > 0. In view of (2.10), we see that

y′′(t + τ2) ≥ 1(
2γ−1

)2Q2(t + τ2)z(t + τ2 + σ2). (2.11)
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Applying the monotonicity of z, we find

y(t + σ2) = z(t + σ2) + p
γ

1z(t − τ1 + σ2) +
p
γ

2

2γ−1
z(t + τ2 + σ2)

≤
(

1 + pγ1 +
p
γ

2

2γ−1

)
z(t + τ2 + σ2).

(2.12)

Combining the last two inequalities, we obtain the inequality

y′′(t + τ2) ≥ Q2(t + τ2)(
2γ−1

)2
(

1 + pγ1 + p
γ

2/2γ−1
)y(t + σ2). (2.13)

Therefore, y is a positive increasing solution of the differential inequality

y′′(t) ≥ Q2(t)(
2γ−1

)2
(

1 + pγ1 + p
γ

2/2γ−1
)y(t − τ2 + σ2). (2.14)

However, by [11], condition (2.1) contradicts the existence of a positive increasing solution
of inequality (2.14).

Case 2. Assume that z′(t) < 0. Then, y′(t) < 0. In view of (2.10), we see that

y′′(t − τ1) ≥ 1(
2γ−1

)2Q1(t − τ1)z(t − τ1 − σ1). (2.15)

Applying the monotonicity of z, we find

y(t − σ1) = z(t − σ1) + p
γ

1z(t − τ1 − σ1) + p
γ

2
1

2γ−1
z(t + τ2 − σ1)

≤
(

1 + pγ1 +
p
γ

2

2γ−1

)
z(t − τ1 − σ1).

(2.16)

Combining the last two inequalities, we obtain the inequality

y′′(t − τ1) ≥ Q1(t − τ1)(
2γ−1

)2
(

1 + pγ1 + p
γ

2/2γ−1
)y(t − σ1). (2.17)

Therefore, y is a positive decreasing solution of the differential inequality

y′′(t) ≥ Q1(t)(
2γ−1

)2
(

1 + pγ1 + p
γ
2/2γ−1

)y(t + τ1 − σ1). (2.18)

IEEE eXpress Sample eBook, page 528



6 Abstract and Applied Analysis

However, by [11], condition (2.2) contradicts the existence of a positive decreasing solution
of inequality (2.18).

Remark 2.2. When γ = 1, Theorem 2.1 involves results of [25, Theorem 1].

Theorem 2.3. Let βi = (σi − τi)/2 > 0, i = 1, 2. Suppose that, for i = 1, 2, there exist functions

ai ∈ C1[t0,∞), ai(t) > 0, (−1)ia′i(t) ≤ 0, (2.19)

such that

Qi(t) ≥
(

2γ−1
)2
(

1 + pγ1 +
p
γ

2

2γ−1

)
ai(t)ai

(
t + (−1)iβi

)
, (2.20)

where Qi are as in (2.3) for i = 1, 2. If the first-order differential inequality

v′(t) + (−1)i+1ai
(
t + (−1)iβi

)
v
(
t + (−1)iβi

)
≥ 0 (2.21)

has no eventually negative solution for i = 1 and no eventually positive solution for i = 2, then (1.1)
is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t1 ≥ t0 such that x(t) > 0, x(t−τ1) > 0, x(t+τ2) > 0, x(t−σ1) > 0, and x(t+σ2) > 0
for all t ≥ t1. Define z and y as in Theorem 2.1. Proceeding as in the proof of Theorem 2.1, we
get (2.10).

In the following, we consider two cases.

Case 1. Assume that z′(t) > 0. Clearly, y′(t) > 0. Then, just as in Case 1 of Theorem 2.1, we find
that y is a positive increasing solution of inequality (2.14). Let b2(t) = y′(t) + a2(t)y(t + β2).
Then b2(t) > 0. Using (2.19) and (2.20), we obtain

b′2(t) −
a′2(t)
a2(t)

b2(t) − a2(t)b2
(
t + β2

)

= y′′(t) − a
′
2(t)
a2(t)

y′(t) − a2(t)a2
(
t + β2

)
y
(
t + 2β2

)

≥ y′′(t) − a2(t)a2
(
t + β2

)
y
(
t + 2β2

)

≥ y′′(t) − Q2(t)(
2γ−1

)2
(

1 + pγ1 +
(
p
γ

2/2γ−1
))y(t − τ2 + σ2) ≥ 0.

(2.22)

Define b2(t) = a2(t)v(t). Then, v is a positive solution of (2.21) for i = 2, which is a
contradiction.
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Case 2. Assume that z′(t) < 0. Clearly, y′(t) < 0. Then, just as in Case 2 of Theorem 2.1, we find
that y is a positive decreasing solution of inequality (2.18). Let b1(t) = y′(t) − a1(t)y(t − β1).
Then b1(t) < 0. Using (2.19) and (2.20), we obtain

b′1(t) −
a′1(t)
a1(t)

b1(t) + a1(t)b1
(
t − β1

)

= y′′(t) − a
′
1(t)
a1(t)

y′(t) − a1(t)a1
(
t − β1

)
y
(
t − 2β1

)

≥ y′′(t) − a1(t)a1
(
t − β1

)
y
(
t − 2β1

)

≥ y′′(t) − Q1(t)(
2γ−1

)2
(

1 + pγ1 + p
γ

2/2γ−1
)y(t + τ1 − σ1) ≥ 0.

(2.23)

Define b1(t) = a1(t)v(t). Then, v is a negative solution of (2.21) for i = 1. This contradiction
completes the proof of the theorem.

Remark 2.4. When γ = 1, Theorem 2.3 involves results of [25, Theorem 2].

From Theorem 2.3 and the results given in [12], we have the following oscillation
criterion for (1.1).

Corollary 2.5. Let βi = (σi − τi)/2 > 0, i = 1, 2. Assume that (2.19) and (2.20) hold for i = 1, 2. If

lim inf
t→∞

∫ t

t−β1

a1
(
s − β1

)
ds >

1
e
, (2.24)

lim inf
t→∞

∫ t+β2

t

a2
(
s + β2

)
ds >

1
e
, (2.25)

then (1.1) is oscillatory.

Proof. It is known (see [12]) that condition (2.24) is sufficient for inequality (2.21) (for i = 1)
to have no eventually negative solution. On the other hand, condition (2.25) is sufficient for
inequality (2.21) (for i = 2) to have no eventually positive solution.

For an application of our results, we give the following example.

Example 2.6. Consider the second-order differential equation

[(
x(t) + p1x(t − τ1) + p2x(t + τ2)

)γ]′′ = q1x
γ (t − σ1) + q2x

γ (t + σ2), t ≥ t0, (2.26)

where qi > 0 are constants and σi > τi for i = 1, 2.
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It is easy to see that Qi(t) = qi, i = 1, 2. Assume that ε > 0. Let ai(t) = (2 + ε)/(e(σi −
τi)), i = 1, 2. Clearly, (2.19) holds. If

qi >

[
2

(e(σi − τi))
]2(

2γ−1
)2
(

1 + pγ1 +
p
γ

2

2γ−1

)
(2.27)

for i = 1, 2, then (2.20) holds. Moreover, we see that

lim inf
t→∞

∫ t

t−β1

a1
(
s − β1

)
ds =

2 + ε
2e

>
1
e
,

lim inf
t→∞

∫ t+β2

t

a2
(
s + β2

)
ds =

2 + ε
2e

>
1
e
.

(2.28)

Hence by applying Corollary 2.5, we find that (2.26) is oscillatory.
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[5] J. Baštinec, L. Berezansky, J. Diblı́k, and Z. Šmarda, “On the critical case in oscillation for differential
equations with a single delay and with several delays,” Abstract and Applied Analysis, vol. 2010, Article
ID 417869, 20 pages, 2010.
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We establish some new oscillation criteria for the second-order neutral delay dynamic equations

of Emden-Fowler type, [a(t)(x(t) + r(t)x(τ(t)))Δ]
Δ
+ p(t)xγ (δ(t)) = 0, on a time scale unbounded

above. Here γ > 0 is a quotient of odd positive integers with a and p being real-valued positive
functions defined on T. Our results in this paper not only extend and improve the results in the
literature but also correct an error in one of the references.

1. Introduction

The study of dynamic equations on time scales, which goes back to its founder Hilger
[1], is an area of mathematics that has recently received a lot of attention. It was partly
created in order to unify the study of differential and difference equations. Many results
concerning differential equations are carried over quite easily to corresponding results
for difference equations, while other results seem to be completely different from their
continuous counterparts. The study of dynamic equations on time scales reveals such
discrepancies and helps avoid proving results twice—once for differential equations and once
again for difference equations.

The three most popular examples of calculus on time scales are differential calculus,
difference calculus, and quantum calculus (see Kac and Cheung [2]), that is, when
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2 Abstract and Applied Analysis

T = R, T = N, and T = qN0 = {qt : t ∈ N0}, where q > 1. Many other interesting time scales
exist, and they give rise to many applications (see [3]). Dynamic equations on a time scale
have an enormous potential for applications such as in population dynamics. For example,
it can model insect populations that are continuous while in season, die out in, for example,
winter, while their eggs are incubating or dormant, and then hatch in a new season, giving
rise to a nonoverlapping population (see [3]). There are applications of dynamic equations
on time scales to quantum mechanics, electrical engineering, neural networks, heat transfer,
and combinatorics. A recent cover story article in New Scientist [4] discusses several possible
applications. Several authors have expounded on various aspects of this new theory; see the
survey paper by Agarwal et al. [5] and references cited therein. A book on the subject of time
scales, by Bohner and Peterson [3], summarizes and organizes much of time scale calculus;
see also the book by Bohner and Peterson [6] for advances results of dynamic equations on
time scales.

In recent years, there has been much research activity concerning the oscillation and
nonoscillation of solutions of various dynamic equations on time scales unbounded above
and neutral differential equations; we refer the reader to the papers [7–19]. Some authors are
especially interested in obtaining sufficient conditions for the oscillation or nonoscillation of
solutions of first and second-order linear and nonlinear neutral functional dynamic equations
on time scales; we refer to the articles [20–28].

Agarwal et al. [7] considered the second-order delay dynamic equations

xΔΔ(t) + p(t)x(τ(t)) = 0, t ∈ T (1.1)

and established some sufficient conditions for oscillation of (1.1). Şahiner [11] studied the
second-order nonlinear delay dynamic equations

xΔΔ(t) + p(t)f(x(τ(t))) = 0, t ∈ T (1.2)

and obtained some sufficient conditions for oscillation by employing Riccati transformation
technique. Zhang and Zhu [13] examined the second-order dynamic equations

xΔΔ(t) + p(t)f(x(t − τ)) = 0, t ∈ T, (1.3)

and by using comparison theorems, they proved that oscillation of (1.3) is equivalent to the
oscillation of the nonlinear dynamic equations

xΔΔ(t) + p(t)f(x(σ(t))) = 0, t ∈ T (1.4)

and established some sufficient conditions for oscillation by applying the results established
in [15]. Erbe et al. [16] investigated the oscillation of the second-order nonlinear delay
dynamic equations

(
r(t)xΔ(t)

)Δ
+ p(t)f(x(τ(t))) = 0, t ∈ T (1.5)
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and by employing the generalized Riccati technique, they established some new sufficient
conditions which ensure that every solution of (1.5) oscillates or converges to zero. Mathsen
et al. [20] investigated the first-order neutral delay dynamic equations

[
y(t) − r(t)y(τ(t))]Δ + p(t)y(δ(t)) = 0, t ∈ T (1.6)

and established some new oscillation criteria which as a special case involve some well-
known oscillation results for first-order neutral delay differential equations. Zhu and Wang
[21] studied the nonoscillatory solutions to neutral dynamic equations

[
y(t) + p(t)y

(
g(t)
)]Δ + f(t, x(h(t))) = 0, t ∈ T (1.7)

and gave a classification scheme for the eventually positive solutions of (1.7). Agarwal et al.
[22], Şahı́ner [23], Saker et al. [24–26], Wu et al. [27], and Zhang and Wang [28] considered
the second-order nonlinear neutral delay dynamic equations

(
r(t)
((
y(t) + p(t)y(τ(t))

)Δ)γ)Δ + f
(
t, y(δ(t))

)
= 0, t ∈ T, (1.8)

where γ > 0 is a quotient of odd positive integers, the delay function τ and δ satisfy τ : T → T

and δ : T → T for all t ∈ T, and r and p are real-valued positive functions defined on T, and

(h1) r(t) > 0,
∫∞
t0
(1/r(t))1/γ Δt =∞, and 0 ≤ p(t) < 1;

(h2) f : T × R → R is continuous function such that uf(u) > 0 for all u/= 0, and there
exists a nonnegative function q defined on T such that |f(t, u)| ≥ q(t)|u|γ .

By employing different Riccati transformation technique, the authors established some
oscillation criteria for all solutions of (1.8).

Recently, some authors have been interested in obtaining sufficient conditions for the
oscillation and nonoscillation of solutions of Emden-Fowler type dynamic equations on time
scales, differential equations, and difference equations; see, for example, [29–47].

Han et al. [32] studied the second-order Emden-Fowler delay dynamic equations

xΔΔ(t) + p(t)xγ(τ(t)) = 0, t ∈ T (1.9)

and established some sufficient conditions for oscillation of (1.9) and extended the results
given in [7].

Saker [34] studied the second-order superlinear neutral delay dynamic equation of
Emden-Fowler type

[
a(t)
(
y(t) + r(t)y(τ(t))

)Δ]Δ + p(t)
∣∣y(δ(t))∣∣γ signy(δ(t)) = 0 (1.10)

on a time scale T.
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The author assumes that

(A1) γ > 1;

(A2) the delay functions τ and δ satisfy τ : T → T, δ : T → T, τ(t) ≤ t, δ(t) ≤ t for all
t ∈ T, and limt→∞τ(t) = limt→∞δ(t) =∞;

(A3) a, r and p are positive rd-continuous functions defined on T such that aΔ(t) ≥
0,
∫∞
t0
(Δt/a(t)) =∞, and 0 ≤ r(t) < 1.

The main result for the oscillation of (1.10) in [34] is the following.

Theorem 1.1 (see, [34, Theorem 3.1]). Assume that (A1)–(A3) hold. Furthermore, assume that

∫∞
t0

p(t)(1 − r(δ(t)))γδγ(t)Δt =∞, (1.11)

and there exists a Δ-differentiable function η such that for all constantsM > 0,

lim sup
t→∞

∫ t
t0

[
η(s)p(s)(1 − r(δ(s)))γ

(
δ(s)
s

)γ
− a(s)

(
ηΔ(s)

)2

4γMγ−1η(s)

]
Δs =∞. (1.12)

Then every solution of (1.10) is oscillatory.

We note that in [34], the author gave an open problem, that is, how to establish
oscillation criteria for (1.10) when γ < 1.

In [35], the author examined the oscillation of the second-order neutral delay dynamic
equations

(x(t) − rx(τ(t)))ΔΔ +H(t, x(h1(t))) = 0, t ∈ T. (1.13)

The author assumes that

(H1) τ and h1 ∈ Crd(T,T), τ(t) < t, τ(t) → ∞ as t → ∞, h1(t) < t, h1(t) → ∞ as
t → ∞, and 0 ≤ r < 1;

(H2) H ∈ C(T × R,R) for each t ∈ T which are nondecreasing in u, and H(t, u) > 0, for
u > 0;

(H3) |H(t, u)| ≥ α(t)|u|λ,where α(t) ≥ 0, and 0 ≤ λ = p/q < 1 with p, q being odd integers.

The main result for the oscillation of (1.13) in [35] is the following.

Theorem 1.2 (see, [35, Theorem 3.4]). Assume that (H1)–(H3) hold. If for all sufficiently large
t1 ≥ t0,

∫∞
t1

α(s)(τ(h1(s)))
λΔs =∞, (1.14)

then (1.13) oscillates.
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We find that the conclusion of this theorem is wrong. The following is a counter
example of this theorem.

Counter Example. Consider the second-order differential equation

(
x(t) − 1

3
x

(
t

3

))′′
+
(

1
27
e−1/3 − e−1/3e−2t/3

)
x1/3(t − 1) = 0, t ≥ t0. (1.15)

Let α(t) = e−1/3/27 − e−1/3e−2t/3, r(t) = 1/3, τ(t) = t/3, and h1(t) = t − 1, λ = 1/3. For
all sufficiently large t1 ≥ t0, we find that

∫∞
t1

α(s)(τ(h1(s)))
λΔs=

∫∞
t1

α(s)(τ(h1(s)))
λds=

∫∞
t1

(
1

27
e−1/3−e−1/3e−2s/3

)(
s−1

3

)1/3

ds.

(1.16)

It is easy to see that

∫∞
t1

1
27
e−1/3

(
s − 1

3

)1/3

ds =∞,

∫∞
t1

e−2s/3
(
s − 1

3

)1/3

ds ≤
∫∞
t1

e−2s/3s1/3ds.

(1.17)

Integrating by parts, we obtain

∫∞
t1

e−2s/3s1/3ds = −t11/3
(

3
2
e−2t1/3

)
+

1
2

∫∞
t1

e−2s/3s−2/3ds <∞. (1.18)

Hence

∫∞
t1

α(s)(τ(h1(s)))
λds =∞. (1.19)

Therefore, by the above theorem, (1.15) is oscillatory. However, x(t) = e−t is a positive solution
of (1.15). Therefore, the above theorem is wrong. Tracing the error to its source, we find that
the following false assertion was used in the proof of the aforementioned theorem.

Assertion A

If x is an eventually positive solution of (1.13) , then z(t) = x(t) − r(t)x(τ(t)) is eventually
positive.

Abdalla [37] studied the second-order superlinear neutral delay differential equations

[
a(t)
(
y(t) + r(t)y(τ(t))

)′]′ + p(t)∣∣y(δ(t))∣∣γ signy(δ(t)) = 0, t ∈ [t0,∞). (1.20)
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Most of the oscillation criteria are unsatisfactory since additional assumptions have to be
imposed on the unknown solutions. Also, the author proved that if

∫∞
t0

dt
a(t)

=
∫∞
t0

p(t)dt =∞, (1.21)

then every solution of (1.20) oscillates for every r(t) > 0, but one can easily see that this result
cannot be applied when p(t) = t−α for α > 1.

Lin [38] considered the second-order nonlinear neutral differential equations

[
x(t) − p(t)x(t − τ)]′′ + q(t)f(x(t − σ)) = 0, t ≥ 0, (1.22)

where 0 ≤ p(t) ≤ 1, q(t) ≥ 0, τ, σ > 0. The author investigated the oscillation for (1.22) when
f is superlinear.

Wong [46, 47] studied the second-order neutral differential equations

[
y(t) − py(t − τ)]′′ + q(t)f(y(t − σ)) = 0, t ≥ 0, (1.23)

q ∈ C[0,∞), q(t) ≥ 0, f ∈ C1(−∞,∞), yf(y) > 0 whenever y /= 0, f ′(y) ≥ 0 for all y, and
0 < p < 1, τ > 0, σ > 0 are constants.

The main results for the oscillation of (1.23) in [46, 47] are the following.

Theorem 1.3 (see, [46, 47, Theorem 1]). Suppose that f is superlinear. Then a solution of (1.23) is
either oscillatory or tends to zero if and only if

∫∞
tq(t)dt =∞. (1.24)

Theorem 1.4 (see, [46, 47, Theorem 2]). Suppose that f is sublinear and in addition satisfies

f(uv) ≥ f(u)f(v), uv ≥ 0. (1.25)

Then a solution of (1.23) is either oscillatory or tends to zero if and only if

∫∞
f(t)q(t)dt =∞. (1.26)

Li and Saker [40] investigated the second-order sublinear neutral delay difference
equations

Δ
(
anΔ
(
xn + pnxn−τ

))
+ qnx

γ
n−σ = 0, (1.27)

where 0 < γ < 1 is a quotient of odd positive integers, an > 0, Δan ≥ 0,
∑∞

n=0 1/an = ∞, 0 ≤
pn < 1, for all n ≥ 0 and qn ≥ 0.

The main result for the oscillation of (1.27) in [40] is the following.
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Theorem 1.5 (see, [40, Theorem 2.1]). Assume that there exists a positive sequence {ρn} such that
for every α ≥ 1,

lim sup
n→∞

n∑
l=0

[
ρlQl −

al−σ(α(l + 1 − σ))1−γ(Δρl)2

4γρl

]
=∞, (1.28)

where Qn = qn(1 − pn−σ)γ . Then every solution of (1.27) oscillates.

Yildiz and Öcalan [41] studied the higher-order sublinear neutral delay difference
equations of the type

Δm(yn + pnyn−l) + qnyαn−k = 0, n ∈ N, (1.29)

where 0 < α < 1 is a ratio of odd positive integers. The authors established some oscillation
criteria of (1.29).

The main results for the oscillation of (1.29) when m = 2 in [41] are the following.

Theorem 1.6 (see, [41, Theorem 2.1(a), m = 2]). Assume that 0 ≤ pn < 1, and

∞∑
n=0

qn
[(

1 − pn−k
)
n
]α =∞. (1.30)

Then all solutions of (1.29) are oscillatory.

Theorem 1.7 (see, [41, Theorem 2.2, m = 2]). Assume that −1 < −p2 ≤ pn ≤ 0, where p2 > 0 is a
constant, and

∞∑
n=0

qnn
α =∞. (1.31)

Then every solution of (1.29) either oscillates or tends to zero as n → ∞.

Cheng [42] considered the oscillation of the second-order nonlinear neutral difference
equations

Δ
(
pn(Δ(xn + cnxn−τ))γ

)
+ qnx

β
n−σ = 0 (1.32)

and established some oscillation criteria of (1.32) by means of Riccati transformation
techniques.

Following this trend, in this paper, we are concerned with oscillation of the second-
order neutral delay dynamic equations of Emden-Fowler type

[
a(t)(x(t) + r(t)x(τ(t)))Δ

]Δ
+ p(t)xγ(δ(t)) = 0, t ∈ T. (1.33)
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As we are interested in oscillatory behavior, we assume throughout this paper that the
given time scales T are unbounded above; that is, it is a time scale interval of the form [t0,∞)
with t0 ∈ T.

We assume that γ > 0 is a quotient of odd positive integers, the delay functions τ
and δ satisfy τ : T → T, δ : T → T, τ(t) ≤ t, δ(t) ≤ t for all t ∈ T, and limt→∞τ(t) =
limt→∞δ(t) = ∞; a, r and p are real-valued rd-continuous functions defined on T, a(t) >
0, p(t) > 0,

∫∞
t0
Δt/a(t) =∞.

We note that if T = R, then σ(t) = t, μ(t) = 0, xΔ(t) = x′(t), and (1.33) becomes the
second-order nonlinear delay differential equation

[
a(t)(x(t) + r(t)x(τ(t)))′

]′ + p(t)xγ(δ(t)) = 0, t ∈ R. (1.34)

If T = Z, then σ(t) = t+ 1, μ(t) = 1, xΔ(t) = Δx(t) = x(t+ 1)− x(t), and (1.33) becomes
the second-order nonlinear delay differential equation

Δ[a(t)Δ(x(t) + r(t)x(τ(t)))] + p(t)xγ(δ(t)) = 0, t ∈ Z. (1.35)

In the case of γ > 1, (1.33) is the prototype of a wide class of nonlinear dynamic
equations called Emden-Fowler sublinear dynamic equations, and if γ < 1, (1.33) is the
prototype of dynamic equations called Emden-Fowler sublinear dynamic equations. It is
interesting to study (1.33) because the continuous version, that is, (1.34), has several physical
applications; see, for example, [1, 39], and when t is a discrete variable, it is (1.35), and it is
also important in applications.

2. Main Results

In this section, we give some new oscillation criteria of (1.33). In order to prove our main
results, we will use the formula

(
(x(t))γ

)Δ = γ
∫1

0
[hxσ(t) + (1 − h)x(t)]γ−1xΔ(t)dh, (2.1)

which is a simple consequence of Keller’s chain rule [3, Theorem 1.90]. Also, we need the
following auxiliary results.

For the sake of convenience, we assume that

z(t)=x(t)+r(t)x(τ(t)), R(t, t∗)=a(t)
∫ t
t∗

Δs
a(s)

, α(t, t∗)=

∫δ(t)
t∗

Δs/a(s)∫ t
t∗
Δs/a(s)

, t∗ ≥ t0. (2.2)

Lemma 2.1. Assume that (1.11) holds, aΔ(t) ≥ 0, and 0 ≤ r(t) < 1. Then an eventually positive
solution x of (1.33) eventually satisfies that

z(t)≥ tzΔ(t) > 0, zΔΔ(t)< 0,
(
a(t)zΔ(t)

)Δ
< 0,

z(t)
t

is nonincreasing. (2.3)
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Proof. From (1.11), the proof is similar to that of Saker et al. [24, Lemma 2.1], so it is omitted.

Lemma 2.2. Assume that

∫∞
t0

p(t)δγ(t)Δt =∞, (2.4)

aΔ(t) ≥ 0, −1 < −r0 ≤ r(t) ≤ 0, and limt→∞r(t) = r1 > −1. Then an eventually positive solution x
of (1.33) eventually satisfies that

z(t)≥ tzΔ(t)> 0, zΔΔ(t)< 0,
(
a(t)zΔ(t)

)Δ
< 0,

z(t)
t

is nonincreasing, (2.5)

or limt→∞x(t) = 0.

Proof. Let x be an eventually positive solution of (1.33). Then there exists t1 ≥ t0 such that
x(t) > 0, x(τ(t)) > 0, and x(δ(t)) > 0 for all t ≥ t1. Assume that limt→∞x(t)/= 0, that is,
lim supt→∞x(t) > 0. Then, we have to show that (2.5) holds. It follows from (1.33) that

(
a(t)zΔ(t)

)Δ
= −p(t)xγ(δ(t)) < 0, t ≥ t1, (2.6)

which implies that azΔ is nonincreasing on [t1,∞)
T
. Since the function a is nondecreasing,

zΔ must be nonincreasing on [t1,∞)
T
, that is, zΔ is eventually either positive or negative. In

both cases, z is eventually monotonic, so that z has a limit at infinity (finite or infinite). This
implies that limt→∞z(t)/= 0; that is, z is eventually positive (see [19, Lemma 3]). Then we
proceed as in the proof of [24, Lemma 2.1] to obtain (2.5). The proof is complete.

Lemma 2.3. Assume that 0 ≤ r(t) < 1. Further, x is an eventually positive solution of (1.33). Then
there exists a t∗ ≥ t0 such that for t ≥ t∗,

zΔ(t)> 0,
(
a(t)zΔ(t)

)Δ
< 0, z(t)≥ R(t, t∗)zΔ(t), z(δ(t))≥ α(t, t∗)z(t). (2.7)

Proof. Let x be an eventually positive solution of (1.33). Then there exists t1 ≥ t0 such that
x(t) > 0, x(τ(t)) > 0, and x(δ(t)) > 0 for all t ≥ t1. It follows from (1.33) that (2.6) holds. From
(2.6), we know that a(t)zΔ(t) is an eventually decreasing function. We claim that zΔ(t) > 0
eventually. Otherwise, if there exists a t2 ≥ t1 such that zΔ(t) < 0, by (2.6), we have

a(t)zΔ(t) ≤ a(t2)zΔ(t2) = b < 0, t ≥ t2. (2.8)

Thus

zΔ(t) ≤ b 1
a(t)

. (2.9)
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Integrating the above inequality from t2 to t leads to limt→∞z(t) = −∞, which contradicts
z(t) > 0. Hence, zΔ(t) > 0 on [t2,∞)

T
. Therefore,

z(t) > z(t) − z(t2) =
∫ t
t2

a(s)zΔ(s)
a(s)

Δs ≥
(
a(t)zΔ(t)

)∫ t
t2

Δs
a(s)

, (2.10)

which yields

z(t) ≥
(
a(t)

∫ t
t2

Δs
a(s)

)
zΔ(t). (2.11)

Since a(t)zΔ(t) is strictly decreasing, we have

z(t) − z(δ(t)) =
∫ t
δ(t)

a(s)zΔ(s)
a(s)

Δs ≤ a(δ(t))zΔ(δ(t))
∫ t
δ(t)

Δs
a(s)

, (2.12)

and so

z(t)
z(δ(t))

≤ 1 +
a(δ(t))zΔ(δ(t))

z(δ(t))

∫ t
δ(t)

Δs
a(s)

. (2.13)

Also, we have that for large t,

z(δ(t)) ≥ z(δ(t)) − z(t2) =
∫δ(t)
t2

a(s)zΔ(s)
a(s)

Δs ≥ a(δ(t))zΔ(δ(t))
∫δ(t)
t2

Δs
a(s)

, (2.14)

so we obtain

a(δ(t))zΔ(δ(t))
z(δ(t))

≤
(∫δ(t)

t2

Δs
a(s)

)−1

. (2.15)

Therefore, from (2.13), we have

z(δ(t)) ≥ α(t, t2)z(t). (2.16)

This completes the proof.

Lemma 2.4. Assume that −1 < −r0 ≤ r(t) ≤ 0, limt→∞r(t) = r1 > −1. Then an eventually positive
solution x of (1.33) satisfies that, for sufficiently large t∗ ≥ t0,

zΔ(t)> 0,
(
a(t)zΔ(t)

)Δ
< 0, z(t)≥ R(t, t∗)zΔ(t), z(δ(t))≥ α(t, t∗)z(t), t ≥ t∗, (2.17)

or limt→∞x(t) = 0.
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Proof. The proof is similar to that of the proof Lemmas 2.2 and 2.3, so we omit the details.

Theorem 2.5. Assume that (1.11) holds, aΔ(t) ≥ 0, and 0 ≤ r(t) < 1. Then every solution of (1.33)
oscillates if the inequality

yΔ(t) +A(t)yγ(δ(t)) ≤ 0, (2.18)

where

A(t) = p(t)(1 − r(δ(t)))γ (δ(t))γ

(a(δ(t)))γ
, (2.19)

has no eventually positive solution.

Proof. Suppose to the contrary that (1.33) has a nonoscillatory solution x. We may assume
without loss of generality that there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0 and x(δ(t)) >
0 for all t ≥ t1. From Lemma 2.1, there is some t2 ≥ t1 such that

x(t) = z(t) − r(t)x(τ(t)) ≥ z(t) − r(t)z(τ(t)) ≥ (1 − r(t))z(t), t ≥ t2. (2.20)

From (1.33), there exists a t3 ≥ t2 such that

(
a(t)zΔ(t)

)Δ
+ p(t)(1 − r(δ(t)))γ(z(δ(t)))γ ≤ 0, t ≥ t3. (2.21)

By Lemma 2.1, there exists a t4 ≥ t3 such that

z(δ(t)) ≥ δ(t)zΔ(δ(t)). (2.22)

Substituting the last inequality in (2.21) we obtain for t ≥ t4 that

(
a(t)zΔ(t)

)Δ
+ p(t)(1 − r(δ(t)))γ(δ(t))γ

(
zΔ(δ(t))

)γ ≤ 0. (2.23)

Set y(t) = a(t)zΔ(t). Then from (2.23), y is positive and satisfies the inequality (2.18), and
this contradicts the assumption of our theorem. Thus every solution of (1.33) oscillates. This
completes the proof.

By [41, Lemma 1.1] and Theorem 2.5 in this paper, we have the following result.

Corollary 2.6. If T = Z, a(t) = 1, δ(t) = t − l, l is a positive integer, and 0 ≤ r(t) < 1, then every
solution of (1.33) oscillates if

∞∑
t=n0

tγp(t)(1 − r(δ(t)))γ =∞. (2.24)
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Theorem 2.7. Assume that (2.4) holds, and aΔ(t) ≥ 0, −1 < −r0 ≤ r(t) ≤ 0, and limt→∞r(t) =
r1 > −1. Then every solution of (1.33) either oscillates or tends to zero as t → ∞ if the inequality

yΔ(t) + B(t)yγ(δ(t)) ≤ 0, (2.25)

where

B(t) = p(t)
(δ(t))γ

(a(δ(t)))γ
, (2.26)

has no eventually positive solution.

Proof. Suppose to the contrary that (1.33) has a nonoscillatory solution x. We may assume
without loss of generality that there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and x(δ(t)) >
0 for all t ≥ t1.

From Lemma 2.2, if (i) holds, there is some t2 ≥ t1 such that

x(t) = z(t) − r(t)x(τ(t)) ≥ z(t) > 0, t ≥ t2. (2.27)

From (1.33), there exists a t3 ≥ t2 such that

(
a(t)zΔ(t)

)Δ
+ p(t)(z(δ(t)))γ ≤ 0, t ≥ t3. (2.28)

By Lemma 2.2, there exists a t3 ≥ t2 such that

z(δ(t)) ≥ δ(t)zΔ(δ(t)). (2.29)

Substituting the last inequality in (2.28), we obtain for t ≥ t3 that

(
a(t)zΔ(t)

)Δ
+ p(t)(δ(t))γ

(
zΔ(δ(t))

)γ ≤ 0. (2.30)

Set y(t) = a(t)zΔ(t). Then from (2.30), y is positive and satisfies the inequality (2.25), and this
contradicts the assumption of our theorem.

If (ii) holds, by Lemma 2.2, we have limt→∞x(t) = 0. This completes the proof.

By [41, Lemma 1.1] and Theorem 2.7 in this paper, we have the following result.

Corollary 2.8. Assume that T = Z, a(t) = 1, δ(t) = t−l, l is a positive integer, −1 < −r0 ≤ r(t) ≤ 0,
and limt→∞r(t) = r > −1. Then every solution of (1.33) either oscillates or tends to zero as t → ∞ if

∞∑
t=n0

tγp(t) =∞. (2.31)

Remark 2.9. Theorems 2.5 and 2.7 reduce the question of (1.33) to the absence of eventually
positive solution (the oscillatory) of the differential inequalities (2.18) and (2.25).
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Remark 2.10. From Theorem 2.5, Theorem 2.7, and the results given in [7–9, 12, 14], we can
obtain some oscillation criteria for (1.33) in the case when γ = 1, aΔ(t) ≥ 0.

Theorem 2.11. Assume that (1.11) holds, γ < 1, aΔ(t) ≥ 0, and 0 ≤ r(t) < 1. Then every solution
of (1.33) oscillates if

∫∞
t0

p(s)
(a(δ(s)))γ

(1 − r(δ(s)))γ(δ(s))γΔs =∞. (2.32)

Proof. We assume that (1.33) has a nonoscillatory solution such that x(t) > 0, x(τ(t)) > 0, and
x(δ(t)) > 0 for all t ≥ t1 ≥ t0. By proceeding as in the proof of Theorem 2.5, we get (2.21). By
Lemma 2.1, note that (a(t)zΔ(t))Δ < 0, and from Keller’s chain rule, we obtain

((
a(t)zΔ(t)

)1−γ)Δ

=
(
1 − γ)

∫1

0

[
h
(
a(t)zΔ(t)

)σ
+ (1 − h)a(t)zΔ(t)

]−γ(
a(t)zΔ(t)

)Δ
dh

≤ (1 − γ)
∫1

0

[
ha(t)zΔ(t) + (1 − h)a(t)zΔ(t)

]−γ(
a(t)zΔ(t)

)Δ
dh

=
(
1 − γ)(a(t)zΔ(t))−γ(a(t)zΔ(t))Δ < 0,

(2.33)

so

(
a(t)zΔ(t)

)−γ(
a(t)zΔ(t)

)Δ ≥
((
a(t)zΔ(t)

)1−γ)Δ
1 − γ . (2.34)

Using (2.21), we have

0 ≥
(
a(t)zΔ(t)

)Δ + p(t)(1 − r(δ(t)))γ(z(δ(t)))γ(
a(t)zΔ(t)

)γ

=
(
a(t)zΔ(t)

)−γ(
a(t)zΔ(t)

)Δ
+ p(t)(1 − r(δ(t)))γ

(
z(δ(t))
a(t)zΔ(t)

)γ

≥

((
a(t)zΔ(t)

)1−γ)Δ
1 − γ +

p(t)
(a(δ(t)))γ

(1 − r(δ(t)))γ(δ(t))γ .

(2.35)

Hence,

p(t)
(a(δ(t)))γ

(1 − r(δ(t)))γ(δ(t))γ ≤

((
a(t)zΔ(t)

)1−γ)Δ
γ − 1

. (2.36)
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Upon integration we arrive at

∫ t
t1

p(s)
(a(δ(s)))γ

(1 − r(δ(s)))γ(δ(s))γΔs ≤
∫ t
t1

((
a(s)zΔ(s)

)1−γ)Δ
γ − 1

Δs ≤
(
a(t1)zΔ(t1)

)1−γ

1 − γ . (2.37)

This contradicts (2.32) and finishes the proof.

Theorem 2.12. Assume that (2.4) holds, and γ < 1, aΔ(t) ≥ 0, −1 < −r0 ≤ r(t) ≤ 0, and
limt→∞r(t) = r1 > −1. Then every solution of (1.33) either oscillates or tends to zero as t → ∞
if

∫∞
t0

p(s)
(a(δ(s)))γ

(δ(s))γΔs =∞. (2.38)

Proof. By Lemma 2.2, the proof is similar to that of the proof of Theorem 2.11, so we omit the
details.

Theorem 2.13. Assume that γ < 1 and 0 ≤ r(t) < 1. Then every solution of (1.33) oscillates if

∫∞
t0

p(s)
(a(δ(s)))γ

(1 − r(δ(s)))γ(R(δ(s), t∗))γΔs =∞ (2.39)

holds for all sufficiently large t∗.

Proof. By Lemma 2.3, the proof is similar to that of the proof Theorem 2.11, so we omit the
details.

Theorem 2.14. Assume that γ < 1, −1 < −r0 ≤ r(t) ≤ 0, and limt→∞r(t) = r1 > −1. Then every
solution of (1.33) either oscillates or tends to zero as t → ∞ if

∫∞
t0

p(s)
(a(δ(s)))γ

(R(δ(s), t∗))
γΔs =∞ (2.40)

holds for all sufficiently large t∗.

Proof. By using Lemma 2.4 and (2.28), the proof is similar to that of the proof of Theorem 2.11,
so we omit the details.

Theorem 2.15. Assume that (1.11) holds, γ ≥ 1, aΔ(t) ≥ 0, and 0 ≤ r(t) < 1. Then every solution
of (1.33) oscillates if

lim sup
t→∞

{
t

a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ
(
δ(s)
s

)γ
Δs
}

=∞. (2.41)

Proof. Suppose to the contrary that (1.33) has a nonoscillatory solution x. We may assume
without loss of generality that there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and
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x(δ(t)) > 0 for all t ≥ t1. By proceeding as in the proof of Theorem 2.5, we get (2.21). Thus
from Lemma 2.1, we have for T ≥ t ≥ t1,

∫T
t

p(s)(1 − r(δ(s)))γ(z(δ(s)))γΔs ≤ −
∫T
t

(
a(s)zΔ(s)

)Δ
Δs = a(t)zΔ(t) − a(T)zΔ(T), (2.42)

and hence

∫T
t

p(s)(1 − r(δ(s)))γ(z(δ(s)))γΔs ≤ a(t)zΔ(t). (2.43)

This and Lemma 2.1 provide, for sufficiently large t ∈ T,

z(t) ≥ tzΔ(t) ≥ t

a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ(z(δ(s)))γΔs

≥ t

a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ
(
δ(s)
s

)γ
zγ(s)Δs

≥ zγ(t)
{

t

a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ
(
δ(s)
s

)γ
Δs
}
.

(2.44)

So

{
t

a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ
(
δ(s)
s

)γ
Δs
}
≤
(

1
z(t)

)γ−1

. (2.45)

We note that γ ≥ 1 and zΔ(t) > 0 imply

{
t

a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ
(
δ(s)
s

)γ
Δs
}
≤
(

1
z(t1)

)γ−1

. (2.46)

This contradicts (2.41) and completes the proof.

Theorem 2.16. Assume that (2.4) holds, and γ ≥ 1, aΔ(t) ≥ 0, −1 < −r0 ≤ r(t) ≤ 0, and
limt→∞r(t) = r1 > −1. Then every solution of (1.33) either oscillates or tends to zero as t → ∞
if

lim sup
t→∞

{
t

a(t)

∫∞
t

p(s)
(
δ(s)
s

)γ
Δs
}

=∞. (2.47)

Proof. By using Lemma 2.2 and (2.28), the proof is similar to that of the proof of Theorem 2.15,
so we omit the details.
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Theorem 2.17. Assume that γ ≥ 1, 0 ≤ r(t) < 1. Then every solution of (1.33) oscillates if

lim sup
t→∞

{
R(t, t∗)
a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ(α(s, t∗))γΔs
}

=∞ (2.48)

holds for all sufficiently large t∗.

Proof. Suppose to the contrary that (1.33) has a nonoscillatory solution x. We may assume
without loss of generality that there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and x(δ(t)) >
0 for all t ≥ t1. By proceeding as in the proof of Theorem 2.5, we obtain (2.21). Thus from
Lemma 2.3, we have, for T ≥ t ≥ t1,

∫T
t

p(s)(1 − r(δ(s)))γ(z(δ(s)))γΔs ≤ −
∫T
t

(
a(s)zΔ(s)

)Δ
Δs = a(t)zΔ(t) − a(T)zΔ(T), (2.49)

and hence

∫T
t

p(s)(1 − r(δ(s)))γ(z(δ(s)))γΔs ≤ a(t)zΔ(t). (2.50)

This and Lemma 2.3 provide, for sufficiently large t ∈ T,

z(t) ≥ R(t, t∗)zΔ(t) ≥ R(t, t∗)
a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ(z(δ(s)))γΔs

≥ R(t, t∗)
a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ(α(s, t∗))γzγ(s)Δs

≥ zγ(t)
{
R(t, t∗)
a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ(α(s, t∗))γΔs
}
.

(2.51)

So

{
R(t, t∗)
a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ(α(s, t∗))γΔs
}
≤
(

1
z(t)

)γ−1

. (2.52)

We note that γ ≥ 1 and zΔ(t) > 0 imply

{
R(t, t∗)
a(t)

∫∞
t

p(s)(1 − r(δ(s)))γ(α(s, t∗))γΔs
}
≤
(

1
z(t1)

)γ−1

. (2.53)

This contradicts (2.48) and completes the proof.
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Theorem 2.18. Assume that (2.4) holds, and γ ≥ 1, aΔ(t) ≥ 0, −1 < −r0 ≤ r(t) ≤ 0, and
limt→∞r(t) = r > −1. Then every solution of (1.33) either oscillates or tends to zero as t → ∞
if

lim sup
t→∞

{
R(t, t∗)
a(t)

∫∞
t

p(s)(α(s, t∗))γΔs
}

=∞ (2.54)

holds for all sufficiently large t∗.

Proof. By using Lemma 2.4 and (2.28), the proof is similar to that of the proof of Theorem 2.17,
so we omit the details.

Theorem 2.19. Assume that (1.11) holds, γ > 1, aΔ(t) ≥ 0, and 0 ≤ r(t) < 1. Then every solution
of (1.33) oscillates if

∫∞
t0

σ(s)
p(s)
a(s)

(1 − r(δ(s)))γ
(
δ(s)
σ(s)

)γ
Δs =∞. (2.55)

Proof. We assume that (1.33) has a nonoscillatory solution such that x(t) > 0, x(τ(t)) > 0, and
x(δ(t)) > 0 for all t ≥ t1 ≥ t0. By proceeding as in the proof of Theorem 2.5, we get (2.21).
Define the function

ω(t) =
ta(t)zΔ(t)
zγ(t)

, t ≥ t1. (2.56)

By Lemma 2.1, ω(t) > 0. We calculate

ωΔ(t) =
{
a(t)zΔ(t) + σ(t)

(
a(t)zΔ(t)

)Δ}(
z−γ(t)

)σ + ta(t)zΔ(t)(z−γ(t))Δ. (2.57)

From (2.21), we have

ωΔ(t)≤a(t)zΔ(t)(z−γ(t))σ−σ(t)p(t)(1 − r(δ(t)))γ
(
z(δ(t))
z(σ(t))

)γ
+ta(t)zΔ(t)

(
z−γ(t)

)Δ
, (2.58)

and by Lemma 2.1, we have

ωΔ(t) ≤ a(t)zΔ(t)(z−γ(t))σ − σ(t)p(t)(1 − r(δ(t)))γ
(
δ(t)
σ(t)

)γ
, (2.59)

because (z−γ(t))Δ ≤ 0 due to Keller’s chain rule. Since

(
(z(t))1−γ

)Δ
=
(
1 − γ)

∫1

0
[hzσ(t) + (1 − h)z(t)]−γzΔ(t)dh

≤ (1 − γ)
∫1

0
[hzσ(t) + (1 − h)zσ(t)]−γzΔ(t)dh =

(
1 − γ)(zσ(t))−γzΔ(t),

(2.60)
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thus

ωΔ(t) ≤ a(t)

(
(z(t))1−γ

)Δ
1 − γ − σ(t)p(t)(1 − r(δ(t)))γ

(
δ(t)
σ(t)

)γ
. (2.61)

Upon integration we arrive at

∫ t
t1

σ(s)
p(s)
a(s)

(1 − r(δ(s)))γ
(
δ(s)
σ(s)

)γ
Δs

≤
∫ t
t1

⎧⎪⎨
⎪⎩

(
(z(s))1−γ

)Δ
1 − γ − ω

Δ(s)
a(s)

⎫⎪⎬
⎪⎭Δs

=
(z(t))1−γ

1 − γ − (z(t1))1−γ

1 − γ −
∫ t
t1

ωΔ(s)
a(s)

Δs

=
(z(t))1−γ

1 − γ − (z(t1))
1−γ

1 − γ −ω(t)
a(t)

+
ω(t1)
a(t1)

+
∫ t
t1

ωσ(s)
(

1
a(s)

)Δ

Δs.

(2.62)

Noting that (1/a(t))Δ ≤ 0, we have

∫ t
t1

σ(s)
p(s)
a(s)

(1 − r(δ(s)))γ
(
δ(s)
σ(s)

)γ
Δs ≤ (z(t1))1−γ

γ − 1
+
ω(t1)
a(t1)

. (2.63)

This contradicts (2.55) and finishes the proof.

Theorem 2.20. Assume that (2.4) holds, and γ > 1, aΔ(t) ≥ 0, −1 < −r0 ≤ r(t) ≤ 0, and
limt→∞r(t) = r1 > −1. Then every solution of (1.33) either oscillates or tends to zero as t → ∞
if

∫∞
t0

σ(s)p(s)
(
δ(s)
σ(s)

)γ
Δs =∞. (2.64)

Proof. By using Lemma 2.2 and (2.28), the proof is similar to that of the proof of Theorem 2.19,
so we omit the details.

In the following, we use a Riccati transformation technique to establish new oscillation
criteria for (1.33).

Theorem 2.21. Assume that γ ≥ 1, and 0 ≤ r(t) < 1. Furthermore, suppose that there exists a
positive Δ-differentiable function η such that for all sufficiently large t∗, and for all constantsM > 0,

IEEE eXpress Sample eBook, page 550



Abstract and Applied Analysis 19

for t1 ≥ t∗,

lim sup
t→∞

∫ t
t1

[
η(s)p(s)(1 − r(δ(s)))γ(α(s, t∗))γ −

a(s)
(
ηΔ(s)

)2

4γMγ−1η(s)

]
Δs =∞. (2.65)

Then every solution of (1.33) oscillates.

Proof. We assume that (1.33) has a nonoscillatory solution such that x(t) > 0, x(τ(t)) > 0, and
x(δ(t)) > 0 for all t ≥ t1 ≥ t0. By proceeding as in the proof of Theorem 2.5, we get (2.21).
Define the function ω by the Riccati substitution

ω(t) = η(t)
a(t)zΔ(t)
zγ(t)

, t ≥ t1. (2.66)

Then ω(t) > 0. By the product rule and then the quotient rule

ωΔ(t) =
(
a(t)zΔ(t)

)σ[ η(t)
zγ(t)

]Δ
+
η(t)
zγ(t)

(
a(t)zΔ(t)

)Δ

=
η(t)
zγ(t)

(
a(t)zΔ(t)

)Δ
+
(
a(t)zΔ(t)

)σ[zγ(t)ηΔ(t) − η(t)(zγ(t))Δ
zγ(t)(zσ(t))γ

]
.

(2.67)

In view of (2.21) and (2.66), we have

ωΔ(t)≤−η(t)p(t)(1 − r(δ(t)))γ
(
z(δ(t))
z(t)

)γ
+
ηΔ(t)
ησ(t)

ωσ(t)− η(t)
(
a(t)zΔ(t)

)σ(zγ(t))Δ
zγ(t)(zσ(t))γ

. (2.68)

By the chain rule and γ ≥ 1, we obtain

(zγ(t))Δ ≥ γzγ−1(t)zΔ(t) ≥ γMγ−1zΔ(t), (2.69)

where M = z(t1) > 0. In view of (a(t)zΔ(t))Δ < 0, we have

a(t)zΔ(t) ≥
(
a(t)zΔ(t)

)σ
, (2.70)

and by Lemma 2.3, we see that

ωΔ(t) ≤ −η(t)p(t)(1 − r(δ(t)))γ(α(t, t∗))γ +
ηΔ(t)
ησ(t)

ωσ(t) − γMγ−1η(t)

a(t)
(
ησ(t)

)2 (ω
σ(t))2. (2.71)
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Integrating (2.71) from t1 to t, we obtain

∫ t
t1

η(s)p(s)(1 − r(δ(s)))γ(α(s, t∗))γΔs

≤ −
∫ t
t1

ωΔ(s)Δs

+
∫ t
t1

ηΔ(s)
ησ(s)

ωσ(s)Δs −
∫ t
t1

γMγ−1η(s)

a(s)
(
ησ(s)

)2 (ω
σ(s))2Δs.

(2.72)

Hence

∫ t
t1

[
η(s)p(s)(1 − r(δ(s)))γ(α(s, t∗))γ −

a(s)
(
ηΔ(s)

)2

4γMγ−1η(s)

]
Δs ≤ ω(t1), (2.73)

which contradicts condition (2.65). The proof is complete.

Theorem 2.22. Assume that γ ≥ 1, −1 < −r0 ≤ r(t) ≤ 0, and limt→∞r(t) = r1 > −1. If there exists
a positiveΔ-differentiable function η such that for all sufficiently large t∗, and for all constantsM > 0,
for t1 ≥ t∗,

lim sup
t→∞

∫ t
t1

[
η(s)p(s)(α(s, t∗))γ −

a(s)
(
ηΔ(s)

)2

4γMγ−1η(s)

]
Δs =∞, (2.74)

then every solution of (1.33) either oscillates or tends to zero as t → ∞.

Proof. By Lemma 2.4 and (2.28), the proof is similar to that of the proof of Theorem 2.21, so
we omit the details.

Theorem 2.23. Assume that (1.11) holds, γ ≤ 1, aΔ(t) ≥ 0, and 0 ≤ r(t) < 1. Furthermore, suppose
that there exists a positive Δ-differentiable function η such that for all sufficiently large t1, and for all
constantsM > 0,

lim sup
t→∞

∫ t
t1

[
η(s)p(s)(1 − r(δ(s)))γ

(
δ(s)
s

)γ
− a(s)

(
ηΔ(s)

)2

4γMγ−1(σ(s))γ−1η(s)

]
Δs =∞. (2.75)

Then every solution of (1.33) oscillates.

Proof. We assume that (1.33) has a nonoscillatory solution such that x(t) > 0, x(τ(t)) > 0, and
x(δ(t)) > 0 for all t ≥ t1 ≥ t0. By proceeding as in the proof of Theorem 2.5, we obtain (2.21).
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Define the function ω by the Riccati substitution as (2.66). Then ω(t) > 0. By the product rule
and then the quotient rule

ωΔ(t) =
(
a(t)zΔ(t)

)σ[ η(t)
zγ(t)

]Δ
+
η(t)
zγ(t)

(
a(t)zΔ(t)

)Δ

=
η(t)
zγ(t)

(
a(t)zΔ(t)

)Δ
+
(
a(t)zΔ(t)

)σ[zγ(t)ηΔ(t) − η(t)(zγ(t))Δ
zγ(t)(zσ(t))γ

]
.

(2.76)

In view of (2.21) and (2.66), we have

ωΔ(t)≤−η(t)p(t)(1 − r(δ(t)))γ
(
z(δ(t))
z(t)

)γ
+
ηΔ(t)
ησ(t)

ωσ(t)− η(t)
(
a(t)zΔ(t)

)σ(zγ(t))Δ
zγ(t)(zσ(t))γ

. (2.77)

From the chain rule and γ ≤ 1, we get

(zγ(t))Δ ≥ γzγ−1(σ(t))zΔ(t). (2.78)

Noting that z(t)/t is nonincreasing, and there exists a constant M > 0, such that z(t) ≤ Mt,
hence we have

(zγ(t))Δ ≥ γzγ−1(σ(t))zΔ(t) ≥ γMγ−1(σ(t))γ−1zΔ(t). (2.79)

In view of (a(t)zΔ(t))Δ < 0, we have

a(t)zΔ(t) ≥
(
a(t)zΔ(t)

)σ
, (2.80)

and by Lemma 2.1, we see that

ωΔ(t) ≤ −η(t)p(t)(1 − r(δ(t)))γ
(
δ(t)
t

)γ
+
ηΔ(t)
ησ(t)

ωσ(t) − γM
γ−1(σ(t))γ−1η(t)

a(t)
(
ησ(t)

)2 (ωσ(t))2. (2.81)

Integrating (2.81) from t1 to t, we obtain

∫ t
t1

η(s)p(s)(1 − r(δ(s)))γ
(
δ(s)
s

)γ
Δs

≤ −
∫ t
t1

ωΔ(s)Δs +
∫ t
t1

ηΔ(s)
ησ(s)

ωσ(s)Δs −
∫ t
t1

γMγ−1(σ(s))γ−1η(s)

a(s)
(
ησ(s)

)2 (ωσ(s))2Δs.

(2.82)
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Hence

∫ t
t1

[
η(s)p(s)(1 − r(δ(s)))γ

(
δ(s)
s

)γ
− a(s)

(
ηΔ(s)

)2

4γMγ−1(σ(s))γ−1η(s)

]
Δs ≤ ω(t1), (2.83)

which contradicts condition (2.75). The proof is complete.

Theorem 2.24. Assume that (2.4) holds, γ ≤ 1, aΔ(t) ≥ 0, −1 < −r0 ≤ r(t) ≤
0, and limt→∞r(t) = r1 > −1. If there exists a positive Δ-differentiable function η such that for
all sufficiently large t1, and for all constantsM > 0,

lim sup
t→∞

∫ t
t1

[
η(s)p(s)

(
δ(s)
s

)γ
− a(s)

(
ηΔ(s)

)2

4γMγ−1(σ(s))γ−1η(s)

]
Δs =∞, (2.84)

then every solution of (1.33) either oscillates or tends to zero as t → ∞.

Proof. By Lemma 2.2 and (2.28), the proof is similar to that of the proof of Theorem 2.23, so
we omit the details.

Theorem 2.25. Assume that γ ≤ 1, aΔ(t) ≤ 0, and 0 ≤ r(t) < 1. Furthermore, suppose that there
exists a positive Δ-differentiable function η such that for all sufficiently large t∗, and for all constants
M > 0, for t1 ≥ t∗,

lim sup
t→∞

∫ t
t1

[
η(s)p(s)(1 − r(δ(s)))γ(α(s, t∗))γ −

a(s)(σ(s))1−γ(ηΔ(s))2

4γMγ−1(a(σ(s)))1−γη(s)

]
Δs =∞. (2.85)

Then every solution of (1.33) oscillates.

Proof. We assume that (1.33) has a nonoscillatory solution such that x(t) > 0, x(τ(t)) > 0, and
x(δ(t)) > 0 for all t ≥ t1 ≥ t0. By proceeding as in the proof of Theorem 2.5, we have (2.21).
Define the function ω by the Riccati substitution as (2.66). Then ω(t) > 0. By the product rule
and then the quotient rule

ωΔ(t) =
(
a(t)zΔ(t)

)σ[ η(t)
zγ(t)

]Δ
+
η(t)
zγ(t)

(
a(t)zΔ(t)

)Δ

=
η(t)
zγ(t)

(
a(t)zΔ(t)

)Δ
+
(
a(t)zΔ(t)

)σ[zγ(t)ηΔ(t) − η(t)(zγ(t))Δ
zγ(t)(zσ(t))γ

]
.

(2.86)

In view of (2.21) and (2.66), we have

ωΔ(t) ≤ −η(t)p(t)(1 − r(δ(t)))γ
(
z(δ(t))
z(t)

)γ
+
ηΔ(t)
ησ(t)

ωσ(t) − η(t)
(
a(t)zΔ(t)

)σ(zγ(t))Δ
zγ(t)(zσ(t))γ

.

(2.87)
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By the chain rule and γ ≤ 1, we obtain

(zγ(t))Δ ≥ γzγ−1(σ(t))zΔ(t), (2.88)

and noting that (a(t)zΔ(t))Δ < 0 and there exists a constant L > 0 such that a(t)zΔ(t) ≤ L, so

z(t) = z(t1) +
∫ t
t1

zΔ(s)Δs ≤ z(t1) +
∫ t
t1

L

a(s)
Δs. (2.89)

From aΔ(t) ≤ 0, there exists a positive constant M such that

z(t) ≤ z(t1) + L

a(t)
(t − t1) = z(t1)a(t) + L(t − t1)

a(t)
≤ Mt

a(t)
. (2.90)

Hence

(zγ(t))Δ ≥ γzγ−1(σ(t))zΔ(t) ≥ γMγ−1
(

σ(t)
a(σ(t))

)γ−1

zΔ(t). (2.91)

In view of (a(t)zΔ(t))Δ < 0, we have

a(t)zΔ(t) ≥
(
a(t)zΔ(t)

)σ
, (2.92)

and by Lemma 2.3, we see that

ωΔ(t) ≤ −η(t)p(t)(1 − r(δ(t)))γ(α(t, t∗))γ

+
ηΔ(t)
ησ(t)

ωσ(t) − γMγ−1η(t)

a(t)
(
ησ(t)

)2

(
σ(t)

a(σ(t))

)γ−1

(ωσ(t))2.
(2.93)

Integrating (2.93) from t1 to t, we obtain

∫ t
t1

η(s)p(s)(1 − r(δ(s)))γ(α(s, t∗))γΔs

≤ −
∫ t
t1

ωΔ(s)Δs +
∫ t
t1

ηΔ(s)
ησ(s)

ωσ(s)Δs −
∫ t
t1

γMγ−1η(s)

a(s)
(
ησ(s)

)2

(
σ(s)

a(σ(s))

)γ−1

(ωσ(s))2Δs.

(2.94)

Thus

∫ t
t1

[
η(s)p(s)(1 − r(δ(s)))γ(α(s, t∗))γ −

a(s)(σ(s))1−γ(ηΔ(s))2

4γMγ−1(a(σ(s)))1−γη(s)

]
Δs ≤ ω(t1), (2.95)

which contradicts condition (2.85). The proof is complete.
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Theorem 2.26. Assume that γ ≤ 1, aΔ(t) ≤ 0, −1 < −r0 ≤ r(t) ≤ 0, and limt→∞r(t) = r > −1.
If there exists a positive Δ-differentiable function η such that for all sufficiently large t∗, and for all
constantsM > 0, for t1 ≥ t∗,

lim sup
t→∞

∫ t
t1

[
η(s)p(s)(α(s, t∗))γ −

a(s)(σ(s))1−γ(ηΔ(s))2

4γMγ−1(a(σ(s)))1−γη(s)

]
Δs =∞, (2.96)

then every solution of (1.33) either oscillates or tends to zero as t → ∞.

Proof. By Lemma 2.4 and (2.28), the proof is similar to that of the proof of Theorem 2.25, so
we omit the details.

3. Conclusions

In this paper, we consider the oscillation of second-order Emden-Fowler neutral delay
dynamic equations (1.33). In some sense, our results extend and improve the results in
[7, 32, 34, 35, 40, 41]. For example, Theorems 2.5, 2.11, 2.13, and 2.23 give some answers for the
open problem posed by [34] since these results can be applied to (1.33) when γ < 1, Theorems
2.7, 2.12, 2.14, 2.16, 2.18, 2.20, 2.22, 2.24, and 2.26 correct an error in [35]. Theorem 2.15
includes the results of [7, Theorem 4.4], [32, Theorem 3.1], Theorem 2.11 includes the result
of [32, Theorem 3.5], Theorem 2.11 and Corollary 2.6 include the result of [41, Theorem
2.1(a), m = 2], Corollary 2.8 includes result of [41, Theorem 2.2, m = 2], Theorem 2.13 does
not require the conditions aΔ(t) ≥ 0, so it improves the results of [40], and Theorems 2.17 and
2.21 improve the results in [34] since these results can be applied when aΔ(t) ≤ 0.

The main results in this paper require that
∫∞
t0
Δt/a(t) = ∞; it would be interesting to

find another method to study (1.33) when
∫∞
t0
Δt/a(t) <∞. Additional examples may also be

given; due to the limited space, we leave this to the interested reader.
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[12] Y. Şahiner and I. P. Stavroulakis, “Oscillations of first order delay dynamic equations,” Dynamic
Systems and Applications, vol. 15, no. 3-4, pp. 645–656, 2006.

[13] B. G. Zhang and S. Zhu, “Oscillation of second-order nonlinear delay dynamic equations on time
scales,” Computers & Mathematics with Applications, vol. 49, no. 4, pp. 599–609, 2005.

[14] B. G. Zhang and X. Deng, “Oscillation of delay differential equations on time scales,” Mathematical
and Computer Modelling, vol. 36, no. 11–13, pp. 1307–1318, 2002.

[15] L. Erbe, A. Peterson, and S. H. Saker, “Oscillation criteria for second-order nonlinear dynamic
equations on time scales,” Journal of the London Mathematical Society, vol. 67, no. 3, pp. 701–714, 2003.

[16] L. Erbe, A. Peterson, and S. H. Saker, “Oscillation criteria for second-order nonlinear delay dynamic
equations,” Journal of Mathematical Analysis and Applications, vol. 333, no. 1, pp. 505–522, 2007.

[17] T. S. Hassan, “Oscillation criteria for half-linear dynamic equations on time scales,” Journal of
Mathematical Analysis and Applications, vol. 345, no. 1, pp. 176–185, 2008.

[18] Z. Han, T. Li, S. Sun, and F. Cao, “Oscillation criteria for third order nonlinear delay dynamic
equations on time scales,” Annales Polonici Mathematici, vol. 99, pp. 143–156, 2010.
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Some oscillation criteria are established for the second-order superlinear neutral differential
equations (r(t)|z′(t)|α−1z′(t))′ + f(t, x(σ(t))) = 0, t ≥ t0, where z(t) = x(t) + p(t)x(τ(t)), τ(t) ≥ t,
σ(t) ≥ t, p ∈ C([t0,∞), [0, p0]), and α ≥ 1. Our results are based on the cases

∫∞
t0

1/r1/α(t)dt = ∞ or∫∞
t0

1/r1/α(t)dt <∞. Two examples are also provided to illustrate these results.

1. Introduction

This paper is concerned with the oscillatory behavior of the second-order superlinear differ-
ential equation

(
r(t)
∣∣z′(t)∣∣α−1

z′(t)
)′

+ f(t, x(σ(t))) = 0, t ≥ t0, (1.1)

where α ≥ 1 is a constant, z(t) = x(t) + p(t)x(τ(t)).
Throughout this paper, we will assume the following hypotheses:

(A1) r ∈ C1([t0,∞),�),r(t) > 0 for t ≥ t0;

(A2) p ∈ C([t0,∞), [0, p0]), where p0 is a constant;

(A3) τ ∈ C1([t0,∞),�), τ ′(t) ≥ τ0 > 0, τ(t) ≥ t;
(A4) σ ∈ C([t0,∞),�), σ(t) ≥ t, τ ◦ σ = σ ◦ τ ;
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2 Abstract and Applied Analysis

(A5) f(t, u) ∈ C([t0,∞)×�,�), and there exists a function q ∈ C([t0,∞), [0,∞)) such that

f(t, u) sign u ≥ q(t)|u|α, for u/= 0, t ≥ t0. (1.2)

By a solution of (1.1), we mean a function x ∈ C([Tx,∞),�) for some Tx ≥ t0 which has
the property that r(t)|z′(t)|α−1z′(t) ∈ C1([Tx,∞),�) and satisfies (1.1) on [Tx,∞). We consider
only those solutions x which satisfy sup{|x(t)| : t ≥ T} > 0 for all T ≥ Tx. As is customary, a
solution of (1.1) is called oscillatory if it has arbitrarily large zeros on [t0,∞), otherwise, it is
called nonoscillatory. Equation (1.1) is said to be oscillatory if all its solutions are oscillatory.

We note that neutral differential equations find numerous applications in electric
networks. For instance, they are frequently used for the study of distributed networks
containing lossless transmission lines which rise in high-speed computers where the lossless
transmission lines are used to interconnect switching circuits; see [1].

In the last few years, there are many studies that have been made on the oscillation and
asymptotic behavior of solutions of discrete and continuous equations; see, for example, [2–
28]. Agarwal et al. [5], Chern et al. [6], Džurina and Stavroulakis [7], Kusano and Yoshida [8],
Kusano and Naito [9], Mirzov [10], and Sun and Meng [11] observed some similar properties
between

(
r(t)
∣∣x′(t)∣∣α−1

x′(t)
)′

+ q(t)|x(σ(t))|α−1x(σ(t)) = 0 (1.3)

and the corresponding linear equations

(
r(t)x′(t)

)′ + q(t)x(t) = 0. (1.4)

Baculı́ková [12] established some new oscillation results for (1.3) when α = 1. In 1989, Philos
[13] obtained some Philos-type oscillation criteria for (1.4).

Recently, many results have been obtained on oscillation and nonoscillation of neutral
differential equations, and we refer the reader to [14–35] and the references cited therein. Liu
and Bai [16], Xu and Meng [17, 18], Dong [19], Baculı́ková and Lacková [20], and Jiang and
Li [21] established some oscillation criteria for (1.3) with neutral term under the assumptions
τ(t) ≤ t, σ(t) ≤ t,

R(t) =
∫ t
t0

1
r1/α(s)

ds −→ ∞ as t −→ ∞, (1.5)

∫∞
t0

1
r1/α(t)

dt <∞. (1.6)

Saker and O’Regan [24] studied the oscillatory behavior of (1.1) when 0 ≤ p(t) < 1,
τ(t) ≤ t and σ(t) > t.

Han et al. [26] examined the oscillation of second-order nonlinear neutral differential
equation

(
r(t)
[
x(t) + p(t)x(τ(t))

]′)′ + q(t)f(x(σ(t))) = 0, t ≥ t0, (1.7)
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where τ(t) ≤ t, σ(t) ≤ t, τ ′(t) = τ0 > 0, 0 ≤ p(t) ≤ p0 < ∞, and the authors obtained some
oscillation criteria for (1.7).

However, there are few results regarding the oscillatory problem of (1.1) when τ(t) ≥ t
and σ(t) ≥ t. Our aim in this paper is to establish some oscillation criteria for (1.1) under the
case when τ(t) ≥ t and σ(t) ≥ t.

The paper is organized as follows. In Section 2, we will establish an inequality to prove
our results. In Section 3, some oscillation criteria are obtained for (1.1). In Section 4, we give
two examples to show the importance of the main results.

All functional inequalities considered in this paper are assumed to hold eventually,
that is, they are satisfied for all t large enough.

2. Lemma

In this section, we give the following lemma, which we will use in the proofs of our main
results.

Lemma 2.1. Assume that α ≥ 1, a, b ∈ �. If a ≥ 0, b ≥ 0, then

aα + bα ≥ 1
2α−1 (a + b)α (2.1)

holds.

Proof. (i) Suppose that a = 0 or b = 0. Obviously, we have (2.1). (ii) Suppose that a > 0, b > 0.
Define the function g by g(u) = uα, u ∈ (0,∞). Then g ′′(u) = α(α − 1)uα−2 ≥ 0 for u > 0. Thus,
g is a convex function. By the definition of convex function, for λ = 1/2, a, b ∈ (0,∞), we
have

g

(
a + b

2

)
≤ g(a) + g(b)

2
, (2.2)

that is,

aα + bα ≥ 1
2α−1 (a + b)α. (2.3)

This completes the proof.

3. Main Results

In this section, we will establish some oscillation criteria for (1.1).

First, we establish two comparison theorems which enable us to reduce the problem
of the oscillation of (1.1) to the research of the first-order differential inequalities.
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Theorem 3.1. Suppose that (1.5) holds. If the first-order neutral differential inequality

[
u(t) +

(
p0
)α

τ0
u(τ(t))

]′
+

1
2α−1

Q(t)(R(σ(t)) − R(t1))αu(σ(t)) ≤ 0 (3.1)

has no positive solution for all sufficiently large t1, where Q(t) = min{q(t), q(τ(t))}, then every
solution of (1.1) oscillates.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and x(σ(t)) > 0 for all t ≥ t1. Then z(t) > 0
for t ≥ t1. In view of (1.1), we obtain

(
r(t)
∣∣z′(t)∣∣α−1

z′(t)
)′
≤ −q(t)xα(σ(t)) ≤ 0, t ≥ t1. (3.2)

Thus, r(t)|z′(t)|α−1z′(t) is decreasing function. Now we have two possible cases for z′(t): (i)
z′(t) < 0 eventually, (ii) z′(t) > 0 eventually.

Suppose that z′(t) < 0 for t ≥ t2 ≥ t1. Then, from (3.2), we get

r(t)
∣∣z′(t)∣∣α−1

z′(t) ≤ r(t2)
∣∣z′(t2)∣∣α−1

z′(t2), t ≥ t2, (3.3)

which implies that

z(t) ≤ z(t2) − r1/α(t2)
∣∣z′(t2)∣∣

∫ t
t2

r−1/α(s)ds. (3.4)

Letting t → ∞, by (1.5), we find z(t) → −∞, which is a contradiction. Thus

z′(t) > 0 (3.5)

for t ≥ t2.
By applying (1.1), for all sufficiently large t, we obtain

(
r(t)
(
z′(t)

)α)′ + q(t)xα(σ(t)) + (p0
)α
q(τ(t))xα(σ(τ(t))) +

(
p0
)α

τ ′(t)
(
r(τ(t))

(
z′(τ(t))

)α)′ ≤ 0.

(3.6)

Using inequality (2.1), (3.2), (3.5), τ ◦ σ = σ ◦ τ , and the definition of z, we conclude that

(
r(t)
(
z′(t)

)α)′ +
(
p0
)α

τ0
r(τ(t))

(
z′(τ(t))α

)′ + 1
2α−1

Q(t)zα(σ(t)) ≤ 0. (3.7)
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It follows from (3.2) and (3.5) that u(t) = r(t)(z′(t))α > 0 is decreasing and then

z(t) ≥
∫ t
t2

(
r(s)(z′(s))α

)1/α

r1/α(s)
ds ≥ u1/α(t)

∫ t
t2

1
r1/α(s)

ds = u1/α(t)(R(t) − R(t2)). (3.8)

Thus, from (3.7) and the above inequality, we find

[
u(t) +

(
p0
)α

τ0
u(τ(t))

]′
+

1
2α−1

Q(t)(R(σ(t)) − R(t2))αu(σ(t)) ≤ 0. (3.9)

That is, inequality (3.1) has a positive solution u; this is a contradiction. The proof is
complete.

Theorem 3.2. Suppose that (1.5) holds. If the first-order differential inequality

η′(t) +
τ0

2α−1
(
τ0 +

(
p0
)α)Q(t)(R(σ(t)) − R(t1))αη(σ(t)) ≤ 0 (3.10)

has no positive solution for all sufficiently large t1, where Q is defined as in Theorem 3.1, then every
solution of (1.1) oscillates.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and x(σ(t)) > 0 for all t ≥ t1. Then z(t) > 0
for t ≥ t1. Proceeding as in the proof of Theorem 3.1, we obtain that u(t) = r(t)(z′(t))α is
decreasing, and it satisfies inequality (3.1). Set η(t) = u(t)+ (p0)αu(τ(t))/τ0. From τ(t) ≥ t, we
get

η(t) = u(t) +

(
p0
)α

τ0
u(τ(t)) ≤

(
1 +

(
p0
)α

τ0

)
u(t). (3.11)

In view of the above inequality and (3.1), we see that

η′(t) +
τ0

2α−1
(
τ0 +

(
p0
)α)Q(t)(R(σ(t)) − R(t1))αη(σ(t)) ≤ 0. (3.12)

That is, inequality (3.10) has a positive solution η; this is a contradiction. The proof is
complete.

Next, using Riccati transformation technique, we obtain the following results.

Theorem 3.3. Suppose that (1.5) holds. Moreover, assume that there exists ρ ∈ C1([t0,∞), (0,∞))
such that

lim sup
t→∞

∫ t
t0

[
ρ(s)Q(s)

2α−1
− 1

(α + 1)α+1

(
1 +

(
p0
)α

τ0

)
r(s)
(
ρ′+(s)

)α+1

(
ρ(s)

)α
]

ds =∞ (3.13)
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holds, where Q is defined as in Theorem 3.1, ρ′+(t) = max{0, ρ′(t)}. Then every solution of (1.1)
oscillates.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and x(σ(t)) > 0 for all t ≥ t1. Then z(t) > 0
for t ≥ t1. Proceeding as in the proof of Theorem 3.1, we obtain (3.2)–(3.7).

Define a Riccati substitution

ω(t) = ρ(t)
r(t)(z′(t))α

(z(t))α
, t ≥ t2. (3.14)

Thus ω(t) > 0 for t ≥ t2. Differentiating (3.14) we find that

ω′(t) = ρ′(t)
r(t)(z′(t))α

(z(t))α
+ ρ(t)

(
r(t)(z′(t))α

)′
(z(t))α

− αρ(t)r(t)(z
′(t))αzα−1(t)z′(t)

(z(t))2α . (3.15)

Hence, by (3.14) and (3.15), we see that

ω′(t) =
ρ′(t)
ρ(t)

ω(t) + ρ(t)

(
r(t)(z′(t))α

)′
(z(t))α

− α

ρ1/α(t)r1/α(t)
ω(α+1)/α(t). (3.16)

Similarly, we introduce another Riccati substitution

υ(t) = ρ(t)
r(τ(t))(z′(τ(t)))α

(z(t))α
, t ≥ t2. (3.17)

Then υ(t) > 0 for t ≥ t2. From (3.2), (3.5), and τ(t) ≥ t, we have

z′(t) ≥
(
r(τ(t))
r(t)

)1/α

z′(τ(t)). (3.18)

Differentiating (3.17), we find

υ′(t) = ρ′(t)
r(τ(t))(z′(τ(t)))α

(z(t))α
+ ρ(t)

(
r(τ(t))(z′(τ(t)))α

)′
(z(t))α

− αρ(t)r(τ(t))(z
′(τ(t)))αzα−1(t)z′(t)

(z(t))2α .

(3.19)

Therefore, by (3.17), (3.18), and (3.19), we see that

υ′(t) ≤ ρ
′(t)
ρ(t)

υ(t) + ρ(t)

(
r(τ(t))(z′(τ(t)))α

)′
(z(t))α

− α

ρ1/α(t)r1/α(t)
υ(α+1)/α(t). (3.20)
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Thus, from (3.16) and (3.20), we have

ω′(t) +

(
p0
)α

τ0
υ′(t) ≤ ρ(t)

(
r(t)(z′(t))α

)′ + ((p0
)α
/τ0
)(
r(τ(t))(z′(τ(t)))α

)′
(z(t))α

+
ρ′(t)
ρ(t)

ω(t) − α

ρ1/α(t)r1/α(t)
ω(α+1)/α(t) +

(
p0
)α

τ0

ρ′(t)
ρ(t)

υ(t)

−
(
p0
)α

τ0

α

ρ1/α(t)r1/α(t)
υ(α+1)/α(t).

(3.21)

It follows from (3.5), (3.7), and σ(t) ≥ t that

ω′(t) +

(
p0
)α

τ0
υ′(t) ≤ − 1

2α−1
ρ(t)Q(t) +

ρ′+(t)
ρ(t)

ω(t) − α

ρ1/α(t)r1/α(t)
ω(α+1)/α(t)

+

(
p0
)α

τ0

ρ′+(t)
ρ(t)

υ(t) −
(
p0
)α

τ0

α

ρ1/α(t)r1/α(t)
υ(α+1)/α(t).

(3.22)

Integrating the above inequality from t2 to t, we obtain

ω(t) −ω(t2) +
(
p0
)α

τ0
υ(t) −

(
p0
)α

τ0
υ(t2)

≤ −
∫ t
t2

1
2α−1

ρ(s)Q(s)ds +
∫ t
t2

[
ρ′+(s)
ρ(s)

ω(s) − α

ρ1/α(s)r1/α(s)
ω(α+1)/α(s)

]
ds

+
∫ t
t2

(
p0
)α

τ0

[
ρ′+(s)
ρ(s)

υ(s) − α

ρ1/α(s)r1/α(s)
υ(α+1)/α(s)

]
ds.

(3.23)

Define

A :=

[
α

ρ1/α(t)r1/α(t)

]α/(α+1)

ω(t), B :=

⎡
⎣ρ′+(t)
ρ(t)

α

α + 1

[
α

ρ1/α(t)r1/α(t)

]−α/(α+1)
⎤
⎦
α

. (3.24)

Using inequality

α + 1
α

AB1/α −A(α+1)/α ≤ 1
α
B(α+1)/α, for A ≥ 0, B ≥ 0 are constants, (3.25)

we have

ρ′+(t)
ρ(t)

ω(t) − α

ρ1/α(t)r1/α(t)
ω(α+1)/α(t) ≤ 1

(α + 1)α+1

r(t)
(
ρ′+(t)

)α+1

ρ(t)α
. (3.26)
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Similarly, we obtain

ρ′+(t)
ρ(t)

υ(t) − α

ρ1/α(t)r1/α(t)
υ(α+1)/α(t) ≤ 1

(α + 1)α+1

r(t)
(
ρ′+(t)

)α+1

ρ(t)α
. (3.27)

Thus, from (3.23), we get

ω(t) −ω(t2) +
(
p0
)α

τ0
υ(t) −

(
p0
)α

τ0
υ(t2)

≤ −
∫ t
t2

[
ρ(s)Q(s)

2α−1
− 1

(α + 1)α+1

(
1 +

(
p0
)α

τ0

)
r(s)
(
ρ′+(s)

)α+1

ρ(s)α

]
ds,

(3.28)

which contradicts (3.13). This completes the proof.

As an immediate consequence of Theorem 3.3 we get the following.

Corollary 3.4. Let assumption (3.13) in Theorem 3.3 be replaced by

lim sup
t→∞

∫ t
t0

ρ(s)Q(s)ds =∞,

lim sup
t→∞

∫ t
t0

r(s)
(
ρ′+(s)

)α+1

(
ρ(s)

)α ds <∞.
(3.29)

Then every solution of (1.1) oscillates.

From Theorem 3.3 by choosing the function ρ, appropriately, we can obtain different
sufficient conditions for oscillation of (1.1), and if we define a function ρ by ρ(t) = 1, and
ρ(t) = t, we have the following oscillation results.

Corollary 3.5. Suppose that (1.5) holds. If

lim sup
t→∞

∫ t
t0

Q(s)ds =∞, (3.30)

where Q is defined as in Theorem 3.1, then every solution of (1.1) oscillates.

Corollary 3.6. Suppose that (1.5) holds. If

lim sup
t→∞

∫ t
t0

[
sQ(s)
2α−1

− 1

(α + 1)α+1

(
1 +

(
p0
)α

τ0

)
r(s)
sα

]
ds = ∞, (3.31)

where Q is defined as in Theorem 3.1, then every solution of (1.1) oscillates.
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In the following theorem, we present a Philos-type oscillation criterion for (1.1).
First, we introduce a class of functions �. Let

� 0 = {(t, s) : t > s ≥ t0}, � = {(t, s) : t ≥ s ≥ t0}. (3.32)

The function H ∈ C(� ,�) is said to belong to the class � (defined by H ∈ �, for short) if

(i) H(t, t) = 0, for t ≥ t0, H(t, s) > 0, for (t, s) ∈ � 0 ;

(ii) H has a continuous and nonpositive partial derivative ∂H(t, s)/∂s on D0 with
respect to s.

We assume that ς(t) and ρ(t) for t ≥ t0 are given continuous functions such that ρ(t) > 0
and differentiable and define

θ(t) =
ρ′(t)
ρ(t)

+ (α + 1)(ς(t))1/α, ψ(t) = ρ(t)
{
[r(t)ς(t)]′ − r(t)(ς(t))(1+α)/α

}
,

φ(t, s) =
r(s)ρ(s)

(α + 1)α+1

(
θ(s) +

∂H(t, s)/∂s
H(t, s)

)α+1

.

(3.33)

Now, we give the following result.

Theorem 3.7. Suppose that (1.5) holds and α is a quotient of odd positive integers. Moreover, let
H ∈ � be such that

lim sup
t→∞

1
H(t, t0)

∫ t
t0

H(t, s)

[
ρ(s)Q(s)

2α−1
−
(

1 +

(
p0
)α

τ0

)(
ψ(s) + φ(t, s)

)]
ds = ∞ (3.34)

holds, where Q is defined as in Theorem 3.1. Then every solution of (1.1) oscillates.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and x(σ(t)) > 0 for all t ≥ t1. Then z(t) > 0
for t ≥ t1. Proceeding as in the proof of Theorem 3.1, we obtain (3.2)–(3.7). Define the Riccati
substitution ω by

ω(t) = ρ(t)
[
r(t)(z′(t))α

(z(t))α
+ r(t)ς(t)

]
, t ≥ t2 ≥ t1. (3.35)

Then, we have

ω′(t) = ρ′(t)
[
r(t)(z′(t))α

(z(t))α
+ r(t)ς(t)

]
+ ρ(t)

[
r(t)(z′(t))α

(z(t))α
+ r(t)ς(t)

]′

=
ρ′(t)
ρ(t)

ω(t) + ρ(t)[r(t)ς(t)]′ + ρ(t)

(
r(t)(z′(t))α

)′
(z(t))α

− αρ(t)r(t)(z
′(t))α+1

(z(t))α+1
.

(3.36)
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Using (3.35), we get

ω′(t) =
ρ′(t)
ρ(t)

ω(t) + ρ(t)[r(t)ς(t)]′ + ρ(t)

(
r(t)(z′(t))α

)′
(z(t))α

− αρ(t)
r1/α(t)

[
ω(t)
ρ(t)

− r(t)ς(t)
](1+α)/α

.

(3.37)

Let

A =
ω(t)
ρ(t)

, B = r(t)ς(t). (3.38)

By applying the inequality (see [21, 24])

A(1+α)/α − (A − B)1+α/α ≤ B1/α
[(

1 +
1
α

)
A − 1

α
B

]
, for α =

odd
odd

≥ 1, (3.39)

we see that

[
ω(t)
ρ(t)

− r(t)ς(t)
](1+α)/α

≥ ω(1+α)/α(t)
ρ(1+α)/α(t)

+
1
α
(r(t)ς(t))(1+α)/α − α + 1

α

(r(t)ς(t))1/α

ρ(t)
ω(t). (3.40)

Substituting (3.40) into (3.37), we have

ω′(t) ≤
[
ρ′(t)
ρ(t)

+ (α + 1)(ς(t))1/α
]
ω(t) + ρ(t)

{
[r(t)ς(t)]′ − r(t)(ς(t))(1+α)/α

}

+ ρ(t)

(
r(t)(z′(t))α

)′
(z(t))α

− α

r1/α(t)ρ1/α(t)
ω(1+α)/α(t).

(3.41)

That is,

ω′(t) ≤ θ(t)ω(t) + ψ(t) + ρ(t)
(
r(t)(z′(t))α

)′
(z(t))α

− α

r1/α(t)ρ1/α(t)
ω(1+α)/α(t). (3.42)

Next, define another Riccati transformation u by

u(t) = ρ(t)
[
r(τ(t))(z′(τ(t)))α

(z(t))α
+ r(t)ς(t)

]
, t ≥ t2 ≥ t1. (3.43)

IEEE eXpress Sample eBook, page 568



Abstract and Applied Analysis 11

Then, we have

u′(t) = ρ′(t)
[
r(τ(t))(z′(τ(t)))α

(z(t))α
+ r(t)ς(t)

]
+ ρ(t)

[
r(τ(t))(z′(τ(t)))α

(z(t))α
+ r(t)ς(t)

]′

=
ρ′(t)
ρ(t)

u(t) + ρ(t)[r(t)ς(t)]′ + ρ(t)

(
r(τ(t))(z′(τ(t)))α

)′
(z(t))α

− αρ(t)r(τ(t))(z
′(τ(t)))αz′(t)

(z(t))α+1
.

(3.44)

From (3.2), (3.5), and τ(t) ≥ t, we have that (3.18) holds. Hence, we obtain

u′(t) ≤ ρ
′(t)
ρ(t)

u(t) + ρ(t)[r(t)ς(t)]′ + ρ(t)

(
r(τ(t))(z′(τ(t)))α

)
(z(t))α

− αρ(t)
(
r(τ(t))(z′(τ(t)))α

)(1+α)/α
r1/α(t)(z(t))α+1

.

(3.45)

Using (3.43), we get

u′(t) ≤ ρ
′(t)
ρ(t)

u(t) + ρ(t)[r(t)ς(t)]′ + ρ(t)

(
r(τ(t))(z′(τ(t)))α

)′
(z(t))α

− αρ(t)
r1/α(t)

[
u(t)
ρ(t)

− r(t)ς(t)
](1+α)/α

.

(3.46)

Let

A =
u(t)
ρ(t)

, B = r(t)ς(t). (3.47)

By applying the inequality (3.39), we see that

[
u(t)
ρ(t)

− r(t)ς(t)
](1+α)/α

≥ u
(1+α)/α(t)
ρ(1+α)/α(t)

+
1
α
(r(t)ς(t))(1+α)/α − α + 1

α

(r(t)ς(t))1/α

ρ(t)
u(t). (3.48)

Substituting (3.48) into (3.46), we have

u′(t) ≤
[
ρ′(t)
ρ(t)

+ (α + 1)(ς(t))1/α
]
u(t) + ρ(t)

{
[r(t)ς(t)]′ − r(t)(ς(t))(1+α)/α

}

+ ρ(t)

(
r(τ(t))(z′(τ(t)))α

)′
(z(t))α

− α

r1/α(t)ρ1/α(t)
u(1+α)/α(t).

(3.49)

That is,

u′(t) ≤ θ(t)u(t) + ψ(t) + ρ(t)
(
r(τ(t))(z′(τ(t)))α

)′
(z(t))α

− α

r1/α(t)ρ1/α(t)
u(1+α)/α(t). (3.50)
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By (3.42) and (3.50), we find

ω′(t) +

(
p0
)α

τ0
u′(t) ≤

(
1 +

(
p0
)α

τ0

)
ψ(t) + ρ(t)

(
r(t)(z′(t))α

)′ + ((p0
)α
/τ0
)(
r(τ(t))(z′(τ(t)))α

)′
(z(t))α

+ θ(t)ω(t) − α

r1/α(t)ρ1/α(t)
ω(1+α)/α(t) +

(
p0
)α

τ0
θ(t)u(t)

−
(
p0
)α

τ0

α

r1/α(t)ρ1/α(t)
u(1+α)/α(t).

(3.51)

In view of the above inequality, (3.5), (3.7), and σ(t) ≥ t, we get

ω′(t) +

(
p0
)α

τ0
u′(t) ≤

(
1 +

(
p0
)α

τ0

)
ψ(t) − ρ(t)Q(t)

2α−1
+ θ(t)ω(t) − α

r1/α(t)ρ1/α(t)
ω(1+α)/α(t)

+

(
p0
)α

τ0
θ(t)u(t) −

(
p0
)α

τ0

α

r1/α(t)ρ1/α(t)
u(1+α)/α(t),

(3.52)

which follows that

∫ t
t2

H(t, s)

[
ρ(s)Q(s)

2α−1
−
(

1 +

(
p0
)α

τ0

)
ψ(s)

]
ds

≤ −
∫ t
t2

H(t, s)ω′(s)ds +
∫ t
t2

H(t, s)θ(s)ω(s)ds

−
∫ t
t2

H(t, s)
αω(1+α)/α(s)
r1/α(s)ρ1/α(s)

ds −
(
p0
)α

τ0

∫ t
t2

H(t, s)u′(s)ds

+

(
p0
)α

τ0

∫ t
t2

H(t, s)θ(s)u(s)ds −
(
p0
)α

τ0

∫ t
t2

H(t, s)
αu(1+α)/α(s)
r1/α(s)ρ1/α(s)

ds.

(3.53)

Using the integration by parts formula and H(t, t) = 0, we have

∫ t
t2

H(t, s)ω′(s)ds = −H(t, t2)ω(t2) −
∫ t
t2

∂H(t, s)
∂s

ω(s)ds,

∫ t
t2

H(t, s)u′(s)ds = −H(t, t2)u(t2) −
∫ t
t2

∂H(t, s)
∂s

u(s)ds.

(3.54)
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So, by (3.53), we obtain

∫ t
t2

H(t, s)

[
ρ(s)Q(s)

2α−1
−
(

1 +

(
p0
)α

τ0

)
ψ(s)

]
ds

≤H(t, t2)ω(t2) +

(
p0
)α

τ0
H(t, t2)u(t2)

+
∫ t
t2

H(t, s)
[
θ(s) +

∂H(t, s)/∂s
H(t, s)

]
ω(s)ds −

∫ t
t2

H(t, s)
αω(1+α)/α(s)
r1/α(s)ρ1/α(s)

ds

+

(
p0
)α

τ0

∫ t
t2

H(t, s)
[
θ(s) +

∂H(t, s)/∂s
H(t, s)

]
u(s)ds −

(
p0
)α

τ0

∫ t
t2

H(t, s)
αu(1+α)/α(s)
r1/α(s)ρ1/α(s)

ds.

(3.55)

Using the inequality

By −Ay(α+1)/α ≤ αα

(α + 1)α+1

Bα+1

Aα
, (3.56)

where

A =
α

r1/α(s)ρ1/α(s)
, B = θ(s) +

∂H(t, s)/∂s
H(t, s)

, (3.57)

we have

∫ t
t2

H(t, s)

[
ρ(s)Q(s)

2α−1
−
(

1 +

(
p0
)α

τ0

)(
ψ(s) + φ(t, s)

)]
ds ≤ H(t, t2)ω(t2) +

(
p0
)α

τ0
H(t, t2)u(t2)

(3.58)

due to (3.55), which yields that

1
H(t, t2)

∫ t
t2

H(t, s)

[
ρ(s)Q(s)

2α−1
−
(

1 +

(
p0
)α

τ0

)(
ψ(s) + φ(t, s)

)]
ds ≤ ω(t2) +

(
p0
)α

τ0
u(t2),

(3.59)

which contradicts (3.34). The proof is complete.

From Theorem 3.7, we can obtain different oscillation conditions for all solutions of
(1.1) with different choices of H ; the details are left to the reader.

Theorem 3.8. Assume that (1.6) and (3.30) hold. Furthermore, assume that 0 ≤ p(t) ≤ p1 < 1. If

∫∞
t0

[
1

r(s)

∫ s
t0

q(u)du

]1/α

ds =∞, (3.60)

then every solution x of (1.1) oscillates or limt→∞x(t) = 0.
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Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t1 ≥ t0 such that x(t) > 0, x(τ(t)) > 0, and x(σ(t)) > 0 for all t ≥ t1. Then z(t) > 0
for t ≥ t1. Proceeding as in the proof of Theorem 3.1, we obtain (3.2). Thus r(t)|z′(t)|α−1z′(t) is
decreasing function, and there exists a t2 ≥ t1 such that z′(t) > 0, t ≥ t2 or z′(t) < 0, t ≥ t2.

Case 1. Assume that z′(t) > 0, for t ≥ t2. Proceeding as in the proof of Theorem 3.3 and setting
ρ(t) = t, we can obtain a contradiction with (3.31).

Case 2. Assume that z′(t) < 0, for t ≥ t2. Then there exists a finite limit

lim
t→∞

z(t) = l, (3.61)

where l ≥ 0. Next, we claim that l = 0. If not, then for any ε > 0, we have l < z(t) < l + ε,
eventually. Take 0 < ε < l(1 − p1)/p1. We calculate

x(t) = z(t) − p(t)x(τ(t)) > l − p1z(τ(t)) > l − p1(l + ε) = m(l + ε) > mz(t), (3.62)

where

m =
l

l + ε
− p1 =

l
(
1 − p1

) − εp1

l + ε
> 0. (3.63)

From (3.2) and (3.62), we have

(
r(t)
(−z′(t))α)′ ≥ q(t)xα(σ(t)) ≥ (ml)αq(t). (3.64)

Integrating the above inequality from t2 to t, we get

r(t)
(−z′(t))α − r(t2)(−z′(t2))α ≥ (ml)α

∫ t
t2

q(s)ds, (3.65)

which implies

z′(t) ≤ −ml
[

1
r(t)

∫ t
t2

q(s)ds

]1/α

. (3.66)

Integrating the above inequality from t2 to t, we have

z(t) ≤ z(t2) −ml
∫ t
t2

[
1

r(s)

∫ s
t2

q(u)du

]1/α

ds, (3.67)

which yields z(t) → −∞; this is a contradiction. Hence, limt→∞z(t) = 0. Note that 0 < x(t) ≤
z(t). Then, limt→∞x(t) = 0. The proof is complete.
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4. Examples

In this section, we will give two examples to illustrate the main results.

Example 4.1. Consider the following linear neutral equation:

(x(t) + 2x(t + (2n − 1)π))′′ + x(t + (2m − 1)π) = 0, for t ≥ t0, (4.1)

where n and m are positive integers.
Let

r(t) = 1, p(t) = 2, τ(t) = t + (2n − 1)π, q(t) = 1, σ(t) = t + (2m − 1)π. (4.2)

Hence, Q(t) = 1. Obviously, all the conditions of Corollary 3.5 hold. Thus by Corollary 3.5,
every solution of (4.1) is oscillatory. It is easy to verify that x(t) = sin t is a solution of (4.1).

Example 4.2. Consider the following linear neutral equation:

(
e2t
(
x(t) +

1
2
x(t + 3)

)′)′
+
(

e2t+1 +
1
2

e2t−2
)
x(t + 1) = 0, for t ≥ t0, (4.3)

where n and m are positive integers.
Let

r(t) = e2t, p(t) =
1
2
, q(t) = e2t+1 + e2t−2/2, α = 1. (4.4)

Clearly, all the conditions of Theorem 3.8 hold. Thus by Theorem 3.8, every solution of (4.3)
is either oscillatory or limt→∞x(t) = 0. It is easy to verify that x(t) = e−t is a solution of (4.3).

Remark 4.3. Recent results cannot be applied to (4.1) and (4.3) since τ(t) ≥ t and σ(t) ≥ t.

Remark 4.4. Using the method given in this paper, we can get other oscillation criteria for
(1.1); the details are left to the reader.

Remark 4.5. It would be interesting to find another method to study (1.1) when τ ◦ σ /≡σ ◦ τ .

Acknowledgments

The authors sincerely thank the referees for their valuable suggestions and useful comments
that have led to the present improved version of the original manuscript. This research is
supported by the Natural Science Foundation of China (11071143, 60904024, 11026112), China
Postdoctoral Science Foundation funded project (200902564), by Shandong Provincial Natu-
ral Science Foundation (ZR2010AL002, ZR2009AL003, Y2008A28), and also by University of
Jinan Research Funds for Doctors (XBS0843).

IEEE eXpress Sample eBook, page 573



16 Abstract and Applied Analysis

References

[1] J. Hale, Theory of Functional Differential Equations, Springer, New York, NY, USA, 2nd edition, 1977.
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[12] B. Baculı́ková, “Oscillation criteria for second order nonlinear differential equations,” Archivum
Mathematicum, vol. 42, no. 2, pp. 141–149, 2006.

[13] Ch. G. Philos, “Oscillation theorems for linear differential equations of second order,” Archiv der
Mathematik, vol. 53, no. 5, pp. 482–492, 1989.
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Copyright q 2011 Shurong Sun et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We study the following second-order neutral functional differential equation with mixed
nonlinearities (r(t)|(u(t) + p(t)u(t − σ))′|α−1(u(t) + p(t)u(t − σ))′)′ + q0(t)|u(τ0(t))|α−1u(τ0(t)) +
q1(t)|u(τ1(t))|β−1u(τ1(t)) + q2(t)|u(τ2(t))|γ−1u(τ2(t)) = 0, where γ > α > β > 0,

∫∞
t0
(1/r1/α(t))dt < ∞.

Oscillation results for the equation are established which improve the results obtained by Sun and
Meng (2006), Xu and Meng (2006), Sun and Meng (2009), and Han et al. (2010).

1. Introduction

This paper is concerned with the oscillatory behavior of the second-order neutral functional
differential equation with mixed nonlinearities

(
r(t)

∣∣∣(u(t) + p(t)u(t − σ))′
∣∣∣α−1(

u(t) + p(t)u(t − σ))′
)′

+ q0(t)|u(τ0(t))|α−1u(τ0(t))

+q1(t)|u(τ1(t))|β−1u(τ1(t)) + q2(t)|u(τ2(t))|γ−1u(τ2(t)) = 0, t ≥ t0,
(1.1)

where γ > α > β > 0 are constants, r ∈ C1([t0,∞), (0,∞)), p ∈ C([t0,∞), [0, 1)), qi ∈
C([t0,∞),�), i = 0, 1, 2, are nonnegative, σ ≥ 0 is a constant. Here, we assume that there
exists τ ∈ C1([t0,∞),�) such that τ(t) ≤ τi(t), τ(t) ≤ t, limt→∞τ(t) = ∞, and τ ′(t) > 0 for
t ≥ t0.
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2 Abstract and Applied Analysis

One of our motivations for studying (1.1) is the application of this type of equations in
real word life problems. For instance, neutral delay equations appear in modeling of networks
containing lossless transmission lines, in the study of vibrating masses attached to an elastic
bar; see the Euler equation in some variational problems, in the theory of automatic control
and in neuromechanical systems in which inertia plays an important role. We refer the reader
to Hale [1] and Driver [2], and references cited therein.

Recently, there has been much research activity concerning the oscillation of second-
order differential equations [3–8] and neutral delay differential equations [9–20]. For the
particular case when p(t) = 0, (1.1) reduces to the following equation:

(
r(t)|u(t)|α−1u(t)

)′
+ q0(t)|u(τ0(t))|α−1u(τ0(t))

+ q1(t)|u(τ1(t))|β−1u(τ1(t)) + q2(t)|u(τ2(t))|γ−1u(τ2(t)) = 0, t ≥ t0.
(1.2)

Sun and Meng [6] established some oscillation criteria for (1.2), under the condition

∫∞
t0

1
r1/α(t)

dt <∞, (1.3)

they only obtained the sufficient condition [6, Theorem 5], which guarantees that every
solution u of (1.2) oscillates or tends to zero.

Sun and Meng [7] considered the oscillation of second-order nonlinear delay
differential equation

(
r(t)

∣∣u′(t)∣∣α−1
u′(t)

)′
+ q0(t)|u(τ0(t))|α−1u(τ0(t)) = 0, t ≥ t0 (1.4)

and obtained some results for oscillation of (1.4), for example, under the case (1.3), they
obtained some results which guarantee that every solution u of (1.4) oscillates or tends to
zero, see [7, Theorem 2.2].

Xu and Meng [10] discussed the oscillation of the second-order neutral delay
differential equation

(
r(t)

∣∣∣(u(t) + p(t)u(t − τ))′∣∣∣α−1(
u(t) + p(t)u(t − τ))′

)′
+ q(t)f(u(σ(t))) = 0, t ≥ t0 (1.5)

and established the sufficient condition [10, Theorem 2.3], which guarantees that every
solution u of (1.5) oscillates or tends to zero.

Han et al. [11] examined the oscillation of second-order neutral delay differential
equation

(
r(t)ψ(u(t))

∣∣∣(u(t) + p(t)u(t − τ))′
∣∣∣α−1(

u(t) + p(t)u(t − τ))′
)′

+ q(t)f(u(σ(t))) = 0, t ≥ t0
(1.6)
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and established some sufficient conditions for oscillation of (1.6) under the conditions (1.3)
and

σ(t) ≤ t − τ. (1.7)

The condition (1.7) can be restrictive condition, since the results cannot be applied on the
equation

(
e2t

(
u(t) +

1
2
u(t − 2)

)′)′
+ λ

(
e2t +

1
2
e2t+2

)
u(t − 1) = 0, t ≥ t0. (1.8)

The aim of this paper is to derive some sufficient conditions for the oscillation
of solutions of (1.1). The paper is organized as follows. In Section 2, we establish some
oscillation criteria for (1.1) under the assumption (1.3). In Section 3, we will give three
examples to illustrate the main results. In Section 4, we give some conclusions for this paper.

2. Main Results

In this section, we give some new oscillation criteria for (1.1).
Below, for the sake of convenience, we denote

z(t) := u(t) + p(t)u(t − σ), R(t) :=
∫ t

t0

1
r1/α(s)

ds,

ξ(t) := r1/α(τ(t))
∫ t

t1

(
1

r(τ(s))

)1/α

τ ′(s)ds,

Q0(t) :=
(
1 − p(τ0(t))

)α
q0(t), Q1(t) :=

(
1 − p(τ1(t))

)β
q1(t),

Q2(t) :=
(
1 − p(τ2(t))

)γ
q2(t),

ζ0(t) := q0(t)

(
1

1 + p
(
ρ(t)

)
)α

, ζ1(t) := q1(t)

(
1

1 + p
(
ρ(t)

)
)β

,

ζ2(t) := q2(t)

(
1

1 + p
(
ρ(t)

)
)γ

,

h0(t) := q0(t)
(

1
1 + p(t)

)α

, h1(t) := q1(t)
(

1
1 + p(t)

)β

,

h2(t) := q2(t)
(

1
1 + p(t)

)γ

,
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4 Abstract and Applied Analysis

δ(t) :=
∫∞
ρ(t)

1
r1/α(s)

ds, π(t) :=
∫∞
t

1
r1/α(s)

ds, k1 :=
γ − β
γ − α, k2 :=

γ − β
α − β ,

ϕ(t) := q0(t)

(
δ(t)

1 + p
(
ρ(t)

)
)α

+ q1(t)

(
δ(t)

1 + p
(
ρ(t)

)
)β

+ q2(t)

(
δ(t)

1 + p
(
ρ(t)

)
)γ

.

(2.1)

Theorem 2.1. Assume that (1.3) holds, p′(t) ≥ 0, and there exists ρ ∈ C1([t0,∞),�), such that
ρ(t) ≥ t, ρ′(t) > 0, τi(t) ≤ ρ(t) − σ,i = 0, 1, 2. If for all sufficiently large t1,

∫∞{
Rα(τ(t))

[
Q0(t) + [k1Q1(t)]1/k1[k2Q2(t)]1/k2

]
− ατ

′(t)Rα−1(τ(t))r1−1/α(τ(t))
ξα(t)

}
dt =∞,

(2.2)

∫∞{[
ζ0(t) + [k1ζ1(t)]1/k1[k2ζ2(t)]1/k2

]
δα(t) −

( α

α + 1

)α+1 ρ′(t)
δ(t)r1/α

(
ρ(t)

)
}

dt =∞,

(2.3)

then (1.1) is oscillatory.

Proof. Suppose to the contrary that u is a nonoscillatory solution of (1.1). Without loss of
generality, we may assume that u(t) > 0 for all large t. The case of u(t) < 0 can be considered
by the same method. From (1.1) and (1.3), we can easily obtain that there exists a t1 ≥ t0 such
that

z(t) > 0, z′(t) > 0,
[
r(t)

∣∣z′(t)∣∣α−1
z′(t)

]′ ≤ 0, (2.4)

or

z(t) > 0, z′(t) < 0,
[
r(t)

∣∣z′(t)∣∣α−1
z′(t)

]′
≤ 0. (2.5)

If (2.4) holds, we have

r(t)
(
z′(t)

)α ≤ r(τ(t))(z′(τ(t)))α, t ≥ t1. (2.6)

From the definition of z, we obtain

u(t) = z(t) − p(t)u(t − σ) ≥ z(t) − p(t)z(t − σ) ≥ (
1 − p(t))z(t). (2.7)

Define

ω(t) = Rα(τ(t))
r(t)(z′(t))α

(z(τ(t)))α
, t ≥ t1. (2.8)
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Then, ω(t) > 0 for t ≥ t1. Noting that z′(t) > 0, we get z(τi(t)) ≥ z(τ(t)) for i = 0, 1, 2. Thus,
from (1.1), (2.7), and (2.8), it follows that

ω′(t) ≤ ατ
′(t)Rα−1(τ(t))
r1/α(τ(t))

r(t)(z′(t))α

(z(τ(t)))α
− Rα(τ(t))

(
1 − p(τ0(t))

)α
q0(t)

− Rα(τ(t))
[(

1 − p(τ1(t))
)β
q1(t)zβ−α(τ(t)) +

(
1 − p(τ2(t))

)γ
q2(t)zγ−α(τ(t))

]

− αRα(τ(t))
r(t)(z′(t))α

(z(τ(t)))α+1
z′(τ(t))τ ′(t).

(2.9)

By (2.4), (2.9), and τ ′(t) > 0, we get

ω′(t) ≤ ατ
′(t)Rα−1(τ(t))
r1/α(τ(t))

r(t)(z′(t))α

(z(τ(t)))α
− Rα(τ(t))

(
1 − p(τ0(t))

)α
q0(t)

− Rα(τ(t))
[(

1 − p(τ1(t))
)β
q1(t)zβ−α(τ(t)) +

(
1 − p(τ2(t))

)γ
q2(t)zγ−α(τ(t))

]
.

(2.10)

In view of (2.4), (2.6), and (2.10), we have

ω′(t) ≤ ατ ′(t)Rα−1(τ(t))
r1/α(τ(t))

r(τ(t))(z′(τ(t)))α

(z(τ(t)))α
− Rα(τ(t))

(
1 − p(τ0(t))

)α
q0(t)

− Rα(τ(t))
[(

1 − p(τ1(t))
)β
q1(t)zβ−α(τ(t)) +

(
1 − p(τ2(t))

)γ
q2(t)zγ−α(τ(t))

]
.

(2.11)

By (2.4), we obtain

z(τ(t)) = z(τ(t1)) +
∫ t

t1

z′(τ(s))τ ′(s)ds

= z(τ(t1)) +
∫ t

t1

(
1

r(τ(s))

)1/α[
r(τ(s))

(
z′(τ(s))

)α]1/α
τ ′(s)ds

≥ r1/α(τ(t))z′(τ(t))
∫ t

t1

(
1

r(τ(s))

)1/α

τ ′(s)ds,

(2.12)

that is,

z(τ(t)) ≥ ξ(t)z′(τ(t)). (2.13)

Set

a :=
[
k1Q1(t)zβ−α(τ(t))

]1/k1
, b :=

[
k2Q2(t)zγ−α(τ(t))

]1/k2 , p := k1, q := k2. (2.14)
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Using Young’s inequality

|ab| ≤ 1
p
|a|p + 1

q
|b|q, a, b ∈ �, p > 1, q > 1,

1
p
+

1
q
= 1, (2.15)

we have

Q1(t)zβ−α(τ(t)) +Q2(t)zγ−α(τ(t)) ≥ [k1Q1(t)]1/k1[k2Q2(t)]1/k2 . (2.16)

Hence, by (2.11), (2.13), and (2.16), we obtain

ω′(t) ≤ ατ
′(t)Rα−1(τ(t))r1−1/α(τ(t))

ξα(t)
− Rα(τ(t))

[
Q0(t) + [k1Q1(t)]1/k1[k2Q2(t)]1/k2

]
. (2.17)

Integrating (2.17) from t1 to t, we get

0 < ω(t) ≤ ω(t1), (2.18)

−
∫ t

t1

{
Rα(τ(s))

[
Q0(s) + [k1Q1(s)]1/k1[k2Q2(s)]1/k2

]
− ατ

′(s)Rα−1(τ(s))r1−1/α(τ(s))
ξα(s)

}
ds.

(2.19)

Letting t → ∞ in (2.19), we get a contradiction to (2.2). If (2.5) holds, we define the function
υ by

υ(t) =
r(t)(−z′(t))α−1z′(t)

zα
(
ρ(t)

) , t ≥ t1. (2.20)

Then, υ(t) < 0 for t ≥ t1. It follows from [r(t)|z′(t)|α−1z′(t)]
′ ≤ 0 that r(t)|z′(t)|α−1z′(t) is

nonincreasing. Thus, we have

r1/α(s)z′(s) ≤ r1/α(t)z′(t), s ≥ t. (2.21)

Dividing (2.21) by r1/α(s) and integrating it from ρ(t) to l, we obtain

z(l) ≤ z(ρ(t)) + r1/α(t)z′(t)
∫ l

ρ(t)

ds
r1/α(s)

, l ≥ ρ(t). (2.22)

Letting l → ∞ in the above inequality, we obtain

0 ≤ z(ρ(t)) + r1/α(t)z′(t)δ(t), t ≥ t1, (2.23)
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that is,

r1/α(t)δ(t)
z′(t)

z
(
ρ(t)

) ≥ −1, t ≥ t1. (2.24)

Hence, by (2.20), we have

−1 ≤ υ(t)δα(t) ≤ 0, t ≥ t1. (2.25)

Differentiating (2.20), we get

υ′(t) =

(
r(t)(−z′(t))α−1z′(t)

)′
zα
(
ρ(t)

) − αr(t)(−z′(t))α−1z′(t)zα−1(ρ(t))z′(ρ(t))ρ′(t)
z2α

(
ρ(t)

) , (2.26)

by the above equality and (1.1), we obtain

υ′(t) = −q0(t)
uα(τ0(t))
zα
(
ρ(t)

) − q1(t)
uβ(τ1(t))
zα
(
ρ(t)

) − q2(t)
uγ (τ2(t))
zα

(
ρ(t)

)

−αr(t)(−z
′(t))α−1z′(t)zα−1(ρ(t))z′(ρ(t))ρ′(t)

z2α
(
ρ(t)

) .

(2.27)

Noticing that p′(t) ≥ 0, from [10, Theorem 2.3], we see that u′(t) ≤ 0 for t ≥ t1, so by τi(t) ≤
ρ(t) − σ, i = 0, 1, 2, we have

uα(τ0(t))
zα
(
ρ(t)

) =

(
u(τ0(t))

u
(
ρ(t)

)
+ p

(
ρ(t)

)
u
(
ρ(t) − σ)

)α

=

(
1(

u
(
ρ(t)

)
/u(τ0(t))

)
+ p

(
ρ(t)

)(
u(ρ(t) − σ)/u(τ0(t))

)
)α

≥
(

1
1 + p

(
ρ(t)

)
)α

,

uβ(τ1(t))
zα
(
ρ(t)

) =

(
u(τ1(t))

u
(
ρ(t)

)
+ p

(
ρ(t)

)
u
(
ρ(t) − σ)

)β

zβ−α
(
ρ(t)

)

=

(
1(

u
(
ρ(t)

)
/u(τ1(t))

)
+ p

(
ρ(t)

)(
u
(
ρ(t) − σ)/u(τ1(t))

)
)β

zβ−α
(
ρ(t)

)

≥
(

1
1 + p

(
ρ(t)

)
)β

zβ−α
(
ρ(t)

)
,
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(
uγ(τ2(t))/zα

(
ρ(t)

))
=

(
u(τ2(t))

u
(
ρ(t)

)
+ p

(
ρ(t)

)
u
(
ρ(t) − σ)

)γ

zγ−α
(
ρ(t)

)

=

(
1(

u
(
ρ(t)

)
/u(τ2(t))

)
+ p

(
ρ(t)

)(
u
(
ρ(t) − σ)/u(τ2(t))

)
)γ

zγ−α
(
ρ(t)

)

≥
(

1
1 + p

(
ρ(t)

)
)γ

zγ−α
(
ρ(t)

)
.

(2.28)

On the other hand, from (r(t)(−z′(t))α−1z′(t))
′ ≤ 0, ρ(t) ≥ t, we obtain

z′
(
ρ(t)

) ≤ r1/α(t)
r1/α

(
ρ(t)

)z′(t). (2.29)

Thus, by (2.20) and (2.27), we get

υ′(t) ≤ −
[
ζ0(t) + ζ1(t)zβ−α

(
ρ(t)

)
+ ζ2(t)zγ−α

(
ρ(t)

)] − αρ′(t)
r1/α

(
ρ(t)

)(−υ(t))(α+1)/α. (2.30)

Set

a :=
[
k1ζ1(t)zβ−α

(
ρ(t)

)]1/k1
, b :=

[
k2ζ2(t)zγ−α

(
ρ(t)

)]1/k2 , p := k1, q := k2. (2.31)

Using Young’s inequality (2.15), we obtain

ζ1(t)zβ−α
(
ρ(t)

)
+ ζ2(t)zγ−α

(
ρ(t)

) ≥ [k1ζ1(t)]1/k1[k2ζ2(t)]1/k2 . (2.32)

Hence, from (2.30), we have

υ′(t) ≤ −
[
ζ0(t) + [k1ζ1(t)]1/k1[k2ζ2(t)]1/k2

]
− αρ′(t)
r1/α

(
ρ(t)

)(−υ(t))(α+1)/α, (2.33)

that is,

υ′(t) +
[
ζ0(t) + [k1ζ1(t)]1/k1[k2ζ2(t)]1/k2

]
+

αρ′(t)
r1/α

(
ρ(t)

) (−υ(t))(α+1)/α ≤ 0, t ≥ t1. (2.34)
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Multiplying (2.34) by δα(t) and integrating it from t1 to t implies that

δα(t)υ(t) − δα(t1)υ(t1) + α
∫ t

t1

r−1/α(ρ(s))ρ′(s)δα−1(s)υ(s)ds

+
∫ t

t1

[
ζ0(s) + [k1ζ1(s)]1/k1[k2ζ2(s)]1/k2

]
δα(s)ds

+ α
∫ t

t1

δα(s)ρ′(s)
r1/α

(
ρ(s)

) (−υ(s))(α+1)/αds ≤ 0.

(2.35)

Set p := (α + 1)/α, q := α + 1, and

a := (α + 1)α/(α+1)δα
2/(α+1)(t)υ(t), b :=

α

(α + 1)α/(α+1)
δ−1/(α+1)(t). (2.36)

Using Young’s inequality (2.15), we get

−αδα−1(t)υ(t) ≤ αδα(t)(−υ(t))(α+1)/α +
( α

α + 1

)α+1 1
δ(t)

. (2.37)

Thus,

−αρ
′(t)δα−1(t)υ(t)
r1/α

(
ρ(t)

) ≤ αρ′(t)δ
α(t)(−υ(t))(α+1)/α

r1/α
(
ρ(t)

) + ρ′(t)
( α

α + 1

)α+1 1
δ(t)r1/α

(
ρ(t)

) . (2.38)

Therefore, (2.35) yields

δα(t)υ(t) ≤ δα(t1)υ(t1),

−
∫ t

t1

{[
ζ0(s) + [k1ζ1(s)]1/k1[k2ζ2(s)]1/k2

]
δα(s) −

( α

α + 1

)α+1 ρ′(s)
δ(s)r1/α

(
ρ(s)

)
}

ds.

(2.39)

Letting t → ∞ in the above inequality, by (2.3), we get a contradiction with (2.25). This
completes the proof of Theorem 2.1.

From Theorem 2.1, when ρ(t) = t, we have the following result.

Corollary 2.2. Assume that (1.3) holds, p′(t) ≥ 0, and τi(t) ≤ t − σ, i = 0, 1, 2. If for all sufficiently
large t1 such that (2.2) holds and

∫∞{[
h0(t) + [k1h1(t)]1/k1[k2h2(t)]1/k2

]
πα(t) −

( α

α + 1

)α+1 1
π(t)r1/α(t)

}
dt =∞, (2.40)

then (1.1) is oscillatory.

IEEE eXpress Sample eBook, page 584



10 Abstract and Applied Analysis

Theorem 2.3. Assume that (1.3) holds, p′(t) ≥ 0, and there exists ρ ∈ C1([t0,∞),�), such that
ρ(t) ≥ t, ρ′(t) > 0, τi(t) ≤ ρ(t) − σ, i = 0, 1, 2. If for all sufficiently large t1 such that (2.2) holds and

∫∞[
ζ0(t) + [k1ζ1(t)]1/k1[k2ζ2(t)]1/k2

]
δα+1(t)dt =∞, (2.41)

then (1.1) is oscillatory.

Proof. Suppose to the contrary that u is a nonoscillatory solution of (1.1). Without loss of
generality, we may assume that u(t) > 0 for all large t. The case of u(t) < 0 can be considered
by the same method. From (1.1) and (1.3), we can easily obtain that there exists a t1 ≥ t0 such
that (2.4) or (2.5) holds.

If (2.4) holds, proceeding as in the proof of Theorem 2.1, we obtain a contradiction
with (2.2).

If (2.5) holds, we proceed as in the proof of Theorem 2.1, then we get (2.25) and (2.34).
Multiplying (2.34) by δα+1(t) and integrating it from t1 to t implies that

δα+1(t)υ(t) − δα+1(t1)υ(t1) + (α + 1)
∫ t

t1

r−1/α(ρ(s))ρ′(s)δα(s)υ(s)ds

+
∫ t

t1

[
ζ0(s) + [k1ζ1(s)]1/k1[k2ζ2(s)]1/k2

]
δα+1(s)ds

+ α
∫ t

t1

δα+1(s)ρ′(s)
r1/α

(
ρ(s)

) (−υ(s))(α+1)/αds ≤ 0.

(2.42)

In view of (2.25), we have −υ(t)δα+1(t) ≤ δ(t) <∞, t → ∞. From (1.3), we get

∫ t

t1

−r−1/α(ρ(s))ρ′(s)δα(s)υ(s)ds ≤
∫ t

t1

r−1/α(ρ(s))ρ′(s)ds =
∫ρ(t)

ρ(t1)
r−1/α(u)du < ∞, t −→ ∞,

∫ t

t1

δα+1(s)ρ′(s)
r1/α

(
ρ(s)

) (−υ(s))(α+1)/αds ≤
∫ρ(t)

ρ(t1)
r−1/α(u)du <∞, t −→ ∞.

(2.43)

Letting t → ∞ in (2.42) and using the last inequalities, we obtain

∫∞[
ζ0(t) + [k1ζ1(t)]1/k1[k2ζ2(t)]1/k2

]
δα+1(t)dt <∞, (2.44)

which contradicts (2.41). This completes the proof of Theorem 2.3.

From Theorem 2.3, when ρ(t) = t, we have the following result.
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Corollary 2.4. Assume that (1.3) holds, p′(t) ≥ 0, τi(t) ≤ t − σ, i = 0, 1, 2. If for all sufficiently large
t1 such that (2.2) holds and

∫∞[
h0(t) + [k1h1(t)]1/k1[k2h2(t)]1/k2

]
πα+1(t)dt = ∞, (2.45)

then (1.1) is oscillatory.

Theorem 2.5. Assume that (1.3) holds, p′(t) ≥ 0, and there exists ρ ∈ C1([t0,∞),�), such that
ρ(t) ≥ t, ρ′(t) > 0, τi(t) ≤ ρ(t) − σ, i = 0, 1, 2. If for all sufficiently large t1 such that (2.2) holds and

∫∞
t1

r−1/α(v)

[∫v

t1

ϕ(u)du

]1/α

dv = ∞, (2.46)

then (1.1) is oscillatory.

Proof. Suppose to the contrary that u is a nonoscillatory solution of (1.1). Without loss of
generality, we may assume that u(t) > 0 for all large t. The case of u(t) < 0 can be considered
by the same method. From (1.1) and (1.3), we can easily obtain that there exists a t1 ≥ t0 such
that (2.4) or (2.5) holds.

If (2.4) holds, proceeding as in the proof of Theorem 2.1, we obtain a contradiction
with (2.2).

If (2.5) holds, we proceed as in the proof of Theorem 2.1, and we get (2.21). Dividing
(2.21) by r1/α(s) and integrating it from ρ(t) to l, letting l → ∞, yields

z
(
ρ(t)

) ≥ −r1/α(t)z′(t)
∫∞
ρ(t)

r−1/α(s)ds = −r1/α(t)z′(t)δ(t) ≥ −r1/α(t1)z′(t1)δ(t) := aδ(t).

(2.47)

By (1.1), we have

(
r(t)

(−z′(t))α)′ = q0(t)uα(τ0(t)) + q1(t)uβ(τ1(t)) + q2(t)uγ(τ2(t)). (2.48)

Noticing that p′(t) ≥ 0, from [10, Theorem 2.3], we see that u′(t) ≤ 0 for t ≥ t1, so by τi(t) ≤
ρ(t) − σ, i = 0, 1, 2, we get

u(τi(t))
z
(
ρ(t)

) =
u(τi(t))

u
(
ρ(t)

)
+ p

(
ρ(t)

)
u
(
ρ(t) − σ)

=
1(

u
(
ρ(t)

)
/u(τi(t))

)
+ p

(
ρ(t)

)(
u
(
ρ(t) − σ)/u(τi(t))) ≥

1
1 + p

(
ρ(t)

) .
(2.49)

Hence, we obtain

(
r(t)

(−z′(t))α)′ ≥ bϕ(t), (2.50)
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where b = min{aα, aβ, aγ}. Integrating the above inequality from t1 to t, we have

r(t)
(−z′(t))α ≥ r(t1)(−z′(t1))α + b

∫ t

t1

ϕ(u)du ≥ b
∫ t

t1

ϕ(u)du. (2.51)

Integrating the above inequality from t1 to t, we obtain

z(t1) − z(t) ≥ b1/α
∫ t

t1

r−1/α(v)

[∫v

t1

ϕ(u)du

]1/α

dv, (2.52)

which contradicts (2.46). This completes the proof of Theorem 2.5.

3. Examples

In this section, three examples are worked out to illustrate the main results.

Example 3.1. Consider the second-order neutral delay differential equation (1.8), where λ > 0
is a constant.

Let r(t) = e2t, p(t) = 1/2, σ = 2, q0(t) = λ(2e2t + e2t+2)/2, α = 1, τ0(t) = t − 1, q1(t) =
q2(t) = 0, and τ(t) = τ0(t), then

R(t) =
∫ t

t0

1
r1/α(s)

ds =

(
e−2t0 − e−2t)

2
,

ξ(t) = r1/α(τ(t))
∫ t

t1

(
1

r(τ(s))

)1/α

τ ′(s)ds =

(
e2(t−t1) − 1

)
2

,

Q0(t) =
q0(t)

2
=
λ
(
2e2t + e2t+2)

4
, ζ0(t) =

2q0(t)
3

=
λ
(
2e2t + e2t+2)

3
.

(3.1)

Setting ρ(t) = t + 1, we have τ0(t) = t − 1 ≤ ρ(t) − σ, δ(t) = e−2t−2/2. Therefore, for all
sufficiently large t1,

∫∞{
Rα(τ(t))

[
Q0(t) + [k1Q1(t)]1/k1[k2Q2(t)]1/k2

]
− ατ

′(t)Rα−1(τ(t))r1−1/α(τ(t))
ξα(t)

}
dt =∞,

∫∞{[
ζ0(t) + [k1ζ1(t)]1/k1[k2ζ2(t)]1/k2

]
δα(t) −

( α

α + 1

)α+1 ρ′(t)
δ(t)r1/α

(
ρ(t)

)
}

dt

=
∫∞ λ

(
2e−2 + 1

) − 3
6

dt = ∞
(3.2)

if λ > 3/(2e−2 + 1). Hence, by Theorem 2.1, (1.8) is oscillatory when λ > 3/(2e−2 + 1).
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Note that [11, Theorem 2.1] and [11, Theorem 2.2] cannot be applied in (1.8), since
τ0(t) > t − 2. On the other hand, applying [11, Theorem 3.2] to that (1.8), we obtain that (1.8)
is oscillatory if λ > 3/(e−2 + 2e−4). So our results improve the results in [11].

Example 3.2. Consider the second-order neutral delay differential equation

(
et
(
u(t) +

1
2
u
(
t − π

4

))′)′
+ 12
√

65etu

(
t − 1

8
arcsin

√
65

65

)
= 0, t ≥ t0. (3.3)

Let r(t) = et, p(t) = 1/2, σ = π/4, q0(t) = 12
√

65et, q1(t) = q2(t) = 0, α = 1, τ0(t) =
t − (arcsin

√
65/65)/8, ρ(t) = t + π/4, and τ(t) = t − π/4, then

R(t) =
∫ t

t0

1
r1/α(s)

ds = e−t0 − e−t, ξ(t) = r1/α(τ(t))
∫ t

t1

(
1

r(τ(s))

)1/α

τ ′(s)ds = et−t1 − 1,

Q0(t) =
q0(t)

2
= 6
√

65et, ζ0(t) =
2q0(t)

3
= 8
√

65et, δ(t) = e−t−π/4.

(3.4)

Therefore, for all sufficiently large t1,

∫∞{
Rα(τ(t))

[
Q0(t) + [k1Q1(t)]1/k1[k2Q2(t)]1/k2

]
− ατ

′(t)Rα−1(τ(t))r1−1/α(τ(t))
ξα(t)

}
dt =∞,

∫∞{[
ζ0(t) + [k1ζ1(t)]1/k1[k2ζ2(t)]1/k2

]
δα(t) −

( α

α + 1

)α+1 ρ′(t)
δ(t)r1/α

(
ρ(t)

)
}

dt

=
∫∞(

8
√

65e−π/4 − 1
4

)
dt = ∞.

(3.5)

Hence, by Theorem 2.1, (3.3) oscillates. For example, u(t) = sin 8t is a solution of (3.3).

Example 3.3. Consider the second-order neutral differential equation

(
etz′(t)

)′ + e2λ∗tu(λ0t) + q1(t)u1/3(λ1t) + q2(t)u5/3(λ2t) = 0, t ≥ t0, (3.6)

where z(t) = u(t) + u(t − 1)/2, λi > 0 for i = 0, 1, 2, are constants, q1(t) > 0, q2(t) > 0 for t ≥ t0.
Let r(t) = et, σ = 1, q0(t) = e2λ∗t, λ∗ = max{λ0, λ1, λ2}, τi(t) = λit, τ(t) = λt, 0 < λ <

min{λ0, λ1, λ2, 1}, ρ(t) = λ∗t + 1, α = 1, β = 1/3, and γ = 5/3, then k1 = k2 = 2,

R(t) =
∫ t

t0

1
r1/α(s)

ds = e−t0 − e−t,

ξ(t) = r1/α(τ(t))
∫ t

t1

(
1

r(τ(s))

)1/α

τ ′(s)ds = eλ(t−t1) − 1, δ(t) = e−λ∗t−1.

(3.7)
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It is easy to see that (2.2) and (2.41) hold for all sufficiently large t1. Hence, by Theorem 2.3,
(3.6) is oscillatory.

4. Conclusions

In this paper, we consider the oscillatory behavior of second-order neutral functional
differential equation (1.1). Our results can be applied to the case when τi(t) > t, i = 0, 1, 2;
these results improve the results given in [6, 7, 10, 11].
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Oscillation criteria obtained by Kusano and Onose (1973) and by Belohorec (1969) are
extended to second-order sublinear impulsive differential equations of Emden-Fowler type:
x′′(t) + p(t)|x(τ(t))|α−1x(τ(t)) = 0, t /= θk ; Δx′(t)|t=θk + qk |x(τ(θk))|α−1x(τ(θk)) = 0; Δx(t)|t=θk = 0,
(0 < α < 1) by considering the cases τ(t) ≤ t and τ(t) = t, respectively. Examples are inserted to
show how impulsive perturbations greatly affect the oscillation behavior of the solutions.

1. Introduction

We deal with second-order sublinear impulsive differential equations of the form

x′′(t) + p(t)|x(τ(t))|α−1x(τ(t)) = 0, t /= θk,

Δx′(t)
∣∣
t=θk

+ qk|x(τ(θk))|α−1x(τ(θk)) = 0,

Δx(t)|t=θk = 0,

(1.1)

where 0 < α < 1, t ≥ t0, and k ≥ k0 for some t0 ∈ �+ and k0 ∈ �, {θk} is a strictly increasing
unbounded sequence of positive real numbers,

Δz(t)|t=θ := z(θ+) − z(θ−), z
(
θ∓

)
:= lim

t→ θ∓
z(t). (1.2)

Let PLC(J, R) denote the set of all real-valued functions u defined on J such that u is
continuous for all t ∈ J except possibly at t = θk where u(θ±k) exists and u(θk) := u(θ−k).
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We assume in the sequel that

(a) p ∈ PLC([t0,∞),�),

(b) {qk} is a sequence of real numbers,

(c) τ ∈ C([t0,∞),�+), τ(t) ≤ t, limt→∞τ(t) =∞.

By a solution of (1.1) on an interval J ⊂ [t0,∞), we mean a function x(t) which is
defined on J such that x, x′, x′′ ∈ PLC(J) and which satisfies (1.1). Because of the requirement
Δx(t)|t=θk = 0 every solution of (1.1) is necessarily continuous.

As usual we assume that (1.1) has solutions which are nontrivial for all large t. Such a
solution of (1.1) is called oscillatory if it has no last zero and nonoscillatory otherwise.

In case there is no impulse, (1.1) reduces to Emden-Fowler equation with delay

x′′(t) + p(t)|x(τ(t))|α−1x(τ(t)) = 0, 0 < α < 1, (1.3)

and without delay

x′′ + p(t)|x|α−1x = 0, 0 < α < 1. (1.4)

The problem of oscillation of solutions of (1.3) and (1.4) has been considered by many
authors. Kusano and Onose [1] see also [2, 3] proved the following necessary and sufficient
condition for oscillation of (1.3).

Theorem 1.1. If p(t) ≥ 0, then a necessary and sufficient condition for every solution of (1.3) to be
oscillatory is that

∫∞
[τ(t)]αp(t)dt = ∞. (1.5)

The condition p(t) ≥ 0 is required only for the sufficiency part, and no similar criteria is
available for p(t) changing sign, except in the case τ(t) = t. Without imposing a sign condition
on p(t), Belohorec [4] obtained the following sufficient condition for oscillation of (1.4).

Theorem 1.2. If

∫∞
tβp(t)dt =∞ (1.6)

for some β ∈ [0, α], then every solution of (1.4) is oscillatory.

Compared to the large body of papers on oscillation of differential equations, there
is only little known about the oscillation of impulsive differential equations; see [5–7] for
equations with delay and [8–13] for equations without delay. For some applications of such
equations, we may refer to [14–18]. The books [19, 20] are good sources for a general theory
of impulsive differential equations.

The object of this paper is to extend Theorems 1.1 and 1.2 to impulsive differential
equations of the form (1.1). The results show that the impulsive perturbations may greatly
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change the oscillatory behavior of the solutions. A nonoscillatory solution of (1.3) or (1.4)
may become oscillatory under impulsive perturbations.

The following two lemmas are crucial in the proof of our main theorems. The first
lemma is contained in [21] and the second one is extracted from [22].

Lemma 1.3. If each Ai is continuous on [a, b], then

∫b

a

∑
s≤θi<b

Ai(s)ds =
∑

a≤θi<b

∫θi

a

Ai(s)ds. (1.7)

Lemma 1.4. Fix J = [a, b], let u, λ ∈ C(J,�+), h ∈ C(�+ ,�+), and c ∈ �+ , and let {λk} a sequence
of positive real numbers. If u(J) ⊂ I ⊂ �+ and

u(t) ≤ c +
∫ t

a

λ(s)h(u(s))ds +
∑

a<θk<t

λkh(u(θk)), t ∈ J, (1.8)

then

u(t) ≤ G−1

{
G(c) +

∫ t

a

λ(s)ds +
∑

a<θk<t

λk

}
, t ∈ [

a, β
)
, (1.9)

where

G(u) =
∫u

u0

dx

h(x)
, u, u0 ∈ I,

β = sup

{
ν ∈ J : G(c) +

∫ t

a

λ(s)ds +
∑

a<θk<t

λk ∈ G(I), a ≤ t ≤ ν
}
.

(1.10)

2. The Main Results

We first establish a necessary and sufficient condition for oscillation of solutions of (1.1) when
τ(t) ≤ t.

Theorem 2.1. If

∫∞
[τ(t)]α

∣∣p(t)∣∣dt + ∞∑
[τ(θk)]α

∣∣qk∣∣ <∞, (2.1)

then (1.1) has a solution x(t) satisfying

lim
t→∞

x(t)
t

= a/= 0. (2.2)
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Proof. Choose t1 ≥ max{1, t0}. In view of Lemma 1.3 by integrating (1.1) twice from t0 to t,
we obtain

x(t) = x(t1) − x′(t1)(t − t1) −
∑

t1≤θk<t
qk|x(τ(θk))|α−1x((τ(θk)))(t − θk)

−
∫ t

t1

(t − s)p(s)|x(τ(s))|α−1x((τ(s)))ds, t ≥ t1.
(2.3)

Set

u(t) = c +
∑

t1≤θk<t

∣∣qk∣∣|x(τ(θk))|α +
∫ t

t1

∣∣p(s)∣∣|x(τ(s))|α ds, t ≥ t1, (2.4)

where c = |x(t1)| + |x′(t1)|. Then

|x(t)| ≤ tu(t), t ≥ t1. (2.5)

Let t2 ≥ t1 be such that τ(t) ≥ t1 for all t ≥ t2. Replacing t by τ(t) in (2.5) and using the increas-
ing character of u(t), we see that

|x(τ(t))| ≤ τ(t)u(t), t ≥ t2. (2.6)

From (2.4), we also see that

u′(t) =
∣∣p(t)∣∣|x(τ(t))|α, t /= θk, (2.7)

Δu(t)|t=θk =
∣∣qk∣∣|x(τ(θk))|α (2.8)

for t ≥ t2 and θk ≥ t2. Now, in view of (2.6) and (2.8), an integration of (2.7) from t2 to t leads
to

u(t) ≤ c +
∫ t

t2

∣∣p(s)∣∣[τ(s)]α[u(s)]αds + ∑
t2≤θk<t

∣∣qk∣∣[τ(θk)]α[u(θk)]α. (2.9)

Applying Lemma 1.4 with

h(x) = xα, λ(s) =
∣∣p(s)∣∣[τ(s)]α, λk =

∣∣qk∣∣[τ(θk)]α, (2.10)

we easily see that

u(t) ≤ G−1

{
G(c) +

∫ t

t2

∣∣p(s)∣∣[τ(s)]αds + ∑
t2≤θk<t

∣∣qk∣∣[τ(θk)]α
}
. (2.11)
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Since

G(u) =
u1−α

1 − α −
u1−α

0

1 − α, G−1(u) =
[
(1 − α)u + u1−α

0

]1/(1−α)
, (2.12)

the inequality (2.11) becomes

u(t) ≤
[
c1−α + (1 − α)

∫ t

t1

∣∣p(s)∣∣[τ(s)]αds + (1 − α)
∑

t1≤θk<t

∣∣qk∣∣[τ(θk)]α
]1/(1−α)

, (2.13)

from which, on using (2.1), we have

u(t) ≤ c1, t ≥ t2, (2.14)

where

c1 =

[
c1−α + (1 − α)

∫∞
t1

∣∣p(s)∣∣[τ(s)]αds + (1 − α)
∑

t1≤θk<∞

∣∣qk∣∣[τ(θk)]α
]1/(1−α)

. (2.15)

In view of (2.5), (2.6), and (2.14) we see that

|x(t)| ≤ c1t, |x(τ(t))| ≤ c1τ(t), t ≥ t2. (2.16)

To complete the proof it suffices to show that x′(t) approaches a nonzero limit as t
tends to∞. To see this we integrate (1.1) from t2 to t to get

x′(t) = x′(t1) −
∫ t

t2

p(s)|x(τ(s))|α−1x(τ(s))ds −
∑

t2≤θk<t
qk|x(τ(θk))|α−1x(τ(θk)). (2.17)

Employing (2.16) we have

∫∞
t2

∣∣p(s)x(τ(s))∣∣αds ≤ cα1
∫∞
t2

∣∣p(s)∣∣[τ(s)]αds < ∞,
∑

t2≤θk<∞

∣∣qkx(τ(θk))∣∣α ≤ cα1
∑

t2≤θk<∞

∣∣qk∣∣[τ(θk)]α < ∞.
(2.18)

Therefore, limt→∞x′(t) = L exists. Clearly, we can make L/= 0 by requiring that

x′(t2) > cα1

[∫∞
t2

∣∣p(s)∣∣[τ(s)]αds + ∑
t2≤θk<∞

∣∣qk∣∣[τ(θk)]α
]
, (2.19)

which is always possible by arranging t2.
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Theorem 2.2. Suppose that p and {qk} are nonnegative. Then every solution of (1.1) is oscillatory if
and only if

∫∞
[τ(t)]αp(t)dt +

∞∑
[τ(θk)]αqk = ∞. (2.20)

Proof. Let (2.20) fail to hold. Then, by Theorem 2.1 we see that there is a solution x(t) which
satisfies (2.2). Clearly, such a solution is nonoscillatory. This proves the necessity.

To show the sufficiency, suppose that (2.20) is valid but there is a nonoscillatory
solution x(t) of (1.1). We may assume that x(t) is eventually positive; the case x(t) being
eventually negative is similar. Clearly, there exists t1 ≥ t0 such that x(τ(t)) > 0 for all t ≥ t1.
From (1.1), we have that

x′′(t) ≤ 0 for t ≥ t1, t /= θk. (2.21)

Thus, x′(t) is decreasing on every interval not containing t = θk. From the impulse conditions
in (1.1), we also have Δx′(θk) ≤ 0. Therefore, we deduce that x′(t) is nondecreasing on [t1,∞).

We may claim that x′(t) is eventually positive. Because if x′(t) < 0 eventually, then x(t)
becomes negative for large values of t. This is a contradiction.

It is now easy to show that

x(t) ≥ (t − t1)x′(t), t ≥ t1. (2.22)

Therefore,

x(t) ≥ t

2
x′(t), t ≥ t2 = 2t1. (2.23)

Let t3 ≥ t2 be such that τ(t) ≥ t2 for t ≥ t3. Using (2.23) and the nonincreasing character of
x′(t), we have

x(τ(t)) ≥ τ(t)
2
x′(t), t ≥ t3, (2.24)

and so, by (1.1),

x′′(t) + 2−αp(t)[τ(t)]α
[
x′(t)

]α ≤ 0, t /= θk. (2.25)

Dividing (2.25) by [x′(t)]α and integrating from t3 to t, we obtain

∑
t3≤θk<t

{[
x′(θk)

]1−α − [x′(θk) − qk[x(τ(θk))]α]1−α}

+
[
x′(t)

]1−α − [x′(t3)]1−α + (1 − α)2−α
∫ t

t3

[τ(t)]αp(s)ds ≤ 0

(2.26)
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which clearly implies that

∑
t3≤θk<t

ak + (1 − α)2−α
∫ t

t3

[τ(t)]αp(s)ds ≤ [
x′(t3)

]1−α
, (2.27)

where

ak =
[
x′(θk)

]1−α
[

1 −
(

1 − qk[x(τ(θk))]
α

x′(θk)

)]1−α
. (2.28)

Since 1 − (1 − u)1−α ≥ (1 − α)u for u ∈ (0,∞) and 0 < α < 1, by taking

u =
qk[x(τ(θk))]α

x′(θk)
, (2.29)

we see from (2.28) that

ak ≥ (1 − α)qk[x(τ(θk))]
α

[x′(θk)]α
. (2.30)

But, (2.24) gives

x(τ(θk)) ≥ τ(θk)
2

x′(τ(θk)) ≥ τ(θk)2
x′(θk), (2.31)

and hence

ak ≥ (1 − α)2−α[τ(θk)]αqk. (2.32)

Finally, (2.27) and (2.32) result in

∫∞
t3

[τ(t)]αp(t)dt +
∑

t3<θk<∞
[τ(θk)]αqk <∞, (2.33)

which contradicts (2.20). The proof is complete.

Example 2.3. Consider the impulsive delay differential equation

x′′(t) + (t − 1)−2|x(t − 1)|−1/2x(t − 1) = 0, t /=k,

Δx′(t)
∣∣
t=k + (k − 1)−1|x(k − 1)|−1/2x(k − 1) = 0,

Δx(t)|t=k = 0,

(2.34)

where t ≥ 2 and i ≥ 2.
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We see that τ(t) = t − 1, α = 1/2, p(t) = (t − 1)−2, and qk = (k − 1)−1, θk = k. Since

∫∞
(t − 1)−3/2dt +

∞∑
(k − 1)−1/2 =∞, (2.35)

applying Theorem 2.2 we conclude that every solution of (2.34) is oscillatory.
We note that if the equation is not subject to any impulse condition, then, since

∫∞
(t − 1)−5/2dt < ∞, (2.36)

the equation

x′′(t) + (t − 1)−2|x(t − 1)|−1/2x(t − 1) = 0 (2.37)

has a nonoscillatory solution by Theorem 1.1.

Let us now consider (1.1) when τ(t) = t. That is,

x′′ + p(t)|x|α−1x = 0, t /= θk,

Δx′
∣∣
t=θk

+ qk|x|α−1x = 0,

Δx|t=θk = 0,

(2.38)

where 0 < α < 1 and p qk are given by (a) and (b).
The following theorem is an extension of Theorem 1.2. Note that no sign condition is

imposed on p(t) and {qk}.

Theorem 2.4. If

∫∞
tβp(t)dt +

∞∑
θ
β

k
qk =∞ (2.39)

for some β ∈ [0, α], then every solution of (2.38) is oscillatory.

Proof. Assume on the contrary that (2.38) has a nonoscillatory solution x(t) such that x(t) > 0
for all t ≥ t0 for some t0 ≥ 0. The proof is similar when x(t) is eventually negative. We set

w(t) =
(
t−1x(t)

)1−α
, t ≥ t0. (2.40)

It is not difficult to see that

w′(t) = (α − 1)tα−2[x(t)]1−α + (1 − α)tα−1[x(t)]−αx′(t), t /= θk, (2.41)
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and hence

Δw′
∣∣
t=θk

= (1 − α)qkθα−1
k . (2.42)

From (2.41), we have

tβ−1−α
(
t2w′(t)

)′
= (1 − α)tβx′′(t)x−α(t)

− α(1 − α)tβ−2x−α−1(t)
[
tx′(t) − x(t)]2

,

(2.43)

and so

tβ−1−α
(
t2w′(t)

)′
≤ (1 − α)tβp(t), t /= θk. (2.44)

In view of (2.42), by a straightforward integration of (2.44), we have

∫ t

t0

sβ−1−α
(
s2w′(s)

)′
ds = sβ−1−αs2w′(s)

∣∣∣t
t0
−

∑
t0≤θk<t

Δ
(
tβ−α+1w′(t)

)∣∣∣
t=θk

−
∫ t

t0

(
β − 1 − α)sβ−αw′(s)ds

= tβ−α+1w′(t) − tβ−α+1
0 w′(t0) −

∑
t0≤θk<t

(1 − α)qkθβk

−(β − α − 1
)[
sβ−αw(s)

]∣∣∣t
t0

+
(
β − α)(β − α − 1

) ∫ t

t0

sβ−1−αw(s)ds,

(2.45)

which combined with (2.44) leads to

tβ−α+1w′(t) ≤ tβ−α+1
0 w′(t0) −

(
β − α + 1

)
t
β−α
0 w(t0)

+ (1 − α)
[ ∑
t0≤θk<t

θ
β

k
qk +

∫ t

t0

sβp(s)ds

]
.

(2.46)

Finally, by using (2.39) in the last inequality, we see that there is a t1 > t0 such that

w′(t) ≤ −tα−β−1, t ≥ t1, (2.47)

which, however, implies that w(t) → −∞ as t → ∞, a contradiction with x(t) > 0. The proof
is complete.
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Example 2.5. Consider the impulsive differential equation

x′′ + t−7/3|x|−1/2x = 0, t /=k,

Δx′
∣∣
t=k + k

−1/6|x|−1/2x = 0,

Δx|t=k = 0,

(2.48)

where t ≥ 1 and i ≥ 1.
We have that p(t) = t7/3, α = 1/2, and qk = k−1/6, θk = k. Taking β = 1/3 we see from

(2.38) that

∫∞
t−2dt +

∞∑
k−1/3 = ∞. (2.49)

Since the conditions of Theorem 2.4 are satisfied, every solution of (2.48) is oscillatory.
Note that if the impulses are absent, then, since

∫∞
t−2dt <∞, (2.50)

the equation

x′′ + t−7/3|x|−1/2x = 0 (2.51)

is oscillatory by Theorem 1.2.
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We study the existence of oscillatory periodic solutions for two nonautonomous differential-
difference equations which arise in a variety of applications with the following forms: ẋ(t) =
−f(t, x(t − r)) and ẋ(t) = −f(t, x(t − s)) − f(t, x(t − 2s)), where f ∈ C(� ×�,�) is odd with respect
to x, and r, s > 0 are two given constants. By using a symplectic transformation constructed by
Cheng (2010) and a result in Hamiltonian systems, the existence of oscillatory periodic solutions
of the above-mentioned equations is established.

1. Introduction and Statement of Main Results

Furumochi [1] studied the following equation:

ẋ(t) = a − sin(x(t − r)), (1.1)

with t ≥ 0, a ≥ 0, r > 0, which models phase-locked loop control of high-frequency generators
and is widely applied in communication systems. Obviously, (1.1) is a special case of the
following differential-difference equations:

ẋ(t) = −αf(x(t − r)), (1.2)

where α is a real parameter. In fact, a lot of differential-difference equations occurring widely
in applications and describing many interesting types of phenomena can also be written in
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2 Abstract and Applied Analysis

the form of (1.2) by making an appropriate change of variables. For example, the following
differential-difference equation:

ẋ(t) = −αx(t − 1)(1 + x(t)) (1.3)

arises in several applications and has been studied by many researchers. Equation (1.3) was
first considered by Cunningham [2] as a nonlinear growth model denoting a mathematical
description of a fluctuating population. Subsequently, (1.3) was proposed by Wright [3] as
occurring in the application of probability methods to the theory of asymptotic prime number
density. Jones [4] states that (1.3) may also describe the operation of a control system working
with potentially explosive chemical reactions, and quite similar equations arise in economic
studies of business cycles. Moreover, (1.3) and its similar ones were studied in [5] on ecology.

For (1.3), we make the following change of variables:

y = ln(1 + x). (1.4)

Then, (1.3) can be changed to the form of (1.2)

ẏ(t) = −f(y(t − 1)
)
, (1.5)

where f(y) = α(ey − 1).
Although (1.2) looks very simple on surface, Saupe’s results [6] of a careful numerical

study show that (1.2) displays very complex dynamical behaviour. Moreover, little of them
has been proved to the best of the author’s knowledge.

Due to a variety of applications, (1.2) attracts many authors to study it. In 1970s and
1980s of the last century, there has been a great deal of research on problems of the existence of
periodic solutions [1, 4, 7–10], slowly oscillating solutions [11], stability of solutions [12–14],
homoclinic solutions [15], and bifurcations of solutions [6, 16, 17] to (1.2).

Since, generally, the main tool used to conclude the existence of periodic solutions
is various fixed-point theorems, here we want to mention Kaplan and Yorke’s work on the
existence of oscillatory periodic solutions of (1.5) in [7]. In [7], they considered the following
equations:

ẋ(t) = −f(x(t − 1)),

ẋ(t) = −f(x(t − 1)) − f(x(t − 2)),
(1.6)

where f is continuous, xf(x) > 0 for x /= 0, and f satisfies some asymptotically linear
conditions at 0 and∞. The authors introduced a new technique for establishing the existence
of oscillatory periodic solutions of (1.6). They reduced the search for periodic solutions of
(1.6) to the problem of finding periodic solutions for a related systems of ordinary differential
equations. We will give more details about the reduction method in Section 2.

In 1990s of the last century and at the beginning of this century, some authors [18–
21] applied Kaplan and Yorke’s original ideas in [7] to study the existence and multiplicity
of periodic solutions of (1.2) with more than two delays. See also [22, 23] for some other
methods.
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The previous work mainly focuses on the autonomous differential-difference equation
(1.2). However, some papers [13, 24] contain some interesting nonautonomous differential
difference equations arising in economics and population biology where the delay r of (1.2)
depends on time t instead of a positive constant. Motivated by the lack of more results on
periodic solutions for nonautonomous differential-difference equations, in the present paper,
we study the following equations:

ẋ(t) = −f(t, x(t − r)), (1.7)

ẋ(t) = −f(t, x(t − s)) − f(t, x(t − 2s)), (1.8)

where f(t, x) ∈ C(� × �,�) is odd with respect to x and r = π/2, s = π/3. Here, we borrow
the terminology “oscillatory periodic solution” for (1.7) and (1.8) since f(t, x) is odd with
respect to x.

Now, we state our main results as follows.

Theorem 1.1. Suppose that f(t, x) ∈ C(�×�,�) is odd with respect to x and r-periodic with respect
to t. Suppose that

lim
x→ 0

f(t, x)
x

= ω0(t), lim
x→∞

f(t, x)
x

= ω∞(t) (1.9)

exist. Write α0 = (1/r)
∫ r

0 ω0(t)dt and α∞ = (1/r)
∫ r

0 ω∞(t)dt. Assume that

(H1) α0 /= ± k, α∞ /= ± k, for all k ∈ �+,

(H2) there exists at least an integer k0 with k0 ∈ �+ such that

min{α0, α∞} < ±k0 < max{α0, α∞}, (1.10)

then (1.7) has at least one nontrivial oscillatory periodic solution x satisfying x(t) = −x(t − π).

Theorem 1.2. Suppose that f(t, x) ∈ C(�×�,�) is odd with respect to x and s-periodic with respect
to t. Let ω0(t) and ω∞(t) be the two functions defined in Theorem 1.1. Write β0 = (1/s)

∫s
0 ω0(t)dt

and β∞ = (1/s)
∫s

0 ω∞(t)dt. Assume that

(H3) β0, 3β0 /= ± k, β∞, 3β∞ /= ± k, for all k ∈ �+,

(H4) there exists at least an integer k0 with k0 ∈ �+ such that

min
{
β0, β∞

}
< ±k0 < max

{
β0, β∞

}
(1.11)

or

min
{
β0, β∞

}
< ±k0

3
< max

{
β0, β∞

}
, (1.12)

then (1.8) has at least one nontrivial oscillatory periodic solution x satisfying x(t) = −x(t − π).

IEEE eXpress Sample eBook, page 604



4 Abstract and Applied Analysis

Remark 1.3. Theorems 1.1 and 1.2 are concerned with the existence of periodic solutions
for nonautonomous differential-difference equations (1.7) and (1.8). Therefore, our results
generalize some results obtained in the references. We will use a symplectic transformation
constructed in [25] and a theorem of [26] to prove our main results.

2. Proof of the Main Results

Consider the following nonautonomous Hamiltonian system:

ż(t) = J∇zH(t, z), (2.1)

where J =
(

0 −IN
IN 0

)
is the standard symplectic matrix, IN is the identity matrix in �

N ,

∇zH(t, z) denotes the gradient of H(t, z) with respect to z, and H ∈ C1(� × �2N ,�) is the
Hamiltonian function. Suppose that there exist two constant symmetric matrices h0 and h∞
such that

∇zH(t, z) − h0z = o(|z|), as |z| −→ 0,

∇zH(t, z) − h∞z = o(|z|), as |z| −→ ∞.
(2.2)

We call the Hamiltonian system (2.1) asymptotically linear both at 0 and ∞ with constant
coefficients h0 and h∞ because of (2.2).

Now, we show that the reduction method in [7] can be used to study oscillatory
periodic solutions of (1.7) and (1.8). More precisely, let x(t) be any solution of (1.7) satisfying
x(t) = −x(t − 2r). Let x1(t) = x(t),x2(t) = x(t − r), then X(t) = (x1(t), x2(t))� satisfies

d

dt
X(t) = A2Φ1(t, X(t)), where A2 =

(
0 −1

1 0

)
, (2.3)

and Φ1(t, X) = (f(t, x1), f(t, x2))
�. What is more, if X(t) is a solution of (2.3) with the follow-

ing symmetric structure

x1(t) = −x2(t − r), x2(t) = x1(t − r), (2.4)

then x(t) = x1(t) gives a solution to (1.7) with the property x(t) = −x(t − 2r). Thus, solving
(1.7) within the class of the solutions with the symmetry x(t) = −x(t − 2r) is equivalent to
finding solutions of (2.3) with the symmetric structure (2.4).

Since A2 is indeed the standard symplectic matrix in the plane �2 , the system (2.3) can
be written as the following Hamiltonian system:

ẏ(t) = A2∇yH
∗(t, y), (2.5)

where H∗(t, y) =
∫y1

0 f(t, x)dx +
∫y2

0 f(t, x)dx for each y = (y1, y2)
� ∈ �2 .
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From the assumptions of Theorem 1.1, we have

f(t, x) = ω0(t)x + o(|x|) as |x| −→ 0,

f(t, x) = ω∞(t)x + o(|x|) as |x| −→ ∞.
(2.6)

Hence, the gradient of the Hamiltonian function H∗(t, y) satisfies

∇yH
∗(t, y) = ω0(t)y + o

(∣∣y∣∣) as
∣∣y∣∣ −→ 0,

∇yH
∗(t, y) = ω∞(t)y + o

(∣∣y∣∣) as
∣∣y∣∣ −→ ∞. (2.7)

By (2.7), according to [25], there is a symplectic transformation y = Ψ1(t, z) under
which the Hamiltonian system (2.5) can be transformed to the following Hamiltonian system:

ż(t) = A2∇zH̃(t, z), (2.8)

satisfying

∇zH̃(t, z) = α0I2z + o(|z|) as |z| −→ 0,

∇zH̃(t, z) = α∞I2z + o(|z|) as |z| −→ ∞,
(2.9)

where α0 and α∞ are two constants defined in Theorem 1.1.
By (2.9), we have the following.

Lemma 2.1. The Hamiltonian system (2.8) is asymptotically linear both at 0 and ∞ with constant
coefficients α0I2 and α∞I2.

Let x(t) be any solution of (1.8) satisfying x(t) = −x(t − 3s). Let x1(t) = x(t), x2(t) =
x(t − s), and x3(t) = x(t − 2s), then Y(t) = (x1(t), x2(t), x3(t))� satisfies

d

dt
Y(t) = A3Φ2(t, Y(t)), where A3 =

⎛
⎜⎜⎝

0 −1 −1

1 0 −1

1 1 0

⎞
⎟⎟⎠, (2.10)

and Φ2(t, Y) = (f(t, x1), f(t, x2), f(t, x3))�.
Following the ideas in [18], (2.10) can be reduced to a two-dimensional Hamiltonian

system

ẏ(t) = A2∇yH
∗∗(t, y), (2.11)

where H∗∗(t, y) =
∫y1

0 f(t, x)dx +
∫y2

0 f(t, x)dx +
∫y2−y1

0 f(t, x)dx for each y = (y1, y2)
� ∈ �2 .
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From the assumptions of Theorem 1.1, (2.6), the gradient of the Hamiltonian function
H∗∗(t, y) satisfies

∇yH
∗∗(t, y) = ω0(t)My + o

(∣∣y∣∣) as
∣∣y∣∣ −→ 0,

∇yH
∗∗(t, y) = ω∞(t)My + o

(∣∣y∣∣) as
∣∣y∣∣ −→ ∞, (2.12)

where M =
( 2 −1
−1 2

)
is a symmetric positive definite matrix.

It follows from (2.12) and [25] that there exists a symplectic transformation y = Ψ2(t, z)
under which the Hamiltonian system (2.11) can be changed to the following Hamiltonian
system:

ż(t) = A2∇zĤ(t, z), (2.13)

satisfying

∇zĤ(t, z) = β0Mz + o(|z|) as |z| −→ 0,

∇zĤ(t, z) = β∞Mz + o(|z|) as |z| −→ ∞,
(2.14)

where β0 and β∞ are two constants defined in Theorem 1.2.
Then, (2.14) yields the following.

Lemma 2.2. The Hamiltonian system (2.13) is asymptotically linear both at 0 and∞ with constant
coefficients β0M and β∞M.

Remark 2.3. In order to find periodic solutions of (1.7) and (1.8), we only need to seek periodic
solutions of the Hamiltonian systems (2.8) and (2.13) with the symmetric structure (2.4),
respectively.

In the rest of this paper, we will work in the Hilbert space E = W1/2,2(S1,�2), which
consists of all z(t) in L2(S1,�2) whose Fourier series

z(t) = a0 +
+∞∑
k=1

(ak cos kt + bk sin kt) (2.15)

satisfies

|a0|2 + 1
2

+∞∑
k=1

k
(
|ak|2 + |bk|2

)
< +∞. (2.16)

The inner product on E is defined by

〈z1, z2〉 =
(
a
(1)
0 , a

(2)
0

)
+

1
2

∞∑
k=1

k
[(
a
(1)
k
, a

(2)
k

)
+
(
b
(1)
k
, b

(2)
k

)]
, (2.17)
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where zi = a
(i)
0 +
∑+∞

k=1(a
(i)
k

cos kt+b(i)
k

sin kt) (i = 1, 2), the norm ‖z‖2 = 〈z, z〉, and (·, ·) denotes
the inner product in �2 .

In order to obtain solutions of (2.8) with the symmetric structure (2.4), we define a
matrix T2 with the following form:

T2 =

(
0 −1

1 0

)
. (2.18)

Then, by T2, for any z(t) ∈ E, define an action δ1 on z by

δ1z(t) = T2z(t − r). (2.19)

Then by a direct computation, we have that δ2
1z(t) = −z(t − 2r) = −z(t −π), δ4

1z(t) = z(t), and
G = {δ1, δ

2
1, δ

3
1, δ

4
1} is a compact group action over E. If δ1z(t) = z(t) holds, then through a

straightforward check, we have that z(t) has the symmetric structure (2.4).

Lemma 2.4. Write SE = {z ∈ E : δ1z(t) = z(t)}, then SE is a subspace of E with the following form:

SE =

{
z(t) =

∞∑
k=1

(a2k−1 cos(2k − 1)t + b2k−1 sin(2k − 1)t) :

a2k−1,1 = (−1)k+1b2k−1,2, b2k−1,1 = (−1)ka2k−1,2

}
,

(2.20)

where a2k−1 = (a2k−1,1, a2k−1,2)� and b2k−1 = (b2k−1,1, b2k−1,2)�.

Proof. Write z(t) = (z1(t), z2(t))�, where z1(t) = a0,1 +
∑+∞

k=1(ak,1 cos kt + bk,1 sin kt), z2(t) =
a0,2 +

∑+∞
k=1(ak,2 cos kt + bk,2 sin kt). By δ1z = z and the definition of the action δ1, we have

(z1(t), z2(t))� =
(
−z2

(
t − π

2

)
, z1

(
t − π

2

))�
, (2.21)

which yields

a0,1 +
+∞∑
k=1

(ak,1 cos kt + bk,1 sin kt)

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−a0,2 −
+∞∑
n=1

(−1)n[a2n,2 cos 2nt + b2n,2 sin 2nt], for k = 2n is even,

−a0,2 −
+∞∑
n=1

(−1)n−1[a2n−1,2 sin(2n − 1)t − b2n−1,2 cos(2n − 1)t], for k = 2n − 1 is odd.

(2.22)
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Then, we have

a0,1 = −a0,2, a2n,1 = (−1)n+1a2n,2, b2n,1 = (−1)n+1b2n,2,

a2n−1,1 = (−1)n+1b2n−1,2, b2n−1,1 = (−1)na2n−1,2.
(2.23)

Similarly, by z2(t) = z1(t − (π/2)), one has

a0,2 = a0,1, a2n,2 = (−1)na2n,1, b2n,2 = (−1)nb2n,1,

a2n−1,2 = (−1)nb2n−1,1, b2n−1,2 = (−1)n−1a2n−1,1.
(2.24)

Therefore, a0,2 = a0,1 = 0, a2n,1 = (−1)n+1a2n,2 = (−1)n+1(−1)na2n,1, that is, a2n,1 = 0. Similarly,
a2n,2 = b2n,1 = b2n,2 = 0. Thus, for z(t) ∈ SE,

z(t) =
∞∑
k=1

[a2k−1 cos(2k − 1)t + b2k−1 sin(2k − 1)t], (2.25)

where a2k−1,1 = (−1)k+1b2k−1,2, b2k−1,1 = (−1)ka2k−1,2.
Moreover, for any z1(t), z2(t) ∈ SE,

δ1(z1 + z2) = T2(z1(t − r) + z2(t − r))
= T2(z1(t − r)) + T2(z2(t − r))
= δ1z1 + δ1z2.

(2.26)

And for any c ∈ �, δ1(cz(t)) = T2cz(t − r) = cT2z(t − r) = cδ1z(t). Thus, SE is a subspace of E.
This completes the proof of Lemma 2.4.

For the Hamiltonian system (2.13), we define another action matrix T∗2 with the
following form:

T∗2 =

(
1 −1

1 0

)
. (2.27)

Then, by T∗2 , for any z(t) ∈ E, define an action δ2 on z by

δ2z(t) = T∗2z(t − s). (2.28)

Then, by a direct computation, we have that δ3
2z(t) = −z(t − 3s) = −z(t − π), δ6

2z(t) = z(t)
and G = {δ2, δ

2
2, δ

3
2, δ

4
2, δ

5
2, δ

6
2} is a compact group action over E. If δ2z(t) = z(t) holds, then

through a direct check, we have that z(t) has the symmetric structure (2.4).
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Remark 2.5. By δ3
2z(t) = −z(t−3s) = −z(t−π) and the definition of δ2, the set {z ∈ E : δ2z(t) =

z(t)} has the same structure (2.20), where the relation between the Fourier coefficients of the
first component z1 and the second component z2 is slightly different with the elements in
{z ∈ E : δ1z(t) = z(t)}. We denote it also by SE which is a subspace of E.

Denote by M−(h), M+(h), and M0(h) the number of the negative, the positive, and
the zero eigenvalues of a symmetric matrix h, respectively. For a constant symmetric matrix
h, we define our index as

i−(h) =
∞∑
k=1

(
M−(Tk(h) − 2)

)
,

i0(h) =
∞∑
k=1

M0(Tk(h)),

(2.29)

where

Tk(h) =

(−h −kJ
kJ −h

)
. (2.30)

Observe that for k large enough, M−(Tk(h)) = 2 and M0(Tk(h)) = 0. In fact, write

Tk(h) =

(−h −kJ
kJ −h

)
= k

(
0 J�

J 0

)
−
(
h 0

0 h

)
. (2.31)

Notice that −J = J�. If k > 0 is sufficiently large, then M− = M+ = 2, which are
the indices of the first matrix in (2.31). Furthermore, if k decreases, these indices can change
only at those values of k, for which the matrix Tk(h) is singular, that is, M0(Tk(h))/= 0. This
happens exactly for those values of k ∈ � for which ik is a pure imaginary eigenvalue of Jh.
Indeed assume (ξ1, ξ2) ∈ �2 ×�2 is an eigenvector of Tk(h) with eigenvalue 0, then by J� = −J ,
one has hξ1 + kJξ2 = 0 and hξ2 − kJξ1 = 0. Thus, h(ξ1 + iξ2) = kJ(iξ1 − ξ2) = ikJ(ξ1 + iξ2);
therefore, Jh(ξ1 + iξ2) = −ik(ξ1 + iξ2). Therefore, ±ik ∈ σ(Jh), as claimed. Hence, i−(h) and
i0(h) are well defined.

The following theorem of [26] on the existence of periodic solutions for the
Hamiltonian system (2.1) will be used in our discussion.

Theorem A. Let H ∈ C1(� × �2N ,�) be 2π-periodic in t and satisfy (2.2). If i0(h0) = i0(h∞) = 0
and i−(h0)/= i−(h∞), then the Hamiltonian system (2.1) has at least one nontrivial periodic solution.

Now, we claim the following.

Lemma 2.6. If z is a solution of the Hamiltonian system (2.8) ((2.13)) in SE, then y = Ψ1(t, z) (y =
Ψ2(t, z)) is the solution of the Hamiltonian system (2.5) ((2.11)) with the symmetric structure (2.4),
respectively.

IEEE eXpress Sample eBook, page 610



10 Abstract and Applied Analysis

Proof. By Lemma 2.4, any z ∈ SE has the structure (2.4). We only need to show δ1y = y
or δ2y = y, that is, T2Ψ1(t, z) = Ψ1(t, T2z) or T∗2Ψ2(t, z) = Ψ2(t, T∗2z), which can be
verified directly by the constructions of the symplectic transformations Ψ1(t, z) and Ψ2(t, z),
respectively. Please see [25] for details.

We denote the matrix αI2 by α for convenience. We prove the following lemma.

Lemma 2.7. (1) Suppose that (H1) and (H3) hold, then i0(α0) = i0(α∞) = i0(β0M) = i0(β∞M) = 0.
(2) Suppose that (H1) and (H2) hold, then i−(α0)/= i−(α∞).
(3) Suppose that (H3) and (H4) hold, then i−(β0M)/= i−(β∞M).

Proof. For any α, β ∈ �, let σ(Tk(α)) and σ(Tk(βM)) denote the spectra of Tk(α) and Tk(βM),
respectively. Denote by λ and γ the elements of σ(Tk(α)) and σ(Tk(βM)), respectively, then

det(λI4 − Tk(α)) = det
(
(λ + α)2I2 − k2I2

)

= det((λ + α)I2 − kI2)det((λ + α)I2 + kI2),

det
(
γI4 − Tk

(
βM
))

= det
((
γI2 + βM

)2 − k2I2

)

= det
((
γI2 + βM

) − kI2
)

det
((
γI2 + βM

)
+ kI2

)

= det
((
γ + 2β − k)2 − β2

)
det
((
γ + 2β + k

)2 − β2
)
.

(2.32)

The above computation of determinant shows that

σ(Tk(α)) = {λ = ±k − α : k ∈ �+}, (2.33)

σ
(
Tk
(
βM
))

=
{
γ = ±k − β,±k − 3β : k ∈ �+}. (2.34)

Case 1. From (2.33), if α0 /= ± k, for all k ∈ �+, then λ/= 0, where λ is the eigenvalue of Tk(α0).
That means M0(Tk(α0)) = 0 for k ≥ 1. Thus, i0(α0) =

∑∞
k=1 M

0(Tk(α0)) = 0. Similarly, we have
i0(α∞) = i0(β0M) = i0(β∞M) = 0.

Case 2. Without loss of generality, we suppose that α0 < α∞. By the conditions (H1) and (H2),

α0 < k0 < α∞. (2.35)

Since α0 < k0, by (2.33), M−(Tk0(α0)) ≤ 2. By −k0 < k0 < α∞ and (2.33), M−(Tk0(α∞)) = 4, that
is,

M−(Tk0(α0)) + 2 ≤M−(Tk0(α∞)). (2.36)

For each k /=k0 and from (2.33), one can check easily that M−(Tk(α0)) ≤M−(Tk(α∞)). Hence,
one has

∑∞
k=1(M

−(Tk(α0)) − 2) <
∑∞

k=1(M
−(Tk(α∞)) − 2), since M−(Tk(α)) = 2 for k large

enough. This yields that i−(α0) < i−(α∞). Then, property (2) holds.
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Case 3. By the conditions (H3) and (H4), without loss of generality, we suppose that β0 < β∞
and

β0 < k0 < β∞. (2.37)

Since β0 < k0, by (2.34), M−(Tk0(β0M)) ≤ 3. By −k0 < k0 < β∞ < 3β∞ and (2.34), one
has M−(Tk0(β∞M)) = 4, that is,

M−(Tk0

(
β0M

))
+ 1 ≤M−(Tk0

(
β∞M

))
. (2.38)

For each k /=k0 and from (2.34), it is easy to see that k − β∞ < k − β0 and k − 3β∞ < k − 3β0.
Then, by the definition of M−(Tk(βM)), we have M−(Tk(β0M)) ≤M−(Tk(β∞M)). Therefore,
we have

∞∑
k=1

(
M−(Tk(β0M

)) − 2
)
<
∞∑
k=1

(
M−(Tk(β∞M)) − 2

)
, (2.39)

since M−(Tk(βM)) = 2 for k large enough. This implies that i−(β0M) < i−(β∞M). Then,
property (3) holds.

Now, we are ready to prove the main results. We first give the proof of Theorem 1.1.

Proof of Theorem 1.1. Solutions of (2.8) in SE are indeed nonconstant classic 2π-periodic
solutions with the symmetric structure (2.4), and hence they give solutions of (1.7) with the
property x(t − π) = −x(t). Therefore, we will seek solutions of (2.8) in SE.

Now, Theorem 1.1 follows from Lemmas 2.1, 2.6, and 2.7 and Theorem A.

Proof of Theorem 1.2. Obviously, Theorem 1.2 follows from Lemmas 2.2, 2.6, and 2.7 and
Theorem A.
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The necessary and sufficient conditions for solvability of the family of difference equations
with periodic boundary condition were obtained using the notion of relative spectrum of linear
bounded operator in the Banach space and the ergodic theorem. It is shown that when the
condition of existence is satisfied, then such periodic solutions are built using the formula for the
generalized inverse operator to the linear limited one.

1. The Problem and The Main Statement

The problem of existence of periodic solutions for classes of equations is well known. Though
it is hard to mention all the contributors in a single paper, we would like to mark out well-
developed Floke theory [1], which is used in analysis of linear differential equation systems
by the means of monodromy matrix. Operator analogy of such theory in noncritical case
(when there is single solution) for differential equations in Banach space was developed by
Daletskyi and Krein [2].

This paper is dedicated to obtaining analogous conditions for a family of difference
equations in Banach space and to building representations of corresponding solutions. The
proposed approach allows obtaining solutions for both critical and noncritical cases. Note
that this problem can be approached using well-developed pseudoinverse techniques in
theory of boundary value problems [3]. In this paper we firstly build a new representation
of the pseudoinverse operator based on results of ergodic theory, and then we provide
the necessary and sufficient conditions that guarantee the existence of the corresponding
solutions.
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2 Abstract and Applied Analysis

Let B-complex Banach space with norm ‖ · ‖ and zero-element 0; L(B)-Banach space
of bounded linear operators from B to B. In this paper we consider existence of periodic
solutions of the equation

xn+1 = λAn+1xn + hn+1, n � 0, (1.1)

with periodicity condition

x0 = xm, (1.2)

where An ∈ L(B), An+m = An, for all n � 0, λ is a complex parameter, and {hn}∞n=0 is a
sequence in B. The solution of the corresponding homogeneous equation to (1.1) has the
following form [4]:

xm(λ) = Φ(m,n, λ)xn(λ), m � n, (1.3)

where

Φ(m,n, λ) = λm−nAm+1Am · · ·An+1, m > n (1.4)

is evolution operator for problem (1.1); Φ(m,m, λ) = E, where E is identity operator. Let us
remark that U(m,λ) = Φ(m, 0, λ), U(0, λ) = E and U(k + n, λ) = U(k, λ)U(n, λ). Operator
U(m,λ) is traditionally called monodromy operator.

We can represent [4] the solution (1.1) with arbitrary initial condition x(0, λ) = x0, x0 ∈
B in the form

xk(λ) = Φ(k, 0, λ)x0 + g(k, λ), (1.5)

where

g(k, λ) =
k∑
i=0

Φ(k, i, λ)hi. (1.6)

If we substitute this representation in boundary condition (1.2), we obtain operator equation

x0(λ) − xm(λ) = x0 −Φ(m, 0, λ)x0 − g(m,λ) = 0. (1.7)

According to notations, we get operator equation

(E −U(m,λ))x0 = g(m,λ). (1.8)

Boundary value problem (1.1), (1.2) has periodic solution if and only if operator
equation (1.8) is solvable.
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Following the paper [5], point λ is called right stable point if monodromy operator
satisfies inequality {‖Un(m,λ)‖ � c, n � 0}.

Denote ρNS(E − U(m,λ)) = {λ ∈ C : R(E − U(m,λ)) = R(E −U(m,λ))} (this set
coincides with the set of all λ ∈ C such that operator E − U(m,λ) is normally solvable). It
follows easily that resolvent set ρ(E − U(m,λ)) of the operator E − U(m,λ) lies in ρNS(E −
U(m,λ)).

In the sequel we assume that B is reflexive for simplicity [6].
The main result of this paper is contained in Theorem 1.1.

Theorem 1.1. Let λ ∈ ρNS(E −U(m,λ)) be right stability point for (1.1). Then

(a) boundary value problem (1.1), (1.2) has solutions if and only if sequence {hn}n∈Z+
, hn ∈ B

satisfies condition

lim
n→∞

∑n
k=1
∑m

i=0 U
k(m,λ)Φ(m, i, λ)hi
n

= 0, (1.9)

(b) under condition (1.9), solutions of boundary value problem (1.1), (1.2) have the following
form:

xn = U(n, λ) lim
k→∞

∑k
m=1 U

m(k, λ)
k

c +U(n, λ)G(n, λ)[hn], (1.10)

where c is an arbitrary element of Banach space B, G(n, λ)-generalized Green operator of
boundary value (1.1), (1.2), which is defined by equality

G(n, λ)[hn] =
∞∑
k=0

(
1 − μ)k

{ ∞∑
l=0

μ−l−1(U(m,λ) −U0(λ))
l

}k+1 m∑
i=0

Φ(m, i, λ)hi

−U0(λ)
m∑
i=0

Φ(m, i, λ)hi +
n∑
i=0

Φ(n, i, λ)hi.

(1.11)

2. Auxiliary Result

Let us formulate and prove a number of auxiliary lemmas, which entail the theorem.

Lemma 2.1. If λ ∈ ρNS(E − U(m,λ)), then boundary value problem (1.1), (1.2) is solvable if and
only if sequence hn satisfies the condition

lim
n→∞

∑n
k=1
∑m

i=0 U
k(m,λ)Φ(m, i, λ)hi
n

= 0. (2.1)
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4 Abstract and Applied Analysis

Proof. From the assumption above it follows that the conditions of statistical ergodic theorem
hold [6]. Then

R(E −U(m,λ)) =

{
x ∈ B : lim

n→∞
Un(m,λ)x = 0, Un(m,λ) =

∑n
k=1 U

k(m,λ)
n

}
. (2.2)

It follows from the equation above that element g(m,λ) lies in value set of the operator E −
U(m,λ) if and only if

lim
n→∞

∑n
k=1 U

k(m,λ)
n

m∑
i=0

Φ(m, i, λ)hi = 0, (2.3)

which proves the lemma.

Consider the following consequences of the assumptions above for further reasoning.
Suppose that λ ∈ ρNS(E − U(m,λ)) and λ is right stable point of the monodromy operator,
such that λ define eigenspace N(E−U(m,λ)), which coincides with the values set of operator
U0(λ)x = limn→∞Un(m,λ)x. This operator satisfies the following conditions [6]:

(i) U0(λ) = U2
0(λ), (ii) U0(λ) = U(m,λ)U0(λ), (iii) U0(λ) = U0(λ)U(m,λ).

(2.4)

Lemma 2.2. Operator E −U(m,λ) +U0(λ) : B → B has bounded inverse of the form

(E −U(m,λ) +U0(λ))
−1 =

∞∑
k=0

(
μ − 1

)k{ ∞∑
l=0

μ−l−1(U(m,λ) −U0(λ))
l

}k+1

, (2.5)

for all μ > 1 : |1 − μ| < 1/‖Rμ‖.

Proof. Let us show that Ker(I −U(m,λ) +U0(λ)) = 0. Indeed, if x ∈ Ker(I −U(m,λ) +U0(λ)),
then

(I −U(m,λ) +U0(λ))x = 0. (2.6)

Since (I −U(m,λ))x ∈ Im(I −U(m,λ)) and U0(λ)x ∈ Ker(I −U(m,λ)) [6], subspaces Im(I −
U(m,λ)) and Ker(I −U(m,λ)) intersect only at zero point, and condition (2.6) is satisfied if
and only if (I−U(m,λ))x = 0 andU0(λ)x = 0. This is possible if and only if x = 0. Let us show
that Im(I−U(m,λ)+U0(λ)) = B. Note [6] B = Ker(I−U(m,λ))⊕Im(I−U(m,λ)) = Im(U0(λ))⊕
Im(I −U(m,λ)). It follows from the last decomposition that any element x ∈ B has the form
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(I − U(m,λ))y + U0(λ)z, where y, z ∈ B, which proves that Im(I − U(m,λ) + U0(λ)) = B.
Hence according to the Banach theorem [6] original operator has inverse since it bijectively
maps B to itself. Therefore point μ = 1 is regular [6] for the operator μI − U(m,λ) + U0(λ).
Since powers of the operator U(m,λ) are uniformly bounded and spectral radius rU(m,λ) � 1
( n
√
‖U(m,λ)n‖ � n

√
c, then rU(m,λ) = limn→∞ n

√
‖U(m,λ)n‖ � limn→∞ n

√
c = 1). It is well known

[6] that resolvent set of a bounded operator is open. Number μ = 1 ∈ ρ(U(m,λ) − U0(λ));
thus there exist a neighborhood of μ such that each point from the neighborhood belongs to
resolvent set. For any point μ > r(U(m,λ)−U0(λ)) that belongs to the neighborhood there exists a
resolvent [6], which has the form of converging in the norm series

Rμ := Rμ(U(m,λ) −U0(λ)) =
∞∑
l=0

μ−l−1(U(m,λ) −U0(λ))
l. (2.7)

Using the analyticity of the resolvent and well-known identity for points μ > 1 such
that |1 − μ| < 1/(‖Rμ(U(m,λ) −U0(λ))‖), we obtain

R1 =
∞∑
k=0

(
μ − 1

)k
Rk+1
μ . (2.8)

Finally, by substituting the series in the equation above, we get (2.5), which proves the lemma.

Let us introduce some notation first before proving next statement.

Definition 2.3. Operator L− ∈ L(B) is called generalized inverse for operator L ∈ L(B) [3] if the
following conditions hold:

(1) LL−L = L, (2) L−LL− = L−. (2.9)

Lemma 2.4. Operator E −U(m,λ) is generalized inverse and

(E −U(m,λ))− = (E −U(m,λ) +U0(λ))
−1 −U0(λ), (2.10)

or in the form of converging operator series

(E −U(m,λ))− =
∞∑
k=0

(
μ − 1

)k{ ∞∑
l=0

μ−l−1(U(m,λ) −U0(λ))
l
}k+1

−U0(λ), (2.11)

for all μ > 1 : |1 − μ| < 1/‖Rμ‖.
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Proof. It suffices to check conditions (1) and (2) of the Definition 2.3. We use both representa-
tions (2.10), (2.11) and the expression (2.4) for operator U0(λ). Consider the following
product:

(I −U(m,λ))
(
(I −U(m,λ) +U0(λ))

−1 −U0(λ)
)
(I −U(λ))

= ((I −U(m,λ) +U0(λ)) −U0(λ)) ×
(
(I −U(m,λ) +U0(λ))

−1 −U0(λ)
)
(I −U(m,λ))

=
(
I −U0(λ)(I −U(m,λ) +U0(λ))

−1 − (I −U(m,λ) +U0(λ))U0(λ) +U0(λ)
2
)

× (I −U(m,λ))

=
(
I −U0(λ)(I −U(m,λ) +U0(λ))

−1
)
× (I −U(m,λ))

=
(
I −U0(λ)(I −U(m,λ) +U0(λ))

−1
)
((I −U(m,λ) +U0(λ)) −U0(λ))

= I −U(m,λ) +U0(λ) −U0(λ) −U0(λ) +U0(λ)(I −U(m,λ) +U0(λ))
−1U0(λ)

= I −U(m,λ) −U0(λ) +U0(λ)(I −U(m,λ) +U0(λ))
−1U0(λ).

(2.12)

Note that U0(λ)(U(m,λ) −U0(λ))
l = 0 for any l ∈ N (this directly follows from (2.4) using

formula of binominal coefficient). Now, prove that

U0(λ)(I −U(m,λ) +U0(λ))
−1U0(λ) = U0(λ)(I −U(m,λ) +U0(λ))

−1

= (I −U(m,λ) +U0(λ))
−1U0(λ)

= U0(λ).

(2.13)

Indeed

U0(λ)(I−U(m,λ)+U0(λ))
−1U0(λ)=

∞∑
k=0

(
μ−1
)k
U0(λ)

{ ∞∑
l=0

μ−l−1(U(m,λ)−U0(λ))
l

}k+1

U0(λ)

=
∞∑
k=0

⎛
⎝(μ−1

)k+1(
μ − 1

)k
U0(λ) +

(
μ − 1

)k
U0(λ)

×
{ ∞∑

l=1

μ−l−1(U(m,λ) −U0(λ))
l

}k+1
⎞
⎠U0(λ)

=
+∞∑
k=0

μ−k−1(μ − 1
)k
U0(λ)

=
1
μ

+∞∑
k=0

(
μ − 1
μ

)k
U0(λ)

=
1
μ

1
1 − (μ − 1

)
/μ

U0(λ)

= U0(λ).
(2.14)
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Thus

I −U(m,λ) −U0(λ) +U0(λ)(I −U(m,λ) +U0(λ))
−1U0(λ) = I −U(m,λ). (2.15)

We have that the operator I −U(m,λ) satisfies condition (1) of the Definition 2.3. Let us check
condition (2)

(
(I −U(m,λ) +U0(λ))

−1 −U0(λ)
)
(I −U(m,λ))

(
(I −U(m,λ) +U0(λ))

−1 −U0(λ)
)

=
(
(I −U(m,λ) +U0(λ))

−1 −U0(λ)
)
((I −U(m,λ) +U0(λ)) −U0(λ))

×
(
(I −U(m,λ) +U0(λ))

−1 −U0(λ)
)

=
(
I −U0(λ)(I −U(m,λ) +U0(λ)) − (I −U(m,λ) +U0(λ))

−1U0(λ) +U0(λ)
2
)

×
(
(I −U(m,λ) +U0(λ))

−1 −U0(λ)
)

=
(
I − (I −U(m,λ) +U0(λ))

−1U0(λ)
)(

(I −U(m,λ) +U0(λ))
−1 −U0(λ)

)

= (I −U(m,λ) +U0(λ))
−1 − (I −U(m,λ) +U0(λ))

−1U0(λ)(I −U(m,λ) +U0(λ))
−1

−U0(λ) + (I −U(m,λ) +U0(λ))
−1U0(λ)

= (I −U(m,λ) +U0(λ))
−1 −U0(λ) −U0(λ) +U0(λ)

= (I −U(m,λ) +U0(λ))
−1 −U0(λ).

(2.16)

3. Proof of Theorem 1.1

According to general theory of linear equations solvability [3], we obtain that the problem
(1.1), (1.2) is solvable for sets {hn}n ∈ Z+ that satisfy the condition

U0(λ)g(m,λ) = 0. (3.1)

This condition along with Lemma 2.1 is equivalent to represantion (a) of the Theorem 1.1.
Under such a condition, all solutions of the problem (1.1), (1.2) have the form

xn = U(n, λ)U0(λ)c +U(n, λ)(I −U(m,λ))−g(m,λ) + g(n, λ)

= U(n, λ)U0(λ)c +U(n, λ)
∞∑
k=0

(
μ − 1

)k{ ∞∑
l=0

μ−l−1(U(m,λ) −U0(λ))
l

}k+1

g(m,λ)

−U(n, λ)U0(λ)g(m,λ) + g(n, λ),

(3.2)

which along with notations introduced is equivalent to representation (b) of the theorem.
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8 Abstract and Applied Analysis

4. Comments and Examples

Remark 4.1. Suppose B is Hilbert space, in such case we can show that formulas (2.10), (2.11)
give us the representation for the Moore-Penrose pseudoinverse [7, 8] for E − U(m,λ) with
U0(λ) being self-adjoint operator (orthogonal projector) [6].

Remark 4.2. Supposing A−1
k
∈ L(B) ∈ L(B) exist for all k = 0, m − 1, then the following

equation holds: Φ(k, i, λ) = U(k, λ)U−1(i, λ), k > i. This allows representing the solutions
of (1.1), (1.2) using only the family of operators U(n, λ) and their inverse.

Let us illustrate the statements proved above on example of two-dimensional systems.
(1) Consider equation

−→xn+1 = λAn+1
−→xn +

−→
hn+1, n � 0 (4.1)

with periodicity condition

−→x3 = −→x0, (4.2)

where −→xn = (x1
n, x

2
n)
T
, x1

n, x
2
n ∈ R,

−→
hn = ((3

√
3r)/4π, 0)

T
,

An =

⎛
⎜⎜⎝
−1

2
−
√

3
2√

3
2

−1
2

⎞
⎟⎟⎠, ∀n � 0. (4.3)

It is easy to see that

−→x3 = λ3−→x0 + g(3, λ), (4.4)

where

g(3, λ) =

(
−3
√

3rλ − 3
√

3rλ2 + 6
√

3r
8π

,
9rλ − 9rλ2

8π

)T

. (4.5)

Then the following hold for all k � 0

U(3k + 1, λ) = λ3k+1A2, U(3k + 2, λ) = λ3k+2

⎛
⎜⎜⎝
−1

2

√
3

2√
3

2
−1

2

⎞
⎟⎟⎠, U(3k + 3, λ) = λ3k+3E.

(4.6)

By substituting periodicity condition (4.2) into (4.4) we obtain an equation depending on −→x0 :

(
1 − λ3

)−→x0 = g(3, λ). (4.7)
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Consider the case when λ = 1. In such case (4.7) turns into 0−→x0 = (0, 0)T which holds for
arbitrary initial vector −→x0 ∈ R

2. Obviously Un(1, 1) = U(n, 1) and U0(1) = E. According to
Theorem 1.1, all periodic solutions of (4.1) have the form

(
x1
n(c1, c2)

x2
n(c1, c2)

)
=

⎛
⎜⎝ cos

2π
3
n sin

2π
3
n

− sin
2π
3
n cos

2π
3
n

⎞
⎟⎠
(
c1

c2

)
+

⎛
⎝ 3r

2π
sin

2π
3
n

0

⎞
⎠, (4.8)

for all −→c = (c1, c2)
T ∈ R

2.
(2) We can search for periodic solutions of any period w in previous problem. They

have common view

−→xn(c1, c2, w, r) =

⎛
⎜⎝ cos

2π
w
n sin

2π
w
n

− sin
2π
w
n cos

2π
w
n

⎞
⎟⎠
(
c1

c2

)
+

⎛
⎝rw

2π
sin

2π
w
n

0

⎞
⎠, (4.9)

where c1, c2, w, r are parameters.
To illustrate complexity of the set we did the following.

Recall that the length of vector −→xn is �−→xn =
√
(−→x1

n)
2
+ (−→x2

n)
2
. System (4.9) was

implemented using the Wolfram Mathematica 7 framework. x-axis corresponds to time,
while y-axis corresponds to the length of the vector. The length of the vector was calculated
in the integer moments of time n. The points obtained in such way were connected in a
piecewise linear way. The results obtained for particular values of the parameters are depicted
on the following figures.

We can see how the trajectory of vector length densely fills rectangle or turns into a
line (Figures 3 and 4). Figures 1, 2, 5, and 6 demonstrate that the trajectory can fill structured
sets. The structure depicted on Figure 1 resembles fractal.

This allows us to conclude that behavior of the system is rather complex; it can
undergo unpredictable changes with the slightest variations of a single parameter. We must
admit that effects described need further theoretical investigation.
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We study the existence of positive solutions for the boundary value problem of nonlinear fractional
differential equations Dα

0+u(t) + λf(u(t)) = 0, 0 < t < 1, u(0) = u(1) = u′(0) = 0, where
2 < α ≤ 3 is a real number, Dα

0+ is the Riemann-Liouville fractional derivative, λ is a positive
parameter, and f : (0,+∞) → (0,+∞) is continuous. By the properties of the Green function
and Guo-Krasnosel’skii fixed point theorem on cones, the eigenvalue intervals of the nonlinear
fractional differential equation boundary value problem are considered, some sufficient conditions
for the nonexistence and existence of at least one or two positive solutions for the boundary value
problem are established. As an application, some examples are presented to illustrate the main
results.

1. Introduction

Fractional differential equations have been of great interest recently. It is caused both by the
intensive development of the theory of fractional calculus itself and by the applications;
see [1–4]. It should be noted that most of papers and books on fractional calculus are
devoted to the solvability of linear initial fractional differential equations on terms of special
functions.

Recently, there are some papers dealing with the existence of solutions (or positive
solutions) of nonlinear initial fractional differential equations by the use of techniques of
nonlinear analysis (fixed-point theorems, Leray-Schauder theory, Adomian decomposition
method, etc.); see [5–11]. In fact, there has the same requirements for boundary conditions.
However, there exist some papers considered the boundary value problems of fractional
differential equations; see [12–19].
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2 Abstract and Applied Analysis

Yu and Jiang [19] examined the existence of positive solutions for the following
problem:

Dα
0+u(t) + f(t, u(t)) = 0, 0 < t < 1,

u(0) = u(1) = u′(0) = 0,
(1.1)

where 2 < α ≤ 3 is a real number, f ∈ C([0, 1] × [0,+∞), (0,+∞)), and Dα
0+ is the

Riemann-Liouville fractional differentiation. By using the properties of the Green function,
they obtained some existence criteria for one or two positive solutions for singular and
nonsingular boundary value problems by means of the Krasnosel’skii fixed point theorem
and a mixed monotone method.

To the best of our knowledge, there is very little known about the existence of positive
solutions for the following problem:

Dα
0+u(t) + λf(u(t)) = 0, 0 < t < 1,

u(0) = u(1) = u′(0) = 0,
(1.2)

where 2 < α ≤ 3 is a real number, Dα
0+ is the Riemann-Liouville fractional derivative, λ is a

positive parameter and f : (0,+∞) → (0,+∞) is continuous.
On one hand, the boundary value problem in [19] is the particular case of problem

(1.2) as the case of λ = 1. On the other hand, as Yu and Jiang discussed in [19], we also
give some existence results by the fixed point theorem on a cone in this paper. Moreover, the
purpose of this paper is to derive a λ-interval such that, for any λ lying in this interval, the
problem (1.2) has existence and multiplicity on positive solutions.

In this paper, by analogy with boundary value problems for differential equations of
integer order, we firstly give the corresponding Green function named by fractional Green’s
function and some properties of the Green function. Consequently, the problem (1.2) is
reduced to an equivalent Fredholm integral equation. Finally, by the properties of the Green
function and Guo-Krasnosel’skii fixed point theorem on cones, the eigenvalue intervals
of the nonlinear fractional differential equation boundary value problem are considered,
some sufficient conditions for the nonexistence and existence of at least one or two positive
solutions for the boundary value problem are established. As an application, some examples
are presented to illustrate the main results.

2. Preliminaries

For the convenience of the reader, we give some background materials from fractional
calculus theory to facilitate analysis of problem (1.2). These materials can be found in the
recent literature; see [19–21].

Definition 2.1 (see [20]). The Riemann-Liouville fractional derivative of order α > 0 of a
continuous function f : (0,+∞) → R is given by

Dα
0+f(t) =

1
Γ(n − α)

(
d

dt

)(n) ∫ t
0

f(s)

(t − s)α−n+1
ds, (2.1)
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where n = [α] + 1, [α] denotes the integer part of number α, provided that the right side is
pointwise defined on (0,+∞).

Definition 2.2 (see [20]). The Riemann-Liouville fractional integral of order α > 0 of a function
f : (0,+∞) → R is given by

Iα0+f(t) =
1

Γ(α)

∫ t
0
(t − s)α−1f(s)ds, (2.2)

provided that the right side is pointwise defined on (0,+∞).

From the definition of the Riemann-Liouville derivative, we can obtain the following
statement.

Lemma 2.3 (see [20]). Let α > 0. If we assume u ∈ C(0, 1) ∩ L(0, 1), then the fractional differential
equation

Dα
0+u(t) = 0 (2.3)

has u(t) = c1t
α−1 + c2t

α−2 + · · · + cNtα−N , ci ∈ R, i = 1, 2, . . . ,N, as unique solutions, whereN is the
smallest integer greater than or equal to α.

Lemma 2.4 (see [20]). Assume that u ∈ C(0, 1) ∩ L(0, 1) with a fractional derivative of order α > 0
that belongs to C(0, 1) ∩ L(0, 1). Then

Iα0+D
α
0+u(t) = u(t) + c1t

α−1 + c2t
α−2 + · · · + cNtα−N, (2.4)

for some ci ∈ R, i = 1, 2, . . . ,N, whereN is the smallest integer greater than or equal to α.

In the following, we present the Green function of fractional differential equation
boundary value problem.

Lemma 2.5 (see [19]). Let h ∈ C[0, 1] and 2 < α ≤ 3. The unique solution of problem

Dα
0+u(t) + h(t) = 0, 0 < t < 1,

u(0) = u(1) = u′(0) = 0
(2.5)

is

u(t) =
∫1

0
G(t, s)h(s)ds, (2.6)
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4 Abstract and Applied Analysis

where

G(t, s) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

tα−1(1 − s)α−1 − (t − s)α−1

Γ(α)
, 0 ≤ s ≤ t ≤ 1,

tα−1(1 − s)α−1

Γ(α)
, 0 ≤ t ≤ s ≤ 1.

(2.7)

Here G(t, s) is called the Green function of boundary value problem (2.5).

The following properties of the Green function play important roles in this paper.

Lemma 2.6 (see [19]). The function G(t, s) defined by (2.7) satisfies the following conditions:

(1) G(t, s) = G(1 − s, 1 − t), for t, s ∈ (0, 1);

(2) tα−1(1 − t)s(1 − s)α−1 ≤ Γ(α)G(t, s) ≤ (α − 1)s(1 − s)α−1, for t, s ∈ (0, 1);

(3) G(t, s) > 0, for t, s ∈ (0, 1);

(4) tα−1(1 − t)s(1 − s)α−1 ≤ Γ(α)G(t, s) ≤ (α − 1)(1 − t)tα−1, for t, s ∈ (0, 1).

The following lemma is fundamental in the proofs of our main results.

Lemma 2.7 (see [21]). Let X be a Banach space, and let P ⊂ X be a cone in X. Assume Ω1, Ω2 are
open subsets of X with 0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2, and let S : P → P be a completely continuous operator
such that, either

(A1) ‖Sw‖ ≤ ‖w‖, w ∈ P ∩ ∂Ω1, ‖Sw‖ ≥ ‖w‖, w ∈ P ∩ ∂Ω2 or

(A2) ‖Sw‖ ≥ ‖w‖, w ∈ P ∩ ∂Ω1, ‖Sw‖ ≤ ‖w‖, w ∈ P ∩ ∂Ω2.

Then S has a fixed point in P ∩ (Ω2 \Ω1).

For convenience, we set q(t) = tα−1(1 − t), k(s) = s(1 − s)α−1; then

q(t)k(s) ≤ Γ(α)G(t, s) ≤ (α − 1)k(s). (2.8)

3. Main Results

In this section, we establish the existence of positive solutions for boundary value problem
(1.2).

Let Banach space E = C[0, 1] be endowed with the norm ‖u‖ = max0≤t≤1|u(t)|. Define
the cone P ⊂ E by

P =
{
u ∈ E : u(t) ≥ q(t)

α − 1
‖u‖, t ∈ [0, 1]

}
. (3.1)

Suppose that u is a solution of boundary value problem (1.2). Then

u(t) = λ
∫1

0
G(t, s)f(u(s))ds, t ∈ [0, 1]. (3.2)
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We define an operator Aλ : P → E as follows:

(Aλu)(t) = λ
∫1

0
G(t, s)f(u(s))ds, t ∈ [0, 1]. (3.3)

By Lemma 2.6, we have

‖Aλu‖ ≤ λ

Γ(α)

∫1

0
(α − 1)k(s)f(u(s))ds,

(Aλu)(t) ≥ λ

Γ(α)

∫1

0
q(t)k(s)f(u(s))ds

≥ q(t)
α − 1

‖Aλu‖.

(3.4)

Thus, Aλ(P) ⊂ P .
Then we have the following lemma.

Lemma 3.1. Aλ : P → P is completely continuous.

Proof. The operator Aλ : P → P is continuous in view of continuity of G(t, s) and f(u(t)). By
means of the Arzela-Ascoli theorem, Aλ : P → P is completely continuous.

For convenience, we denote

F0 = lim
u→ 0+

sup
f(u)
u

, F∞ = lim
u→+∞

sup
f(u)
u

,

f0 = lim
u→ 0+

inf
f(u)
u

, f∞ = lim
u→+∞

inf
f(u)
u

,

C1 =
1

Γ(α)

∫1

0
(α − 1)k(s)ds,

C2 =
1

Γ(α)

∫1

0

1
(α − 1)

q(s)k(s)ds,

C3 =
1

Γ(α)

∫1

0

1
(α − 1)

k(s)ds.

(3.5)

Theorem 3.2. If there exists l ∈ (0, 1) such that q(l)f∞C2 > F0C1 holds, then for each

λ ∈
((
q(l)f∞C2

)−1
, (F0C1)−1

)
, (3.6)

the boundary value problem (1.2) has at least one positive solution. Here we impose (q(l)f∞C2)
−1 = 0

if f∞ = +∞ and (F0C1)
−1 = +∞ if F0 = 0.
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6 Abstract and Applied Analysis

Proof. Let λ satisfy (3.6) and ε > 0 be such that

(
q(l)
(
f∞ − ε

)
C2
)−1 ≤ λ ≤ ((F0 + ε)C1)−1. (3.7)

By the definition of F0, we see that there exists r1 > 0 such that

f(u) ≤ (F0 + ε)u, for 0 < u ≤ r1. (3.8)

So if u ∈ P with ‖u‖ = r1, then by (3.7) and (3.8), we have

‖Aλu‖ ≤ λ

Γ(α)

∫1

0
(α − 1)k(s)f(u(s))ds

≤ λ

Γ(α)

∫1

0
(α − 1)k(s)(F0 + ε)r1ds

= λ(F0 + ε)r1C1

≤ r1 = ‖u‖.

(3.9)

Hence, if we choose Ω1 = {u ∈ E : ‖u‖ < r1}, then

‖Aλu‖ ≤ ‖u‖, for u ∈ P ∩ ∂Ω1. (3.10)

Let r3 > 0 be such that

f(u) ≥ (f∞ − ε)u, for u ≥ r3. (3.11)

If u ∈ P with ‖u‖ = r2 = max{2r1, r3}, then by (3.7) and (3.11), we have

‖Aλu‖ ≥ Aλu(l)

= λ
∫1

0
G(l, s)f(u(s))ds

≥ λ

Γ(α)

∫1

0
q(l)k(s)f(u(s))ds

≥ λ

Γ(α)

∫1

0
q(l)k(s)

(
f∞ − ε

)
u(s)ds

≥ λ

Γ(α)

∫1

0

q(l)
α − 1

q(s)k(s)
(
f∞ − ε

)‖u‖ds
= λq(l)C2

(
f∞ − ε

)‖u‖ ≥ ‖u‖.

(3.12)
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Thus, if we set Ω2 = {u ∈ E : ‖u‖ < r2}, then

‖Aλu‖ ≥ ‖u‖, for u ∈ P ∩ ∂Ω2. (3.13)

Now, from (3.10), (3.13), and Lemma 2.7, we guarantee thatAλ has a fixed-point u ∈ P ∩ (Ω2\
Ω1) with r1 ≤ ‖u‖ ≤ r2, and clearly u is a positive solution of (1.2). The proof is complete.

Theorem 3.3. If there exists l ∈ (0, 1) such that q(l)C2f0 > F∞C1 holds, then for each

λ ∈
((
q(l)f0C2

)−1
, (F∞C1)−1

)
, (3.14)

the boundary value problem (1.2) has at least one positive solution. Here we impose (q(l)f0C2)
−1 = 0

if f0 = +∞ and (F∞C1)
−1 = +∞ if F∞ = 0.

Proof. Let λ satisfy (3.14) and ε > 0 be such that

(
q(l)
(
f0 − ε

)
C2
)−1 ≤ λ ≤ ((F∞ + ε)C1)−1. (3.15)

From the definition of f0, we see that there exists r1 > 0 such that

f(u) ≥ (f0 − ε
)
u, for 0 < u ≤ r1. (3.16)

Further, if u ∈ P with ‖u‖ = r1, then similar to the second part of Theorem 3.2, we can obtain
that ‖Aλu‖ ≥ ‖u‖. Thus, if we choose Ω1 = {u ∈ E : ‖u‖ < r1}, then

‖Aλu‖ ≥ ‖u‖, for u ∈ P ∩ ∂Ω2. (3.17)

Next, we may choose R1 > 0 such that

f(u) ≤ (F∞ + ε)u, for u ≥ R1. (3.18)

We consider two cases.

Case 1. Suppose f is bounded. Then there exists some M > 0, such that

f(u) ≤M, for u ∈ (0,+∞). (3.19)
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We define r3 = max{2r1, λMC1}, and u ∈ P with ‖u‖ = r3, then

‖Aλu‖ ≤ λ

Γ(α)

∫1

0
(α − 1)k(s)f(u(s))ds

≤ λM

Γ(α)

∫1

0
(α − 1)k(s)ds

≤ λMC1

≤ r3 ≤ ‖u‖.

(3.20)

Hence,

‖Aλu‖ ≤ ‖u‖, for u ∈ Pr3 = {u ∈ P : ‖u‖ ≤ r3}. (3.21)

Case 2. Suppose f is unbounded. Then there exists some r4 > max{2r1, R1}, such that

f(u) ≤ f(r4), for 0 < u ≤ r4. (3.22)

Let u ∈ P with ‖u‖ = r4. Then by (3.15) and (3.18), we have

‖Aλu‖ ≤ λ

Γ(α)

∫1

0
(α − 1)k(s)f(u(s))ds

≤ λ

Γ(α)

∫1

0
(α − 1)k(s)(F∞ + ε)‖u‖ds

≤ λC1(F∞ + ε)‖u‖
≤ ‖u‖.

(3.23)

Thus, (3.21) is also true.

In both Cases 1 and 2, if we set Ω2 = {u ∈ E : ‖u‖ < r2 = max{r3, r4}}, then

‖Aλu‖ ≤ ‖u‖, for u ∈ P ∩ ∂Ω2. (3.24)

Now that we obtain (3.17) and (3.24), it follows from Lemma 2.7 that Aλ has a fixed-point
u ∈ P ∩ (Ω2 \ Ω1) with r1 ≤ ‖u‖ ≤ r2. It is clear u is a positive solution of (1.2). The proof is
complete.

Theorem 3.4. Suppose there exist l ∈ (0, 1), r2 > r1 > 0 such that q(l) > (α − 1)r1/r2, and f satisfy

min
(q(l)/(α−1))r1≤u≤r1

f(u) ≥ r1

λ(α − 1)q(l)C3
, max

0≤u≤r2

f(u) ≤ r2

λC1
. (3.25)

Then the boundary value problem (1.2) has a positive solution u ∈ P with r1 ≤ ‖u‖ ≤ r2.
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Proof. Choose Ω1 = {u ∈ E : ‖u‖ < r1}; then for u ∈ P ∩ ∂Ω1, we have

‖Aλu‖ ≥ Aλu(l)

= λ
∫1

0
G(l, s)f(u(s))ds

≥ λ

Γ(α)

∫1

0
q(l)k(s)f(u(s))ds

≥ λ

Γ(α)

∫1

0
q(l)k(s) min

(q(l)/(α−1))r1≤u≤r1

f(u(s))ds

≥ λ(α − 1)q(l)C3
r1

λ(α − 1)q(l)C3

= r1 = ‖u‖.

(3.26)

On the other hand, choose Ω2 = {u ∈ E : ‖u‖ < r2}, then for u ∈ P ∩ ∂Ω2, we have

‖Aλu‖ ≤ λ

Γ(α)

∫1

0
(α − 1)k(s)f(u(s))ds

≤ λ

Γ(α)

∫1

0
(α − 1)k(s)max

0≤u≤r2

f(u(s))ds

≤ λC1
r2

λC1

= r2 = ‖u‖.

(3.27)

Thus, by Lemma 2.7, the boundary value problem (1.2) has a positive solution u ∈ P with
r1 ≤ ‖u‖ ≤ r2. The proof is complete.

For the reminder of the paper, we will need the following condition.

(H) (minu∈[(q(l)/(α−1))r, r]f(u))/r > 0, where l ∈ (0, 1).

Denote

λ1 = sup
r>0

r

C1max0≤u≤rf(u)
, (3.28)

λ2 = inf
r>0

r

C3min(q(l)/(α−1))r≤u≤rf(u)
. (3.29)

In view of the continuity of f(u) and (H), we have 0 < λ1 ≤ +∞ and 0 ≤ λ2 < +∞.

Theorem 3.5. Assume (H) holds. If f0 = +∞ and f∞ = +∞, then the boundary value problem (1.2)
has at least two positive solutions for each λ ∈ (0, λ1).
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Proof. Define

a(r) =
r

C1max0≤u≤rf(u)
. (3.30)

By the continuity of f(u), f0 = +∞ and f∞ = +∞, we have that a(r) : (0,+∞) → (0,+∞) is
continuous and

lim
r→ 0

a(r) = lim
r→+∞

a(r) = 0. (3.31)

By (3.28), there exists r0 ∈ (0,+∞), such that

a(r0) = sup
r>0

a(r) = λ1; (3.32)

then for λ ∈ (0, λ1), there exist constants c1, c2 (0 < c1 < r0 < c2 < +∞) with

a(c1) = a(c2) = λ. (3.33)

Thus,

f(u) ≤ c1

λC1
, for u ∈ [0, c1], (3.34)

f(u) ≤ c2

λC1
, for u ∈ [0, c2]. (3.35)

On the other hand, applying the conditions f0 = +∞ and f∞ = +∞, there exist
constants d1, d2 (0 < d1 < c1 < r0 < c2 < d2 < +∞) with

f(u)
u
≥ 1
q2(l)λC3

, for u ∈ (0, d1) ∪
(
q(l)
α − 1

d2,+∞
)
. (3.36)

Then

min
(q(l)/(α−1))d1≤u≤d1

f(u) ≥ d1

λ(α − 1)q(l)C3
, (3.37)

min
(q(l)/(α−1))d2≤u≤d2

f(u) ≥ d2

λ(α − 1)q(l)C3
. (3.38)

By (3.34) and (3.37), (3.35) and (3.38), combining with Theorem 3.4 and Lemma 2.7, we can
complete the proof.

Corollary 3.6. Assume (H) holds. If f0 = +∞ or f∞ = +∞, then the boundary value problem (1.2)
has at least one positive solution for each λ ∈ (0, λ1).
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Theorem 3.7. Assume (H) holds. If f0 = 0 and f∞ = 0, then for each λ ∈ (λ2,+∞), the boundary
value problem (1.2) has at least two positive solutions.

Proof. Define

b(r) =
r

C3min(q(l)/(α−1))r≤u≤rf(u)
. (3.39)

By the continuity of f(u), f0 = 0 and f∞ = 0, we easily see that b(r) : (0,+∞) → (0,+∞) is
continuous and

lim
r→ 0

b(r) = lim
r→+∞

b(r) = +∞. (3.40)

By (3.29), there exists r0 ∈ (0,+∞), such that

b(r0) = inf
r>0

b(r) = λ2. (3.41)

For λ ∈ (λ2,+∞), there exist constants d1, d2 (0 < d1 < r0 < d2 < +∞) with

b(d1) = b(d2) = λ. (3.42)

Therefore,

f(u) ≥ d1

λ(α − 1)q(l)C3
, for u ∈

[
q(l)
α − 1

d1, d1

]
,

f(u) ≥ d2

λ(α − 1)q(l)C3
, for u ∈

[
q(l)
α − 1

d2, d2

]
.

(3.43)

On the other hand, using f0 = 0, we know that there exists a constant c1 (0 < c1 < d1)
with

f(u)
u
≤ 1
λC1

, for u ∈ (0, c1), (3.44)

max
0≤u≤c1

f(u) ≤ c1

λC1
. (3.45)

In view of f∞ = 0, there exists a constant c2 ∈ (d2,+∞) such that

f(u)
u
≤ 1
λC1

, for u ∈ (c2,+∞). (3.46)

Let

M = max
0≤u≤c2

f(u), c2 ≥ λC1M. (3.47)
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It is easily seen that

max
0≤u≤c2

f(u) ≤ c2

λC1
. (3.48)

By (3.45) and (3.48), combining with Theorem 3.4 and Lemma 2.7, the proof is complete.

Corollary 3.8. Assume (H) holds. If f0 = 0 or f∞ = 0, then for each λ ∈ (λ2,+∞), the boundary
value problem (1.2) has at least one positive solution.

By the above theorems, we can obtain the following results.

Corollary 3.9. Assume (H) holds. If f0 = +∞, f∞ = d, or f∞ = +∞, f0 = d, then for any λ ∈
(0, (dC1)

−1), the boundary value problem (1.2) has at least one positive solution.

Corollary 3.10. Assume (H) holds. If f0 = 0,f∞ = d, or if f∞ = 0, f0 = d, then for any λ ∈
((q(l)dC2)

−1,+∞), the boundary value problem (1.2) has at least one positive solution.

Remark 3.11. For the integer derivative case α = 3, Theorems 3.2–3.7 also hold; we can find
the corresponding existence results in [22].

4. Nonexistence

In this section, we give some sufficient conditions for the nonexistence of positive solution to
the problem (1.2).

Theorem 4.1. Assume (H) holds. If F0 < +∞ and F∞ < ∞, then there exists a λ0 > 0 such that for
all 0 < λ < λ0, the boundary value problem (1.2) has no positive solution.

Proof. Since F0 < +∞ and F∞ < +∞, there exist positive numbers m1, m2, r1, and r2, such
that r1 < r2 and

f(u) ≤ m1u, for u ∈ [0, r1],

f(u) ≤ m2u, for u ∈ [r2,+∞).
(4.1)

Let m = max{m1, m2,maxr1≤u≤r2{f(u)/u}}. Then we have

f(u) ≤ mu, for u ∈ [0,+∞). (4.2)

Assume v(t) is a positive solution of (1.2). We will show that this leads to a contradiction for
0 < λ < λ0 := (mC1)

−1. Since Aλv(t) = v(t) for t ∈ [0, 1],

‖v‖ = ‖Aλv‖ ≤ λ

Γ(α)

∫1

0
(α − 1)k(s)f(v(s))ds ≤ mλ

Γ(α)
‖v‖
∫1

0
(α − 1)k(s)ds < ‖v‖, (4.3)

which is a contradiction. Therefore, (1.2) has no positive solution. The proof is complete.
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Theorem 4.2. Assume (H) holds. If f0 > 0 and f∞ > 0, then there exists a λ0 > 0 such that for all
λ > λ0, the boundary value problem (1.2) has no positive solution.

Proof. By f0 > 0 and f∞ > 0, we know that there exist positive numbers n1, n2, r1, and r2,
such that r1 < r2 and

f(u) ≥ n1u, for u ∈ [0, r1],

f(u) ≥ n2u, for u ∈ [r2,+∞).
(4.4)

Let n = min{n1, n2,minr1≤u≤r2{f(u)/u}} > 0. Then we get

f(u) ≥ nu, for u ∈ [0,+∞). (4.5)

Assume v(t) is a positive solution of (1.2). We will show that this leads to a contradiction for
λ > λ0 := (q(l)nC2)

−1. Since Aλv(t) = v(t) for t ∈ [0, 1],

‖v‖ = ‖Aλv‖ ≥ λ

Γ(α)

∫1

0
q(l)k(s)f(v(s))ds > ‖v‖, (4.6)

which is a contradiction. Thus, (1.2) has no positive solution. The proof is complete.

5. Examples

In this section, we will present some examples to illustrate the main results.

Example 5.1. Consider the boundary value problem

D5/2
0+ u(t) + λua = 0, 0 < t < 1, a > 1,

u(0) = u(1) = u′(0) = 0.
(5.1)

Since α = 5/2, we have

C1 =
1

Γ(α)

∫1

0
(α − 1)k(s)ds =

1
Γ(5/2)

∫1

0

3
2
s(1 − s)3/2ds = 0.1290,

C2 =
1

Γ(α)

∫1

0

1
(α − 1)

q(s)k(s)ds =
1

Γ(5/2)

∫1

0

2
3
s5/2(1 − s)5/2ds = 0.0077.

(5.2)

Let f(u) = ua, a > 1. Then we have F0 = 0, f∞ = +∞. Choose l = 1/2. Then q(1/2) =
√

2/8 =
0.1768. So q(l)C2f∞ > F0C1 holds. Thus, by Theorem 3.2, the boundary value problem (5.1)
has a positive solution for each λ ∈ (0,+∞).
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Example 5.2. Discuss the boundary value problem

D5/2
0+ u(t) + λub = 0, 0 < t < 1, 0 < b < 1,

u(0) = u(1) = u′(0) = 0.
(5.3)

Since α = 5/2, we have C1 = 0.1290 and C2 = 0.0077. Let f(u) = ub, 0 < b < 1. Then
we have F∞ = 0, f0 = +∞. Choose l = 1/2. Then q(1/2) =

√
2/8 = 0.1768. So q(l)C2f0 > F∞C1

holds. Thus, by Theorem 3.3, the boundary value problem (5.3) has a positive solution for
each λ ∈ (0,+∞).

Example 5.3. Consider the boundary value problem

D5/2
0+ u(t) + λ

(
200u2 + u

)
(2 + sinu)

u + 1
= 0, 0 < t < 1, a > 1,

u(0) = u(1) = u′(0) = 0.

(5.4)

Since α = 5/2, we have C1 = 0.129 and C2 = 0.0077. Let f(u) = (200u2 + u)(2 +
sinu)/(u + 1). Then we have F0 = f0 = 2, F∞ = 600, f∞ = 200, and 2u < f(u) < 600u.

(i) Choose l = 1/2. Then q(1/2) =
√

2/8 = 0.1768. So q(l)C2f∞ > F0C1 holds. Thus,
by Theorem 3.2, the boundary value problem (5.4) has a positive solution for each
λ ∈ (3.6937, 3.8759).

(ii) By Theorem 4.1, the boundary value problem (5.4) has no positive solution for all
λ ∈ (0, 0.0129).

(iii) By Theorem 4.2, the boundary value problem (5.4) has no positive solution for all
λ ∈ (369.369,+∞).

Example 5.4. Consider the boundary value problem

D5/2
0+ u(t) + λ

(
u2 + u

)
(2 + sinu)

150u + 1
= 0, 0 < t < 1, a > 1,

u(0) = u(1) = u′(0) = 0.

(5.5)

Since α = 5/2, we have C1 = 0.129 and C2 = 0.0077. Let f(u) = (u2 + u)(2 +
sinu)/(150u + 1). Then we have F0 = f0 = 2, F∞ = 1/50, f∞ = 1/150, and u/150 < f(u) < 2u.

(i) Choose l = 1/2. Then q(1/2) =
√

2/8 = 0.1768. So q(l)C2f0 > F∞C1 holds. Thus,
by Theorem 3.3, the boundary value problem (5.5) has a positive solution for each
λ ∈ (369.369, 387.5968).

(ii) By Theorem 4.1, the boundary value problem (5.5) has no positive solution for all
λ ∈ (0, 3.8759).

(iii) By Theorem 4.2, the boundary value problem (5.5) has no positive solution for all
λ ∈ (110810.6911,+∞).
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The aim of this paper is to offer sufficient conditions for property (B) and/or the oscillation of
the third-order nonlinear functional differential equation with mixed arguments [a(t)[x′′(t)]γ ]′ =
q(t)f(x[τ(t)])+p(t)h(x[σ(t)]). Both cases

∫∞
a−1/γ (s)ds =∞ and

∫∞
a−1/γ (s)ds <∞ are considered.

We deduce properties of the studied equations via new comparison theorems. The results obtained
essentially improve and complement earlier ones.

1. Introduction

We are concerned with the oscillatory and certain asymptotic behavior of all solutions of the
third-order functional differential equations

[
a(t)
[
x′′(t)

]γ]′ = q(t)f(x[τ(t)]) + p(t)h(x[σ(t)]). (E)

Throughout the paper, it is assumed that a, q, p ∈ C([t0,∞)), τ, σ ∈ C1([t0,∞)), f, h ∈
C((−∞,∞)), and

(H1) γ is the ratio of two positive odd integers,

(H2) a(t), q(t), p(t) are positive,

(H3) τ(t) ≤ t, σ(t) ≥ t, τ ′(t) > 0, σ ′(t) > 0, limt→∞τ(t) =∞,

(H4) f1/γ(x)/x ≥ 1, xh(x) > 0, f ′(x) ≥ 0, and h′(x) ≥ 0 for x /= 0,

(H5) −f(−xy) ≥ f(xy) ≥ f(x)f(y) for xy > 0 and −h(−xy) ≥ h(xy) ≥ h(x)h(y) for
xy > 0.
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2 Abstract and Applied Analysis

By a solution of (E), we mean a function x(t) ∈ C2([Tx,∞)), Tx ≥ t0, which has
the property a(t)(x′′(t))γ ∈ C1([Tx,∞)) and satisfies (E) on [Tx,∞). We consider only those
solutions x(t) of (E) which satisfy sup{|x(t)| : t ≥ T} > 0 for all T ≥ Tx. We assume that (E)
possesses such a solution. A solution of (E) is called oscillatory if it has arbitrarily large zeros
on [Tx,∞), and, otherwise, it is nonoscillatory. Equation (E) is said to be oscillatory if all its
solutions are oscillatory.

Recently, (E) and its particular cases (see [1–17]) have been intensively studied. The
effort has been oriented to provide sufficient conditions for every (E) to satisfy

lim
t→∞
|x(t)| =∞ (1.1)

or to eliminate all nonoscillatory solutions. Following [6, 8, 13, 15], we say that (E) has
property (B) if each of its nonoscillatory solutions satisfies (1.1).

We will discuss both cases

∫∞
t0

a−1/γ(s)ds <∞, (1.2)

∫∞
t0

a−1/γ(s)ds =∞. (1.3)

We will establish suitable comparison theorems that enable us to study properties of
(E) regardless of the fact that (1.3) or (1.2) holds. We will compare (E) with the first-order
advanced/delay equations, in the sense that the oscillation of these first-order equations
yields property (B) or the oscillation of (E).

In the paper, we are motivated by an interesting result of Grace et al. [10], where the
oscillation criteria for (E) are discussed. This result has been complemented by Baculı́ková
et al. [5]. When studying properties of (E), the authors usually reduce (E) onto the
corresponding differential inequalities

[
a(t)
[
x′′(t)

]γ]′ ≥ q(t)f(x[τ(t)]),
[
a(t)
[
x′′(t)

]γ]′ ≥ p(t)h(x[σ(t)]),
(Eσ)

and further study only properties of these inequalities. Therefore, the criteria obtained
withhold information either from delay argument τ(t) and the corresponding functions q(t)
and f(u) or from advanced argument σ(t) and the corresponding functions p(t) and h(u). In
the paper, we offer a technique for obtaining new criteria for property (B) and the oscillation
of (E) that involve both arguments τ(t) and σ(t). Consequently, our results are new even for
the linear case of (E) and properly complement and extend earlier ones presented in [1–17].

Remark 1.1. All functional inequalities considered in this paper are assumed to hold eventu-
ally; that is, they are satisfied for all t large enough.

2. Main Results

The following results are elementary but useful in what comes next.
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Lemma 2.1. Assume that A ≥ 0, B ≥ 0, α ≥ 1. Then,

(A + B)α ≥ Aα + Bα. (2.1)

Proof. If A = 0 or B = 0, then (2.1) holds. For A/= 0, setting x = B/A, condition (2.1) takes the
form (1 + x)α ≥ 1 + xα, which is for x > 0 evidently true.

Lemma 2.2. Assume that A ≥ 0, B ≥ 0, 0 < α ≤ 1. Then,

(A + B)α ≥ A
α + Bα

21−α . (2.2)

Proof. We may assume that 0 < A < B. Consider a function g(u) = uα. Since g ′′(u) < 0 for
u > 0, function g(u) is concave down; that is,

g

(
A + B

2

)
≥ g(A) + g(B)

2
(2.3)

which implies (2.2).

The following result presents a useful relationship between an existence of positive
solutions of the advanced differential inequality and the corresponding advanced differential
equation.

Lemma 2.3. Suppose that p(t), σ(t), and h(u) satisfy (H2), (H3), and (H4), respectively. If the first-
order advanced differential inequality

z′(t) − p(t)h(z(σ(t))) ≥ 0 (2.4)

has an eventually positive solution, so does the advanced differential equation

z′(t) − p(t)h(z(σ(t))) = 0. (2.5)

Proof. Let z(t) be a positive solution of (2.4) on [t1,∞). Then, z(t) satisfies the inequality

z(t) ≥ z(t1) +
∫ t
t1

p(s)h(z(σ(s)))ds. (2.6)

Let

y1(t) = z(t),

yn(t) = z(t1) +
∫ t
t1

p(s)h
(
yn−1(σ(s))

)
ds, n = 2, 3 . . . .

(2.7)
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It follows from the definition of yn(t) and (H4) that the sequence {yn} has the property

z(t) = y1(t) ≥ y2(t) ≥ · · · ≥ z(t1), t ≥ t1. (2.8)

Hence, {yn} converges pointwise to a function y(t), where z(t) ≥ y(t) ≥ z(t1). Let hn(t) =
p(t)h(yn(σ(t))), n = 1, 2, . . ., then h1(t) ≥ h2(t) ≥ · · · ≥ 0. Since h1(t) is integrable on [t1, t] and
limn→∞hn(t) = p(t)h(y(σ(t))), it follows by Lebesgue’s dominated convergence theorem that

y(t) = z(t1) +
∫ t
t1

p(s)h
(
y(σ(s))

)
ds. (2.9)

Thus, y(t) satisfies (2.5).

We start our main results with the classification of the possible nonoscillatory solutions
of (E).

Lemma 2.4. Let x(t) be a nonoscillatory solution of (E). Then, x(t) satisfies, eventually, one of the
following conditions

(I)

x(t)x′(t) > 0, x(t)x′′(t) > 0, x(t)
[
a(t)
[
x′′(t)

]γ]′
> 0, (2.10)

(II)

x(t)x′(t) > 0, x(t)x′′(t) < 0, x(t)
[
a(t)
[
x′′(t)

]γ]′
> 0, (2.11)

and if (1.2) holds, then also

(III)

x(t)x′(t) < 0, x(t)x′′(t) > 0, x(t)
[
a(t)
[
x′′(t)

]γ]′
> 0. (2.12)

Proof. Let x(t) be a nonoscillatory solution of (E), say x(t) > 0 for t ≥ t0. It follows from (E)
that [a(t)[x′′(t)]γ] > 0, eventually. Thus, x′′(t) and x′(t) are of fixed sign for t ≥ t1, t1 large
enough. At first, we assume that x′′(t) < 0. Then, either x′(t) > 0 or x′(t) < 0, eventually. But
x′′(t) < 0 together with x′(t) < 0 imply that x(t) < 0. A contradiction, that is, Case (II) holds.

Now, we suppose that x′′(t) > 0, then either Case (I) or Case (III) holds. On the other
hand, if (1.3) holds, then Case (III) implies that a(t)[x′′(t)]γ ≥ c > 0, t ≥ t1. Integrating from t1
to t, we have

x′(t) − x′(t1) ≥ c1/γ
∫ t
t1

a−1/γ(s)ds, (2.13)

which implies that x′(t) → ∞ as t → ∞, and we deduce that Case (III) may occur only if
(1.2) is satisfied. The proof is complete.
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Remark 2.5. It follows from Lemma 2.4 that if (1.3) holds, then only Cases (I) and (II) may
occur.

In the following results, we provide criteria for the elimination of Cases (I)–(III) of
Lemma 2.4 to obtain property (B)/oscillation of (E).

Let us denote for our further references that

P(t) =
∫∞
t

a−1/γ(u)
(∫∞

u

p(s)ds
)1/γ

du, (2.14)

Q(t) =
∫∞
t

a−1/γ(u)

(∫∞
u

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)ds

)1/γ

du. (2.15)

Theorem 2.6. Let 0 < γ ≤ 1. Assume that x(t) is a nonoscillatory solution of (E). If the first-order
advanced differential equation

z′(t) − P(t)e−
∫ t
t1
Q(s)ds

h1/γ
(
e
∫σ(t)
t1

Q(s)ds
)
h1/γ(z[σ(t)]) = 0 (E1)

is oscillatory, then Case (II) cannot hold.

Proof. Let x(t) be a nonoscillatory solution of (E), satisfying Case (II) of Lemma 2.4. We may
assume that x(t) > 0 for t ≥ t0. Integrating (E) from t to∞, one gets

−a(t)[x′′(t)]γ ≥
∫∞
t

q(s)f(x[τ(s)])ds +
∫∞
t

p(s)h(x[σ(s)])ds. (2.16)

On the other hand, the substitution τ(s) = u gives

∫∞
t

q(s)f(x[τ(s)])ds =
∫∞
τ(t)

q
(
τ−1(u)

)
τ ′
(
τ−1(u)

)f(x(u))du

≥
∫∞
t

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)f(x(s))ds.
(2.17)

Using (2.17) in (2.16), we find

−x′′(t) ≥ a−1/γ(t)

(∫∞
t

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)f(x(s))ds +
∫∞
t

p(s)h(x[σ(s)])ds

)1/γ

. (2.18)
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Taking into account the monotonicity of x(t), it follows from Lemma 2.1 that

− x′′(t) ≥ f
1/γ(x(t))
a1/γ(t)

(∫∞
t

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)ds

)1/γ

+
h1/γ(x[σ(t)])

a1/γ(t)

(∫∞
t

p(s)ds
)1/γ

,

(2.19)

where we have used (H3) and (H4). An integration from t to∞ yields

x′(t) ≥
∫∞
t

f1/γ(x(u))
a1/γ(u)

(∫∞
u

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)ds

)1/γ

du

+
∫∞
t

h1/γ(x[σ(u)])
a1/γ(u)

(∫∞
u

p(s)ds
)1/γ

du

≥ f1/γ(x(t))Q(t) + h1/γ(x[σ(t)])P(t).

(2.20)

Regarding (H4), it follows that x(t) is a positive solution of the differential inequality

x′(t) −Q(t)x(t) ≥ P(t)h1/γ(x[σ(t)]). (2.21)

Applying the transformation

x(t) = w(t)e
∫ t
t1
Q(s)ds

, (2.22)

we can easily verify that w(t) is a positive solution of the advanced differential inequality

w′(t) − P(t)e−
∫ t
t1
Q(s)ds

h1/γ
(
e
∫σ(t)
t1

Q(s)ds
)
h1/γ(w[σ(t)]) ≥ 0. (2.23)

By Lemma 2.3, we conclude that the corresponding differential equation (E1) has also a
positive solution. A contradiction. Therefore, x(t) cannot satisfy Case (II).
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Remark 2.7. It follows from the proof of Theorem 2.8 that if at least one of the following
conditions is satisfied:

∫∞
t0

p(s)ds =∞,

∫∞
t0

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)ds =∞,

∫∞
t0

a−1/γ(u)
(∫∞

u

p(s)ds
)1/γ

du =∞,

∫∞
t0

a−1/γ(u)

(∫∞
u

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)ds

)1/γ

du =∞,

(2.24)

then any nonoscillatory solution x(t) of (E) cannot satisfy Case (II). Therefore, we may
assume that the corresponding integrals in (2.14)-(2.15) are convergent.

Now, we are prepared to provide new criteria for property (B) of (E) and also the rate
of divergence of all nonoscillatory solutions.

Theorem 2.8. Let (1.3) hold and 0 < γ ≤ 1. Assume that (E1) is oscillatory. Then, (E) has property
(B) and, what is more, the following rate of divergence for each of its nonoscillatory solutions holds:

|x(t)| ≥ c
∫ t
t1

a−1/γ(s)(t − s)ds, c > 0. (2.25)

Proof. Let x(t) be a positive solution of (E). It follows from Lemma 2.4 and Remark 2.5 that
x(t) satisfies either Case (I) or (II). But Theorem 2.6 implies that the Case (II) cannot hold.
Therefore, x(t) satisfies Case (I), which implies (1.1); that is, (E) has property (B). On the
other hand, there is a constant c > 0 such that

a(t)
(
x′′(t)

)γ ≥ cγ . (2.26)

Integrating twice from t1 to t, we have

x(t) ≥ c
∫ t
t1

(∫u
t1

a−1/γ(s)ds

)
du = c

∫ t
t1

a−1/γ(s)(t − s)ds, (2.27)

which is the desired estimate.

Employing an additional condition on the function h(x), we get easily verifiable
criterion for property (B) of (E).
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Corollary 2.9. Let 0 < γ ≤ 1 and (1.3) hold. Assume that

h1/γ(x)/x ≥ 1, |x| ≥ 1, (2.28)

lim inf
t→∞

∫σ(t)
t

P(u)e
∫σ(u)
u Q(s)dsdu >

1
e
. (2.29)

Then, (E) has property (B).

Proof. First note that (2.29) implies

∫∞
t0

P(u)e
∫σ(u)
u Q(s)dsdu =∞. (2.30)

By Theorem 2.8, it is sufficient to show that (E1) is oscillatory. Assume the converse, let (E1)
have an eventually positive solution z(t). Then, z′(t) > 0 and so z(σ(t)) > c > 0. Integrating
(E1) from t1 to t, we have in view of (2.28)

z(t) ≥
∫ t
t1

P(u)e−
∫u
t1
Q(s)ds

h1/γ
(
e
∫σ(u)
t1

Q(s)ds
)
h1/γ(z[σ(u)])du

≥ h1/γ(c)
∫ t
t1

P(u)e
∫σ(u)
u Q(s)dsdu.

(2.31)

Using (2.30) in the previous inequalities, we get z(t) → ∞ as t → ∞. Therefore, z(t) ≥ 1,
eventually. Now, using (2.28) in (E1), one can verify that z(t) is a positive solution of the
differential inequality

z′(t) − P(t)e
∫σ(t)
t Q(s)dsz(σ(t)) ≥ 0. (2.32)

But, by [14, Theorem 2.4.1], condition (2.29) ensures that (2.32) has no positive solutions.
This is a contradiction, and we conclude that (E) has property (B).

Example 2.10. Consider the third-order nonlinear differential equation with mixed arguments

(
t1/3(x′′(t))1/3

)′
=

a

t4/3
x1/3(λt) +

b

t4/3
xβ(ωt), (Ex1)

where a, b > 0, 0 < λ < 1, ω > 1, and β ≥ 1/3 is a ratio of two positive odd integers. Since

P(t) =
27b3

t
, Q(t) =

27a3λ

t
, (2.33)

Corollary 2.9 implies that (Ex1) has property (B) provided that

b3ω27a3λ lnω >
1

27e
. (2.34)
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Moreover, by Theorem 2.8, the rate of divergence of every nonoscillatory solution of (Ex1) is

|x(t)| ≥ ct ln t, c > 0. (2.35)

For β = 1/3 and δ > 1 satisfying δ1/3(δ − 1)4/3 = 3aλδ/3 + 3bωδ/3, one such solution is tδ.

Now, we turn our attention to the case when γ ≥ 1.

Theorem 2.11. Let γ ≥ 1. Assume that x(t) is a nonoscillatory solution of (E). If the first-order
advanced differential equation

z′(t) − 2(1−γ)/γP(t)e[−2(1−γ)/γ
∫ t
t1
Q(s)ds]

h1/γ
(
e2(1−γ)/γ

∫σ(t)
t1

Q(s)ds
)
h1/γ(z[σ(t)]) = 0 (E2)

is oscillatory, then Case (II) cannot hold.

Proof. Let x(t) be an eventually positive solution of (E), satisfying Case (II) of Lemma 2.4.
Then, (2.18) holds. Lemma 2.2, in view of the monotonicity of x(t), (H3), and (H4), implies

−x′′(t) ≥ f1/γ(x(t))
2(γ−1)/γa1/γ(t)

(∫∞
t

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)ds

)1/γ

+
h1/γ(x[σ(t)])
2(γ−1)/γa1/γ(t)

(∫∞
t

p(s)ds
)1/γ

.

(2.36)

An integration from t to∞ yields

x′(t) ≥
∫∞
t

f1/γ(x(u))
2(γ−1)/γa1/γ(u)

(∫∞
u

q
(
τ−1(s)

)
τ ′
(
τ−1(s)

)ds

)1/γ

du

+
∫∞
t

h1/γ(x[σ(u)])
2(γ−1)/γa1/γ(u)

(∫∞
u

p(s)ds
)1/γ

du

≥ f1/γ(x(t))2(1−γ)/γQ(t) + h1/γ(x[σ(t)])2(1−γ)/γP(t).

(2.37)

Noting (H4), we see that x(t) is a positive solution of the differential inequality

x′(t) ≥ 2(1−γ)/γQ(t)x(t) + 2(1−γ)/γP(t)h1/γ(x[σ(t)]). (2.38)

Setting

x(t) = w(t)e[2
(1−γ)/γ ∫ t

t1
Q(s)ds]

, (2.39)
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one can see that w(t) is a positive solution of the advanced differential inequality

w′(t) − 2(1−γ)/γP(t)e[−2(1−γ)/γ
∫ t
t1
Q(s)ds]

h1/γ
(
e

2(1−γ)/γ
∫σ(t)
t1

Q(s)ds
)
h1/γ(w[σ(t)]) ≥ 0. (2.40)

By Lemma 2.3, we deduce that the corresponding differential equation (E2) has also a positive
solution. A contradiction. Therefore, x(t) cannot satisfy Case (II).

The following result is obvious.

Theorem 2.12. Let (1.3) hold and γ ≥ 1. Assume that (E2) is oscillatory. Then, (E) has property (B)
and, what is more, each of its nonoscillatory solutions satisfies (2.25).

Now, we present easily verifiable criterion for property (B) of (E).

Corollary 2.13. Let (1.3) and (2.28) hold and γ ≥ 1. If

lim inf
t→∞

∫σ(t)
t

P(u)e[2
(1−γ)/γ ∫σ(u)

u Q(s)ds]du >
2(γ−1)/γ

e
, (2.41)

then (E) has property (B).

Proof. The proof is similar to the proof of Corollary 2.9 and so it can be omitted.

Remark 2.14. Theorems 2.6, 2.8, 2.11, and 2.12 and Corollaries 2.9 and 2.13 provide criteria
for property (B) that include both delay and advanced arguments and all coefficients and
functions of (E). Our results are new even for the linear case of (E).

Remark 2.15. It is useful to notice that if we apply the traditional approach to (E), that is, if
we replace (E) by the corresponding differential inequality (Eσ), then conditions (2.29) of
Corollary 2.9 and (2.41) of Corollary 2.13 would take the forms

lim inf
t→∞

∫σ(t)
t

P(u)du >
1
e
, lim inf

t→∞

∫σ(t)
t

P(u)du >
2(γ−1)/γ

e
, (2.42)

respectively, which are evidently second to (2.29) and (2.41).

Example 2.16. Consider the third-order nonlinear differential equation with mixed arguments

(
t(x′′(t))3

)′
=
a

t6
x3(λt) +

b

t6
xβ(ωt), (Ex2)

where a, b > 0, 0 < λ < 1, β ≥ 3 is a ratio of two positive odd integers and ω > 1. It is easy to
see that conditions (2.14) and (2.15) for (Ex2) reduce to

P(t) =
b1/3

51/3t
, Q(t) =

λ5/3a1/3

51/3t
, (2.43)
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respectively. It follows from Corollary 2.13 that (Ex2) has property (B) provided that

b1/3
[
ωλ5/3a1/3/22/351/3

]
lnω ≥ 22/351/3

e
. (2.44)

Moreover, (2.25) provides the following rate of divergence for every nonoscillatory solution
of (Ex2):

|x(t)| ≥ ct5/3, c > 0. (2.45)

Now, we eliminate Case (I) of Lemma 2.4, to get the oscillation of (E).

Theorem 2.17. Let x(t) be a nonoscillatory solution of (E). Assume that there exists a function
ξ(t) ∈ C1([t0,∞)) such that

ξ′(t) ≥ 0, ξ(t) < t, η(t) = σ(ξ(ξ(t))) > t. (2.46)

If the first-order advanced differential equation

z′(t) −
⎧⎨
⎩
∫ t
ξ(t)

a−1/γ(u)

(∫u
ξ(u)

p(s)ds

)1/γ

du

⎫⎬
⎭h1/γ(z[η(t)]) = 0 (E3)

is oscillatory, then Case (I) cannot hold.

Proof. Let x(t) be an eventually positive solution of (E), satisfying Case (I). It follows from
(E) that

[
a(t)[x′′(t)]γ

]′ ≥ p(t)h(x[σ(t)]). (2.47)

Integrating from ξ(t) to t, we have

a(t)[x′′(t)]γ − a(ξ(t))[x′′(ξ(t))] γ ≥
∫ t
ξ(t)

p(s)h(x[σ(s)])ds

≥ h(x[σ(ξ(t))])
∫ t
ξ(t)

p(s)ds.

(2.48)

Therefore,

x′′(t) ≥ h1/γ(x[σ(ξ(t))])a−1/γ(t)

(∫ t
ξ(t)

p(s)ds

)1/γ

. (2.49)
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An integration from ξ(t) to t yields

x′(t) ≥
∫ t
ξ(t)

h1/γ(x[σ(ξ(u))])a−1/γ(u)

(∫u
ξ(u)

p(s)ds

)1/γ

du

≥ h1/γ(x[η(t)])
∫ t
ξ(t)

a−1/γ(u)

(∫u
ξ(u)

p(s)ds

)1/γ

du.

(2.50)

Consequently, x(t) is a positive solution of the advanced differential inequality

x′(t) −
⎧⎨
⎩
∫ t
ξ(t)

a−1/γ(u)

(∫u
ξ(u)

p(s)ds

)1/γ

du

⎫⎬
⎭h1/γ(x[η(t)]) ≥ 0. (2.51)

Hence, by Lemma 2.3, we conclude that the corresponding differential equation (E3) also has
a positive solution, which contradicts the oscillation of (E3). Therefore, x(t) cannot satisfy
Case (I).

Combining Theorem 2.17 with Theorems 2.6 and 2.11, we get two criteria for the
oscillation of (E).

Theorem 2.18. Let (1.3) hold and 0 < γ ≤ 1. Assume that both of the first-order advanced equations
(E1) and (E3) are oscillatory, then (E) is oscillatory.

Proof. Assume that (E) has a nonoscillatory solution. It follows from Remark 2.5 that x(t)
satisfies either Case (I) or (II). But both cases are excluded by the oscillation of (E1) and
(E3).

Corollary 2.19. Let 0 < γ ≤ 1. Assume that (1.3), (2.28), (2.29), and (2.46) hold. If

lim inf
t→∞

∫η(t)
t

⎧⎨
⎩
∫v
ξ(v)

a−1/γ(u)

(∫u
ξ(u)

p(s)ds

)1/γ

du

⎫⎬
⎭dv >

1
e
, (2.52)

then (E) is oscillatory.

Proof. Conditions (2.29) and (2.52) guarantee the oscillation of (E1) and (E3), respectively.
The assertion now follows from Theorem 2.18.

Example 2.20. We consider once more the third-order differential equation (Ex1) with the same
restrictions as in Example 2.10. We set ξ(t) = α0t, where α0 = (1 +

√
ω)/2

√
ω. Then condition

(2.52) takes the form

b3
(1 − α0)

(
1 − α1/3

0

)3

α2
0

ln
(
ωα2

0

)
>

1
27e

, (2.53)

which by Corollary 2.19, implies the oscillation of (Ex1).
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The following results are obvious.

Theorem 2.21. Let (1.3) hold and γ ≥ 1. Assume that both of the first-order advanced equations (E2)
and (E3) are oscillatory, then (E) is oscillatory.

Corollary 2.22. Let γ ≥ 1. Assume that (1.3), (2.28), (2.41), (2.46), and (2.52) hold. Then (E) is
oscillatory.

Example 2.23. We recall again the differential equation (Ex2) with the same assumptions as in
Example 2.16. We set ξ(t) = α0t with α0 = (1 +

√
ω)/2

√
ω. Then condition (2.52) reduces to

b1/3 (1 − α0)
(
1 − α5

0

)1/3

α8/3
0

ln
(
ωα2

0

)
>

51/3

e
, (2.54)

which, by Corollary 2.22, guarantees the oscillation of (Ex2).

The following result is intended to exclude Case (III) of Lemma 2.4.

Theorem 2.24. Let x(t) be a nonoscillatory solution of (E). Assume that (1.2) holds. If the first-order
delay differential equation

z′(t) +

(∫ t
t1

q(s)ds

)1/γ(∫∞
t

a−1/γ(s)ds
)
f1/γ(z[τ(t)]) = 0. (E4)

is oscillatory, then Case (III) cannot hold.

Proof. Let x(t) be a positive solution of (E), satisfying Case (III) of Lemma 2.4. Using that
a(t)[x′′(t)]γ is increasing, we find that

−x′(t) ≥
∫∞
t

x′′(s)ds =
∫∞
t

(
a1/γ(s)x′′(s)

)
a−1/γ(s)ds

≥ a(t)1/γx′′(t)
∫∞
t

a−1/γ(s)ds.

(2.55)

Integrating the inequality [a(t)[x′′(t)]γ]′ ≥ q(t)f(x[τ(t)]) from t1 to t, we have

a(t)
[
x′′(t)

]γ ≥
∫ t
t1

q(s)f(x[τ(s)]ds) ≥ f(x[τ(t)])
∫ t
t1

q(s)ds. (2.56)

Thus,

a1/γ(t)x′′(t) ≥ f1/γ(x[τ(t)])

(∫ t
t1

q(s)ds

)1/γ

. (2.57)
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Combining (2.57) with (2.55), we find

0 ≥ x′(t) +
(∫ t

t1

q(s)ds

)1/γ(∫∞
t

a−1/γ(s)ds
)
f1/γ(x[τ(t)]). (2.58)

It follows from [16, Theorem 1] that the corresponding differential equation (E4) also has a
positive solution. A contradiction. For that reason, x(t) cannot satisfy Case (III).

The following results are immediate.

Theorem 2.25. Let (1.2) hold and 0 < γ ≤ 1. Assume that both of the first-order advanced equations
(E1) and (E4) are oscillatory, then (E) has property (B).

Theorem 2.26. Let (1.2) hold and 0 < γ ≤ 1. Assume that all of the three first-order advanced
equations (E1), (E3), and (E4) are oscillatory, then (E) is oscillatory.

Theorem 2.27. Let (1.2) hold and γ ≥ 1. Assume that both of the first-order advanced equations (E2)
and (E4) are oscillatory, then (E) has property (B).

Theorem 2.28. Let (1.2) hold and γ ≥ 1. Assume that all of the three first-order advanced equations
(E2), (E3), and (E4) are oscillatory, then (E) is oscillatory.

3. Summary

In this paper, we have presented new comparison theorems for deducing the property
(B)/oscillation of (E) from the oscillation of a set of the suitable first-order delay/advanced
differential equation. We were able to present such criteria for studied properties that employ
all coefficients and functions included in studied equations. Our method essentially simplifies
the examination of the third-order equations, and, what is more, it supports backward the
research on the first-order delay/advanced differential equations. Our results here extend
and complement latest ones of Grace et al. [10], Agarwal et al. [1–3], Cecchi et al. [6], Parhi
and Pardi [15], and the present authors [4, 8]. The suitable illustrative examples are also
provided.
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A Lie group acting on finite-dimensional space is generated by its infinitesimal transformations
and conversely, any Lie algebra of vector fields in finite dimension generates a Lie group (the
first fundamental theorem). This classical result is adjusted for the infinite-dimensional case. We
prove that the (local, C∞ smooth) action of a Lie group on infinite-dimensional space (a manifold
modelled on �

∞) may be regarded as a limit of finite-dimensional approximations and the
corresponding Lie algebra of vector fields may be characterized by certain finiteness requirements.
The result is applied to the theory of generalized (or higher-order) infinitesimal symmetries of
differential equations.

1. Preface

In the symmetry theory of differential equations, the generalized (or: higher-order, Lie-Bäcklund)
infinitesimal symmetries

Z =
∑

zi
∂

∂xi
+
∑

z
j

I

∂

∂w
j

I

(
i = 1, . . . , n; j = 1, . . . , m; I = i1 · · · in; i1, . . . , in = 1, . . . , n

)
, (1.1)

where the coefficients

zi = zi
(
. . . , xi′ , w

j ′

I ′ , . . .
)
, z

j

I = z
j

I

(
. . . , xi′ , w

j ′

I ′ , . . .
)

(1.2)

are functions of independent variables xi, dependent variables wj and a finite number of jet
variables wj

I = ∂nwj/∂xi1 · · ·∂xin belong to well-established concepts. However, in spite of
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m(λ)∗hi :
m(1)

Diagonal

m(2)

· · ·

(a)

m(λ)∗Fi :
m(1) = · · · = K(I)

K(I + 1) = · · ·

· · ·

Square blocks

(b)

Figure 1

this matter of fact, they cause an unpleasant feeling. Indeed, such vector fields as a rule do
not generate any one-parameter group of transformations

xi = Gi

(
λ; . . . , xi′ , w

j ′

I ′ , . . .
)
, w

j

I = G
j

I

(
λ; . . . , xi′ , w

j ′

I ′ , . . .
)

(1.3)

in the underlying infinite-order jet space since the relevant Lie system

∂Gi

∂λ
= zi
(
. . . , Gi′ , G

j ′

I ′ , . . .
)
,

∂G
j

I

∂λ
= zjI

(
. . . , Gi′ , G

j ′

I ′ , . . .
) (

Gi|λ=0 = xi, G
j

I

∣∣∣
λ=0

= wj

I

)
(1.4)

need not have any reasonable (locally unique) solution. Then Z is a mere formal concept
[1–7] not related to any true transformations and the term “infinitesimal symmetry Z” is
misleading, no Z-symmetries of differential equations in reality appear.

In order to clarify the situation, we consider one-parameter groups of local
transformations in �∞ . We will see that they admit “finite-dimensional approximations”
and as a byproduct, the relevant infinitesimal transformations may be exactly characterized
by certain “finiteness requirements” of purely algebraical nature. With a little effort, the
multidimensional groups can be easily involved, too. This result was briefly discussed in
[8, page 243] and systematically mentioned at several places in monograph [9], but our aim
is to make some details more explicit in order to prepare the necessary tools for systematic
investigation of groups of generalized symmetries. We intend to continue our previous articles
[10–13] where the algorithm for determination of all individual generalized symmetries was
already proposed.

For the convenience of reader, let us transparently describe the crucial approximation
result. We consider transformations (2.1) of a local one-parameter group in the space �∞

with coordinates h1, h2, . . .. Equations (2.1) of transformations m(λ) can be schematically
represented by Figure 1(a).

We prove that in appropriate new coordinate system F1, F2, . . . on �∞ , the same trans-
formations m(λ) become block triangular as in Figure 1(b). It follows that a certain hierarchy
of finite-dimensional subspaces of �∞ is preserved which provides the “approximation”
of m(λ). The infinitesimal transformation Z = dm(λ)/dλ|λ=0 clearly preserves the same
hierarchy which provides certain algebraical “finiteness” of Z.
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0 1 2 · · ·

(a)

0 1 2 · · ·

(b)

0 1 2 · · ·

(c)

Figure 2

If the primary space �∞ is moreover equipped with an appropriate structure, for
example, the contact forms, it turns into the jet space and the results concerning the
transformation groups on �

∞ become the theory of higher-order symmetries of differential
equations. Unlike the common point symmetries which occupy a number of voluminous
monographs (see, e.g., [14, 15] and extensive references therein) this higher-order theory
was not systematically investigated yet. We can mention only the isolated article [16]
which involves a direct proof of the “finiteness requirements” for one-parameter groups
(namely, the result (ι) of Lemma 5.4 below) with two particular examples and monograph
[7] involving a theory of generalized infinitesimal symmetries in the formal sense.

Let us finally mention the intentions of this paper. In the classical theory of point or Lie’s
contact-symmetries of differential equations, the order of derivatives is preserved (Figure 2(a)).
Then the common Lie’s and Cartan’s methods acting in finite dimensional spaces given
ahead of calculations can be applied. On the other extremity, the generalized symmetries need
not preserve the order (Figure 2(c)) and even any finite-dimensional space and then the
common classical methods fail. For the favourable intermediate case of groups of generalized
symmetries, the invariant finite-dimensional subspaces exist, however, they are not known in
advance (Figure 2(b)). We believe that the classical methods can be appropriately adapted for
the latter case, and this paper should be regarded as a modest preparation for this task.

2. Fundamental Approximation Results

Our reasonings will be carried out in the space �
∞ with coordinates h1, h2, . . . [9] and we

introduce the structural family F of all real-valued, locally defined and C∞-smooth functions
f = f(h1, . . . , hm(f)) depending on a finite number of coordinates. In future, such functions
will contain certain C∞-smooth real parameters, too.

We are interested in (local) groups of transformations m(λ) in �∞ defined by formulae

m(λ)∗hi =Hi
(
λ;h1, . . . , hm(i)

)
, −εi < λ < εi, εi > 0 (i = 1, 2, . . .), (2.1)

where Hi ∈ F if the parameter λ is kept fixed. We suppose

m(0) = id., m
(
λ + μ

)
= m(λ)m

(
μ
)

(2.2)
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4 Abstract and Applied Analysis

whenever it makes a sense. An open and common definition domain for all functions Hi is
tacitly supposed. (In more generality, a common definition domain for every finite number of
functions Hi is quite enough and the germ and sheaf terminology would be more adequate
for our reasonings, alas, it looks rather clumsy.)

Definition 2.1. For every I = 1, 2, . . . and 0 < ε < min{ε1, . . . , εI}, let F(I, ε) ⊂ F be the subset
of all composed functions

F = F
(
. . . ,m

(
λj
)∗
hi, . . .

)
= F
(
. . . ,Hi

(
λj ;h1, . . . , hm(i)

)
, . . .
)
, (2.3)

where i = 1, . . . , I; −ε < λj < ε; j = 1, . . . , J = J(I) = max{m(1), . . . , m(I)} and F is
arbitrary C∞-smooth function (of IJ variables). In functions F ∈ F(I, ε), variables λ1, . . . , λJ
are regarded as mere parameters.

Functions (2.3) will be considered on open subsets of �∞ where the rank of the Jacobi
(IJ × J)-matrix

(
∂

∂hj
′H

i
(
λj ;h1, . . . , hm(i)

)) (
i = 1, . . . , I; j, j ′ = 1, . . . , J

)
(2.4)

of functions Hi(λj ;h1, . . . , hm(i)) locally attains the maximum (for appropriate choice of
parameters). This rank and therefore the subset F(I, ε) ⊂ F does not depend on ε as soon
as ε = ε(I) is close enough to zero. This is supposed from now on and we may abbreviate
F(I) = F(I, ε).

We deal with highly nonlinear topics. Then the definition domains cannot be kept
fixed in advance. Our results will be true locally, near generic points, on certain open everywhere
dense subsets of the underlying space �∞ . With a little effort, the subsets can be exactly
characterized, for example, by locally constant rank of matrices, functional independence,
existence of implicit function, and so like. We follow the common practice and as a rule omit
such routine details from now on.

Lemma 2.2 (approximation lemma). The following inclusion is true:

m(λ)∗F(I) ⊂ F(I). (2.5)

Proof. Clearly

m(λ)∗Hi(λj ; . . .) = m(λ)∗m
(
λj
)∗
hi = m

(
λ + λj

)∗
hi =Hi(λ + λj ; . . .

)
(2.6)

and therefore

m(λ)∗F = F
(
. . . ,Hi

(
λ + λj ;h1, . . . , hm(i)

)
, . . .
)
∈ F(I). (2.7)
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Denoting by K(I) the rank of matrix (2.4), there exist basical functions

Fk = Fk
(
. . . ,Hi

(
λj ;h1, . . . , hm(i)

)
, . . .
)
∈ F(I) (k = 1, . . . , K(I)) (2.8)

such that rank(∂Fk/∂hj
′
) = K(I). Then a function f ∈ F lies in F(I) if and only if f =

f(F1, . . . , FK(I)) is a composed function. In more detail

F = F
(
λ1, . . . , λJ ;F1, . . . , FK(I)

)
∈ F(I) (2.9)

is such a composed function if we choose f = F given by (2.3). Parameters λ1, . . . , λJ occurring
in (2.3) are taken into account here. It follows that

∂F

∂λj
=
∂F

∂λj

(
λ1, . . . , λJ ;F1, . . . , FK(I)

)
∈ F(I) (

j = 1, . . . , J
)

(2.10)

and analogously for the higher derivatives.
In particular, we also have

Hi
(
λ;h1, . . . , hm(i)

)
= H

i(
λ;F1, . . . , FK(I)

)
∈ F(I) (i = 1, . . . , I) (2.11)

for the choice F =Hi(λ; . . .) in (2.9) whence

∂rHi

∂λr
=
∂rH

i

∂λr

(
λ;F1, . . . , FK(I)

)
∈ F(I) (i = 1, . . . , I; r = 0, 1, . . .). (2.12)

The basical functions can be taken from the family of functions Hi(λ; . . .) (i = 1, . . . , I) for
appropriate choice of various values of λ. Functions (2.12) are enough as well even for a fixed
value λ, for example, for λ = 0, see Theorem 3.2 below.

Lemma 2.3. For any basical function, one has

m(λ)∗Fk = F
k(
λ;F1, . . . , FK(I)

)
(k = 1, . . . , K(I)). (2.13)

Proof. Fk ∈ F(I) implies m(λ)∗Fk ∈ F(I) and (2.9) may be applied with the choice F =
m(λ)∗Fk and λ1 = · · · = λJ = λ.

Summary 1. Coordinates hi = Hi(0; . . .) (i = 1, . . . , I) were included into the subfamily F(I) ⊂
F which is transformed into itself by virtue of (2.13). So we have a one-parameter group
acting on F(I). One can even choose F1 = h1, . . . , FI = hI here and then, if I is large enough,
formulae (2.13) provide a “finite-dimensional approximation” of the primary mapping m(λ).
The block-triangular structure of the infinite matrix of transformations m(λ) mentioned in
Section 1 appears if I → ∞ and the system of functions F1, F2, . . . is succesively completed.
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6 Abstract and Applied Analysis

3. The Infinitesimal Approach

We introduce the vector field

Z =
∑

zi
∂

∂hi
=

dm(λ)
dλ

∣∣∣∣
λ=0

(
zi =

∂Hi

∂λ

(
0;h1, . . . , hm(i)

)
; i = 1, 2, . . .

)
, (3.1)

the infinitesimal transformation (IT) of group m(λ). Let us recall the celebrated Lie system

∂

∂λ
m(λ)∗hi =

∂Hi

∂λ
(λ; . . .) =

∂Hi

∂μ

(
λ + μ; . . .

)∣∣∣∣∣
μ=0

=
∂

∂μ
m
(
λ + μ

)∗
hi
∣∣∣∣
μ=0

= m(λ)∗
∂

∂μ
m
(
μ
)∗
h
i
∣∣∣∣∣
μ=0

= m(λ)∗Zhi = m(λ)∗zi.

(3.2)

In more explicit (and classical) transcription

∂Hi

∂λ

(
λ;h1, . . . , hm(i)

)
= zi
(
H1
(
λ;h1, . . . , hm(1)

)
, . . . ,Hm(i)

(
λ;h1, . . . , hm(m(i))

))
. (3.3)

One can also check the general identity

∂r

∂λr
m(λ)∗f = m(λ)∗Zrf

(
f ∈ F; r = 0, 1, . . .

)
(3.4)

by a mere routine induction on r.

Lemma 3.1 (finiteness lemma). For all r ∈ �, ZrF(I) ⊂ F(I).

Proof. Clearly

ZF = m(λ)∗ZF|λ=0 =
∂

∂λ
m(λ)∗F

∣∣∣∣
λ=0
∈ F(I) (3.5)

for any function (2.3) by virtue of (2.10): induction on r.

Theorem 3.2 (finiteness theorem). Every function F ∈ F(I) admits (locally, near generic points)
the representation

F = F̃

(
. . . ,

∂rHi

∂λr

(
0;h1, . . . , hm(i)

)
, . . .

)
(3.6)

in terms of a composed function where i = 1, . . . , I and F̃ is a �∞ -smooth function of a finite number
of variables.
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Proof. Let us temporarily denote

Hi
r =

∂rHi

∂λr
(λ; . . .) =

∂r

∂λr
m(λ)∗hi, hir =H

i
r(0; . . .) = Zrhi, (3.7)

where the second equality follows from (3.4) with f = hi, λ = 0. Then

Hi
r = m(λ)∗hir = m(λ)∗Zrhi (3.8)

by virtue of (3.4) with general λ.
If j = j(i) is large enough, there does exist an identity hij+1 = Gi(hi0, . . . , h

i
j). Therefore

∂j+1Hi

∂λj+1
=Hi

j+1 = Gi
(
Hi

0, . . . ,H
i
j

)
= Gi

(
Hi, . . . ,

∂jHi

∂λj

)
(3.9)

by applying m(λ)∗. This may be regarded as ordinary differential equation with initial values

Hi
∣∣∣
λ=0

= hi0, . . . ,
∂jHi

∂λj

∣∣∣∣∣
λ=0

= hij . (3.10)

The solution Hi = H̃i(λ;hi0, . . . , h
i
j) expressed in terms of initial values reads

Hi
(
λ;h1, . . . , hm(i)

)
= H̃i

(
λ;Hi

(
0;h1, . . . , hm(i)

)
, . . . ,

∂jHi

∂λj

(
0;h1, . . . , hm(i)

))
(3.11)

in full detail. If λ is kept fixed, this is exactly the identity (3.6) for the particular case F =
Hi(λ;h1, . . . , hm(i)). The general case follows by a routine.

Definition 3.3. Let � be the set of (local) vector fields

Z =
∑

zi
∂

∂hi

(
zi ∈ F, infinite sum

)
(3.12)

such that every family of functions {Zrhi}r∈� (i fixed but arbitrary) can be expressed in terms
of a finite number of coordinates.

Remark 3.4. Neither � + � ⊂ � nor [� , � ] ⊂ � as follows from simple examples. However, �
is a conical set (over F): if Z ∈ � then fZ ∈ � for any f ∈ F. Easy direct proof may be omitted
here.

Summary 2. If Z is IT of a group then all functions Zrhi (i = 1, . . . , I; r = 0, 1, . . .) are
included into family F(I) hence Z ∈ � . The converse is clearly also true: every vector
field Z ∈ � generates a local Lie group since the Lie system (3.3) admits finite-dimensional
approximations in spaces F(I).
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8 Abstract and Applied Analysis

Let us finally reformulate the last sentence in terms of basical functions.

Theorem 3.5 (approximation theorem). Let Z ∈ � be a vector field locally defined on �∞ and
F1, . . . , FK(I) ∈ F be a maximal functionally independent subset of the family of all functions

Zrhi (i = 1, . . . , I; r = 0, 1, . . .). (3.13)

Denoting ZFk = F
k
(F1, . . . , FK(I)), then the system

∂

∂λ
m(λ)∗Fk = m(λ)∗ZFk = F

k(
m(λ)∗F1, . . . ,m(λ)∗FK(I)

)
(k = 1, . . . , K(I)) (3.14)

may be regarded as a “finite-dimensional approximation” to the Lie system (3.3) of the one-parameter
local groupm(λ) generated by Z.

In particular, assuming F1 = h1, . . . , FI = hI , then the the initial portion

d
dλ

m(λ)∗Fi =
d

dλ
m(λ)∗hi =

d
dλ

Hi = zi
(
H1, . . . ,Hm(i)

)
(i = 1, . . . , I) (3.15)

of the above system transparently demonstrates the approximation property.

4. On the Multiparameter Case

The following result does not bring much novelty and we omit the proof.

Theorem 4.1. Let Z1, . . . , Zd be commuting local vector fields in the space �∞ . ThenZ1, . . . , Zd ∈ �
if and only if the vector fields Z = a1Z1 + · · · + adZd (a1, . . . , ad ∈ �) locally generate an abelian Lie
group.

In full non-Abelian generality, let us consider a (local) multiparameter group formally
given by the same equations (2.1) as above where λ = (λ1, . . . , λd) ∈ �d are parameters close
to the zero point 0 = (0, . . . , 0) ∈ �d . The rule (2.2) is generalized as

m(0) = id., m
(
ϕ
(
λ, μ
))

= m(λ)m
(
μ
)
, (4.1)

where λ = (λ1, . . . , λd), μ = (μ1, . . . , μd) and ϕ = (ϕ1, . . . , ϕd) determine the composition
of parameters. Appropriately adapting the space F(I) and the concept of basical functions
F1, . . . , FK(I), Lemma 2.2 holds true without any change.

Passing to the infinitesimal approach, we introduce vector fields Z1, . . . , Zd which are
IT of the group. We recall (without proof) the Lie equations [17]

∂

∂λj
m(λ)∗f =

∑
a
j

i (λ)m(λ)∗Zjf
(
f ∈ F; j = 1, . . . , d

)
(4.2)

with the initial condition m(0) = id. Assuming Z1, . . . , Zd linearly independent over �,
coefficients a

j

i (λ) may be arbitrarily chosen and the solution m(λ) always is a group
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transformation (the first fundamental theorem). If basical functions F1, . . . , FK(I) are inserted
for f , we have a finite-dimensional approximation which is self-contained in the sense that

ZjF
k = F̃kj

(
F1, . . . , FK(I)

) (
j = 1, . . . , d; k = 1, . . . , K(I)

)
(4.3)

are composed functions in accordance with the definition of the basical functions.
Let us conversely consider a Lie algebra of local vector fieldsZ = a1Z1+· · ·+adZd (ai ∈

�) on the space �∞ . Let moreoverZ1, . . . , Zd ∈ � uniformly in the sense that there is a universal
space F(I) with LZiF(I) ⊂ F(I) for all i = 1, . . . , d. Then the Lie equations may be applied and
we obtain reasonable finite-dimensional approximations.

Summary 3. Theorem 4.1 holds true even in the non-Abelian and multidimensional case if the
inclusions Z1, . . . , Zd ∈ � are uniformly satisfied.

As yet we have closely simulated the primary one-parameter approach, however, the
results are a little misleading: the uniformity requirement in Summary 3 may be completely
omitted. This follows from the following result [9, page 30] needless here and therefore stated
without proof.

Theorem 4.2. LetK be a finite-dimensional submodule of the module of vector fields on �∞ such that
[K,K] ⊂ K. ThenK ⊂ � if and only if there exist generators (overF) of submoduleK that are lying
in � .

5. Symmetries of the Infinite-Order Jet Space

The previous results can be applied to the groups of generalized symmetries of partial
differential equations. Alas, some additional technical tools cannot be easily explained at this
place, see the concluding Section 11 below. So we restrict ourselves to the trivial differential
equations, that is, to the groups of generalized symmetries in the total infinite-order jet space
which do not require any additional preparations.

Let M(m,n) be the jet space of n-dimensional submanifolds in �m+n [9–13]. We recall
the familiar (local) jet coordinates

xi,w
j

I

(
I = i1 . . . ir ; i, i1, . . . , ir = 1, . . . , n; r = 0, 1, . . . ; j = 1, . . . , m

)
. (5.1)

Functions f = f(. . . , xi, w
j

I , . . .) on M(m,n) are C∞-smooth and depend on a finite number of
coordinates. The jet coordinates serve as a mere technical tool. The true jet structure is given
just by the moduleΩ(m,n) of contact forms

ω =
∑

a
j

Iω
j

I

(
finite sum, ω

j

I = dwj

I −
∑

w
j

Iidxi
)

(5.2)

or, equivalently, by the “orthogonal” moduleH(m,n) = Ω⊥(m,n) of formal derivatives

D =
∑

aiDi

⎛
⎝Di =

∂

∂xi
+
∑

w
j

Ii

∂

∂w
j

I

; i = 1, . . . , n;D	ωj

I = ω
j

I(D) = 0

⎞
⎠. (5.3)
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10 Abstract and Applied Analysis

Let us state useful formulae

df =
∑

Dif dxi +
∑ ∂f

∂w
j

I

ω
j

I , Di	dωj

I = ω
j

Ii, LDiω
j

I = ω
j

Ii, (5.4)

where LDi = Di	d + dDi	 denotes the Lie derivative.
We are interested in (local) one-parameter groups of transformations m(λ) given by

certain formulae

m(λ)∗xi = Gi

(
λ; . . . , xi′ , w

j ′

I ′ , . . .
)
, m(λ)∗wj

I = G
j

I

(
λ; . . . , xi′ , w

j ′

I ′ , . . .
)

(5.5)

and in vector fields

Z =
∑

zi
(
. . . , xi′ , w

j ′

I ′ , . . .
) ∂

∂xi
+
∑

z
j

I

(
. . . , xi′ , w

j ′

I ′ , . . .
) ∂

∂w
j

I

(5.6)

locally defined on the jet space M(m,n); see also (1.1) and (1.2).

Definition 5.1. We speak of a group of morphisms (5.5)of the jet structure if the inclusion
m(λ)∗Ω(m,n) ⊂ Ω(m,n) holds true. We speak of a (universal) variation (5.6) of the jet
structure ifLZΩ(m,n) ⊂ Ω(m,n). If a variation (5.6) moreover generates a group, speaks
of a (generalized or higher-order) infinitesimal symmetry of the jet structure.

So we intentionally distinguish between true infinitesimal transformations generating
a group and the formal concepts; this point of view and the terminology are not commonly
used in the current literature.

Remark 5.2. A few notes concerning this unorthodox terminology are useful here. In actual
literature, the vector fields (5.6) are as a rule decomposed into the “trivial summand D” and
the so-called “evolutionary form V ” of the vector field Z, explicitly

Z = D + V

⎛
⎝D =

∑
ziDi ∈ H(m,n), V =

∑
Q
j

I

∂

∂w
j

I

, Q
j

I = z
j

I −
∑

w
j

Iizi

⎞
⎠. (5.7)

The summand D is usually neglected in a certain sense [3–7] and the “essential” summand
V is identified with the evolutional system

∂w
j

I

∂λ
= Qj

I

(
. . . , xi′ , w

j ′

I ′ , . . .
) (

w
j

I =
∂nwj

∂xi1 · · ·∂xin
(λ, x1, . . . , xn)

)
(5.8)

of partial differential equations (the finite subsystem with I = φ empty is enough here since
the remaining part is a mere prolongation). This evolutional system is regarded as a “virtual
flow” on the “space of solutions” wj = wj(x1, . . . , xn), see [7, especially page 11]. In more
generality, some differential constraints may be adjoint. However, in accordance with the
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ancient classical tradition, functions δwj = ∂wj/∂λ are just the variations. (There is only
one novelty: in classical theory, δwj are introduced only along a given solution while the
vector fields Z are “universally” defined on the space.) In this “evolutionary approach”,
the properties of the primary vector field Z are utterly destroyed. It seems that the true
sense of this approach lies in the applications to the topical soliton theory. However, then
the evolutional system is always completed with boundary conditions and embedded into
some normed functional spaces in order to ensure the existence of global “true flows”. This
is already quite a different story and we return to our topic.

In more explicit terms, morphisms (5.5) are characterized by the (implicit) recurrence

∑
G
j

IiDi′Gi = Di′G
j

I

(
i′ = 1, . . . , n

)
, (5.9)

where det(Di′Gi)/= 0 is supposed and vector field (5.6) is a variation if and only if

z
j

Ii = Diz
j

I −
∑

w
j

Ii′Dizi′ . (5.10)

Recurrence (5.9) easily follows from the inclusion m(λ)∗ωj

I ∈ Ω(m,n) and we omit the proof.
Recurrence (5.10) follows from the identity

LZωj

I = LZ
(

dwj

I −
∑

w
j

Iidxi
)
= dzjI −

∑
z
j

Iidxi −
∑

w
j

Iidzi

∼=
(∑

Di′z
j

I −
∑

z
j

Ii′ −
∑

w
j

IiDi′zi
)

dxi′ (mod Ω(m,n))
(5.11)

and the inclusion LZωj

I ∈ Ω(m,n). The obvious formula

LZωj

I =
∑⎛⎝ ∂z

j

I

∂w
j ′

I ′

−
∑

w
j

Ii

∂zi

∂w
j ′

I ′

⎞
⎠ω

j ′

I ′ (5.12)

appearing on this occasion also is of a certain sense, see Theorem 5.5 and Section 10 below. It
follows that the initial functions Gi, Gj , zi, zj (empty I = φ) may be in principle arbitrarily
prescribed in advance. This is the familiar prolongation procedure in the jet theory.

Remark 5.3. Recurrence (5.10) for the variation Z can be succintly expressed by ω
j

Ii(Z) =
Diω

j

I(Z). This remarkable formula admits far going generalizations, see concluding
Examples 11.3 and 11.4 below.

Let us recall that a vector field (5.6) generates a group (5.5) if and only if Z ∈ � hence
if and only if every family

{Zrxi}r∈�,
{
Zrw

j

I

}
r∈�

(5.13)
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12 Abstract and Applied Analysis

can be expressed in terms of a finite number of jet coordinates. We conclude with simple but
practicable remark: due to jet structure, the infinite number of conditions (5.13) can be replaced
by a finite number of requirements if Z is a variation.

Lemma 5.4. Let (5.6) be a variation of the jet structure. Then the inclusion Z ∈ � is equivalent to
any of the requirements

(ι) every family of functions

{Zrxi}r∈�,
{
Zrwj

}
r∈�

(
i = 1, . . . , n; j = 1, . . . , m

)
(5.14)

can be expressed in terms of a finite number of jet coordinates,

(ιι) every family of differential forms

{LrZdxi
}
r∈�,

{
LrZdwj

}
r∈�

(
i = 1, . . . , n; j = 1, . . . , m

)
(5.15)

involves only a finite number of linearly independent terms,

(ιιι) every family of differential forms

{LrZdxi
}
r∈�,

{
LrZdwj

I

}
r∈�

(
i = 1, . . . , n; j = 1, . . . , m; arbitrary I

)
(5.16)

involves only a finite number of linearly independent terms.

Proof. Inclusion Z ∈ � is defined by using the families (5.13) and this trivially implies (ι)
where only the empty multi-indice I = φ is involved. Then (ι) implies (ιι) by using the rule
LZdf = dZf . Assuming (ιι), we may employ the commutative rule

[Di, Z] = DiZ − ZDi =
∑

ai
′
i Di′

(
ai
′
i = Dizi′

)
(5.17)

in order to verify identities of the kind

LZdwj

i = LZdDiw
j = LZLDidw

i = LDiLZdwi −
∑

ai
′
iLDi′w

j (5.18)

and in full generality identities of the kind

LkZdwj

I =
∑

aI
′
I,kLDI′ Lk

′
Zdwj (

sum with k′ ≤ k, ∣∣I ′∣∣ ≤ |I|) (5.19)

with unimportant coefficients, therefore (ιιι) follows. Finally (ιιι) obviously implies the
primary requirement on the families (5.13).

This is not a whole story. The requirements can be expressed only in terms of the
structural contact forms. With this final result, the algorithms [10–13] for determination of
all individual morphisms can be closely simulated in order to obtain the algorithm for the
determination of all groupsm(λ) of morphisms, see Section 10 below.
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Theorem 5.5 (technical theorem). Let (5.6) be a variation of the jet space. Then Z ∈ � if and only
if every family

{
LrZωj

}
r∈�

(
j = 1, . . . , m

)
(5.20)

involves only a finite number of linearly independent terms.

Some nontrivial preparation is needful for the proof. Let Θ be a finite-dimensional
module of 1-forms (on the space M(m,n) but the underlying space is irrelevant here). Let us
consider vector fields X such that LfXΘ ⊂ Θ for all functions f . Let moreover Adj Θ be the
module of all forms ϕ satisfying ϕ(X) = 0 for all such X. Then Adj Θ has a basis consisting of
total differentials of certain functions f1, . . . , fK (the Frobenius theorem), and there is a basis
of module Θ which can be expressed in terms of functions f1, . . . , fK. Alternatively saying,
(an appropriate basis of) the Pfaffian system ϑ = 0 (ϑ ∈ Θ) can be expressed only in terms of
functions f1, . . . , fK. This result frequently appears in Cartan’s work, but we may refer only
to [9, 18, 19] and to the appendix below for the proof.

Module Adj Θ is intrinsically related to Θ: if a mapping m preserves Θ then m
preserves Adj Θ. In particular, assuming

m(λ)∗Θ ⊂ Θ, then m(λ)∗Adj Θ ⊂ Adj Θ (5.21)

is true for a group m(λ). In terms of IT of the group m(λ), we have equivalent assertion

LZΘ ⊂ Θ implies LZAdj Θ ⊂ Adj Θ (5.22)

and thereforeLrZAdj Θ ⊂ Adj Θ for all r. The preparation is done.

Proof. Let Θ be the module generated by all differential formsLrZωj (j = 1, . . . , m; r = 0, 1, . . .).
Assuming finite dimension of module Θ, we have module Adj Θ and clearly LZΘ ⊂ Θ
whence LrZAdj Θ ⊂ Adj Θ (r = 0, 1, . . .). However Adj Θ involves both the differentials
dx1, . . . ,dxn (see below) and the forms ω1, . . . , ωm. Point (ιι) of previous Lemma 5.4 implies
Z ∈ � . The converse is trivial.

In order to finish the proof, let us on the contrary assume that Adj Θ does not contain
all differentials dx1, . . . ,dxn. Alternatively saying, the Pfaffian system ϑ = 0 (ϑ ∈ Θ) can be
expressed in terms of certain functions f1, . . . , fK such that df1 = · · · = dfK = 0 does not
imply dx1 = · · · = dxn = 0. On the other hand, it follows clearly that maximal solutions of the
Pfaffian system can be expressed only in terms of functions f1, . . . , fK and therefore we do not
need all independent variables x1, . . . , xn. This is however a contradiction: the Pfaffian system
consists of contact forms and involves the equations ω1 = · · · = ωn = 0. All independent
variables are needful if we deal with the common classical solutions wj = wj(x1, . . . , xn).

The result can be rephrased as follows.

Theorem 5.6. LetΩ0 ⊂ Ω(m,n) be the submodule of all zeroth-order contact forms ω =
∑
ajωj and

Z be a variation of the jet structure. Then Z ∈ � if and only if dim⊕LrZΩ0 <∞.
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14 Abstract and Applied Analysis

6. On the Multiparameter Case

Let us temporarily denote by � the family of all infinitesimal variations (5.6) of the jet
structure. Then � + � ⊂ �, c� ⊂ � (c ∈ �), [�,�] ⊂ �, and it follows that � is an infinite-
dimensional Lie algebra (coefficients in �). On the other hand, if Z ∈ � and fZ ∈ � for
certain f ∈ F then f ∈ � is a constant. (Briefly saying: the conical variations of the total jet space
do not exist. We omit easy direct proof.) It follows that only the common Lie algebras over �
are engaged if we deal with morphisms of the jet spaces M(m,n).

Theorem 6.1. Let G ⊂ � be a finite-dimensional Lie subalgebra. Then G ⊂ � if and only if there
exists a basis of G that is lying in � .

The proof is elementary and may be omitted. Briefly saying, Theorem 4.2 (coefficients
in F) turns into quite other and much easier Theorem 6.1 (coefficients in �).

7. The Order-Preserving Groups in Jet Space

Passing to particular examples from now on, we will briefly comment some well-known
classical results for the sake of completeness.

Let Ωl ⊂ Ω(m,n) be the submodule of all contact forms ω =
∑
a
j

Iω
j

I (sum with |I| ≤ l)
of the order l at most. A morphism (5.5) and the infinitesimal variation (5.6) are called order
preserving if

m(λ)∗Ωl ⊂ Ωl, LZΩl ⊂ Ωl, (7.1)

respectively, for a certain l = 0, 1, . . . (equivalently: for all l ∈ �, see Lemmas 9.1 and 9.2
below). Due to the fundamental Lie-Bäcklund theorem [1, 3, 6, 10–13], this is possible only
in the pointwise case or in the Lie’s contact transformation case. In quite explicit terms: assuming
(7.1) then either functions Gi, Gj , zi, zj (empty I = φ) in formulae (5.5) and (5.6) are functions
only of the zeroth-order jet variables xi′ , wj ′ or, in the second case, we have m = 1 and all
functions Gi, G1, G1

i , zi, z
1, z1

i contain only the zeroth- and first-order variables xi′ , w1, w1
i′ .

A somewhat paradoxically, short proofs of this fundamental result are not easily
available in current literature. We recall a tricky approach here already applied in [10–13],
to the case of the order-preserving morphisms. The approach is a little formally improved
and appropriately adapted to the infinitesimal case.

Theorem 7.1 (infinitesimal Lie-Bäcklund). Let a variation Z preserve a submodule Ωl ⊂ Ω(m,n)
of contact forms of the order l at most for a certain l ∈ �. Then Z ∈ � and either Z is an infinitesimal
point transformation orm = 1 and Z is the infinitesimal Lie’s contact transformation.

Proof. We suppose LZΩl ⊂ Ωl. Then LrZΩ0 ⊂ LrZΩl ⊂ Ωl therefore Z ∈ � by virtue of
Theorem 5.5. Moreover LZΩl−1 ⊂ Ωl−1, . . . ,LZΩ0 ⊂ Ω0 by virtue of Lemma 9.2 below. So
we have

LZωj =
∑

ajj
′
ωj ′ (j, j ′ = 1, . . . , m

)
. (7.2)
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Assuming m = 1, then (7.2) turns into the classical definition of Lie’s infinitesimal contact
transformation. Assume m ≥ 2. In order to finish the proof we refer to the following result
which implies that Z is indeed an infinitesimal point transformation.

Lemma 7.2. Let Z be a vector field on the jet spaceM(m,n) satisfying (7.2) andm ≥ 2. Then

Zxi = zi
(
. . . , xi′ , w

j ′ , . . .
)
, Zwj = zj

(
. . . , xi′ , w

j ′ , . . .
) (

i = 1, . . . , n; j = 1, . . . , m
)

(7.3)

are functions only of the point variables.

Proof. Let us introduce module Θ of (m + 2n)-forms generated by all forms of the kind

ω1 ∧ · · · ∧ωm ∧
(

dωj1
)n1 ∧

(
dωjk

)nk

= dw1 ∧ · · ·dwm ∧ dx1 ∧ · · ·dxn ∧
∑
± dw

j ′1
i1
∧ · · · ∧ dwj ′n

in
,

(7.4)

where
∑
nk = n. Clearly Θ = (Ω0)m ∧ (dΩ0)n. The inclusions

LZΩ0 ⊂ Ω0, LZdΩ0 = dLZΩ0 + Ω0 ⊂ dΩ0 + Ω0 (7.5)

are true by virtue of (7.2) and imply LZΘ ⊂ Θ.
Module Θ vanishes when restricted to certain hyperplanes, namely, just to the

hyperplanes of the kind

ϑ =
∑

aidxi +
∑

ajdwj = 0 (7.6)

(use m ≥ 2 here). This is expressed by Θ ∧ ϑ = 0 and it follows that

0 = LZ(Θ ∧ ϑ) = LZΘ ∧ ϑ + Θ ∧ LZϑ = Θ ∧ LZϑ. (7.7)

Therefore LZϑ again is such a hyperplane: LZϑ ∼= 0 (mod all dxi and dwj). On the other
hand,

LZϑ ∼=
∑

aidzi +
∑

ajdzj
(

mod all dxi and dwj
)

(7.8)

and it follows that dzi, dzj ∼= 0.

There is a vast literature devoted to the pointwise transformations and symmetries so
that any additional comments are needless. On the other hand, the contact transformations
are more involved and less popular. They explicitly appear on rather peculiar and dissimilar
occasions in actual literature [20, 21]. However, in reality the groups of Lie contact
transformations are latently involved in the classical calculus of variations and provide the
core of the Hilbert-Weierstrass extremality theory of variational integrals.

IEEE eXpress Sample eBook, page 671



16 Abstract and Applied Analysis

8. Digression to the Calculus of Variations

We establish the following principle.

Theorem 8.1 (metatheorem). The geometries of nondegenerate local one-parameter groups of Lie
contact transformations (CT) and of nondegenerate first-order one-dimensional variational integrals
(VI) are identical. In particular, the orbits of a given CT group are extremals of appropriate VI and
conversely.

Proof. The CT groups act in the jet space M(1, n) equipped with the contact module Ω(1, n).
Then the abbreviations

wI = w1
I , ωI = ω1

I = dwI −
∑

wIidxi Z =
∑

zi
∂

∂xi
+
∑

z1
I

∂

∂wI
(8.1)

are possible. Let us recall the classical approach [22, 23]. The Lie contact transformations
defined by certain formulae

m∗xi = Gi(·), m∗w = G1(·), m∗wi = G1
i (·) ((·) = (x1, . . . , xn,w,w1, . . . , wn)) (8.2)

preserve the Pfaffian equation ω = dw −∑widxi = 0 or (equivalently) the submodule Ω0 ⊂
Ω(1, n) of zeroth-order contact forms. Explicit formulae are available in literature. We are
interested in one-parameter local CT groups of transformations m(λ)(−ε < λ < ε) which are
“nondegenerate” in a sense stated below and then the explicit formulae are not available yet.
On the other hand, our VI with smooth Lagrangian Ł

∫
Ł
(
t, y1, . . . , yn, y

′
1, . . . , y

′
n

)
dt

(
yi = yi(t), ′ =

d

dt
, det

(
∂2Ł

∂y′i∂y
′
j

)
/= 0

)
(8.3)

to appear later, involves variables from quite other jet space M(n, 1) with coordinates
denoted t (the independent variable), y1, . . . , yn (the dependent variables) and higher-order
jet variables like y′i, y

′′
i and so on.

We are passing to the topic proper. Let us start in the space M(1, n) with CT groups.
One can check that vector field (5.6) is infinitesimal CT if and only if

Z = −
∑

Qwi

∂

∂xi
+
(
Q −

∑
wiQwi

) ∂

∂w
+
∑

(Qxi +wiQw)
∂

∂wi
+ · · · , (8.4)

where the function Q = Q(x1, . . . , xn,w,w1, . . . , wn) may be arbitrarily chosen.
“Hint: we have, by definition

LZω = Z	dω + dω(Z) =
∑

(ziωi −ωi(Z)dxi) + dQ ∈ Ω0, (8.5)

where Q = Q(x1, . . . , xn,w,w1, . . . , wn, . . .) = ω(Z) = z1 −∑wizi,

dQ =
∑

DiQdxi +
∂Q

∂w
ω +

∑ ∂Q

∂wi
ωi (8.6)
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whence immediately zi = −∂Q/∂wi, z1 = Q +
∑
wizi = Q −∑wi · ∂Q/∂wi, ∂Q/∂wI = 0 if

|I| ≥ 1 and formula (8.4) follows.”
Alas, the corresponding Lie system (not written here) is not much inspirational.

Let us however consider a function w = w(x1, . . . , xn) implicitly defined by an equation
V (x1, . . . , xn,w) = 0. We may suppose that the transformed function m(λ)∗w satisfies the
equation

V
(
x1, . . . , xn,m(λ)∗w

)
= λ (8.7)

without any loss of generality. In infinitesimal terms

1 =
∂(V − λ)

∂λ
= Z(V − λ) = −

∑
QwiVxi +

(
Q −

∑
wiQwi

)
Vw. (8.8)

However wi = ∂w/∂xi = −Vxi/Vw may be inserted here, and we have the crucial Jacobi
equation

1 = Q
(
x1, . . . , xn,w,−

Vx1

Vw
, . . . ,−Vxn

Vw

)
Vw (8.9)

(not involving V ) which can be uniquely rewritten as the Hamilton-Jacobi (HJ) equation

Vw +H(x1, . . . , xn,w, p1, . . . , pn
) (

pi = Vxi
)

(8.10)

in the “nondegenerate” case
∑
QwiVxi /= 1. Let us recall the characteristic curves [22, 23] of the

HJ equation given by the system

dw
1

=
dxi
Hpi

= − dpi
Hxi

=
dV

−H +
∑
piHpi

. (8.11)

The curves may be interpreted as the orbits of the group m(λ). (Hint: look at the well-
known classical construction of the solution V of the Cauchy problem [22, 23] in terms of
the characteristics. The initial Cauchy data are transferred just along the characteristics, i.e.,
along the group orbits.) Assume moreover the additional condition det(∂2H/∂pi∂pj)/= 0. We
may introduce variational integral (8.3) with the Lagrange function Ł given by the familiar
identities

Ł +H =
∑

piy
′
i (8.12)

with interrelations

t = w, yi = xi, y′i =Hpi , pi = Ły′i (i = 1, . . . , n) (8.13)

between variables t, yi, y′i of the space M(n, 1) and variables xi, w, wi of the space
M(1, n). Since (8.11) may be regarded as a Hamiltonian system for the extremals of VI, the
metatheorem is clarified.
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W = μ
W = λ

xi,w fixed
λ-waves

(a)

Orbit
DiW = 0

W = λ

Infinitesimally close points
focus and orbits of foci

(b)

m(λ)

The group: m(λ + μ)

m(μ)

(c)

Figure 3

Remark 8.2. Let us recall the Mayer fields of extremals for the VI since they provide the true
sense of the above construction. The familiar Poincaré-Cartan form

ϕ̆ = Łdt +
∑

Ły′i
(
dyi − y′idt

)
= −Hdt +

∑
pidyi (8.14)

is restricted to appropriate subspace y′i = gi(t, y1, . . . , yn) (i = 1, . . . , n; the slope field) in order
to become a total differential

ϕ̆
∣∣
y′i=gi

= dV
(
t, y1, . . . , yn

)
= Vtdt +

∑
Vyidyi (8.15)

of the action V . We obtain the requirements Vt = −H, Vyi = pi identical with (8.10). In
geometrical terms: transformations of a hypersurface V = 0 by means of CT group may be identified
with the level sets V = λ (λ ∈ �) of the action of a Mayer fields of extremals.

The last statement is in accordance with (8.11) where

dV =
(
−H +

∑
piHpi

)
dw =

(
−H +

∑
piy

′
i

)
dt = Łdt, (8.16)

use the identifications (8.13) of coordinates. This is the classical definition of the action V in
a Mayer field. We have moreover clarified the additive nature of the level sets V = λ: roughly
saying, the composition with V = μ provides V = λ+μ (see Figure 3(c)) and this is caused by
the additivity of the integral

∫
Ł dt calculated along the orbits.

On this occasion, the wave enveloping approach to CT groups is also worth
mentioning.

Lemma 8.3 (see [10–13]). Let W(x1, . . . , xn,w, x1, . . . , xn,w) be a function of 2n + 2 variables.
Assume that the systemW = D1W = · · · = DnW = 0 admits a unique solution

xi = Fi
(
. . . , xi

′, w,wi
′, . . .
)
, w = F1(. . . , xi′, w,wi

′, . . .
)

(8.17)
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by applying the implicit function theorem and analogously the systemW = D1W = · · · = DnW = 0
(where Di = ∂/∂xi +

∑
wi∂/∂w) admits a certain solution

xi = Fi(. . . , xi′ , w,wi′ , . . .), w = F
1
(. . . , xi′ , w,wi′ , . . .). (8.18)

Then m∗xi = Fi, m∗w = F1 provides a Lie CT and (m−1)∗xi = Fi, (m−1)∗w = F
1
is the inverse.

In more generality, if function W in Lemma 8.3 moreover depends on a parameter λ,
we obtain a mapping m(λ) which is a certain CT involving a parameter λ and the inverse
m(λ)−1. In favourable case (see below) thism(λ) may be even a CT group. The geometrical sense
is as follows. Equation W = 0 with xi, w kept fixed represents a wave in the space xi, w
(Figure 3(a)).

The total system W = D1W = · · · = DnW = 0 provides the intersection (envelope) of
infinitely close waves (Figure 3(b)) with the resulting transform, the focus point m (or m(λ)
if the parameter λ is present). The reverse waves with the role of variables interchanged gives
the inversion. Then the group property holds true if the waves can be composed (Figure 3(c))
within the parameters λ, μ, but this need not be in general the case.

Let us eventually deal with the condition ensuring the group composition property.
Without loss of generality, we may consider the λ-depending wave

W(x1, . . . , xn,w, x1, . . . , xn,w) − λ = 0. (8.19)

If xi, w are kept fixed, the previous results may be applied. We obtain a group if and only if
theHJ equation (8.10) holds true, therefore

Ww +H(x1, . . . , xn,w,Wx1 , . . . ,Wxn) = 0. (8.20)

The existence of such function H means that functions Ww,Wx1 , . . . ,Wxn of dashed variables
are functionally dependent whence

det

(
Www Wwxi′

Wxiw Wxixi′

)
= 0, det

(
Wxixi′

)
/= 0. (8.21)

The symmetry xi,w ↔ xi,w is not surprising here since the change λ ↔ −λ provides the
inverse mapping: equations

W(. . . , xi, w, . . . , xi, w) = λ, W(. . . , xi, w, . . . , xi, w) = −λ (8.22)

are equivalent. In particular, it follows that

W(. . . , xi, w, . . . , xi, w) = −W(. . . , xi, w, . . . , xi, w), W(. . . , xi, w, . . . , xi, w) = 0 (8.23)

and the wave W − λ = 0 corresponds to the Mayer central field of extremals.
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Ω0 Ω1 · · ·

(a)

Ω0 Ω1 · · ·

(b)

Ωl

LZ

Θl =
⊕LrZΩl

(c)

Figure 4

Summary 4. Conditions (8.21) ensure the existence ofHJ equation (8.20) for the λ-wave
(8.19) and therefore the group composition property of waves (8.19) in the nondegenerate
case det (∂2H/∂pi∂pj)/= 0.

Remark 8.4. A reasonable theory of Mayer fields of extremals and Hamilton-Jacobi equations
can be developed also for the constrained variational integrals (the Lagrange problem) within
the framework of jet spaces, that is, without the additional Lagrange multipliers [9, Chapter
3]. It follows that there do exist certain groups of generalized Lie’s contact transformations
with differential constraints.

9. On the Order-Destroying Groups in Jet Space

We recall that in the order-preserving case, the filtration

Ω(m,n)∗ : Ω0 ⊂ Ω1 ⊂ · · · ⊂ Ω(m,n) = ∪Ωl (9.1)

of module Ω(m,n) is preserved (Figure 4(a)). It follows that certain invariant submodules
Ωl ⊂ Ω(m,n) are a priori prescribed which essentially restricts the store of the symmetries (the
Lie-Bäcklund theorem). The order-destroying groups also preserve certain submodules of
Ω(m,n) due to approximation results, however, they are not known in advance (Figure 4(b))
and appear after certain saturation (Figure 4(c)) described in technical theorem 5.1.

The saturation is in general a toilsome procedure. It may be simplified by applying
two simple principles.

Lemma 9.1 (going-up lemma). Let a group of morphisms m(λ) preserve a submodule Θ ⊂
Ω(m,n). Then also the submodule

Θ +
∑
LDiΘ ⊂ Ω(m,n) (9.2)

is preserved.

Proof. We suppose LZΘ ⊂ Θ. Then

LZ
(
Θ +

∑
LDiΘ

)
= LZΘ +

(
LDiLZΘ −

∑
Dizi′LDi′Θ

)
⊂ Θ +

∑
LDiΘ (9.3)

by using the commutative rule (5.17).
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Lemma 9.2 (going-down lemma). Let the group of morphisms m(λ) preserve a submodule Θ ⊂
Ω(m,n). Let Θ′ ⊂ Θ be the submodule of all ω ∈ Θ satisfying LDiω ∈ Θ (i = 1, . . . , n). Then Θ′ is
preserved, too.

Proof. Assume ω ∈ Θ′ hence LDiω ∈ Θ. Then LDiLZω = LZLDiω + L∑Dizi′ ·Di′ω ∈ Θ hence
LZω ∈ Θ′ and Θ′ is preserved.

We are passing to illustrative examples.

Example 9.3. Let us consider the vector field (the variation of jet structure)

Z =
∑

z
j

I

∂

∂w
j

I

(
z
j

I = DIz
j , DI = Di1 · · ·Din

)
, (9.4)

see (5.6) and (5.10) for the particular case zi = 0. Then Zrxi = 0 (i = 1, . . . , n) and the sufficient
requirement Z2wj = 0 (j = 1, . . . , m) ensures Z ∈ � , see (ι) of Lemma 5.4. We will deal with
the linear case where

zj =
∑

a
jj ′

i′w
j ′

i′

(
a
jj ′

i′ ∈ �
)

(9.5)

is supposed. Then

Z2wj = Zzj =
∑

a
jj ′

i′ z
j ′

i′ =
∑

a
jj ′

i′ a
j ′j ′′

i′′ w
j ′′

i′i′′ = 0 (9.6)

identically if and only if

∑
j ′

(
a
jj ′

i′ a
j ′j ′′

i′′ + ajj
′

i′′a
j ′j ′′

i′

)
= 0

(
i′, i′′ = 1, . . . , n; j, j ′, j ′′ = 1, . . . , m

)
. (9.7)

This may be expressed in terms of matrix equations

AiAi′ = 0
(
i, i′ = 1, . . . , n; Ai =

(
a
jj ′

i

))
(9.8)

or, in either of more geometrical transcriptions

A2 = 0, ImA ⊂ KerA
(
A =

∑
λiAi, λi ∈ �

)
, (9.9)

where A is regarded as (a matrix of an) operator acting in m-dimensional linear space and
depending on parameters λ1, . . . , λn. We do not know explicit solutions A in full generality,
however, solutions A such that Ker A does not depend on the parameters λ1, . . . , λn can be
easily found (and need not be stated here). The same approach can be applied to the more
general sufficient requirement Zrwj = 0 (j = 1, . . . , m; fixed r) ensuring Z ∈ � . If r ≥ n, the
requirement is equivalent to the inclusion Z ∈ � .
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Example 9.4. Let us consider vector field (5.6) where z1 = · · · = zm = 0. In more detail, we take

Z =
∑

zi
∂

∂xi
+
∑

z
j

i

∂

∂w
j

i

+ · · ·
(
z
j

i = −
∑

w
j

i′Dizi′
)
. (9.10)

Then Zrwj = 0 and we have to deal with functions Zrxi in order to ensure the inclusion
Z ∈ � . This is a difficult task. Let us therefore suppose

z1 = z
(
. . . , xi′ , w

j ′ , w
j ′

1 , . . .
)
, zk = ck ∈ � (k = 2, . . . , n). (9.11)

Then Zxk = 0 (k = 2, . . . , n) and

Z2x1 = Zz =
∑ ∂z

∂xi
zi +

∑ ∂z

∂w
j

1

z
j

1, (9.12)

where

z
j

1 = −wj

1D1z = −wj

1

⎛
⎝ ∂z

∂x1
+
∑ ∂z

∂wj ′
w
j ′

1 +
∑ ∂z

∂w
j ′

1

w
j ′

11

⎞
⎠. (9.13)

The second-order summand

Z2x1 = · · · +
∑ ∂z

∂w
j

1

z
j

1 = · · · −
∑ ∂z

∂w
j

1

w
j

1
∂z

∂w
j ′

1

w
j ′

11 (9.14)

identically vanishes for the choice

z = f
(
. . . , xi′ , w

j ′ , ul, . . .
) (

ul =
wl

1

w1
1

; l = 2, . . . , m

)
(9.15)

as follows by direct verification. Quite analogously

Zul = Z
wl

1

w1
1

= zl1
1
w1

1

− z1
1

wl
1(

w1
1

)2 =

⎛
⎝−wl

1
1
w1

1

+w1
1

wl
1(

w1
1

)2

⎞
⎠D1z = 0. (9.16)

It follows that all functions Zrxi, Zrwj can be expressed in terms of the finite family of
functions xi (i = 1, . . . , n), wj (j = 1, . . . , m), ul (l = 2, . . . , m) and therefore Z ∈ � .

Remark 9.5. On this occasion, let us briefly mention the groups generated by vector fields Z
of the above examples. The Lie system of the vector field (9.4) and (9.5) reads

dGi

dλ
= 0,

dGj

dλ
=
∑

a
jj ′

i′G
j ′

i′
(
i = 1, . . . , n; j = 1, . . . , m

)
, (9.17)
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where we omit the prolongations. It is resolved by

Gi = xi, Gj = wj + λ
∑

a
jj ′

i′w
j ′

i′
(
i = 1, . . . , n; j = 1, . . . , m

)
(9.18)

as follows either by direct verification or, alternatively, from the property Z2xi = Zzi = 0 (i =
1, . . . , n) which implies

d
∑
a
jj ′

i′G
j ′

i′

dλ
= 0,

∑
a
jj ′

i′ G
j ′

i′ =
∑

a
jj ′

i′G
j ′

i′

∣∣∣
λ=0

=
∑

a
jj ′

i′w
j ′

i′ .
(9.19)

Quite analogously, the Lie system of the vector field (9.10), (9.11), (9.15) reads

dG1

dλ
= f

(
. . . , Gi′ , G

j ′ ,
Gl′

1

G1
1

, . . .

)
,

dGk

dλ
= ck,

dGj

dλ
= 0

(
k = 2, . . . , n; j = 1, . . . , m

)
(9.20)

and may be completed with the equations

d
(
Gl

1/G
1
1

)
dλ

= 0 (l = 2, . . . , m) (9.21)

following from (9.16). This provides a classical self-contained system of ordinary differential
equations where the common existence theorems can be applied.

The above Lie systems admit many nontrivial first integrals F ∈ F, that is, functions
F that are constant on the orbits of the group. Conditions F = 0 may be interpreted as
differential equations in the total jet space, and the above transformation groups turn into
the external generalized symmetries of such differential equations, see Section 11 below.

10. Towards the Main Algorithm

We briefly recall the algorithm [10–13] for determination of all individual automorphisms m
of the jet space M(m,n) in order to compare it with the subsequent calculation of vector field
Z ∈ � .

Morphisms m of the jet structure were defined by the property m∗Ω(m,n) ⊂ Ω(m,n).
The inverse m−1 exists if and only if

Ω0 ⊂ m∗Ω(m,n), equivalently Ω0 ⊂ m∗Ωl (l = l(m)) (10.1)

for appropriate term Ωl(m) of filtration (9.1). However

m∗Ωl+1 = m∗Ωl +
∑
LDim

∗Ωl (10.2)
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and it follows that criterion (10.1) can be verified by repeated use of operators LDi . In more
detail, we start with equations

m∗ωj =
∑

a
jj ′

I ′ω
j ′

I ′

(
= dm∗wj −

∑
m∗wj

idm
∗xi
)

(10.3)

with uncertain coefficients. Formulae (10.3) determine the module m∗Ω0. Then we search for
lower-order contact forms, especially forms from Ω0, lying in m∗Ωl with the use of (10.2).
Such forms are ensured if certain linear relations among coefficients exist. The calculation is
finished on a certain level l = l(m) and this is the algebraic part of the algorithm. With
this favourable choice of coefficients ajj

′

I ′ , functions m∗xi, m∗wj (and therefore the invertible
morphism m) can be determined by inspection of the bracket in (10.3). This is the analytic part
of algorithm.

Let us turn to the infinitesimal theory. Then the main technical tool is the rule (5.17) in
the following transcription:

LZLDi = LDiLZ −
∑

Dizi′LDi′ (10.4)

or, when applied to basical forms

LZωj

Ii = LDiLZωj

I −
∑

Dizi′ω
j

Ii′ . (10.5)

We are interested in vector fields Z ∈ � . They satisfy the recurrence (5.10) together with
requirements

dim⊕LrZΩ0 < ∞, equivalently LrZΩ0 ⊂ Ωl(Z) (r = 0, 1, . . .) (10.6)

for appropriate l(Z) ∈ �. Due to the recurrence (10.5) these requirements can be effectively
investigated. In more detail, we start with equations

LZωj =
∑

a
jj ′

I ′ω
j ′

I ′

(
= dzj −

∑
z
j
idxi −

∑
w
j
idzi
)
. (10.7)

Formulae (10.7) determine module LZΩ0. Then, choosing l(Z) ∈ �, operator LZ is to
be repeatedly applied and requirements (10.6) provide certain polynomial relations for the
coefficients by using (10.5). This is the algebraical part of the algorithm. With such coefficients
a
jj ′

I ′ available, functions zi = LZxi, zj = LZwj (and therefore the vector field Z ∈ � ) can be
determined by inspection of the bracket in (10.7) or, alternatively, with the use of formulae
(5.12) for the particular case I = φ empty

LZωj =
∑⎛⎝ ∂zj

∂w
j ′

I ′

−
∑

w
j

i

∂zi

∂w
j ′

I ′

⎞
⎠ω

j ′

I ′ . (10.8)

This is the analytic part of the algorithm.
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Altogether taken, the algorithm is not easy and the conviction [7, page 121] that the
“exhaustive description of integrable C-fields (fields Z ∈ � in our notation) is given in [16]”
is disputable. We can state only one optimistic result at this place.

Theorem 10.1. The jet spaces M(1, n) do not admit any true generalized infinitesimal symmetries
Z ∈ � .

Proof. We suppose m = 1 and then (10.7) reads

LZω1 =
∑

a11
I ′ω

1
I ′ = · · · + a11

I ′′ω
1
I ′′

(
a11
I ′′ /= 0

)
, (10.9)

where we state a summand of maximal order. Assuming I ′′ = φ, the Lie-Bäcklund theorem
can be applied and we do not have the true generalized symmetry Z. Assuming I ′′ /=φ, then

LrZω1 = · · · + a11
I ′′ω

1
I ′′ ···I ′′

(
r terms I ′′

)
(10.10)

by using rule (10.5) where the last summand may be omitted. It follows that (10.6) is not
satisfied hence Z /∈ � .

Example 10.2. We discuss the simplest possible but still a nontrivial particular example.
Assume m = 2, n = 1 and l(Z) = 1. Let us abbreviate

x = x1, D = D1, Z = z
∂

∂x
+
∑

z
j

I

∂

∂w
j

I

(
j = 1, 2; I = 1 · · ·1). (10.11)

Then, due to l(Z) = 1, requirement (10.6) reads

LrZΩ0 ⊂ Ω1 (r = 0, 1, . . .). (10.12)

In particular (if r = 1) we have (10.7) written here in the simplified notation

LZωj = aj1ω1 + aj2ω2 + bj1ω1
1 + b

j2ω2
1

(
j = 1, 2

)
. (10.13)

The next requirement (r = 2) implies the (only seemingly) stronger inclusion

L2
ZΩ0 ⊂ LZΩ0 + Ω0 (10.14)

which already ensures (10.12) for all r and therefore Z ∈ � (easy). We suppose (10.14) from
now on.

“Hint for proof of (10.14): assuming (10.12) and moreover the equality

L2
ZΩ0 +LZΩ0 + Ω0 = Ω1, (10.15)
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it follows that

LZΩ1 ⊂ L3
ZΩ0 +L2

ZΩ0 +LZΩ0 ⊂ Ω1 (10.16)

and Lie-Bäcklund theorem can be applied whence LZΩ0 ⊂ Ω0, l(Z) = 0 which we exclude. It
follows that necessarily

dim
(
L2
ZΩ0 +LZΩ0 + Ω0

)
< dimΩ1 = 4. (10.17)

On the other hand dim(LZΩ0 + Ω0) ≥ 3 and the inclusion (10.14) follows.”
After this preparation, we are passing to the proper algebra. Clearly

L2
Zω

j = · · · + bj1LZω1
1 + b

j2LZω2
1 = · · · + bj1

(
b11ω1

11 + b
12ω2

11

)
+ bj2

(
b21ω1

11 + b
22ω2

11

)
(10.18)

by using the commutative rule (10.5). Due to “weaker” inclusion (10.12) with r = 2, we obtain
identities

bj1b11 + bj2b21 = 0, bj1b12 + bj2b22 = 0
(
j = 1, 2

)
. (10.19)

Omitting the trivial solution, they are satisfied if either

b11 + b22 = 0, b12 = cb11, b11 + cb21 = 0 (10.20)

for appropriate factor c (where b11 /= 0 and either b12 /= 0 or b21 /= 0 is supposed) or

b11 = b22 = 0, either b12 = 0 or b21 = 0. (10.21)

We deal only with the (more interesting) identities (10.20) here. Then

LZω1 = a11ω1 + a12ω2 − cb
(
ω1

1 + cω
2
1

)
,

LZω2 = a21ω1 + a22ω2 + b
(
ω1

1 + cω
2
1

) (10.22)

(abbreviation b = b21) by inserting (10.20) into (10.13). It follows that

LZ
(
ω1 + cω2

)
= a1ω1 + a2ω2

(
a1 = a11 + ca21, a2 = a12 + ca22 + Zc

)
. (10.23)

It may be seen by direct calculation ofL2
Zω

2 that the “stronger” inclusion (10.14) is equivalent
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to the identity ca1 = a2, that is,

LZ
(
ω1 + cω2

)
= a
(
ω1 + cω2

)
(10.24)

(abbreviation a = a1). Alternatively, (10.24) can be proved by using Lemma 9.2.
“Hint: denoting Θ = LZΩ0+Ω0, (10.14) impliesLZΘ ⊂ Θ. MoreoverLD(ω1+cω2) ∈ Θ

by using (10.22). Lemma 9.2 can be applied: ω1 + cω2 ∈ Θ′ and Θ′ involves just all multiples
of form ω1 + cω2. ThereforeLZ(ω1 + cω2) ∈ Θ′ is a multiple of ω1 + cω2.”

The algebraical part is concluded. We have congruences

LZω1 ∼= −cb
(
ω1

1 + cω
2
1

)
, LZω2 ∼= b

(
ω1

1 + cω
2
1

)
(mod Ω0) (10.25)

and equality

LZω1 + cLZω2 + Zcω2 = a
(
ω1 + cω2

)
. (10.26)

If Z is a variation then these three conditions together ensure the “stronger inclusion” (10.14)
hence Z ∈ � .

We turn to analysis. Abbreviating

Z
jj ′

I ′ =
∂zj

∂w
j ′

I ′

−wj

1
∂z

∂w
j ′

I ′

(
j, j ′ = 1, 2; I ′ = 1 · · ·1) (10.27)

and employing (10.8), the above conditions (10.25) and (10.26) read

∑
Z

1j ′

I ′ω
j ′

I ′ = −cb
(
ω1

1 + cω
2
1

)
,
∑

Z
2j ′

I ′ω
j ′

I ′ = b
(
ω1

1 + cω
2
1

) (∣∣I ′∣∣ ≥ 1
)
,

∑(
Z

1j ′

I ′ + cZ
2j ′

I ′

)
ω
j ′

I ′ + Zcω
2 = a

(
ω1 + cω2

)
.

(10.28)

We compare coefficients of forms ωj

I on the level s = |I ′|

s = 0: Z11 + cZ21 = a, Z12 + cZ22 + Zc = ac, (10.29)

s = 1: Z11
1 = −cb, Z12

1 = −(c)2b, Z21
1 = b, Z22

1 = bc, Z
1j
1 + cZ2j

1 = 0, (10.30)

s ≥ 2: Zjj ′

I ′ = 0, Z
1j ′

I ′ + cZ
2j ′

I ′ = 0. (10.31)

We will successively delete the coefficients a, b, c in order to obtain interrelations only for
variables Zjj ′

I ′ . Clearly

s = 0: Z12 + cZ22 + Zc =
(
Z11 + cZ21

)
c,

s = 1: Z11
1 + Z22

1 = 0, Z11
1 Z

22
1 = Z12

1 Z
21
1 ,

(10.32)
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and we moreover have three compatible equations

c = −Z
11
1

Z21
1

= −Z
12
1

Z22
1

, (c)2 = −Z
12
1

Z21
1

(10.33)

for the coefficient c. To cope with levels s ≥ 2, we introduce functions

Qj = ωj(Z) = zj −wj

1z
(
j = 1, 2

)
. (10.34)

Then substitution into (10.27) with the help of (10.31) gives

∂Qj

∂w
j ′

I ′

= 0
(
j, j ′ = 1, 2;

∣∣I ′∣∣ ≥ 2
)
. (10.35)

It follows moreover easily that

Z
jj ′

1 =
∂Qj

∂w
j ′

1

(
j /= j ′

)
, Z

jj

1 = z +
∂Qj

∂w
j

1

, Zjj ′ =
∂Qj

∂wj ′ (10.36)

and we have the final differential equations

s = 0:
∂Q1

∂w2 + c
∂Q2

∂w2 +Zc =

(
∂Q1

∂w1
+ c

∂Q2

∂w1

)
c, (10.37)

s = 1: 2z +
∂Q1

∂w1
1

+
∂Q2

∂w2
1

= 0,

(
z +

∂Q1

∂w1
1

)(
z +

∂Q2

∂w2
1

)
=
∂Q1

∂w2
1

∂Q2

∂w1
1

(10.38)

for the unknown functions

z = z
(
x,w1, w2, w1

1, w
2
1

)
, Qj = Qj

(
x,w1, w2, w1

1, w
2
1

)
. (10.39)

The coefficient c is determined by (10.33) and (10.36) in terms of functions Qj . This concludes the
analytic part of the algorithm since trivially zj = wj

1z +Q
j and the vector field Z is determined.

The system is compatible: particular solutions with functions Qj quadratic in jet
variables and c = const. can be found as follows. Assume

Qj = Aj
(
w1

1

)2
+ 2Bjw1

1w
2
1 + C

j
(
w2

1

)2 (
j = 1, 2

)
(10.40)

with constant coefficients Aj, Bj , Cj ∈ �. We also suppose c ∈ � and then (10.37) is trivially
satisfied.
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On the other hand, (10.33) provide the requirements

z +
∂Q1

∂w1
1

+ c
∂Q2

∂w1
1

=
∂Q1

∂w2
1

+ c

(
z +

∂Q2

∂w2
1

)
=
∂Q1

∂w2
1

+ (c)2 ∂Q
2

∂w1
1

= 0 (10.41)

by using (10.36). If we put

z = −∂Q
1

∂w1
1

− ∂Q
2

∂w2
1

= −
(
A1 + B1

)
w1

1 −
(
B1 + C2

)
w2

1, (10.42)

then (10.38) is satisfied (a clumsy direct verification).
The above requirements turn to a system of six homogeneous linear equations (not

written here) for the six constants Aj , Bj , Cj (j = 1, 2) with determinant Δ = c2(c2 − 8) if the
values z, Q1, Q2 are inserted and the coefficients of w1

1 and w2
1 are compared. The roots c = 0

and c = ±2
√

2 of the equation Δ = 0 provide rather nontrivial infinitesimal transformation Z,
however, we can state only the simplest result for the trivial root c = 0 for obvious reason. It
reads

Q1 = A1
(
w1

1

)2
, Q2 = A2

(
w1

1

)2
, z = −A1w1

1, z1 = 0, z2 = w1
1

(
A2w1

1 +A
1w2

1

)
, (10.43)

where A1, A2 are arbitrary constants.

Remark 10.3. It follows that investigation of vector fields Z ∈ � cannot be regarded for easy
task and some new powerful methods are necessary, for example, better use of differential
forms (involutive systems) with pseudogroup symmetries of the problem (moving frames).

11. A Few Notes on the Symmetries of Differential Equations

The external theory deals with (systems of) differential equations (DE) that are firmly localized
in the jet spaces. This is the common approach and it runs as follows. A given finite system of
DE is infinitely prolonged in order to ensure the compatibility. In general, this prolongation
is a toilsome and delicate task, in particular the “singular solutions” are tacitly passed over.
The prolongation procedure is expressed in terms of jet variables and as a result a fixed
subspace of the (infinite-order) jet space appears which represents theDE under consideration.
Then the external symmetries [2, 3, 6, 7] are such symmetries of the ambient jet space which
preserve the subspace. In this sense we may speak of classical symmetries (point and contact
transformations) and higher-order symmetries (which destroy the order of derivatives).

The internal theory ofDE is irrelevant to the jet localization, in particular to the choice of
the hierarchy of independent and dependent variables. This point of view is due to E. Cartan
and actually the congenial term “diffiety” was introduced in [6, 7]. Alas, these diffieties were
defined as objects locally identical with appropriate external DE restricted to the corresponding
subspace of the ambient total jet space. This can hardly be regarded as a coordinate-free (or jet
theory-free) approach since the model objects (external DE) and the intertwining mappings
(higher-order symmetries) essentially need the use of the above hard jet theory mechanisms
and concepts.
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In reality, the final result of prolongation, the infinitely prolonged DE, can be
alternatively characterized by three simple axioms as follows [8, 9, 24–27].

Let M be a space modelled on �∞ (local coordinates h1, h2, . . . as in Sections 1 and
2 above). Denote by F(M) the structural module of all smooth functions f on M (locally
depending on a finite numberm(f) of coordinates). Let Φ(M),T(M) be theF(M)-modules of
all differential 1-forms and vector fields on M, respectively. For every submodule Ω ⊂ Φ(M),
we have the “orthogonal” submodule Ω⊥ =H ⊂ T(M) of all X ∈ H such that Ω(X) = 0.

Then an F(M)-submodule Ω ⊂ Φ(M) is called a diffiety if the following three
requirements are locally satisfied.

(A) Ω is of codimension n <∞, equivalentH is of dimension n < ∞.
Here n is the number of independent variables. The independent variables provide the
complementary module to Ω in Φ(M) which is not prescribed in advance.

(B) dΩ ∼= 0 (mod Ω), equivalent LHΩ ⊂ Ω, equivalently: [H,H] ⊂ H.
This Frobenius condition ensures the classical passivity requirement: we deal with the
compatible infinite prolongation of differential equations.

(C) There exists filtration Ω∗ : Ω0 ⊂ Ω1 ⊂ · · · ⊂ Ω = ∪Ωl by finite-dimensional
submodules Ωl ⊂ Ω such that

LHΩl ⊂ Ωl+1 (all l), Ωl+1 = Ωl +LHΩl

(
l large enough

)
. (11.1)

This condition may be expressed in terms of a �H-polynomial algebra on the
graded module ⊕ Ωl/Ωl−1 (the Noetherian property) and ensures the finite number
of dependent variables. Filtration Ω∗ may be capriciously modified. In particular,
various localizations of Ω in jet spaces Ω(m,n) can be easily obtained.

The internal symmetries naturally appear. For instance, a vector field Z ∈ T(M) is called
a (universal) variation of diffiety Ω if LZΩ ⊂ Ω and infinitesimal symmetry if moreover Z
generates a local group, that is, if and only if Z ∈ � .

Theorem 11.1 (technical theorem). Let Z be a variation of diffiety Ω. Then Z ∈ � if and only if
there is a finite-dimensional F(M)-submodule Θ ⊂ Ω such that

⊕LrHΘ = Ω, dim⊕LrZΘ < ∞. (11.2)

This is exactly counterpart to Theorem 5.6: submodule Θ ⊂ Ω stands here for the
previous submodule Ω0 ⊂ Ω(m,n). We postpone the proof of Theorem 11.1 together with
applications to some convenient occasion.

Remark 11.2. There may exist conical symmetries Z of a diffiety Ω, however, they are all lying
inH and generate just the Cauchy characteristics of the diffiety [9, page 155].

We conclude with two examples of internal theory of underdetermined ordinary
differential equations. The reasonings to follow can be carried over quite general diffieties
without any change.
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Example 11.3. Let us deal with the Monge equation

dx

dt
= f
(
t, x, y,

dy

dt

)
. (11.3)

The prolongation can be represented as the Pfaffian system

dx − f(t, x, y, y′)dt = 0, dy − y′dt = 0, dy′ − y′′dt = 0, . . . . (11.4)

Within the framework of diffieties, we introduce space M with coordinates

t, x0, y0, y1, y2, . . . (11.5)

and submodule Ω ⊂ Φ(M) with generators

dx0 − fdt, (ωr =)dyr − yr+1dt
(
r = 0, 1, . . . ; f = f

(
t, x0, y0, y1

))
. (11.6)

ClearlyH = Ω⊥ ⊂ T(M) is one-dimensional subspace including the vector field

D =
∂

∂t
+ f

∂

∂x0
+
∑

yr+1
∂

∂yr
. (11.7)

One can easily find that we have a diffiety. (A and B are trivially satisfied. The common order
preserving filtrations where Ωl involves dx0 − fdt and ωr with r ≤ l is enough for C.)

We introduce a new (standard [9]) filtration Ω∗ where the submodule Ωl ⊂ Ω is
generated by the forms

ϑ0 = dx0 − fdt − ∂f

∂y1
ω0, ωr (r ≤ l − 1). (11.8)

This is indeed a filtration since

LDϑ0 = df −Dfdt −D ∂f

∂y1
·ω0 −

∂f

∂y1
ω1 =

∂f

∂x0

(
dx0 − fdt

)
+
(
∂f

∂y0
−D ∂f

∂y1

)
ω0

=
∂f

∂x0
ϑ0 +Aω0

(
A =

∂f

∂y0
+
∂f

∂x0

∂f

∂y1
−D ∂f

∂y1

) (11.9)

and (trivially) LDωr = ωr+1. Assuming A/= 0 from now on (this is satisfied if fy1y1 /= 0) every
module Ωl is generated by the forms ϑr = LrDϑ0 (r ≤ l).

The forms ϑr satisfy the recurrenceLDϑr = ϑr+1. Then the formula

ϑr+1 = LDϑr = D	dϑr + dϑr(D) = D	dϑr (11.10)
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implies the congruence dϑr ∼= dt ∧ ϑr+1 (mod Ω ∧Ω). Let

Z = z
∂

∂t
+ z0 ∂

∂x0
+
∑

zr
∂

∂yr
(11.11)

be a variation of Ω in the common sense LZΩ ⊂ Ω. This inclusion is equivalent to the
congruence

LZϑr = Z	dϑr + dϑr(Z) ∼= −ϑr+1(Z)dt +Dϑr(Z)dt = 0 (mod Ω) (11.12)

whence to the recurrence

ϑr+1(Z) = Dϑr(Z) (11.13)

quite analogous to the recurrence (5.10), see Remark 5.3. It follows that the functions

z = Zt = dt(Z), g = ϑ0(Z) (11.14)

can be quite arbitrarily chosen. Then functions ϑr(Z) = Drg are determined and we obtain
quite explicit formulae for the variation Z. In more detail

g = ϑ0(Z) =
(

dx0 − fdt − ∂f

∂y1
ω0

)
(Z) = z0 − fz − ∂f

∂y1

(
z0 − y1z

)
,

Dg = ϑ1(Z)
(
∂f

∂x0
ϑ0 +Aω0

)
(Z) =

∂f

∂x0
g +A

(
z0 − y1z

) (11.15)

and these equations determine coefficients z0 and z0 in terms of functions z and g.
Coefficients zr (r ≥ 1) follow by prolongation (not stated here). If moreover

dim {LrZϑ0}r∈� < ∞ (11.16)

we have infinitesimal symmetry Z ∈ � , see Theorem 11.1.

Example 11.4. Let us deal with the Hilbert-Cartan equation [3]

dy

dt
=

(
d2x

dt2

)2

. (11.17)

Passing to the diffiety, we introduce space M with coordinates

t, x0, x1, y0, y1, y2, . . . (11.18)
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and submodule Ω ⊂ Φ(M) generated by forms

dx0 − x1dt, dx1 −
√
y1dt, (ωr =)dyr − yr+1dt (r = 0, 1, . . .). (11.19)

The submoduleH = Ω⊥ ⊂ T(M) is generated by the vector field

D =
∂

∂t
+ x1

∂

∂x0
+
√
y1

∂

∂x1
+
∑

yr+1
∂

∂yr
. (11.20)

We introduce the form

ϑ0 = dx0 − x1dt + B

{
dx1 −

√
y1dt − 1

2√y1
ω0

} (
B =

1/√y1

D
(
1/√y1

)
)

(11.21)

and moreover the forms

ϑ1 = LDϑ0 = (1 +DB){· · · },

ϑ2 = LDϑ1 = D2B{· · · } −Cω0

(
C = (1 +DB)D

1
2√y1

)
,

ϑ3 = · · · + Cω1,

ϑ4 = · · · + Cω2,

...

(11.22)

Assuming C/= 0, we have a standard filtration Ω∗ where the submodules Ωl ⊂ Ω are generated
by forms ϑr (r ≤ l). Explicit formulae for variations

Z = z
∂

∂t
+ z0 ∂

∂x0
+ z1 ∂

∂x1
+
∑

zr
∂

∂yr
(11.23)

can be obtained analogously as in Example 11.3 (and are omitted here). Functions z and g =
ϑ0(Z) can be arbitrarily chosen. Condition (11.16) ensures Z ∈ � .

Appendix

For the convenience of reader, we survey some results [9, 18, 19] on the modules Adj. Our
reasonings are carried out in the space �n and will be true locally near generic points.

Let Θ be a given module of 1-forms and A(Θ) the module of all vector fields X such
that LfXΘ ⊂ Θ for all functions f , see [9]. Clearly

L[X,Z]Θ = (LXLZ − LZLX)Θ ⊂ Θ (X,Z ∈ A(Θ)) (A.1)

IEEE eXpress Sample eBook, page 689



34 Abstract and Applied Analysis

and it follows that identity

f[X, Y] = [X,Z] +Xf · Y (
X, Y ∈ A(Θ); Z = fY

)
(A.2)

implies Lf[X,Y]Θ ⊂ Θ whence [A(Θ), A(Θ)] ⊂ A(Θ).
Let Θ be of a finite dimension I. The Frobenius theorem can be applied, and it follows

that module Adj Θ = A(Θ)⊥ (of all forms ϕ satisfying ϕ(A(Θ)) = 0) has a certain basis
df1, . . . ,dfK (K ≥ I).

On the other hand, identity

LfXϑ = fX
⌋
dϑ + d

(
fϑ(X)

)
= fLXϑ + ϑ(X)ϑ (A.3)

implies that X ∈ A(Θ) if and only if

ϑ(X) = 0, X	dϑ ∈ Θ (ϑ ∈ Θ) (A.4)

which is the classical definition, see [2]. In particular Θ ⊂ Adj Θ so we may suppose the
generators

ϑi = dfi + giI+1dfI+1 + · · · + giKdfK ∈ Θ (i = 1, . . . , I) (A.5)

of module Θ. Recall that Xfk = 0 (k = 1, . . . , K; X ∈ A(Θ)) whence

LXϑi = XgiI+1dfI+1 + · · · +XgiKdfK ∈ Θ (A.6)

and this implies XgiI+1 = · · · = XgiK = 0. It follows that

dgiI+1, . . . ,dg
i
K ∈ AdjΘ (i = 1, . . . , I) (A.7)

and therefore all coefficients gi
k

depend only on variables f1, . . . , fK.
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University Olomouc, Faculty of Science, Olomouc, Czech Republic, 2009.

[16] V. N. Chetverikov, “On the structure of integrable C-fields,” Differential Geometry and Its Applications,
vol. 1, no. 4, pp. 309–325, 1991.

[17] L. P. Eisenhart, Continuous Groups of Transformations, Princeton University Press, 1933.
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Using the Kato theorem for abstract differential equations, the local well-posedness of the solution
for a nonlinear dissipative Camassa-Holm equation is established in space C([0, T),Hs(R)) ∩
C1([0, T),Hs−1(R)) with s > 3/2. In addition, a sufficient condition for the existence of weak
solutions of the equation in lower order Sobolev space Hs(R) with 1 ≤ s ≤ 3/2 is developed.

1. Introduction

Camassa and Holm [1] used the Hamiltonian method to derive a completely integrable wave
equation

ut − uxxt + 2kux + 3uux = 2uxuxx + uuxxx, (1.1)

by retaining two terms that are usually neglected in the small amplitude, shallow water
limit. Its alternative derivation as a model for water waves can be found in Constantin and
Lannes [2] and Johnson [3]. Equation (1.1) also models wave current interaction [4], while
Dai [5] derived it as a model in elasticity (see Constantin and Strauss [6]). Moreover, it was
pointed out in Lakshmanan [7] that the Camassa-Holm equation (1.1) could be relevant to
the modeling of tsunami waves (see Constantin and Johnson [8]).

In fact, a huge amount of work has been carried out to investigate the dynamic
properties of (1.1). For k = 0, (1.1) has traveling wave solutions of the form c e−|x−ct|, called
peakons, which capture the main feature of the exact traveling wave solutions of greatest
height of the governing equations (see [9–11]). For k > 0, its solitary waves are stable
solitons [6, 11]. It was shown in [12–14] that the inverse spectral or scattering approach was
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a powerful tool to handle Camassa-Holm equation. Equation (1.1) is a completely integrable
infinite-dimensional Hamiltonian system (in the sense that for a large class of initial data,
the flow is equivalent to a linear flow at constant speed [15]). It should be emphasized that
(1.1) gives rise to geodesic flow of a certain invariant metric on the Bott-Virasoro group (see
[16, 17]), and this geometric illustration leads to a proof that the Least Action Principle holds.
It is worthwhile to mention that Xin and Zhang [18] proved that the global existence of the
weak solution in the energy space H1(R) without any sign conditions on the initial value,
and the uniqueness of this weak solution is obtained under some conditions on the solution
[19]. Coclite et al. [20] extended the analysis presented in [18, 19] and obtained many useful
dynamic properties to other equations (also see [21–24]). Li and Olver [25] established the
local well-posedness in the Sobolev spaceHs(R) with s > 3/2 for (1.1) and gave conditions on
the initial data that lead to finite time blowup of certain solutions. It was shown in Constantin
and Escher [26] that the blowup occurs in the form of breaking waves, namely, the solution
remains bounded but its slope becomes unbounded in finite time. After wave breaking, the
solution can be continued uniquely either as a global conservative weak solution [21] or a
global dissipative solution [22]. For peakons, these possibilities are explicitly illustrated in the
paper [27]. For other methods to handle the problems relating to various dynamic properties
of the Camassa-Holm equation and other shallow water models, the reader is referred to
[10, 28–32] and the references therein.

In this paper, motivated by the work in [25, 33], we study the following generalized
Camassa-Holm equation

ut − utxx + 2kux + aumux = 2uxuxx + uuxxx + β∂x
[
(ux)N

]
, (1.2)

where m ≥ 1 and N ≥ 1 are natural numbers, and a, k, and β are arbitrary constants.
Obviously, (1.2) reduces to (1.1) if we set a = 3, m = 1, and β = 0. Actually, Wu and Yin
[34] consider a nonlinearly dissipative Camassa-Holm equation which includes a nonlinearly
dissipative term L(u), where L is a differential operator or a quasidifferential operator.
Therefore, we can regard the term β∂x[(ux)

N] as a nonlinearly dissipative term for the
dissipative Camassa-Holm equation (1.2).

Due to the term β∂x[(ux)
N] in (1.2), the conservation laws in previous works [10, 25]

for (1.1) lose their powers to obtain some bounded estimates of the solution for (1.2). A new
conservation law different from those presented in [10, 25] will be established to prove the
local existence and uniqueness of the solution to (2.3) subject to initial value u0(x) ∈ Hs(R)
with s > 3/2. We should address that all the generalized versions of the Camassa-Holm
equation in previous works (see [17, 25, 34]) do not involve the nonlinear term ∂x[(ux)

N].
Lai and Wu [33] only studied a generalized Camassa-Holm equation in the case where β ≥ 0
and N is an odd number. Namely, (1.2) with β < 0 and arbitrary positive integer N was not
investigated in [33].

The main tasks of this paper are two-fold. Firstly, by using the Kato theorem for
abstract differential equations, we establish the local existence and uniqueness of solutions
for (1.2) with any β and arbitrary positive integer N in space C([0, T),Hs(R))

⋂
C1([0, T),

Hs−1(R)) with s > 3/2. Secondly, it is shown that the existence of weak solutions in lower
order Sobolev space Hs(R) with 1 ≤ s ≤ 3/2. The ideas of proving the second result come
from those presented in Li and Olver [25].
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2. Main Results

Firstly, we give some notation.
The space of all infinitely differentiable functions φ(t, x) with compact support in

[0,+∞)×R is denoted byC∞0 . Lp = Lp(R) (1 ≤ p < +∞) is the space of all measurable functions
h such that ‖h‖pLp =

∫
R |h(t, x)|pdx < ∞. We define L∞ = L∞(R) with the standard norm

‖h‖L∞ = infm(e)=0supx∈R\e|h(t, x)|. For any real number s, Hs = Hs(R) denotes the Sobolev
space with the norm defined by

‖h‖Hs =
(∫

R

(
1 + |ξ|2

)s∣∣∣ĥ(t, ξ)∣∣∣2dξ
)1/2

<∞, (2.1)

where ĥ(t, ξ) =
∫
R e
−ixξh(t, x)dx.

For T > 0 and nonnegative number s, C([0, T);Hs(R)) denotes the Frechet space of all
continuous Hs-valued functions on [0, T). We set Λ = (1 − ∂2

x)
1/2.

In order to study the existence of solutions for (1.2), we consider its Cauchy problem
in the form

ut − utxx = −2kux − a

m + 1

(
um+1

)
x
+ 2uxuxx + uuxxx + β∂x

[
(ux)N

]

= −kux − a

m + 1

(
um+1

)
x
+

1
2
∂3
xu

2 − 1
2
∂x
(
u2
x

)
+ β∂x

[
(ux)N

]
,

u(0, x) = u0(x),

(2.2)

which is equivalent to

ut + uux = Λ−2
[
−ku − a

m + 1

(
um+1

)]
x

+ Λ−2(uux) − 1
2
Λ−2∂x

(
u2
x

)
+ βΛ−2∂x

[
(ux)N

]
,

u(0, x) = u0(x).

(2.3)

Now, we state our main results.

Theorem 2.1. Let u0(x) ∈ Hs(R) with s > 3/2. Then problem (2.2) or problem (2.3) has a unique
solution u(t, x) ∈ C([0, T);Hs(R))

⋂
C1([0, T);Hs−1(R)) where T > 0 depends on ‖u0‖Hs(R).

Theorem 2.2. Suppose that u0(x) ∈ Hs with 1 ≤ s ≤ 3/2 and ‖u0x‖L∞ < ∞. Then there exists a
T > 0 such that (1.2) subject to initial value u0(x) has a weak solution u(t, x) ∈ L2([0, T],Hs) in the
sense of distribution and ux ∈ L∞([0, T] × R).

3. Local Well-Posedness

We consider the abstract quasilinear evolution equation

dv

dt
+A(v)v = f(v), t ≥ 0, v(0) = v0. (3.1)
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Let X and Y be Hilbert spaces such that Y is continuously and densely embedded in X,
and let Q : Y → X be a topological isomorphism. Let L(Y,X) be the space of all bounded
linear operators from Y to X. If X = Y , we denote this space by L(X). We state the following
conditions in which ρ1, ρ2, ρ3, and ρ4 are constants depending on max{‖y‖Y , ‖z‖Y}.

(i) A(y) ∈ L(Y,X) for y ∈ X with

∥∥(A(y) −A(z))w
∥∥
X ≤ ρ1

∥∥y − z∥∥X‖w‖Y , y, z,w ∈ Y, (3.2)

and A(y) ∈ G(X, 1, β) (i.e., A(y) is quasi-m-accretive), uniformly on bounded sets
in Y .

(ii) QA(y)Q−1 = A(y) + B(y), where B(y) ∈ L(X) is bounded, uniformly on bounded
sets in Y . Moreover,

∥∥(B(y) − B(z))w∥∥X ≤ ρ2
∥∥y − z∥∥Y‖w‖X, y, z ∈ Y, w ∈ X. (3.3)

(iii) f : Y → Y extends to a map from X into X is bounded on bounded sets in Y , and
satisfies

∥∥f(y) − f(z)∥∥Y ≤ ρ3
∥∥y − z∥∥Y , y, z ∈ Y,

∥∥f(y) − f(z)∥∥X ≤ ρ4
∥∥y − z∥∥X, y, z ∈ Y.

(3.4)

Kato Theorem (see [35])

Assume that (i), (ii), and (iii) hold. If v0 ∈ Y , there is a maximal T > 0 depending only on
‖v0‖Y , and a unique solution v to problem (3.1) such that

v = v(·, v0) ∈ C([0, T);Y )
⋂
C1([0, T);X). (3.5)

Moreover, the map v0 → v(·, v0) is a continuous map from Y to the space

C([0, T);Y )
⋂
C1([0, T);X). (3.6)

For problem (2.3), we set A(u) = u∂x, Y = Hs(R), X = Hs−1(R), Λ = (1 − ∂2
x)

1/2,

f(u) = Λ−2
[
−ku − a

m + 1

(
um+1

)]
x

+ Λ−2(uux) − 1
2
Λ−2∂x

(
u2
x

)
+ βΛ−2∂x

[
(ux)N

]
, (3.7)

and Q = Λ. In order to prove Theorem 2.1, we only need to check that A(u) and f(u) satisfy
assumptions (i)–(iii).

Lemma 3.1. The operator A(u) = u∂x with u ∈ Hs(R), s > 3/2 belongs to G(Hs−1, 1, β).
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Lemma 3.2. Let A(u) = u∂x with u ∈ Hs and s > 3/2. Then A(u) ∈ L(Hs,Hs−1) for all u ∈ Hs.
Moreover,

‖(A(u) −A(z))w‖Hs−1 ≤ ρ1‖u − z‖Hs−1‖w‖Hs, u, z,w ∈ Hs(R). (3.8)

Lemma 3.3. For s > 3/2, u, z ∈ Hs and w ∈ Hs−1, it holds that B(u) = [Λ, u∂x]Λ−1 ∈ L(Hs−1)
for u ∈ Hs and

‖(B(u) − B(z))w‖Hs−1 ≤ ρ2‖u − z‖Hs‖w‖Hs−1 . (3.9)

Proofs of the above Lemmas 3.1–3.3 can be found in [29] or [31].

Lemma 3.4 (see [35]). Let r and q be real numbers such that −r < q ≤ r. Then

‖uv‖Hq ≤ c‖u‖Hr‖v‖Hq , if r >
1
2
,

‖uv‖Hr+q−1/2 ≤ c‖u‖Hr‖v‖Hq , if r <
1
2
.

(3.10)

Lemma 3.5. Let u, z ∈ Hs with s > 3/2, then f(u) is bounded on bounded sets inHs and satisfies

∥∥f(u) − f(z)∥∥Hs ≤ ρ3‖u − z‖Hs, (3.11)

∥∥f(u) − f(z)∥∥Hs−1 ≤ ρ4‖u − z‖Hs−1 . (3.12)

Proof. Using the algebra property of the space Hs0 with s0 > 1/2, we have

∥∥f(u) − f(z)∥∥Hs

≤ c
[∥∥∥∥Λ−2

([
−ku − a

m + 1

(
um+1

)]
x

−
[
−kz − a

m + 1

(
zm+1

)]
x

)∥∥∥∥
Hs

+
∥∥∥Λ−2(uux − zzx)

∥∥∥
Hs

+
∥∥∥Λ−2∂x

(
u2
x − z2

x

)∥∥∥
Hs

+
∥∥∥Λ−2∂x

[
(ux)N

]
−Λ−2∂x

[
(zx)N

] ∥∥∥
Hs

]

≤ c
[
‖u − z‖Hs−1 +

∥∥∥um+1 − zm+1
∥∥∥
Hs−1

+ ‖uux − zzx‖Hs−1 +
∥∥∥u2

x − z2
x

∥∥∥
Hs−1

+
∥∥∥(ux)N − (zx)N

∥∥∥
Hs−1

]

≤ c‖u − z‖Hs

⎡
⎣1 +

m∑
j=0
‖u‖m−jHs ‖z‖jHs + ‖u‖Hs + ‖z‖Hs +

N−1∑
j=0
‖ux‖N−jHs−1‖zx‖jHs−1

⎤
⎦

≤ ρ3‖u − z‖Hs,

(3.13)

from which we obtain (3.11).
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Applying Lemma 3.4, uux = (1/2)(u2)x, s > 3/2, ‖u‖L∞ ≤ c‖u‖Hs−1 and ‖ux‖L∞ ≤
c‖u‖Hs , we get

∥∥f(u) − f(z)∥∥Hs−1

≤ c
⎡
⎣‖u − z‖

Hs−2

+
∥∥∥um+1 − zm+1

∥∥∥
Hs−2

+
∥∥∥u2 − z2

∥∥∥
Hs−2

+ ‖(ux − zx)(ux + zx)‖Hs−2 +

∥∥∥∥∥∥(ux − zx)
N−1∑
j=0

u
N−1−j
x z

j
x

∥∥∥∥∥∥
Hs−2

⎤
⎦

≤ c‖u − z‖Hs−1

⎡
⎣1 +

m∑
j=0
‖u‖m−j

Hs−1‖z‖jHs−1 + ‖u‖Hs−1 + ‖z‖Hs−1

+ ‖u‖Hs + ‖z‖Hs +
N−1∑
j=0
‖ux‖N−jHs−1‖zx‖jHs−1

⎤
⎦

≤ ρ4‖u − z‖Hs−1 ,

(3.14)

which completes the proof of (3.12).

Proof of Theorem 2.1. Using the Kato Theorem, Lemmas 3.1–3.3, and 3.5, we know that system
(2.2) or problem (2.3) has a unique solution

u(t, x) ∈ C([0, T);Hs(R))
⋂
C1
(
[0, T);Hs−1(R)

)
. (3.15)

4. Existence of Weak Solutions

For s ≥ 2, using the first equation of system (2.2) derives

d

dt

∫
R

(
u2 + u2

x + 2β
∫ t

0
uN+1
x dτ

)
dx = 0, (4.1)

from which we have the conservation law

∫
R

(
u2 + u2

x + 2β
∫ t

0
uN+1
x dτ

)
dx =

∫
R

(
u2

0 + u
2
0x

)
dx. (4.2)

Lemma 4.1 (Kato and Ponce [36]). If r > 0, thenHr
⋂
L∞ is an algebra. Moreover,

‖uv‖r ≤ c(‖u‖L∞‖v‖r + ‖u‖r‖v‖L∞), (4.3)

where c is a constant depending only on r.
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Lemma 4.2 (Kato and Ponce [36]). Let r > 0. If u ∈ Hr
⋂
W1,∞ and v ∈ Hr−1⋂L∞, then

‖[Λr , u]v‖L2 ≤ c
(
‖∂xu‖L∞

∥∥∥Λr−1v
∥∥∥
L2

+ ‖Λru‖L2‖v‖L∞
)
. (4.4)

Lemma 4.3. Let s ≥ 2 and the function u(t, x) is a solution of problem (2.2) and the initial data
u0(x) ∈ Hs(R). Then the following inequality holds

‖u‖L∞ ≤ ‖u‖H1 ≤ ‖u0‖H1e|β|
∫ t

0 ‖ux‖N−1
L∞ dτ . (4.5)

For q ∈ (0, s − 1], there is a constant c, which only depends onm,N, k, a, and β, such that

∫
R

(
Λq+1u

)2
dx ≤

∫
R

(
Λq+1u0

)2
dx + c

∫ t
0
‖ux‖L∞‖u‖2

Hq+1

(
1 + ‖u‖m−1

L∞

)
dτ

+ c
∫ t

0
‖u‖2

Hq+1‖ux‖N−1
L∞ dτ.

(4.6)

For q ∈ [0, s − 1], there is a constant c, which only depends onm,N, k, a, and β, such that

‖ut‖Hq ≤ c‖u‖Hq+1

(
1 +

(
1 + ‖u‖m−1

L∞

)
‖u‖H1 + ‖ux‖N−1

L∞

)
. (4.7)

Proof. Using ‖u‖2
H1 =

∫
R(u

2 + u2
x)dx and (4.2) derives (4.5).

Using ∂2
x = −Λ2 + 1 and the Parseval equality gives rise to

∫
R

ΛquΛq∂3
x

(
u2
)
dx = −2

∫
R

(
Λq+1u

)
Λq+1(uux)dx + 2

∫
R

(Λqu)Λq(uux)dx. (4.8)

For q ∈ (0, s − 1], applying (Λqu)Λq to both sides of the first equation of system (2.3)
and integrating with respect to x by parts, we have the identity

1
2
d

dt

∫
R

(
(Λqu)2 + (Λqux)

2
)
dx = −a

∫
R

(Λqu)Λq(umux)dx

−
∫
R

(
Λq+1u

)
Λq+1(uux)dx +

1
2

∫
R

(Λqux)Λq
(
u2
x

)
dx

+
∫
R

(Λqu)Λq(uux)dx − β
∫
R

ΛquxΛq
[
(ux)N

]
dx.

(4.9)

IEEE eXpress Sample eBook, page 698



8 Abstract and Applied Analysis

We will estimate the terms on the right-hand side of (4.9) separately. For the first term, by
using the Cauchy-Schwartz inequality and Lemmas 4.1 and 4.2, we have

∫
R

(Λqu)Λq(umux)dx =
∫
R

(Λqu)[Λq(umux) − umΛqux]dx +
∫
R

(Λqu)umΛquxdx

≤ c‖u‖Hq

(
m‖u‖m−1

L∞ ‖ux‖L∞‖u‖Hq + ‖ux‖L∞‖u‖m−1
L∞ ‖u‖Hq

)

+
1
2
‖u‖m−1

L∞ ‖ux‖L∞‖Λqu‖2
L2

≤ c‖u‖2
Hq‖u‖m−1

L∞ ‖ux‖L∞ .

(4.10)

Using the above estimate to the second term yields

∫
R

(
Λq+1u

)
Λq+1(uux)dx ≤ c‖u‖2

Hq+1‖ux‖L∞ . (4.11)

For the third term, using the Cauchy-Schwartz inequality and Lemma 4.1, we obtain

∫
R

(Λqux)Λq
(
u2
x

)
dx ≤ ‖Λqux‖L2

∥∥∥Λq
(
u2
x

)∥∥∥
L2

≤ c‖u‖Hq+1(‖ux‖L∞‖ux‖Hq + ‖ux‖L∞‖ux‖Hq)

≤ c‖u‖2
Hq+1‖ux‖L∞ .

(4.12)

For the last term in (4.9), using Lemma 4.1 repeatedly results in

∣∣∣∣
∫
R

(Λqux)Λq(ux)Ndx
∣∣∣∣ ≤ ‖ux‖Hq

∥∥∥uNx
∥∥∥
Hq

≤ c‖u‖2
Hq+1‖ux‖N−1

L∞ .

(4.13)

It follows from (4.9) to (4.13) that there exists a constant c depending only on m,N and the
coefficients of (1.2) such that

1
2
d

dt

∫
R

[
(Λqu)2 + (Λqux)

2
]
dx ≤ c‖ux‖L∞‖u‖2

Hq+1

(
1 + ‖u‖m−1

L∞

)
+ c‖u‖2

Hq+1‖ux‖N−1
L∞ . (4.14)

Integrating both sides of the above inequality with respect to t results in inequality (4.6).
To estimate the norm of ut, we apply the operator (1 − ∂2

x)
−1 to both sides of the first

equation of system (2.3) to obtain the equation

ut =
(

1 − ∂2
x

)−1
[
−2kux + ∂x

(
− a

m + 1
um+1 +

1
2
∂2
x

(
u2
)
− 1

2
u2
x

)
+ β∂x

[
(ux)N

]]
. (4.15)
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Applying (Λqut)Λq to both sides of (4.15) for q ∈ (0, s − 1] gives rise to

∫
R

(Λqut)
2dx =

∫
R

(Λqut)Λq−2
[
∂x

(
−2ku − a

m + 1
um+1 +

1
2
∂2
x

(
u2
)
− 1

2
u2
x

)
+ β∂x

[
(ux)N

]]
dτ.

(4.16)

For the right-hand side of (4.16), we have

∫
R

(Λqut)Λq−2(−2kux)dx ≤ c‖ut‖Hq‖u‖Hq ,

∫
R

(Λqut)
(

1 − ∂2
x

)−1
Λq∂x

(
− a

m + 1
um+1 − 1

2
u2
x

)
dx

≤ c‖ut‖Hq

(∫
R

(
1 + ξ2

)q−1 ×
[∫

R

[
− a

m + 1
ûm
(
ξ − η)û(η) − 1

2
ûx
(
ξ − η)ûx(η)

]
dη

]2
)1/2

≤ c‖ut‖Hq‖u‖H1‖u‖Hq+1

(
1 + ‖u‖m−1

L∞

)
.

(4.17)

Since

∫
(Λqut)

(
1 − ∂2

x

)−1
Λq∂2

x(uux)dx = −
∫
(Λqut)Λq(uux)dx +

∫
(Λqut)

(
1 − ∂2

x

)−1
Λq(uux)dx,

(4.18)

using Lemma 4.1, ‖uux‖Hq ≤ c‖(u2)x‖Hq ≤ c‖u‖L∞‖u‖Hq+1 and ‖u‖L∞ ≤ ‖u‖H1 , we have

∫
(Λqut)Λq(uux)dx ≤ c‖ut‖Hq‖uux‖Hq

≤ c‖ut‖Hq‖u‖H1‖u‖Hq+1 ,

∫
(Λqut)

(
1 − ∂2

x

)−1
Λq(uux)dx ≤ c‖ut‖Hq‖u‖H1‖u‖Hq+1 .

(4.19)

Using the Cauchy-Schwartz inequality and Lemma 4.1 yields

∣∣∣∣
∫
R

(Λqut)
(

1 − ∂2
x

)−1
Λq∂x

(
uNx

)
dx

∣∣∣∣ ≤ c‖ut‖Hq‖ux‖N−1
L∞ ‖u‖Hq+1 . (4.20)

Applying (4.17)–(4.20) into (4.16) yields the inequality

‖ut‖Hq ≤ c‖u‖Hq+1

(
1 +

(
1 + ‖u‖m−1

L∞

)
‖u‖H1 + ‖ux‖N−1

L∞

)
. (4.21)

This completes the proof of Lemma 4.3.
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Defining

φ(x) =

⎧⎨
⎩
e1/(x2−1), |x| < 1,

0, |x| ≥ 1,
(4.22)

and setting φε(x) = ε−1/4φ(ε−1/4x) with 0 < ε < 1/4 and uε0 = φε 
 u0, we know that uε0 ∈ C∞
for any u0 ∈ Hs(R) and s > 0.

It follows from Theorem 2.1 that for each ε the Cauchy problem

ut − utxx = ∂x
(
−2ku − a

m + 1
um+1

)
+

1
2
∂3
x

(
u2
)
− 1

2
∂x
(
u2
x

)
+ β∂x

[
(ux)N

]
,

u(0, x) = uε0(x), x ∈ R,
(4.23)

has a unique solution uε(t, x) ∈ C∞([0, T);H∞).

Lemma 4.4. Under the assumptions of problem (4.23), the following estimates hold for any ε with
0 < ε < 1/4 and s > 0

‖uε0x‖L∞ ≤ c1‖u0x‖L∞ ,
‖uε0‖Hq ≤ c1, if q ≤ s,

‖uε0‖Hq ≤ c1ε
(s−q)/4, if q > s,

‖uε0 − u0‖Hq ≤ c1ε
(s−q)/4, if q ≤ s,

‖uε0 − u0‖Hs = o(1),

(4.24)

where c1 is a constant independent of ε.

The proof of this Lemma can be found in Lai and Wu [33].

Lemma 4.5. If u0(x) ∈ Hs(R) with s ∈ [1, 3/2] such that ‖u0x‖L∞ < ∞. Let uε0 be defined as in
system (4.23). Then there exist two positive constants T and c, which are independent of ε, such that
the solution uε of problem (4.23) satisfies ‖uεx‖L∞ ≤ c for any t ∈ [0, T).

Proof. Using notation u = uε and differentiating both sides of the first equation of problem
(4.23) or (4.15) with respect to x give rise to

utx +
1
2
∂2
xu

2 − 1
2
u2
x = 2ku +

a

m + 1
um+1 − 1

2
u2 − βuNx

−Λ−2
[

2ku +
a

m + 1
um+1 − 1

2
u2 +

1
2
u2
x − βuNx

]
.

(4.25)
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Letting p > 0 be an integer and multiplying the above equation by (ux)
2p+1 and then integrat-

ing the resulting equation with respect to x yield the equality

1
2p + 2

d

dt

∫
R

(ux)2p+2dx +
p

2p + 2

∫
R

(ux)2p+3dx

=
∫
R

(ux)2p+1
(

2ku +
a

m + 1
um+1 − 1

2
u2 − βuNx

)
dx

−
∫
R

(ux)2p+1Λ−2

[
2ku +

a

m + 1
um+1 − u

2

2
+

1
2
u2
x − βuNx

]
dx.

(4.26)

Applying the Hölder’s inequality yields

1
2p + 2

d

dt

∫
R

(ux)2p+2dx ≤
{
|2k|

(∫
R

|u|2p+2dx

)1/(2p+2)

+
a

m + 1

(∫
R

∣∣∣um+1
∣∣∣2p+2

dx

)1/(2p+2)

+
1
2

(∫
R

∣∣∣u2
∣∣∣2p+2

dx

)1/(2p+2)

+ β
(∫

R

∣∣∣uNx
∣∣∣2p+2

dx

)1/(2p+2)

+
(∫

R

|G|2p+2dx

)1/(2p+2)
}(∫

R

|ux|2p+2dx

)(2p+1)/(2p+2)

+
p

2p + 2
‖ux‖L∞

∫
R

|ux|2p+2dx,

(4.27)

or

d

dt

(∫
R

(ux)2p+2dx

)1/(2p+2)

≤ |2k|
(∫

R

|u|2p+2dx

)1/(2p+2)

+
a

m + 1

(∫
R

∣∣∣um+1
∣∣∣2p+2

dx

)1/(2p+2)

+
1
2

(∫
R

∣∣∣u2
∣∣∣2p+2

dx

)1/(2p+2)

+ β
(∫

R

∣∣∣uNx
∣∣∣2p+2

dx

)1/(2p+2)

+
(∫

R

|G|2p+2dx

)1/(2p+2)

+
p

2p + 2
‖ux‖L∞

(∫
R

|ux|2p+2dx

)1/(2p+2)

,

(4.28)

where

G = Λ−2

[
2ku +

a

m + 1
um+1 − u

2

2
+

1
2
u2
x − βuNx

]
. (4.29)
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Since ‖f‖Lp → ‖f‖L∞ as p → ∞ for any f ∈ L∞⋂L2, integrating both sides of the inequality
(4.28) with respect to t and taking the limit as p → ∞ result in the estimate

‖ux‖L∞ ≤ ‖u0x‖L∞ +
∫ t

0
c

[(
‖u‖L∞ +

∥∥∥u2
∥∥∥
L∞

+
∥∥∥um+1

∥∥∥
L∞

+ β‖ux‖NL∞ + ‖G‖L∞
)
+

1
2
‖ux‖2

L∞

]
dτ.

(4.30)

Using the algebra property of Hs0(R) with s0 > 1/2 yields (‖uε‖H(1/2)+ means that there exists
a sufficiently small δ > 0 such that ‖uε‖(1/2)+ = ‖uε‖H1/2+δ)

‖G‖L∞ ≤ c‖G‖H(1/2)+

≤ c
∥∥∥∥∥Λ−2

[
2ku +

a

m + 1
um+1 − u

2

2
+

1
2
u2
x − βuNx

]∥∥∥∥∥
H(1/2)+

≤ c
(
‖u‖H1 + ‖u‖2

H1 + ‖u‖m+1
H1 +

∥∥∥Λ−2(u2
x)
∥∥∥
H(1/2)+

+
∥∥∥Λ−2(uNx )

∥∥∥
H(1/2)+

)

≤ c
(
‖u‖H1 + ‖u‖2

H1 + ‖u‖m+1
H1 +

∥∥∥u2
x

∥∥∥
H0

+
∥∥∥uNx

∥∥∥
H0

)

≤ c
(
‖u‖H1 + ‖u‖2

H1 + ‖u‖m+1
H1 + ‖ux‖L∞‖u‖H1 + ‖ux‖N−1

L∞ ‖u‖H1

)

≤ cec
∫ t

0 ‖ux‖N−1
L∞ dτ

(
1 + ‖ux‖L∞ + ‖ux‖N−1

L∞

)
,

(4.31)

in which Lemma 4.3 is used. Therefore, we get

∫ t
0
‖G‖L∞dτ ≤ c

∫ t
0
ec
∫τ

0 ‖ux‖N−1
L∞ dξ

(
1 + ‖ux‖L∞ + ‖ux‖N−1

L∞

)
dτ. (4.32)

From (4.30) and (4.32), one has

‖ux‖L∞ ≤ ‖u0x‖L∞ + c
∫ t

0

[
‖ux‖2

L∞ + ‖ux‖NL∞ + ec
∫ t

0 ‖ux‖N−1
L∞ dτ

+ec
∫τ

0 ‖ux‖N−1
L∞ dξ

(
1 + ‖ux‖L∞ + ‖ux‖N−1

L∞

)]
dτ.

(4.33)

From Lemma 4.4, it follows from the contraction mapping principle that there is a
T > 0 such that the equation

‖W‖L∞ = ‖u0x‖L∞ + c
∫ t

0

[
‖W‖2

L∞ + ‖W‖NL∞ + ec
∫ t

0 ‖W‖N−1
L∞ dτ

+ec
∫τ

0 ‖W‖N−1
L∞ dξ

(
1 + ‖W‖L∞ + ‖W‖N−1

L∞

)]
dτ

(4.34)

has a unique solution W ∈ C[0, T]. Using the Theorem presented at page 51 in [25] or
Theorem 2 in Section 1.1 presented in [37] yields that there are constants T > 0 and c > 0
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independent of ε such that ‖ux‖L∞ ≤ W(t) for arbitrary t ∈ [0, T], which leads to the
conclusion of Lemma 4.5.

Using Lemmas 4.3 and 4.5, notation uε = u and Gronwall’s inequality results in the
inequalities

‖uε‖Hq ≤ CTe
CT ,

‖uεt‖Hr ≤ CTe
CT ,

(4.35)

where q ∈ (0, s], r ∈ (0, s − 1] and CT depends on T . It follows from Aubin’s compactness
theorem that there is a subsequence of {uε}, denoted by {uεn}, such that {uεn} and their
temporal derivatives {uεnt} are weakly convergent to a function u(t, x) and its derivative ut in
L2([0, T],Hs) and L2([0, T],Hs−1), respectively. Moreover, for any real number R1 > 0, {uεn}
is convergent to the function u strongly in the space L2([0, T],Hq(−R1, R1)) for q ∈ [0, s) and
{uεnt} converges to ut strongly in the space L2([0, T], Hr(−R1, R1)) for r ∈ [0, s− 1]. Thus, we
can prove the existence of a weak solution to (2.2).

Proof of Theorem 2.2. From Lemma 4.5, we know that {uεnx} (εn → 0) is bounded in the
space L∞. Thus, the sequences {uεn} and {uεnx} are weakly convergent to u and ux in
L2[0, T],Hr(−R,R) for any r ∈ [0, s − 1), respectively. Therefore, u satisfies the equation

−
∫T

0

∫
R

u
(
gt − gxxt

)
dx dt =

∫T
0

∫
R

[(
2ku +

a

m + 1
um+1 +

1
2

(
u2
x

))
gx

−1
2
u2gxxx − β(ux)Ngx

]
dx dt,

(4.36)

with u(0, x) = u0(x) and g ∈ C∞0 . Since X = L1([0, T] × R) is a separable Banach space
and {uεnx} is a bounded sequence in the dual space X∗ = L∞([0, T] × R) of X, there exists
a subsequence of {uεnx}, still denoted by {uεnx}, weakly star convergent to a function v in
L∞([0, T]×R). It derives from the {uεnx}weakly convergent to ux in L2([0, T]×R) that ux = v
almost everywhere. Thus, we obtain ux ∈ L∞([0, T] × R).
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We present a new perspective concerning the study of the asymptotic behavior of variational
equations by employing function spaces techniques. We give a complete description of the
dichotomous behaviors of the most general case of skew-product flows, without any assumption
concerning the flow, the cocycle or the splitting of the state space, our study being based only on the
solvability of some associated control systems between certain function spaces. The main results
do not only point out new necessary and sufficient conditions for the existence of uniform and
exponential dichotomy of skew-product flows, but also provide a clear chart of the connections
between the classes of translation invariant function spaces that play the role of the input or
output classes with respect to certain control systems. Finally, we emphasize the significance of
each underlying hypothesis by illustrative examples and present several interesting applications.

1. Introduction

Starting from a collection of open questions related to the modeling of the equations
of mathematical physics in the unified setting of dynamical systems, the study of their
qualitative properties became a domain of large interest and with a wide applicability
area. In this context, the interaction between the modern methods of pure mathematics and
questions arising naturally from mathematical physics created a very active field of research
(see [1–18] and the references therein). In recent years, some interesting unsolved problems
concerning the long-time behavior of dynamical systems were identified, whose potential
results would be of major importance in the process of understanding, clarifying, and solving
some of the essential problems belonging to a wide range of scientific domains, among, we
mention: fluid mechanics, aeronautics, magnetism, ecology, population dynamics, and so
forth. Generally, the asymptotic behavior of the solutions of nonlinear evolution equations
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2 Abstract and Applied Analysis

arising in mathematical physics can be described in terms of attractors, which are often
studied by constructing the skew-product flows of the dynamical processes.

It was natural then to independently consider and analyze the asymptotic behavior of
variational systems modeled by skew-product flows (see [3–5, 14–19]). In this framework,
two of the most important asymptotic properties are described by uniform dichotomy and
exponential dichotomy. Both properties focus on the decomposition of the state space into
a direct sum of two closed invariant subspaces such that the solution on these subspaces
(uniformly or exponentially) decays backward and forward in time, and the splitting holds
at every point of the flow’s domain. Precisely, these phenomena naturally lead to the study of
the existence of stable and unstable invariant manifolds. It is worth mentioning that starting
with the remarkable works of Coppel [20], Daleckii and Krein [21], and Massera and Schäffer
[22] the study of the dichotomy had a notable impact on the development of the qualitative
theory of dynamical systems (see [1–9, 13, 14, 17, 18, 23]).

A very important step in the infinite-dimensional asymptotic theory of dynamical
systems was made by Van Minh et al. in [7] where the authors proposed a unified treatment
of the stability, instability, and dichotomy of evolution families on the half-line via input-
output techniques. Their paper carried out a beautiful connection between the classical
techniques originating in the pioneering works of Perron [11] and Maı̆zel [24] and the
natural requests imposed by the development of the infinite-dimensional systems theory.
They extended the applicability area of the so-called admissibility techniques developed
by Massera and Schäffer in [22], from differential equations in infinite-dimensional spaces
to general evolutionary processes described by propagators. The authors pointed out that
instead of characterizing the behavior of a homogeneous equation in terms of the solvability
of the associated inhomogeneous equation (see [20–22]) one may detect the asymptotic
properties by analyzing the existence of the solutions of the associated integral system given
by the variation of constants formula. These new methods technically moved the central
investigation of the qualitative properties into a different sphere, where the study strongly
relied on control-type arguments. It is important to mention that the control-type techniques
have been also successfully used by Palmer (see [9]) and by Rodrigues and Ruas-Filho
(see [13]) in order to formulate characterizations for exponential dichotomy in terms of the
Fredholm Alternative. Starting with these papers, the interaction between control theory and
the asymptotic theory of dynamical systems became more profound, and the obtained results
covered a large variety of open problems (see, e.g., [1, 2, 12, 14–17, 23] and the references
therein).

Despite the density of papers devoted to the study of the dichotomy in the past few
years and in contrast with the apparent impression that the phenomenon is well understood,
a large number of unsolved problems still raise in this topic, most of them concerning the
variational case. In the present paper, we will provide a complete answer to such an open
question. We start from a natural problem of finding suitable conditions for the existence
of uniform dichotomy as well as of exponential dichotomy using control-type methods,
emphasizing on the identification of the essential structures involved in such a construction,
as the input-output system, the eligible spaces, the interplay between their main properties,
the specific lines that make the differences between a necessary and a sufficient condition,
and the proper motivation of each underlying condition.

In this paper, we propose an inedit link between the theory of function spaces
and the dichotomous behavior of the solutions of infinite dimensional variational systems,
which offers a deeper understanding of the subtle mechanisms that govern the control-type
approaches in the study of the existence of the invariant stable and unstable manifolds.
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We consider the general setting of variational equations described by skew-product flows,
and we associate a control system on the real line. Beside obtaining new conditions for the
existence of uniform or exponential dichotomy of skew-product flows, the main aim is to
clarify the chart of the connections between the classes of translation invariant function spaces
that play the role of the input class or of the output class with respect to the associated control
system, proposing a merger between the functional methods proceeding from interpolation
theory and the qualitative techniques from the asymptotic theory of dynamical systems in
infinite dimensional spaces.

We consider the most general case of skew-product flows, without any assumption
concerning the flow or the cocycle, without any invertibility property, and we work without
assuming any initial splitting of the state space and without imposing any invariance
property. Our central aim is to establish the existence of the dichotomous behaviors with
all their properties (see Definitions 3.5 and 4.1) based only on the minimal solvability of an
associated control system described at every point of the base space by an integral equation
on the real line. First, we deduce conditions for the existence of uniform dichotomy of skew-
product flows and we discuss the technical consequences implied by the solvability of the
associated control system between two appropriate translation invariant spaces. We point
out, for the first time, that an adequate solvability on the real line of the associated integral
control system (see Definition 3.6) implies both the existence of the uniform dichotomy
projections as well as their uniform boundedness. Next, the attention focuses on the
exponential behavior on the stable and unstable manifold, preserving the solvability concept
from the previous section and modifying the properties of the input and the output spaces.
Thus, we deduce a clear overview on the representative classes of function spaces which
should be considered in the detection of the exponential dichotomy of skew-product flows in
terms of the solvability of associated control systems on the real line. The obtained results
provide not only new necessary and sufficient conditions for exponential dichotomy, but
also a complete diagram of the specific delimitations between the classes of function spaces
which may be considered in the study of the exponential dichotomy compared with those
from the uniform dichotomy case. Moreover, we point out which are the specific properties
of the underlying spaces which make a difference between the sufficient hypotheses and
the necessary conditions for the existence of exponential dichotomy of skew-product flows.
Finally, we motivate our techniques by illustrative examples and present several interesting
applications of the main theorems which generalize the input-output type results of previous
research in this topic, among, we mention the well-known theorems due to Perron [11],
Daleckii and Krein [21], Massera and Schäffer [22], Van Minh et al. [7], and so forth.

2. Banach Function Spaces: Basic Notations and Preliminaries

In this section, for the sake of clarity, we recall several definitions and properties of Banach
function spaces, and, also, we establish the notations that will be used throughout the paper.

Let� denote the set of real numbers, let�+ = {t ∈ � : t ≥ 0}, and let�− = {t ∈ � : t ≤ 0}.
For everyA ⊂ �, χA denotes the characteristic function of the set A. LetM(�,�) be the linear
space of all Lebesgue measurable functions u : � → � identifying the functions which are
equal almost everywhere.

Definition 2.1. A linear subspace B ⊂ M(�,�) is called normed function space if there is a
mapping | · |B : B → �+ such that the following properties hold:
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(i) |u|B = 0 if and only if u = 0 a.e.;

(ii) |αu|B = |α||u|B, for all (α, u) ∈ � × B;

(iii) |u + v|B ≤ |u|B + |v|B , for all u, v ∈ B;

(iv) if |u(t)| ≤ |v(t)| a.e. t ∈ � and v ∈ B, then u ∈ B and |u|B ≤ |v|B .

If (B, | · |B) is complete, then B is called a Banach function space.

Remark 2.2. If (B, | · |B) is a Banach function space and u ∈ B, then also |u(·)| ∈ B.

Definition 2.3. A Banach function space (B, | · |B) is said to be invariant under translations if for
every (u, t) ∈ B × � the function ut : � → �, ut(s) = u(s − t) belongs to B and |ut|B = |u|B.

Let Cc(�,�) be the linear space of all continuous functions v : � → � with compact
support. We denote by T(�) the class of all Banach function spaces B which are invariant
under translations, Cc(�,�) ⊂ B and

(i) for every t > 0 there is c(t) > 0 such that
∫ t

0 |u(τ)|dτ ≤ c(t)|u|B, for all u ∈ B;

(ii) if B \ L1(�,�)/= ∅, then there is a continuous function γ ∈ B \ L1(�,�).

Remark 2.4. Let B ∈ T(�). Then, the following properties hold:
(i) if J ⊂ � is a bounded interval, then χJ ∈ B.
(ii) if un → u in B, then there is a subsequence (ukn) ⊂ (un) which converges to u a.e.

(see, e.g., [25]).

Remark 2.5. Let B ∈ T(�). If ν > 0 and eν : � → � is defined by

eν(t) =

⎧⎨
⎩
e−νt, t ≥ 0,

0, t < 0,
(2.1)

then it is easy to see that

eν(t) =
∞∑
n=0

e−νtχ[n,n+1)(t) ≤
∞∑
n=0

e−νnχ[n,n+1)(t), ∀t ∈ �. (2.2)

It follows that eν ∈ B and |eν|B ≤ |χ[0,1)|B/(1 − e−ν).

Example 2.6. (i) If p ∈ [1,∞), then Lp(�,�) = {u ∈ M(�,�) :
∫
�
|u(t)|pdt < ∞}, with respect

to the norm ‖u‖p = (
∫
�
|u(t)|pdt)1/p, is a Banach function space which belongs to T(�).

(ii) The linear space L∞(�,�) of all measurable essentially bounded functions u : � →
� with respect to the norm ‖u‖∞ = ess supt∈�|u(t)| is a Banach function space which belongs
to T(�).

Example 2.7 (Orlicz spaces). Let ϕ : �+ → �+ be a nondecreasing left continuous function
which is not identically 0 or∞ on (0,∞), and let Yϕ(t) :=

∫ t
0 ϕ(s)ds. If u ∈ M(�,�) let

Mϕ(u) :=
∫
�

Yϕ(|u(s)|)ds. (2.3)
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The linear space Oϕ(�,�) := {u ∈ M(�,�) : ∃k > 0 such that Mϕ(ku) < ∞}, with respect to
the norm

|u|ϕ := inf
{
k > 0 : Mϕ

(
u

k

)
≤ 1
}
, (2.4)

is a Banach function space called the Orlicz space associated to ϕ. It is easy to see that Oϕ(�,�)
is invariant under translations.

Remark 2.8. A remarkable example of Orlicz space is represented by Lp(�,�), for every p ∈
[1,∞]. This can be obtained for ϕ(t) = ptp−1, if p ∈ [1,∞) and for

ϕ(t) =

⎧⎨
⎩

0, t ∈ [0, 1],

∞, t > 1,
if p = ∞. (2.5)

Lemma 2.9. If ϕ(1) <∞, then Oϕ(�,�) ∈ T(�).

Proof. Let v ∈ Cc(�,�). Then, there are a, b ∈ �, a < b such that v(t) = 0, for all t ∈ � \ (a, b).
Since v is continuous on [a, b], there is M > 0 such that |v(t)| ≤M, for all t ∈ [a, b]. Then, we
have that

|v(t)| ≤Mχ[a,b](t), ∀t ∈ �. (2.6)

We observe that

Mϕ

(
χ[a,b]

)
=
∫
�

Yϕ
(
χ[a,b](τ)

)
dτ = (b − a)Yϕ(1) ≤ (b − a)ϕ(1) <∞. (2.7)

This implies that χ[a,b] ∈ Oϕ(�,�). Using (2.6), we deduce that v ∈ Oϕ(�,�). So,
Cc(�,�) ⊂ Oϕ(�,�).

Since Yϕ is nondecreasing with limt→∞Yϕ(t) = ∞, there is q > 0 such that Yϕ(t) > 1, for
all t ≥ q.

Let t ≥ 1 and let u ∈ Oϕ(�,�) \ {0}. Taking into account that Yϕ is a convex function
and using Jensen’s inequality (see, e.g., [26]), we deduce that

Yϕ

(
1
t

∫ t
0

|u(τ)|
|u|ϕ

dτ

)
≤ 1
t

∫ t
0
Yϕ

(
|u(τ)|
|u|ϕ

)
dτ ≤Mϕ

(
u

|u|ϕ

)
≤ 1. (2.8)

This implies that

1
t

∫ t
0

|u(τ)|
|u|ϕ

dτ ≤ q, ∀t ≥ 1. (2.9)
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In addition, using (2.9), we have that

∫ t
0
|u(τ)|dτ ≤

∫1

0
|u(τ)|dτ ≤ q|u|ϕ, ∀t ∈ [0, 1). (2.10)

Taking c : (0,∞) → (0,∞), c(t) = max{qt, q}, from relations (2.9) and (2.10), it follows that

∫ t
0
|u(τ)|dτ ≤ c(t)|u|ϕ, ∀t ≥ 0. (2.11)

Since the function c does not depend on u, we obtain that Oϕ(�,�) ∈ T(�).

Example 2.10. If ϕ : �+ → �+ defined by ϕ(0) = 0, ϕ(t) = 1, for t ∈ (0, 1] and ϕ(t) = et−1, for
t > 1, then according to Lemma 2.9 we have that the Orlicz space Oϕ(�,�) ∈ T(�). Moreover,
it is easy to see that Oϕ(�,�) is a proper subspace of L1(�,�).

Example 2.11. Let p ∈ [1,∞) and let Mp(�,�) be the linear space of all u ∈ M(�,�) with
supt∈�

∫ t+1
t |u(s)|pds < ∞. With respect to the norm

‖u‖Mp := sup
t∈�

(∫ t+1

t

|u(s)|pds
)1/p

, (2.12)

this is a Banach function space which belongs to T(�).

Remark 2.12. If B ∈ T(�), then B ⊂M1(�,�).
Indeed, let c(1) > 0 be such that

∫1
0 |u(τ)|dτ ≤ c(1)|u|B, for all u ∈ B. If u ∈ B we observe

that

∫ t+1

t

|u(τ)|dτ =
∫1

0
|ut(ξ)|dξ ≤ c(1)|ut|B = c(1)|u|B, ∀t ∈ �, (2.13)

so u ∈M1(�,�).

In what follows, we will introduce three remarkable subclasses of T(�), which will
have an essential role in the study of the existence of dichotomy from the next sections. To do
this, we first need the following.

Definition 2.13. Let B ∈ T(�). The mapping FB : (0,∞) → �+ , FB(t) = |χ[0,t)|B is called the
fundamental function of the space B.

Remark 2.14. If B ∈ T(�), then the fundamental function FB is nondecreasing.

Notation 1. We denote by Q(�) the class of all Banach function spaces B ∈ T(�) with the
property that supt>0FB(t) = ∞.
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Lemma 2.15. If ϕ(t) ∈ (0,∞), for all t > 0, then Oϕ(�,�) ∈ Q(�).

Proof. It is easy to see that Yϕ is strictly increasing, continuous with Yϕ(0) = 0 and Yϕ(t) ≥
(t − 1)ϕ(1), for all t > 1, so limt→∞Yϕ(t) = ∞. Hence, Yϕ is bijective.

Let t > 0. Since

Mϕ

(
1
k
χ[0,t)

)
= tYϕ

(
1
k

)
, ∀k > 0, (2.14)

it follows that Mϕ((1/k)χ[0,t)) ≤ 1 if and only if 1/Y−1
ϕ (1/t) ≤ k. This implies that

FOϕ(�,�)(t) =
1

Y−1
ϕ (1/t)

, ∀t > 0. (2.15)

Since Y−1
ϕ (0) = 0, from (2.15), we obtain that Oϕ(�,�) ∈ Q(�).

Another distinctive subclass of T(�) is introduced in the following.

Notation 2. Let L(�) denote the class of all Banach function spaces B ∈ T(�) with the
property that B \ L1(�,�)/= ∅.

Remark 2.16. According to Remark 2.2, we have that if B ∈ L(�), then there is a continuous
function γ : � → �+ such that γ ∈ B \ L1(�,�).

We will also see, in this paper, that the necessary conditions for the existence of
exponential dichotomy should be expressed using another remarkable subclass ofT(�)—the
rearrangement invariant spaces, see the definitions below.

Definition 2.17. Let u, v ∈ M(�,�). We say that u and v are equimeasurable if for every t > 0
the sets {s ∈ � : |u(s)| > t} and {s ∈ � : |v(s)| > t} have the same measure.

Definition 2.18. A Banach function space (B, | · |B) is rearrangement invariant if for every
equimeasurable functions u, v with u ∈ B, we have that v ∈ B and |u|B = |v|B .

Notation 3. We denote by R(�) the class of all Banach function spaces B ∈ T(�) which are
rearrangement invariant.

Remark 2.19. If B ∈ R(�), then B is an interpolation space between L1(�,�) and L∞(�,�) (see
[27, Theorem 2.2, page 106]).

Remark 2.20. The Orlicz spaces are rearrangement invariant (see [27]). Using Lemma 2.9, we
deduce that if ϕ(1) <∞, then Oϕ(�,�) ∈ R(�).

Lemma 2.21. Let B ∈ R(�) and let ν > 0. Then for every u ∈ B, the functions ϕu, ψu : � → �

defined by

ϕu(t) =
∫ t
−∞

e−ν(t−τ)u(τ)dτ, ψu(t) =
∫∞
t

e−ν(τ−t)u(τ)dτ (2.16)
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8 Abstract and Applied Analysis

belong to B. Moreover, there is γB,ν > 0 which depends only on B and ν such that

∣∣ϕu∣∣B ≤ γB,ν|u|B,
∣∣ψu∣∣B ≤ γB,ν|u|B, ∀u ∈ B. (2.17)

Proof. We consider the operators

Z : L∞(�,�) −→ L∞(�,�) , (Z(u))(t) =
∫ t
−∞

e−ν(t−τ)u(τ)dτ,

W : L∞(�,�) −→ L∞(�,�), (W(u))(t) =
∫∞
t

e−ν(τ−t)u(τ)dτ.

(2.18)

We have that Z and W are correctly defined bounded linear operators. Moreover, the
restrictions Z| : L1(�,�) → L1(�,�) and W| : L1(�,�) → L1(�,�) are correctly defined
and bounded linear operators. Since B ∈ R(�), then, from Remark 2.19, we have that B
is an interpolation space between L1(�,�) and L∞(�,�). This implies that the restrictions
Z|B : B → B and W|B : B → B are correctly defined and bounded linear operators. Setting
γB,ν = max {‖Z|B‖, ‖W|B‖}, the proof is complete.

Notations

If X is a Banach space, for every Banach function space B ∈ T(�), we denote by B(�, X) the
space of all Bochner measurable functions v : � → X with the property that the mapping
Nv : � → �+ , Nv(t) = ‖v(t)‖ belongs to B. With respect to the norm

‖v‖B(�,X) := |Nv|B, (2.19)

B(�, X) is a Banach space. We also denote by C0,c(�, X) the linear space of all continuous
functions v : � → X with compact support contained in (0,∞). It is easy to see that
C0,c(�, X) ⊂ B(�, X), for all B ∈ T(�).

3. Uniform Dichotomy for Skew-Product Flows

In this section, we start our investigation by studying the existence of by the upper and lower
uniform boundedness of the solution in a uniform way on certain complemented subspaces.
We will employ a control-type technique and we will show that the use of the function
spaces, from the class T(�) introduced in the previous section, provides several interesting
conclusions concerning the qualitative behavior of the solutions of variational equations.

Let X be a real or complex Banach space and let Id denote the identity operator on X.
The norm on X and on B(X)—the Banach algebra of all bounded linear operators on X, will
be denoted by ‖ · ‖. Let (Θ, d) be a metric space.

Definition 3.1. A continuous mapping σ : Θ × � → Θ is called a flow on Θ if σ(θ, 0) = θ and
σ(θ, s + t) = σ(σ(θ, s), t), for all (θ, s, t) ∈ Θ × �2 .

Definition 3.2. A pair π = (Φ, σ) is called a skew-product flow on X ×Θ if σ is a flow on Θ and
the mapping Φ : Θ × �+ → B(X) called cocycle, satisfies the following conditions:
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(i) Φ(θ, 0) = Id and Φ(θ, t + s) = Φ(σ(θ, s), t)Φ(θ, s), for all (θ, t, s) ∈ Θ × �2
+ ;

(ii) there are M ≥ 1 and ω > 0 such that ‖Φ(θ, t)‖ ≤Meωt, for all (θ, t) ∈ Θ × �+ ;

(iii) for every (x, θ) ∈ X ×Θ, the mapping t �→ Φ(θ, t)x is continuous on �+ .

Example 3.3 (Particular cases). The class described by skew-product flows generalizes the
autonomous systems as well as the nonautonomous systems, as the following examples
show:

(i) If Θ = �, then let σ̃(θ, t) = θ + t and let {U(t, s)}t≥s be an evolution family on the
Banach space X. Setting ΦU(θ, t) := U(θ + t, θ), we observe that πU = (ΦU, σ̃) is a
skew-product flow.

(ii) Let {T(t)}t≥0 be a C0-semigroup on the Banach space X and let Θ be a metric space.

(ii)1 If σ is an arbitrary flow on Θ and ΦT (θ, t) := T(t), then πT = (ΦT , σ) is a skew-
product flow.

(ii)2 Let σ̂ : Θ × � → Θ, σ̂(θ, t) = θ be the projection flow on Θ and let
{P(θ)}θ∈Θ ⊂ B(X) be a uniformly bounded family of projections such that
P(θ)T(t) = T(t)P(θ), for all (θ, t) ∈ Θ × �+ . If ΦP(θ, t) := P(θ)T(t), then
πP = (ΦP , σ̂) is a skew-product flow.

Starting with the remarkable work of Foias et al. (see [19]), the qualitative theory
of dynamical systems acquired a new perspective concerning the connections between
bifurcation theory and the mathematical modeling of nonlinear equations. In [19], the authors
proved that classical equations like Navier-Stokes, Taylor-Couette, and Bubnov-Galerkin can
be modeled and studied in the unified setting of skew-product flows. In this context, it was
pointed out that the skew-product flows often proceed from the linearization of nonlinear
equations. Thus, classical examples of skew-product flows arise as operator solutions for
variational equations.

Example 3.4 (The variational equation). Let Θ be a locally compact metric space and let σ be
a flow on Θ. Let X be a Banach space and let {A(θ) : D(A(θ)) ⊆ X → X : θ ∈ Θ} be a family
of densely defined closed operators. We consider the variational equation

ẋ(t) = A(σ(θ, t))x(t), (θ, t) ∈ Θ × �+ . (A)

A cocycle Φ : Θ × �+ → B(X) is said to be a solution of (A) if for every θ ∈ Θ, there is
a dense subset Dθ ⊂ D(A(θ)) such that for every initial condition xθ ∈ Dθ the mapping
t �→ x(t) := Φ(θ, t)xθ is differentiable on �+ , for every t ∈ �+x(t) ∈ D(A(σ(θ, t))) and the
mapping t �→ x(t) satisfies (A).

An important asymptotic behavior of skew-product flows is described by the uniform
dichotomy, which relies on the splitting of the Banach space X at every point θ ∈ Θ into a
direct sum of two invariant subspaces such that on the first subspace the trajectory solution
is uniformly stable, on the second subspace the restriction of the cocycle is reversible and
also the trajectory solution is uniformly unstable on the second subspace. This is given by the
following.
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10 Abstract and Applied Analysis

Definition 3.5. A skew-product flow π = (Φ, σ) is said to be uniformly dichotomic if there exist
a family of projections {P(θ)}θ∈Θ ⊂ B(X) and a constant K ≥ 1 such that the following
properties hold:

(i) Φ(θ, t)P(θ) = P(σ(θ, t))Φ(θ, t), for all (θ, t) ∈ Θ × �+ ;

(ii) ‖Φ(θ, t)x‖ ≤ K‖x‖, for all t ≥ 0, all x ∈ RangeP(θ) and all θ ∈ Θ;

(iii) the restriction Φ(θ, t)| : KerP(θ) → KerP(σ(θ, t)) is an isomorphism, for all (θ, t) ∈
Θ × �+ ;

(iv) ‖Φ(θ, t)y‖ ≥ (1/K)‖y‖, for all t ≥ 0, all y ∈ KerP(θ) and all θ ∈ Θ;

(v) supθ∈Θ‖P(θ)‖ <∞.

In what follows, our main attention will focus on finding suitable conditions for the
existence of uniform dichotomy for skew-product flows. To do this, we will introduce an
integral control system associated with a skew-product flow such that the input and the
output spaces of the system belong to the general classT(�). We will emphasize that the class
T(�) has an essential role in the study of the dichotomous behavior of variational equations.

Let I, O be two Banach function spaces with I, O ∈ T(�). Let π = (Φ, σ) be a skew-
product flow on X × Θ. We associate with π the input-output control system Eπ = (Eθ)θ∈Θ,
where for every θ ∈ Θ

f(t) = Φ(σ(θ, s), t − s)f(s) +
∫ t
s

Φ(σ(θ, τ), t − τ)v(τ)dτ, ∀t ≥ s, (Eθ)

such that the input function v ∈ C0,c(�, X) and the output function f ∈ O(�, X).

Definition 3.6. The pair (O(�, X), I(�, X)) is said to be uniformly admissible for the system (Eπ )
if there is L > 0 such that for every θ ∈ Θ, the following properties hold:

(i) for every v ∈ C0,c(�, X) there exists f ∈ O(�, X) such that the pair (f, v) satisfies
(Eθ);

(ii) if v ∈ C0,c(�, X) and f ∈ O(�, X) are such that the pair (f, v) satisfies (Eθ), then
‖f‖O(�,X) ≤ L‖v‖I(�,X).

Remark 3.7. (i) According to this admissibility concept, it is sufficient to choose all the input
functions from the spaceC0,c(�, X), and, thus, we point out that C0,c(�, X) is in fact the smaller
possible input space that can be used in the input-output study of the dichotomy.

(ii) It is also interesting to see that the norm estimation from (ii) reflects the presence
(and implicitly the structure) of the space I(�, X). Actually, condition (ii) shows that the
norm of each output function in the space O(�, X) is bounded by the norm of the input
function in the space I(�, X) uniformly with respect to θ ∈ Θ.

(iii) In the admissibility concept, there is no need to require the uniqueness of the
output function in the property (i), because this follows from condition (ii). Indeed, if the
pair (O(�, X), I(�, X)) is uniformly admissible for the system (Eπ), then from (ii) we deduce
that for every θ ∈ Θ and every v ∈ C0,c(�, X) there exists a unique f ∈ O(�, X) such that the
pair (f, v) satisfies (Eθ).

In what follows we will analyze the implications of the uniform admissibility of the
pair (O(�, X), I(�, X)) with I, O ∈ T(�) concerning the asymptotic behavior of skew-product
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flows. With this purpose we introduce two category of subspaces (stable and unstable) and
we will point out their role in the detection of the uniform dichotomy.

For every (x, θ) ∈ X ×Θ, we consider the function

λx,θ : � −→ X, λx,θ(t) =

⎧⎨
⎩
Φ(θ, t)x, t ≥ 0,

0, t < 0,
(3.1)

called the trajectory determined by the vector x and the point θ ∈ Θ.
For every θ ∈ Θ, we denote by F(θ) the linear space of all functions ϕ : � → X with

the property that

ϕ(t) = Φ(σ(θ, s), t − s)ϕ(s), ∀s ≤ t ≤ 0. (3.2)

For every θ ∈ Θ, we consider the stable subset

S(θ) = {x ∈ X : λx,θ ∈ O(�, X)} (3.3)

and, respectively, the unstable subset

U(θ) = {x ∈ X : ∃ϕ ∈ O(�, X) ∩ F(θ) with ϕ(0) = x
}
. (3.4)

Remark 3.8. It is easy to see that for every θ ∈ Θ, S(θ), and U(θ) are linear subspaces.
Therefore, in all what follows, we will refer S(θ) as the stable subspace and, respectively,
U(θ) as the unstable subspace, for each θ ∈ Θ.

Proposition 3.9. For every (θ, t) ∈ Θ × �+ , the following assertions hold:

(i) Φ(θ, t)S(θ) ⊆ S(σ(θ, t));
(ii) Φ(θ, t)U(θ) = U(σ(θ, t)).

Proof. The property (i) is immediate. To prove the assertion (ii) let M,ω > 0 be given by
Definition 3.2(ii). Let (θ, t) ∈ Θ × (0,∞). Let x ∈ U(θ). Then, there is ϕ ∈ O(�, X) ∩ F(θ) with
ϕ(0) = x. We set y = Φ(θ, t)x, and we consider

ψ : � −→ X, ψ(s) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, s > t,

Φ(θ, s)x, s ∈ [0, t],
ϕ(s), s < 0.

(3.5)

We observe that ‖ψ(s)‖ ≤ ‖ϕ(s)‖ +Meωtχ[0,t](s)‖x‖, for all s ∈ �, and since ϕ ∈ O(�, X), we
deduce that ψ ∈ O(�, X). Using the fact that ϕ ∈ F(θ), we obtain that

ψ(s) = Φ(σ(θ, τ), s − τ)ψ(τ), ∀τ ≤ s ≤ t. (3.6)
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Then, we define the function δ : � → X, δ(s) = ψ(s+ t) and since O(�, X) is invariant under
translations, we deduce that δ ∈ O(�, X). Moreover, from (3.6), it follows that

δ(r) = Φ(σ(θ, ξ + t), r − ξ)δ(ξ) = Φ(σ(σ(θ, t), ξ), r − ξ)δ(ξ), ∀ξ ≤ r ≤ 0. (3.7)

The relation (3.7) implies that δ ∈ F(σ(θ, t)), so y = δ(0) ∈ U(σ(θ, t)).
Conversely, let z ∈ U(σ(θ, t)). Then, there is h ∈ F(σ(θ, t)) ∩ O(�, X) with h(0) = z.

Taking q : � → X, q(s) = h(s − t), we have that q ∈ O(�, X) and

q(s) = Φ(σ(θ, τ), s − τ)q(τ), ∀τ ≤ s ≤ t. (3.8)

In particular, for τ ≤ s ≤ 0, from (3.8), we deduce that q ∈ F(θ). This implies that q(0) ∈ U(θ).
Then, z = h(0) = q(t) = Φ(θ, t)q(0) ∈ Φ(θ, t)U(θ) and the proof is complete.

Remark 3.10. From Proposition 3.9(ii), we have that for every (θ, t) ∈ Θ × �+ the restriction
Φ(θ, t)| : U(θ) → U(σ(θ, t)) is surjective. We also note that according to Proposition 3.9
one may deduce that, the stable subspace and the unstable subspace are candidates for the
possible splitting of the main space X required by any dichotomous behavior.

In what follows, we will study the behavior of the cocycle on the stable subspace and
also on the unstable subspace and we will deduce several interesting properties of these
subspaces in the hypothesis that a pair (O(�, X), I(�, X)) of spaces from the class T(�) is
admissible for the control system associated with the skew-product flow.

Theorem 3.11 (The behavior on the stable subspace). If the pair (O(�, X), I(�, X)) is uniformly
admissible for the system (Eπ ), then the following assertions hold:

(i) there is K > 0 such that ‖Φ(θ, t)x‖ ≤ K‖x‖, for all t ≥ 0, all x ∈ S(θ) and all θ ∈ Θ;

(ii) S(θ) is a closed linear subspace, for all θ ∈ Θ.

Proof. Let L > 0 be given by Definition 3.6 and let M,ω > 0 be given by Definition 3.2. Let
α : � → [0, 2] be a continuous function with suppα ⊂ (0, 1) and

∫1
0 α(τ)dτ = 1.

(i) Let θ ∈ Θ and let x ∈ S(θ). We consider the functions

v : � −→ X, v(t) = α(t)Φ(θ, t)x,

f : � −→ X, f(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Φ(θ, t)x, t ≥ 1,∫ t
0
α(τ)dτ Φ(θ, t)x, t ∈ [0, 1),

0, t < 0.

(3.9)

Then, v ∈ C0c(�, X) and

‖f(t)‖ ≤ ‖λx,θ(t)‖, ∀t ∈ �. (3.10)
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Since x ∈ S(θ), we have that λx,θ ∈ O(�, X). Then, from (3.10), we obtain that f ∈ O(�, X).
An easy computation shows that the pair (f, v) satisfies (Eθ). Then,

∥∥f∥∥O(�,X) ≤ L‖v‖I(�,X). (3.11)

From ‖v(t)‖ ≤ α(t)Meω‖x‖, for all t ∈ �, we obtain that ‖v‖I(�,X) ≤Meω|α|I‖x‖.
Let t ≥ 2. From

‖Φ(θ, t)x‖ ≤Meω‖Φ(θ, s)x‖, ∀s ∈ [t − 1, t), (3.12)

it follows that

‖Φ(θ, t)x‖χ[t−1,t)(s) ≤Meω‖f(s)‖, ∀s ∈ �. (3.13)

Since O is invariant under translations, we deduce that

‖Φ(θ, t)x‖FO(1) ≤Meω‖f‖O(�,X). (3.14)

Using relations (3.11) and (3.14), we have that

‖Φ(θ, t)x‖ ≤M2e2ω L|α|I
FO(1)

‖x‖, ∀t ≥ 2. (3.15)

Since ‖Φ(θ, t)x‖ ≤ Me2ω‖x‖, for all t ∈ [0, 2), setting K := max{(M2e2ωL|α|I)/FO(1),Me2ω}
we deduce that ‖Φ(θ, t)x‖ ≤ K‖x‖, for all t ≥ 0. Taking into account that K does not depend
on θ or x, it follows that

‖Φ(θ, t)x‖ ≤ K‖x‖, ∀t ≥ 0, ∀x ∈ S(θ), ∀θ ∈ Θ. (3.16)

(ii) Let θ ∈ Θ and let (xn) ⊂ S(θ) with xn →
n→∞

x. For every n ∈ �, we consider the
sequence

vn : � −→ X, vn(t) = α(t)Φ(θ, t)xn,

fn : � −→ X, fn(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Φ(θ, t)xn, t ≥ 1,∫ t
0
α(τ)dτ Φ(θ, t)xn, t ∈ [0, 1),

0, t < 0.

(3.17)

We have that vn ∈ C0c(�, X), for all n ∈ � and using similar arguments with those used
in relation (3.10), we obtain that fn ∈ O(�, X), for all n ∈ �. An easy computation shows
that the pair (fn, vn) satisfies (Eθ). Let v : � → X, v(t) = α(t)Φ(θ, t)x. Then, v ∈ C0c(�, X).
According to our hypothesis there is, f ∈ O(�, X) such that the pair (f, v) satisfies (Eθ).
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Taking un = vn −v and gn = fn −f we observe that un ∈ C0c(�, X), gn ∈ O(�, X), and the pair
(gn, un) satisfies (Eθ). This implies that

∥∥fn − f∥∥O(�,X) ≤ L‖vn − v‖I(�,X), ∀n ∈ �. (3.18)

From ‖vn(t) − v(t)‖ ≤ α(t)Meω‖xn − x‖, for all t ∈ � and all n ∈ �, we deduce that

‖vn − v‖I(�,X) ≤Meω|α|I‖xn − x‖, ∀n ∈ �. (3.19)

From (3.18) and (3.19), it follows that fn →
n→∞

f in O(�, X). From Remark 2.4(ii), we have

that there is a subsequence (fkn) and a negligible set A ⊂ � such that fkn(t) →n→∞ f(t), for all

t ∈ � \A. In particular, it follows that there is r > 1 such that

f(r) = lim
n→∞

fkn(r) = lim
n→∞

Φ(θ, r)xkn = Φ(θ, r)x. (3.20)

Because the pair (f, v) satisfies (Eθ), we obtain that

f(t) = Φ(σ(θ, r), t − r)f(r) = Φ(θ, t)x, ∀t ≥ r. (3.21)

This shows that f(t) = λx,θ(t), for all t ≥ r. Then, from

‖λx,θ(t)‖ ≤ ‖f(t)‖ +Meωr‖x‖χ[0,r)(t), ∀t ∈ �, (3.22)

using the fact that f ∈ O(�, X) and Remark 2.4(i), we obtain that λx,θ ∈ O(�, X), so x ∈ S(θ).
In conclusion, S(θ) is a closed linear subspace, for all θ ∈ Θ.

Theorem 3.12 (The behavior on the unstable subspace). If the pair (O(�, X), I(�, X)) is
uniformly admissible for the system (Eπ), then the following assertions hold:

(i) there isK > 0 such that ‖Φ(θ, t)y‖ ≥ (1/K)‖y‖, for all t ≥ 0, all y ∈ U(θ) and all θ ∈ Θ;

(ii) U(θ) is a closed linear subspace, for all θ ∈ Θ.

Proof. Let L > 0 be given by Definition 3.6 and let M,ω > 0 be given by Definition 3.2. Let
α : � → [0, 2] be a continuous function with suppα ⊂ (0, 1) and

∫1
0 α(τ)dτ = 1.

(i) Let θ ∈ Θ and let y ∈ U(θ). Then, there is ϕ ∈ F(θ) ∩ O(�, X) with ϕ(0) = y. Let
t > 0. We consider the functions

v : � −→ X, v(s) = −α(s − t)Φ(θ, s)y,

f : � −→ X, f(s) =

⎧⎪⎨
⎪⎩

∫∞
s

α(τ − t)dτ Φ(θ, s)y, s ≥ 0,

ϕ(s), s < 0.

(3.23)
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We have that v ∈ C0c(�, X) and f is continuous. Let m = sups∈[0,t+1]‖f(s)‖. Then, we have
that

‖f(s)‖ ≤ ‖ϕ(s)‖ +mχ[0,t+1](s), ∀s ∈ �. (3.24)

From (3.24) and Remark 2.4(i), we deduce that f ∈ O(�, X). An easy computation shows that
the pair (f, v) satisfies (Eθ). Then, according to our hypothesis, we have that

∥∥f∥∥O(�,X) ≤ L‖v‖I(�,X). (3.25)

From ‖v(s)‖ ≤ α(s − t)Meω‖Φ(θ, t)y‖, for all s ∈ �, we obtain that

‖v‖I(�,X) ≤ |α|IMeω‖Φ(θ, t)y‖. (3.26)

Since y = ϕ(0) = Φ(σ(θ, s),−s)ϕ(s), for all s ∈ [−1, 0), we have that

‖y‖χ[−1,0)(s) ≤Meω‖ϕ(s)‖χ[−1,0)(s) ≤Meω‖f(s)‖, ∀s ∈ �. (3.27)

Using the invariance under translations of the space O from relation (3.27), we obtain that

‖y‖FO(1) ≤Meω
∥∥f∥∥O(�,X). (3.28)

Taking K = (M2e2ωL|α|I)/FO(1) from relations (3.25), (3.26), and (3.28), it follows that
‖Φ(θ, t)y‖ ≥ (1/K)‖y‖. Taking into account that K does not depend on t, y or θ, we conclude
that

‖Φ(θ, t)y‖ ≥ 1
K
‖y‖, ∀t ≥ 0, ∀y ∈ U(θ), ∀θ ∈ Θ. (3.29)

(ii) Let θ ∈ Θ and let (yn) ⊂ U(θ) with yn → y. Then, for every n ∈ �, there is
ϕn ∈ O(�, X) ∩ F(θ) with ϕn(0) = yn. For every n ∈ �, we consider the functions

vn : � −→ X, vn(t) = −α(t)Φ(θ, t)yn,

fn : � −→ X, fn(t) =

⎧⎪⎨
⎪⎩

∫∞
t

α(τ)dτ Φ(θ, t)yn, t ≥ 0,

ϕn(t), t < 0.

(3.30)

We have that vn ∈ C0c(�, X), and, using similar arguments with those used in relation (3.24),
we deduce that fn ∈ O(�, X), for all n ∈ �. An easy computation shows that the pair (fn, vn)
satisfies (Eθ). Let

v : � −→ X, v(t) = −α(t)Φ(θ, t)y. (3.31)
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According to our hypothesis, there is f ∈ O(�, X) such that the pair (f, v) satisfies (Eθ). In
particular, this implies that f ∈ F(θ). Moreover, for every n ∈ �, the pair (fn − f, vn − v)
satisfies (Eθ). According to our hypothesis, it follows that

∥∥fn − f∥∥O(�,X) ≤ L‖vn − v‖I(�,X), ∀n ∈ �. (3.32)

We have that ‖vn(t) − v(t)‖ ≤ α(t)Meω‖yn − y‖, for all t ∈ � and all n ∈ �, so

‖vn − v‖I(�,X) ≤Meω|α|I‖yn − y‖, ∀n ∈ �. (3.33)

From (3.32) and (3.33) it follows that fn →
n→∞

f in O(�, X). Then, from Remark 2.4(ii), there

is a subsequence (fkn) ⊂ (fn) and a negligible set A ⊂ � such that fkn(t) →
n→∞

f(t), for all

t ∈ � \ A. In particular, there is h < 0 such that fkn(h) →
n→∞

f(h). Since f, fkn ∈ F(θ), we

successively deduce that

y = lim
n→∞

ykn = lim
n→∞

fkn(0) = lim
n→∞

Φ(σ(θ, h),−h)fkn(h) = Φ(σ(θ, h),−h)f(h) = f(0). (3.34)

This implies that y ∈ U(θ), so U(θ) is a closed linear subspace.

Taking into account the above results it makes sense to study whether the uniform
admissibility of a pair of function spaces from the class T(�) is a sufficient condition for the
existence of the uniform dichotomy. Thus, the main result of this section is as follows.

Theorem 3.13 (Sufficient condition for uniform dichotomy). Let O, I ∈ T(�) and let π =
(Φ, σ) be a skew-product flow on X × Θ. If the pair (O(�, X), I(�, X)) is uniformly admissible for
the system (Eπ), then π is uniformly dichotomic.

Proof. Let L > 0 be given by Definition 3.6. Let M,ω > 0 be given by Definition 3.2. Let
α : � → [0, 2] be a continuous function with suppα ⊂ (0, 1) and

∫1
0 α(τ)dτ = 1.

Step 1. We prove that S(θ) ∩ U(θ) = {0}, for all θ ∈ Θ.
Let θ ∈ Θ and let x ∈ S(θ) ∩U(θ). Then, there is ϕ ∈ O(�, X) ∩F(θ) with ϕ(0) = x. We

consider the function

f : � → X, f(t) =

⎧⎨
⎩
Φ(θ, t)x, t ≥ 0,

ϕ(t), t < 0.
(3.35)

Then, ‖f(t)‖ ≤ ‖ϕ(t)‖ + ‖λx,θ(t)‖, for all t ∈ �. This implies that f ∈ O(�, X). An easy
computation shows that the pair (f, 0) satisfies (Eθ). Then, according to our hypothesis, it
follows that ‖f‖O(�,X) = 0, so f(t) = 0 a.e. t ∈ �. Observing that f is continuous, we obtain
that f(t) = 0, for all t ∈ �. In particular, we have that x = f(0) = 0.

Step 2. We prove that S(θ) +U(θ) = X, for all θ ∈ Θ.
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Let θ ∈ Θ and let x ∈ X. Let v : � → X, v(t) = α(t)Φ(θ, t)x. Then, v ∈ C0c(�, X),
so there is f ∈ O(�, X) such that the pair (f, v) satisfies (Eθ). In particular, this implies that
f ∈ F(θ), so f(0) ∈ U(θ). In addition, we observe that

f(t) = Φ(θ, t)f(0) +

(∫ t
0
α(τ)dτ

)
Φ(θ, t)x = Φ(θ, t)

(
f(0) + x

)
, ∀t ≥ 1. (3.36)

Setting zx = f(0) + x from (3.36), we have that λzx,θ(t) = f(t), for all t ≥ 1. It follows that

‖λzx,θ(t)‖ ≤ ‖f(t)‖ +Meω‖zx‖χ[0,1)(t), ∀t ∈ �. (3.37)

From relation (3.37) and Remark 2.4(i) we obtain that λzx,θ ∈ O(�, X), so zx ∈ S(θ). This
shows that x = zx − f(0) ∈ S(θ) +U(θ), so S(θ) +U(θ) = X.

According to Steps 1 and 2, Theorem 3.11(ii), and Theorem 3.12(ii), we deduce that

S(θ) ⊕ U(θ) = X, ∀θ ∈ Θ. (3.38)

For every θ ∈ Θ we denote by P(θ) the projection with the property that

RangeP(θ) = S(θ), KerP(θ) = U(θ). (3.39)

Using Proposition 3.9 we obtain that

Φ(θ, t)P(θ) = P(σ(θ, t))Φ(θ, t), ∀(θ, t) ∈ Θ × �+ . (3.40)

Let (θ, t) ∈ Θ×�+ . From Proposition 3.9(ii), it follows that the restriction Φ(θ, t)| : KerP(θ) →
KerP(σ(θ, t)) is correctly defined and surjective. According to Theorem 3.12(ii) we have that
Φ(θ, t)| is also injective, so this is an isomorphism, for all (θ, t) ∈ Θ × �+ .

Step 3. We prove that supθ∈Θ‖P(θ)‖ <∞.
Let θ ∈ Θ and let x ∈ X. Let xθs = P(θ)x and let xθu = (I − P(θ))x. Since xθu ∈ KerP(θ) =

U(θ), there is ψ ∈ F(θ) ∩O(�, X) with ψ(0) = xθu. We consider the functions

v : � −→ X, v(t) = α(t)Φ(θ, t)x,

f : � → X, f(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Φ(θ, t)xθs , t ≥ 1,

−Φ(θ, t)xθu +

(∫ t
0
α(τ)dτ

)
Φ(θ, t)x, t ∈ [0, 1),

−ψ(t), t < 0.

(3.41)
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We have that v ∈ C0c(�, X) and f is continuous. From xθs ∈ RangeP(θ) = S(θ), we have that
the function λxθs ,θ belongs to O(�, X). Setting m = supt∈[0,1]‖f(t)‖ and observing that

‖f(t)‖ ≤ ‖ψ(t)‖ +mχ[0,1](t) + ‖λxθs ,θ(t)‖, ∀t ∈ �, (3.42)

from (3.42), we deduce that f ∈ O(�, X). An easy computation shows that the pair (f, v)
satisfies (Eθ). This implies that

∥∥f∥∥
O(�,X) ≤ L‖v‖I(�,X). (3.43)

Since ψ ∈ F(θ), we have that xθu = ψ(0) = Φ(σ(θ, s),−s)ψ(s), for all s ∈ [−1, 0). This implies
that

‖xθu‖ ≤Meω‖ψ(s)‖ =Meω‖f(s)‖, ∀s ∈ [−1, 0), (3.44)

and we obtain that

‖xθu‖χ[−1,0)(s) ≤Meω‖f(s)‖, ∀s ∈ �. (3.45)

Using the invariance under translations of the space O, from relation (3.45) we deduce that

‖xθu‖FO(1) ≤Meω
∥∥f∥∥

O(�,X). (3.46)

In addition, from

‖v(t)‖ ≤ α(t)Meω‖x‖, ∀t ∈ �, (3.47)

we obtain that

‖v‖I(�,X) ≤ |α|IMeω‖x‖. (3.48)

Setting γ := [L|α|IM2e2ω/FO(1)] from relations (3.43), (3.46), and (3.48), we have that

‖(I − P(θ))x‖ = ‖xθu‖ ≤ γ‖x‖. (3.49)

This implies that

‖P(θ)x‖ ≤ (1 + γ
)‖x‖. (3.50)

Taking into account that γ does not depend on θ or x, it follows that relation (3.50) holds, for
all θ ∈ Θ and all x ∈ X, so ‖P(θ)‖ ≤ 1 + γ , for all θ ∈ Θ.
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Finally, from Theorem 3.11(i) and Theorem 3.12(i), we conclude that π is uniformly
dichotomic.

Remark 3.14. Relation (3.39) shows that the stable subspace and the instable subspace play a
central role in the detection of the dichotomous behavior of a skew-product flow and gives a
comprehensible motivation for their usual appellation.

4. Exponential Dichotomy of Skew-Product Flows

In the previous section, we have obtained sufficient conditions for the uniform dichotomy of
a skew-product flow π = (Φ, σ) on X × Θ in terms of the uniform admissibility of the pair
(O(�, X), I(�, X)) for the associated control system (Eπ), where O, I ∈ T(�). The natural
question arises: which are the additional (preferably minimal) hypotheses under which this
admissibility may provide the existence of the exponential dichotomy? In this context, the
main purpose of this section is to establish which are the most general classes of Banach
function spaces where O or I may belong to, such that the uniform admissibility of the pair
(O(�, X), I(�, X)) for the control system (Eπ ) is a sufficient (and also a necessary) condition
for the existence of exponential dichotomy.

LetX be a real or complex Banach space and let (Θ, d) be a metric space. Let π = (Φ, σ)
be a skew-product flow on X ×Θ.

Definition 4.1. A skew-product flow π = (Φ, σ) is said to be exponentially dichotomic if there
exist a family of projections {P(θ)}θ∈Θ ⊂ B(X) and two constants K ≥ 1 and ν > 0 such that
the following properties hold:

(i) Φ(θ, t)P(θ) = P(σ(θ, t))Φ(θ, t), for all (θ, t) ∈ Θ × �+ ;

(ii) ‖Φ(θ, t)x‖ ≤ Ke−νt‖x‖, for all t ≥ 0, all x ∈ Range P(θ) and all θ ∈ Θ;

(iii) the restriction Φ(θ, t)| : KerP(θ) → KerP(σ(θ, t)) is an isomorphism, for all (θ, t) ∈
Θ × �+ ;

(iv) ‖Φ(θ, t)y‖ ≥ (1/K)eνt‖y‖, for all t ≥ 0, all y ∈ KerP(θ) and all θ ∈ Θ.

Before proceeding to the next steps, we need a technical lemma.

Lemma 4.2. If a skew-product flow π is exponentially dichotomic with respect to a family of
projections {P(θ)}θ∈Θ, then supθ∈Θ‖P(θ)‖ <∞.

Proof. Let K, ν > 0 be given by Definition 4.1 and let M,ω > 0 be given by Definition 3.2. For
every (x, θ) ∈ X ×Θ and every t ≥ 0, we have that

1
K
eνt‖(I − P(θ))x‖ ≤ ‖Φ(θ, t)(I − P(θ))x‖ ≤Meωt‖x‖ +Ke−νt‖P(θ)x‖

≤ (Meωt +K
)‖x‖ +Ke−νt‖(I − P(θ))x‖,

(4.1)

which implies that

(
e2νt −K2

)e−νt
K
‖(I − P(θ))x‖ ≤ (Meωt +K

)‖x‖, ∀t ≥ 0, ∀(x, θ) ∈ X ×Θ. (4.2)
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Let h > 0 be such that e2νh − K2 > 0. Setting α := (e2νh −K2)e−νh/K and δ := (Meωh +K), it
follows that ‖(I−P(θ))x‖ ≤ (δ/α)‖x‖, for all (x, θ) ∈ X×Θ. This implies that ‖I−P(θ)‖ ≤ δ/α,
for all θ ∈ Θ, so ‖P(θ)‖ ≤ 1 + (δ/α), for all θ ∈ Θ, and the proof is complete.

Remark 4.3. (i) Using Lemma 4.2, we deduce that if a skew-product flow π is exponentially
dichotomic with respect to a family of projections {P(θ)}θ∈Θ, then π is uniformly dichotomic
with respect to the same family of projections.

(ii) If a skew-product flow π is exponentially dichotomic with respect to a family of
projections {P(θ)}θ∈Θ, then this family is uniquely determined (see, e.g., [18], Remark 2.5).

Remark 4.4. In the description of any dichotomous behavior, the properties (i) and (iii) are
inherent, because beside the splitting of the space ensured by the presence of the dichotomy
projections, these properties reflect both the invariance with respect to the decomposition
induced by each projection as well as the reversibility of the cocycle restricted to the kernel
of each projection.

In this context, it is extremely important to note that if in the detection of the dichotomy
one assumes from the very beginning that there exist a projection family such that the
invariance property (i) and the reversibility condition (iii) hold, then the dichotomy concept
is resumed to a stability property (ii) and to an instability condition (iv), which via (iii) will
consist only of a double stability. Thus, if in the study of the dichotomy one considers (i) and
(iii) as working hypotheses, then the entire investigation is reduced to a quasitrivial case of
(double) stability.

In conclusion, in the study of the existence of (uniform or) exponential dichotomy, it is
essential to determine conditions which imply the existence of the projection family and also the
fulfillment of all the conditions from Definition 4.1.

Now let O, I be two Banach function spaces such that O, I ∈ T(�). According to
the main result in the previous section (see Theorem 3.13), if the pair (O(�, X), I(�, X)) is
uniformly admissible for the system (Eπ), then π is uniformly dichotomic with respect to a
family of projections {P(θ)}θ∈Θ with the property that

RangeP(θ) = S(θ), KerP(θ) = U(θ), ∀θ ∈ Θ. (4.3)

In what follows, we will see that by imposing some conditions either on the output space O
or on the input space I, the admissibility becomes a sufficient condition for the exponential
dichotomy.

Theorem 4.5 (The behavior on the stable subspace). Let O, I be two Banach function spaces
such that eitherO ∈ Q(�) or I ∈ L(�). If the pair (O(�, X),I(�, X)) is uniformly admissible for the
system (Eπ), then there areK, ν > 0 such that

‖Φ(θ, t)x‖ ≤ Ke−νt‖x‖, ∀t ≥ 0, ∀x ∈ RangeP(θ), ∀θ ∈ Θ. (4.4)

Proof. Let δ > 0 be such that

‖Φ(θ, t)x‖ ≤ δ‖x‖, ∀t ≥ 0, ∀x ∈ RangeP(θ), ∀θ ∈ Θ. (4.5)
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We prove that there is h > 0 such that

‖Φ(θ, h)x‖ ≤ 1
e
‖x‖, ∀x ∈ Range P(θ), ∀θ ∈ Θ. (4.6)

Let L > 0 be given by Definition 3.6 and let M,ω > 0 be given by Definition 3.2.

Case 1. Suppose that O ∈ Q(�). Let α : � → [0, 2] be a continuous function with suppα ⊂
(0, 1) such that

∫1
0 α(τ)dτ = 1. Since supt>0FO(t) = ∞, there is r > 0 such that

FO(r) ≥ eδ2L|α|I . (4.7)

Let θ ∈ Θ and let x ∈ RangeP(θ). If Φ(θ, 1)x/= 0, then we consider the functions

v : � −→ X, v(t) = α(t)
Φ(θ, t)x
‖Φ(θ, t)x‖ ,

f : � −→ X, f(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

aΦ(θ, t)x, t ≥ 1,∫ t
0

α(τ)
‖Φ(θ, τ)x‖dτ Φ(θ, t)x, t ∈ [0, 1],

0, t < 0,

(4.8)

where

a :=
∫1

0

α(τ)
‖Φ(θ, τ)x‖dτ. (4.9)

We observe that f is continuous and

‖f(t)‖ ≤ a‖λx,θ(t)‖, ∀t ∈ �. (4.10)

Since x ∈ RangeP(θ) = S(θ), we have that λx,θ ∈ O(�, X). Then using Remark 2.4(i), we
deduce that f ∈ O(�, X). In addition, we have that v ∈ C0c(�, X) and an easy computation
shows that the pair (f, v) satisfies (Eθ). Then, according to our hypothesis, it follows that

∥∥f∥∥O(�,X) ≤ L‖v‖I(�,X). (4.11)

Because ‖v(t)‖ = α(t), for all t ∈ �, the relation (4.11) becomes

∥∥f∥∥O(�,X) ≤ L|α|I . (4.12)

Using relation (4.5), we deduce that

‖Φ(θ, r + 1)x‖ ≤ δ‖Φ(θ, t)x‖ = δ

a
‖f(t)‖, ∀t ∈ [1, r + 1), (4.13)
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so

‖Φ(θ, r + 1)x‖χ[1,r+1)(t) ≤ δ

a
‖f(t)‖, ∀t ∈ �. (4.14)

Using the invariance under translations of the space O from relation (4.14), we obtain that

‖Φ(θ, r + 1)x‖FO(r) ≤ δ

a

∥∥f∥∥O(�,X). (4.15)

Setting h := r + 1 from relations (4.12) and (4.15), it follows that

‖Φ(θ, h)x‖FO(r) ≤
δL|α|I
a

. (4.16)

Moreover, from relation (4.5), we have that ‖Φ(θ, τ)x‖ ≤ δ‖x‖, for all τ ∈ [0, 1), so

a =
∫1

0

α(τ)
‖Φ(θ, τ)x‖dτ ≥

1
δ‖x‖ . (4.17)

From relations (4.7), (4.16), and (4.17), it follows that

‖Φ(θ, h)x‖ ≤ 1
e
‖x‖. (4.18)

If Φ(θ, 1)x = 0, then Φ(θ, h)x = 0, so the above relation holds. Taking into account that h does
not depend on θ or x, we obtain that in this case, there is h > 0 such that relation (4.6) holds.

Case 2. Suppose that I ∈ L(�). In this situation, from Remark 2.16, we have that there is a
continuous function γ : � → �+ such that γ ∈ I \ L1(�,�). Since the space I is invariant
under translations, we may assume that there is r > 1 such that

∫ r
1
γ(τ)dτ ≥ eLδ2

∣∣γ∣∣I
FO(1)

. (4.19)

Let β : � → [0, 1] be a continuous function with supp β ⊂ (0, r + 1) and β(t) = 1, for all
t ∈ [1, r].

Let θ ∈ Θ and let x ∈ RangeP(θ). We consider the functions

v : � −→ X, v(t) = β(t)γ(t)Φ(θ, t)x,

f : � −→ X, f(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

qΦ(θ, t)x, t ≥ r + 1,∫ t
0
β(τ)γ(τ)dτ Φ(θ, t)x, t ∈ [0, r + 1),

0, t < 0,

(4.20)
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where

q =
∫ r+1

0
β(τ)γ(τ)dτ. (4.21)

We have that v ∈ C0c(�, X), f is continuous, and ‖f(t)‖ ≤ q‖λx,θ(t)‖, for all t ∈ �. Using
similar arguments with those used in relation (4.10), we deduce that f ∈ O(�, X). An easy
computation shows that the pair (f, v) satisfies (Eθ). Then, we have that

∥∥f∥∥O(�,X) ≤ L‖v‖I(�,X). (4.22)

Using relation (4.5), we obtain that

‖v(t)‖ ≤ δγ(t)‖x‖, ∀t ∈ �, (4.23)

which implies that

‖v‖I(�,X) ≤ δ
∣∣γ∣∣

I
‖x‖. (4.24)

In addition, from ‖Φ(θ, r + 2)x‖ ≤ δ‖Φ(θ, t)x‖, for all t ∈ [r + 1, r + 2), we deduce that

‖Φ(θ, r + 2)x‖χ[r+1,r+2)(t) ≤ δ
q
‖f(t)‖, ∀t ∈ �. (4.25)

Using the invariance under translations of the spaceO from relations (4.25), (4.22), and (4.24)
we have that

q‖Φ(θ, r + 2)x‖FO(1) ≤ δ
∥∥f∥∥

O(�,X) ≤ Lδ2∣∣γ∣∣
I
‖x‖. (4.26)

Since q ≥ ∫r1 γ(τ)dτ , from relations (4.19), (4.21), and (4.26), it follows that

‖Φ(θ, r + 2)x‖ ≤ 1
e
‖x‖. (4.27)

Setting h = r + 2 and taking into account that h does not depend on θ or x, we obtain that
relation (4.6) holds.

In conclusion, in both situations, there is h > 0 such that

‖Φ(θ, h)x‖ ≤ 1
e
‖x‖, ∀x ∈ Range P(θ), ∀θ ∈ Θ. (4.28)
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Let ν := 1/h and let K = δe. Let θ ∈ Θ and let x ∈ RangeP(θ). Let t > 0. Then, there
are k ∈ � and τ ∈ [0, h) such that t = kh + τ . Using relations (4.5) and (4.6), we successively
deduce that

‖Φ(θ, t)x‖ ≤ δ‖Φ(θ, kh)x‖ ≤ δe−k‖x‖ ≤ Ke−νt‖x‖. (4.29)

Theorem 4.6 (The behavior on the unstable subspace). Let O, I be two Banach function spaces
such that either O ∈ Q(�) or I ∈ L(�). If the pair (O(�, X), I(�, X)) is uniformly admissible for
the system (Eπ), then, there areK, ν > 0 such that

‖Φ(θ, t)y‖ ≥ 1
K
eνt‖y‖, ∀t ≥ 0, ∀y ∈ KerP(θ), ∀θ ∈ Θ. (4.30)

Proof. Let δ > 0 be such that

‖Φ(θ, t)y‖ ≥ 1
δ
‖y‖, ∀t ≥ 0, ∀y ∈ KerP(θ), ∀θ ∈ Θ. (4.31)

Let L > 0 be given by Definition 3.6 and let M,ω > 0 be given by Definition 3.2. We prove
that there is h > 0 such that

‖Φ(θ, h)y‖ ≥ e‖y‖, ∀y ∈ KerP(θ), ∀θ ∈ Θ. (4.32)

Case 1. Suppose that O ∈ Q(�). Let α : � → [0, 2] be a continuous function with suppα ⊂
(0, 1) and

∫1
0 α(τ)dτ = 1. In this case, there is r > 0 such that

FO(r) ≥ eδ2L|α|I . (4.33)

Let θ ∈ Θ and let y ∈ KerP(θ)\{0}. Then, Φ(θ, t)y /= 0, for all t ≥ 0. Since y ∈ KerP(θ) =
U(θ), there is ϕ ∈ F(θ) ∩O(�, X) with ϕ(0) = y. We consider the functions

v : � −→ X, v(t) = −α(t − r) Φ(θ, t)y
‖Φ(θ, t)y‖

f : � −→ X, f(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫∞
t

α(τ − r)
‖Φ(θ, τ)y‖dτ Φ(θ, t)y, t ≥ r,

aΦ(θ, t)y, t ∈ [0, r),

aϕ(t), t < 0,

(4.34)

where

a :=
∫ r+1

r

α(τ − r)
‖Φ(θ, τ)y‖dτ. (4.35)
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We have that v ∈ C0c(�, X) and f is continuous. Moreover, from

‖f(t)‖ ≤ a‖ϕ(t)‖ + aMeω(r+1)‖y‖χ[0,r+1)(t), ∀t ∈ �, (4.36)

we obtain that f ∈ O(�, X). An easy computation shows that the pair (f, v) satisfies (Eθ), so

∥∥f∥∥O(�,X) ≤ L‖v‖I(�,X). (4.37)

Observing that ‖v(t)‖ = α(t − r), for all t ∈ �, the relation (4.37) becomes

∥∥f∥∥O(�,X) ≤ L|α|I . (4.38)

From relation (4.31), we have that

‖Φ(θ, r + 1)y‖ ≥ 1
δ
‖Φ(θ, τ)y‖, ∀τ ∈ [r, r + 1]. (4.39)

This implies that

a ≥ 1
δ‖Φ(θ, r + 1)y‖ . (4.40)

In addition, from relation (4.31), we have that

‖Φ(θ, t)y‖ ≥ 1
δ
‖y‖, ∀t ∈ [0, r) (4.41)

which implies that

‖y‖χ[0,r)(t) ≤ δ‖Φ(θ, t)y‖χ[0,r)(t) ≤ δ

a
‖f(t)‖, ∀t ∈ �. (4.42)

From relation (4.42), it follows that

‖y‖FO(r) ≤ δ

a

∥∥f∥∥O(�,X). (4.43)

From relations (4.38), (4.40), and (4.43), we deduce that

‖y‖FO(r) ≤
δL|α|I
a

≤ δ2L|α|I‖Φ(θ, r + 1)y‖. (4.44)

From relations (4.44) and (4.33), we have that

‖Φ(θ, r + 1)y‖ ≥ e‖y‖. (4.45)
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Setting h := r + 1 and taking into account that h does not depend on y or θ we obtain that
relation (4.32) holds.

Case 2. Suppose that I ∈ L(�). In this situation, using Remark 2.16 and the translation
invariance of the space I, we have that there is a continuous function γ : � → �+ with
γ ∈ I \ L1(�,�) and r > 1 such that

∫ r
1
γ(τ)dτ ≥ eω+1LMδ

∣∣γ∣∣I
FO(1)

. (4.46)

Let β : � → [0, 1] be a continuous function with supp β ⊂ (0, r + 1) and β(t) = 1, for all
t ∈ [1, r].

Let θ ∈ Θ and let y ∈ KerP(θ). Since KerP(θ) = U(θ) there is ϕ ∈ F(θ) ∩O(�, X) with
ϕ(0) = y. We consider the functions

v : � −→ X, v(t) = −β(t)γ(t)Φ(θ, t)y,

f : � −→ X, f(t) =

⎧⎪⎨
⎪⎩

∫∞
t

β(τ)γ(τ)dτΦ(θ, t)y, t ≥ 0,

qϕ(t), t < 0,

(4.47)

where q :=
∫ r+1

0 β(τ)γ(τ)dτ . We have that v ∈ C0c(�, X), and, using similar arguments with
those from Case 1, we obtain that f ∈ O(�, X). An easy computation shows that the pair
(f, v) satisfies (Eθ), so

∥∥f∥∥O(�,X) ≤ L‖v‖I(�,X). (4.48)

From (4.31), we have that ‖Φ(θ, r + 1)y‖ ≥ (1/δ)‖Φ(θ, t)y‖, for all t ∈ [0, r + 1]. This implies
that

‖v(t)‖ ≤ γ(t)δ‖Φ(θ, r + 1)y‖, ∀t ∈ �, (4.49)

so

‖v‖I(�,X) ≤
∣∣γ∣∣

I
δ‖Φ(θ, r + 1)y‖. (4.50)

Since ϕ ∈ F(θ), we have that

‖y‖ = ‖ϕ(0)‖ = ‖Φ(σ(θ, t),−t)ϕ(t)‖ ≤Meω‖ϕ(t)‖, ∀t ∈ [−1, 0). (4.51)

From relation (4.51), it follows that

‖y‖χ[−1,0)(t) ≤Meω‖ϕ(t)‖χ[−1,0)(t) ≤ Meω

q
‖f(t)‖, ∀t ∈ �. (4.52)
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Using the translation invariance of the space O from (4.52), we obtain that

q‖y‖FO(1) ≤Meω
∥∥f∥∥O(�,X). (4.53)

Since q ≥ ∫r1 γ(τ)dτ , from relations (4.46), (4.48), (4.50) we deduce that

‖Φ(θ, r + 1)y‖ ≥ e‖y‖. (4.54)

Setting h := r+1 and since h does not depend on y or θ, we have that the relation (4.32) holds.
In conclusion, in both situations there is h > 0 such that

‖Φ(θ, h)y‖ ≥ e‖y‖, ∀y ∈ KerP(θ), ∀θ ∈ Θ. (4.55)

Let ν = 1/h and let K = δe. Let θ ∈ Θ and let y ∈ KerP(θ). Let t > 0. Then, there are j ∈ �
and s ∈ [0, h) such that t = jh + s. Using relations (4.31) and (4.32), we obtain that

‖Φ(θ, t)y‖ ≥ 1
δ
‖Φ(θ, jh)y‖ ≥ 1

δ
ej‖y‖ ≥ 1

K
eνt‖y‖. (4.56)

According to the previous results we may formulate now a sufficient condition for the
existence of the exponential dichotomy. Moreover, for the converse implication we will show
that it sufficient to chose one of the spaces in the admissible pair from the class R(�). Thus,
the main result of this section is as follows.

Theorem 4.7 (Necessary and sufficient condition for exponential dichotomy). Let π = (Φ, σ)
be a skew-product flow on E = X × Θ and let O, I be two Banach function spaces with O, I ∈ T(�)
such that either O ∈ Q(�) or I ∈ L(�). The following assertions hold:

(i) if the pair (O(�, X), I(�, X)) is uniformly admissible for the system (Eπ ), then π is
exponentially dichotomic.

(ii) if I ⊂ O and one of the spaces I or O belongs to the class R(�), then π is exponentially
dichotomic if and only if the pair (O(�, X), I(�, X)) is uniformly admissible for the system (Eπ ).

Proof. (i) This follows from Theorem 3.13, Theorem 4.5, and Theorem 4.6.
(ii) Since I ⊂ O, it follows that there is α > 0 such that

|u|O ≤ α|u|I , ∀u ∈ I. (4.57)

Necessity. Suppose that π is exponentially dichotomic with respect to the family of
projections {P(θ)}θ∈Θ and let K, ν > 0 be two constants given by Definition 4.1. According
to Lemma 4.2, we have that q := supθ∈Θ‖P(θ)‖ < ∞. For every (θ, t) ∈ Θ × �+ we denote by
Φ(θ, t)−1

| the inverse of the operator Φ(θ, t)| : KerP(θ) → KerP(σ(θ, t)).

IEEE eXpress Sample eBook, page 733



28 Abstract and Applied Analysis

Let θ ∈ Θ and let v ∈ C0c(�, X). We consider the function fv : � → X given by

fv(t) =
∫ t
−∞

Φ(σ(θ, τ), t − τ)P(σ(θ, τ))v(τ)dτ

−
∫∞
t

Φ(σ(θ, t), τ − t)−1
| (I − P(σ(θ, τ))) v(τ)dτ.

(4.58)

We have that fv is continuous, and a direct computation shows that the pair (fv, v) satisfies
(Eθ). In addition, we have that

‖fv(t)‖ ≤ qK
∫ t
−∞

e−ν(t−τ)‖v(τ)‖dτ

+
(
1 + q

)
K

∫∞
t

e−ν(τ−t)‖v(τ)‖dτ, ∀t ∈ �.
(4.59)

If I ∈ R(�), let γI,ν > 0 be the constant given by Lemma 2.21. Then, from (4.59) and
Lemma 2.21, it follows that fv ∈ I(�, X) and

∥∥fv∥∥I(�,X) ≤
(
1 + 2q

)
KγI,ν‖v‖I(�,X). (4.60)

Then, from (4.57) and (4.60), we deduce that fv ∈ O(�, X) and

∥∥fv∥∥O(�,X) ≤ α
(
1 + 2q

)
KγI,ν‖v‖I(�,X). (4.61)

If O ∈ R(�), let γO,ν > 0 be the constant given by Lemma 2.21. Then, from (4.59), (4.57) and
using Lemma 2.21, we successively obtain that fv ∈ O(�, X) and

∥∥fv∥∥O(�,X) ≤
(
1 + 2q

)
KγO,ν‖v‖O(�,X) ≤ α

(
1 + 2q

)
KγO,ν‖v‖I(�,X). (4.62)

Let

γ :=

⎧⎨
⎩
γI,ν, if I ∈ R(�),
γO,ν, if I /∈ R(�), O ∈ R(�).

(4.63)

Then setting L := α(1 + 2q)Kγ from relations (4.61) and (4.62), we have that

∥∥fv∥∥O(�,X) ≤ L‖v‖I(�,X). (4.64)

Now let v ∈ C0c(�, X) and f ∈ O(�, X) be such that the pair (f, v) satisfies (Eθ). We set
ϕ := f − fv, and we have that ϕ ∈ O(�, X) and

ϕ(t) = Φ(σ(θ, s), t − s)ϕ(s), ∀t ≥ s. (4.65)
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Let ϕ1(t) = P(σ(θ, t))ϕ(t), for all t ∈ � and let ϕ2(t) = (I − P(σ(θ, t)))ϕ(t), for all t ∈ �. Then
from (4.65), we obtain that

ϕk(t) = Φ(σ(θ, s), t − s)ϕk(s), ∀t ≥ s, ∀k ∈ {1, 2}. (4.66)

Let t0 ∈ �. From (4.66), it follows that

‖ϕ1(t0)‖ ≤ Ke−ν(t0−s)‖ϕ1(s)‖ ≤ qKe−ν(t0−s)‖ϕ(s)‖, ∀s ≤ t0. (4.67)

Since ϕ ∈ O(�, X), from Remark 2.12 it follows that ϕ ∈ M1(�, X). Then, from (4.67), we
have that

‖ϕ1(t0)‖ ≤ qK
∫ s
s−1

e−ν(t0−τ)‖ϕ(τ)‖dτ ≤ qKe−ν(t0−s)
∫ s
s−1
‖ϕ(τ)‖dτ

≤ qKe−ν(t0−s)‖ϕ‖M1(�,X), ∀s ≤ t0.
(4.68)

For s → −∞ in (4.68), it follows that ϕ1(t0) = 0. In addition, from (4.66) we have that

1
K
eν(t−t0)‖ϕ2(t0)‖ ≤ ‖ϕ2(t)‖ ≤

(
1 + q

)‖ϕ(t)‖, ∀t ≥ t0. (4.69)

This implies that

1
K
eν(t−t0)‖ϕ2(t0)‖ ≤

(
1 + q

) ∫ t+1

t

‖ϕ(τ)‖dτ ≤ (1 + q
)∥∥ϕ∥∥M1(�,X), ∀t ≥ t0. (4.70)

The relation (4.70) shows that

‖ϕ2(t0)‖ ≤ K
(
1 + q

)
e−ν(t−t0)

∥∥ϕ∥∥M1(�,X), ∀t ≥ t0. (4.71)

For t → ∞ in (4.71), it follows that ϕ2(t0) = 0. This shows that ϕ(t0) = ϕ1(t0) + ϕ2(t0) = 0.
Since t0 ∈ � was arbitrary, we deduce that ϕ = 0, so f = fv. Then, from (4.64), we have that

∥∥f∥∥O(�,X) ≤ L‖v‖I(�,X). (4.72)

Taking into account that L does not depend on θ ∈ Θ or on v ∈ C0c(�, X), we finally conclude
that the pair (O(�, X), I(�, X)) is uniformly admissible for the system (Eπ ).

Sufficiency follows from (i).

Corollary 4.8. Let π = (Φ, σ) be a skew-product flow on E = X ×Θ and let V be a Banach function
space with V ∈ T(�). Then, the following assertions hold:

(i) if the pair (V (�, X), V (�, X)) is uniformly admissible for the system (Eπ), then, π is
exponentially dichotomic;
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(ii) if V ∈ R(�), then, π is exponentially dichotomic if and only if the pair (V (�, X),V (�, X))
is uniformly admissible for the system (Eπ).

Proof. We prove that either V ∈ Q(�) or V ∈ L(�). Indeed, suppose by contrary that V /∈
Q(�) and V /∈ L(�). Then, M := supt>0FV (t) < ∞ and V ⊂ L1(�,�). From V ⊂ L1(�,�), it
follows that there is γ > 0 such that

‖v‖1 ≤ γ |v|V , ∀v ∈ V. (4.73)

In particular, from v = χ[0,t) in relation (4.73), we deduce that

t ≤ γ∣∣χ[0,t)
∣∣
V
= γFV (t) ≤ γM, ∀t > 0, (4.74)

which is absurd. This shows that the assumption is false, which shows that either V ∈ Q(�)
or V ∈ L(�). By applying Theorem 4.7, we obtain the conclusion.

5. Applications and Conclusions

We have seen in the previous section that in the study of the exponential dichotomy of
variational equations the classes Q(�) and, respectively, L(�) have a crucial role in the
identification of the appropriate function spaces in the admissible pair. Moreover, it was also
important to point out that it is sufficient to impose conditions either on the input space
or on the output space. In this context, the natural question arises if these conditions are
indeed necessary and whether our hypotheses may be dropped. The aim of this section is to
answer this question. With this purpose, we will present an illustrative example of uniform
admissibility, and we will discuss the concrete implications concerning the existence of the
exponential dichotomy.

Let X be a Banach space. We denote by C0(�, X) the space of all continuous functions
u : � → X with limt→∞u(t) = limt→−∞u(t) = 0, which is a Banach space with respect to the
norm

‖|u|‖ := sup
t∈�
‖u(t)‖. (5.1)

We start with a technical lemma.

Lemma 5.1. If O is a Banach function space with O ∈ T(�) \ Q(�), then, C0(�,�) ⊂ O.

Proof. Let c := supt>0FO(t). Let u ∈ C0(�,�). Then, there is an unbounded increasing sequence
(tn) ⊂ (0,∞) such that |u(t)| ≤ 1/(n + 1), for all |t| ≥ tn and all n ∈ �. Setting un = uχ[−tn,tn) we
have that

∣∣un+p − un∣∣O ≤
∣∣∣χ[−tn+p ,−tn)

∣∣∣
O

n + 1
+

∣∣∣χ[tn,tn+p)

∣∣∣
O

n + 1
≤ 2c
n + 1

, ∀n ∈ �, ∀p ∈ �∗ . (5.2)

From relation (5.2), it follows that the sequence (un) is fundamental in O, so this is
convergent, that is, there exists v ∈ O such that un → v in O. According to Remark 2.4(ii),
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there exists a subsequence (ukn) such that ukn(t) → v(t) for a.e. t ∈ �. This implies that
v(t) = u(t) for a.e. t ∈ �, so v = u in O. In conclusion, u ∈ O, and the proof is complete.

In what follows, we present a concrete situation which illustrates the relevance of the
hypotheses on the underlying function spaces considered in the admissible pair, for the study
of the dichotomous behavior of skew-product flows.

Example 5.2. Let X = � × � which is a Banach space with respect to the norm ‖(x1, x2)‖ =
|x1| + |x2|. Let Θ = � and let σ : Θ × � → Θ, σ(θ, t) = θ + t. We have that σ is a flow on Θ. Let

ϕ : � −→ (0,∞), ϕ(t) =

⎧⎨
⎩

2
t + 1

, t ≥ 0,

1 + e−t, t < 0.
(5.3)

For every (θ, t) ∈ Θ × �+ , we consider the operator

Φ(θ, t) : X −→ X, Φ(θ, t)(x1, x2) =
(
ϕ(θ + t)
ϕ(θ)

x1, e
tx2

)
. (5.4)

It is easy to see that π = (Φ, σ) is a skew-product flow.
Now, letO, I be two Banach function spaces withO, I ∈ T(�) such thatO /∈ Q(�) and

I /∈ L(�). It follows that I ⊂ L1(�,�), and, using Lemma 5.1, we obtain that C0(�,�) ⊂ O.
Then, there are α, β > 0 such that

‖u‖1 ≤ α|u|I , ∀u ∈ I,
‖u‖O ≤ β‖|u|‖, ∀u ∈ C0(�,�).

(5.5)

Step 1. We prove that the pair (O(�, X), I(�, X)) is uniformly admissible for the system (Eπ).
Let θ ∈ Θ and let v = (v1, v2) ∈ C0c(�, X) and let h > 0 be such that supp v ⊂ (0, h). We

consider the function f : � → X where f = (f1, f2) and

f1(t) =
∫ t
−∞

ϕ(θ + t)
ϕ(θ + τ)

v1(τ)dτ, f2(t) = −
∫∞
t

e−(τ−t)v2(τ)dτ, ∀t ∈ �. (5.6)

We have that f is continuous and an easy computation shows that the pair (f, v) satisfies
(Eθ). Since suppv ⊂ (0, h), we obtain that f1(t) = 0, for all t ≤ 0 and f2(t) = 0, for all t ≥ h.
From

f1(t) = ϕ(θ + t)
∫h

0

v1(τ)
ϕ(θ + τ)

dτ, ∀t ≥ h, (5.7)

we have that limt→∞f1(t) = 0. In addition, from

f2(t) = −et
∫h

0
e−τv2(τ)dτ, ∀t ≤ 0, (5.8)
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we deduce that limt→−∞f2(t) = 0. Thus, we obtain that f ∈ C0(�, X) so f ∈ O(�, X).
Moreover, from

∣∣f1(t)
∣∣ ≤
∫ t
−∞
|v1(τ)|dτ ≤ ‖v1‖L1(�,�), ∀t ∈ �,

∣∣f2(t)
∣∣ ≤
∫∞
t

|v2(τ)|dτ ≤ ‖v2‖L1(�,�), ∀t ∈ �,
(5.9)

it follows that

∥∥∣∣f∣∣∥∥ ≤ ‖v‖L1(�,X). (5.10)

From relations (5.5) and (5.10), we obtain that

∥∥f∥∥O(�,X) ≤ αβ‖v‖I(�,X). (5.11)

Let f̃ ∈ O(�, X) be such that the pair (f̃ , v) satisfies (Eθ) and let g = f̃ − f . Then,
g ∈ O(�, X) and g(t) = Φ(σ(θ, s), t − s)g(s), for all t ≥ s. More exactly, if g = (g1, g2), then we
have that

g1(t) =
ϕ(θ + t)
ϕ(θ + s)

g1(s), ∀t ≥ s, (5.12)

g2(t) = et−sg2(s), ∀t ≥ s. (5.13)

Since g ∈ O(�, X) from Remark 2.12, it follows that g ∈M1(�, X), so g1, g2 ∈M1(�,�).
Let t0 ∈ �. For every s ≤ t0 from relation (5.12), we have that

∣∣g1(t0)
∣∣

ϕ(θ + t0)
=
∫ s
s−1

∣∣g1(τ)
∣∣

ϕ(θ + τ)
dτ ≤ 1

ϕ(θ + s)

∫ s
s−1

∣∣g1(τ)
∣∣dτ ≤

∥∥g1
∥∥
M1(�,�)

ϕ(θ + s)
. (5.14)

Since ϕ(r) → ∞ as r → −∞, for s → −∞ in (5.14), we obtain that g1(t0) = 0. In addition, for
every t ≥ t0 from relation (5.13) we have that

e−t0
∣∣g2(t0)

∣∣ =
∫ t+1

t

e−τ
∣∣g2(τ)

∣∣dτ ≤ e−t
∫ t+1

t

∣∣g2(τ)
∣∣dτ ≤ e−t∥∥g2

∥∥
M1(�,�). (5.15)

For t → ∞ in (5.15) we deduce that g2(t0) = 0. So, we obtain that g(t0) = 0. Taking into
account that t0 ∈ � was arbitrary it follows that g = 0. This implies that f̃ = f . Then, from
relation (5.11) we have that

∥∥∥f̃
∥∥∥
O(�,X)

≤ αβ‖v‖I(�,X). (5.16)
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We set L = αβ, and, taking into account that L does not depend on θ or v, we conclude that
the pair (O(�, X), I(�, X)) is uniformly admissible for the system (Eπ).

Step 2. We prove that π is not exponentially dichotomic. Suppose by contrary that π is
exponentially dichotomic with respect to the family of projections {P(θ)}θ∈Θ and let K, ν > 0
be two constants given by Definition 4.1. In this case, according to Proposition 2.1 from [18]
we have that

ImP(θ) = {x ∈ X : Φ(θ, t)x −→ 0 as t −→ ∞}, ∀θ ∈ Θ. (5.17)

This characterization implies that ImP(θ) = � × {0}, for all θ ∈ Θ. Then, from

‖Φ(θ, t)x‖ ≤ Ke−νt‖x‖, ∀t ≥ 0, ∀x ∈ ImP(θ), ∀θ ∈ Θ, (5.18)

we obtain that

ϕ(θ + t)
ϕ(θ)

|x1| ≤ Ke−νt|x1|, ∀x1 ∈ �, ∀t ≥ 0, ∀θ ∈ Θ, (5.19)

which shows that

ϕ(θ + t)
ϕ(θ)

≤ Ke−νt, ∀t ≥ 0, ∀θ ∈ Θ. (5.20)

In particular, for θ = 0, from (5.20), we have that

1
t + 1

≤ Ke−νt, ∀t ≥ 0, (5.21)

which is absurd. This shows that the assumption is false, so π is not exponentially dichotomic.

Remark 5.3. The above example shows that if I, O are two Banach function spaces from
the class T(�) such that O /∈ Q(�) and I /∈ L(�), then the uniform admissibility of the
pair (O(�, X), I(�, X)) for the system (Eπ) does not imply the existence of the exponential
dichotomy of π . This shows that the hypotheses of the main result from the previous section
are indeed necessary and emphasizes the fact that in the study of the exponential dichotomy
in terms of the uniform admissibility at least one of the output space or the input space should
belong to, respectively, Q(�) or L(�).

Finally, we complete our study with several consequences of the main result, which
will point out some interesting conclusions for some usual classes of spaces often used in
control-type problems arising in qualitative theory of dynamical systems. We will also show
that, in our approach, the input space can be successively minimized, and we will discuss
several optimization directions concerning the admissibility-type techniques.

Remark 5.4. The input-output characterizations for the asymptotic properties of systems have
a wider applicability area if the input space is as small as possible and the output space is
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very general. In our main result, given by Theorem 4.7, the input functions belong to the
space C0c(�, X) while the output space is a general Banach function space. By analyzing
condition (ii) from Definition 3.6, we observe that the input-output characterization given by
Theorem 4.7 becomes more flexible and provides a more competitive applicability spectrum
when the norm on the input space is larger.

Another interesting aspect that must be noted is that the class T(�) is closed to finite
intersections. Indeed, if I1, . . . , In ∈ T(�), then we may define I := I1 ∩ I2 ∩ · · · In with respect
to the norm

|u|I := max
{|u|I1

, |u|I2
, . . . , |u|In

}
, (5.22)

which is a Banach function space which belongs to T(�). So, taking as input space a Banach
function space which is obtained as an intersection of Banach function spaces from the class
T(�) we will have a “larger” norm in our admissibility condition, and, thus the estimation
will be more permissive and more general.

As a consequence of the aspects presented in the above remark we deduce the
following corollaries.

Corollary 5.5. Let π = (Φ, σ) be a skew-product flow on X × Θ. Let Oϕ be an Orlicz space with
0 < ϕ(t) < ∞, for all t > 0. Let n ∈ �∗ , let Oϕ1 , . . . , Oϕn be Orlicz spaces such that ϕk(1) < ∞, for
all k ∈ {1, . . . , n} and let I := Oϕ1(�,�) ∩ · · · ∩ Oϕn(�,�) ∩ Oϕ(�,�). Then, π is exponentially
dichotomic if and only if the pair (Oϕ(�, X), I(�, X)) is uniformly admissible for the system (Eπ ).

Proof. From Lemma 2.15 and Remark 2.20, it follows that Oϕ ∈ Q(�) ∩ R(�). By applying
Theorem 4.7, the proof is complete.

Corollary 5.6. Let π = (Φ, σ) be a skew-product flow on X × Θ and let p ∈ [1,∞). Let n ∈
�
∗ , q1, . . . , qn ∈ [1,∞] and I = Lq1(�,�) ∩ · · · ∩ Lqn(�,�) ∩ Lp(�,�). Then, π is exponentially

dichotomic if and only if the pair (Lp(�, X), I(�, X)) is admissible for the system (Eπ).

Proof. This follows from Corollary 5.5.

Corollary 5.7. Let π = (Φ, σ) be a skew-product flow on X × Θ and let p ∈ (1,∞]. Let n ∈
�
∗ , q1, . . . , qn ∈ (1,∞] and I = Lq1(�,�) ∩ · · · ∩ Lqn(�,�) ∩ Lp(�,�). Then π is exponentially

dichotomic if and only if the pair (Lp(�, X), I(�, X)) is uniformly admissible for the system (Eπ ).

Proof. This follows from Theorem 4.7 by observing that I ∈ L(�).

Remark 5.8. According to Remark 2.12, the largest space from the class T(�) is M1(�,�).
Thus, considering the output space M1(�,�), in order to obtain optimal input-output
characterizations for exponential dichotomy in terms of admissibility, it is sufficient to work
with smaller and smaller input spaces.

Corollary 5.9. Let π = (Φ, σ) be a skew-product flow on X × Θ. Let n ∈ �∗ , q1, . . . , qn ∈ (1,∞]
and I = Lq1(�,�) ∩ · · · ∩ Lqn(�,�). Then, π is exponentially dichotomic if and only if the pair
(M1(�, X), I(�, X)) is uniformly admissible for the system (Eπ).
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Proof. We observe that I ∈ L(�), and, from Remark 2.12, we have that I ⊂ M1(�,�). By
applying Theorem 4.7, we obtain the conclusion.
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We study perturbations of the nonoscillatory half-linear differential equation (r(t)Φ(x′))′ +
c(t)Φ(x) = 0, Φ(x) := |x|p−2x, p > 1. We find explicit formulas for the functions r̂, ĉ such that
the equation [(r(t) + λr̂(t))Φ(x′)]′ + [c(t) + μĉ(t)]Φ(x) = 0 is conditionally oscillatory, that is, there
exists a constant γ such that the previous equation is oscillatory if μ − λ > γ and nonoscillatory if
μ−λ < γ . The obtained results extend the previous results concerning two-parametric perturbations
of the half-linear Euler differential equation.

1. Introduction

Conditionally oscillatory equations play an important role in the oscillation theory of the
Sturm-Liouville second-order differential equation

(
r(t)x′

)′ + c(t)x = 0, (1.1)

with positive continuous functions r, c. Equation (1.1) with λc instead of c is said to be
conditionally oscillatory if there exists λ0 > 0, the so-called oscillation constant of (1.1), such
that this equation is oscillatory for λ > λ0 and nonoscillatory for λ < λ0. A typical example of
a conditionally oscillatory equation is the Euler differential equation

x′′ +
λ

t2
x = 0, (1.2)
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2 Abstract and Applied Analysis

which has the oscillation constant λ0 = 1/4 as can be verified by a direct computation
when looking for solutions of (1.2) in the form x(t) = tα. This leads to the classical
Kneser (non)oscillation criterion which states that (1.1) with r(t) ≡ 1 is oscillatory
provided

lim inf
t→∞

t2c(t) >
1
4
, (1.3)

and nonoscillatory if

lim sup
t→∞

t2c(t) <
1
4
. (1.4)

This shows that the potential c(t) = t−2 is the border line between oscillation and
nonoscillation. Note that the concept of conditional oscillation of (1.1) was introduced in
[1].

The linear oscillation theory extends almost verbatim to the half-linear differential
equation

(
r(t)Φ

(
x′
))′ + c(t)Φ(x) = 0, Φ(x) := |x|p−2x, p > 1, (1.5)

including the definition of conditional oscillation. The half-linear version of Euler equation
(1.2) is the equation

(
Φ
(
x′
))′ + λ

tp
Φ(x) = 0, (1.6)

which has the oscillation constant λ0 = γp := ((p − 1)/p)p, and (non)oscillation criteria
(1.3), (1.4) extend in a natural way to (1.5) with r(t) ≡ 1. A complementary concept to the
conditional oscillation is the concept of strong (non)oscillation. Equation (1.5) with λc instead
of c is said to be strongly (non)oscillatory if it is (non)oscillatory for every λ > 0. Sometimes,
strongly oscillatory equations are regarded as conditionally oscillatory with the oscillation
constant λ0 = 0 and strongly nonoscillatory as conditionally oscillatory with the oscillation
constant λ0 =∞. We refer to [2] for results along this line.

In our paper, we are motivated by a statement presented in [3, 4], where the two-
parametric perturbation of the Euler differential equation with the critical coefficient

(
Φ
(
x′
))′ + γp

tp
Φ(x) = 0 (1.7)

is investigated. It is shown there that the equation

[(
1 +

λ

log2t

)
Φ
(
x′
)]′

+

[
γp

tp
+

μ

tplog2t

]
Φ(x) = 0 (1.8)
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is oscillatory if μ − γpλ > μp := (1/2)((p − 1)/p)p−1 and nonoscillatory in the opposite case.
Note that an important role in proving the results of [4] is played by the fact that we know
explicitly the solution h(t) = t(p−1)/p of (1.7).

Here, we treat the problem of conditional oscillation in the following general setting.
We suppose that (1.5) is nonoscillatory and that h is its eventually positive solution. We find
explicit formulas for the functions r̂, ĉ such that the equation

[
(r(t) + λr̂(t))Φ

(
x′
)]′ + [c(t) + μĉ(t)]Φ(x) = 0 (1.9)

is conditionally oscillatory, that is, there exists a constant γ such that (1.9) is oscillatory if
μ − λ > γ and nonoscillatory if μ − λ < γ .

The setup of the paper is as follows. In the next section, we present some statements
of the half-linear oscillation theory. Section 3 is devoted to the so-called modified Riccati
equation associated with (1.5) and (1.9). The main result of the paper, the construction of
the functions r̂, ĉ such that (1.9) is two-parametric conditionally oscillatory, is presented in
Section 4.

2. Auxiliary Results

As we have already mentioned in the previous section, the linear oscillation theory extends
almost verbatim to half-linear equation (1.5). The word “almost” reflects the fact that not
all linear methods can be extended to (1.5), some results for (1.5) are the same as those for
(1.1), but to prove them, one has to use different methods than in the linear case. A typical
method of this kind is the following transformation formula. If f(t)/= 0 is a sufficiently smooth
function and functions x, y are related by the formula x = f(t)y, then we have the identity

f(t)
[(
r(t)x′

)′ + c(t)x] = (R(t)y′)′ + C(t)y, (2.1)

where

R(t) = r(t)f2(t), C(t) = f(t)
[(
r(t)f ′(t)

)′ + c(t)f(t)]. (2.2)

In particular, x is a solution of (1.1) if and only if y is a solution of the equation (Ry′)′+Cy = 0.
The transformation identity (2.1) does not extend to (1.5).

To illustrate the meaning of this fact in the conditional oscillation of (1.1) and (1.5),
suppose that (1.1) is nonoscillatory and let h be its so-called principal solution (see [5, Chapter
XI]), that is, a solution such that

∫∞
r−1(t)h−2(t)dt =∞. We would like to find a function ĉ such

that the equation

(
r(t)x′

)′ + (c(t) + μĉ(t))x = 0 (2.3)

is conditionally oscillatory and to find its oscillation constant. The transformation x = h(t)y
transforms (1.1) into the one term equation (r(t)h2(t)y′)′ = 0 and the transformation of
independent variable s =

∫ t
r−1(τ)h−2(τ)dτ further to the equation d2y/ds2 = 0. Now,
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from (1.2), we know that the “right” perturbation term in the last equation is 1/s2 with
the oscillation constant 1/4. Substituting back for s, we get the conditionally oscillatory
equation

(
R(t)y′

)′ + μ

R(t)
(∫ t

R−1(s)ds
)2y = 0, R(t) = r(t)h2(t), (2.4)

and the back transformation y = h−1(t)x results in the conditionally oscillatory equation

(
r(t)x′

)′ +
⎡
⎢⎣c(t) + μ

h2(t)R(t)
(∫ t

R−1(s)ds
)2

⎤
⎥⎦x = 0, (2.5)

with the oscillation constant μ0 = 1/4. The previous result is one of the main statements of
[6], but it was proved there by a different method.

In the next section, we will show how to modify this method to be applicable to half-
linear equations. At this moment, we present the result of [7] with the classical (i.e., one
parametric) conditional oscillation of (1.5). Let h be a positive solution of (1.5) such that
h′(t)/= 0 for large t. We denote

R(t) := r(t)h2(t)|h′(t)|p−2, G(t) := r(t)h(t)Φ(h′(t)), (2.6)

ĉ(t) =
1

|h(t)|pR(t)
(∫ t

R−1(s)ds
)2 . (2.7)

Theorem 2.1. Suppose that (1.5) possesses a nonoscillatory solution h such that h′(t)/= 0 for large t,
and R, G are given by (2.6). If

∫∞ dt
R(t)

=∞, lim inf
t→∞

|G(t)| > 0, (2.8)

then the equation

(
r(t)Φ

(
x′
))′ + [c(t) + μĉ(t)]Φ(x) = 0 (2.9)

is conditionally oscillatory, and its oscillation constant is μ0 = 1/2q, where q is the conjugate exponent
to p, that is, 1/p + 1/q = 1.

Note that in the linear case p = 2, the function f(t) = h(t)
√∫ t

r−1(τ)h−2(τ)dτ is a
solution of (2.9) with μ = μ0 = 1/4. In the general half-linear case, an explicit solution of (2.9)
is no longer known, but we are able to “estimate” this solution. The next statement, which is
also taken from [7], presents a result along this line.
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Theorem 2.2. Suppose that (2.8) holds and let f(t) = h(t)(
∫ t
R−1(s)ds)

1/p
, then a solution of (2.9)

with μ = 1/2q is of the form

x(t) = f(t)

⎛
⎝1 +O

⎛
⎝
(∫ t

R−1(s)ds

)−1
⎞
⎠
⎞
⎠, (2.10)

and (suppressing the argument t)

f

⎡
⎢⎣(rΦ(f ′))′ +

⎛
⎜⎝c +

1

2qhpR
(∫ t

R−1
)2

⎞
⎟⎠Φ
(
f
)
⎤
⎥⎦

= −
(
p − 1

)(
p − 2

)
G′

G2
(∫ t

R−1
) −

(
p − 1

)(
p − 2

)
3p3G3

(∫ t
R−1
)2

[(
p − 3

)
G′ + 2pr

∣∣h′∣∣p]

+O

⎛
⎝G−3

(∫ t
R−1

)−3
⎞
⎠
⎡
⎢⎣ G′

pG2 −
(
p3 − 4p2 + 11p − 6

)
h′

2p3h
− 1

qR
(∫ t

R−1
)
⎤
⎥⎦,

(2.11)

as t → ∞.

The last statement presented in this section is the so-called reciprocity principle. Let x be
a solution of (1.5) and let u := rΦ(x′) be its quasiderivative, then u is a solution of the reciprocal
equation

(
c1−q(t)Φ−1(u′))′ + r1−q(t)Φ−1(u) = 0, (2.12)

where Φ−1(u) = |u|q−2u is the inverse function of Φ.

3. Modified Riccati Equation

Suppose that λ and r̂ in (1.9) are such that r(t) + λr̂(t) > 0. Let x(t)/= 0 in an interval I be
a solution of (1.9), and let w = (r + λr̂)Φ(x′/x). Then, w solves in I the “standard” Riccati
equation

w′ + c(t) + μĉ(t) +
(
p − 1

)
[r(t) + λr̂(t)]1−q|w|q = 0. (3.1)

More precisely, the following statement holds.

Lemma 3.1 ([8, Theorem 2.2.1]). The following statements are equivalent:

(i) equation (1.9) is nonoscillatory;

(ii) equation (3.1) has a solution on an interval [T,∞);
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6 Abstract and Applied Analysis

(iii) there exists a continuously differentiable functionw such that

w′ + c(t) + μĉ(t) +
(
p − 1

)
[r(t) + λr̂(t)]1−q(t)|w|q ≤ 0 (3.2)

on an interval [T,∞).

In the linear case, if x is a solution of (1.1), x = f(t)y, and v = rf2y′/y is the Riccati
variable corresponding to the equation on the right-hand side in (2.1), then v = f2(w − wf)
where w = rx′/x, wf = rf ′/f . This suggests to investigate the function v = fp(w −wf) in the
half-linear case, and this leads to the modified Riccati equation introduced in the next statement
which is taken from [4] with a modification from [3].

Lemma 3.2. Suppose that f is a positive differentiable function, wf = (r + λr̂)Φ(f ′/f), and w is a
continuously differentiable function, and put v = fp(w −wf), then the following identity holds:

fp(t)
[
w′ + c(t) + μĉ(t) +

(
p − 1

)
(r(t) + λr̂(t))1−q|w|q

]

= v′ + f(t)
[
�
(
f(t)
)
+ �̂
(
f(t)
)]

+
(
p − 1

)
(r(t) + λr̂(t))1−qf−q(t)G(t, v),

(3.3)

where

�
(
f
)
=
(
r(t)Φ

(
f ′
))′ + c(t)Φ(f), �̂

(
f
)
= λ
(
r̂(t)Φ

(
f ′
))′ + μĉ(t)Φ(f), (3.4)

G(t, v) = |v + Ω(t)|q − qΦ−1(Ω(t))v − |Ω(t)|q, Ω := (r + λr̂)fΦ
(
f ′
)
. (3.5)

In particular, if w is a solution of (3.1), then v is a solution of the modified Riccati equation

v′ + f(t)
[
�
(
f(t)
)
+ �̂
(
f(t)
)]

+
(
p − 1

)
(r(t) + λr̂(t))1−qf−q(t)G(t, v) = 0. (3.6)

Conversely, if v is a solution of (3.6), thenw = wf + f−pv is a solution of (3.1).

Observe that in case f ≡ 1, the modified Riccati equation (3.6) reduces to the standard
Riccati equation (3.1).

Next, we will investigate the function G in (3.5). First, we present a result from [4,
Lemmas 5 and 6].

Lemma 3.3. The function G defined in (3.5) has the following properties.

(i) G(t, v) ≥ 0 with the equality if and only if v = 0.

(ii) If q ≥ 2, one has the inequality

G(t, v) ≥ q

2
|Ω(t)|q−2v2. (3.7)

Now, we concentrate on an estimate of the function G in case q < 2.
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Lemma 3.4. Suppose that q < 2 and limt→∞|Ω(t)| = ∞, then there is a constant β > 0 such that for
v ∈ (−∞,−v0], v0 > 0, and large t

G(t, v) ≥ β|Ω(t)|q−2|v|q. (3.8)

Proof. Consider the function

H(t, v) =

⎧⎪⎨
⎪⎩
G(t, v)
|v|q , for v /= 0,

0, for v = 0.
(3.9)

First of all,

lim
v→±∞

H(t, v) = 1, lim
v→ 0
H(t, v) = 0. (3.10)

Now, we compute local extrema ofH with respect to v. We have (suppressing the argument
t)

Hv =
1

|v|2q
{[
qΦ−1(v + Ω) − qΦ−1(Ω)

]
|v|q − qΦ−1(v)

[
|v + Ω|q − qΦ−1(Ω)v − |Ω|q

]}

=
q

v2Φ−1(v)

{
vΦ−1(v + Ω) − vΦ−1(Ω) − |v + Ω|q + qΦ−1(Ω)v + |Ω|q

}

=
q

v2Φ−1(v)

{
−ΩΦ−1(v + Ω) +

(
q − 1

)
Φ−1(Ω)v + |Ω|q

}
.

(3.11)

Denote N(v) the function in braces on the last line of the previous computation. We have
N(0) = 0,

N′(v) = −(q − 1
)
Ω|v + Ω|q−2 +

(
q − 1

)
Φ−1(Ω)

=
(
q − 1

)
Ω
[
−|v + Ω|q−2 + |Ω|q−2

]

= 0

(3.12)

if and only if v = 0 and v = −2Ω, and

N′′(v) = −(q − 1
)(
q − 2

)
Ω|v + Ω|q−3 sgn(v + Ω). (3.13)

This means that v = 0 is the local minimum and v = −2Ω is the local maximum of the function
N. Using this result, an examination of the graph of the functionH shows that this function
has the local minimum at v = 0 and a local maximum in the interval (−∞,−2Ω) if Ω > 0,
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8 Abstract and Applied Analysis

and this maximum is in (−2Ω,∞) if Ω < 0. Next, denote v∗ the value for whichH(t, v∗) = 1.
Consequently, for any v0 > 0, it follows from (3.10) that

inf
v∈(−∞,−v0]

H(t, v) =H(t,−v) = 1
|v|q
[
|Ω − v|q + qvΦ−1(Ω) − |Ω|q

]
, (3.14)

where

v =

⎧⎨
⎩
−v∗ if − v0 < v∗ < 0,

v0 otherwise.
(3.15)

Next, we want to investigate the dependence of this infimum on Ω when |Ω| → ∞. To this
end, we investigate the function F(x) = |x − a|q + qaΦ−1(x) − |x|q for x → ±∞, a ∈ � being a
parameter. We have (using the expansion formula for (1 + x)α)

F(x) = Φ−1(x)
{ |x − a|q − |x|q

Φ−1(x)
+ qa
}

= Φ−1(x)
{
x

[(
1 − a

x

)q
− 1
]
+ qa
}

= Φ−1(x)

((
q

2

)
a2

x
+ o
(
x−1
))

= a2

(
q

2

)
|x|q−2(1 + o(1)),

(3.16)

as |x| → ∞. Consequently, if limt→∞|Ω(t)| = ∞, there exists a constant β > 0 such that (3.8)
holds.

Now, we are ready to formulate a complement of [9, Theorem 2] which is presented
in that paper under the assumption that the function Ω is bounded.

Theorem 3.5. Let f be a positive continuously differentiable function such that f ′(t)/= 0 for large t.
Suppose that

∫∞R−1(t)dt = ∞, whereR = (r+λr̂)f2|f ′|p−2,C(t) ≥ 0 for large t, and limt→∞|Ω(t)| =
∞, then all possible proper solutions (i.e., solutions which exist on some interval of the form [T,∞))
of the equation

v′ + C(t) +
(
p − 1

)
(r(t) + λr̂(t))1−qf−q(t)G(t, v) = 0 (3.17)

are nonnegative.

Proof. First consider the case q < 2. Let v0 > 0 be arbitrary. By Lemma 3.4, there exists T0 ∈ �
and β > 0 such that for t ≥ T0 and v ∈ (−∞,−v0],

(
p − 1

)
(r + λr̂)1−qf−qG(t, v) ≥ β(p − 1

)
(r + λr̂)1−qf−q|Ω|q−2|v|q = (p − 1

)
β
|v|q
R . (3.18)

Suppose that v is the solution of (3.17) such that v(t0) = −v0 for some t0 ≥ T0, then

v′ + C(t) +
(
p − 1

)
β
|v|q
R(t) ≤ 0, (3.19)
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for t ≥ t0 for which the solution v exists. Now, we use the same argument as in the proof of
Theorem 2 in [9]. Consider the equation

z′ + C(t) +
(
p − 1

)
β
|z|q
R(t) = 0. (3.20)

This is the standard Riccati equation corresponding to the half-linear equation

(
Rp−1(t)Φ(x′)

)′
+ βp−1C(t)Φ(x) = 0. (3.21)

Assumptions of theorem imply, by [8, Corollary 4.2.1], that all proper solutions of (3.20) are
nonnegative. It means that any solution of (3.20) which starts with a negative initial condition
blows down to −∞ in a finite time. Inequality (3.19) implies that if z is the solution of (3.20)
satisfying z(t0) = v(t0) = −v0, that is, z starts with the same initial value as the solution v of
(3.17), then v decreases faster than z. In particular, if z blows down to −∞ at a finite time,
then v does as well. This means that all proper solutions of (3.17), if any, are nonnegative.

In case q ≥ 2, we proceed in a similar way. We use (3.7) and we compare (3.17) with
the equation

z′ +C(t) +
p

2
z2

R(t) = 0, (3.22)

which is the standard Riccati equation corresponding to the linear equation

(R(t)x′)′ + p

2
C(t)x = 0.

(3.23)

Then, reasoning in the same way as in case q < 2, we obtain the conclusion that all proper
solutions of (3.17) are nonnegative also in this case.

4. Two-Parametric Conditional Oscillation

Recall that h is a positive solution of (1.5) such that h′(t)/= 0 for large t, g = rΦ(h′) is
its quasiderivative, R, G are given by (2.6), and ĉ is given by (2.7). Recall also that the
quasiderivative g is a solution of the reciprocal equation (2.12), denote by

G̃ := c1−qgΦ−1(g ′) = −rhΦ(h′), R̃ := c1−qg2∣∣g ′∣∣q−2 =
r2|h′|2p−2

chp−2
(4.1)

the “reciprocal” analogues of G and R, and define

r̂(t) =
1

|h′(t)|pR̃(t)
(∫ t

R̃−1(s)ds
)2 . (4.2)
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10 Abstract and Applied Analysis

Our main result reads as follows.

Theorem 4.1. Suppose that conditions (2.8) hold. Further, suppose that

lim
t→∞

r̂(t)
r(t)

= 0, (4.3)

and that there exist limits

lim
t→∞

r(t)|h′(t)|p
c(t)hp(t)

, lim
t→∞

(
r̂(t)Φ

(
f ′(t)

))′
ĉ(t)Φ

(
f(t)
) , (4.4)

the second one being finite, where f(t) = h(t)(
∫ t
R−1(s)ds)

1/p
. If μ − λ < 1/2q, then (1.9) is

nonoscillatory; if μ − λ > 1/2q, then it is oscillatory.

Proof. First consider the case μ = 0 in (1.9), that is, we consider the equation

[
(r(t) + λr̂(t))Φ

(
x′
)]′ + c(t)Φ(x) = 0. (4.5)

The quantities G̃ and R̃ defined in (4.1) satisfy

G̃ = −rhΦ(h′) = −G ,

R̃ =
r2|h′|2p−2

chp−2 = −h(rΦ(h′))2

(rΦ(h′))′
,

(4.6)

hence, integrating by parts,

∫ t
R̃−1(s)ds = −

∫ t 1
h(s)

[r(s)Φ(h′(s))]′

[r(s)Φ(h′(s))]2
ds

=
1

h(t)r(t)Φ(h′(t))
+
∫ t h′(s)

h2(s)
1

r(s)Φ(h′(s))
ds

=
1

G(t)
+
∫ t
R−1(s)ds.

(4.7)

Consequently, conditions (2.8) imply that corresponding conditions for G̃ and R̃ also hold.
This means, in view of Theorem 2.1 (applied to the reciprocal equation (2.12)), that the
equation

(
c1−q(t)Φ−1(u′))′ +

⎡
⎢⎣r1−q(t) +

λ∣∣g(t)∣∣qR̃(t)(∫ t R̃−1(s)ds
)2

⎤
⎥⎦Φ−1(u) = 0 (4.8)

is oscillatory for λ > 1/2p and nonoscillatory in the opposite case.
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The reciprocal equation to (4.5) is the equation

(
c1−q(t)Φ−1(u′))′ + (r(t) + λr̂(t))1−qΦ−1(u) = 0. (4.9)

Since (4.3) holds, we have

(r + λr̂)1−q = r1−q
(

1 +
λr̂

r

)1−q
= r1−q

(
1 +

(
1 − q)λr̂

r
+ o
(
r̂

r

))
, (4.10)

as t → ∞. Hence, we can rewrite (4.9) in the following form:

(
c1−q(t)Φ−1(u′))′ + r1−q(t)

(
1 +

(
1 − q)λr̂(t)

r(t)
+ o
(
r̂(t)
r(t)

))
Φ−1(u) = 0. (4.11)

Let λ > −1/2q what is equivalent to λ(1 − q) < 1/2p, then, in view of (4.3), there exists λ̃ such
that λ(1 − q) < λ̃ < 1/2p, hence, for large t,

r1−q
(

1 +
λ
(
1 − q)r̂
r

+ o
(
r̂

r

))
< r1−q

(
1 +

λ̃r̂

r

)
= r1−q +

λ̃∣∣g∣∣qR̃(∫ t R̃−1(s)ds
)2 . (4.12)

This means that the equation

(
c1−q(t)Φ−1(u′))′ +

⎡
⎢⎣r1−q(t) +

λ̃∣∣g(t)∣∣qR̃(t)(∫ t R̃−1(s)ds
)2

⎤
⎥⎦Φ−1(u) = 0 (4.13)

is a majorant of (4.9) and this majorant is nonoscillatory by Theorem 2.1 applied to (4.8).
So (4.9) is also nonoscillatory, and hence (4.5) is nonoscillatory as well. The same argument
implies oscillation of (4.5) if λ < −1/2q.

Now, we turn our attention to the general case μ/= 0. Let f := h(
∫ t
R−1(s)ds)1/p, and

consider the term

f
[
�
(
f
)
+ �̂
(
f
)]

(4.14)

appearing in the modified Riccati equation (3.6), where the operators �, �̂ are defined by (3.4).
In order to use the asymptotic formula from Theorem 2.2, we write f[�(f) + �̂(f)] = A + B,
where

A = f
[(
rΦ
(
f ′
))′ +

(
c +

1
2q
ĉ

)
Φ
(
f
)]
,

B = f
[
λ
(
r̂Φ
(
f ′
))′ +

(
μ − 1

2q

)
ĉΦ
(
f
)]
.

(4.15)
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12 Abstract and Applied Analysis

Let L ∈ � be the second limit in (4.4), that is,

(
r̂Φ
(
f ′
))′ = LĉΦ(f)(1 + o(1)) as t −→ ∞. (4.16)

The leading term in the expression A is const G′G−2(
∫ t
R−1(s)ds)−1 by Theorem 2.2, while,

concerning the asymptotics of B,

B = fĉΦ
(
f
)[
Lλ + μ − 1

2q
+ o(1)

]
=

1

R
(∫ t

R−1(s)ds
)
[
Lλ + μ − 1

2q
+ o(1)

]
, (4.17)

as t → ∞. The existence of the first limit in (4.4) implies that there exists the limit

lim
t→∞

G′(t)G−2(t)
R−1(t)

= lim
t→∞

r(t)h2(t)|h′(t)|p−2(r(t)|h′(t)|p − c(t)hp(t))
(r(t)h(t)Φ(h′(t)))2

= 1 − lim
t→∞

c(t)hp(t)
r(t)|h′(t)|p .

(4.18)

The limit in (4.18) must be 0, which follows from the l’Hospital rule and the fact that
the integral of R−1 is divergent, while the integral of G′G−2 is convergent by the second
assumption in (2.8). This means that the term B dominates A; hence, A(t) + B(t) > 0 for
large t if Lλ + μ − 1/2q > 0 and A(t) + B(t) < 0 for large t if Lλ + μ − 1/2q < 0.

Now, it remains to prove that these inequalities imply (non)oscillation of (1.9) and that
L = −1.

To prove the nonoscillation, let Lλ+μ− 1/2q < 0, that is, A(t) +B(t) < 0 for large t, and
let G be defined by (3.5). By Lemma 3.3(i) v = 0 is a solution of the inequality

v′ +A(t) + B(t) +
(
p − 1

)
(r(t) + λr̂(t))1−qf−q(t)G(t, v) ≤ 0, (4.19)

for large t, and by identity (3.3) in Lemma 3.2 we obtain that w = (r + λr̂)Φ(f ′/f) satisfies
the Riccati inequality (3.2), that is, (1.9) is nonoscillatory by Lemma 3.1(iii).

To prove the oscillation, let Lλ+μ−1/2q > 0, that is, A(t)+B(t) > 0 for large t. Observe
that for t → ∞

∫ t
fp(s)ĉ(s)ds =

∫ t 1

R(s)
(∫ t

R−1(τ)dτ
)ds = log

(∫ t
R−1(s)ds

)
−→ ∞, (4.20)

and hence
∫∞

B(t)dt = ∞, which consequently means that
∫∞(A(t) + B(t))dt = ∞. Here, we

have used the fact that the integral of the leading term in A and also integrals of other terms
in the asymptotic formula of Theorem 2.2 are convergent, see [7, page 161]. Suppose, on the
contrary, that (1.9) is nonoscillatory. Then by Lemma 3.1, there exists a solution w of the
associated Riccati equation (3.1) for large t and, by Lemma 3.2, the function v = fp(w −wf),
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where wf = (r + λr̂)Φ(f ′/f), is a solution of the modified Riccati equation (3.6) for large t.
Integrating (3.6), we get

v(T) − v(t) =
∫ t
T

(A(s) + B(s))ds

+
(
p − 1

)∫ t
T

(r(s) + λr̂(s))1−qf−q(s)G(s, v(s))ds.
(4.21)

Now, we use Theorem 3.5. In view of (2.8) and (4.3), we have for t → ∞,

|Ω(t)| = (r(t) + λr̂(t))f(t)
∣∣Φ(f ′(t))∣∣

= r(t)(1 + o(1))h(t)

(∫ t
R−1(s)ds

)1/p∣∣Φ(h′(t))∣∣
(∫ t

R−1(s)ds

)(p−1)/p

×

⎛
⎜⎝1 +

1

pG(t)
(∫ t

R−1(s)ds
)
⎞
⎟⎠

p−1

= |G(t)|
(∫ t

R−1(s)ds

)
(1 + o(1)) −→ ∞,

R(t) = (r(t) + λr̂(t))f2(t)
∣∣f ′(t)∣∣p−2

= r(t)(1 + o(1))h2(t)

(∫ t
R−1(s)ds

)2/p∣∣h′(t)∣∣p−2

(∫ t
R−1(s)ds

)(p−2)/p

×

⎛
⎜⎝1 +

1

pG(t)
(∫ t

R−1(s)ds
)
⎞
⎟⎠

p−2

= R(t)

(∫ t
R−1(s)ds

)
(1 + o(1)),

(4.22)

and hence

∫ t ds
R(s) −→ ∞ as t −→ ∞. (4.23)

Consequently, v(t) ≥ 0 by Theorem 3.5. This means that the left-hand side in (4.21) is
bounded above as t → ∞, while the right-hand side tends to ∞ which yields the required
contradiction proving that (1.9) is oscillatory if Lλ + μ > 1/2q.

Finally, consider again the case μ = 0. In that case, we proved in the first part of the
proof that (1.9) is oscillatory or nonoscillatory depending on whether λ < −1/2q or λ > −1/2q.
This shows that the second limit in (4.4) must be −1.
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Remark 4.2. (i) From the proof of Theorem 4.1, it follows that if the first limit in (4.4) exists,
then conditions (2.8) imply that this limit is 1, and the assumptions of the theorem imply that
if the second limit in (4.4) exists and is finite, then it is −1.

(ii) Theorem 4.1 can be applied to the Euler equation (1.7), and one can obtain the
same result for (1.8) as in [4, Corollary 3]. Indeed, in this case, we have h(t) = t(p−1)/p, r = 1,
c(t) = γpt−p, where γp = ((p − 1)/p)p and by a direct computation

G(t) =
(
p − 1
p

)p−1

, R(t) = R̃(t) =
(
p − 1
p

)p−2

t, (4.24)

hence,

ĉ(t) =

⎡
⎣(t(p−1)/p

)p(p − 1
p

)p−2

t

[(
p

p − 1

)p−2

log t

]2
⎤
⎦
−1

=
(

p

p − 1

)2−p
t−plog−2t,

r̂(t) =

⎡
⎣
(
p − 1
p

t−1/p
)p(p − 1

p

)p−2

t

[(
p

p − 1

)p−2

log t

]2
⎤
⎦
−1

=
(

p

p − 1

)2

log−2t,

(4.25)

which mean that conditions (2.8) and (4.3) are satisfied. Concerning the limits in (4.4), we
have

r
∣∣h′(t)∣∣p =

(
p − 1
p

)p
t−1 = c(t)hp(t), (4.26)

that is, the first limit in (4.4) is 1. Next,

f(t) =
(

p

p − 1

)(p−2)/p

t(p−1)/plog1/pt, (4.27)

and consequently,

ĉ(t)Φ
(
f(t)
)
=
(

p

p − 1

)2−p
t−plog−2t

[(
p

p − 1

)(p−2)/p

t(p−1)/plog1/pt

]p−1

=
(

p

p − 1

)−1+2/p

t−2+1/plog−1−1/pt,

f ′(t) =
(

p

p − 1

)(p−2)/p[p − 1
p

t−1/plog1/pt +
1
p
t−1/plog1/p−1t

]

=
(
p − 1
p

)2/p

t−1/plog1/pt

[
1 +

1
p − 1

log−1t

]
.

(4.28)
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Using this formula,

r̂(t)Φ
(
f ′(t)

)
=
(

p

p − 1

)2/p

t−1+1/plog−1−1/pt

[
1 + log−1t +

p − 2
2

log−2t +O
(

log−2t
)]
, (4.29)

and hence,

(
r̂(t)Φ

(
f ′(t)

))′ =
(

p

p − 1

)2/p[
−p − 1

p
t−2+1/plog−1−1/pt

(
1 +O

(
log−1t

))

− p + 1
p

t−2+1/plog−2−1/pt
(

1 +O
(

log−1t
))

+t−2+1/plog−1−1/ptO
(

log−2t
)]

= −
(

p

p − 1

)2/p−1

t−2+1/plog−1−1/pt
(

1 +O
(

log−1t
))
,

(4.30)

as t → ∞. This means that the second limit in (4.4) is −1. According to Theorem 4.1, we
obtain that the equation

[(
1 + λ

(
p

p − 1

)2 1

log2t

)
Φ
(
x′
)]′

+

[
γp

tp
+ μ
(

p

p − 1

)2−p 1

tplog2t

]
Φ(x) = 0 (4.31)

is nonoscillatory if μ− λ < 1/2q and oscillatory if μ− λ > 1/2q. If we denote λ̃ = λ(p/(p − 1))2

and μ̃ = μ(p/(p − 1))2−p, we see that (1.8) (with λ̃, μ̃ instead of λ, μ, resp.) is nonoscillatory if
μ̃ − γpλ̃ < (1/2)((p − 1)/p)p−1, and it is oscillatory if μ̃ − γpλ̃ > (1/2)((p − 1)/p)p−1, that is, we
have the statement from [4].

(iii) In [3], it is proved that (1.8) is nonoscillatory also in the limiting case μ − γpλ =
μp. We conjecture that we have also the same situation in the general case, that is, (1.9) is
nonoscillatory also in the case μ − λ = 1/2q.
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The purpose of this paper is to investigate the existence and uniqueness of positive solutions for
the following fourth-order boundary value problem: y(4)(t) = f(t, y(t)), t ∈ [0, 1], y(0) = y(1) =
y′(0) = y′(1) = 0. Moreover, under certain assumptions, we will prove that the above boundary
value problem has a unique symmetric positive solution. Finally, we present some examples and
we compare our results with the ones obtained in recent papers. Our analysis relies on a fixed point
theorem in partially ordered metric spaces.

1. Introduction

The purpose of this paper is to consider the existence and uniqueness of positive solutions
for the following fourth-order two-point boundary value problem:

y(4)(t) = f
(
t, y(t)

)
, t ∈ [0, 1],

y(0) = y(1) = y′(0) = y′(1) = 0,
(1.1)

which describes the bending of an elastic beam clamped at both endpoints.
There have been extensive studies on fourth-order boundary value problems with

diverse boundary conditions. Some of the main tools of nonlinear analysis devoted to the
study of this type of problems are, among others, lower and upper solutions [1–4], monotone
iterative technique [5–7], Krasnoselskii fixed point theorem [8], fixed point index [9–11],
Leray-Schauder degree [12, 13], and bifurcation theory [14–16].
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2 Abstract and Applied Analysis

2. Background

In this section, we present some basic facts which are necessary for our results.
In our study, we will use a fixed point theorem in partially ordered metric spaces which

appears in [17].
LetM denote the class of those functions β : [0,∞) → [0, 1) satisfying the condition

β(tn) −→ 1 implies tn → 0. (2.1)

Now, we recall the above mentioned fixed point theorem.

Theorem 2.1 (see 1, Theorem 2.1). Let (X,≤) be a partially ordered set and suppose that there
exists a metric d in X such that (X, d) is a complete metric space. Let T : X → X be a nondecreasing
mapping such that there exists an element x0 ∈ X with x0 ≤ Tx0. Suppose that there exists β ∈ M
such that

d
(
Tx, Ty

) ≤ β(d(x, y)) · d(x, y), for any x, y ∈ X with x ≥ y. (2.2)

Assume that either T is continuous or X is such that

if (xn) is a nondecreasing sequence in X such that xn −→ x, then xn ≤ x for all n ∈ �. (2.3)

Besides, suppose that

for each x, y ∈ X, there exists z ∈ X which is comparable to x and y. (2.4)

Then T has a unique fixed point.

In our considerations, we will work with a subset of the classical Banach space C[0, 1].
This space will be considered with the standard metric

d
(
x, y
)
= sup

0≤t≤1

∣∣x(t) − y(t)∣∣. (2.5)

This space can be equipped with a partial order given by

x, y ∈ C[0, 1], x ≤ y ⇐⇒ x(t) ≤ y(t), for t ∈ [0, 1]. (2.6)

In [18], it is proved that (C[0, 1],≤) with the above mentioned metric satisfies condition (2.3)
of Theorem 2.1. Moreover, for x, y ∈ C[0, 1], as the function max(x, y) ∈ C[0, 1], (C[0, 1],≤)
satisfies condition (2.4).

On the other hand, the boundary value problem (1.1) can be rewritten as the integral
equation (see, e.g., [19])

y(t) =
∫1

0
G(t, s)f(s, u(s))ds, for t ∈ [0, 1], (2.7)
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where G(t, s) is the Green’s function given by

G(t, s) =
1
6

⎧⎨
⎩
t2(1 − s)2[(s − t) + 2(1 − t)s], 0 ≤ t ≤ s ≤ 1,

s2(1 − t)2[(t − s) + 2(1 − s)t], 0 ≤ s ≤ t ≤ 1.
(2.8)

Note that G(t, s) satisfies the following properties:

(i) G(t, s) is a continuous function on [0, 1] × [0, 1],
(ii) G(0, s) = G(1, s) = 0, for s ∈ [0, 1],
(iii) G(t, s) ≥ 0, for t, s ∈ [0, 1].

3. Main Results

Our starting point in this section is to present the class of functions A which we use later. By
A we denote the class of functions φ : [0,∞) → [0,∞) satisfying the following conditions:

(i) φ is nondecreasing,

(ii) for any x > 0, φ(x) < x,

(iii) β(x) = φ(x)/x ∈ M.

Examples of functions inA areφ(x) = μxwith 0 ≤ μ < 1, φ(x) = x/(1+x) and φ(x) = ln(1+x).
In the sequel, we formulate our main result.

Theorem 3.1. Consider problem (1.1) assuming the following hypotheses:

(a) f : [0, 1] × [0,∞) → [0,∞) is continuous,

(b) f(t, y) is nondecreasing with respect to the second variable, for each t ∈ [0, 1],

(c) suppose that there exists 0 < α ≤ 384, such that, for x, y ∈ [0,∞) with y ≥ x,

f
(
t, y
) − f(t, x) ≤ αφ(y − x), with φ ∈ A. (3.1)

Then, problem (1.1) has a unique nonnegative solution.

Proof. Consider the cone

P = {x ∈ C[0, 1] : x ≥ 0}. (3.2)

Obviously, (P, d) with d(x, y) = sup{|x(t) − y(t)| : t ∈ [0, 1]} is a complete metric space
satisfying condition (2.3) and condition (2.4) of Theorem 2.1.
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4 Abstract and Applied Analysis

Consider the operator defined by

(Tx)(t) =
∫1

0
G(t, s)f(s, x(s))ds, for x ∈ P, (3.3)

where G(t, s) is the Green’s function defined in Section 2.
It is clear that T applies the cone P into itself since f(t, x) and G(t, s) are nonnegative

continuous functions.
Now, we check that assumptions in Theorems 2.1 are satisfied.
Firstly, the operator T is nondecreasing.
Indeed, since f is nondecreasing with respect to the second variable, for u, v ∈ P , u ≥ v

and t ∈ [0, 1], we have

(Tu)(t) =
∫1

0
G(t, s)f(s, u(s))ds

≥
∫1

0
G(t, s)f(s, v(s))ds

= (Tv)(t).

(3.4)

On the other hand, a straightforward calculation gives us

∫1

0
G(t, s)ds =

∫ t
0
G(t, s)ds +

∫1

t

G(t, s)ds =
t2

24
− t3

12
+
t4

24
,

max
0≤t≤1

∫1

0
G(t, s)ds = max

0≤t≤1

(
t2

24
− t3

12
+
t4

24

)
=

1
384

.

(3.5)

Taking into account this fact and our hypotheses, for u, v ∈ P and u > v, we can obtain the
following estimate:

d(Tu, Tv) = sup
0≤t≤1

∣∣∣∣∣(Tu)(t) − (Tv)(t)
∣∣∣∣∣

= sup
0≤t≤1

((Tu)(t) − (Tv)(t))

= sup
0≤t≤1

∫1

0
G(t, s)

(
f(s, u(s)) − f(s, v(s)))ds

≤ sup
0≤t≤1

∫1

0
G(t, s)αφ(u(s) − v(s))ds

≤ sup
0≤t≤1

∫1

0
G(t, s)αφ(d(u, v))ds
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= αφ(d(u, v)) sup
0≤t≤1

∫1

0
G(t, s)ds

= αφ(d(u, v)) · 1
384

≤ φ(d(u, v))

=
φ(d(u, v))
d(u, v)

· d(u, v).

(3.6)

This gives us, for u, v ∈ P and u > v,

d(Tu, Tv) ≤ β(d(u, v)) · d(u, v), (3.7)

where β(x) = φ(x)/x ∈ M.
Obviously, the last inequality is satisfied for u = v.
Therefore, the contractive condition appearing in Theorem 2.1 is satisfied for u ≥ v.

Besides, as f and G are nonnegative functions,

T0 =
∫1

0
G(t, s)f(s, 0)ds ≥ 0. (3.8)

Finally, Theorem 2.1 tells us that T has a unique fixed point in P , and this means that problem
(1.1) has a unique nonnegative solution.

This finishes the proof.

Now, we present a sufficient condition for the existence and uniqueness of positive
solutions for our problem (1.1) (positive solution means x(t) > 0, for t ∈ (0, 1)). The proof
of the following theorem is similar to the proof of Theorem 3.6 of [8]. We present a proof for
completeness.

Theorem 3.2. Under assumptions of Theorem 3.1 and suppose that f(t0, 0)/= 0 for certain t0 ∈ [0, 1],
problem (1.1) has a unique positive solution.
Proof. Consider the nonnegative solution x(t) given by Theorem 3.1 of problem (1.1).

Notice that this solution satisfies

x(t) =
∫1

0
G(t, s)f(s, x(s))ds. (3.9)

Now, we will prove that x is a positive solution.
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In contrary case, suppose that there exists 0 < t∗ < 1 such that x(t∗) = 0 and,
consequently,

x(t∗) =
∫1

0
G(t∗, s)f(s, x(s))ds = 0. (3.10)

Since x ≥ 0, f is nondecreasing with respect to the second variable and G(t, s) ≥ 0, we have

0 = x(t∗) =
∫1

0
G(t∗, s)f(s, x(s))ds ≥

∫1

0
G(t∗, s)f(s, 0)ds ≥ 0, (3.11)

and this gives us

∫1

0
G(t∗, s)f(s, 0)ds = 0. (3.12)

This fact and the nonnegative character of G(t, s) and f(t, x) imply

G(t∗, s) · f(s, 0) = 0 a · e (s). (3.13)

As G(t∗, s)/= 0a·e (s), because G(t∗, s) is given by a polynomial, we obtain

f(s, 0) = 0 a · e (s). (3.14)

On the other hand, as f(t0, 0)/= 0 for certain t0 ∈ [0, 1] and f(t0, x) ≥ 0, we have that f(t0, 0) >
0.

The continuity of f gives us the existence of a set A ⊂ [0, 1] with t0 ∈ A and μ(A) > 0,
where μ is the Lebesgue measure, satisfying that f(t, 0) > 0 for any t ∈ A. This contradicts
(3.14).

Therefore, x(t) > 0 for t ∈ (0, 1).
This finishes the proof.

Now, we present an example which illustrates our results.

Example 3.3. Consider the nonlinear fourth-order two-point boundary value problem

y(4)(t) = c + λ arctan
(
y(t)
)
, t ∈ (0, 1), c, λ > 0,

y(0) = y(1) = y′(0) = y′(1) = 0.
(3.15)

In this case, f(t, y) = c + λ arctany. It is easily seen that f(t, y) satisfies (a) and (b) of
Theorem 3.1.
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In order to prove that f(t, y) satisfies (c) of Theorem 3.1, previously, we will prove that
the function φ : [0,∞) → [0,∞), defined by φ(x) = arctanx, satisfies

φ(u) − φ(v) ≤ φ(u − v) for u ≥ v. (3.16)

In fact, put φ(u) = arctanu = α and φ(v) = arctan v = β (notice that, as u ≥ v and φ is
nondecreasing, α ≥ β). Then, from

tan
(
α − β) = tanα − tan β

1 + tanα · tan β
, (3.17)

as α, β ∈ [0, π/2), then tanα, tan β ∈ [0,∞), we obtain

tan
(
α − β) ≤ tanα − tan β. (3.18)

Applying φ to this inequality and taking into account the nondecreasing character of φ, we
have

α − β ≤ arctan
(
tanα − tan β

)
(3.19)

or, equivalently,

φ(u) − φ(v) = arctanu − arctanv ≤ arctan(u − v) = φ(u − v). (3.20)

This proves our claim.
In the sequel, we prove that f(t, y) satisfies assumption (c) of Theorem 3.1.
In fact, for y ≥ x and t ∈ [0, 1], we can obtain

f
(
t, y
) − f(t, x) = λ(arctany − arctanx

)
≤ λ arctan

(
y − x). (3.21)

Now, we will prove that φ(x) = arctanx belongs to A. In fact, obviously φ takes [0,∞) into
itself and, asφ′(x) = 1/(1+x2),φ is nondecreasing. Besides, as the derivative of ψ(x) = x−φ(x)
is ψ ′(x) = 1 − 1/(1 + x2) > 0 for x > 0, ψ is strictly increasing, and, consequently, φ(x) < x for
x > 0 (notice that ψ(0) = 0). Notice that if β(x) = φ(x)/x = arctanx/x and β(tn) → 1, then
(tn) is a bounded sequence because, in contrary case, tn → ∞ and, thus, β(tn) → 0. Suppose
that tn � 0. Then, we can find ε > 0 such that, for each n ∈ �, there exists pn ≥ n with tpn ≥ ε.
The bounded character of (tn) gives us the existence of a subsequence (tkn) of (tpn) with (tkn)
convergent. Suppose that tkn → a. From β(tn) → 1, we obtain arctan tkn/tkn → arctana/a =
1 and, as the unique solution of arctanx = x is x0 = 0, we obtain a = 0. Thus, tkn → 0, and
this contradicts the fact that tkn ≥ ε for any n ∈ �. Therefore, tn → 0. This proves that f(t, y)
satisfies assumption (c) of Theorem 3.1. Finally, as f(t, 0) = c > 0, Problem (3.15) has a unique
positive solution for 0 < λ ≤ 384 by Theorems 3.1 and 3.2.
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8 Abstract and Applied Analysis

Remark 3.4. In Theorem 3.2, the condition f(t0, 0)/= 0 for certain t0 ∈ [0, 1] seems to be a strong
condition in order to obtain a positive solution for Problem (1.1), but when the solution is
unique, we will see that this condition is very adjusted one. More precisely, under assumption
that Problem (1.1) has a unique nonnegative solution x(t), then

f(t, 0) = 0 for t ∈ [0, 1] iff x(t) ≡ 0. (3.22)

In fact, if f(t, 0) = 0 for t ∈ [0, 1], then it is easily seen that the zero function satisfies
Problem (1.1) and the uniqueness of solution gives us x(t) ≡ 0.

The other implication is obvious since if the zero function is solution of Problem (1.1),
then 0 = f(t, 0) for any t ∈ [0, 1].

Remark 3.5. Notice that assumptions in Theorem 3.1 are invariant by continuous perturba-
tions. More precisely, if f(t, 0) = 0 for any t ∈ [0, 1] and f satisfies (a), (b), and (c) of
Theorem 3.1, then g(t, x) = a(t) + f(t, x), with a : [0, 1] → [0,∞) continuous and a/= 0,
satisfies assumptions of Theorem 3.2, and this means that the following boundary value
problem

y(4)(t) = g
(
t, y(t)

)
, t ∈ [0, 1],

y(0) = y(1) = y′(0) = y′(1) = 0,
(3.23)

has a unique positive solution.

4. Some Remarks

In this section, we compare our results with the ones obtained in recent papers. Recently, in
[19], the authors present as main result the following theorem.

Theorem 4.1 (Theorem 3.1 of [19]). Suppose that

(H1) f : [0, 1] × [0,∞) → [0,∞) is continuous,

(H2) f(t, y) is nondecreasing in y, for each t ∈ [0, 1],

(H3) f(t, y) = f(1 − t, y) for each (t, y) ∈ [0, 1] × [0,∞).

Moreover, suppose that there exist positive numbers a > b such that

max
0≤t≤1

f (t, a) ≤ a ·A, min
1/4≤t≤3/4

f

(
t,
b

16

)
≥ b · B, (4.1)

where

A =

(
max
0≤t≤1

∫1

0
G(t, s)ds

)−1

, B =

(
max
0≤t≤1

∫3/4

1/4
G(t, s)ds

)−1

, (4.2)
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with G(t, s) being the Green’s function defined in Section 2.Then, Problem (1.1) has at least one
symmetric positive solution y∗ ∈ C[0, 1] such that b ≤ ‖y∗‖ ≤ a and, moreover, y∗ = limk→∞Tky0

in the uniform norm, where T is the operator defined by

(Tx)(t) =
∫1

0
G(t, s)f(s, x(s))ds, for x ∈ C[0, 1] (4.3)

and y0 is the function given by y0(t) = b · q(t), for t ∈ [0, 1], with q(t) = min(t2, (1 − t)2), for
t ∈ [0, 1] (symmetric solution means a solution y(t) satisfying y(t) = y(1 − t), for t ∈ [0, 1]).

In what follows, we present a parallel result to Theorem 3.2 where we obtain
uniqueness of a symmetric positive solution of Problem (1.1).

Theorem 4.2. Adding assumption (H3) of Theorem 4.1 to the hypotheses of Theorem 3.2, one obtains
a unique symmetric positive solution of Problem (1.1).

Proof. As in the proof of Theorem 3.1, instead of P , we consider the following set K

K =
{
x ∈ C[0, 1] : x ≥ 0 and x is symmetric

}
. (4.4)

It is easily seen that K is a closed subset of C[0, 1]. Thus, (K, d), where d is the induced metric
given by

d
(
x, y
)
= sup

0≤t≤1

∣∣x(t) − y(t)∣∣, for x, y ∈ K, (4.5)

is a complete metric space.
Moreover, K with the induced order by (C[0, 1],≤) satisfies condition (2.3) of

Theorem 2.1, and it is easily proved that the function max(x, y) ∈ K, for x, y ∈ K and,
consequently, (K,≤), satisfies condition (2.4) of Theorem 2.1.

Now, as in Theorem 2.1, we consider the operator defined by

(Tx)(t) =
∫1

0
G(t, s)f(s, x(s))ds, for x ∈ K. (4.6)

In the sequel, we prove that, under our assumptions, T applies K into itself.
In fact, suppose that x is symmetric, then for t ∈ [0, 1], we have

(Tx)(1 − t) =
∫1

0
G(1 − t, s)f(s, x(s))ds. (4.7)
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Making the change of variables s = 1 − u, we obtain

(Tx)(1 − t) = −
∫0

1
G(1 − t, 1 − u)f(1 − u, x(1 − u))du

=
∫1

0
G(1 − t, 1 − u)f(1 − u, x(1 − u))du.

(4.8)

Now, it is easily seen that G(t, s) = G(1 − t, 1 − s) for t, s ∈ [0, 1] and taking into account
assumption (H3) of Theorem 4.1 and the symmetric character of x, we have

(Tx)(1 − t) =
∫1

0
G(t, u)f(u, x(1 − u))du

=
∫1

0
G(t, u)f(u, x(u))du

= (Tx)(t).

(4.9)

The rest of the proof follows the lines of Theorems 3.1 and 3.2.
This finishes the proof.

Now, we present an example which illustrates Theorem 4.2.

Example 4.3. Consider the following problem

y(4)(t) = c + λ sin(πt)arctan
(
y(t)
)
, t ∈ (0, 1), c, λ > 0,

y(0) = y(1) = y′(0) = y′(1) = 0.
(4.10)

In this case, f(t, y) = c + λ sin(πt) arctany. It is easily checked that f(t, y) satisfies (a)
and (b) of Theorem 3.1 and f(t, y) = f(1 − t, y), for (t, y) ∈ [0, 1] × [0,∞).

On the other hand, taking into account Example 3.3, we can obtain, for y ≥ x and
t ∈ [0, 1],

f
(
t, y
) − f(t, x) = λ sinπt

[
arctany − arctanx

]
≤ λ sinπt

[
arctan

(
y − x)]

≤ λ arctan
(
y − x).

(4.11)

Finally, as it is proved in Example 3.3, φ(x) = arctanx belongs to A. Therefore,
Theorem 4.2 tells us that Problem (4.10) has a unique symmetric positive solution for 0 <
λ ≤ 384. In what follows, we prove that Problem (4.10) can be treated using Theorem 4.1. In
fact, in this case, f(t, y) = c+λ sin(πt) arctany. Moreover,A = 384 (see proof of Theorem 3.1);
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it can be proved that B = 531.61. As we have seen in Example 4.3, f(t, y) satisfies assumptions
(H1), (H2), and (H3) of Theorem 4.1. Moreover,

max
0≤t≤1

f(t, a) = f
(

1
2
, a

)
= c + λ arctan a,

min
1/4≤t≤3/4

f

(
t,
b

16

)
= f
(

1
4
,
b

16

)
= c + λ sin

π

4
arctan

(
b

16

)
= c + λ

√
2

2
arctan

(
b

16

)
.

(4.12)

Consider the function ϕ(a) = 384 · a − (c + λ arctana), with 0 < λ ≤ 384 and a ∈ [0,∞).
Obviously, ϕ(0) = −c < 0 and, as lima→∞ϕ(a) = ∞, we can find a0 > 0 such that ϕ(a0) > 0.
This means that

c + λ arctan a0 ≤ 384a0. (4.13)

On the other hand, we consider the function ψ(b) = c+ λ(
√

2/2) arctan(b/16)−531.61 ·b, with
0 < λ ≤ 384 and b ∈ [0,∞).

Then, as ψ(0) = c > 0 and ψ is a continuous function, we can find b0 such that

min
1/4≤t≤3/4

f

(
t,
b0

16

)
= c + λ

√
2

2
arctan

(
b0

16

)
≥ b0 · 531.61. (4.14)

Therefore, Problem (4.10) can be treated using Theorem 4.1, and we obtain the existence of a
symmetric positive solution.

Our main contribution is the uniqueness of the solution.
In what follows, we present the following example which can be treated by

Theorem 4.2 and Theorem 4.1 cannot be used.

Example 4.4. Consider the following problem which is a variant of Example 4.3:

y(4)(t) = c(t) + λ sin(πt)arctan
(
y(t)
)
, t ∈ (0, 1), λ > 0

y(0) = y(1) = y′(0) = y′(1) = 0,
(4.15)

where c(t) is a symmetric positive function satisfying c(1/4) = 0, for example,

c(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1 − 4t, 0 ≤ t ≤ 1
4
,

0,
1
4
≤ t ≤ 3

4

4t − 3,
3
4
≤ t ≤ 1.

(4.16)

In this case, f(t, y) = c(t) + λ sin(πt) arctan(y(t)). Taking into account Example 4.3, it
is easily proved that f(t, y) satisfies assumptions of Theorem 4.2, and, consequently, Problem
(4.15) has a unique symmetric positive solution for 0 < λ ≤ 384.
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Now, we prove that f(t, y) does not satisfy assumptions of Theorem 4.1 and,
consequently, Problem (4.15) cannot be treated using this theorem. In fact, in this case (notice
that c(1/4) = 0),

min
1/4≤t≤3/4

f

(
t,
b

16

)
= f
(

1
4
,
b

16

)
= λ sin

π

4
arctan

(
b

16

)
= λ
√

2
2

arctan
(
b

16

)
, (4.17)

and we cannot find a positive number b0 such that

λ

√
2

2
arctan

(
b0

16

)
≥ b0 · 531.61, for 0 < λ ≤ 384. (4.18)

This proves that Problem (4.15) cannot be treated by Theorem 4.1.
Now, we compare our results with the ones obtained in [14]. In [14], the author studies

positive solutions of the problem

u(iv)(x) = λf(u(x)), x ∈ (0, 1),
u(0) = u(1) = u′(0) = u′(1) = 0,

(4.19)

using theory of bifurcation.
His main result works with functions f(u) satisfying

(i) f(u) > 0, for u ≤ 0,

(ii) limu→∞f(u)/u =∞,

(iii) f ′(0) ≥ 0,

(iv) f ′′(u) > 0, for u > 0,

and the author proves that there exists a critical λ0 such that Problem (4.19) has exactly two,
exactly one, or no symmetric positive solution depending on whether 0 < λ < λ0, λ = λ0 or
λ > λ0.

Our Example 3.3 cannot be treated by the results of [14], because, in this case, f(u) =
c + λ arctanu and f does not satisfy assumptions (ii) and (iv) above mentioned.
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A linear Volterra difference equation of the form x(n + 1) = a(n) + b(n)x(n) +
∑n

i=0 K(n, i)x(i),
where x : �0 → �, a : �0 → �, K : �0 × �0 → � and b : �0 → � \ {0} is ω-periodic, is
considered. Sufficient conditions for the existence of weighted asymptotically periodic solutions of
this equation are obtained. Unlike previous investigations, no restriction on

∏ω−1
j=0 b(j) is assumed.

The results generalize some of the recent results.

1. Introduction

In the paper, we study a linear Volterra difference equation

x(n + 1) = a(n) + b(n)x(n) +
n∑
i=0

K(n, i)x(i), (1.1)

where n ∈ �0 := {0, 1, 2, . . .}, a : �0 → �, K : �0 ×�0 → �, and b : �0 → �\{0} isω-periodic,
ω ∈ � := {1, 2, . . .}. We will also adopt the customary notations

k∑
i=k+s

O(i) = 0,
k∏

i=k+s

O(i) = 1, (1.2)
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2 Abstract and Applied Analysis

where k is an integer, s is a positive integer, and “O′′ denotes the function considered
independently of whether it is defined for the arguments indicated or not.

In [1], the authors considered (1.1) under the assumption

ω−1∏
j=0

b
(
j
)
= 1, (1.3)

and gave sufficient conditions for the existence of asymptoticallyω-periodic solutions of (1.1)
where the notion for an asymptotically ω-periodic function has been given by the following
definition.

Definition 1.1. Let ω be a positive integer. The sequence y : �0 → � is called ω-periodic if
y(n + ω) = y(n) for all n ∈ �0 . The sequence y is called asymptotically ω-periodic if there
exist two sequences u, v : �0 → � such that u is ω-periodic, limn→∞v(n) = 0, and

y(n) = u(n) + v(n) (1.4)

for all n ∈ �0 .

In this paper, in general, we do not assume that (1.3) holds. Then, we are able to derive
sufficient conditions for the existence of a weighted asymptotically ω-periodic solution of
(1.1). We give a definition of a weighted asymptotically ω-periodic function.

Definition 1.2. Let ω be a positive integer. The sequence y : �0 → � is called weighted
asymptoticallyω-periodic if there exist two sequences u, v : �0 → � such that u isω-periodic
and limn→∞v(n) = 0, and, moreover, if there exists a sequence w : �0 → � \ {0} such that

y(n)
w(n)

= u(n) + v(n), (1.5)

for all n ∈ �0 .

Apart from this, when we assume

ω−1∏
k=0

b(k) = −1, (1.6)

then, as a consequence of our main result (Theorem 2.2), the existence of an asymptotically
2ω-periodic solution of (1.1) is obtained.

For the reader’s convenience, we note that the background for discrete Volterra
equations can be found, for example, in the well-known monograph by Agarwal [2], as well
as by Elaydi [3] or Kocić and Ladas [4]. Volterra difference equations were studied by many
others, for example, by Appleby et al. [5], by Elaydi and Murakami [6], by Győri and Horváth
[7], by Győri and Reynolds [8], and by Song and Baker [9]. For some results on periodic
solutions of difference equations, see, for example, [2–4, 10–13] and the related references
therein.
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2. Weighted Asymptotically Periodic Solutions

In this section, sufficient conditions for the existence of weighted asymptotically ω-periodic
solutions of (1.1) will be derived. The following version of Schauder’s fixed point theorem
given in [14] will serve as a tool used in the proof.

Lemma 2.1. Let Ω be a Banach space and S its nonempty, closed, and convex subset and let T be a
continuous mapping such that T(S) is contained in S and the closure T(S) is compact. Then, T has a
fixed point in S.

We set

β(n) :=
n−1∏
j=0

b
(
j
)
, n ∈ �0 , (2.1)

B := β(ω). (2.2)

Moreover, we define

n∗ := n − 1 −ω
⌊
n − 1
ω

⌋
, (2.3)

where �·� is the floor function (the greatest-integer function) and n∗ is the “remainder” of
dividing n − 1 by ω. Obviously, {β(n∗)}, n ∈ � is an ω-periodic sequence.

Now, we derive sufficient conditions for the existence of a weighted asymptotically
ω-periodic solution of (1.1).

Theorem 2.2 (Main result). Let ω be a positive integer, b : �0 → � \ {0} be ω-periodic, a : �0 →
�, andK : �0 × �0 → �. Assume that

∞∑
i=0

∣∣∣∣ a(i)
β(i + 1)

∣∣∣∣ <∞,

∞∑
j=0

j∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣ < 1,

(2.4)

and that at least one of the real numbers in the left-hand sides of inequalities (2.4) is positive.
Then, for any nonzero constant c, there exists a weighted asymptotically ω-periodic solution

x : �0 → � of (1.1) with u, v : �0 → � andw : �0 → � \ {0} in representation (1.5) such that

w(n) = B�(n−1)/ω�, u(n) := cβ(n∗ + 1), lim
n→∞

v(n) = 0, (2.5)

that is,

x(n)
B�(n−1)/ω� = cβ(n

∗ + 1) + v(n), n ∈ �0 . (2.6)
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4 Abstract and Applied Analysis

Proof. We will use a notation

M :=
∞∑
j=0

j∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣, (2.7)

whenever this is useful.

Case 1. First assume c > 0. We will define an auxiliary sequence of positive numbers {α(n)},
n ∈ �0 . We set

α(0) :=

∑∞
i=0

∣∣a(i)/(β(i + 1)
)∣∣ + c∑∞j=0

∑j

i=0

∣∣(K(j, i)β(i))/(β(j + 1
))∣∣

1 −∑∞j=0
∑j

i=0

∣∣(K(j, i)β(i))/(β(j + 1
))∣∣ , (2.8)

where the expression on the right-hand side is well defined due to (2.4). Moreover, we define

α(n) :=
∞∑
i=n

∣∣∣∣ a(i)
β(i + 1)

∣∣∣∣ + (c + α(0))
∞∑
j=n

j∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣, (2.9)

for n ≥ 1. It is easy to see that

lim
n→∞

α(n) = 0. (2.10)

We show, moreover, that

α(n) ≤ α(0), (2.11)

for any n ∈ �. Let us first remark that

α(0) =
∞∑
i=0

∣∣∣∣ a(i)
β(i + 1)

∣∣∣∣ + (c + α(0))
∞∑
j=0

j∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣. (2.12)

Then, due to the convergence of both series (see (2.4)), the inequality

α(0) =
∞∑
i=0

∣∣∣∣ a(i)
β(i + 1)

∣∣∣∣ + (c + α(0))
∞∑
j=0

j∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣

≥
∞∑
i=n

∣∣∣∣ a(i)
β(i + 1)

∣∣∣∣ + (c + α(0))
∞∑
j=n

j∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣ = α(n)

(2.13)

obviously holds for every n ∈ � and (2.11) is proved.
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Let B be the Banach space of all real bounded sequences z : �0 → � equipped with
the usual supremum norm ‖z‖ = supn∈�0

|z(n)| for z ∈ B. We define a subset S ⊂ B as

S := {z ∈ B : c − α(0) ≤ z(n) ≤ c + α(0), n ∈ �0}. (2.14)

It is not difficult to prove that S is a nonempty, bounded, convex, and closed subset of B.
Let us define a mapping T : S → B as follows:

(Tz)(n) = c −
∞∑
i=n

a(i)
β(i + 1)

−
∞∑
j=n

j∑
i=0

K
(
j, i
)
β(i)

β
(
j + 1

) z(i), (2.15)

for any n ∈ �0 .
We will prove that the mapping T has a fixed point in S.
We first show that T(S) ⊂ S. Indeed, if z ∈ S, then |z(n) − c| ≤ α(0) for n ∈ �0 and, by

(2.11) and (2.15), we have

|(Tz)(n) − c| ≤
∞∑
i=n

∣∣∣∣ a(i)
β(i + 1)

∣∣∣∣ + (c + α(0))
∞∑
j=n

j∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣ = α(n) ≤ α(0). (2.16)

Next, we prove that T is continuous. Let z(p) be a sequence in S such that z(p) → z as p → ∞.
Because S is closed, z ∈ S. Now, utilizing (2.15), we get

∣∣∣(Tz(p))(n) − (Tz)(n)
∣∣∣ =

∣∣∣∣∣∣
∞∑
j=n

j∑
i=0

K
(
j, i
)
β(i)

β
(
j + 1

) (
z(p)(i) − z(i)

)∣∣∣∣∣∣

≤M sup
i≥0

∣∣∣z(p)(i) − z(i)∣∣∣ = M∥∥∥z(p) − z∥∥∥, n ∈ �0 .

(2.17)

Therefore,

∥∥∥Tz(p) − Tz∥∥∥ ≤M∥∥∥z(p) − z∥∥∥,

lim
p→∞

∥∥∥Tz(p) − Tz
∥∥∥ = 0.

(2.18)

This means that T is continuous.
Now, we show that T(S) is compact. As is generally known, it is enough to verify that

every ε-open covering of T(S) contains a finite ε-subcover of T(S), that is, finitely many of
these open sets already cover T(S) ([15], page 756 (12)). Thus, to prove that T(S) is compact,
we take an arbitrary ε > 0 and assume that an open ε-cover Cε of T(S) is given. Then, from
(2.10), we conclude that there exists an nε ∈ � such that α(n) < ε/4 for n ≥ nε.
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6 Abstract and Applied Analysis

Suppose that x1
T ∈ T(S) is one of the elements generating the ε-cover Cε of T(S). Then

(as follows from (2.16)), for an arbitrary xT ∈ T(S),
∣∣∣x1

T (n) − xT (n)
∣∣∣ < ε (2.19)

if n ≥ nε. In other words, the ε-neighborhood of x1
T − c∗:

∥∥∥x1
T − c∗

∥∥∥< ε, (2.20)

where c∗ = {c, c, . . .} ∈ S covers the set T(S) on an infinite interval n ≥ nε. It remains to
cover the rest of T(S) on a finite interval for n ∈ {0, 1 . . . , nε − 1} by a finite number of
ε-neighborhoods of elements generating ε-cover Cε. Supposing that x1

T itself is not able to
generate such cover, we fix n ∈ {0, 1, . . . , nε − 1} and split the interval

[c − α(n), c + α(n)] (2.21)

into a finite number h(ε, n) of closed subintervals

I1(n), I2(n), . . . , Ih(ε,n)(n) (2.22)

each with a length not greater then ε/2 such that

h(ε,n)⋃
i=1

Ii(n) = [c − α(n), c + α(n)],

int Ii(n) ∩ int Ij(n) = ∅, i, j = 1, 2, . . . , h(ε, n), i /= j.

(2.23)

Finally, the set

nε−1⋃
n=0

[c − α(n), c + α(n)] (2.24)

equals

nε−1⋃
n=0

h(ε,n)⋃
i=1

Ii(n) (2.25)

and can be divided into a finite number

Mε :=
nε−1∑
n=0

h(ε, n) (2.26)
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of different subintervals (2.22). This means that, at most, Mε of elements generating the cover
Cε are sufficient to generate a finite ε-subcover of T(S) for n ∈ {0, 1, . . . , nε − 1}. We remark
that each of such elements simultaneously plays the same role as x1

T (n) for n ≥ nε. Since ε > 0
can be chosen as arbitrarily small, T(S) is compact.

By Schauder’s fixed point theorem, there exists a z ∈ S such that z(n) = (Tz)(n) for
n ∈ �0 . Thus,

z(n) = c −
∞∑
i=n

a(i)
β(i + 1)

−
∞∑
j=n

j∑
i=0

β(i)
β
(
j + 1

)K(j, i)z(i), (2.27)

for any n ∈ �0 .
Due to (2.10) and (2.16), for fixed point z ∈ S of T , we have

lim
n→∞

|z(n) − c| = lim
n→∞

|(Tz)(n) − c| ≤ lim
n→∞

α(n) = 0, (2.28)

or, equivalently,

lim
n→∞

z(n) = c. (2.29)

Finally, we will show that there exists a connection between the fixed point z ∈ S and the
existence of a solution of (1.1) which divided by B�(n−1)/ω� provides an asymptotically ω-
periodic sequence. Considering (2.27) for z(n + 1) and z(n), we get

Δz(n) =
a(n)

β(n + 1)
+

n∑
i=0

β(i)
β(n + 1)

K(n, i)z(i), (2.30)

where n ∈ �0 . Hence, we have

z(n + 1) − z(n) = a(n)
β(n + 1)

+
1

β(n + 1)

n∑
i=0

β(i)K(n, i)z(i), n ∈ �0 . (2.31)

Putting

z(n) =
x(n)
β(n)

, n ∈ �0 (2.32)

in (2.31), we get (1.1) since

x(n + 1)
β(n + 1)

− x(n)
β(n)

=
a(n)

β(n + 1)
+

1
β(n + 1)

n∑
i=0

K(n, i)x(i), n ∈ �0 (2.33)
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yields

x(n + 1) = a(n) + b(n)x(n) +
n∑
i=0

K(n, i)x(i), n ∈ �0 . (2.34)

Consequently, x defined by (2.32) is a solution of (1.1). From (2.29) and (2.32), we obtain

x(n)
β(n)

= z(n) = c + o(1), (2.35)

for n → ∞ (where o(1) is the Landau order symbol). Hence,

x(n) = β(n)(c + o(1)), n −→ ∞. (2.36)

It is easy to show that the function β defined by (2.1) can be expressed in the form

β(n) =
n−1∏
j=0

b
(
j
)
= B�(n−1)/ω� · β(n∗ + 1), (2.37)

for n ∈ �0 . Then, as follows from (2.36),

x(n) = B�(n−1)/ω� · β(n∗ + 1)(c + o(1)), n −→ ∞, (2.38)

or

x(n)
B�(n−1)/ω� = cβ(n

∗ + 1) + β(n∗ + 1)o(1), n −→ ∞. (2.39)

The proof is completed since the sequence {β(n∗ + 1)} is ω-periodic, hence bounded
and, due to the properties of Landau order symbols, we have

β(n∗ + 1)o(1) = o(1), n −→ ∞, (2.40)

and it is easy to see that the choice

u(n) := cβ(n∗ + 1), w(n) := B�(n−1)/ω�, n ∈ �0 , (2.41)

and an appropriate function v : �0 → � such that

lim
n→∞

v(n) = 0 (2.42)

finishes this part of the proof. Although for n = 0, there is no correspondence between
formula (2.36) and the definitions of functions u and w, we assume that function v makes
up for this.
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Case 2. If c < 0, we can proceed as follows. It is easy to see that arbitrary solution y = y(n) of
the equation

y(n + 1) = −a(n) + b(n)y(n) +
n∑
i=0

K(n, i)y(i) (2.43)

defines a solution x = x(n) of (1.1) since a substitution y(n) = −x(n) in (2.43) turns (2.43) into
(1.1). If the assumptions of Theorem 2.2 hold for (1.1), then, obviously, Theorem 2.2 holds for
(2.43) as well. So, for an arbitrary c > 0, (2.43) has a solution that can be represented by
formula (2.6), that is,

y(n)
B�(n−1)/ω� = cβ(n

∗ + 1) + v(n), n ∈ �0 . (2.44)

Or, in other words, (1.1) has a solution that can be represented by formula (2.44) as

x(n)
B�(n−1)/ω� = c0β(n∗ + 1) + v∗(n), n ∈ �0 , (2.45)

with c0 = −c and v∗(n) = −v(n). In (2.45), c0 < 0 and the function v∗(n) has the same
properties as the function v(n). Therefore, formula (2.6) is valid for an arbitrary negative c
as well.

Now, we give an example which illustrates the case where there exists a solution
to equation of the type (1.1) which is weighted asymptotically periodic, but is not
asymptotically periodic.

Example 2.3. We consider (1.1) with

a(n) = (−1)n+1
(

1 − 1
3n+1

)
,

b(n) = 3(−1)n,

K(n, i) = (−1)n+(i(i−1))/2 1
32i

,

(2.46)

that is, the equation

x(n + 1) = (−1)n+1
(

1 − 1
3n+1

)
+ 3(−1)nx(n) +

n∑
i=0

(−1)n+(i(i−1))/2 1
32i
x(i). (2.47)
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The sequence b(n) is 2-periodic and

β(n) =
n−1∏
j=0

b
(
j
)
= (−1)n(n−1)/23n ,

B = β(ω) = β(2) = −9,

β(n∗ + 1) = −3 + 6(−1)n+1,

a(n)
β(n + 1)

= (−1)(−n
2+n+2)/2

(
1

3n+1
− 1

32(n+1)

)
,

∞∑
i=0

∣∣∣∣ a(i)
β(i + 1)

∣∣∣∣ <∞,

∞∑
j=0

j∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣ <

∞∑
j=0

∞∑
i=0

∣∣∣∣∣
K
(
j, i
)
β(i)

β
(
j + 1

)
∣∣∣∣∣ =

∞∑
j=0

∞∑
i=0

1
3i+j+1

=
1
3

⎛
⎝ ∞∑

j=0

1
3j

⎞
⎠
( ∞∑

i=0

1
3i

)
=

1
3
· 1

1 − 1/3
· 1

1 − 1/3

=
1
3
· 3

2
· 3

2
=

3
4
< 1.

(2.48)

By virtue of Theorem 2.2, for any nonzero constant c, there exists a solution x : �0 → � of
(1.1) which is weighed asymptotically 2-periodic. Let, for example, c = 2/3. Then,

w(n) = (−9)�(n−1)/2�,

u(n) = cβ(n∗ + 1) =
2
3

(
−3 + 6(−1)n+1

)
= −2 + 4(−1)n+1,

(2.49)

and the sequence x(n) given by

x(n)

(−9)�(n−1)/2� = −2 + 4(−1)n+1 + v(n), n ∈ �0 , (2.50)

or, equivalently,

x(n) = (−9)�(n−1)/2�
(
−2 + 4(−1)n+1

)
+ v(n), n ∈ �0 (2.51)

is such a solution. We remark that such solution is not asymptotically 2-periodic in the
meaning of Definition 1.1.

IEEE eXpress Sample eBook, page 781



Abstract and Applied Analysis 11

It is easy to verify that the sequence x∗(n) obtained from (2.51) if v(n) = 0, n ∈ �0 , that
is,

x∗(n) = (−9)�(n−1)/2�
(
−2 + 4(−1)n+1

)
=

2
3
· (−1)n(n−1)/2 · 3n, n ∈ �0 (2.52)

is a true solution of (2.47).

3. Concluding Remarks and Open Problems

It is easy to prove the following corollary.

Corollary 3.1. Let Theorem 2.2 be valid. If, moreover, |B| < 1, then every solution x = x(n) of (1.1)
described by formula (2.6) satisfies

lim
n→∞

x(n) = 0. (3.1)

If |B| > 1, then, for every solution x = x(n) of (1.1) described by formula (2.6), one has

lim inf
n→∞

x(n) = −∞ (3.2)

or/and

lim sup
n→∞

x(n) = ∞. (3.3)

Finally, if B > 1, then, for every solution x = x(n) of (1.1) described by formula (2.6), one has

lim
n→∞

x(n) =∞, (3.4)

and if B < −1, then, for every solution x = x(n) of (1.1) described by formula (2.6), one has

lim
n→∞

x(n) = −∞. (3.5)

Now, let us discuss the case when (1.6) holds, that is, when

B =
ω−1∏
j=0

b
(
j
)
= −1. (3.6)

Corollary 3.2. Let Theorem 2.2 be valid. Assume that B = −1. Then, for any nonzero constant c,
there exists an asymptotically 2ω-periodic solution x = x(n), n ∈ �0 of (1.1) such that

x(n) = (−1)�(n−1)/ω�u(n) + z(n), n ∈ �0 , (3.7)
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12 Abstract and Applied Analysis

with

u(n) := cβ(n∗ + 1), lim
n→∞

z(n) = 0. (3.8)

Proof. Putting B = −1 in Theorem 2.2, we get

x(n) = (−1)�(n−1)/ω�u(n) + (−1)�(n−1)/ω�v(n), (3.9)

with

u(n) := cβ(n∗ + 1), lim
n→∞

v(n) = 0. (3.10)

Due to the definition of n∗, we see that the sequence

{
β(n∗ + 1)

}
=
{
β(ω), β(1), β(2), . . . , β(ω), β(1), β(2), . . . , β(ω), . . .

}
, (3.11)

is an ω-periodic sequence. Since

{⌊
n − 1
ω

⌋}
=

⎧⎨
⎩−1, 0, . . . , 0︸ ︷︷ ︸

ω

, 1, . . . , 1︸ ︷︷ ︸
ω

, 2, . . .

⎫⎬
⎭, (3.12)

for n ∈ �0 , we have

{
(−1)�(n−1)/ω�

}
=

⎧⎨
⎩−1, 1, . . . , 1︸ ︷︷ ︸

ω

,−1, . . . ,−1︸ ︷︷ ︸
ω

, 1, . . .

⎫⎬
⎭. (3.13)

Therefore, the sequence

{
(−1)�(n−1)/ω�u(n)

}
= c

{−β(ω), β(1), β(2), . . . , β(ω),−β(1),−β(2), . . . ,−β(ω), . . .} (3.14)

is a 2ω-periodic sequence. Set

z(n) = (−1)�(n−1)/ω�v(n). (3.15)

Then,

lim
n→∞

z(n) = 0. (3.16)

The proof is completed.
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Remark 3.3. From the proof, we see that Theorem 2.2 remains valid even in the case of c = 0.
Then, there exists an “asymptotically weighted ω-periodic solution” x = x(n) of (1.1) as
well. The formula (2.6) reduces to

x(n) = B�(n−1)/ω�v(n) = o(1), n ∈ �0 , (3.17)

since u(n) = 0. In the light of Definition 1.2, we can treat this case as follows. We set (as a
singular case) u ≡ 0 with an arbitrary (possibly other than “ω′′) period and with v = o(1),
n → ∞.

Remark 3.4. The assumptions of Theorem 2.2 [1] are substantially different from those of the
present Theorem 2.2. However, it is easy to see that Theorem 2.2 [1] is a particular case of the
present Theorem 2.2 if (1.3) holds, that is, if B = 1. Therefore, our results can be viewed as a
generalization of some results in [1].

In connection with the above investigations, some open problems arise.

Open Problem 1. The results of [1] are extended to systems of linear Volterra discrete equations
in [16, 17]. It is an open question if the results presented can be extended to systems of linear
Volterra discrete equations.

Open Problem 2. Unlike the result of Theorem 2.2 [1] where a parameter c can be arbitrary,
the assumptions of the results in [16, 17] are more restrictive since the related parameters
should satisfy certain inequalities as well. Different results on the existence of asymptotically
periodic solutions were recently proved in [8]. Using an example, it is shown that the results
in [8] can be less restrictive. Therefore, an additional open problem arises if the results in
[16, 17] can be improved in such a way that the related parameters can be arbitrary and if the
expected extension of the results suggested in Open Problem 1 can be given in such a way
that the related parameters can be arbitrary as well.
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[10] L. Berg and S. Stević, “Periodicity of some classes of holomorphic difference equations,” Journal of
Difference Equations and Applications, vol. 12, no. 8, pp. 827–835, 2006.
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We develop the Weyl-Titchmarsh theory for time scale symplectic systems. We introduce the
M(λ)-function, study its properties, construct the corresponding Weyl disk and Weyl circle, and
establish their geometric structure including the formulas for their center and matrix radii. Similar
properties are then derived for the limiting Weyl disk. We discuss the notions of the system being
in the limit point or limit circle case and prove several characterizations of the system in the
limit point case and one condition for the limit circle case. We also define the Green function
for the associated nonhomogeneous system and use its properties for deriving further results
for the original system in the limit point or limit circle case. Our work directly generalizes the
corresponding discrete time theory obtained recently by S. Clark and P. Zemánek (2010). It also
unifies the results in many other papers on the Weyl-Titchmarsh theory for linear Hamiltonian
differential, difference, and dynamic systems when the spectral parameter appears in the second
equation. Some of our results are new even in the case of the second-order Sturm-Liouville
equations on time scales.

1. Introduction

In this paper we develop systematically the Weyl-Titchmarsh theory for time scale symplectic
systems. Such systems unify and extend the classical linear Hamiltonian differential systems
and discrete symplectic and Hamiltonian systems, including the Sturm-Liouville differential
and difference equations of arbitrary even order. As the research in the Weyl-Titchmarsh
theory has been very active in the last years, we contribute to this development by presenting
a theory which directly generalizes and unifies the results in several recent papers, such as
[1–4] and partly in [5–14].
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2 Abstract and Applied Analysis

Historically, the theory nowadays called by Weyl and Titchmarsh started in [15] by the
investigation of the second-order linear differential equation

(
r(t)z′(t)

)
+ q(t)z(t) = λz(t), t ∈ [0,∞), (1.1)

where r, q : [0,∞) → � are continuous, r(t) > 0, and λ ∈ � , is a spectral parameter. By using
a geometrical approach it was showed that (1.1) can be divided into two classes called the
limit circle and limit point meaning that either all solutions of (1.1) are square integrable for
all λ ∈ � \ � or there is a unique (up to a multiplicative constant) square-integrable solution
of (1.1) on [0,∞). Analytic methods for the investigation of (1.1) have been introduced in
a series of papers starting with [16]; see also [17]. We refer to [18–20] for an overview of
the original contributions to the Weyl-Titchmarsh theory for (1.1); see also [21]. Extensions
of the Weyl-Titchmarsh theory to more general equations, namely, to the linear Hamiltonian
differential systems

z′(t) = [λA(t) + B(t)]z(t), t ∈ [0,∞), (1.2)

was initiated in [22] and developed further in [6, 8, 10, 11, 23–38].
According to [19], the first paper dealing with the parallel discrete time Weyl theory

for second-order difference equations appears to be the work mentioned in [39]. Since then a
long time elapsed until the theory of difference equations attracted more attention. The Weyl-
Titchmarsh theory for the second-order Sturm-Liouville difference equations was developed
in [22, 40, 41]; see also the references in [19]. For higher-order Sturm-Liouville difference
equations and linear Hamiltonian difference systems, such as

Δxk = Akxk+1 +
(
Bk + λW

[2]
k

)
uk, Δuk =

(
Ck − λW [1]

k

)
xk+1 −A∗kuk, k ∈ [0,∞)

�
, (1.3)

where Ak, Bk, Ck, W [1]
k , W [2]

k are complex n × n matrices such that Bk and Ck are Hermitian

and W
[1]
k

and W
[2]
k

are Hermitian and nonnegative definite, the Weyl-Titchmarsh theory was
studied in [9, 14, 42]. Recently, the results for linear Hamiltonian difference systems were
generalized in [1, 2] to discrete symplectic systems

xk+1 = Akxk + Bkuk, uk+1 = Ckxk +Dkuk + λWkxk+1, k ∈ [0,∞)
�
, (1.4)

where Ak, Bk, Ck, Dk, Wk are complex n × n matrices such that Wk is Hermitian and
nonnegative definite and the 2n × 2n transition matrix in (1.4) is symplectic, that is,

Sk :=

(Ak Bk
Ck Dk

)
, S∗kJSk = J, J :=

(
0 I

−I 0

)
. (1.5)

In the unifying theory for differential and difference equations—the theory of time
scales—the classification of second-order Sturm-Liouville dynamic equations

yΔΔ(t) + q(t)yσ(t) = λyσ(t), t ∈ [a,∞)�, (1.6)
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to be of the limit point or limit circle type is given in [4, 43]. These two papers seem to
be the only ones on time scales which are devoted to the Weyl-Titchmarsh theory for the
second order dynamic equations. Another way of generalizing the Weyl-Titchmarsh theory
for continuous and discrete Hamiltonian systems was presented in [3, 5]. In these references
the authors consider the linear Hamiltonian system

xΔ(t) = A(t)xσ(t) + [B(t) + λW2(t)]u(t),

uΔ(t) = [C(t) − λW1(t)]xσ(t) −A∗(t)u(t), t ∈ [a,∞)
�
,

(1.7)

on the so-called Sturmian or general time scales, respectively. Here fΔ(t) is the time scale
Δ-derivative and fσ(t) := f(σ(t)), where σ(t) is the forward jump at t; see the time scale
notation in Section 2.

In the present paper we develop the Weyl-Titchmarsh theory for more general linear
dynamic systems, namely, the time scale symplectic systems

xΔ(t) = A(t)x(t) + B(t)u(t),

uΔ(t) = C(t)x(t) +D(t)u(t) − λW(t)xσ(t), t ∈ [a,∞)
�
,

(Sλ)

where A, B, C, D, W are complex n × n matrix functions on [a,∞)
�

, W(t) is Hermitian and
nonnegative definite, λ ∈ � , and the 2n × 2n coefficient matrix in system (Sλ) satisfies

S(t) :=

(A(t) B(t)
C(t) D(t)

)
, S∗(t)J +JS(t) + μ(t)S∗(t)JS(t) = 0, t ∈ [a,∞)

�
, (1.8)

where μ(t) := σ(t)− t is the graininess of the time scale. The spectral parameter λ is only in the
second equation of system (Sλ). This system was introduced in [44], and it naturally unifies
the previously mentioned continuous, discrete, and time scale linear Hamiltonian systems
(having the spectral parameter in the second equation only) and discrete symplectic systems
into one framework. Our main results are the properties of the M(λ) function, the geometric
description of the Weyl disks, and characterizations of the limit point and limit circle cases for
the time scale symplectic system (Sλ). In addition, we give a formula for the L2

W solutions of
a nonhomogeneous time scale symplectic system in terms of its Green function. These results
generalize and unify in particular all the results in [1–4] and some results from [5–14]. The
theory of time scale symplectic systems or Hamiltonian systems is a topic with active research
in recent years; see, for example, [44–51]. This paper can be regarded not only as a completion
of these papers by establishing the Weyl-Titchmarsh theory for time scale symplectic systems
but also as a comparison of the corresponding continuous and discrete time results. The
references to particular statements in the literature are displayed throughout the text. Many
results of this paper are new even for (1.6), being a special case of system (Sλ). An overview
of these new results for (1.6) will be presented in our subsequent work.

This paper is organized as follows. In the next section we recall some basic notions
from the theory of time scales and linear algebra. In Section 3 we present fundamental
properties of time scale symplectic systems with complex coefficients, including the
important Lagrange identity (Theorem 3.5) and other formulas involving their solutions.
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In Section 4 we define the time scale M(λ)-function for system (Sλ) and establish its basic
properties in the case of the regular spectral problem. In Section 5 we introduce the Weyl
disks and circles for system (Sλ) and describe their geometric structure in terms of contractive
matrices in � n×n . The properties of the limiting Weyl disk and Weyl circle are then studied in
Section 6, where we also prove that system (Sλ) has at least n linearly independent solutions
in the space L2

W (see Theorem 6.7). In Section 7 we define the system (Sλ) to be in the limit
point and limit circle case and prove several characterizations of these properties. In the final
section we consider the system (Sλ) with a nonhomogeneous term. We construct its Green
function, discuss its properties, and characterize the L2

W solutions of this nonhomogeneous
system in terms of the Green function (Theorem 8.5). A certain uniqueness result is also
proven for the limit point case.

2. Time Scales

Following [52, 53], a time scale � is any nonempty and closed subset of � . A bounded time
scale can be therefore identified as [a, b]

�
:= [a, b] ∩ � which we call the time scale interval,

where a := min� and b := max�. Similarly, a time scale which is unbounded above has
the form [a,∞)� := [a,∞) ∩ �. The forward and backward jump operators on a time scale
are denoted by σ(t) and ρ(t) and the graininess function by μ(t) := σ(t) − t. If not otherwise
stated, all functions in this paper are considered to be complex valued. A function f on [a, b]

�

is called piecewise rd-continuous; we write f ∈ Cprd on [a, b]
�

if the right-hand limit f(t+) exists
finite at all right-dense points t ∈ [a, b)

�
, and the left-hand limit f(t−) exists finite at all left-

dense points t ∈ (a, b]� and f is continuous in the topology of the given time scale at all
but possibly finitely many right-dense points t ∈ [a, b)

�
. A function f on [a,∞)

�
is piecewise

rd-continuous; we write f ∈ Cprd on [a,∞)
�

if f ∈ Cprd on [a, b]
�

for every b ∈ (a,∞)
�

. An
n × n matrix-valued function f is called regressive on a given time scale interval if I + μ(t)f(t)
is invertible for all t in this interval.

The time scale Δ-derivative of a function f at a point t is denoted by fΔ(t); see [52,
Definition 1.10]. Whenever fΔ(t) exists, the formula fσ(t) = f(t) + μ(t)fΔ(t) holds true. The
product rule for the Δ-differentiation of the product of two functions has the form

(
fg
)Δ(t) = fΔ(t)g(t) + fσ(t)gΔ(t) = fΔ(t)gσ(t) + f(t)gΔ(t). (2.1)

A function f on [a, b]
�

is called piecewise rd-continuously Δ-differentiable; we write f ∈ C1
prd

on [a, b]
�

; if it is continuous on [a, b]
�

, then fΔ(t) exists at all except for possibly finitely
many points t ∈ [a, ρ(b)]

�
, and fΔ ∈ Cprd on [a, ρ(b)]

�
. As a consequence we have that the

finitely many points ti at which fΔ(ti) does not exist belong to (a, b)� and these points ti are
necessarily right-dense and left-dense at the same time. Also, since at those points we know
that fΔ(t+i ) and fΔ(t−i ) exist finite, we replace the quantity fΔ(ti) by fΔ(t±i ) in any formula
involving fΔ(t) for all t ∈ [a, ρ(b)]

�
. Similarly as above we define f ∈ C1

prd on [a,∞)
�

. The

time scale integral of a piecewise rd-continuous function f over [a, b]
�

is denoted by
∫b
a
f(t)Δt

and over [a,∞)
�

by
∫∞
a f(t)Δt provided this integral is convergent in the usual sense; see [52,

Definitions 1.71 and 1.82].
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Remark 2.1. As it is known in [52, Theorem 5.8] and discussed in [54, Remark 3.8], for a fixed
t0 ∈ [a, b]

�
and a piecewise rd-continuous n × n matrix function A(·) on [a, b]

�
which is

regressive on [a, t0)�, the initial value problem yΔ(t) = A(t)y(t) for t ∈ [a, ρ(b)]
�

with y(t0) =
y0 has a unique solution y(·) ∈ C1

prd on [a, b]� for any y0 ∈ � n . Similarly, this result holds on
[a,∞)

�
.

Let us recall some matrix notations from linear algebra used in this paper. Given
a complex square matrix M, by M∗, M > 0, M ≥ 0, M < 0, M ≤ 0, rankM, KerM,
defM, we denote, respectively, the conjugate transpose, positive definiteness, positive
semidefiniteness, negative definiteness, negative semidefiniteness, rank, kernel, and the
defect (i.e., the dimension of the kernel) of the matrix M. Moreover, we will use the notation
Im(M) := (M −M∗)/(2i) and Re(M) := (M + M∗)/2 for the Hermitian components of
the matrix M; see [55, pages 268-269] or [56, Fact 3.5.24]. This notation will be also used
with λ ∈ � , and in this case Im(λ) and Re(λ) represent the imaginary and real parts of
λ.

Remark 2.2. If the matrix Im(M) is positive or negative definite, then the matrix M is
necessarily invertible. The proof of this fact can be found, for example, in [2, Remark 2.6].

In order to simplify the notation we abbreviate [fσ(t)]∗ and [f∗(t)]σ by fσ∗(t).
Similarly, instead of [fΔ(t)]∗ and [f∗(t)]Δ we will use fΔ∗(t).

3. Time Scale Symplectic Systems

LetA(·), B(·), C(·),D(·),W(·) be n×n piecewise rd-continuous functions on [a,∞)
�

such that
W(t) ≥ 0 for all t ∈ [a,∞)

�
; that is, W(t) is Hermitian and nonnegative definite, satisfying

identity (1.8). In this paper we consider the linear system (Sλ) introduced in the previous
section. This system can be written as

zΔ(t, λ) = S(t)z(t, λ) + λJW̃(t)zσ(t, λ), t ∈ [a,∞)
�
, (Sλ)

where the 2n × 2n matrix W̃(t) is defined and has the property

W̃(t) :=

(W(t) 0

0 0

)
, JW̃(t) =

(
0 0

−W(t) 0

)
. (3.1)

The system (Sλ) can be written in the equivalent form

zΔ(t, λ) = S(t, λ)z(t, λ), t ∈ [a,∞)�, (3.2)
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where the matrix S(t, λ) is defined through the matrices S(t) and W̃(t) from (1.8) and (3.1)
by

S(t, λ) := S(t) + λJW̃(t)
[
I + μ(t)S(t)]

=

( A(t) B(t)
C(t) − λW(t)

[
I + μ(t)A(t)

] D(t) − λμ(t)W(t)B(t)

)
.

(3.3)

By using the identity in (1.8), a direct calculation shows that the matrix function S(·, ·)
satisfies

S∗(t, λ)J +JS
(
t, λ
)
+ μ(t)S∗(t, λ)JS

(
t, λ
)
= 0, t ∈ [a,∞)

�
, λ ∈ � . (3.4)

Here S∗(t, λ) = [S(t, λ)]∗, and λ is the usual conjugate number to λ.

Remark 3.1. The name time scale symplectic system or Hamiltonian system has been reserved in
the literature for the system of the form

zΔ(t) = �(t)z(t), t ∈ [a,∞)�, (3.5)

in which the matrix function �(·) satisfies the identity in (1.8); see [44–47, 57], and compare
also, for example, with [58–61]. Since for a fixed λ, ν ∈ � the matrix S(t, λ) from (3.3) satisfies

S∗(t, λ)J + JS(t, ν) + μ(t)S∗(t, λ)JS(t, ν) =
(
λ − ν

)[
I + μ(t)S∗(t)]W̃(t)

[
I + μ(t)S(t)],

(3.6)

it follows that the system (Sλ) is a true time scale symplectic system according to the above
terminology only for λ ∈ � , while strictly speaking (Sλ) is not a time scale symplectic system
for λ ∈ � \ � . However, since (Sλ) is a perturbation of the time scale symplectic system (S0)
and since the important properties of time scale symplectic systems needed in the presented
Weyl-Titchmarsh theory, such as (3.4) or (3.8), are satisfied in an appropriate modification,
we accept with the above understanding the same terminology for the system (Sλ) for any
λ ∈ � .

Equation (3.4) represents a fundamental identity for the theory of time scale
symplectic systems (Sλ). Some important properties of the matrixS(t, λ) are displayed below.
Note that formula (3.7) is a generalization of [46, equation (10.4)] to complex values of λ.

Lemma 3.2. Identity (3.4) is equivalent to the identity

S
(
t, λ
)
J + JS∗(t, λ) + μ(t)S

(
t, λ
)
JS∗(t, λ) = 0, t ∈ [a,∞)

�
, λ ∈ � . (3.7)
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In this case for any λ ∈ � we have

[
I + μ(t)S∗(t, λ)]J[I + μ(t)S(t, λ)] = J, t ∈ [a,∞)

�
, (3.8)

[
I + μ(t)S

(
t, λ
)]
J[I + μ(t)S∗(t, λ)] = J, t ∈ [a,∞)

�
, (3.9)

and the matrices I + μ(t)S(t, λ) and I + μ(t)S(t, λ) are invertible with

[
I + μ(t)S(t, λ)]−1 = −J

[
I + μ(t)S∗

(
t, λ
)]
J, t ∈ [a,∞)

�
. (3.10)

Proof. Let t ∈ [a,∞)
�

and λ ∈ � be fixed. If t is right-dense, that is, μ(t) = 0, then identity
(3.4) reduces to S∗(t, λ)J + JS(t, λ) = 0. Upon multiplying this equation by J from the left
and right side, we get identity (3.7) with μ(t) = 0. If t is right scattered, that is, μ(t) > 0,
then (3.4) is equivalent to (3.8). It follows that the determinants of I + μ(t)S(t, λ) and I +
μ(t)S(t, λ) are nonzero proving that these matrices are invertible with the inverse given by
(3.10). Upon multiplying (3.8) by the invertible matrices [I + μ(t)S(t, λ)]J from the left and

−[I + μ(t)S(t, λ)]−1J from the right and by using J2 = −I, we get formula (3.9), which is
equivalent to (3.7) due to μ(t) > 0.

Remark 3.3. Equation (3.10) allows writing the system (Sλ) in the equivalent adjoint form

zΔ(t, λ) = JS∗
(
t, λ
)
Jzσ(t, λ), t ∈ [a,∞)

�
. (3.11)

System (3.11) can be found, for example, in [47, Remark 3.1(iii)] or [50, equation (3.2)] in the
connection with optimality conditions for variational problems over time scales.

In the following result we show that (3.4) guarantees, among other properties, the
existence and uniqueness of solutions of the initial value problems associated with (Sλ).

Theorem 3.4 (existence and uniqueness theorem). Let λ ∈ � , t0 ∈ [a,∞)�, and z0 ∈ � 2n be
given. Then the initial value problem (Sλ) with z(t0) = z0 has a unique solution z(·, λ) ∈ C1

prd on the
interval [a,∞)

�
.

Proof. The coefficient matrix of system (Sλ), or equivalently of system (3.2), is piecewise rd-
continuous on [a,∞)

�
. By Lemma 3.2, the matrix I+μ(t)S(t, λ) is invertible for all t ∈ [a,∞)

�
,

which proves that the function S(·, λ) is regressive on [a,∞)
�

. Hence, the result follows from
Remark 2.1.

If not specified otherwise, we use a common agreement that 2n-vector solutions of
system (Sλ) and 2n × n-matrix solutions of system (Sλ) are denoted by small letters and
capital letters, respectively, typically by z(·, λ) or z̃(·, λ) and Z(·, λ) or Z̃(·, λ).

Next we establish several identities involving solutions of system (Sλ) or solutions of
two such systems with different spectral parameters. The first result is the Lagrange identity
known in the special cases of continuous time linear Hamiltonian systems in [11, Theo-
rem 4.1] or [8, equation (2.23)], discrete linear Hamiltonian systems in [9, equation (2.55)]
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8 Abstract and Applied Analysis

or [14, Lemma 2.2], discrete symplectic systems in [1, Lemma 2.6] or [2, Lemma 2.3], and
time scale linear Hamiltonian systems in [3, Lemma 3.5] and [5, Theorem 2.2].

Theorem 3.5 (Lagrange identity). Let λ, ν ∈ � andm ∈ � be given. If z(·, λ) and z(·, ν) are 2n×m
solutions of systems (Sλ) and (Sν), respectively, then

[z∗(t, λ)Jz(t, ν)]Δ =
(
λ − ν

)
zσ∗(t, λ)W̃(t)zσ(t, ν), t ∈ [a,∞)�. (3.12)

Proof. Formula (3.12) follows from the time scales product rule (2.1) by using the relation
zσ(t, λ) = [I + μ(t)S(t, λ)]z(t, λ) and identity (3.6).

As consequences of Theorem 3.5, we obtain the following.

Corollary 3.6. Let λ, ν ∈ � andm ∈ � be given. If z(·, λ) and z(·, ν) are 2n×m solutions of systems
(Sλ) and (Sν), respectively, then for all t ∈ [a,∞)

�
we have

z∗(t, λ)Jz(t, ν) = z∗(a, λ)Jz(a, ν) +
(
λ − ν

)∫ t
a

zσ∗(s, λ)W̃(s)zσ(s, ν)Δs. (3.13)

One can easily see that if z(·, λ) is a solution of system (Sλ), then z(·, λ) is a solution of
system (Sλ). Therefore, Theorem 3.5 with ν = λ yields a Wronskian-type property of solutions
of system (Sλ).

Corollary 3.7. Let λ ∈ � andm ∈ � be given. For any 2n ×m solution z(·, λ) of systems (Sλ)

z∗(t, λ)Jz
(
t, λ
)
≡ z∗(a, λ)Jz

(
a, λ
)
, is constant on [a,∞)

�
. (3.14)

The following result gives another interesting property of solutions of system (Sλ) and
(Sλ).

Lemma 3.8. Let λ ∈ � and m ∈ � be given. For any 2n ×m solutions z(·, λ) and z̃(·, λ) of system
(Sλ), the 2n × 2n matrix function K(·, λ) defined by

K(t, λ) := z(t, λ)z̃∗
(
t, λ
)
− z̃(t, λ)z∗

(
t, λ
)
, t ∈ [a,∞)

�
, (3.15)

satisfies the dynamic equation

KΔ(t, λ) = S(t, λ)K(t, λ) +
[
I + μ(t)S(t, λ)]K(t, λ)S∗

(
t, λ
)
, t ∈ [a,∞)

�
, (3.16)

and the identities K∗(t, λ) = −K(t, λ) and

Kσ(t, λ) =
[
I + μ(t)S(t, λ)]K(t, λ)

[
I + μ(t)S∗

(
t, λ
)]
, t ∈ [a,∞)

�
. (3.17)
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Proof. Having that z(·, λ) and z̃(·, λ) are solutions of system (Sλ), it follows that z(·, λ) and
z̃(·, λ) are solutions of system (Sλ). The results then follow by direct calculations.

Remark 3.9. The content of Lemma 3.8 appears to be new both in the continuous and discrete
time cases. Moreover, when the matrix function K(·, λ) ≡ K(λ) is constant, identity (3.17)
yields for any right-scattered t ∈ [a,∞)

�
that

S(t, λ)K(λ) +K(λ)S∗
(
t, λ
)
+ μ(t)S(t, λ)K(λ)S∗

(
t, λ
)
= 0. (3.18)

It is interesting to note that this formula is very much like (3.7). More precisely, identity (3.7)
is a consequence of (3.18) for the case of K(λ) ≡ J.

Next we present properties of certain fundamental matrices Ψ(·, λ) of system (Sλ),
which are generalizations of the corresponding results in [46, Section 10.2] to complex λ.
Some of these results can be proven under the weaker condition that the initial value of
Ψ(a, λ) does depend on λ and satisfies Ψ∗(a, λ)JΨ(a, λ) = J. However, these more general
results will not be needed in this paper.

Lemma 3.10. Let λ ∈ � be fixed. If Ψ(·, λ) is a fundamental matrix of system (Sλ) such thatΨ(a, λ)
is symplectic and independent of λ, then for any t ∈ [a,∞)

�
we have

Ψ∗(t, λ)JΨ
(
t, λ
)
= J, Ψ−1(t, λ) = −JΨ∗

(
t, λ
)
J, Ψ(t, λ)JΨ∗

(
t, λ
)
= J. (3.19)

Proof. Identity (3.19)(i) is a consequence of Corollary 3.7, in which we use the fact that Ψ(a, λ)
is symplectic and independent of λ. The second identity in (3.19) follows from the first one,
while the third identity is obtained from the equation Ψ(t, λ)Ψ−1(t, λ) = I.

Remark 3.11. If the fundamental matrix Ψ(·, λ) = (Z(·, λ) Z̃(·, λ)) in Lemma 3.10 is partitioned
into two 2n × n blocks, then (3.19)(i) and (3.19)(iii) have, respectively, the form

Z∗(t, λ)JZ
(
t, λ
)
= 0, Z∗(t, λ)JZ̃

(
t, λ
)
= I, Z̃∗(t, λ)JZ̃

(
t, λ
)
= 0, (3.20)

Z(t, λ)Z̃∗
(
t, λ
)
− Z̃(t, λ)Z∗

(
t, λ
)
= J. (3.21)

Observe that the matrix on the left-hand side of (3.21) represents a constant matrix K(t, λ)
from Lemma 3.8 and Remark 3.9.

Corollary 3.12. Under the conditions of Lemma 3.10, for any t ∈ [a,∞)
�
, we have

Ψσ(t, λ)JΨ∗
(
t, λ
)
=
[
I + μ(t)S(t, λ)]J, (3.22)

which in the notation of Remark 3.11 has the form

Zσ(t, λ)Z̃∗
(
t, λ
)
− Z̃σ(t, λ)Z∗

(
t, λ
)
=
[
I + μ(t)S(t, λ)]J. (3.23)

IEEE eXpress Sample eBook, page 794



10 Abstract and Applied Analysis

Proof. Identity (3.22) follows from the equation Ψσ(t, λ) = [I +μ(t)S(t, λ)]Ψ(t, λ) by applying
formula (3.19)(ii).

4. M(λ)-Function for Regular Spectral Problem

In this section we consider the regular spectral problem on the time scale interval [a, b]�with
some fixed b ∈ (a,∞)

�
. We will specify the corresponding boundary conditions in terms of

complex n × 2n matrices from the set

Γ :=
{
α ∈ � n×2n , αα∗ = I, αJα∗ = 0

}
. (4.1)

The two defining conditions for α ∈ � n×2n in (4.1) imply that the 2n × 2n matrix (α∗ − Jα∗)
is unitary and symplectic. This yields the identity

(
α∗ −Jα∗)

(
α

αJ

)
= I ∈ � 2n×2n , that is, α∗α − Jα∗αJ = I. (4.2)

The last equation also implies, compare with [60, Remark 2.1.2], that

Kerα = ImJα∗. (4.3)

Let α, β ∈ Γ be fixed and consider the boundary value problem

(Sλ), αz(a, λ) = 0, βz(b, λ) = 0. (4.4)

Our first result shows that the boundary conditions in (4.4) are equivalent with the boundary
conditions phrased in terms of the images of the 2n × 2n matrices

Ra :=
(Jα∗ 0

)
, Rb :=

(
0 −Jβ∗), (4.5)

which satisfy R∗aJRa = 0, R∗bJRb = 0, and rank(R∗a R∗b) = 2n.

Lemma 4.1. Let α, β ∈ Γ and λ ∈ � be fixed. A solution z(·, λ) of system (Sλ) satisfies the boundary
conditions in (4.4) if and only if there exists a unique vector ξ ∈ � 2n such that

z(a, λ) = Raξ, z(b, λ) = Rbξ. (4.6)

Proof. Assume that (4.4) holds. Identity (4.3) implies the existence of vectors ξa, ξb ∈ � n such
that z(a, λ) = −Jα∗ξa and z(b, λ) = −Jβ∗ξb. It follows that z(·, λ) satisfies (4.6) with ξ :=
(−ξ∗a ξ∗

b
)∗. It remains to prove that ξ is unique such a vector. If z(·, λ) satisfies (4.6) and also

z(a, λ) = Raζ and z(b, λ) = Rbζ for some ξ, ζ ∈ � 2n , then Ra(ξ−ζ) = 0 and Rb(ξ−ζ) = 0. Hence,
Jα∗(I 0)(ξ−ζ) = 0 and −Jβ∗(0 I)(ξ−ζ) = 0. If we multiply the latter two equalities by αJ and
βJ, respectively, and use αα∗ = I = ββ∗, then we obtain (I 0)(ξ − ζ) = 0 and (0 I)(ξ − ζ) = 0.
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This yields ξ − ζ = 0, which shows that the vector ξ in (4.6) is unique. The opposite direction,
that is, that (4.6) implies (4.4), is trivial.

Following the standard terminology, see, for example, [62, 63], a number λ ∈ � is
an eigenvalue of (4.4) if this boundary value problem has a solution z(·, λ)/≡ 0. In this case
the function z(·, λ) is called the eigenfunction corresponding to the eigenvalue λ, and the
dimension of the space of all eigenfunctions corresponding to λ (together with the zero
function) is called the geometric multiplicity of λ.

Given α ∈ Γ, we will utilize from now on the fundamental matrix Ψ(·, λ, α) of system
(Sλ) satisfying the initial condition from (4.4), that is,

ΨΔ(t, λ, α) = S(t, λ)Ψ(t, λ, α), t ∈ [a, ρ(b)]
�
, Ψ(a, λ, α) =

(
α∗ −Jα∗). (4.7)

Then Ψ(a, λ, α) does not depend on λ, and it is symplectic and unitary with the inverse
Ψ−1(a, λ, α) = Ψ∗(a, λ, α). Hence, the properties of fundamental matrices derived earlier in
Lemma 3.10, Remark 3.11, and Corollary 3.12 apply for the matrix function Ψ(·, λ, α).

The following assumption will be imposed in this section when studying the regular
spectral problem.

Hypothesis 4.2. For every λ ∈ � , we have

∫b
a

Ψσ∗(t, λ, α)W̃(t)Ψσ(t, λ, α)Δt > 0. (4.8)

Condition (4.8) can be written in the equivalent form as

∫b
a

zσ∗(t, λ)W̃(t)zσ(t, λ)Δt > 0, (4.9)

for every nontrivial solution z(·, λ) of system (Sλ). Assumptions (4.8) and (4.9) are equivalent
by a simple argument using the uniqueness of solutions of system (Sλ). The latter form
(4.9) has been widely used in the literature, such as in the continuous time case in [8,
Hypothesis 2.2], [30, equation (1.3)], [26, equation (2.3)], in the discrete time case in [9,
Condition (2.16)], [14, equation (1.7)], [1, Assumption 2.2], [2, Hypothesis 2.4], and in the
time scale Hamiltonian case in [3, Assumption 3] and [5, Condition (3.9)].

Following Remark 3.11, we partition the fundamental matrix Ψ(·, λ, α) as

Ψ(·, λ, α) =
(
Z(·, λ, α) Z̃(·, λ, α)

)
, (4.10)

where Z(·, λ, α) and Z̃(·, λ, α) are the 2n× n solutions of system (Sλ) satisfying Z(a, λ, α) = α∗

and Z̃(a, λ, α) = −Jα∗. With the notation

Λ
(
λ, α, β

)
:= Ψ(b, λ, α)Ψ∗(a, λ, α)Ra − Rb =

(
−Z̃(b, λ, α) Jβ∗

)
, (4.11)
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12 Abstract and Applied Analysis

we have the classical characterization of the eigenvalues of (4.4); see, for example, the
continuous time in [64, Chapter 4], the discrete time in [14, Theorem 2.3, Lemma 2.4], [2,
Lemma 2.9, Theorem 2.11], and the time scale case in [62, Lemma 3], [63, Corollary 1].

Proposition 4.3. For α, β ∈ Γ and λ ∈ � , we have with notation (4.11) the following.

(i) The number λ is an eigenvalue of (4.4) if and only if detΛ(λ, α, β) = 0.

(ii) The algebraic multiplicity of the eigenvalue λ, that is, the number defΛ(λ, α, β), is equal to
the geometric multiplicity of λ.

(iii) Under Hypothesis 4.2, the eigenvalues of (4.4) are real, and the eigenfunctions
corresponding to different eigenvalues are orthogonal with respect to the semi-inner product

〈z(·, λ), z(·, ν)〉W,b :=
∫b
a

zσ∗(t, λ)W̃(t)zσ(t, ν)Δt. (4.12)

Proof. The arguments are here standard, and we refer to [44, Section 5], [63, Corollary 1],
[3, Theorem 3.6].

The next algebraic characterization of the eigenvalues of (4.4) is more appropriate for
the development of the Weyl-Titchmarsh theory for (4.4), since it uses the matrix βZ̃(b, λ, α)
which has dimension n instead of using the matrix Λ(λ, α, β) which has dimension 2n. Results
of this type can be found in special cases of system (Sλ) in [8, Lemma 2.5], [11, Theorem 4.1],
[9, Lemma 2.8], [14, Lemma 3.1], [1, Lemma 2.5], [3, Theorem 3.4], and [2, Lemma 3.1].

Lemma 4.4. Let α, β ∈ Γ and λ ∈ � be fixed. Then λ is an eigenvalue of (4.4) if and only
if detβZ̃(b, λ, α) = 0. In this case the algebraic and geometric multiplicities of λ are equal to
def βZ̃(b, λ, α).

Proof. One can follow the same arguments as in the proof of the corresponding discrete
symplectic case in [2, Lemma 3.1]. However, having the result of Proposition 4.3, we can
proceed directly by the methods of linear algebra. In this proof we abbreviate Λ := Λ(λ, α, β)
and Z̃ := Z̃(b, λ, α). Assume that Λ is singular, that is, −Z̃c + Jβ∗d = 0 for some vectors
c, d ∈ � n , not both zero. Then Z̃c = Jβ∗d, which yields that βZ̃c = 0. If c = 0, then Jβ∗d = 0,
which implies upon the multiplication by βJ from the left that d = 0. Since not both c and d

can be zero, it follows that c /= 0 and the matrix βZ̃ is singular. Conversely, if βZ̃c = 0 for some
nonzero vector c ∈ � n , then −Z̃c+Jβ∗d = 0; that is, Λ is singular, with the vector d := −βJZ̃c.
Indeed, by using identity (4.2) we have Jβ∗d = −Jβ∗βJZ̃c = (I − β∗β)Z̃c = Z̃c. From the
above we can also see that the number of linearly independent vectors in Ker βZ̃ is the same
as the number of linearly independent vectors in KerΛ. Therefore, by Proposition 4.3(ii), the
algebraic and geometric multiplicities of λ as an eigenvalue of (4.4) are equal to def βZ̃.

Since the eigenvalues of (4.4) are real, it follows that the matrix βZ̃(b, λ, α) is invertible
for every λ ∈ � except for at most n real numbers. This motivates the definition of the M(λ)-
function for the regular spectral problem.

IEEE eXpress Sample eBook, page 797



Abstract and Applied Analysis 13

Definition 4.5 (M(λ)-function). Let α, β ∈ Γ. Whenever the matrix βZ̃(b, λ, α) is invertible for
some value λ ∈ � , we define the Weyl-TitchmarshM(λ)-function as the n × n matrix

M(λ) =M(λ, b) = M
(
λ, b, α, β

)
:= −
[
βZ̃(b, λ, α)

]−1
βZ(b, λ, α). (4.13)

The above definition of the M(λ)-function is a generalization of the corresponding
definitions for the continuous and discrete linear Hamiltonian and symplectic systems in
[8, Definition 2.6], [9, Definition 2.9], [14, equation (3.10)], [1, page 2859], [2, Definition 3.2]
and time scale linear Hamiltonian systems in [3, equation (4.1)]. The dependence of the
M(λ)-function on b, α, and β will be suppressed in the notation, and M(λ, b) or M(λ, b, α, β)
will be used only in few situations when we emphasize the dependence on b (such as at
the end of Section 5) or on α and β (as in Lemma 4.14). By [65, Corollary 4.5], see also [44,
Remark 2.2], the M(·)-function is an entire function in λ. Another important property of the
M(λ)-function is established in the following.

Lemma 4.6. Let α, β ∈ Γ and λ ∈ � \ � . Then

M∗(λ) =M
(
λ
)
. (4.14)

Proof. We abbreviateZ(λ) := Z(b, λ, α) and Z̃(λ) := Z̃(b, λ, α). By using the definition of M(λ)
in (4.13) and identity (3.21), we have

M∗(λ) −M
(
λ
)
=
[
βZ̃
(
λ
)]−1

β
[
Z
(
λ
)
Z̃∗(λ) − Z̃

(
λ
)
Z∗(λ)

]
β∗
[
βZ̃(λ)

]∗−1

(3.21)
=
[
βZ̃
(
λ
)]−1

βJβ∗
[
βZ̃(λ)

]∗−1
= 0,

(4.15)

because β ∈ Γ. Hence, equality (4.14) holds true.

The following solution plays an important role in particular in the results concerning
the square integrable solutions of system (Sλ).

Definition 4.7 (Weyl solution). For any matrix M ∈ � n×n , we define the so-called Weyl solution
of system (Sλ) by

X(·, λ, α,M) := Ψ(·, λ, α)(I M∗)∗ = Z(·, λ, α) + Z̃(·, λ, α)M, (4.16)

where Z(·, λ, α) and Z̃(·, λ, α) are defined in (4.10).

The functionX(·, λ, α,M), being a linear combination of two solutions of system (Sλ),
is also a solution of this system. Moreover, αX(a, λ, α,M) = I, and, if βZ̃(b, λ, α) is invertible,
then βX̃(b, λ, α,M) = βZ̃(b, λ, α)[M − M(λ)]. Consequently, if we take M := M(λ) in
Definition 4.7, then βX(b, λ, α,M(λ)) = 0; that is, the Weyl solution X(·, λ, α,M(λ)) satisfies
the right endpoint boundary condition in (4.4).
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14 Abstract and Applied Analysis

Following the corresponding notions in [8, equation (2.18)], [9, equation (2.51)], [14,
page 471], [1, page 2859], [2, equation (3.13)], [3, equation (4.2)], we define the Hermitian
n × n matrix function E(M) for system (Sλ).

Definition 4.8. For a fixed α ∈ Γ and λ ∈ � \ � , we define the matrix function

E : � n×n −→ �
n×n , E(M) = E(M,b) := iδ(λ)X∗(b, λ, α,M)JX(b, λ, α,M), (4.17)

where δ(λ) := sgn Im(λ).

For brevity we suppress the dependence of the function E(·) on b and λ. In few cases we
will need E(M) depending on b (as in Theorem 5.1 and Definition 6.2) and in such situations
we will use the notation E(M,b). Since (iJ)∗ = iJ, it follows that E(M) is a Hermitian matrix
for any M ∈ � n×n . Moreover, from Corollary 3.6, we obtain the identity

E(M) = −2δ(λ) Im(M) + 2|Im(λ)|
∫b
a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt, (4.18)

where we used the fact that

X∗(a, λ, α,M)JX(a, λ, α,M)
(4.7)
= M −M∗ = 2i Im(M). (4.19)

Next we define the Weyl disk and Weyl circle for the regular spectral problem. The
geometric characterizations of the Weyl disk and Weyl circle in terms of the contractive
or unitary matrices which justify the terminology “disk” or “circle” will be presented in
Section 5.

Definition 4.9 (Weyl disk and Weyl circle). For a fixed α ∈ Γ and λ ∈ � \ � , the set

D(λ) = D(λ, b) :=
{
M ∈ � n×n , E(M) ≤ 0

}
, (4.20)

is called the Weyl disk, and the set

C(λ) = C(λ, b) := ∂D(λ) =
{
M ∈ � n×n , E(M) = 0

}
, (4.21)

is called the Weyl circle.

The dependence of the Weyl disk and Weyl circle on b will be again suppressed. In
the following result we show that the Weyl circle consists of precisely those matrices M(λ)
with β ∈ Γ. This result generalizes the corresponding statements in [8, Lemma 2.8], [9,
Lemma 2.13], [14, Lemma 3.3], [1, Theorem 3.1], [2, Theorem 3.6], and [3, Theorem 4.2].

Theorem 4.10. Let α ∈ Γ, λ ∈ � \� , andM ∈ � n×n . The matrixM belongs to the Weyl circle C(λ)
if and only if there exists β ∈ Γ such that βX(b, λ, α,M) = 0. In this case and under Hypothesis 4.2,
we have with such a matrix β thatM = M(λ) as defined in (4.13).
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Proof. Assume that M ∈ C(λ), that is, E(M) = 0. Then, with the vector

β := X∗(b)J =
(
I M∗)Ψ∗(b, λ, α)J ∈ � n×2n , (4.22)

whereX(b) denotesX(b, λ, α,M), we have

βX(b) = X∗(b)JX(b) =
[

1
(iδ(λ))

]
E(M) = 0. (4.23)

Moreover, rankβ = n, because the matrices Ψ(b, λ, α) and J are invertible and rank(I M∗) =
n. In addition, the identity J∗ = J−1 yields

βJβ∗ = X∗(b)JX(b)
(4.23)
= 0. (4.24)

Now, if the condition ββ∗ = I is not satisfied, then we replace β by β̃ := (ββ∗)−1/2β (note that
ββ∗ > 0, so that (ββ∗)−1/2 is well defined), and in this case

β̃X(b) =
(
ββ∗
)−1/2

βX(b)
(4.23)
= 0,

β̃Jβ̃∗ = (ββ∗)−1/2
βJβ∗(ββ∗)−1/2 (4.24)

= 0,

β̃β̃∗ =
(
ββ∗
)−1/2

ββ∗
(
ββ∗
)−1/2 = I.

(4.25)

Conversely, suppose that for a given M ∈ � n×n there exists β ∈ Γ such that βX(b) = 0. Then
from (4.3) it follows thatX(b) = Jβ∗P for the matrix P := −βJX(b) ∈ � n×n . Hence,

E(M) = iδ(λ)P ∗βJ∗JJβ∗P = iδ(λ)P ∗βJβ∗P = 0, (4.26)

that is, M ∈ C(λ). Finally, since λ ∈ � \ � , then by Proposition 4.3(iii) the number λ is not an
eigenvalue of (4.4), which by Lemma 4.4 shows that the matrix βZ̃(b, λ, α) is invertible. The
definition of the Weyl solution in (4.16) then yields

βZ(b, λ, α) + βZ̃(b, λ, α)M = βX(b, λ, α,M) = 0, (4.27)

which implies that M = −[βZ̃(b, λ, α)]−1
βZ(b, λ, α) = M(λ).

Remark 4.11. The matrix P := −βJX(b, λ, α,M) ∈ � n×n from the proof of Theorem 4.10 is
invertible. This fact was not needed in that proof. However, we show that P is invertible
because this argument will be used in the proof of Lemma 4.14. First we prove that
KerP = KerX(b, λ, α,M). For if Pd = 0 for some d ∈ �

n , then from identity (4.2)
we get X(b, λ, α,M)d = (I − β∗β)X(b, λ, α,M)d = Jβ∗Pd = 0. Therefore, KerP ⊆
KerX(b, λ, α,M). The opposite inclusion follows by the definition of P . And since, by (4.16),
rankX(b, λ, α,M) = rank(I M∗)∗ = n, it follows that KerX(b, λ, α,M) = {0}. Hence,
KerP = {0} as well; that is, the matrix P is invertible.

IEEE eXpress Sample eBook, page 800



16 Abstract and Applied Analysis

The next result contains a characterization of the matricesM ∈ � n×n which lie “inside”
the Weyl diskD(λ). In the previous result (Theorem 4.10) we have characterized the elements
of the boundary of the Weyl disk D(λ), that is, the elements of the Weyl circle C(λ), in terms
of the matrices β ∈ Γ. For such β we have βJβ∗ = 0, which yields iδ(λ)βJβ∗ = 0. Comparing
with that statement we now utilize the matrices β ∈ � n×2n which satisfy iδ(λ)βJβ∗ > 0. In the
special cases of the continuous and discrete time, this result can be found in [8, Lemma 2.13],
[9, Lemma 2.18], and [2, Theorem 3.13].

Theorem 4.12. Let α ∈ Γ, λ ∈ � \ � , andM ∈ � n×n . The matrixM satisfies E(M) < 0 if and only
if there exists β ∈ � n×2n such that iδ(λ)βJβ∗ > 0 and βX(b, λ, α,M) = 0. In this case and under
Hypothesis 4.2, we have with such a matrix β that M = M(λ) as defined in (4.13) and β may be
chosen so that ββ∗ = I.

Proof. For M ∈ � n×n consider on [a, b]
�

the Weyl solution

X(·) := X(·, λ, α,M) =

(X1(·)
X2(·)

)
, with n × n blocks X1(·) and X2(·). (4.28)

Suppose first that E(M) < 0. Then the matrices Xj(b), j ∈ {1, 2}, are invertible. Indeed, if
one of them is singular, then there exists a nonzero vector v ∈ � n such that X1(b)v = 0 or
X2(b)v = 0. Then

v∗E(M)v = iδ(λ)v∗X∗(b)JX(b)v = iδ(λ)v∗
[X∗1(b)X2(b) − X∗2(b)X1(b)

]
v = 0, (4.29)

which contradicts E(M) < 0. Now we set β1 := I, β2 := −X1(b)X−1
2 (b), and β := (β1 β2). Then

for this 2n × n matrix β we have βX(b) = 0 and, by a similar calculation as in (4.29),

E(M) = iδ(λ)X∗(b)JX(b) = iδ(λ)X∗2(b)
(
β2β

∗
1 − β1β

∗
2

)X2(b)

= 2δ(λ)X∗2(b) Im
(
β1β

∗
2
)X2(b) = −iδ(λ)X∗2(b)βJβ∗X2(b),

(4.30)

where we used the equality βJβ∗ = 2i Im(β1β
∗
2). Since E(M) < 0 and X2(b) is invertible, it

follows that iδ(λ)βJβ∗ > 0. Conversely, assume that for a given matrix M ∈ � n×n there is
β = (β1 β2) ∈ �

n×2n satisfying iδ(λ)βJβ∗ > 0 and βX(b) = 0. Condition iδ(λ)βJβ∗ > 0 is
equivalent to Im(β1β

∗
2) < 0 when Im(λ) > 0 and to Im(β1β

∗
2) > 0 when Im(λ) < 0. The positive

or negative definiteness of Im(β1β
∗
2) implies the invertibility of β1 and β2; see Remark 2.2.

Therefore, from the equality β1X1(b) + β2X2(b) = βX(b) = 0, we obtainX1(b) = −β−1
1 β2X2(b),

and so

E(M) = iδ(λ)
[X∗1(b)X2(b) − X∗2(b)X1(b)

]

= iδ(λ)X∗2(b)β−1
1

(
β2β

∗
1 − β1β

∗
2

)
β∗−1

1 X2(b)

= −iδ(λ)X∗2(b)β−1
1 βJβ∗β∗−1

1 X2(b).

(4.31)
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The matrix X2(b) is invertible, because if X2(b)d = 0 for some nonzero vector d ∈ � n ,
then X1(b)d = −β−1

1 β2X2(b)d = 0, showing that rankX(b) < n. This however contradicts
rankX(b) = n which we have from the definition of the Weyl solution X(·) in (4.16).
Consequently, (4.31) yields through iδ(λ)βJβ∗ > 0 that E(M) < 0.

If the matrix β does not satisfy ββ∗ = I, then we modify it according to the
procedure described in the proof of Theorem 4.10. Finally, since λ ∈ � \ � , we get from
Proposition 4.3(iii) and Lemma 4.4 that the matrix βZ̃(b, λ, α) is invertible which in turn

implies through the calculation in (4.27) that M = −[βZ̃(b, λ, α)]−1
βZ(b, λ, α) = M(λ).

In the following lemma we derive some additional properties of the Weyl disk and
the M(λ)-function. Special cases of this statement can be found in [8, Lemma 2.9], [33,
Theorem 3.1], [9, Lemma 2.14], [14, Lemma 3.2(ii)], [1, Theorem 3.7], [2, Lemma 3.7], and
[3, Theorem 4.13].

Theorem 4.13. Let α ∈ Γ and λ ∈ � \ � . For any matrixM ∈ D(λ) we have

δ(λ) Im(M) ≥ |Im(λ)|
∫b
a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt ≥ 0. (4.32)

In addition, under Hypothesis 4.2, we have δ(λ) Im(M) > 0.

Proof. By identity (4.18), for any matrix M ∈ D(λ), we have

2δ(λ) Im(M) = −E(M) + 2|Im(λ)|
∫b
a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt

≥ 2|Im(λ)|
∫b
a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt,

(4.33)

which yields together with W̃(t) ≥ 0 on [a, ρ(b)]
�

the inequalities in (4.32). The last assertion
in Theorem 4.13 is a simple consequence of Hypothesis 4.2.

In the last part of this section we wish to study the effect of changing α, which is one
of the parameters of the M(λ)-function and the Weyl solution X(·, λ, α,M), when α varies
within the set Γ. For this purpose we will use the M(λ)-function with all its arguments in the
following two statements.

Lemma 4.14. Let α, β, γ ∈ Γ and λ ∈ � \ � . Then

M
(
λ, b, α, β

)
=
[
αJγ ∗ + αγ ∗M(λ, b, γ, β)][αγ ∗ − αJγ ∗M(λ, b, γ, β)]−1

. (4.34)

Proof. Let M(b, λ, α, β) and M(b, λ, γ, β) be given via (4.13), and consider the Weyl solutions
Xα(·) := X(·, λ, α,M(b, λ, α, β)) and Xγ(·) := X(·, λ, γ,M(b, λ, γ, β)) defined by (4.16) with
M = M(b, λ, α, β) and M = M(b, λ, γ, β), respectively. First we prove that the two Weyl
solutionsXα(·) andXγ(·) differ by a constant nonsingular multiple. By definition, βXα(b) = 0
and βXγ (b) = 0, which implies through (4.3) that Xα(b) = Jβ∗Pα and Xγ(b) = Jβ∗Pγ
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18 Abstract and Applied Analysis

for some matrices Pα, Pγ ∈ � n×n , which are invertible by Remark 4.11. This implies that
Xα(b)P−1

α = Jβ∗ = Xγ(b)P−1
γ . Consequently, Xα(b) = Xγ(b)P , where P := P−1

γ Pα. By the
uniqueness of solutions of system (Sλ), see Theorem 3.4, we obtain that Xα(·) = Xγ (·)P on
[a, b]

�
. Upon the evaluation at t = a we get

Ψ(a, λ, α)

(
I

M
(
λ, b, α, β

)
)

= Ψ
(
a, λ, γ

)( I

M
(
λ, b, γ, β

)
)
P. (4.35)

Since the matrices Ψ(a, λ, α) = (α∗ − Jα∗) and Ψ(a, λ, γ) = (γ ∗ − Jγ ∗) are unitary, it follows
from (4.35) that

(
I

M
(
λ, b, α, β

)
)

=

(
α

αJ

)(
γ ∗ −Jγ ∗)

(
I

M
(
λ, b, γ, β

)
)
P

=

(
αγ ∗ − αJγ ∗M(λ, b, γ, β)
αJγ ∗ + αγ ∗M(λ, b, γ, β)

)
P.

(4.36)

The first row above yields that P = [αγ∗ − αJγ ∗M(λ, b, γ, β)]−1, while the second row is then
written as identity (4.34).

Corollary 4.15. Let α, β, γ ∈ Γ and λ ∈ � \ � . With notation (4.16) and (4.13) we have

X(·, λ, α,M(λ, b, α, β)) = X(·, λ, γ,M(λ, b, γ, β))[αγ ∗ − αJγ ∗M(λ, b, γ, β)]−1
. (4.37)

Proof. The above identity follows from (4.35) and the formula for the matrix P from the end
of the proof of Lemma 4.14.

5. Geometric Properties of Weyl Disks

In this section we study the geometric properties of the Weyl disks as the point b

moves through the interval [a,∞)
�

. Our first result shows that the Weyl disks D(λ, b) are
nested. This statement generalizes the results in [11, Theorem 4.5], [66, Section 3.2.1], [9,
equation (2.70)], [14, Theorem 3.1], [3, Theorem 4.4], and [5, Theorem 3.3(i)].

Theorem 5.1 (nesting property of Weyl disks). Let α ∈ Γ and λ ∈ � \ � . Then

D(λ, b2) ⊆ D(λ, b1), for every b1, b2 ∈ [a,∞)
�
, b1 < b2. (5.1)
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Proof. Let b1, b2 ∈ [a,∞)
�

with b1 < b2, and take M ∈ D(λ, b2), that is, E(M,b2) ≤ 0. From
identity (4.18) with b = b1 and later with b = b2 and by using W̃(·) ≥ 0, we have

E(M,b1)
(4.18)
= −2δ(λ) Im(M) + 2|Im(λ)|

∫b1

a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt

≤ −2δ(λ) Im(M) + 2|Im(λ)|
∫b2

a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt

(4.18)
= E(M,b2) ≤ 0.

(5.2)

Therefore, by Definition 4.9, the matrix M belongs to D(λ, b1), which shows the result.

Similarly for the regular case (Hypothesis 4.2) we now introduce the following
assumption.

Hypothesis 5.2. There exists b0 ∈ (a,∞)
�

such that Hypothesis 4.2 is satisfied with b = b0; that
is, inequality (4.8) holds with b = b0 for every λ ∈ � .

From Hypothesis 5.2 it follows by W̃(·) ≥ 0 that inequality (4.8) holds for every b ∈
[b0,∞)

�
.

For the study of the geometric properties of Weyl disks we will use the following
representation:

E(M,b) = iδ(λ)X∗(b, λ, α,M)JX(b, λ, α,M) =
(
I M∗)

(F(b, λ, α) G∗(b, λ, α)
G(b, λ, α) H(b, λ, α)

)(
I

M

)
,

(5.3)

of the matrix E(M,b), where we define on [a,∞)
�

the n × n matrices

F(·, λ, α) := iδ(λ)Z∗(·, λ, α)JZ(·, λ, α),

G(·, λ, α) := iδ(λ)Z̃∗(·, λ, α)JZ(·, λ, α),

H(·, λ, α) := iδ(λ)Z̃∗(·, λ, α)JZ̃(·, λ, α).

(5.4)

Since E(M,b) is Hermitian, it follows that F(·, λ, α) and H(·, λ, α) are also Hermitian.
Moreover, by (4.7), we have H(a, λ, α) = 0. In addition, if b ∈ [b0,∞)

�
, then Corollary 3.7

and Hypothesis 5.2 yield for any λ ∈ � \ �

H(b, λ, α) = 2|Im(λ)|
∫b
a

Z̃σ∗(t, λ, α)W̃(t)Z̃σ(t, λ, α)Δt > 0. (5.5)

Therefore, H(b, λ, α) is invertible (positive definite) for all b ∈ [b0,∞)
�

and monotone
nondecreasing as b → ∞, with a consequence thatH−1(b, λ, α) is monotone nonincreasing as
b → ∞. The following factorization of E(M,b) holds true; see also [2, equation (4.11)].
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Lemma 5.3. Let α ∈ Γ and λ ∈ � \ � . With the notation (5.4), for anyM ∈ � n×n and b ∈ [a,∞)
�

we have

E(M,b) = F(b, λ, α) − G∗(b, λ, α)H−1(b, λ, α)G(b, λ, α)

+
[
G∗(b, λ, α)H−1(b, λ, α) +M∗

]
H(b, λ, α)

[
H−1(b, λ, α)G(b, λ, α) +M

]
,

(5.6)

whenever the matrixH(b, λ, α) is invertible.

Proof. The result is shown by a direct calculation.

The following identity is a generalization of its corresponding versions in [11,
Lemma 4.3], [1, Lemma 3.3], [14, Proposition 3.2], [2, Lemma 4.2], [3, Lemma 4.6], and
[5, Theorem 5.6].

Lemma 5.4. Let α ∈ Γ and λ ∈ � \ � . With the notation (5.4), for any b ∈ [a,∞)
�
, we have

G∗(b, λ, α)H−1(b, λ, α)G(b, λ, α) − F(b, λ, α) =H−1
(
b, λ, α

)
, (5.7)

whenever the matricesH(b, λ, α) andH(b, λ, α) are invertible.

Proof. In order to simplify and abbreviate the notation we introduce the matrices

F := F(b, λ, α), G := G(b, λ, α), H :=H(b, λ, α),

F̃ := F
(
b, λ, α

)
, G̃ := G

(
b, λ, α

)
, H̃ :=H

(
b, λ, α

)
,

(5.8)

and use the notation Z(λ) and Z̃(λ) for Z(b, λ, α) and Z̃(b, λ, α), respectively. Then, since
F∗ = F and δ(λ)δ(λ) = −1, we get the identities

G∗F̃ − F∗G̃ = Z∗(λ)J
[
Z̃(λ)Z∗

(
λ
)
− Z(λ)Z̃∗

(
λ
)]
JZ
(
λ
) (3.21)

= Z∗(λ)JZ
(
λ
) (3.20)

= 0, (5.9)

HG̃∗ − GH∗ = Z̃∗(λ)J
[
Z̃(λ)Z∗

(
λ
)
− Z(λ)Z̃∗

(
λ
)]
JZ̃
(
λ
) (3.21)

= Z̃∗(λ)JZ̃
(
λ
) (3.20)

= 0, (5.10)

GG̃ −HF̃ = Z̃∗(λ)J
[
Z(λ)Z̃∗

(
λ
)
− Z̃(λ)Z∗

(
λ
)]
JZ
(
λ
) (3.21)

= −Z̃∗(λ)JZ
(
λ
) (3.20)

= I, (5.11)

G∗G̃∗ − FH̃ = Z∗(λ)J
[
Z̃(λ)Z∗

(
λ
)
− Z(λ)Z̃∗

(
λ
)]
JZ̃
(
λ
) (3.21)

= Z∗(λ)JZ̃
(
λ
) (3.20)

= I. (5.12)

Hence, by using that H̃ is Hermitian, we see that

H̃−1 (5.12)
= G∗G̃∗H̃−1 − F = G∗G̃∗H̃∗−1 − F (5.10)

= G∗H−1G − F. (5.13)

Identity (5.7) is now proven.
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Corollary 5.5. Let α ∈ Γ and λ ∈ � \ � . Under Hypothesis 5.2, the matrixH(b, λ, α) is invertible
for every b ∈ [b0,∞)

�
, and for these values of b we have

G∗(b, λ, α)H−1(b, λ, α)G(b, λ, α) − F(b, λ, α) > 0. (5.14)

Proof. Since b ∈ [b0,∞)
�

, then identity (5.5) yields that H(b, λ, α) > 0 and H(b, λ, α) > 0.
Consequently, inequality (5.14) follows from (5.7) of Lemma 5.4.

In the next result we justify the terminology for the sets D(λ, b) and C(λ, b) in
Definition 4.9 to be called a “disk” and a “circle.” It is a generalization of [14, Theorem 3.1],
[2, Theorem 5.4], [5, Theorem 3.3(iii)]; see also [66, Theorem 3.5], [26, pages 70-71], [8,
page 3485], [14, Proposition 3.3], [1, Theorem 3.3], [3, Theorem 4.8]. Consider the sets V and
U of contractive and unitary matrices in � n×n , respectively, that is,

V :=
{
V ∈ � n×n , V ∗V ≤ I}, U := ∂V =

{
U ∈ � n×n , U∗U = I

}
. (5.15)

The set V is known to be closed (in fact compact, since V is bounded) and convex.

Theorem 5.6. Let α ∈ Γ and λ ∈ � \� . Under Hypothesis 5.2, for every b ∈ [b0,∞)�, the Weyl disk
and Weyl circle have the representations

D(λ, b) =
{
P(λ, b) + R(λ, b)VR

(
λ, b
)
, V ∈ V

}
, (5.16)

C(λ, b) =
{
P(λ, b) + R(λ, b)UR

(
λ, b
)
, U ∈ U

}
, (5.17)

where, with the notation (5.4),

P(λ, b) := −H−1(λ, b, α)G(λ, b, α), R(λ, b) :=H−1/2(λ, b, α). (5.18)

Consequently, for every b ∈ [b0,∞)
�
, the sets D(λ, b) are closed and convex.

The representations of D(λ, b) and C(λ, b) in (5.16) and (5.17) can be written as
D(λ, b) = P(λ, b) +R(λ, b)VR(λ, b) and C(λ, b) = P(λ, b) +R(λ, b)UR(λ, b). The importance of
the matrices P(λ, b) and R(λ, b) is justified in the following.

Definition 5.7. For α ∈ Γ, λ ∈ � \ � , and b ∈ [a,∞)� such that H(λ, b, α) and H(λ, b, α) are
positive definite, the matrix P(λ, b) is called the center of the Weyl disk or the Weyl circle. The
matrices R(λ, b) and R(λ, b) are called the matrix radii of the Weyl disk or the Weyl circle.

Proof of Theorem 5.6. By (5.5) and for any b ∈ [b0,∞)
�

, the matrices H := H(λ, b, α) and
H̃ := H(λ, b, α) are positive definite, so that the matrices P := P(λ, b), R(λ) := R(λ, b), and
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R(λ) := R(λ, b) are well defined. By Definition 4.9, for M ∈ D(λ, b), we have E(M,b) ≤ 0,
which in turn with notation (5.8) implies by Lemmas 5.3 and 5.4 that

− R2
(
λ
)
+ (M∗ − P ∗)R−2(λ)(M − P)

(5.7)
= F − G∗H−1G +

(
H−1G +M

)∗
H
(
H−1G +M

)
= E(M,b) ≤ 0.

(5.19)

Therefore, the matrix

V := R−1(λ)(M − P)R−1
(
λ
)
, (5.20)

satisfies V ∗V ≤ I. This relation between the matrices M ∈ D(λ, b) and V ∈ V is bijective
(more precisely, it is a homeomorphism), and the inverse to (5.20) is given by M = P +
R(λ)VR(λ). The latter formula proves that the Weyl disk D(λ, b) has the representation in
(5.16). Moreover, since by the definition M ∈ C(λ, b) means that E(M,b) = 0, it follows that
the elements of the Weyl circle C(λ, b) are in one-to-one correspondence with the matrices V
defined in (5.20) which, similarly as in (5.19), now satisfy V ∗V = I. Hence, the representation
ofC(λ, b) in (5.17) follows. The fact that for b ∈ [b0,∞)

�
the setsD(λ, b) are closed and convex

follows from the same properties of the set V, being homeomorphic to D(λ, b).

6. Limiting Weyl Disk and Weyl Circle

In this section we study the limiting properties of the Weyl disk and Weyl circle and their
center and matrix radii. Since under Hypothesis 5.2 the matrix functionH(·, λ, α) is monotone
nondecreasing as b → ∞, it follows from the definition of R(λ, b) andR(λ, b) in (5.18) that the
two matrix functionsR(λ, ·) andR(λ, ·) are monotone nonincreasing for b → ∞. Furthermore,
since R(λ, b) and R(λ, b) are Hermitian and positive definite for b ∈ [b0,∞)

�
, the limits

R+(λ) := lim
b→∞

R(λ, b), R+

(
λ
)

:= lim
b→∞

R
(
λ, b
)
, (6.1)

exist and satisfy R+(λ) ≥ 0 and R+(λ) ≥ 0. The index “+” in the above notation as
well as in Definition 6.2 refers to the limiting disk at +∞. In the following result we will
see that the center P(λ, b) also converges to a limiting matrix when b → ∞. This is a
generalization of [11, Theorem 4.7], [1, Theorem 3.5], [14, Proposition 3.5], [2, Theorem 4.5],
and [3, Theorem 4.10].

Theorem 6.1. Let α ∈ Γ and λ ∈ � \ � . Under Hypothesis 5.2, the center P(λ, b) converges as
b → ∞ to a limiting matrix P+(λ) ∈ � n×n , that is,

P+(λ) := lim
b→∞

P(λ, b). (6.2)

Proof. We prove that the matrix function P(λ, ·) satisfies the Cauchy convergence criterion.
Let b1, b2 ∈ [b0,∞)� be given with b1 < b2. By Theorem 5.1, we have that D(λ, b2) ⊆ D(λ, b1).
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Therefore, by (5.16) of Theorem 5.6, for a matrix M ∈ D(λ, b2), there are (unique) matrices
V1, V2 ∈ V such that

M = P
(
λ, bj
)
+ R
(
λ, bj
)
VjR
(
λ, bj
)
, j ∈ {1, 2}. (6.3)

Upon subtracting the two equations in (6.3), we get

P(λ, b2) − P(λ, b1) + R(λ, b2)V2R
(
λ, b2

)
= R(λ, b1)V1R

(
λ, b1

)
. (6.4)

This equation, when solved for V1 in terms of V2, has the form

V1 = R−1(λ, b1)
[
P(λ, b2) − P(λ, b1) + R(λ, b2)V2R

(
λ, b2

)]
R−1
(
λ, b1

)
=: T(V2), (6.5)

which defines a continuous mapping T : V → V, T(V2) = V1. Since V is compact, it follows
that the mapping T has a fixed point in V, that is, T(V ) = V for some matrix V ∈ V. Equation
T(V ) = V implies that

P(λ, b2) − P(λ, b1) = R(λ, b1)VR
(
λ, b1

)
− R(λ, b2)VR

(
λ, b2

)

= [R(λ, b1) − R(λ, b2)]VR
(
λ, b1

)
− R(λ, b2)V

[
R
(
λ, b1

)
− R
(
λ, b2

)]
.

(6.6)

Hence, by ‖V ‖ ≤ 1, we have

‖P(λ, b2) − P(λ, b1)‖ ≤ ‖R(λ, b1) − R(λ, b2)‖
∥∥∥R(λ, b1

)∥∥∥ + ‖R(λ, b2)‖
∥∥∥R(λ, b1

)
− R
(
λ, b2

)∥∥∥.
(6.7)

Since the functions R(λ, ·) and R(λ, ·) are monotone nonincreasing, they are bounded; that is,
for some K > 0, we have ‖R(λ, b)‖ ≤ K and ‖R(λ, b)‖ ≤ K for all b ∈ [b0,∞)

�
.

Let ε > 0 be arbitrary. The convergence of R(λ, b) and R(λ, b) as b → ∞ yields the
existence of b3 ∈ [b0,∞)� such that for every b1, b2 ∈ [b3,∞)�with b1 < b2 we have

‖R(ν, b1) − R(ν, b2)‖ ≤ ε

(2K)
, ν ∈

{
λ, λ
}
. (6.8)

Using estimate (6.8) in inequality (6.7) we obtain for b2 > b1 ≥ b3

‖P(λ, b2) − P(λ, b1)‖ < ε

(2K)
·K +

ε

(2K)
·K = ε. (6.9)

This means that the limit P+(λ) ∈ � n×n in (6.2) exists, which completes the proof.
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By Theorems 5.1 and 5.6 we know that the Weyl disks D(λ, b) are closed, convex, and
nested as b → ∞. Thereore the limit of D(λ, b) as b → ∞ is a closed, convex, and nonempty
set. This motivates the following definition, which can be found in the special cases of system
(Sλ) in [26, Theorem 3.3], [1, Theorem 3.6], [2, Definition 4.7], and [3, Theorem 4.12].

Definition 6.2 (limiting Weyl disk). Let α ∈ Γ and λ ∈ � \ � . Then the set

D+(λ) :=
⋂

b∈[a,∞)
�

D(λ, b), (6.10)

is called the limiting Weyl disk. The matrix P+(λ) from Theorem 6.1 is called the center of D+(λ)
and the matrices R+(λ) and R+(λ) from (6.1) its matrix radii.

As a consequence of Theorem 5.6, we obtain the following characterization of the
limiting Weyl disk.

Corollary 6.3. Let α ∈ Γ and λ ∈ � \ � . Under Hypothesis 5.2, we have

D+(λ) = P+(λ) + R+(λ)VR+

(
λ
)
, (6.11)

where V is the set of all contractive matrices defined in (5.15).

From now on we assume that Hypothesis 5.2 holds, so that the limiting center P+(λ)
and the limiting matrix radii R+(λ) and R+(λ) of D+(λ) are well defined.

Remark 6.4. By means of the nesting property of the disks (Theorem 5.1) and Theorems 4.10
and 4.12, it follows that the elements of the limiting Weyl disk D+(λ) are of the form

M+(λ) ∈ D+(λ), M+(λ) = lim
b→∞

M
(
λ, b, α, β(b)

)
, (6.12)

where β(b) ∈ � n×2n satisfies β(b)β∗(b) = I and iδ(λ)β(b)Jβ∗(b) ≥ 0 for all b ∈ [a,∞).
Moreover, from Lemma 4.6, we conclude that

M∗
+(λ) =M+

(
λ
)
. (6.13)

A matrix M+(λ) from (6.12) is called a half-line Weyl-Titchmarsh M(λ)-function. Also, as
noted in [2, Section 4], see also [8, Theorem 2.18], the function M+(λ) is a Herglotz function
with rank n and has a certain integral representation (which will not be needed in this
paper).

Our next result shows another characterization of the elements of D+(λ) in terms of
the Weyl solution X(·, α, λ,M) defined in (4.16). This is a generalization of [11, page 671],
[26, equation (3.2)], [1, Theorem 3.8(i)], [2, Theorem 4.8], and [3, Theorem 4.15].
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Theorem 6.5. Let α ∈ Γ, λ ∈ � \ � , and M ∈ � n×n . The matrix M belongs to the limiting Weyl
disk D+(λ) if and only if

∫∞
a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt ≤ Im(M)
Im(λ)

. (6.14)

Proof. By Definition 6.2, we have M ∈ D+(λ) if and only if M ∈ D(λ, b), that is, E(M,b) ≤ 0,
for all b ∈ [a,∞)

�
. Therefore, by formula (4.18), we get

∫b
a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt =
E(M,b)
2|Im(λ)| +

δ(λ) Im(M)
|Im(λ)| ≤ Im(M)

Im(λ)
, (6.15)

for every b ∈ [a,∞)
�

, which is equivalent to inequality (6.14).

Remark 6.6. In [1, Definition 3.4], the notion of a boundary of the limiting Weyl disk D+(λ)
is discussed. This would be a “limiting Weyl circle” according to Definitions 4.9 and 6.2. The
description of matrices M ∈ � n×n laying on this boundary follows from Theorems 6.5 and
4.10, giving for such matrices M the equality

∫∞
a

Xσ∗(t, λ, α,M)W̃(t)Xσ(t, λ, α,M)Δt =
Im(M)
Im(λ)

. (6.16)

Condition (6.16) is also equivalent to

lim
t→∞
X∗(t, λ, α,M)JX(t, λ, α,M) = 0. (6.17)

This is because, by (4.19) and the Lagrange identity (Corollary 3.6),

X∗(t, λ, α,M)JX(t, λ, α,M)

= 2i Im(λ)

[
Im(M)
Im(λ)

−
∫ t
a

Xσ∗(s, λ, α,M)W̃(s)Xσ(s, λ, α,M)Δs

]
,

(6.18)

for every t ∈ [a,∞)
�

. From this we can see that the integral on the right-hand side
above converges for t → ∞ and (6.16) holds if and only if condition (6.17) is satisfied.
Characterizations (6.16) and (6.17) of the matrices M on the boundary of the limiting Weyl
disk D+(λ) generalize the corresponding results in [1, Theorems 3.8(ii) and 3.9]; see also
[14, Theorem 6.3].

Consider the linear space of square integrable C1
prd functions

L2
W = L2

W[a,∞)
�

:=
{
z : [a,∞)

�
−→ �

2n , z ∈ C1
prd, ‖z(·)‖W <∞

}
, (6.19)
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where we define

‖z(·)‖W :=
√
〈z(·), z(·)〉W, 〈z(·), z̃(·)〉W :=

∫∞
a

zσ∗(t)W̃(t)z̃σ(t)Δt. (6.20)

In the following result we prove that the space L2
W contains the columns of the Weyl solution

X(·, λ, α,M) when M belongs to the limiting Weyl disk D+(λ). This implies that there are at
least n linearly independent solutions of system (Sλ) in L2

W. This is a generalization of [11,
Theorem 5.1], [14, Theorem 4.1], [2, Theorem 4.10], and [5, page 716].

Theorem 6.7. Let α ∈ Γ, λ ∈ � \ � , andM ∈ D+(λ). The columns ofX(·, λ, α,M) form a linearly
independent system of solutions of system (Sλ), each of which belongs to L2

W.

Proof. Let zj(·) := X(·, λ, α,M)ej for j ∈ {1, . . . , n} be the columns of the Weyl solution
X(·, λ, α,M), where ej is the jth unit vector. We prove that the functions z1(·), . . . , zn(·) are
linearly independent. Assume that

∑n
j=1 cjzj(·) = 0 on [a,∞)

�
for some c1, . . . , cn ∈ � . Then

X(·, λ, α,M)c = 0, where c := (c∗1, . . . , c
∗
n)
∗ ∈ � n . It follows by (4.19) that

2ic∗ Im(M)c = c∗X∗(a, λ, α,M)JX(a, λ, α,M)c = 0, (6.21)

which implies the equality c∗δ(λ) Im(M)c = 0. Using that M ∈ D+(λ) ⊆ D(λ, b) for some
b ∈ [b0,∞)

�
, we obtain from Theorem 4.13 that the matrix δ(λ) Im(M) is positive definite.

Hence, c = 0 so that the functions z1(·), . . . , zn(·) are linearly independent. Finally, for every
j ∈ {1, . . . , n} we get from Theorem 6.5 the inequality

∥∥zj(·)∥∥2
W =
∫∞
a

zσ∗j (t)W̃(t)zσj (t)Δt
(6.14)
≤ e∗j

Im(M)
Im(λ)

ej ≤ ‖δ(λ) Im(M)‖
|Im(λ)| <∞. (6.22)

Thus, zj(·) ∈ L2
W for every j ∈ {1, . . . , n}, and the proof is complete.

Denote byN(λ) the linear space of all square integrable solutions of system (Sλ), that
is,

N(λ) :=
{
z(·) ∈ L2

W, z(·) solves (Sλ)
}
. (6.23)

Then as a consequence of Theorem 6.7 we obtain the estimate

dimN(λ) ≥ n, for each λ ∈ � \ � . (6.24)

Next we discuss the situation when dimN(λ) = n for some λ ∈ � \ � .

Lemma 6.8. Let α ∈ Γ, λ ∈ � \ � , and dimN(λ) = n. Then the matrix radii of the limiting Weyl
disk D+(λ) satisfy R+(λ) = 0 = R+(λ). Consequently, the set D+(λ) consists of the single matrix
M = P+(λ), that is, the center ofD+(λ), which is given by formula (6.2) of Theorem 6.1.
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Proof. With the matrix radii R+(λ) and R+(λ) of D+(λ) defined in (6.1) and with the
Weyl solution X(·, λ, α,M) given by a matrix M ∈ D+(λ), we observe that the columns
of X(·, λ, α,M) form a basis of the space N(λ). Since the columns of the fundamental
matrix Ψ(·, λ, α) = (Z(·, λ, α) Z̃(·, λ, α)) span all solutions of system (Sλ), the definition of
X(·, λ, α,M) = Z(·, λ, α) + Z̃(·, λ, α)M yields that the columns of Z̃(·, λ, α) together with the
columns ofX(·, λ, α,M) form a basis of all solutions of system (Sλ). Hence, from dimN(λ) =
n and Theorem 6.7, we get that the columns of Z̃(·, λ, α) do not belong to L2

W. Consequently,

by formula (5.5), the Hermitian matrix functionsH(·, λ, α) andH(·, λ, α) defined in (5.4) are
monotone nondecreasing on [a,∞)

�
without any upper bound; that is, their eigenvalues—

being real—tend to ∞. Therefore, the functions R(λ, ·) and R(λ, ·) as defined in (5.18) have
limits at∞ equal to zero; that is,R+(λ) = 0 andR+(λ) = 0. The fact that the setD+(λ) = {P+(λ)}
then follows from the characterization of D+(λ) in Corollary 6.3.

In the final result of this section, we establish another characterization of the matrices
M from the limiting Weyl disk D+(λ). In comparison with Theorem 6.5, we now use a similar
condition to the one in Theorem 4.12 for the regular spectral problem. However, a stronger
assumption than Hypothesis 5.2 is now required for this result to hold; compare with [9,
Lemma 2.21] and [2, Theorem 4.16].

Hypothesis 6.9. For every a0, b0 ∈ (a,∞)
�

with a0 < b0 and for every λ ∈ � , we have

∫b0

a0

Ψσ∗(t, λ, α)W̃(t)Ψσ(t, λ, α)Δt > 0. (6.25)

Under Hypothesis 6.9, the Weyl disks D(λ, b) converge to the limiting disk “monoton-
ically” as b → ∞; that is, the limiting Weyl disk D+(λ) is “open” in the sense that all of its
elements lie inside D+(λ). This can be interpreted in view of Theorem 4.12 as E(M, t) < 0 for
all t ∈ [a,∞)

�.

Theorem 6.10. Let α ∈ Γ, λ ∈ � \� , andM ∈ � n×n . Under Hypothesis 6.9, the matrixM ∈ D+(λ)
if and only if

E(M, t) < 0, ∀t ∈ [a,∞)
�
. (6.26)

Proof. If condition (6.26) holds, then M ∈ D+(λ) follows from the definition of D+(λ).
Conversely, suppose that M ∈ D+(λ), and let t ∈ [a,∞)

�
be given. Then for any b ∈ (t,∞)

�

we have by formula (4.18) that

E(M, t) = −2δ(λ) Im(M) + 2|Im(λ)|
∫ t
a

Xσ∗(s, λ, α,M)W̃(s)Xσ(s, λ, α,M)Δs

= E(M,b) − 2|Im(λ)|
∫b
t

Xσ∗(s, λ, α,M)W̃(s)Xσ(s, λ, α,M)Δs,

(6.27)
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where we used the property
∫ t
a
f(s)Δs =

∫b
a
f(s)Δs − ∫b

t
f(s)Δs. Since M ∈ D+(λ) is assumed,

we have M ∈ D(λ, b), that is, E(M,b) ≤ 0, while Hypothesis 6.9 implies the positivity of the
integral over [t, b]

� in (6.27). Consequently, (6.27) yields that E(M, t) < 0.

Remark 6.11. If we partition the Weyl solution X(·, λ) := X(·, λ, α,M) into two n × n blocks
X1(·, λ) andX2(·, λ) as in (4.28), then condition (6.26) can be written as

δ(λ) Im
(X∗1(t, λ)X2(t, λ)

)
> 0, ∀t ∈ [a,∞)

�
. (6.28)

Therefore, by Remark 2.2, the matricesX1(t, λ) andX2(t, λ) are invertible for all t ∈ [a,∞)
�

. A
standard argument then yields that the quotient Q(·, λ) := X2(·, λ)X−1

1 (·, λ) satisfies the Riccati
matrix equation (suppressing the argument t in the coefficients)

QΔ − (C +DQ) +Qσ(A + BQ) + λW[I + μ(A + BQ)
]
= 0, t ∈ [a,∞)

�
, (6.29)

see [57, Theorem 3], [48, Section 6], and [49].

7. Limit Point and Limit Circle Criteria

Throughout this section we assume that Hypothesis 5.2 is satisfied. The results from
Theorem 6.7 and Lemma 6.8 motivate the following terminology; compare with [4, page 75],
[43, Definition 1.2] in the time scales scalar case n = 1, with [8, page 3486], [36, page 1668],
[30, page 274], [38, Definition 3.1], [37, Definition 1], [67, page 2826] in the continuous case,
and with [14, Definition 5.1], [2, Definition 4.12] in the discrete case.

Definition 7.1 (limit point and limit circle case for system (Sλ)). The system (Sλ) is said to be
in the limit point case at∞ (or of the limit point type) if

dimN(λ) = n, ∀λ ∈ � \ � . (7.1)

The system (Sλ) is said to be in the limit circle case at∞ (or of the limit circle type) if

dimN(λ) = 2n, ∀λ ∈ � \ � . (7.2)

Remark 7.2. According to Remark 6.4 (in which β(b) ≡ β), the center P+(λ) of the limiting
Weyl disk D+(λ) can be expressed in the limit point case as

P+(λ) =M+(λ) = lim
b→∞

M
(
λ, b, α, β

)
, (7.3)

where β ∈ Γ is arbitrary but fixed.

Next we establish the first main result of this section. Its continuous time version
can be found in [30, Theorem 2.1], [11, Theorem 8.5] and the discrete time version in [9,
Lemma 3.2], [2, Theorem 4.13].
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Theorem 7.3. Let the system (Sλ) be in the limit point or limit circle case, fix α ∈ Γ, and let λ, ν ∈
� \ � . Then

lim
t→∞
X∗+(t, λ, α,M+(λ))JX+(t, ν, α,M+(ν)) = 0, (7.4)

whereX+(·, λ, α,M+(λ)) andX+(·, ν, α,M+(ν)) are theWeyl solutions of (Sλ) and (Sν), respectively,
defined by (4.16) through thematricesM+(λ) andM+(ν), which are determined by the limit in (6.12).

Proof. For every t ∈ [a,∞)
�

and matrices β(t) ∈ � n×2n such that β(t)β∗(t) = I and
iδ(λ)β(t)Jβ∗(t) ≥ 0 and for κ ∈ {λ, ν}, we define the matrix (compare with Definition 4.5)

M
(
κ, t, α, β(t)

)
:= −
[
β(t)Z̃(t, κ, α)

]−1
β(t)Z(t, κ, α). (7.5)

Then, by Theorems 4.10 and 4.12, we have M(κ, t, α, β(t)) ∈ D(κ, t). Following the notation
in (4.16), we consider the Weyl solutions X(·, κ) := X(·, κ, α,M(κ, t, α, β(·))). Similarly, let
X+(·, κ) := X(·, κ, α,M+(κ)) be the Weyl solutions corresponding to the matrices M+(κ) ∈
D+(κ) from the statement of this theorem.

First assume that the system (Sλ) is of the limit point type. In this case, by Remark 7.2,
we may take β(t) ∈ Γ for all t ∈ [a,∞)

�
. Hence, from Theorem 4.10, we get that β(·)X(·, κ) = 0

on [a,∞)
�

. By (4.3), for each t ∈ [a,∞)
�

and κ ∈ {λ, ν}, there is a matrix Qκ(t) ∈ � n×n such
thatX(·, κ) = Jβ∗(·)Qκ(·) on [a,∞)

�
. Hence, we have on [a,∞)

�

X∗+(t, λ)JX+(t, ν) + F
(
t, λ, ν, β(t)

)
+G
(
t, λ, ν, β(t)

)

= X∗(t, λ)JX(t, ν) = Q∗λ(t)β(t)Jβ∗(t)Qν(t) = 0,
(7.6)

where we define

F
(
t, λ, ν, β(t)

)
:= X∗+(t, λ)JZ̃(t, ν, α)

[
M
(
ν, t, α, β(t)

) −M+(ν)
]
,

G
(
t, λ, ν, β(t)

)
:=
[
M∗(λ, t, α, β(t)) −M∗

+(λ)
]
Z̃∗(t, λ, α)JX(t, ν).

(7.7)

If we show that

lim
t→∞

F
(
t, λ, ν, β(t)

)
= 0, lim

t→∞
G
(
t, λ, ν, β(t)

)
= 0, (7.8)

then (7.6) implies the result claimed in (7.4). First we prove the second limit in (7.8). Pick any
t ∈ [b0,∞)

�
. By Theorem 5.6, Corollary 6.3, and D+(λ) ⊆ D(λ, t), we have

M
(
λ, t, α, β(t)

)
= P(λ, t) + R(λ, t)U(t)R

(
λ, t
)
, M+(λ) = P(λ, t) + R(λ, t)V (t)R

(
λ, t
)
,

(7.9)
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where U(t) ∈ U and V (t) ∈ V. Therefore,

M
(
λ, t, α, β(t)

) −M+(λ) = R(λ, t)[U(t) − V (t)]R
(
λ, t
)
. (7.10)

Since Z̃(·, λ, α) and X(·, ν) are, respectively, solutions of systems (Sλ) and (Sν) which satisfy
Z̃∗(a, λ, α)JX(a, ν) = −I, it follows from Corollary 3.6 that

Z̃∗(t, λ, α)JX(t, ν) = −I +
(
λ − ν

)∫ t
a

Z̃σ∗(s, λ, α)W̃(s)Xσ(s, ν)Δs. (7.11)

Hence, we can write

G
(
t, λ, ν, β(t)

)
= R
(
λ, t
)
[U∗(t) − V ∗(t)]R(λ, t)

[(
λ − ν

)∫ t
a

Z̃σ∗(s, λ, α)W̃(s)Xσ(s, ν)Δs − I
]
,

(7.12)

where we used the Hermitian property of R(λ, t) and R(λ, t). Since we now assume that
system (Sλ) is in the limit point case, we know from Lemma 6.8 that limt→∞R(λ, t) = 0 and
limt→∞R(λ, t) = 0. Therefore, in order to establish (7.8)(ii), it is sufficient to show that

R(λ, t)
∫ t
a

Z̃σ∗(s, λ, α)W̃(s)Xσ(s, ν)Δs, (7.13)

is bounded for t ∈ [b0,∞)
�

. Let η ∈ � n be a unit vector, and denote byXj(·, ν) := X(·, ν)ej the
jth column of X(·, ν) for j ∈ {1, . . . , n}. With the definition of R(λ, ·) in (5.18) we have

∣∣∣∣∣
∫ t
a

η∗R(λ, s)Z̃σ∗(s, λ, α)W̃(s)Xσ
j (s, ν)Δs

∣∣∣∣∣

≤
∫ t
a

∣∣∣W̃1/2(s)Z̃σ∗(s, λ, α)R(λ, s)η
∣∣∣∣∣∣W̃1/2(s)Xσ

j (s, ν)
∣∣∣Δs

C-S≤
(∫ t

a

η∗R(λ, s)Z̃σ∗(s, λ, α)W̃(s)Z̃σ(s, λ, α)R(λ, s)ηΔs

)1/2

×
(∫ t

a

Xσ∗
j (s, ν)W̃(s)Xσ

j (s, ν)Δs

)1/2

,

(7.14)

where the last step follows from the Cauchy-Schwarz inequality (C-S) on time scales. From
(5.5) we obtain

H−1/2(t, λ, α)
∫ t
a

Z̃σ∗(s, λ, α)W̃(s)Z̃σ(s, λ, α)ΔsH−1/2(t, λ, α) =
1

2|Im(λ)| I, (7.15)
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so that the first term in the product in (7.14) is bounded by 1/
√

2| Im(λ)|. Moreover, from
formula (4.18) we get that the second term in the product in (7.14) is bounded by the number
[e∗j Im(M(ν, t, α, β(t)))ej]/ Im(ν). Hence, upon recalling the limit in (6.12), we conclude that
the product in (7.14) is bounded by

1
2|Im(λ)| ·

e∗j Im(M+(ν))ej

Im(ν)
, (7.16)

which is independent of t. Consequently, the second limit in (7.8) is established. The first limit
in (7.8) is then proven in a similar manner. The proof for the limit point case is finished.

If the system (Sλ) is in the limit circle case, then for κ ∈ {λ, ν} the columns of Z̃(·, κ, α)
and X+(·, κ) belong to L2

W; hence, they are bounded in the L2
W norm. In this case the limits in

(7.8) easily follow from the limit (6.12) for M+(κ), κ ∈ {λ, ν}.

In the next result we provide a characterization of the system (Sλ) being of the limit
point type. Special cases of this statement can be found, for example, in [14, Theorem 6.12]
and [2, Theorem 4.14].

Theorem 7.4. Let α ∈ Γ. The system (Sλ) is in the limit point case if and only if, for every λ ∈ � \ �
and every square integrable solutions z1(·, λ) and z2(·, λ) of (Sλ) and (Sλ), respectively, we have

z∗1(t, λ)Jz2

(
t, λ
)
= 0, ∀t ∈ [b0,∞)

�
. (7.17)

Proof. Let (Sλ) be in the limit point case. Fix any λ ∈ � \ � , and suppose that z1(·, λ) and
z2(·, λ) are solutions of (Sλ) and (Sλ), respectively. Then, by Theorem 6.7 and Remark 6.4,
there are vectors ξ1, ξ2 ∈ � n such that z1(·, λ) = X+(·, λ)ξ1 and z2(·, λ) = X+(·, λ)ξ2 on [a,∞)

�
,

where X+(·, κ) := X+(·, κ, α,M+(κ)) are the Weyl solutions corresponding to some matrices
M+(κ) ∈ D+(κ) for κ ∈ {λ, λ}. In fact, by Lemma 6.8, the matrix M+(κ) is equal to the center
of the disk D+(κ). It follows that for any t ∈ [b0,∞)

�
equality

X∗+(t, λ)JX+

(
t, λ
)

(4.16)
=
(
I M∗

+(λ)
)
Ψ∗(t, λ, α)JΨ

(
t, λ, α

)(
I M∗

+(λ)
)∗ (3.19)(i)

= M∗
+

(
λ
)
−M∗

+(λ)
(6.13)
= 0,

(7.18)

holds, so that (7.17) is established. Conversely, let ν ∈ � \ � be arbitrary but fixed, set
λ := ν, and suppose that, for every square integrable solutions z1(·, λ) and z2(·, ν) of (Sλ)
and (Sν), condition (7.17) is satisfied. From Theorem 6.7 we know that for M+(κ) ∈ D+(κ)
the columns X[j]

+ (·, κ), j ∈ {1, . . . , n}, of the Weyl solution X+(·, κ) are linearly independent
square integrable solutions of (Sκ), κ ∈ {λ, ν}. Therefore, dimN(λ) ≥ n, and dimN(ν) ≥ n.
Moreover, by identity (3.19)(i), we have

X∗+(t, λ)JX[j]
+ (t, ν) = 0, ∀t ∈ [b0,∞)

�
, j ∈ {1, . . . , n}. (7.19)
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Let z(·, ν) be any square integrable solution of system (Sν). Then, by our assumption (7.17),

X∗+(t, λ)Jz(t, ν) = 0, ∀t ∈ [b0,∞)
�
. (7.20)

From (7.19) and (7.20) it follows that the vectors X[j]
+ (a, ν), j ∈ {1, . . . , n}, and z(a, ν) are

solutions of the linear homogeneous system

X∗+(a, λ)Jη = 0. (7.21)

Since, by Theorem 6.7, the vectorsX[j]
+ (a, ν) for j ∈ {1, . . . , n} represent a basis of the solution

space of system (7.21), there exists a vector ξ ∈ �
n such that z(a, ν) = X+(a, ν)ξ. By the

uniqueness of solutions of system (Sν) we then get z(·, ν) = X+(·, ν)ξ on [a,∞)
�

. Hence, the
solution z(·, ν) is square integrable and dimN(ν) = n. Since ν ∈ � \� was arbitrary, it follows
that the system (Sλ) is in the limit point case.

As a consequence of the above result, we obtain a characterization of the limit point
case in terms of a condition similar to (7.17), but using a limit. This statement is a general-
ization of [30, Corollary 2.3], [9, Corollary 3.3], [14, Theorem 6.14], [2, Corollary 4.15], [1,
Theorem 3.9], [3, Theorem 4.16].

Corollary 7.5. Let α ∈ Γ. The system (Sλ) is in the limit point case if and only if, for every λ, ν ∈ � \�
and every square integrable solutions z1(·, λ) and z2(·, ν) of (Sλ) and (Sν), respectively, we have

lim
t→∞

z∗1(t, λ)Jz2(t, ν) = 0. (7.22)

Proof. The necessity follows directly from Theorem 7.3. Conversely, assume that condition
(7.22) holds for every λ, ν ∈ � \� and every square integrable solutions z1(·, λ) and z2(·, ν) of
(Sλ) and (Sν). Fix λ ∈ � \ � , and set ν := λ. By Corollary 3.7 we know that z∗1(·, λ)Jz2(·, ν) is
constant on [a,∞)

�
. Therefore, by using condition (7.22), we can see that identity (7.17) must

be satisfied, which yields by Theorem 7.4 that the system (Sλ) is of the limit point type.

8. Nonhomogeneous Time Scale Symplectic Systems

In this section we consider the nonhomogeneous time scale symplectic system

zΔ(t, λ) = S(t, λ)z(t, λ) − JW̃(t)fσ(t), t ∈ [a,∞)�, (8.1)

where the matrix function S(·, λ) and W̃(·) are defined in (3.3) and (3.1), f ∈ L2
W, and where

the associated homogeneous system (Sλ) is either of the limit point or limit circle type at∞.
Together with system (8.1) we consider a second system of the same form but with a different
spectral parameter and a different nonhomogeneous term

yΔ(t, ν) = S(t, ν)y(t, ν) − JW̃(t)gσ(t), t ∈ [a,∞)
�
, (8.2)

with g ∈ L2
W. The following is a generalization of Theorem 3.5 to nonhomogeneous systems.
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Theorem 8.1 (Lagrange identity). Let λ, ν ∈ � and m ∈ � be given. If z(·, λ) and y(·, ν) are
2n ×m solutions of systems (8.1) and (8.2), respectively, then

[
z∗(t, λ)Jy(t, ν)]Δ

=
(
λ − ν

)
zσ∗(t, λ)W̃(t)yσ(t, ν) − fσ∗(t)W̃(t)yσ(t, ν) + zσ∗(t, λ)W̃(t)gσ(t), t ∈ [a,∞)

�
.

(8.3)

Proof. Formula (8.3) follows by the product rule (2.1) with the aid of the relation

zσ(t, λ) =
[
I + μ(t)S(t, λ)]z(t, λ) + μ(t)W̃(t)fσ(t), (8.4)

and identity (3.6).

For α ∈ Γ, λ ∈ � \ � , and t, s ∈ [a,∞)
�

, we define the function

G(t, s, λ, α) :=

⎧⎨
⎩
Z̃(t, λ, α)X∗+

(
s, λ, α

)
, for t ∈ [a, s)

�
,

X+(t, λ, α)Z̃∗
(
s, λ, α

)
, for t ∈ [s,∞)

�
,

(8.5)

where Z̃(·, λ, α) is the solution of system (Sλ) given in (4.10), that is, Z̃(a, λ, α) = −Jα∗, and
X+(·, λ, α) := X(·, λ, α,M+(λ)) is the Weyl solution of (Sλ) as in (4.16) determined by a matrix
M+(λ) ∈ D+(λ). This matrix M+(λ) ∈ D+(λ) is arbitrary but fixed throughout this section. By
interchanging the order of the arguments t and s, we have

G(t, s, λ, α) =

⎧⎨
⎩
X+(t, λ, α)Z̃∗

(
s, λ, α

)
, for s ∈ [a, t]

�
,

Z̃(t, λ, α)X∗+
(
s, λ, α

)
, for s ∈ (t,∞)

�
.

(8.6)

In the literature the function G(·, ·, λ, α) is called a resolvent kernel, compare with [30,
page 283], [32, page 15], [2, equation (5.4)], and in this section it will play a role of the Green
function.

Lemma 8.2. Let α ∈ Γ and λ ∈ � \ � . Then

X+(t, λ, α)Z̃∗
(
t, λ, α

)
− Z̃(t, λ, α)X∗+

(
t, λ, α

)
= J, ∀t ∈ [a,∞)

�
. (8.7)

Proof. Identity (8.7) follows by a direct calculation from the definition of X+(·, λ, α) via (4.16)
with a matrix M+(λ) ∈ D+(λ) by using formulas (3.21) and (6.13).

In the next lemma we summarize the properties of the function G(·, ·, λ, α), which
together with Proposition 8.4 and Theorem 8.5 justifies the terminology “Green function” of
the system (8.1); compare with [68, Section 4]. A discrete version of the following result can
be found in [2, Lemma 5.1].
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Lemma 8.3. Let α ∈ Γ and λ ∈ � \ � . The function G(·, ·, λ, α) has the following properties:

(i) G∗(t, s, λ, α) = G(s, t, λ, α) for every t, s ∈ [a,∞)
�
, t /= s,

(ii) G∗(t, t, λ, α) = G(t, t, λ, α) − J for every t ∈ [a,∞)
�
,

(iii) G(σ(t), σ(t), λ, α) = [I + μ(t)S(t, λ)]G(t, σ(t), λ, α) + J for every right-scattered point
t ∈ [a,∞)

�
,

(iv) for every t, s ∈ [a,∞)
�
such that t /∈ T(s), the function G(·, s, λ, α) solves the homogene-

ous system (Sλ) on the set T(s), where

T(s) :=
{
τ ∈ [a,∞)

�
, τ /= ρ(s) if s is left-scattered

}
, (8.8)

(v) the columns of G(·, s, λ, α) belong to L2
W for every s ∈ [a,∞)

�
, and the columns of

G(t, ·, λ, α) belong to L2
W for every t ∈ [a,∞)

�
.

Proof. Condition (i) follows from the definition of G(·, s, λ, α) in (8.5). Condition (ii) is a
consequence of Lemma 8.2. Condition (iii) is proven from the definition of G(σ(t), σ(t), λ, α)
in (8.5) by using Lemma 8.2 and Z̃(t, λ, α) = Z̃σ(t, λ, α) − μ(t)S(t, λ)Z̃(t, λ, α). Concerning
condition (iv), the function G(·, s, λ, α) solves the system (Sλ) on [s,∞)

�
because X+(·, λ, α)

solves this system on [s,∞)
�

. If s ∈ (a,∞)
�

is left-dense, then G(·, s, λ, α) solves (Sλ) on
[a, s)

�
, since Z̃(·, λ, α) solves this system on [a, s)

�
. For the same reason G(·, s, λ, α) solves

(Sλ) on [a, ρ(s))
�

if s ∈ (a,∞)
�

is left-scattered. Condition (v) follows from the definition
of G(·, s, λ, α) in (8.5) used with t ≥ s and from the fact that the columns of X+(·, λ, α)
belong to L2

W, by Theorem 6.7. The columns of G(t, ·, λ, α) then belong to L2
W by part (i) of

this lemma.

Since by Lemma 8.3(v) the columns of G(t, ·, λ, α) belong to L2
W, the function

ẑ(t, λ, α) := −
∫∞
a

G(t, σ(s), λ, α)W̃(s)fσ(s)Δs, t ∈ [a,∞)�, (8.9)

is well defined whenever f ∈ L2
W. Moreover, by using (8.6), we can write ẑ(t, λ, α) as

ẑ(t, λ, α) = −X+(t, λ, α)
∫ t
a

Z̃σ∗
(
s, λ, α

)
W̃(s)fσ(s)Δs

− Z̃(t, λ, α)
∫∞
t

Xσ∗
+

(
s, λ, α

)
W̃(s)fσ(s)Δs, t ∈ [a,∞)

�
.

(8.10)

Proposition 8.4. For α ∈ Γ, λ ∈ � \ � , and f ∈ L2
W, the function ẑ(·, λ, α) defined in (8.9) solves

the nonhomogeneous system (8.1) with the initial condition αẑ(a, λ, α) = 0.
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Proof. By the time scales product rule (2.1) when we Δ-differentiate expression (8.10), we
have for every t ∈ [a,∞)

�
(suppressing the dependence on α in the the following calculation)

ẑΔ(t, λ) = −XΔ
+ (t, λ)

∫ t
a

Z̃σ∗
(
s, λ
)
W̃(s)fσ(s)Δs − Xσ

+(t, λ)Z̃
σ∗
(
t, λ
)
W̃(t)fσ(t)

− Z̃Δ(t, λ)
∫∞
t

Xσ∗
+

(
s, λ
)
W̃(s)fσ(s)Δs + Z̃σ(t, λ)Xσ∗

+

(
t, λ
)
W̃(t)fσ(t)

= S(t, λ)ẑ(t, λ) −
[
Xσ

+(t, λ)Z̃
σ∗
(
t, λ
)
− Z̃σ(t, λ)Xσ∗

+

(
t, λ
)]
W̃(t)fσ(t)

(8.7)
= S(t, λ)ẑ(t, λ) − JW̃(t)fσ(t).

(8.11)

This shows that ẑ(·, λ, α) is a solution of system (8.1). From (8.10) with t = a, we get

αẑ(a, λ, α) = −αZ̃(a, λ, α)
∫∞
a

Xσ∗
+

(
s, λ, α

)
W̃(s)fσ(s)Δs = 0, (8.12)

where we used the initial condition Z̃(a, λ, α) = −Jα∗ and αJα∗ = 0 coming from α ∈ Γ.

The following theorem provides further properties of the solution ẑ(·, λ, α) of system
(8.1). It is a generalization of [10, Lemma 4.2], [11, Theorem 7.5], [2, Theorem 5.2] to time
scales.

Theorem 8.5. Let α ∈ Γ, λ ∈ � \ � , and f ∈ L2
W. Suppose that system (Sλ) is in the limit point or

limit circle case. Then the solution ẑ(·, λ, α) of system (8.1) defined in (8.9) belongs to L2
W and satisfies

‖ẑ(·, λ, α)‖W ≤
1

|Im(λ)|
∥∥f∥∥W , (8.13)

lim
t→∞
X∗+(t, ν, α)Jẑ(t, λ, α) = 0, for every ν ∈ � \ � . (8.14)

Proof. To shorten the notation we suppress the dependence on α in all quantities appearing
in this proof. Assume first that system (Sλ) is in the limit point case. For every r ∈ [a,∞)

�
we

define the function fr(·) := f(·) on [a, r]
�

and fr(·) := 0 on (r,∞)
�

and the function

ẑr(t, λ) := −
∫∞
a

G(t, σ(s), λ)W̃(s)fσr (s)Δs = −
∫ r
a

G(t, σ(s), λ)W̃(s)fσ(s)Δs. (8.15)

For every t ∈ [r,∞)
�

we have as in (8.10) that

ẑr(t, λ) = −X+(t, λ)g(r, λ), g(r, λ) :=
∫ r
a

Z̃σ∗
(
s, λ
)
W̃(s)fσ(s)Δs. (8.16)
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Since by Theorem 6.7 the solution X+(·, λ) ∈ L2
W, (8.16) shows that ẑr(·, λ), being a multiple

ofX+(·, λ), also belongs to L2
W. Moreover, by Theorem 7.3,

lim
t→∞

ẑ∗r(t, λ)Jẑr(t, λ)
(8.16)
= g∗(r, λ) lim

t→∞
X∗+(t, λ)JX+(t, λ)g(r, λ)

(7.4)
= 0. (8.17)

On the other hand, ẑ∗r(a, λ)Jẑr(a, λ) = 0, and for any t ∈ [a,∞)
�

identity (8.3) implies

ẑ∗r(t, λ)Jẑr(t, λ)

= −2i Im(λ)
∫ t
a

ẑσ∗r (s, λ)W̃(s)ẑσr (s, λ)Δs + 2i Im

(∫ t
a

ẑσ∗r (s, λ)W̃(s)fσr (s)Δs

)
.

(8.18)

Combining (8.18), where t → ∞, formula (8.17), and the definition on fr(·) yields

‖ẑr(·, λ)‖2
W =
∫∞
a

ẑσ∗r (s, λ)W̃(s)ẑσr (s, λ)Δs =
1

Im(λ)
Im
(∫ r

a

ẑσ∗r (s, λ)W̃(s)fσ(s)Δs
)
. (8.19)

By using the Cauchy-Schwarz inequality (C-S) on time scales and W̃(·) ≥ 0, we then have

‖ẑr(·, λ)‖2
W =

1
2i Im(λ)

[∫ r
a

ẑσ∗r (s, λ)W̃(s)fσ(s)Δs −
∫ r
a

fσ∗(s)W̃(s)ẑσr (s, λ)Δs
]

≤ 1
|Im(λ)|

∣∣∣∣
∫ r
a

ẑσ∗r (s, λ)W̃(s)fσ(s)Δs
∣∣∣∣

C-S≤ 1
|Im(λ)|

(∫ r
a

ẑσ∗r (s, λ)W̃(s)ẑσr (s, λ)Δs
)1/2(∫ r

a

fσ∗(s)W̃(s)fσ(s)Δs
)1/2

≤ 1
|Im(λ)| ‖ẑr(·, λ)‖W

∥∥f∥∥W.

(8.20)

Since ‖ẑr(·, λ)‖W is finite by ẑr(·, λ) ∈ L2
W, we get from the above calculation that

‖ẑr(·, λ)‖W ≤
1

|Im(λ)|
∥∥f∥∥W. (8.21)

We will prove that (8.21) implies estimate (8.13) by the convergence argument. For any t, r ∈
[a,∞)�we observe that

ẑ(t, λ) − ẑr(t, λ) = −
∫∞
r

G(t, σ(s), λ)W̃(s)fσ(s)Δs. (8.22)

Now we fix q ∈ [a, r)
�

. By the definition of G(·, ·, λ) in (8.5) we have for every t ∈ [a, q]
�

ẑ(t, λ) − ẑr(t, λ) = −Z̃(t, λ)
∫∞
r

X∗+
(
σ(s), λ

)
W̃(s)fσ(s)Δs. (8.23)
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Since the functionsX+(·, λ) and f(·) belong to L2
W, it follows that the right-hand side of (8.23)

converges to zero as r → ∞ for every t ∈ [a, q]
�

. Hence, ẑr(·, λ) converges to the function
ẑ(·, λ) uniformly on [a, q]

�
. Since ẑ(·, λ) = ẑr(·, λ) on [a, q]

�
, we have by W̃(·) ≥ 0 and (8.21)

that

∫q
a

ẑσ∗(s, λ)W̃(s)ẑσ(s, λ)Δs ≤ ‖ẑr(·, λ)‖2
W

(8.21)
≤ 1

|Im(λ)|2
∥∥f∥∥2

W. (8.24)

Since q ∈ [a,∞)
�

was arbitrary, inequality (8.24) implies the result in (8.13). In the limit circle
case inequality (8.13) follows by the same argument by using the fact that all solutions of
system (Sλ) belong to L2

W.
Now we prove the existence of the limit (8.14). Assume that the system (Sλ) is in the

limit point case, and let ν ∈ � \ � be arbitrary. Following the argument in the proof of [30,
Lemma 4.1] and [2, Theorem 5.2], we have from identity (8.3) that for any r, t ∈ [a,∞)

�

X∗+(t, ν)Jẑr(t, λ) = X∗+(a, ν)Jẑr(a, λ) + (ν − λ)
∫ t
a

Xσ∗
+ (s, ν)W̃(s)ẑσr (s, λ)Δs

+
∫ t
a

Xσ∗
+ (s, ν)W̃(s)fσr (s)Δs.

(8.25)

Since for t ∈ [r,∞)
�

equality (8.16) holds, it follows that

lim
t→∞
X∗+(t, ν)Jẑr(t, λ) = − lim

t→∞
X∗+(t, ν)JX+(t, λ)g(r, λ)

(7.4)
= 0. (8.26)

Hence, by (8.25),

X∗+(a, ν)Jẑr(a, λ) = (λ − ν)
∫∞
a

Xσ∗
+ (s, ν)W̃(s)ẑσr (s, λ)Δs −

∫ r
a

Xσ∗
+ (s, ν)W̃(s)fσ(s)Δs. (8.27)

By the uniform convergence of ẑr(·, λ) to ẑ(·, λ) on compact intervals, we get from (8.27) with
r → ∞ the equality

X∗+(a, ν)Jẑ(a, λ) = (λ − ν)
∫∞
a

Xσ∗
+ (s, ν)W̃(s)ẑσ(s, λ)Δs −

∫∞
a

Xσ∗
+ (s, ν)W̃(s)fσ(s)Δs. (8.28)

On the other hand, by (8.3), we obtain for every t ∈ [a,∞)
�

X∗+(t, ν)Jẑ(t, λ) = X∗+(a, ν)Jẑ(a, λ) + (ν − λ)
∫ t
a

Xσ∗
+ (s, ν)W̃(s)ẑσ(s, λ)Δs

+
∫ t
a

Xσ∗
+ (s, ν)W̃(s)fσ(s)Δs.

(8.29)

IEEE eXpress Sample eBook, page 822



38 Abstract and Applied Analysis

Upon taking the limit in (8.29) as t → ∞ and using equality (8.28), we conclude that the limit
in (8.14) holds true.

In the limit circle case, the limit in (8.14) can be proved similarly as above, because all
the solutions of system (Sλ) now belong to L2

W. However, in this case, we can apply a direct
argument to show that (8.14) holds. By formula (8.10) we get for every t ∈ [a,∞)

�

X∗+(t, ν)Jẑ(t, λ) = −X∗+(t, ν)JX+(t, λ)
∫ t
a

Z̃σ∗
(
s, λ
)
W̃(s)fσ(s)Δs

− X∗+(t, ν)JZ̃(t, λ)
∫∞
t

Xσ∗
+

(
s, λ
)
W̃(s)fσ(s)Δs.

(8.30)

The limit of the first term in (8.30) is zero becauseX∗+(t, ν)JX+(t, λ) tends to zero for t → ∞
by (7.4), and it is multiplied by a convergent integral as t → ∞. Since the columns of Z̃(·, λ)
belong to L2

W, the function X∗+(·, ν)JZ̃(·, λ) is bounded on [a,∞)
�

, and it is multiplied by an
integral converging to zero as t → ∞. Therefore, formula (8.14) follows.

In the last result of this paper we construct another solution of the nonhomogeneous
system (8.1) satisfying condition (8.14) and such that it starts with a possibly nonzero initial
condition at t = a. It can be considered as an extension of Theorem 8.5.

Corollary 8.6. Let α ∈ Γ and λ ∈ � \ � . Assume that (Sλ) is in the limit point or limit circle case.
For f ∈ L2

W and v ∈ � n we define

z̃(t, λ, α) := X+(t, λ, α)v + ẑ(t, λ, α), ∀t ∈ [a,∞)�, (8.31)

where ẑ(·, λ, α) is given in (8.9). Then z̃(·, λ, α) solves the system (8.1) with αz̃(a, λ, α) = v,

‖z̃(·, λ, α)‖W ≤
1

|Im(λ)|
∥∥f∥∥W + ‖X+(·, λ, α)v‖W, (8.32)

lim
t→∞
X∗+(t, ν, α)Jz̃(t, λ, α) = 0, for every ν ∈ � \ � . (8.33)

In addition, if the system (Sλ) is in the limit point case, then z̃(·, λ, α) is the only L2
W solution of (8.1)

satisfying αz̃(a, λ, α) = v.

Proof. As in the previous proof we suppress the dependence on α. Since the functionX+(·, λ)v
solves (Sλ), it follows from Proposition 8.4 that z̃(·, λ, α) solves the system (8.1) and αz̃(a, λ) =
αX+(a, λ)v = v. Next, z̃(·, λ) ∈ L2

W as a sum of two L2
W functions. The limit in (8.33) follows

from the limit (8.14) of Theorem 8.5 and from identity (7.4), because

lim
t→∞
X∗+(t, ν)Jz̃(t, λ) = lim

t→∞
{X∗+(t, ν)JX+(t, λ)v +X∗+(t, ν)Jẑ(t, λ)} = 0. (8.34)

Inequality (8.32) is obtained from estimate (8.13) by the triangle inequality.
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Now we prove the uniqueness of z̃(·, λ) in the case of (Sλ) being of the limit point
type. If z1(·, λ) and z2(·, λ) are two L2

W solutions of (8.1) satisfying αz1(a, λ) = v = αz2(a, λ),
then their difference z(·, λ) := z1(·, λ)−z2(·, λ) also belongs to L2

W and solves system (Sλ) with
αz(·, λ) = 0. Since z(·, λ) = Ψ(·, λ)c for some c ∈ � 2n , the initial condition αz(·, λ) = 0 implies
through (4.7) that z(·, λ) = Z̃(·, λ)d for some d ∈ � n . If d /= 0, then z(·, λ) /∈ L2

W, because

in the limit point case the columns of Z̃(·, λ) do not belong to L2
W, which is a contradiction.

Therefore, d = 0 and the uniqueness of z̃(·, λ) is established.
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The optimization process of laser scribing of back contacts is carried out by varying 
different parameters of laser and thickness of Molybdenum (Mo) thin-films. Mo thin 
films were deposited by RF magnetron sputtering on the organically cleaned soda lime 
glass substrate. The thickness of Mo was in the range of 60 nm to 800 nm. For the 
scribing process the laser power and the laser pulse frequency were varied. Different 
thickness of Mo shows the different scribe behavior. The optimized process provides a 
successful isolative laser scribing, having a minimum scribe line width, of Mo layer 
on glass substrate without any presence of walls, ridges, or collars in scribed areas.  
 

Keywords: LASER SCRIBING, MOLYBDENUM THIN FILM, LASER POWER, 
PULSE FREQUENCY, SCRIBE LINE WIDTH. 
 

(Received 04 February 2011) 
 
1. INTRODUCTION 
 

Thin  film  solar  cell  technology  provides  a  best  solution  towards  more  
economic solar cell energy. The first step in manufacture of thin film solar 
cell  is  the deposition of  molybdenum (Mo)  back contact  layer  on soda lime 
glass substrate and the next step is the isolative laser scribing of this layer 
for making a metal back contacts between the layers. However, the problems 
are arising with a heat-affected zone around the scribed area due to the 
laser pulse beam [1]. The scribing should be done in such a way so that the 
scribed line should not contain bridges or process residue in the grooves that 
could cause an electrical connection and short-circuit the cell [2]. To increase 
the solar cell efficiency, the scribing of Mo layers desires minimum scribed 
area to have maximum active solar cell area [3] and so, minimize the dead 
area in the cell. Optimum operation for thin-film PV materials has been 
investigated by several PV manufacturers [4, 5, 6]. 
 In this study, we present the results regarding the optimization of 
isolative laser scribing of sputtered-Mo thin-film deposited on soda lime 
glass substrate. The optimization process is performed by varying different 
laser parameters and thickness of the Mo thin-film in order to achieve 
lowest resistivity films. The result of successful scribing yields reliable, 
reproducible clean scribes without any presence of the buckling, ridges, or 
collars in the scribed areas. 
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2. EXPERIMENTAL 
 

The processes of laser scribing of Mo thin-films were done using commer-
cially available the laser system that has the multi diode pumped fiber laser 
(20 W average maximum power) [Model No. Akhsar Fiber-Pro, Sahajanand 
Laser Technology Ltd., INDIA] Mo thin films used for the scribing have a 
different thickness from 60 nm to 800 nm. Mo thin films were deposited by 
RF magnetron sputtering at 1mTorr working pressure and 100 W RF power.  
The electrical property viz. sheet resistance of the Mo thin films was 
measured using four point probe method. The laser system, which was used 
for the scribing of Mo thin film, has a specification shown in Table 1. 
 

Table 1 – Laser system parameters used for the scribing the Mo thin films 
 

Laser Multi Diode Pump Fiber Laser 
Nominal average power 20 W (optional 10 W) 
Maximum peak power > 7.5 kW 

Power tunability 10 - 100 % 
Pulse repetation rate 20 - 80 kHz 

Wavelength 1060  10 nm 
Pulse duration@20 kHz <120 ns 

Class IV 
Power stability > 95 % 

Pulse energy@20 kHz 1 mJ 
Beam quality 1.5 (M2) 

Output beam diameter(1/e2) 9 mm 
Scribe speed  upto 1000 mm/s 

Inbuilt guide (marking) laser He-Ne laser (660 nm & 0.5 mW) 
 

 In our study we have kept the scribing speed constant at 500 mm/sec in 
order to achieve lowest scribed width. Scribing process of Mo thin film was 
optimized by varying both the laser power and the pulse frequency 
simultaneously. First keeping the maximum average power 20 W and 
varying  the  pulse  frequency  from  1  to  80  Hz  to  get  the  optimum  pulse  
frequency and by using that, vary the average power up to minimum of 
1 W. Different thickness of the Mo shows different kind of scribe pattern. 
The smoothness of the scribed was observed using a polarization microscope 
(LABOURLUX 11, Leitz). 
 
3. RESULTS AND DISCUSSIONS  
 

Mo thin films having different thickness (60 nm to 800 nm) shows a 
different electrical conductivity [7]. The measured sheet resistance of the 
Mo  thin  films  as  a  function  of  thickness  of  the  films  is  shown  in  Fig.  1.  
Different thickness of the Mo thin films shows different kind of the scribing 
behavior. Ablation with a train of laser pulses per spot and scribing lines 
were performed on molybdenum back-contact from film side. The laser spot 
overlap along a scanning line was controlled by the translation speed at a 
constant pulse repetition rate. 
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Fig. 1 – Variation in the sheet resistance of Mo thin films as a function of thickness 
indicates that higher thickness shows higher conductivity 
 

 Various combinations of laser power and pulse frequency were used for 
selective ablation of the films. Optimal regimes for laser processing of each 
layer were estimated depending on the Mo film thickness. The beam overlap 
or  the  number  of  pulses  played  an  important  role  in  the  processing  
selectivity because the ablation threshold was sensitive to accumulation of 
the irradiation dose. 
 
3.1 Effect of laser power and pulse frequency  
 

However, at certain scribe parameters, namely the laser power together with 
laser scribe speed and pulse frequency, the scribes were superior to the high-
energy scribes in two immediate respects: 1) The scribe profile had sharply 
defined edges without significant formation of walls, and 2) the glass 
remained undamaged, glass damage invariably appearing at higher energy 
densities. 
 

 
 

Fig. 2 –  Sharp  scribed  line  (140  µm) of Mo thin-film has 2 watt laser power and 
1 Hz pulse frequency 
 

 The  scribing  image  (Fig.  2)  of  Mo  thin  films  that  has  continuous  and  
regular  overlapping  of  the  laser  spots  forms  the  sharp  edge  scribe.  In  
addition there were no collars and ridges left at the scribe edge. The scribed 
line width, which is important parameter in the patterning of the 
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semiconductor single or multi layers, is mainly depending on laser power 
and pulse frequency. Laser power varies in this study is from 20 W to 2 W 
and the pulse frequency varies from 1 Hz to 80 Hz. Fig. 3 shows the 
obtained comparative results of the scribed line of Mo thin film (60 nm) by 
varying the laser power and pulse frequency. By increasing the laser power 
and laser pulse frequency, the scribed line width increases. For higher laser 
power  i.e.  20  W,  the  width  of  the  scribed  line  was  240  m  at  1  Hz  pulse  
frequency and 390 m at 80 Hz pulse frequency. While at lower laser power 
i.e. 2 W, the increase in the width of the scribed line was negligible. 
 

 
 

Fig. 3 – The variation of the scribed line width of Mo thin film (60 nm) as a 
function  of  laser  pulse  frequency  shows  that  as  the  laser  power  and  the  pulse  
frequency were set at minimum level, the scribe line width is lower 
 

 The scribed line width should be kept minimum for its future use in the 
patterning the different semiconductor devices. From Fig. 3, we said that at 
2 W laser power and 1 Hz pulse frequency we get the minimum scribe width 
i.e. 210 m. The 210 m  is  still  a  higher  value.  Therefore,  by  using  the  
optimal laser parameters for 60 nm Mo film thickness i.e. 2 W laser power 
and 1 Hz pulse frequency we scribed the higher thickness of Mo thin film.  
 Fig. 4 shows the variation in the scribe line width as a function of pulse 
frequency. In this scribing, we found that as the pulse frequency reduces the 
scribe line width reduces. The minimum scribing width was 30 m for 2 W 
laser power and 1 Hz pulse frequency. We had also scribe the different 
thickness of Mo thin films at 2 W laser power and 1 Hz pulse frequency and 
got  the similar  kind of  variation.  From that  variation,  we can say that  as  
the thickness of the Mo thin films increases the scribed line width decreases, 
too, this is shown in Fig. 5. 
 At  low  power  (2  W)  and  low  frequency  (1  Hz)  we  have  achieve  the  
minimum scribe line width i.e. 40 m (Fig. 5a). In order to achieve lowest 
scribe line width without any presence of walls and collars in the scribed 
area, we scribe the higher thickness Mo films at 0.2 w laser power and 1 Hz 
pulse frequency, as shown in Fig. 5b. At 0.2 w laser power and 1 Hz pulse 
frequency the minimum scribe line width is 38 mm. We also try the lower 
thickness of the Mo thin film for the 0.2 w laser power, but due to the lower 
thickness, the films experienced a stress, so, the scribe line was distorted or 
not uniform. Such scribe lines observed using the polarization microscope is 
shown in Fig. 6. 
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Fig. 4 – The variation of the scribed line width of Mo thin film (800 nm) as a 
function of laser pulse frequency shows that as the pulse frequency was reduces; the 
scribe line width is decreases 
 

  
  a b 
 

Fig. 5 – Scribed line thickness is decreases as the thickness of the Mo thin film 
increases at 2 W  laser  power  and  1  Hz  pulse  frequency  (a)  while  at  the  same  
frequency and 0.2 w laser power the minimum scribe line width observed (b) 
 
3.2 Scribe quality 
 

However, the great results were extremely rare and seemed to occur within 
a process window of miniscule proportions. During the extensive 
experimentation only a handful of 40 m scribes were achieved with good 
results. Nonetheless, the excellent quality of these scribes invite to 
speculation as to whether some alterations could be made to the system in 
order to achieve such scribes. Scribe results often terrible, with big shards 
and cracks. The high energy scribe results that are referred to as good on 
the  other  hand  are  not  square.  Viewed  from  the  top  they  have  a  typical  
pulse-to-pulse appearance of slightly overlapping circular holes. If the work 
piece speed is too high the pulses will loose their overlap and bridges will 
occur. If the work piece slows down the “lips” that protrude into the scribe 
tend to flake up more readily. 
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Fig. 6 – Stress introduce in the lower thickness of Mo thin films while scribing so, 
the scribe line becomes non-uniform 
 

 In order to achieve the better quality of the scribe line we vary the laser 
power and pulse frequency for the different thickness of the Mo thin films. 
Ablation  with  a  train  of  laser  pulses  per  spot  defines  the  scribe  quality.  
Theoretically, the pulse train of the laser scribe the material is shown in 
Fig. 7. Some calculations were made in order to establish the geometrical 
situation [8, 9] during the laser pulse. 
 

 
 

Fig. 7 – Geometrical representation of exposed area 
 

 Given  that  the  laser  spot  has  a  radius,  R, and  is  repeated  with  a  
frequency onto a sample that is moving with the speed, v, one can express 
the surface area A of each consecutive pulse as the spot size minus the 
overlap of pulses (see Fig. 7). This area can be considered as the area of film 
removed per pulse. 
 

 
2

2 2 22 arccos
2 2 4

y y y
A R R R

R
 (1) 

 

where y is the distance between consecutive pulse centers. 
 

 
1

y v
f

 (2) 

 

 The obtained exposed area (scribe line width) of the scribe line of 
different thickness of the Mo thin films is shown in Fig. 8. 
 

IEEE eXpress Sample eBook, page 832



 
 
 
 LASER SCRIBING OPTIMIZATION OF RF MAGETRON SPUTTERED… 15 

 

 

 
 

Fig. 8 – Scribe line width of Mo thin films of different thickness i.e. from (a) to (h) 
is 60 nm to 800 nm, results of an average laser power is 2 W and 5 Hz laser pulse 
frequency 
 

 As increasing the thickness of the Mo thin films, we saw from the Fig. 8, 
that the scribe line width decreases. At the higher thickness of the Mo thin 
films, we got the better scribe area as well as the minimum side edges. For 
800 nm thin Mo films, the minimum scribe line width i.e. 80 m was obtain 
(Fig. 8h). The maximum scribe line width, i.e. 220 m, with poor scribe area 
is observed at 60 nm thin Mo films (Fig. 8a). 
 
4. CONCLUSIONS 
 

The presented work shows a process of laser scribing for Mo thin-film of 
different thickness (60 nm to 800 nm) has been considered. Laser 
parameters have been determined that provide reproducible, good scribes, 
that do not present any unwanted bridges. Scribing is performed at energy 

IEEE eXpress Sample eBook, page 833



 
 
 
16 V.B. PADHIAR, A.L. PATEL, J.R. RAY, ET AL.  

 

densities of around 1 mJ at 20 kHz, with a pulse-to-pulse overlap by the 
relation between laser power and laser pulse frequency. Considering the 
laser scribing step, molybdenum having a higher thickness yield better 
results compare to the lower thickness. Lower thickness of Mo shows the 
non uniform distribution or dull scribe edges of the scribe line. The scribe 
line width is observed minimum (80 m) at higher thickness (800 nm) and 
maximum (390 m) at lower thickness (60 nm). 
 
 The authors are thankful to UGC-DRS (file no. 530/2/DRS/2007(SAP-1)) 
for providing an electrical measurement facility.  
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In this article, we report on the detailed high resolution x-ray diffraction data 
analysis of three GaAs films deposited by metal organic vapour phase epitaxy on Si 
substrates.  In  the  GaAs/Si  films  the  effect  of  anti  phase  domains  is  seen  by  the  
selective broadening of (002) and (006) reflections. Further as the (006) reflection is 
a very weak reflection, such films cannot be analyzed by conventional Williamson-
Hall plots using (002), (004) and (006) reflections. We find that using (111), (333) 
and (444) reflections it is possible to use the standard Williamson-Hall analysis and 
extract  parameters  related to  the microstructure of  the films.  We have also  carried 
out the analysis to determine the tilt and twist between the mosaic blocks after 
correcting for the effects of the finite lateral coherence length. 
 

Keywords: HRXRD, GaAs/Si, ANTIPHASE DOMAINS, MICROSTRUCTURE, 
MISMATCHED EPITAXY. 
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1. INTRODUCTION 
 

High Resolution X-Ray Diffraction (HRXRD) is a powerful non-destructive 
tool for the analysis of the microstructure of epitaxial systems. There have 
been several works in recent times, where HRXRD has been used for the 
understanding of the microstructure of heteroepitaxial layers, like in 
GaN [1-3], InN [4, 5], ZnO [6], etc.  

Williamson  Hall  (W-H)  plots  have  been  used  for  the  analysis  of  both  
epitaxial  layers  and  polycrystalline  systems  for  a  long  time  [7].  There  has  
been a large body of work where W-H plots have been used for the analysis 
of the Lateral Coherence Length (LCL), tilt, vertical coherence lengths and 
microstrain in epitaxial and oriented polycrystalline films with wurtzite 
structure, e.g. epitaxial GaN and AlGaN [3], epitaxial InN [4, 5], 
polycrystalline GaN [8] and polycrystalline ZnO [9]. In all these analysis, the 
authors have used the reflections from planes perpendicular to the growth 
direction namely, (0002) (0004) and (0006). There are very few reports on 
the application W-H plots for the analysis of the microstructure of epitaxial 
zinc-blende structures deposited on mismatched substrates. In one of the 
detailed  reports,  Neumann  et  al.  have  used  the  W-H  plots  to  analyze  
GaAs/Si system [10]. This system has another complication which is related 
to the growth of the polar material (namely GaAs) on non-polar Si substrates 
resulting on the generation of Anti phase domains (APDs). The presence of 
APDs has been seen in several systems including metallic alloys and is 
known to broaden selective reflections [10, 11]. In the case of the zinc-
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blende systems, the presence of APDs result in the broadening of reflections 
like (002) and (006) where the expression for the scattering amplitude has 
the difference of the contributions from the group III and group V 
atoms [10]. Additionally the (006) reflection is a weak reflection in zinc-
blende systems. Further in the case of lattice mismatched zinc-blende 
epitaxial layers like GaP/GaAs [20], GaSb/GaAs [16], InAs/GaAs etc. [17] 
which are of contemporary research interest for optoelectronic devices and 
where APDs are not an issue, the (006) reflection is a very weak, thereby 
resulting in errors in the determination of the widths. Thus, the W-H 
analysis using the (002), (004) and (006) reflections cannot be used. In this 
work,  we  show  that  a  set  of  planes  parallel  to  the  (111)  plane  can  be  
alternatively used for the W-H analysis, thereby enabling us the study the 
microstructure of the zinc-blende layers with very weak (006) reflections.  

Following the work of Srikant et al. [12], there has been a lot of work 
related to the analysis of tilt and twist between the mosaic blocks in lattice 
mismatched systems for wurtzite systems [13]. However, to the best of our 
knowledge, there has been no attempt to analyze the tilt and twist between 
the mosaic blocks in zinc-blende systems.  We have carried out a detailed 
analysis of the tilt and twist using the method proposed by Lee et al. [3] 
after carrying out LCL corrections.  

Although  we  have  looked  only  at  samples  of  GaAs/Si,  the  analysis  
procedure is very general and can be used for any zinc-blende system with 
APDs  like  GaP/Si  [14,19],  GaSb/Si  [15]  or  without  APDs  like  
GaSb/GaAs [16]. Thus the proposed methods have a broad range of 
applicability. 
 
2. EXPERIMENTAL AND ANALYSIS TECHNIQUES 
 

HRXRD measurements have been carried out on a Panalytical X’Pert PRO 
MRD system. The measurements were made in either the skew-symmetric or 
the symmetric geometry for different planes (Planes of the type (00l) were 
analyzed in the symmetric geometry and of the type (h, k, l) with h and/or 
k  0, were analyzed in the skew-symmetric geometry). A hybrid 
monochromator (Goebel’s mirror with a four-bounce crystal monochromator), 
which gives CuK 1 (wavelength  1.54056 ) output with a beam divergence 
of  ~  20  arcsecs,  was  used  for  making  the  measurements.  For  GaAs/Si  
samples a three-bounce collimator (also referred to as triple-axis attachment) 
is  placed  in  front  of  the  detector  to  ensure  an  acceptance  angle  of   12 
arcsecs. The  - scans in both the symmetric and skew-symmetric geometries 
have been recorded in the triple-axis geometry for the GaAs/Si samples.  

The recorded data is converted in q - space for further analysis using the 
following relations: 
 

 
1

cos cos 2xq  (1) 

 

 
1

sin sin 2zq  (2) 
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where,  is the wavelength of the incident X-ray,  is the angle the sample 
makes  with  the  sample  surface  and  the  2  is angle of deviation of the 
diffracted beam from the incident beam direction.  

The  - scan widths are generally represented by Gaussian line shape 
profile with two main broadening mechanisms namely: finite LCLs and  
angle misorientation between the mosaic blocks. The LCL is an average of a 
large distribution of random sizes of the mosaic blocks. Similarly the angle 
between the mosaic blocks due to tilts and twists are also from a random 
distribution of dislocations thereby resulting in a Gaussian broadening. In 
such a case the total width of the  - scans can be written as: 
 

 
22 2

(00 )obs l LCL tiltq q q  (3) 
 

where, q(00l)LCL is the broadening due to the finite LCL and tilt*q is the 
broadening due to the finite angle between the mosaic blocks. In our case 
where  the  instrumental  broadening  is  of  the  order  of  20  arc  secs  and  the  
measured widths are of the order of 300 arc secs, the instrumental 
broadening effects have been neglected. However, this is strictly not the 
case in all the samples. The  - scans have a pseudo-Voigt line profile that is 
given by the equation: 
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where, yo is a constant, A is the amplitude, f is the fraction of Lorentzian 
component in the pseudo-Voigt profile (0 < f < 1),  is the width of the 
curve, and xc is the peak position. A perfect Lorentzian curve is given by 
f  1 and a perfect Gaussian is given by f  0. 

The addition of two pseudo-Voigt profiles with widths W1 and W2 gives a 
pseudo-Voigt profile with width W, given by the relation: 
 

 1 2
n n nW W W  (5) 

 

where, n  1 + (1 – f)2 [12]. For a pseudo-Voigt profile, 1 < n < 2. 
According to the conventional analysis of the  - scans by W-H plots 

(Conventionally, the above method has been applied for a set of planes 
parallel to the sample surface, namely (002), (004) and (006)), the 
contributions due to the finite lateral size and the tilt are added. The tilt 
contribution is q dependant (proportional to q)  and  the  lateral  size  
contribution is independent of q. The addition of these two factors for the 
case of a pseudo-Voigt profile can be written as: 
 

 (00 ) *
nn n

obs l LCL tiltq q q  (6) 
 

where, qobs( ) is the total broadening of the  - scan peak in the q - space, 
q(00l)LCL is the contribution of the broadening due to finite LCL and tilt is 

the tilt between the mosaic blocks in the film.  
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This analysis is however expected to fail in the presence of APDs in the 
films. The presence of APDs broaden the selective reflections namely (002) 
and (006) thereby making the equation 6 unusable. Further, in zinc-blende 
system, (006) is a very weak reflection, which makes the determination of 
the width highly erroneous. 

To avoid this problem, a different set of parallel planes whose reciprocal 
lattice vector is inclined by some angle with the surface normal, have been 
used for the analysis. The (111), (333) and (444) reflections, which make an 
angle ( ) of 54.73  with the plane parallel to the surface, have been used. It 
is important that none of these planes are affected by APDs and all of them 
are allowed reflections that make the data quite strong and the FWHM can 
thus be determined without significant errors. The  - scans for these planes 
have been recorded in the skew-symmetry geometry to obtain the LCL and 
the angular broadening in the epilayers. The results related to this above 
modified analysis of the W-H plots are discussed in the next section. 

A very important set of parameter that determines the quality of mosaic 
layer is the tilt and twist between the mosaic blocks of the epitaxial layer. 
Tilt and twist are out-of-plane and in-plane misorientation of the mosaic 
blocks in the epitaxial layer. To obtain the values of tilt and twist,  - scans 
are recorded for the planes whose angle of inclination with the substrate 
normal varies from 0  to 90  [12]. The width of x-ray peak obtained by  -
 scan for plane for which   0  is  tilt  value  and  width  for    90  is the 
twist  value.  As  the  case  of    90  cannot be recorded in the reflecting 
geometry,  an  extrapolation  scheme  was  first  used  by  Srikant  et  al.  [12].  
However, the effect of finite LCL is not considered, as all the films analyzed 
in Ref. [12], had relatively large LCLs. For the set of (1,1,1) planes, the  -
 scan broadening may be written as: 
 

 ( ) , , *
nn n

obs lll LCLq q l l l q  (7) 
 

where,  (1,1,1) is the broadening of the (1,1,1) reflection due to a 
combination of tilt and twist. q(lll)LCL is the y-axis intercept of the W-H 
plot for  - scans using (111), (333) and (444) reflections. The contribution 
of LCL to be peak broadening is eliminated from the  - scan of all the 
skew-symmetric reflections. Thus the LCL corrected angular broadening 

 (h, k, l), for any (h, k, l) reflection in the skew-symmetric geometry may 
be written as: 
 

 

1

( ), ,

n nn

lll LCLobs
qq

h k l
q q

 (8) 

 

After the correction for the LCL, the expression for the width as a 
function of  may be written as [3,18]: 
 

 , , cos sin
n n n

tilt twisth k l  (9) 
 

The  GaAs  layers  (samples  “a”,  “b”  and  “c”)  were  deposited  by  Metal  
Organic Vapour Phase Epitaxy (MOVPE) (AIXTRON AIX200) on (001) 
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oriented Si substrates. The samples “a”, “b” and “c”, have been deposited 
using a two step growth technique with different V/III ratios. The buffer 
layers  were  grown  at  450  C and at 400 C and the epilayers at 650 C, 
670 C, and 690 C respectively for samples “a”, “b” and “c”. The thickness 
of the samples were determined by a thickness profilometer model Alpha-
step IQ (KLA Tencor make). We present a detailed HRXRD study for the 
above three epilayers. The analysis is very general and can be used for any 
III-V epilayer especially those that are highly lattice mismatched where the 
issues of tilt, twist and LCL are very important.  
 
3. RESULTS AND DISCUSSION 
 

Fig. 1 shows the intensity vs. qx curves derived from  - scans using eqn. 1 
and 2 for (002), (004) and (006) reflection of layer “a”. The pseudo-Voigt 
fitting of the curves using eqn. 4 are shown by the overlaying lines in the 
figure. The weak reflection (006) reflection is very noisy and the fitting is 
erroneous. The observation is similar for all the remaining samples. 
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Fig. 1 – The intensity vs. qx curves for (002), (004) and (006) reflection of sample 
“a”. The fitting of the curve is shown by overlaying line 
 

Fig. 2a, b, and c shows the W-H plots using the  - scans for the layers 
“a”, “b” and “c” respectively using (002), (004) and (006) reflections. The 
value of “n” used in the plots are determined from the pseudo-Voigt fitting 
of the  - scan profiles in the q - space using equations 1, 2 and 4. One finds 
that for all the layers, straight line fits, as expected from W-H plots are not 
obtained (Fig. 2a-c). This observation is attributed to two reasons. First, the 
values of the width of the (006) reflection, which is a forbidden reflection 
for zinc-blende structure, may be erroneous due to its very small intensity. 
Secondly, it may be noted that (002) and (006) reflections, are selectively 
broadened by the presence of APDs in the GaAs/Si samples i.e. epilayers 
“a”, “b” and “c”, thereby making the straight line fitting of the W-H plots 
impossible. 

We have also made W-H plots using the  - scans of the (111), (333) and 
(444) reflections in the skew-symmetric geometry, from the epilayers “a”, 
“b” and “c” in Fig. 3a-c respectively. We find that straight-line fits are 
obtained in all the cases thereby enabling the possibly of using this analysis 
for this set of reflections. The value of the LCL and  (1, 1, 1) for the films 
determined from the straight line fitting (also shown in Fig. 3a-c) is given 
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in Table 1. Thus we find that the choice of the diffraction planes in this case 
is extremely important and LCL values can only be determined in these films 
using the set of (1, 1, 1) planes.  (1, 1, 1) values determined from these 
plots  are  a  combination of  tilt  and twist  in the layers  and thus need to  be  
analyzed further based on the procedure mentioned in the previous section.  
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Fig. 2 – W-H plots  for  samples  “a”,  “b" and “c” using the (002), (004) and (006) 
reflections for the  - scan widths. The straight line is used to guide the reader’s eye 
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Fig. 3 – W-H plots for samples “a”, “b” and “c” using the (111),  (333) and (444) 
reflections for the  - scan widths. The straight line shows the linear fitting of the 
points 
 

We estimate the tilt (out-of-plane misorientation of the blocks) and the 
twist (in-plane misorientation of the blocks) by making a series of reflections 
in the skew-symmetric geometry and plotting the width of these reflections 
as a function of . The y axis (  - scan width) shown in Fig. 4, is equivalent 
to qobs/q of eqn. 8. This is strictly true only for small  widths, which is 
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almost always the case with epitaxial films. These results are shown in 
Fig. 4a-c for the epilayes “a”, “b” and ‘c” respectively. The widths without 
the finite length corrections are shown in the inset of each figure. It is clear 
that the correction due to the finite length effects is mandatory and the 
data after the correction due to the finite lengths is seen to fit a monotonic 
line as expected from Eqn. 9. The fits to Eqn. 9 for all the films are shown 
in Fig 4a-c. The values of the tilt and twist are shown in the Table 1. 
 

0 20 40 60 80 100

0.21

0.22

0.24

0.26

0.28

0.29

0 20 40 60 80 100

0.20

0.22

0.24

0.26

0.28

0 20 40 60 80 100
0.26

0.28

0.30

0.32

0.34

0.36

c

Twist = 0.22o

Tilt = 0.28o

0 40 80

0.20

0.40

0.60

 

 

(331)

(111)

(333)
(444)

(224)

(113)

(115)(006)

(004)

(002)

q x (1
0-2

rl
u)

  (Degrees)

 

 

(004)
 

 

(331)

(113)
(224)

(111, 333, 444)

(115)

 (D
eg

re
es

)

 (Degrees)

b

Twist = 0.21o

Tilt = 0.27o

0 40 80

0.2

0.4

0.6

(331)
(111)

(333)

(444)

(224)

(113)

(115)

(002)

(004)

(006)

 

 
 (Degrees)

q x (1
0-2

rlu
)

 

 

(115)

 

 

(331)

(113)

(224)

(111, 333, 444)

(004)

 (D
eg

re
es

)

 (Degrees)a
 (Degrees)

Twist = 0.28o

Tilt = 0.34o

0 40 80

0.2

0.4

0.6

 
q x (1

0-2
rlu

) (444)

(333)

(111)(002)

(006)

(331)

(224)

(113)

(115)
(004)

 
 (Degrees)

 

 

(004)

 

 

(331)

(113)

(224)
(111, 333, 444)

(115)

 (D
eg

re
es

)

 
Fig. 4 – Widths of  - scan data recorded in the skew-symmetric geometry corrected 
for the finite coherence lengths for the planes shown as a function of . The data for 
the samples “a”, “b” and “c” are shown. Inset shows widths of  - scan data recorded 
in the skew-symmetric geometry for the planes shown in the inset as a function of . 
The data for the samples “a”, “b” and “c” are shown 
 

The tilt and twist values obtained for the films are directly related to the 
dislocation density of the films. This method has been the standard method 
for the determination of the dislocation density for III-Nitride epilayers 
where the systems are in almost all the cases grown on highly mismatched 
substrates.  However for  the case  of  III-V systems,  almost  all  the work has 
been  carried  out  on  matched  or  nearly  matched  systems  and  thus  there  
issues of tilt and twist between the mosaic blocks do not arise. However 
there are a few systems where this issue is important like the ones studied 
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in this work namely: GaAs/Si. The most common type of dislocation present 
in these systems are the ones that have a Burger’s vector b  a/2 (0, 1, 1) 
and line of dislocation along: (1, – 1, 0) direction, commonly referred to as 
the 60o dislocation. These are mixed dislocations that give rise to both tilt 
and twist in the epilayers. The details of the effects of the dislocations, 
their contribution to the tilt and twist and their relation to the measured 
TEM data will be a subject of a future work. 
 

Table 1 – The results obtained for the various epilayers “a”, “b and “c” 
 

Sample 
Name 

Sample 
Thickness 

(µm) 

LCL 
determined 
From W-H 
plots (µm) 

Tilt 
Determined from 

W-H plots 
(Degrees) 

Twist 
Determined 
from W-H 

plots 
(Degrees) 

a 0.31 0.40 0.34 0.28 
b 0.31 0.31 0.28 0.22 
c 0.33 0.51 0.27 0.21 

 
4. CONCLUSION 
 

Standard W-H Analysis using (001) reflections (l  2, 4, 6) cannot be used 
with ease for the zinc-blende systems due to APDs and/or weak reflections. 
A modified W-H Analysis is presented in this work that can be used for a 
zinc-blende system. This approach is specifically applicable for the cases, 
where the films have APDs and/or some of the reflections in the W-H plot 
are not allowed and hence very weak. The LCL and the angular broadening 
of the mosaic blocks are determined from the W-H plots. The tilt and twist 
between the mosaic blocks in the epilayers is also obtained after correcting 
for the LCL. 
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Doping nitrogen within TiO2 is an effective way to enhance visible light photocatalysis 
due to a direct electron excitation from the N2p states within the band gap. However, 
nitrogen doping is not always efficient for UV photocatalytic activity. Here, different 
structures of N-doped TiO2 (TiOxNy) have been prepared by reactive RF (13.56 MHz) 
magnetron sputtering. The morphological, optical, structural, and photocatalytic 
properties of the films have been studied in order to investigate the competitive effect of 
the morphology and the chemical composition on the efficiency of the photocatalytic 
activity. The variation of surface wettability of the film over time in the dark and 
under visible and UV irradiation was also studied. The reduction in wettability by dark 
storage can be explained by the adsorption of hydrocarbon contamination on the thin 
film’s surface. Additionally, from water contact angle experiments, it was found that 
these films developed hydrophilic properties upon UV and visible illumination. The 
photoinduced  change  in  the  contact  angle  of  water  was  due  to  the  removal  of  
hydrocarbon contamination on the surface and also the photo-oxidation of the water 
droplet. Samples prepared at high pressure gave the best photocatalytic activity, even 
though the deposition rate was lower at higher pressures (lower film thicknesses), due 
to the high specific surface area and the optimal presence of TiOxNy crystals in the 
lattice.   However,  at  low  pressure,  the  TiN  crystals  became  more  predominant,  and  
acted  as  recombination  centers  for  the  photo-generated  charge  carriers.  A  design  of  
experiments was used in order to optimize the deposition parameters to have the best 
photocatalytic activity. The high photocatalytic activity under UV light was found to be 
due  to  the  introduction  of  discrete  energy  levels  within  the  band  gap,  the  increased  
sample wettability,  and the higher specific  surface area.  However,  the post  annealing 
process  did  not  effect  the  activity  under  UV  irradiation.  Using  the  response  surface  
methodology, RSM, based on a design of experiment, DOE, we are able to achieve a 
good understanding of the complex processes involved in the deposition of the thin films 
and  their effect on the photocatalytic activity.  
 

Keywords: TIO2 THIN  FILM,  DOE,  RSM  (RESPONSE  SURFACE  METHOD),  
NMP, PHOTOCATALYSIS, NITROGEN DOPING, SPUTTERING. 
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1. INTRODUCTION 
 

TiO2 has shown tremendous applications as an effective photocatalyst under 
UV light irradiation [1-7]. It is a readily available material that is low cost, 
has good thermal and aqueous stability and resistivity, and is adverse to 
corrosion and photocorrosion. TiO2 has shown the ability to photodegrade 
many organic pollutants dissolved in water via UV irradiation.  Among 
organic pollutants, N-methyl-2-pyrrolidone, (NMP), is one of the most 
common found in the wastewater  of  many factories  due to  its  common and 
cast usage. NMP is an important, versatile solvent and reaction medium for 
the chemical industry such as petrochemical, plastics, coating, agricultural, 
and electronics, because of its low volatility, thermal stability, high polarity 
and aprotic, noncorrosive properties [8]. However, due to its large band gap 
TiO2 absorbs visible light poorly, and thus has been an ineffective visible-light 
photocatalyst.  Many attempts have been made to improve the photocatalytic 
activity of TiO2 under UV and/or visible light irradiation.  In particular, the 
focus has been on decreasing the band gap energy of TiO2 (about 3.2 eV), such 
that it is suitable to absorb visible light, i.e. 1.6 - 3.0 eV, particularly at 2.5 
eV, which corresponds to the solar maximum output. The efforts to modify 
the optical properties of TiO2 have been attempted by three primary methods; 
(1) doping TiO2 with  transition  metal  ions  (Cr,  V,  Mn,  etc.)  in  order  to  
produce intermediate states in the band-gap close to the conduction band [9-
13], or/and with anionic dopants (F,C, N, …) close to the valence band [14-
17]. (2) sensitization by attaching photo-sensitizers such as organic 
substances, semiconductors, and metal halides that are able to absorb visible 
light [18-20], and (3) the formation of reduced TiO2 containing oxygen 
vacancies [21-23], including reduction with hydrogen [24]. While there are a 
plethora  of  available  doping  methods,  some  processes  can  hurt  the  overall  
photoactivity of the TiO2 samples.  For instance, some doping methods suffer 
from thermal or photoactivite instability, an increase in the recombination 
between the photogenerated electron-hole pairs, and the poor reproducibility 
of the photocatalytic activity [25-26]. 
 In particular, Asahi et al. [27] initially set three requirements to achieve 
visible-light photoactivity for TiO2: (i) doping should produce states within 
the band gap of TiO2 that  absorb visible  light;  (ii)  the conduction band CB 
minimum and the dopant states must be above the H2/H2O reduction level to 
ensure photoreductive activity; and (iii) sufficient overlap between the 
intergap  and  band  states  of  the  photocatalyst  in  order  to  provide  a  fast  
transfer of photoexcited carriers to the reactive states at the surface within 
their lifetime. Metal dopants do not meet conditions (ii) and (iii) as they 
produce localized d-states deep within the band gap of TiO2 and tend to act 
more as electron-hole pair recombination centers.  In practice, metal doping 
has shown both positive and negative effects on the photocatalytic activity of 
TiO2, under both UV and visible light [28-29]. 
 An important factor in the applicable photoactivity of doped-TiO2 is based 
on the density of states (DOS) that make up the photoactive energy levels, i.e. 
the valence band, the conduction band, and the doped energy band level. The 
density of states determine the transition probability for photoexcitation from 
either the valence band or dopant energy level, to the conduction band level, 
which is governed by Fermi’s Golden Rule. DOS calculations have been carried 
out using anionic dopants such as C, N, F, P [30] and S [31] (however, Sulfur 
doping is not commonly employed due to its large ionic radius even if it can 
narrow the band gap [31]). The most interesting results are that with carbon 
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[15] and nitrogen, which can generate intermediate impurity states above the 
maximum of the valance band within the band gap [16, 30, 32-34]. Interstitial 
and substitutional carbon doping may decrease the TiO2 band gap to 2.32 eV 
which  is  even  less  than  the  known  Rutile  band  gap  (about  3.0  eV),  so  the  
photoinduced charge carriers can be generated more easily under visible light 
irradiation in C-doped TiO2

 [15].  However, the mobility of the photogenerated 
holes may be reduced, which will not improve the photooxidation activity 
which takes place via a cationic exchange, even if the measured photocurrent 
is increased anionically [28]. 
 Nitrogen doped TiO2 has received significant attention, and the results have 
yielded  many  contradictions.   The  DOS  results  (Asahi  et  al.  for  example)  
suggest that the substitutional nitrogen doping is more effective than 
interstitial doping (and the mixture of both substitution and interstitial) due 
to the introduction of localized N2p states just above the valance band which 
can  mix  with  O2p states (N—O bonding), allowing the absorption of visible 
light up to 500 nm. Sangwook Lee et al [35] found that interstitial N doping 
creates defects at levels deep within the band gap which disturb the charge 
transfer in the TiO2 nanoparticles. However, other works found that 
interstitial N-doping is more effective than substitutional doping [35-36]. 
Diwald et al. [37-38] found that interstitial doping shows more photoactivity 
due to the suppressing photo-threshold in opposition of substitutional dopants. 
Other results have shown that a multi-type N doping (interstitial and 
substitutional) gives very good photocatalytic activity in visible light [39]. 
 Although some of the past literature has found discrepancies in the 
nature  and  function  of  nitrogen  doping,  there  are  a  few  common  themes  
that have become evident. While doping TiO2 with nitrogen can decrease the 
band  gap,  and  thus  allow  an  improvement  in  visible  light  absorption,  the  
nitrogen  band  energies  that  allow  this  absorption  also  can  act  as  
recombination centers that decrease the lifetime of photogenerated charge 
carriers, which decrease the overall photocatalytic efficiency.  There exists a 
delicate balance in the concentration (and nature) of N-doping in TiO2 that 
must be achieved in order to maximize the visible light absorption, while 
minimizing the electron-hole recombination. The purpose of this study is to 
find the sputtering deposition parameters that allow for the optimal optical 
and photocatlytic properties of N-doped TiO2 films.  
 Sputtering deposition is one of the most promising techniques for 
uniform coatings over a  large area as  it  has  the advantage of  producing a 
well controlled film in terms of morphology, crystallinity and stochiometry. 
The reactive RF magnetron sputtering of TiO2 is  of  great  importance  
because it has shown the ability to prevent target poisoning [40-45], and it 
also permits desirable and reproducible properties of the deposited films 
with good deposition rate at different substrate temperatures, as well as a 
good homogeneity of thickness and composition of films on a large scale 
with  a  flat  surface.  In  addition,  reactive  RF  magnetron  sputtering  of  
titanium dioxide has a high degree of flexibility to control the structural 
and physical properties of the films by varying several process parameters 
such as the sputtering pressure, sputtering power, target to substrate 
distance, reactive gas partial pressure, substrate temperature and using DC 
and RF substrate biasing [42, 44, 46-49]. 
 The study of the individual processing parameters affecting photocatalytic 
activity is quite complicated due to the abundance of physical, chemical, and 
electronic procedures that take place, as well as the abundance of sputtering 
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controls, detailed above. The use of response surface methodology, RSM, 
based on design of experiment is one way to simplify complex processes since 
it allows multiple physical characteristics to be compared simultaneously. The 
resolution of the empirical polynomial equation that determines the RSM can 
be used to understand and predict the optimization of the photocatalytic 
activity  of  N-doped  TiO2 by  comparing  the  material  properties  with  the  
process parameters and functional activity. In this work, we used a design of 
experiment to investigate the morphological, structural, and optical properties 
of N-doped TiO2 thin films with various nitrogen concentrations, and how 
they affect the UV light photocatalysis of NMP.  
 
2. EXPERIMENTAL  
 

2.1 Thin films preparation  
 

The un-doped and N-doped TiO2 thin  films  were  prepared  by  a  RF  reactive  
magnetron sputtering system. A metallic Ti target (50 mm diameter) having a 
purity of 99.95%, was sputtered in a reactive gas atmosphere containing Ar, 
O2 and N2. Different nitrogen to oxygen ratios were used, ranging from 0 to 
14 %, while the argon flow rate was fixed to 30 sccm. The substrates used 
were electro-polished stainless steel, Si (100) wafers and ordinary microscope 
glass slides. Prior to deposition, the non metallic substrates were ultrasonically 
cleaned with acetone, ethyl alcohol and then de-ionized water for 20 minutes 
each.  The  RF  cathode  power  was  200  W  for  all  the  depositions  in  order  to  
minimize the target poisoning effect [41-42] since titania is a semi-conducting 
oxide, and can easily contaminate the target. Using optical emission 
spectroscopy (OES), we followed the Ti emission lines at 517 and 521 nm, and 
controlled the TiO2 deposition parameters in order to have a fixed intensity of 
the Ti peaks during the deposition period. We stabilized the deposition rate in 
the intermediate region between two stable sputtering modes, reactive and 
metallic. The substrate holder was maintained at 300°C. The distance between 
the  substrate  holder  and  the  target  was  fixed  at  100  mm.  The  initial  base  
pressure was between 3 to 7  10 – 6 torr, while the total working pressure was 
between 3 to 14 mtorr.  Prior to each deposition, the target was pre-sputtered 
in Argon atmosphere for 10 minutes to remove any contaminations from the 
target surface. The film thicknesses were measured, and ranged from 80 to 
500 nm. Some of the films were annealed for 1 hour at 450 C  in  air  
atmosphere. The TiOxNy films in this paper were labeled as following: Pr for 
pressure, and N for the ratio of the nitrogen to oxygen flow rates.  
 
2.2 Contact angle measurement  
 

Contact angle measurements were performed by measuring the angles at 
which the liquid/vapor interface from a 6 l water droplet meets the 
liquid/solid sample surface. Initial tests were performed for each sample 
under no light irradiation and the contact angle variation was studied over 
the course of two months. Further tests were conducted for different 
intervals of illumination with the full spectra of a Halogen and UV lamps.  
The time needed for a drop of water to return to the initial contact angle (of 
the fresh sample) after 2 months of dark storage was measured. A set of 
three 6 l droplets were used for each surface, and the average contact angle 
over time was measured and averaged. 
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2.3 Film structure and morphology 
 

The crystal structure of thin films was characterized by X-ray diffraction 
(XRD) (X’Pert Pro PW3040-Pro, Panalytical Inc.) using Cu K-R radiation in 
Bragg-Brentano ( -2 ) configuration. The average crystallite size was 
determined by means of standard -2  XRD  scans  using  the  Scherrer  
Formula. X’Pert High Score pattern processing was used to collect and 
process the data. The Raman spectra were recorded in a backscattering 
geometry using a Renishaw InVia Raman-microscope system and the 633 nm 
excitation wavelength of a red laser, focused on a spot size of the order of  
3 m. Film morphology and thickness were measured by SEM-FEG. 
 
2.4 Photocatalytic activity 
 

N-methyl-2-pyrrolidone (NMP) was oxidized in the presence of the prepared 
thin films using an 11W lamp (Philips TUV low pressure Hg lamp for near 
monochromatic  output  at  254  nm)  which  was  placed  at  the  center  of  the  
reactor shielded by a vertically immersed quartz jacket. All the experiments 
were performed at constant temperature. NMP was obtained from Merck 
with  purity  of  >  99  %.  The  concentration  of  NMP  and  produced  
intermediates were monitored during the experiments using HPLC-UV 
(KNAUER, Chromgate 3.1) with isocratic elution (3 - 10 % acetonitrile, 97 -
 90 % water, 1 ml/min) on a reversed-phase Nucleosil C18 column. The 
detection wavelength was 214 nm. 
 
2.5 Design of experiment  
 

In order to determine how the individual process and material parameters 
affect the photocatalytic activity of TiO2 thin films, we used the Doehlert 
design with 2 factors (nitrogen flow rate and sputtering pressure). In order 
to achieve the desired set of data, we used 7 experiments focused around a 
central parameter value, including one in the center [51-52]. We estimated 
the optimized conditions by the Response Surface Methodology, RSM, based 
on a second order model. 
 
3. RESULTS AND DISCUSSION  
 

3.1 Contact angle measurement  
 

Depending on the deposition parameters, the prepared samples displayed two 
types of contact angle shapes (within 2 months). Fig. 1a and b present an 
example of the contact angle variation related to two types of samples 
prepared at high pressure and low pressure. It is apparent that the contact 
angle increases with time with two principal slopes before reaching a 
stationary value. Fig. 1b shows the contact angle variation after different 
intervals of illumination with the full spectra of a Halogen and UV lamp up 
to return to the initial value of the contact angle (of the fresh sample).  
 We distinguished two groups (types) of contact angle trends according to 
the controlled pressure during the film deposition. Here we present only an 
example of samples prepared at high and low pressure respectively (Fig. 1a). 
At high pressure (more than 9 mtorr) the contact angle increases slowly and 
steadily up to a stable value about 10 % more than the initial contact angle 
value. However, samples prepared at low pressure show a different variation 
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following two mean slopes, a first order and a second order one up to a stable 
value up to 8 times over the initial contact angle value. Under visible 
irradiation, the wettability increases suddenly after a specific irradiation time 
which increases with increasing pressure up to reaching to the initial contact 
angle. The same conclusion can be seen under UV irradiation but the wettabi-
lity is increased within a shorter time of UV irradiation and the surfaces 
become completely super hydrophilic regardless of the deposition pressure.  
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Fig. 1 – (a) The contact angle evolution during 2 months, being stored in the dark, 
(b) the change in contact angle under visible and UV light irradiation, and (c) the 
measured contact angle for different deposition pressures and nitrogen flow rates ( 
the oxygen flow rate is fixed at 1.5 sccm, and contact angle is measured after 5 days 
of deposition)  
 

 The contact angle increased after storing the sample in the dark, possibly 
due to the adsorption of hydrocarbons on the photocatalyst surface. As the 
illumination exposure time is increased, the contact angle decreases from an 
initial value of ~50  (in the dark) to a final value of ~10º after two hours of 
illumination (the illumination period was in the absence of water droplet, 
and we used 6 l de-ionized water droplet for each contact angle 
measurement on the same sample). These results are in agreement with 
literature [53], especially the model proposed by Wang et al. [50], which 
reported the photo induced change in contact angle of water to be due to the 
adsorption of hydrocarbon contamination on the surface of the thin film. 
 The contact angle enhancement, under irradiation, is due to two phenomena. 
First, under irradiation, the degradation of adsorbed hydrocarbons took place 
on the doped titania surface through the generation of OH radicals. Second, 
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illumination initiates the photo-oxidation of the water droplet, leading to a 
larger wettability of the surface. We used the wettability data, measured 
one week after the samples deposition, to modulate the response with two 
parameters, the pressure and the nitrogen flow rate. Fig. 1c presents the 3-
D empirical iso-response curves, to identify the experimental region for 
minimum contact angle. 
 
3.2 Impact of the sputtering pressure and film morphology   
 

The microstructure of TiO2 layers  has  a  pronounced  effect  on  the  
photocatalytic activity. The small pore size of the thin film allows only the 
top surface to be photocatalytically active. The sputtering process is able to 
grow column-like grain structures, and the spacing between columns can be 
controlled by the sputtering pressure [54]. The increased porosity increases 
the effective surface and active sites. For example, we can calculate the 
lateral (S.A.LAT) to geometrical (S.A.GEO) surface ratio for the film deposited 
at 14 mtorr (Fig. 2a) which has the minimum thickness (80 nm), 
 

 
2

. . 4

. .
LAT

GEO

S A Dd
S A D

 (1) 

 

where (d)  is  the  film  thickness  and  (D) is the column diameter. Using 
equation (1) and the morophological parameters measured by SEM, it is  
  

  
 

   
 

apparant that the available surface area is enhanced 10-fold when increasing 
the pressure from 4 to 14 mtorr, although it is important to note that the 
ratio is proportional to the film thickness. 

a b 

c  
 
 
Fig. 2 – SEM-FEG images of 3 
thin films, N0.04 Pr14 (a) N0.04 
Pr 4 (b) and N0.15 Pr4 (c) 
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 As the TiO2 crystals coalesce before reaching the substrate surface, their 
shape and size will stabilize. Normally, the crystal size increases up to a 
threshold that will further inhibit its growth. This maximum grain size is 
important for the inherent surface area of the thin film (the higher grain 
size would generate a higher porosity and a higher specific area) . The larger 
grain size would enhance the crystallinity which increases the adsorption of 
the pollutants, and thus show improved photodegradation. From Fig. 2 it is 
clear that at higher deposition pressure (comparing (a) with (b)), the film is 
more porous having a higher effective surface area. At a higher nitrogen 
flow rate (higher nitrogen concentration) it is possible to see the nucleation 
of TiOxNy clusters and this is more evident at high working pressure. 
 Fig. 3 shows the RMS for thickness in function of pressure and nitrogen 
flow rate. The thickness (and also the deposition rate) decreases sharply with 
the sputtering pressure. However, it is apparent that the nitrogen does not 
have any important impact on the deposition rate. 
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Fig. 3 – Thickness of N doped TiO2 thin  films  and  iso-reponse  curves  (based  on  
pressure  and  Nitrogen  flow  rate)  from different  samples  data.  Oxygen  flow  rate  is  
fixed to be 1.5 sccm  
 
3.3 XRD analysis and Raman spectroscopy   
 

The photocatalytic activity of TiO2 depends on a variety of parameters including, 
but  not  limited to,  the TiO2 crystalline structure, crystal/particle size, surface 
morphology and the concentration/nature of the doping element. The crystalline 
phase  of  TiO2 remains  one  of  the  principal  factors  that  determines  the  
photocatalytic performance. The anatase form of TiO2 is preferable over rutile 
since anatase is found to be highly active in the photo-oxidation of organics when 
oxygen is used as an acceptor of photogenerated electrons [7]. 
 X-ray diffraction scans (Fig. 4) provide evidence that anatase is the 
primary crystalline phase that develops in the thin films. By changing the 
level of atomic nitrogen doping (resulting from different N2 flows,  so  a  
different N2:O2 reactive mixture ratio is achieved) during the sputtering 
process, there is a slight decrease in the anatase phase and increase in the 
development of the TiOxNy phase. By increasing the sputtering pressure, the 
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anatase  peaks,  especially  (101)  and  (004),  located  at  2   25.4  and  
2    38.0  respectively, become less intense and broader. This indicates that 
the crystal size and the refractive index are decreasing [54]. At the same 
time, the (103), (112), and (105) orientations of the anatase crystal, located 
at  2    37.1 , 38.7  and 54.1  respectively, disappeared as the higher 
pressure depositions were used. The (105) anatase peak was increased by 
increasing the nitrogen incorporation in the lattice. It is not surprising that 
the anatase (101) decreases rapidly by increasing the nitrogen flow rate. 
Many authors reported a crystal modification when substituting nitrogen 
into  the  anatase  TiO2 crystal. The wide peak between 2    41  and 44  is 
attributed to the presence of the TiOxNy phase accompanied with TiNx 
and/or TiO55.  By  changing  the  nitrogen  flow  rate,  we  can  identify  a  
remarkable formation of TiN crystals accompanied with oxygen vacancies in 
the  lattice  for  nitrogen  flow  rates  between  0.07  and  0.11  sccm,  and  it  is  
more distinguishable at a higher sputtering pressure. Oxygen is a much 
more reactive element than nitrogen [45] so altering the oxygen to nitrogen 
flow  rate’s  ratio  can  put  considerable  strains  on  the  TiN  crystallization  
process, explaining the observed broad diffraction peak at higher oxygen 
concentrations. 
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Fig. 4 – XRD data obtained from TiO2 films prepared at different pressures (Pr) 
and different Nitrogen flow rates (0.04 to 0.15 sccm) 
 

 The avereage crystal size in each film was calculated from the anatase 
(101) peak using the Scherrer formula, 
 

 d  K /( cos ) (2) 
 

where d is the crystal size in nm, K is a constant,  is the XRD wavelength 
(in our case 1.54 ),  is the full width at half maximum (FWHM), and  is 
the diffraction angle. To try and understand the competitive nature of 
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nitrogen incorporation and the sputtering pressure, we plotted the surface 
response of the crystal size versus both variables (Fig. 5). It is apparent that 
the crystal size decreases by increasing the nitrogen flow rate, especially at 
higher pressure.  However, this variation is less remarkable when working 
at low pressure (less than 9 mTorr). 
 

 
 

Fig. 5 – Surface response of the crystal size versus deposition pressure and nitrogen 
flow rate 
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Fig. 5 – Raman spectra of a selection of deposited films on silicon wafer 
 

 The Raman shift spectra of the different thin films were measured and 
are shown in Fig. 6. All the samples show the typical Raman shift spectra of 
anatase TiO2 [56-57], comprised of the peaks at 144 cm-1 (Eg, O–Ti–O 
bending mode), 198 cm – 1 (B1g/A1g), 398 cm – 1 (B1g), and 640 cm – 1 (Eg, Ti–
O bond stretching mode). In addition to the optical band modes found by 
this method, no phonon line shifts were observed . Raman spectroscopic 
analysis can provide important information on the Ti–O bond lengths of the 
N-doped TiO2 crystals from the stretching wave numbers which is related to 
the force constants and lengths of the bonding [2, 35]. There is no red shift 
in the Eg peak  (at  640  cm – 1 corresponding to the stretching vibrational 
mode of the Ti–O bond) when comparing the pure TiO2 sample to any of the 
doped samples.  The absence of the red shifting peak means that nitrogen is 
only substitutionally doped, and not found interstitially. 
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3.4 Band gap calculation  
 

The optical properties of all samples were studied by measuring the 
transmission spectra in the UV-Visible range (210 to 1010 nm). The band 
gap values were calculated by the Tauc’s equation using an indirect allowed 
transitions (m  2), 
 

 h   B(h  – Eg)m, (3) 
 

where  is the absorption coefficient, B is a constant called the edge width 
parameter, h is the photon energy, Eg is  the optical  band gap,  and m is  a  
constant which is determined by the optical transition, either direct (m  ½) or 
indirect (m  2). The optical band gap is obtained from the extrapolation of 
the linear plots of ( h )1/2 vs h , where the x-intercept is the band gap energy. 
The calculated band gap values were estimated to be between 2.5 and 3.42 eV 
for the N-doped TiO2 samples. This large difference is due to the different 
nitrogen concentrations and nitrogen positions in the lattice depending on the 
deposition pressure and the morphology of the various thin films. Oxygen 
vacancies can also have an important role on the band gap red shift. 
 The RSM of the modulated band gap (from the calculated ones) is presented 
in Fig. 7. It is clear that the conditions corresponding to the minimum band 
gap are in the same interval that display higher hydrophilicity. This is a very 
interesting correlation, suggesting that the position of the doped nitrogen 
energy levels within the band gap can have a substantial effect on the surface 
states of the material, which in turn affect its wettability. 
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Fig. 7 – Modelling of the band gap calculated from the UV-Vis absorption spectra of 
glass coated by N doped TiO2 
 
3.5 NMP degradation and optimization of the sputtering process  
 

Using colored dyes as indicators in photocatalytic reactions can be difficult 
because it is sometime hard to separate the observed activity between the 
dye’s photocatalytic decomposition, and the reduction of the dye due to the 
electron transfer reactions. In both cases we would get the dye’s decoloration 
as  that  found  with  methylene  blue  [60].  We  selected  NMP  because  it  is  a  
pollutant  in  industrial  waste  water,  and  its  concentration  can  be  easily  
controlled by HPLC, which allows the observation of sub-components in real 
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time. Fig. 8 shows the NMP degradation with and without the presence of 
different thin films photocatalysts under UV irradiation. It is important to 
note that the pure TiO2 has  an  intermediate  effect  compared  to  the  other  
doped samples. This means that in some sputtering conditions, N-doped TiO2 
can  enhance  the  photocatalytic  activity  under  UV  irradiation  compared  to  
pure TiO2, while other sputtering conditions can have a negative effect on the 
photocatalytic  reactions under UV illumination.  This  can reasonably explain 
the contradictions found in literature about the efficiency of nitrogen doping 
under UV illumination (see introduction). 
 The interaction of the plasma pressure and the nitrogen doping with 
respect to the photocatalytic decay of NMP in the TiO2 thin films is shown 
in Fig. 9. We can distinguish two directions for the minimum NMP 
degradation time (optimum conditions). First, at higher pressure and lower 
nitrogen incorporation, porous thinner films are deposited with high active 
surface sites and show good efficiency for the photocatalysis in UV 
irradiation. On the other hand, a lower deposition pressure and higher 
nitrogen doping gives thicker films with less surface active sites, but still 
shows good photocatalytic activity. At an intermediate nitrogen doping and 
sputtering pressure, the deposition mechanism is more complicated. 
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Fig. 8 – NMP degradation time with different deposited TiO2 samples 
 

 
 

Fig. 9 – Modelisation of NMP degradation time using the measured time up to total 
degradation by different samples 
 

 It is well known that TiN and oxygen vacancies can increase the conduc-
tivity, and can also act as recombination centers in TiO2

 [61, 62]. At an 
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intermediate nitrogen flow rate, we found a remarkable formation of TiN 
crystals in the lattice, as shown in the XRD pattern in Fig. 4. This can explain 
the decreased photocatalytic efficiency at this interval of nitrogen flow rates 
(0.07 to 0.11 sccm), as TiN is not a good photocatalyst because it does not have 
semiconductor electronic properties, or good absorption in the UV range.  
  
4. CONCLUSION  
 

The efficiency of N doping in TiO2 thin films to improve photocatalytic 
performance under UV irradiation may have a contradictory effect, which is 
clear from the literature survey. Using RF reactive sputtering as a 
deposition technique, we achieved different structures of N-doped TiO2 
(TiOxNy). There is a competitive effect of the morphology and the chemical 
composition on the efficiency of the photocatalytic activity under UV 
irradiation, which can be seen clearly using the response surface 
methodology, based on a design of experiment. The variation of surface 
wettability of the films over time in the dark is due to the hydrocarbon’s 
adsorption on the surface of the TiO2 thin films. Samples prepared at high 
pressure can have an optimized photocatalytic activity, even with lower film 
thicknesses, due to the high specific surface area and the optimal presence 
of TiOxNy crystals  in  the  lattice.  This  study  has  shown  that  there  is  a  
delicate balance between the concentration and nature of nitrogen doping in 
TiO2 that can lead to both improved and deteriorated photocatalytic activity.  
However, we have shown that there are optimal deposition conditions to 
maximize the photocatalytic efficiency of N-doped TiO2, which can serve as 
a solid background for further investigations. 
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Vacuum evaporated thin films of Zinc Telluride (ZnTe) of 5000  thickness  have  
been deposited on glass substrates at different substrate temperatures (303 K, 373 K, 
448 K). Structural parameters were obtained using XRD analysis. Atomic Force 
Microscope  (AFM)  in  non-contact  mode  has  been  used  to  study  the  surface  
morphological properties of the deposited thin films. The results obtained from 
structural and surface morphological studies have been correlated and it is found that 
the films deposited at higher substrate temperatures possess increasingly good 
crystallinity and smoother surfaces. 
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1. INTRODUCTION 
 

Thin films of II-VI compound semiconductors have drawn researcher’s 
attention for more than four decades. ZnTe is expected to be a promising 
material for a variety of optoelectronic devices, such as pure green light 
emitting devices, detectors for various optoelectronic instrumentation, etc. 
because  of  its  direct  wide  band  gap  of  2.26  eV  [1-3].  It  is  also  used  as  
terahertz detectors [4, 5] and window material for CdTe based solar cells [6].  
Many researchers have used various techniques for the fabrication of ZnTe 
thin films including Metal organic chemical vapor deposition [7], MBE [8], 
vacuum evaporation [9-11] R.F. Sputtering [12] and Electrodeposition [13-
17]. Among these, thermal evaporation technique offers several advantages 
including simplicity and cost effectiveness for larger area processing. In this 
paper  we  report  our  results  of  our  investigations  on  structural  and  
morphological properties dependence on substrate temperature in case of 
ZnTe thin films deposited using thermal evaporation technique.  
 
2. EXPERIMENTAL 
 

Thin films of ZnTe were deposited on an ultrasonically cleaned glass 
substrates using thermal evaporation technique, under a vacuum of  
10 – 6 Torr at different substrate temperatures (303 K, 373 K and 448 K). A 
polycrystalline ZnTe (99.999 %, Aldrich make) powder was used to deposit 
5000  thick films at the deposition rate of 5  per second. Structural 
analysis was made using X-ray diffraction technique (XRD) with the help of 

IEEE eXpress Sample eBook, page 859

mailto:kdptflspu@yahoo.com


 
 
 
 EFFECT OF SUBSTRATE TEMPERATURE ON... 42 

 

CuK  radiation and the surface morphological study was carried out using 
atomic force microscope in non-contact mode with tungsten carbide tip. 
 
3. RESULTS AND DISCUSSION 
 

3.1 Structural Analysis 
 

The X-ray diffractograms of the thin films deposited at various substrate 
temperatures are shown in Fig. 1. It is observed that XRD patterns of all 
three films show a most preferred orientation along (111) plane. Also the 
most  prominent peak is  observed nearly at  25.6  for  2 , which shows that 
the deposited films possess cubic structure [18]. Structural parameters of 
the deposited films are given in Table 1. The sharper and intense peaks, in 
Fig. 1, for films deposited at increased substrate temperatures exhibit an 
improved crystalline structure of the films. Particle size values also 
increases with increase in the substrate temperature. 
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Fig. 1 – XRD peaks of ZnTe thin films of thickness 5000 , deposited at various 
substrate temperatures 
 

Table 1 – Structural parameters of ZnTe thin films of thickness 5000  
deposited at various substrate temperatures 
 

Parameter Ts  303 K Ts  373 K Ts  448 K 
JCPDS  
Values 

a  b  c ( ) 6.0038 6.0183 6.0414 6.0700 

Unit Cell Volume 
V ( )3 

216.4106 217.9844 220.5021 223.6485 

X-ray Density 
 (gm  cm3) 

5.9221 5.8794 5.8123 5.7306 

 
3.2 Morphological Analysis 
 

The surface morphology of ZnTe films have been studied using Atomic Force 
Microscopy. Two dimensional and three dimensional AFM images (5 µm  
5 µm) of the deposited films along with height profile and the power 
spectrum are shown in Fig. 2. 
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Fig. 2 – Two and three dimensional images of ZnTe Thin films of Thickness 5000 , 
deposited at various substrate temperatures: Ts  303 K  (a),  Ts  373 K (b), 
Ts  448 K (c) 
 

The data obtained from the analysis are given in Table 2. The difference 
between the rms and average roughness values of line-1 and line-2 
(12.87 nm & 24.72 nm) of the film at substrate temperature 303 K is larger 
than that of the other three lines. This indicates poor smoothness of the 
film in that area which can be clearly seen in the Fig. 2. In case of the films 
at  substrate  temperatures  373  K  and  448  K  this  difference  is  comparably  
smaller and is decreases with an increase in substrate temperature, which is 
the indication of better surface smoothness for the deposited films. 
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 a b c 
 

Fig. 3 – Histograms of ZnTe thin films of thickness 5000 , deposited at various 
substrate temperatures: Ts  303 K (a), Ts  373 K (b), Ts  448 K (c) 
 
 

Table 2 – Data obtained from AFM analysis of ZnTe thin films  
 

 
 

 A difference between peak and valley values (RP-V), obtained from the 
height profile is listed in Table 2. A large difference in the value of RP-V for 
all five lines of the image of film at lower substrate temperature (ranging 
from 44.15 nm to 210.7 nm) shows a poor surface smoothness of that film. 
The films deposited at higher substrate temperature show relatively low 
value of RP-V. Thus it is again confirmed by the difference of peak and 
valley observations made along five arbitrarily scanned horizontal lines of 
AFM scan that as substrate temperature increases, the surface smoothness 
improves.  
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 Bearing ratio is the two dimensional projection of three dimensional 
surface. It gives a percentage of covered area in a film at the particular 
height.  Thus  it  shows  a  length  of  the  particle  above  a  horizontal  line  
throughout the distribution. Bearing ratio allows a comparison of roughness 
data for all three films and it is listed in Table 2. There is a large difference 
in these values (ranging from 71.21 nm to 113.9 nm @ 30%) and 19.04 nm 
to 61.87 nm @ 80 %) for the film deposited at Ts 303 K. For other two 
films with Ts 373 K and 448 K these differences are comparably smaller.  
 Power  spectrum  curve  is  the  important  parameter  in  analysis  of  any  
rough surface. It determines the contact area between two solids and can 
provide both, lateral and longitudinal information. A convenient way to 
describe surface roughness is to represent it in the term of profile heights 
z(x, y).  For  a  typical  digitized  AFM  scans,  the  value  of  x and y are 
quantized. Thus the power spectra exhibit the overall surface features of the 
deposited films as shown in Fig. 2. Looking to all three curves it is clear 
that the curve for the film at Ts 303 K possess an irregular and spread 
peaks  in  comparison  to  that  of  the  other  two  films.  Peaks  in  the  power  
spectrum indicate the periodicity of the surface and frequency of each peak 
gives a length that defines this periodic surface. Spread peak exhibits the 
deviations from average value. The spectrum for the film at Ts 373 K 
exhibits a sharp peak showing better surface properties. 
 Mean height, which is the central value of the roughness profile over the 
evaluation length, decreases as the substrate temperature of the deposited 
film is increased, showing a better smoothness of the film surface. The 
median height which is a mid point on the roughness profile over the 
evaluation length such that half of the data fall above it and half below it, 
is also inversely proportional to the substrate temperature of the film. In 
the obtained data, there is a large variations in median value for the film at 
Ts 303 K, particularly at line number 2 and 3, which can also be seen from 
the Fig. 3. The large difference in mean and median values of the film 
deposited at Ts 303 K shows an asymmetric distribution. 
 The  histogram  is  a  continuous  bar  diagram  in  which,  each  column  
represents the number of image pixels having the height value in a 
particular range. The histograms for the deposited films are shown in 
Fig. 2. It indicates a decrease in height from 51.2 nm to 14.8 nm for the 
films deposited at Ts 303 K to 448 K. 

 
4. CONCLUSION 
 

ZnTe thin films were successfully deposited on the glass substrates using 
thermal evaporation method at various substrate temperatures. It is clear 
from  structural  data  that  films  show  better  crystalline  structure  at  the  
higher substrate  temperature.  It  is  also  clear  from the detailed analysis  of  
various AFM parameters like rms and average roughness, mean and median 
heights, bearing ratio, peak and valley values, power spectrum density and 
histograms, that at the higher substrate temperatures the deposited films 
possesses a better smoothness and crystalline structure on its surface, which 
supports the XRD analysis. 
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ZnTiO3 nanoparticles were prepared by a modified sol-gel method at the low sintering 
temperature of 550 ŸC. Titanium tetra isopropoxide and Zinc acetate dihydrate 
(C4H10O6Zn(H2O)2)  materials  were  used  as  a  source  of  titanium  and  zinc,  
respectively. The prepared nanopowders were characterized by means of X-ray 
diffraction (XRD), thermal gravimetric analysis (TGA), field emission Scanning 
electron  microscope  (FE-SEM)  and  Raman  spectroscopy.  The  XRD  patterns  and  
Raman spectra revealed that in the temperature range of 550 to 800 C, ZnTiO3 is 
the only zinc titanate compound exists in the samples.  
 

Keywords: ZINC TITANATE, ZnTiO3, SOL-GEL METHOD, SEMICONDUCTOR, 
DIELECTRIC PROPERTIES. 
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1. INTRODUCTION 
 

Dulin and Rase [1] and Bartram and Slepetys [2] reported that there are 
three compounds exist in the ZnO-TiO2 system, namely, Zn2Ti3O8 (cubic), 
ZnTiO3 (hexagonal) and Zn2TiO4 (cubic). Zn2Ti3O8 is a low temperature form 
of ZnTiO3 existing below 820 C [3]. At the temperature about 945 C, 
ZnTiO3 was reported to decompose into Zn2TiO4 (zinc orthotitanate) and 
TiO2 [1]. Zn2TiO4 is stable up to its liquid temperature (1418 C). 
 Zinc titanate (ZnTiO3), a perovskite type oxide structure, has a promising 
material as a gas sensor [4] (for ethanol, NO, CO, etc.), paint pigment [5], 
catalyst [6] and etc. Also ZnTiO3 has been reported as a material with an 
excellent electrical properties which could be a useful candidate as 
microwave  resonator  [7].  This  material  has  a  dielectric  constant  of  19,  
quality values of 30.0 GHz and the temperature coefficients of the resonant 
frequency of - 55 ppm/ C [8]. 
 The structures of titanium dioxide (TiO2), Zn2 Ti3O8, ZnTiO3 and  Zn2 
TiO4 comprised of TiO6 octahedra. In rutile and in ZnTiO3, the connection of 
the TiO6 octahedra  results  chains  and/or  layers.  As  a  result  of  this  
similarity, ZnTiO3 is formed only in the presence of rutile [9]. 
 Different methods have been reported to prepare ZnTiO3 powder in the 
literatures, including conventional solid-state reaction [1], sol gel route [10], 
molten  salt  method  [11].  The  solid  state  reaction  method  has  some  
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disadvantages such as high firing temperature and difficulties to control the 
size of particles. 
 In this paper we prepared ZnTiO3 nano crystalline powder at relatively 
low temperature by a modified sol-gel method. 
 
2. EXPERIMENTAL PROCEDURE 
 

2.1 Materials 
 

All reagents were of analytical grade and used as received. Titanium tetra 
isopropoxide (TTIP) with a normal purity of 97 % and Ethanol (C2H5OH) were 
purchased from Sigma Aldrich. Zinc acetate dihydrate (C4H10O6Zn(H2O)2) and 
Ethanolamine (C2H7NO) were obtained from Merck Chemicals, and 18 M  
deionized water (H2O) was used to prepare the solutions.  
 
2.2 Preparation of Zinc Titanate powder 
 

The Zinc titanate nano crystalline powders were prepared by a modified  
sol-gel method. The experimental procedures are as follows: 3.28 ml 
Ethanolamine (ETA) were dissolved in ethanol (50 ml). The solution was 
stirred for 10 min at room temperature following by addition of 7.8 ml 
TTIP. The solution was successively stirred at room temperature for 15 min 
(solution A). Meanwhile, 5.62 gr of Zinc acetate was dissolved in ethanol 
(20  ml)  and  sonicated  for  15  min  to  prepare  solution  B.  Solution  B  was  
subsequently added to solution A under vigorous stirring. The solution was 
subsequently  stirred  for  further  30  min  (solution  C).  3.41  ml  ETA  and  
1.86 ml deionized water were dissolved in ethanol (45 ml) under vigorous 
stirring for 15 min to prepare solution D. Subsequently, solution D added 
dropwise to solution C under stirring. The obtained sol was stirred for 
further  2  h  and  aged  for  48  h  at  room  temperature.  As-prepared  zinc  
titanate gel were dried at 80 C for 24 h. The obtained solids were ground 
ant finally calcined at 550 and 800 C for 2 h. (heating rate  5 C/min)  
 
3. CHARACTERIZATION 
 

The X-ray diffraction (XRD) patterns were obtained using an Inel 
diffractometer (XRG 3000, France),   1.78897 . Structural 
characteristics of as-prepared powders were observed using field emission 
transmission electron microscopy (FE-SEM, CARL – ZEISS – Ultra tm 55). 
The  structural  evolution  of  samples  was  characterized  by  Raman  
spectroscopy (LabRAM HR, using a wavelength of 633 nm laser).  
 
4. RESULTS AND DISCUSSION 
 

4.1 Thermal analysis  
 

TGA/DTA analysis was used to understanding the synthesis process. Fig. 1 
shows TGA/DTA curves  of  dried gel  powder heated in air  at  50 C/min -
alumina was used as the reference sample. By the fig. 1, the weight loss of 
dried gel takes place at four distinctly separable levels. During the first 
level,  a  small  endothermic peak appeared at  about 80 C as  shown in DTA 
curve, which indicated the loss of water and ethanol in the composite sol 
(9.5 % weight loss). Decomposition of the organic components and 
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Ethanolamine takes place in the second level. The total weight loss in this 
level  is  about  26.6  %.  The  exothermic  peak  at  310  C  seems  to  be  
corresponded to the detachments of surface-modifier [12]. The third level 
following by 7 % weight loss in the range of 415 - 495 C results from the 
dehydroxylation of Ti-OH into rutile – TiO2,  as  corroborated  by  an  
exothermic peak at  425 C.  A dramatically  peak at  540 C with the weight 
loss about 13 % between 495 and 597 C ascribed to the direct 
crystallization of ZnTiO3 from an amorphous component. In the temperature 
range of about 600 to 800 C there is no significant change in the weight of 
sample. The phase stability of (ZnTiO3 composition) in the range of 600 to 
800 C confirmed by XRD patterns. 
 

 
 

Fig. 1 – The TGA/DTA curves of ZnTiO3 gel 
 

4.2 XRD analysis 
 

Powder X-ray diffraction (XRD) patterns of powders were recorded with an 
Inel diffractometer (XRG 3000, France),   1.78897  using CoK  
radiation.  As shown in fig.  2,  the 2  peaks appearing at 27.8, 38.2, 41.2, 
47.3, 57.5, 62.9, 73.2 and 75.2 in the synthesized samples are attributed to 
the reflections from (110), (121), (110), (120), (220), (231), (130) and (211) 
plans of ZnTiO3,  respectively  (JCPDS  no.  850547).  The  rutile  phase  was  
detected by peak at 2   32.1 (110), 42.3 (101), 48.5 (110), 64.4 (211) and 
67.3 (67.3) (JCPDS no. 881172).  
 The crystallite size of ZnTiO3 is determined by means of the Debye-
Scherrer equation [13] (eq. 1) expressed as follows: 
 

 
0,9

cos
d  (1) 

 

where d is the crystallite size,  is the X-ray wavelength (1.78897 ),  is 
the full width at the half maximum of the diffraction peak and  is  the  
Bragg diffraction angle. The crystallite sizes are about 41 and 61.8 nm for 
calcined samples at 550 and 800 C, respectively. 
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Fig. 2 – XRD patterns of powders calcined at 550 C (a) and 800 C (b) 
 
4.3 SEM micrographs of ZnTiO3 powders  
 

Morphologies of the prepared powders were characterized by FE-SEM. 
Fig. 3a and 4a show the low magnification surface of prepared ZnTiO3 and 
fig. 3b and 4b give the SEM micrographs of ZnTiO3 powders after heat 
treatment at (3b) 550 and (4b) 800 C for 2 h. Fig. 3b and 4b clearly show 
that a higher calcination temperature is an increase in grain size. These 
results are in good agreement with the grain sizes calculated by Debye-
Scherrer equation.  
 

 
Fig. 3 – Surface morphology of the powder calcined at 550 C 
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Fig. 4 – Surface morphology of the powder calcined at 800 C 

 

Fig. 5 – Raman spectra of powders calcined at 550 C and 800 C 
 
4.4 Raman spectroscopy 
 

To further investigate the synthesized powders, the Raman spectra were 
collected  with  633  nm  laser  as  excitation.  Fig.  5  shows  Raman  spectra  of  
calcined powders at 550 and 800 C. The Raman spectroscopy results are in 
good  agreement  with  XRD  patterns.  The  peaks  are  located  at  about  264,  
343, 462 and 705 cm – 1 are ascribe to hexagonal ZnTiO3.  The  peaks  are  
located at about 229, 445 and 610 cm – 1 related to existence of rutile in the 
samples [10]. 
 
5. CONCLUSION 
 

ZnTiO3 composite materials with nanocrystalline structure have been 
obtained using sol-gel method at relatively low temperature of 550 C. 
Titanium tetra isopropoxide were used as titanium and zinc precursors. The 
obtained gel calcined under air at 550 and 800 C. The grain sizes of ZnTiO3 
increase when calcination temperature increased. 
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Nanostructured Tin oxide (SnO2), powders was synthesized by employing a novel Sol-
gel  protocol  at  RT.  A  wide  variety  of  techniques  such  as  energy  –  dispersive  
spectroscopy(EDX), N2 sorption, X-ray diffraction (XRD), have been used to study 
the formation process and characterization of the nanoparticles obtained. 
Transmission electron microscopy (TEM) has been applied to find out about the 
shape and size distribution of the particles. The nanoparticles thus synthesized were 
monodispersed, with an average particle size of ~ 10 nm and spherical in shape. The 
EDX analysis revealed the presence of Sn, O signal in the synthesized nanoparticles 
confirming the purity of the synthesized samples. This protocol appears promising for 
application in large-scale synthesis of nanoparticles. 
 

Keywords: SnO2, NANOPARTICLES, SEMICONDUCTORS, XRD, TEM, BET. 
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1. INTRODUCTION 
 

The size and shape dependent properties of nanomaterials provide a challenge 
to synthetic chemists for obtaining highly functional advanced materials. It is 
well known that shape and size of inorganic nanocrystals control their widely 
varying electrical, optical and catalytic properties [1-3]. Consequently, one of 
the emerging challenges in materials synthesis is achieving control over the 
morphology  of  nanocrystals.  Since  the  discovery  of  mesoporous  silica  
molecular sieves in 1992 [4-5] several supramolecular assembly pathways have 
been reported and extended to the synthesis of a variety of mesoporous metal 
oxide compositions [6]. Mesoporous materials have attracted considerable 
attention because of their remarkably large surface area and narrow pore size 
distribution, which make them ideal candidate for catalysts, molecular sieves, 
chemical sensors and as electrodes in solid state ionic devices. A number of 
related synthetic strategies, thermal evaporation [7], laser ablation [8], 
solution phase growth [9] and supra molecular templating methods [10] have 
been developed and a variety of materials, in terms of both composition and 
structure, have been prepared [11-13]. Among various metal oxides tin oxide 
is a wide band gap (Eg  3.6 eV) semiconductor and has potential technological 
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applicability in solid state gas sensors, [14] transparent conducting electrodes, 
[15] transistors solar cells and optical electronic devices [16]. The success in 
many of these applications relies critically on the preparation of crystalline 
SnO2 with nanosize  pore structure.  Thus the objective  of  this  study was to  
synthesize mesoporous SnO2 stable at high temperature. 
 
2. EXPERIMENTAL WORK 
 

Nanosized tin oxide powder was synthesized using SnCl4.5H2O as tin source 
and sodium dodecyl sulfate as surfactant. In a typical procedure 5 mmol of 
the surfactant was dissolved in deionized (DI) water (   18 M ) and then 1 
M aqueous SnCl4 solution was added to  the above surfactant  solution with 
stirring for 10 min, which resulted in a milky white suspension. After 
another 10 min. of stirring, the mixture was aged for 24 h at room 
temperature. The resulting product was centrifuged, washed with water and 
dried at 80 C. The resultant tin oxide powders were calcined in the 
temperature range 400-700 C  for  2h  at  an  heating  rate  of  5  C min – 1 
crystal  phase  and  crystallite  size  of  SnO2 were  characterized  by  X-ray  
diffraction (XRD) (Siemens / 0-5000,   2 ) using CuK  radiation. Specific 
Surface area and pore size distribution were measured by a BET method 
using  N2 sorption isotherm determined at 77 K on a micromeritics pulse 
ASAP 2010 instrument The samples were degassed in a vacuum at 300 C 
for 3h prior to measurement. Composition was analyzed by EDX analysis. 
Morphology of the SnO2 powders was observed by transmission electron 
microscope (TEM; - Tech nai – 12 operated at 120 KeV). 
 
3. RESULTS AND DISCUSSION 
 

3.1 Characteristics of nanostructured SnO2 powder EDS spectra 
 

The composition of SnO2 powder  calcined  at  400  C  was  analyzed  by  EDS  
measurement as shown in Fig. 1. 
 

 
 

Fig. 1 – EDS analysis of SnO2 calcined at 400 C 
 

The energy dispersive X-ray spectroscopy (EDS) analysis of nanoparticles 
dispersion confirmed the presence of Tin and oxygen signal no peaks of 
other impurity were detected. 
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3.2 X-ray diffraction (XRD) spectra 
 

The X-ray powder diffraction pattern of the as-synthesized nanoparticles 
and calcined at elevated temperatures are shown in Fig. 2 
 

 
 

Fig. 2 – XRD patterns of SnO2 (a) as-synthesized, calcined at (b) 400 C (c) 500 C 
(d) 600 C (e) 700 C 
 

 All peaks correspond to SnO2 tetragonal structure and well match with the 
reported JCPDS data. The diffraction peaks became sharp with rise in 
calcination temperature, indicating the grain growth of SnO2 crystallites. The 
crystallite  size  of  each  SnO2 powder was calculated to be 4 - 9 nm using 
Scherrer’s  equation.  Such  change  in  crystallite  size   are  obvious  in  TEM  
photographs shown in Fig. 4 c, indicating grain growth of SnO2 particles, it is 
seen that sample calcined at 600 C had a smaller particle size of ~ 10 nm. In 
accordance with these changes, the surface area decreased from 125 m2g – 1 

(for as-synthesized powder) to 36.3 m2g – 1(for  powder calcined at  600 C) as 
summarized in Table 1. 
 

Table 1 – Structural Properties of SnO2 at diff. Calcination temperatures (Tc) 
 

Tc ( C) 
Specific surface 

area (m2g-1) 
Pore volumea 

Dv/log d 
Pore Sizeb 

(nm) 
Crystalite Sizec 

(nm) 

As synthesized 125 0.81 4.2 5.3 
400 121 0.79 4.5 6.3 
500 61.2 0.65 8.0 6.9 
600 36.3 0.45 10.0 7.9 
700 35.8 0.17 19.0 7.9 

 
a,b Obtained from nitrogen adsorption. 
c Estimated from XRD peak broadening 110 plane in Fig. 2 
 

 According  to  Scherrer’s  formula  the  average  SnO2 crystallite size of 
about 5 nm in the (110) direction was derived from full width at half 
maximum (110) peak for as synthesized powder. The crystallite size has 
increased from 5 to 7.9 nm at elevated temperature (700 C). 
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3.3 Pore size distribution 
 

From the pore size distribution (Fig. 3) it is seen that the pore volume 
decreased and pore diameter at maximum pore volume increased with rise in 
 

 
 

Fig. 3 – The Barret-Joyner-Halenda pore size distribution determined N2 adsorption (a) 
as- synthesized, calcined at (b) 400 C (c) 500 C (d) 600  C (e) 700 C 
 

calcination temperature. The specific surface area (SSA) was significantly 
high when SnO2 powder was fired at 400 C, the change in specific surface 
area and crystallite size with calcination temperature of SnO2 powder was 
also  determined.  High  surface  area  may  result  from  the  breakup  of  large  
agglomerates into small crystallites, exploring more surfaces. It is seen that 
the specific surface area decreased and simultaneously particle size increased 
with increase in calcination temperature (Tc). 
 
3.4 TEM micrograph 
 

The  surface  morphology  and  particle  size  of  SnO2 nanoparticles were 
investigated Transmission Electron Microscopy studies. 
 TEM analysis indicated that the calcined sample were in the nanometer 
range as seen from Fig. 4. It is observed that, as synthesized samples are 
mesoporous with particle size of ~ 5 nm, (Fig. 4a). After firing at 400 C for 
2 h the particle size still remains ~ 7 nm (Fig. 4b) with increase in 
temperature to 600 C  the  size  increased  to  ~  10  nm  (Fig.  4c).  It  is  worth  
noting that even after calcination at 600 C the particle size still remained 
small. The inset of the figure shows the SAED pattern, as synthesized 
sample is mesoporous and calcined samples are clearly polycrystalline.  
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 a b 
 

 
 

c 
 

Fig. 4 – TEM micrograph of SnO2: as synthesized 400 °C (a, b) and 600 °C (c). 
The inset shows the selected area electron diffraction (SAED) pattern 
 
4. CONCLUSION 
 

In conclusion, simple surfactant templated process has been adopted for the 
synthesis of SnO2 nanosized powder, having high surface area (121 m2g – 1 
for powder calcined at 400 C) and small grain size (~ 7 nm). And these 
nanoparticles were thermally stable with tetragonal structure. EDS analysis 
of SnO2 powder showed the presence of Sn and O as only detected elements.  
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SnO2/TiO2 nano particles are novel wide band gap semiconductors with modified 
applications of SnO2 and TiO2 in some fields including gas sensing, photo catalytic, 
solar cells and so on. The Co-doped SnO2/TiO2 nano particles were obtained via sol-gel 
method with different amounts of doping material as 2.5 %, 6 % and 10 mol %. The 
crystallite sizes of resulting material were from 3.8 nm for 0.1 wt % Co-doped 
SnO2/TiO2 to 19.1 nm for un-doped. Morphology and nanostructure of the crystalline 
SnO2/TiO2 nano particles were characterized by means of X-ray diffraction, Raman 
spectroscopy, Fourier transform infrared spectroscopy (FTIR), Thermal gravimetric 
analysis (TGA), field emission scanning electron microscopy (FESEM) and energy 
dispersive X-ray spectroscopy (EDX). It has been shown that fine semiconductor nano 
structures were formed. 
 

Keywords: SnO2/TiO2, Co-DOPED, SEMICONDUCTOR, XRD, NANOPARTICLE. 
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1. INTRODUCTION 
 

SnO2 is an opto electrical n-type semiconductor that has many interesting 
properties. These properties have made it a reliable material for gas sensing 
and catalysis applications [1, 2]. Even gas sensors based on SnO2 materials 
are commercially available today [3]. SnO2-based nano powders and devices 
are obtained by means of a variety of synthesis techniques including the co 
precipitation [4], ion sputtering [5], microwave heating method [6], 
surfactants mediate [7,8], sol-gel methods [9] and so on. 
 On  the  other  hand  TiO2 is  also  an  n-type  semiconductor  that  has  been  
subject of many research studies in the last decade. It has been extensively 
employed in many applications mainly to photo catalytic decontamination 
treatments. [11-12]. 
 One of the effective methods for obtaining desired material with modified 
properties is mixing two different semiconductors with appropriate 
conduction and valence band edges [13]. With coupling two metal oxide 
nanoparticles, better structures with more advantages for sensor 
applications can be achieved [14-15]. 
 The  energy  levels  of  the  valence  and  conduction  bands  are  3.7  eV  and  
(ECB  0 V versus NHE at pH 7) for SnO2 and 2.7 eV (ECB   0.5 V versus 
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NHE at pH 7) for TiO2 [16, 17]. The band gap energy level of SnO2 is higher 
than that of TiO2; the conduction band of SnO2 is at a lower level than that 
TiO2‘s. The higher reduction power of electrons and the higher oxidation 
power of holes correspond to the higher position of conduction band and the 
lower position of valence band, respectively. Therefore, mixing two 
semiconductors with different energy levels for their corresponding 
conduction and valence bands can provide an approach to achieve better 
applications by increasing the efficiency of charge separation, charge carrier 
lifetime, ,interfacial charge transfer rate and extending the energy range of 
photo excitation [16]. 
Mixed oxides can be formed in three ways along follow lines: 

(1) Chemical compound. 
(2) Solid solution 
(3) Mix of (1) and (2) types. 

 The SnO2-TiO2 mixture belongs to second category [18]. The SnO2-TiO2 
coupled semiconductor commonly is synthesized by mixing the colloidal 
solutions of SnO2 and  TiO2 [19, 20].In recent years the properties of Co-
doped SnO2 nanoparticles  and  Co-doped  TiO2 nano particles have been 
exhaustively investigated. [21, 22, 23] 
 In  the  case  of  Co-doped  TiO2 the main focus has been on the inherent 
ferromagnetism  property  of  resulting  nano  structure  at  or  above  room  
temperature. Co: TiO2 nano particles are one of the most prominent diluted 
magnetic semiconductors (DMS) In the field of spintronics, especially for 
magneto-opto-electronic applications [24-25] DMSs have significant potential 
for future applications in the solar cells, biomedical and environmental 
fields. Co-doping SnO2 also  has  been  widely  studied  [21].  One  of  the  new  
emerging applications of SnO2 nano particles doped with Co is in varistor 
base materials. 
 SnO2 with native oxygen vacancies compensated by electrons:  
 

 0 2( )0O 2 0.5Ox
ge V

  
 

Using tin oxide ceramics is limited as dense ceramic since it is hard to make 
it denser because of evaporation and condensation, which enhance the grain 
growth, mostly dominate mass transport [26, 27]. Several sintering aids 
have been used to improve the densification of SnO2 ceramics [23, 28]. 
Recent reports suggest Co is used as sintering aids [23, 29].  
 Hence the investigation of nano particles of mix of SnO2-TiO2 doped via 
Co would have many advantages and it selected as a novel semiconductor for 
the  current  subject  of  this  study.  In  this  paper,  a  fine  mixture  nano-
structural SnO2-TiO2 with different dosages of doped-Co is synthesized via 
sol-gel method while SnCl4 as a common precursor for producing SnO2 nano 
crystallite structure has been used. The mixture ratio of 3:1 has been kept 
constant  for  all  samples  and  the  Co  doped  amount  varied  from  0  %  to  
10  mol  %.  Geometry,  particle  size,  morphology  of  nano  crystallite  
structures are estimated by measurements. 
 
2. EXPERIMENTAL WORK 
 

Stannic chloride (SnCl4, spectrochem Pvt. Ltd, Mumbai), titanium chloride 
(TiCl4,  spectrochem Pvt.  Ltd,  Mumbai),  Poly Ethylene Glycol  (6000LR, s-d 
fine-chem Limited, Mumbai), Ammonia solution 25% (Extra pure, s-d fine-
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chem Limited,  Mumbai)  were purchased as  precursors.  0.3 mol  (SnCl4) and 
0.1 mol TiCl4 were separately diluted using distilled water under 
simultaneous stirring condition for 45 min. 13 grams of PEG was dissolved 
in  300  ml  distilled  water  and  was  stirred  for  30  min  until  transparent  
solution was obtained. Diluted SnCl4 and TiCl4 were added drop by drop to 
the above solution simultaneously. Solution continued to remain under 
vigorous stirring for more than an hour. Appropriate amounts of CoCl2 for 
(0.25 mol %) Co-doping after dissolving in distilled water was added to 
mixture and was stirred for 30 min. 25 % aqueous ammonia solution was 
employed for adjusting PH value of the resulting solution to around 3. Then 
stirring condition was continued vigorously for one hour. The resulting sol 
was filtered and washed with distilled water and acetone twice, respectively, 
and dried overnight at 80 C. Resulting solid was ground followed by 
calcination at 550 C for 2 hours. This procedure was repeated three times 
with varying the amounts of CoCl2 addition for obtaining four different 
nano powders with 0%, 2.5%, 6%, 10 mol % Co-doped finally.  
 
3. RESULTS 
 

3.1 TGA 
 

Main  Co-doped  SnO2/TiO2 (6 mol % doped) thermo gravimetric analysis 
(TGA)  was  accomplished  in  a  flow  of  air  with  a  temperature  ramp  of   
50 C/min and -alumina was used as the reference. Fig. 1 shows the weight 
loss (TG) and the differential thermo-analysis (DTA) curves corresponding to 
Co-doped SnO2/TiO2 without any thermal annealing. The TG curve exhibits 
one endothermic weight loss at temperatures lower than 130 C with 16.6 % 
weight loss that is associated with the loss of the residual water and trapped 
solvent in the particles. From 130 C to 275 C and 275 C to 310 C there 
are two small exothermic peaks corresponding to 6.6 % and 9.3 % relative 
weight losses respectively. About 360 C  a  vigorous  exothermic  peak  was  
observed accompanied by 9.3 % loss weight. Last exothermic peak at 500 C 
corresponds to 6.6 weight loss. These exothermic peaks are likely due to 
decomposition of resulting nano crystallite structures, as confirmed by XRD 
analysis shown in Fig. 2. No more peak and no further weight loss observed 
in the TGA/DTA curves.  
 
3.2 XRD 
 

Structural properties of all 0 %, 2.5 %, 6 %, 10 mol % Co-doped SnO2/TiO2 
samples were studied using X-ray diffraction (XRD: XRG 3000, Inel, France). 
The XRD results obtained were compared to the Joint Committee on Powder 
Diffraction Standards (JCPDS) X-ray data file. The crystallite size of the 
samples was calculated using the Scherrer formula: 
 

 T  0.9 /( cos )  
 

Where T is the particle size in nanometers,  is  the  wavelength  of  Co  
radiation (   1.78897),  is the FWHM of the strongest peak and  is the 
peak position. By using the equation the crystal size of all different 
nanoparticles were calculated for each calcined temperature and are depicted  
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Fig. 1  TGA and DTA curves of Co-doped SnO2/TiO2 
 

in  Table  1.  Presence of  SnO2 and rutile TiO2 were confirmed by PDF# 77-
0451 (5 peaks are match) and PDF#76-0326 (2 peaks 111 and 211) 
respectively.  Also  CoO  (hexagonal)  peak  was  observed  (PDF#89-2803  and  
peak 110). Decreasing the crystallite size is proportional with amount of Co-
doped to SnO2/TiO2. 
 

Table 1  Crystallite and particle size of Co-doped SnO2/TiO2 nanostructures 
 

Sample Crystallite size 
(nm) 

Particle size (nm) 

Un-doped SnO2/TiO2 19.1 27 
2.5 mol % Co-doped SnO2/TiO2 15.5 21 
6 mol % Co-doped SnO2/TiO2 4.3 17 
10 mol % Co-doped SnO2/TiO2 3.8 16 

 
3.3 Raman 
 

The Raman spectra of all samples were depicted in Fig. 3 and were compared 
with literature data [30, 31, 32]. For characterization the wave length 633 
cm– 1 was used for adjusting Raman apparatus (Labram Horibb yvon). 
Commercial CoO Raman spectra are shown in Fig. 3e, two peaks at 648, 485 
cm– 1. The SnO2 peak about 630 cm– 1 corresponding to A1g mode, and two 
bands at 773 and 472 cm– 1 corresponding to B2g and Eg modes, 
respectively; this being in accordance with literature data. TiO2 rutile  has  
peaks with following values: 235, 447 [30] or 235, 447, 612 [31]. 
 Peaks  of  TiO2 rutile  and  SnO2 and  CoO  were  confirmed  and  that  is  in  
agreement with other characterization data. 
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Fig. 2 – XRD pattern of Co-doped SnO2/TiO2 (a) un-doped (b) 2.5 mol % doped (c) 
6 mol % doped (d) 10 mol % doped 
 

3.4 FTIR  
 

The FTIR analysis was carried out in order to determine the functional group of 
materials existed in Co-doped to SnO2/TiO2 samples. The analysis was recorded 
using FTIR spectrometer (bruker) in a range between 4000 and 400 cm– 1.  
 Fig. 4 shows the FTIR spectra of Co-doped to SnO2/TiO2.  The  bands  at  
3543 - 3393 cm– 1 correspond to the O-H mode of vibration [33]. The broad 
O-H  peaks  become  narrower  with  an  increase  Co-doped  amount,  3380  and  
3050 cm– 1, which may be due to the adsorbed water and NH. The N-H band 
observed around ca. 3050 cm– 1 may  be  due  to  the  use  of  ammonia  to  
promote SnCl4 and  TiCl4 hydrolysis,  which  leads  to  the  formation  of  
ammonia. The strong asymmetric stretching mode of vibration of C  O was 
observed between 1668 cm– 1. The symmetric stretching occurs between 
1400 and 1334cm– 1 because of the presence of C-O. The C-O-C peak is 
present about 1070 cm– 1.  According  to  Du  et  al.  [34],  the  C-O-C  peak  
usually  appears  at  1256  cm– 1. The absorption peaks at 1359, 1343, 1280, 
1240, 1149 and 1077 cm– 1 result from the bending vibration of the O-H 
bond and stretching vibration of the C-O bond of the -CH2-OH group. In fact 
the XRD and EDX analysis proved that the synthesized powders in this 
work are Co-doped to SnO2/TiO2 with the good stoichiometric composition.  
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Fig. 3  Raman spectra of Co-doped 
SnO2/TiO2 un-doped (a), 2.5 mol % doped 
(b,) 6 mol % doped (c), 10 mol % doped 
(d), and commercial CoO (e) 

 

Fig. 4  FT-IR spectra of Co-doped 
SnO2/TiO2 un-doped (a), 2.5 mol % 
doped (b), 6 mol % doped (c), and 
10 mol % doped (d) 

 

 The particle size caused a large shift in the IR peak. The SnO2 peak that 
appears 660 cm– 1 shows that formation of tin oxide was completed. The 
FTIR results support the RAMAN, XRD, FESEM results.  
 
3.5 FESEM 
 

The  surface  morphology,  particles  size  and  composition  of  Co-doped  to  
SnO2/TiO2 nanoparticles were investigated by field emission scanning 
electron microscopy (FESEM) and energy dispersive X-ray spectroscopy 
(EDX).  FESEM  and  EDX  images  of  Co-doped  to  SnO2/TiO2 powder 
nanoparticles  are  shown  in  Fig.  5.  Nano  particles  with  relatively  high  
agglomeration are shown in Fig. 5 a and b. This agglomeration is a result 
of the acidic sols during the synthesis process. The particle sizes were 
estimate for all samples using images Table 1. 
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Fig. 5  FESEM and EDX images of Co-doped to SnO2/TiO2 un-doped (a) 2.5 mol % 
doped (b) 10 mol % doped (c) 
 

4. CONCLUSION 
 

A modified sol-gel process was designed to prepare Co-doped to SnO2/TiO2. 
The  products  were  characterized  by  means  of  X-ray  diffraction,  Raman  
spectroscopy, Fourier transform infrared spectroscopy (FTIR), Thermal 
gravimetric analysis (TGA), field emission scanning electron microscopy 
(FESEM) and energy dispersive X-ray spectroscopy (EDX). Crystallite and 
particle size of the nano structures were decreased from 19.1 to 3.8 nm and 
27 to 16 respectively by the addition of Co to the precursor solution. Fine 
Co-doped to SnO2/TiO2 nano particles were obtained and applications were 
discussed. 
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Now-a-days for long range microwave communication, especially for space applications, 
devices capable to operate at a high power and high frequency are desired. Compound 
Semiconductor (CS), mainly Gallium Nitride (GaN) based heterostructure electronic 
devices are the only available solutions till now to fulfil these criteria. However, looking 
from a cost and manufacturing perspective, GaN substrate has considerable drawbacks 
like non-availability, expense as well as compulsion to use older technologies for device 
designing as the wafer diameter is small. A potential solution for performance/cost 
dilemma is to grow high quality GaN as active layer on a well matured substrate by 
metamorphic  technique.  Metamorphic  buffer  technology allows the device  designer an 
additional degree of freedom to optimize the transistor at high frequency for high gain 
and power applications.  But this  metamorphic  buffer  technology has some drawbacks,  
too. The main limiting factor for this technology is the propensity to develop dislocation 
at  the  heterojunction  due  to  lattice  mismatch  between  the  grown  layer  and  the  
substrate. A good quality metamorphic buffer can only be achieved by reduction of 
dislocation density at the heterojunction. This paper reviews the progress being made 
towards reduction of dislocation density of GaN based devices grown on Silicon Carbide 
(SiC), Sapphire (Al2O3) and Si substrate, respectively, in terms of material parameters 
and growth issues. 
 

Keywords: GALLIUM NITRIDE, SILICON CARBIDE, SAPPHIRE, DISLOCATION 
DENSITY, EPITAXIAL GROWTH, CRYSTAL STRUCTURE. 
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1. INTRODUCTION 
 

To improve carrier transport in GaN films as well as to improve the 
efficiency and to reduce the cost of GaN-made optoelectronic devices, 
reduction of threading dislocation density is the most important [1, 2]. The 
main reason of dislocation density is lattice mismatch between the substrate 
and the GaN layer. Moreover, material’s crystal structure, surface finishes, 
composition, reactivity, chemical, thermal and electrical properties are also 
considered for choosing a substrate-material for GaN growth (since the 
substrate properties are ultimately responsible for the efficiency of GaN-
made devices) [3]. Some of the above mentioned substrate properties are 
considered to reduce the dislocation density of GaN. 
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 Dislocation free GaN devices can be realized by growing the same on GaN 
substrate, as there will be no lattice mismatching. Defect-free bulk GaN can 
be grown at very high temperature (1400 - 1600 C) and pressure (15 - 20 kbar) 
on GaN substrate, but it took very large growth time [4]. Moreover, bulk 
GaN substrate is not commercially available. The resultant of this fact is 
that the researchers are tending towards the growth of GaN film on foreign 
(e.g., Si, SiC Al2O3 (sapphire) etc.) substrates, called heteroepitaxial growth 
of GaN film. Heteroepitaxial growth is highly dependent on the properties 
of the substrates – both the inherent properties (lattice constant, thermal 
expansion co-efficient) and process-induced properties (e.g., surface 
roughness, step height, etc.) [3]. 
 
2. PROPERTIES OF GAN 
 

2.1 Structure of GaN 
 

In stable condition Gallium Nitride has Wurtzite structure [3]. It has 
alternating biatomic close-packed (0001) planes of Ga and N pairs stacked in an 
ABABAB sequence. Fig. 1 shows the [0001], [112 0], and [101 0] directions, 
among which [0001] is closed-packed. The most favorable orientation for 
growth of smooth GaN film is [0001]. There is another structure of GaN, called 
the Zincblende structure. This structure of GaN (shown in Fig. 2), having the 
(111) closed-packed planes can be stabilized in the epitaxy.  
 

 
 a b c 
 

Fig. 1 – Perspective views of wurtzite GaN along various directions: [0001] (a); 
[112 0] (b); [101 0] (c) (Ref. [5]) 
 

 
 a b c 
 

Fig. 2 – Perspective views of Zincblende GaN along various direction: [1000] 
(1  1  1 unit) (a); [110] (2  2  2 units) (b); [111] (2  2  2 units) (c) [5] 
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2.1 Dislocation Densities of GaN 
 

Generally for the heteroepitaxial growth of GaN, two types of dislocations 
are found: (i) Misfit Dislocation (MD) and Threading Dislocation (TD). 
Generally, there are three kinds of TDs [5-7]; a pure-edge dislocation with 
Burgers vector b   1/3[112 0] , a screw dislocation with b   [0001], and a 
mixed dislocation with b   1/3[1123 ]. The structures of the Burgers vectors 
in GaN film is shown in Fig. 3 [8]. According to Dadgar et al. [9], pure-edge 
dislocation lying in the [0001] direction, is predominant, in GaN.  
 

 
 

Fig. 3 – Directions and Burgers vector notations for the hexagonal structure of GaN 
(Ref. [8]) 

 

Table  1  shows  the  mismatch  between  the  GaN  layer  with  Si,  SiC  and  
Sapphire  substrate.  The MD and TD for  heteroepitaxy of  GaN layer grown 
on sapphire and SiC substrate is found to be of the order of 108 - 1010 cm – 2 
while  that  for  homoepitaxy  on  Si  substrate  is  102 - 104 cm – 2 [10]. Other 
defects like stacking faults, inversion domain boundaries are also obtained 
during heteroepitaxy [11]. These also affect the GaN-made semiconductor 
device quality, by reducing charge carrier mobility, minority carrier 
lifetime, and thermal conductivity. 
 
Table 1 – Lattice constants and lattice mismatches of GaN with various 
substrates 
 

Lattice Constants 
Material Structure a b c 

Lattice 
Mismatch 

(In %) 
W-GaN Wurtzite 0.31885 - 0.5185 NA 

SiC 4H-W 0.3073 - 1.0053 ~ 3.1 % 
Si Diamond 0.5431 -  ~ 16.9 % 

Sapphire 
(Al2O3) 

Rhombohedral, 
Hexagonal 

0.4765 - 1.2982 ~ 15 % 

 
3. GAN FILM ON SAPPHIRE SUBSTRATE 
 

3.1 Choice of plane of sapphire substrate for growth of GaN 
 

Due to the large lattice-mismatch between sapphire and GaN, many 
threading dislocations (~ 1010 cm – 2)  are  found  along  the  c-plane  of  the  
interface  of  the  epitaxial  layer  of  GaN  grown  on  sapphire  substrate.  
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Coalescence of the nucleation islands are generated by the thermal treatment 
of buffer layers before the growth of high temperature GaN over-layers. It 
creates low angle grain boundary, resulting in threading dislocations along 
the c-axis. There are other planes of sapphire, which could be chosen for 
growth of GaN. Specially, a-plane of sapphire can be easily cleaved along r-
plane as well as oriented along [0001] direction, resulting in lower lattice 
mismatch  (2  %  only)  [3].  But  c-plane  is  extremely  important  for  growing  
GaN. The Al-O bond in the sapphire surface is anti-parallel to the N-III 
bonds in the III-N films. As a result of that AlN nucleation layer is formed 
by  the  growth  technique  and  it  is  asymmetrically  strained  for  a-plane of 
sapphire [12]. The r-plane  and  m-plane  of  sapphire  are  very  rough,  since  
inverted twins are formed there creating very high dislocation density [3]. 
Thus, analyzing the PL and HRXRD spectra, it is concluded that c-plane of 
sapphire is the best for growing GaN. 
 
3.2 Disadvantages of sapphire substrate 
 

Large lattice mismatch between sapphire and GaN gives a complete relaxation 
(no strain) for the GaN film during growth, though it increases dislocation 
density. Another important aspect is availability of sapphire substrate, 
making the process is very cheap. Moreover, sapphire is electrically insulator. 
Hence, the available area for device operation decreases, but it creates a low 
leakage of current [3]. 
 
3.3 Advantages of sapphire substrate 
 

Lattice mismatch of sapphire with GaN is very high (~ 15%) [3]. It creates a 
very large dislocation density (1010 cm – 2) [3], which creates (a) Low minority 
carrier lifetime, (b) Low charge carrier mobility, (c) Low thermal 
conductivity. All of these aspects reduce the efficiency of the GaN-made 
device. Sapphire has higher thermal expansion co-efficient than GaN, which 
creates biaxial stress, generating crack [13]. Cleavage plane of epitaxial GaN 
is not parallel to those of sapphire, for which facet formation is difficult [3]. 
 
3.4 Reduction of threading dislocation density of GaN on sapphire 

substrate 
 

Growth of GaN on planar substrate of sapphire, SiC or Si (111) substrate gives 
high TD (~ 1010 cm – 2) density. Longevity of p-n junction devices, GaN-made 
sophisticated devices like LEDs, decreases and leakage current increases to a very 
high value. This can be solved only when TD density decreases below 106 cm – 2.  
 To minimize the threading dislocation density, nucleation layer growth 
on c-plane sapphire substrate for different conditions were studied by S. 
Keller  et  al.  [1].  They  showed  that  exposure  of  GaN  film  to  NH3 before 
deposition of GaN layer by MOCVD reduces dislocation density. The 
dislocation density reduces from 2  1010 to 4  108 cm – 2 for  shorter  NH3 
preflow times and for symmetric plane [1]. 
 Kurai et al. has made high-thickness-low-diameter epitaxial GaN layer on 
sapphire  substrate  using  sublimation  method  [15].  Now  let  us  consider  the  
case of growth of GaN film selectively, using HVPE (Hydride Vapor Phase 
Epitaxy). Several-hundred-micron-thick high quality GaN with ZnO buffer 
layer  was  selectively  grown  by  HVPE  using  GaCl  and  NH3 [16-18] at high 
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growth rate [19], but cracks occur in the layer [20]. To overcome this 
problem, using MOVPE (Metalorganic vapor phase epitaxy), a thin layer 
(thickness 1 - 1.5 m) of GaN was grown on the sapphire substrate first, then 
very thick layer (up to 4 m) of crack-free GaN (growth temperature 1000 C) 
was grown [21]. The schematic diagram of the structure is shown in Fig. 4. 

 
 

Fig. 4 – Schematic diagram of the substrate structure (Ref. [21]) 
 

 Moreover, the coalescence of the selectively grown structure in this 
process abolishes the gap between the facets and finally makes a [0001] 
mirror-like flat surface. The defect density was measured by TEM, which 
gave  a  very  low  value  (~  6   107 cm – 2). Dislocations provide very low 
resistance against strain due to thermal expansion co-efficient difference, 
making a harder GaN film. 
 The same technique was applied by Sakai et al. to reduce the dislocation 
density. Selective growth of GaN layer by HVPE, in which growth on SiO2-
striped-patterned GaN layers was made by MOVPE on sapphire [0001] 
substrates (Fig. 5) [8].  
 

 
 

Fig. 5 – Schematic  diagram of the substrate structure used for HVPE growth (Ref. [8]) 
 

 When TEM was performed for  both the layers  (i.e.,  MOVPE grown and 
HVPE grown), it was observed that for MOVPE grown layer, most of the 
threading dislocations were pure-edge threading dislocations, some are of 
mixed character and very few are screw-type [5-7], which were vertically 
aligned. Almost all the dislocations in MOVPE layer propagated into HVPE 
layer  laterally  during  the  selective  growth  of  the  HVPE  layer.  The  
dislocations in HVPE layer parallel to the interface formed an angled 
configuration, generating no defect in the interface. These angled 
dislocations piled up with the [0001] direction. TEM reveals that angled 
dislocation depends on their Burger vectors of either 1/3[1120 ] or 
1/3[1123 ]. Since the pure-edge threading dislocations changed into screw 
dislocation after lateral propagation from MOVPE layer to HVPE layer, it 
was concluded that most of the dislocation cannot thread the HVPE layer 
[8]. The lateral propagation occurs mainly around the SiO2 mask for non-
pure-edge dislocations (which are very few in MOVPE layer). Moreover the 
lateral  segments  do  not  lie  on  the  slip  planes.  This  kind  of  morphology  
reduces the threading dislocation in the thicker HVPE layer.  
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 A great reduction of dislocation density is obtained by Lateral 
Overgrowth from Trenches (LOFT) in which trenches are formed by etching 
the GaN layer (with threading dislocation 8  109 cm – 2) grown on sapphire 
substrate where the GaN layer is regrown (2 - 6 m with reduced threading 
dislocation 6  107 cm – 2) laterally [22]. The residual dislocations are mainly 
due to the merging between two lateral growths or extended from the trench 
sidewalls. Schematic diagram of the structure is shown in Fig 6. 

 
 

Fig. 6 – The  structure  of  GaN  film  before  and  after  regrowth  are  shown  
schematically in (a) and (b) respectively. The TD and the voids possibly formed in 
GaN thin films are also shown schematically. (Ref. [22]) 
 

 A  new  method  of  applying  NH3 and  SiH4 gases  simultaneously  at  low  
temperature  with  a  certain  time  before  the  growth  of  a  low-temperature  
(450 C) GaN buffer layer followed by growth of undoped GaN layer (growth 
temperature 1075 C  and  thickness   2 m) by MOCVD decreases the 
threading dislocation from 7  108 cm – 2 to almost invisible under TEM, 
observed by Wang et  al.  [23].  Introduction of  SiH4 and NH3 creates nano-
sized holes, which increases the lateral growth to the next layer creating 
reduction of TDs. In practice, this can also be done by deposition of SiN 
layer (2 nm, deposition time 125 s) on sapphire, which covers the substrate 
up to 90 % to make 66 % of the surface area almost dislocation-free [23].  
 In  undoped  GaN  increasing  staking  faults  plays  a  crucial  role  in  the  
reduction of dislocation density [24]. GaN buffer layers of various thicknesses 
on sapphire substrate were operated with various (from 10 - 80 mole/min) 
TMGa (Trimethyle Gallium) flow-rates (fTMGa). H. Cho et al. showed that the 
maximum TMGa flow rate (80 mole/min) gives maximum intense PL peak 
related to increase in stacking faults as well as decrease in dislocations 
(1  108 cm – 2), as threading dislocations interact with stacking faults and 
bend towards [11 01] planes and finally disappears [25].  
Many techniques have been followed (i.e., LEO [26, 27], pendeoepitaxy [28], 
LOFT  [22]  to  lower  TD  density  below  106 cm – 2. All are time-consuming, 
complex, multi-step processes which need ex-situ lithography. A simple 
process for it is Cantilever Epitaxy (CE) in which pre-patterned (with 
narrow lines) sapphire substrate is used to provide reduced-dimension mesa 
regions for nucleation. Then etched trenches are employed for suspended 
lateral growth of GaN/AlGaN. The substrate is etched to a depth that allows 
coalescence of laterally growing GaN nucleation on the mesa surfaces before 
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vertical growth fills the etched trench. Low dislocation density is obtained 
in the cantilever region, almost 1 m less than the mesa region [29]. The 
SEM micrograph and CL image are shown in Fig. 8 and 9 respectively. 
 

 
 

Fig. 7 – Relationship between the fTMGa of buffer layers and the strain of GaN overlayers 
at room temperature after cool down and growth temperature (1080 C) (Ref. [25]) 
 

 
 
 

  
 

Fig. 8 – Cross-section SEM micrograph of 
cantilever epitaxy (Ref. [29]) 

 

Fig. 9 – CL  image  of  CE  reducing  
partial absence of TDs (dark 
regions) along coalescence fronts 
(arrows). (Ref. [29]) 

 

In OMVPE process, a single thin interlayer of low temperature (700 - 900 C 
for 15 minutes) can be introduced after initial growth on sapphire substrate 
with low-temperature buffer layer and before final growth (both at high 
temperature i.e., 1000 C) to reduce the threading dislocation density (below 
8  107 cm – 2). The process is called single intermediate temperature 
interlayer (IT-IL), schematically shown in Fig. 10 [30]. After the sudden 
drop of the temperature, 3D growth mode is generated instead of 2D growth 
mode (generated in the initial layer) and after increase in temperature again 
2D growth mode is generated again. Large amount of threading dislocations 
present into initial layer are bent into the interlayer, become confined as 
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these cannot propagate in the 2D mode from 3D and are not exposed in the 
final surface [30]. 

 

 
 

Fig 10 – Schematic diagram of IT-IL process. Ref. [30] 
 

 Another important technique to grow GaN layer with lower dislocation 
density (107 cm – 2)  is  by growth interruption modulation in HVPE method 
with modulating the growth process by switching on/off the GaN layer. In 
this process, thick multilayered structure of GaN is grown on c-Al2O3 (i.e., 
c-plane of  sapphire)  substrate  in which dislocation reduces  by and by from 
the  lowermost  layer  (1010 cm – 2) towards the uppermost layer (107 cm – 2). 
During growth, continuous flow of NH3 and periodic flow of HCl (shown in 
figure 11) are applied to modulate the growth [31]. 
 

 
 

Fig. 11 – Time chart of HCl flow in GIM with deposition of 30 min and HCl 
interruption of 30 min for each run. Ref. [31] 
 

 K. Pakula et al. [32] showed that lateral overgrowth of GaN on sapphire 
(using MOCVD) with a growth interruption followed by annealing with SiH4 
decreases the TD density up to 5  107 cm – 2. This is due to pyramidal pits 
(approx. 40 nm deep) of the GaN surface, which are selectively etched by 
SiH4 (Fig. 12) resulting in a radical change in direction of propagation of 
dislocation (being horizontal from the direction parallel to the c-plane). In 
contrast  with  other  epitaxial  methods,  in  this  method  large  area  of  low  
dislocation density can be formed without formation of sub-grains with 
significant tilt [33, 34]. 
 Shen et al. [35] proposed a method of reduction of both tilting and 
twisting of grain features causing high TD density of GaN grown on vicinal 
sapphire (0001) surface by RF-MBE making the vicinal angle larger than 
0.50.  Use  of  SiN,  SixNy, SixAl1 – xN, Si irradiation etc need complicated 
growth processes [23, 36, 37]. Fig. 13 shows the XRD rocking curves of the 
GaN surface. For better morphological GaN surface on vicinal substrate, 
MBE has higher advantages upon MOCVD [35] by reducing the density of 
TD to ~ 107 cm – 2. 
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Fig. 12 – AFM image of GaN surface after 30 s in situ treatment by silane at 
1100 C (Ref. [32]) 

 
 

 
 

Fig. 13 – Asymmetric (10-12) rocking curve of GaN films grown on vicinal sapphire 
[0001] substrate with various vicinal angles. The inset is the dependence of the 
FWHM of the symmetric [0002] diffraction peaks on the vicinal angles. Ref. [35] 
 

Use of in-situ thin discontinuous SiNx interlayer (deposited at 860 C) 
coverage  for  GaN  growth  on  c-plane  sapphire  (0001)  substrate  by  OMVPE  
can reduce TD density up to a factor of 50 to 9  107 cm – 2 mainly due to 
construction of facetted islands on the GaN surface as well as generation of 
half-loops between bent-over TDs during the lateral overgrowth [38]. 
Dependence of TD density with the interlayer thickness is shown in Fig. 14. 
Here c-plane sapphire with 0.25 % miscut towards the a-axis is used as 
substrate. Same kind of growth by MOCVD shows TD density to be 4.4  107 

(screw-type) and 1.7  107(edge-type) [39]. 
 Chakraborty et al. [40] showed that SiNx in-situ nanomask  is  also  
important for TD density reduction in non-polar a-plane GaN films on r-plane 
sapphire by MOCVD. Increase in SiNx layer  leads  to  on-axis  and  off-axis  
FWHM of HRXRD, rms surface roughness and submicron pit density as well 
as  stacking  fault  density  decrease  from  8.0   105 to 3.0  105  cm – 2 which 
finally decreased defects (both SFs and TDs) up to 9  109cm – 2. Increase in 
deposition time leads to decrease in TDs. 
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Fig. 14 – TD density vs. GaN layer thickness of SiNx compared with HVPE-grown 
sample from Mathis et al. (Ref. [20]), Morkoc (Ref. [21]) and Lee et al. (Ref. [22]). 
The solid line represents the trend of the TD reduction with thickness of the HVPE-
grown layers. (Ref. [39]) 
 

 C.J. Tun et al. showed that multiple MgxNy/GaN buffer layers, which can 
form  a  textured  surface,  were  used  for  growth  of  GaN  on  sapphire  using  
MOCVD at 530 C. Reduction of dislocation (associated with the grain 
boundary)  was  obtained.  Propagation  of  TD  after  coalescence  occurs  here,  
lowering its density on the exposed surface, as shown in Fig. 15 [41].  
 

 
 

Fig. 15 – (color online) schematic representations of the morphological evolution and 
associated TDs generation and propagation in GaN epitaxial layers grown on (a) LT-
GaN, (b) 12 pairs of MgxNy buffer layers on sapphire: (I) heat-treated buffer layers 
on sapphire, (II) coalescence of HT-GaN with accompanying TDs generation, (III) 
propagation of TDs after coalescence. (Ref. [41]) 
 

 M.A.  Moram  et  al.  [42]  showed  that  a  500  nm  deposition  of  lattice-
matched, dislocation-blocking scandium nitride interlayer introduction using 
a single  step without lithography for  growth of  GaN on sapphire  template  
can  reduce  TD  density  reduction  up  to  ~  107cm – 2 for  coalesced  films  and  
~106 cm – 2 for partially-coalesced film. Reduction of TD density depends on 
the thickness of scandium interlayer, as shown in Fig. 16. The reasons of TD 
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density reduction are – (1) limited chemical stability under MOVPE growth 
condition, (2) void formation and bending of dislocation during annealing, 
creating no threading of dislocations in exposed template area, (3) matching 
of interatomic spacing between GaN and ScN mask layer, resulting in 
nucleation of overgrown GaN islands without forming dislocation. 

 

 
 

Fig. 16 – Plot of TD density of coalesced GaN layer vs. Scandium thickness (Ref. [42] 
 

 Q. Li et al. used self-assembled close-packed monolayer of silica microspheres 
as selective growth mask for growth of GaN on sapphire epilayer. Silica 
microspheres are formed during regrowth of GaN layer, which terminated 
the  propagation  of  dislocation,  causing  a  huge  reduction  of  dislocation  by  
bending and blocking (~ 4  107 cm – 2) [43]. Fig. 17 shows the dependence of 
TD density with the silica microsphere diameter. 
 

 
 

Fig. 17 – TDD of GaN layer as a function of silica sphere diameter (Ref. [43]) 
 

 Dislocation density of three-fourth of the exposed area of GaN, grown on 
sapphire substrate was reduced extremely (~ 102 cm – 2) during the two-step 
method of LPE growth using Na-flux [2]. The thickness of the GaN crystal 
was made intentionally very high (2 mm) here to show that dislocation 
reduces with increase in growth thickness. The schematic diagram of the 
mechanism of TD reduction in this process is given in Fig. 18. 

 
4. GAN FILM ON SIC SUBSTRATE 
 

Relatively high quality of GaN epitaxial device on Sapphire substrate is a 
bit difficult to achieve because of their large lattice mismatch (~ 15 %). On 
the other hand better lattice mismatch between GaN and Silicon Carbide as a 
substrate has gained popularity in recent years for both MOCVD/MOVPE 
and MBE growth technology. 
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Fig. 18 – The dislocation reduction process after the middle stage of the LPE growth. 
Dislocations existing at positions A and C propagate along the c-axis, while those at 
the staircase structures (positions B) propagate along the development of the stair 
edge, resulting in oblique propagation from the c-axis. By following the bold line in the 
figure,  we  can  summarize  the  propagation  of  the  dislocations  as  follows:  Type  A  
dislocations are aggregated to Type B ones as the LPE growth progresses, followed by 
their aggregation to Type C and eventually back to Type B. Although the 
transformation of the dislocations from Type B to Type C and subsequently back from 
Type C to Type B occurred naturally, transformations into Type A were not allowed 
after extinction of the concave portions. Therefore, the dislocation types transformed 
in  the  order  A,  B,  C,  B,  C,  B  …,  reducing  the  number  of  dislocations.  Ultimately,  
almost  all  dislocations  were  categorized  as  Type  B  (a).  The  entire  process  of  
dislocation reduction, including the Initial growth stage, is summarized (Ref. [2]) 
(b). TEM shows very low DD in the grooved side-walls [59] (c) 
 

 The process which creates lowest DD is ELOG (epitaxial lateral overgrowth). 
Here, regrowth technique is applied on the periodically grooved surface with 
controlled V/III ratio. Groove is completely buried in the thinner exposed layer, 
for which DD is unexposed in TEM. It creates very low DD (6  106 cm – 2) in 
the regrown GaN surface. Fig. 18c shows the TEM of this phenomenon [59]. 
 
 
 
 
 
 
 
 
 

a 
 

b 
 

c 
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4.1 Comparison of SiC substrate over sapphire for growth of GaN layer 
 

Table 2 – Advantages of SiC in comparison with sapphire 
Parameters SiC Sapphire 

Lattice constant mismatch 3.1 % along [0001] direc-
tion, but contribution of 
Screw Dislocation creates 
large overall DD  

Very large (approx. 15 %), 
creating high DD.  

Thermal conductivity[11]  3.8 W/cm K 0.25 W/cm K (<< SiC) 

Electrical conductivity Relatively higher value Insulator 

Orientation of crystal planes 
with respect to GaN 

Parallel (facet formation 
easier by cleaving) 

Not parallel (facet formation is 
not easy) 

Polarity GaN film polarity is easier 
on  SiC  substrate,  as  it  has  
both C and Si polarity. 

GaN  film  polarity  is  proble-
matic on sapphire, as mentio-
ned before in this review. 

Surface roughness Higher than sapphire 
(1 nm rms), disadvantageous 
with respect to sapphire. 

Lower  than  SiC  (0.1  nm 
rms), better for GaN growth. 

Thermal expansion co-
efficient 

Less than GaN, generating 
bi-axial tension. 

Higher than GaN, generating 
bi-axial stress. 

 
4.2 Choice of SiC plane as substrate 
 

SiC  has  250  polytypes,  among  which  only  two  (4H-SiC  and  6H-SiC)  have  
same space group {p63mc  (no.  186)}  as  Wurtzite  GaN.  6H-SiC  is  more  
commercially available than 4H-SiC. Thus, 6H-SiC is the mostly used 
polytypes of GaN growth on SiC substrate [3]. 
 

4.3 Reduction of threading dislocation density of GaN film on SiC 
substrate 

 

The main problematic TD in SiC substrate is hollow-core screw dislocations 
(called micropipes or nanopipes), which have Burgers vector ( b )  twice  and 
three times of c-lattice constant of 6H-SiC and 4H-SiC respectively. These 
holes are oriented along the c-axis; as a result, these can propagate 
throughout  the  crystal  [45].  Here  are  some  techniques  of  reduction  of  
dislocation density of GaN layer grown on SiC substrate. 
 The lateral overgrowth via Organometalic Vapor Phase epitaxy (OMVPE) 
of GaN stripes patterned in a SiO2 mask deposited on GaN-film/AlN-
buffer/6H-SiC (0001)-substrate at 1000 - 1100 C  and  at  45  Torr,  oriented  
along [1120] and [1100] is required here. Fig. 19 shows the schematic 
diagram. A very low dislocation density of 106 cm – 2 GaN layer is obtained 
due to coalescence of the GaN homoepitaxial stripes on SiO2 mask. The 
coalesced  layers  for  this  case  had  a  surface  roughness  of  rms  value,  i.e.,  
0.25 nm [46]. 
 The low-edge grain boundary during growth of GaN on SiC substrate is the 
main source of dislocation for this heterostructure. Two possible sources of 
dislocation are (i) dislocation half-loop and (ii) island edges. Accumulation of 
misfit strains after a certain thickness creates misfit, which ultimately 
generates TDs. The GaN layer (1.5 m)/AlN buffer/SiC (typically tilted 3 to 4 
degrees off towards the direction [1120 ) substrate grown by MOCVD using 
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ultra-thin AlN buffer layer of 1.5 nm (< the critical value for misfit 
dislocation) and a smooth AlN surface reduces the threading dislocation very 
much (2-3 order less than the value of dislocation for the thicker buffer ). 
Island edges can be reduced by smooth surface. Hence TD density reduction is 
obtained [5].  
 

 
 

Fig. 19 – Schematic diagram showing lateral epitaxial overgrowth of GaN layer on 
SiO2 mask from GaN deposited within striped window openings on GaN/AlN/6H–SiC 
substrates (Ref. [46]) 
 

 The defects in the GaN grown within the SiO2 windows were 
predominantly threading dislocations of mixed character with Burgers 
vector b  1/3[1123] and edge dislocations with b  1/3[1120]. Hexagonal 
pyramids  of  GaN  are  grown  under  the  SiO2 mask during lateral epitaxial 
overgrowth  (LEO)  of  GaN  on  patterned  GaN/AlN/6H-SiC  substrate  
(Fig. 20a). Fig. 20b shows the schematic diagram of LEO. Stresses due to 
the mismatches in the thermal expansion coefficients during LEO-GaN 
growth, existing initially at the underlying AlN/6H-SiC and GaN/AlN 
interfaces, propagate through the selectively grown GaN and are 
accommodated in these regions both via the continued propagation of 
numerous TDs and short dislocation segments and the bending of the stripes 
or pyramids. As a result, LEO-GaN has lower dislocation density 
(approximately 4 order less) than the vertical-growth region [47, 48]. 
 

 

Fig. 20 – Lateral Epitaxial Overgrowth of selectively grown GaN hexagonal pyramid 
(a). A schematic diagram of the lateral epitaxial overgrowth (LEO) in a selectively 
grown GaN stripe (b) (Ref. [48]) 
 

 Selectively grown (i.e., using SiO2 mask) GaN hexagonal pyramids and 
stripes on circularly patterned GaN [0001] on sapphire [49-51] and 6H-SiC 

  
a b 
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[0001] substrate [52, 53], i.e., on GaN/AlN/6H-SiC heterostructure by the 
lateral epitaxy method (a two-stage mechanism containing vertical and 
lateral growth [54]) has also low dislocation density [27]. Nearly defect-free 
single crystal GaN is obtained during the lateral growth while analyzing 
with TEM. The thicknesses  of  the AlN buffer  layer  and the GaN layer are  
1000  and 1.75 m. The coalescence of the laterally grown volumes yields 
nearly defect-free regions. Curved surfaces are formed within the 
heterostructure, to accommodate mismatches due to the co-efficient of 
thermal expansions among the different phases [48]. 
 GaN  film  grown  on  SiC  by  plasma-assisted  MBE  can  reduce  dislocation  
density significantly. Reduction of width of TEM [1012] rocking curves 
with reduction of Ga/N flux ratio results in the change in morphology from 
flat to rough, creating reduction in edge-dislocation by cluster formation 
with topological valleys of the rough surface [55]. 
 
5. GAN ON SILICON SUBSTRATE 
 

5.1 Advantages of Si substrate 
 

Very low price is the most important advantage for choosing it as substrate. 
It is available in very large size; it has good thermal stability too. These 
aspects are suitable for GaN growth. Moreover, crystal perfection is very 
high in comparison with the other substrates for growth of GaN. 
 
5.2 Disadvantages of Si Substrate 
 

Lattice constant mismatch with GaN is very high (~ 16.9 % [56]). Thermal 
expansion co-efficient mismatch with GaN is also very high. Moreover, 
tendency of formation of amorphous SiN is noticeable during growth of GaN 
on it. All of these aspects are responsible for high defective interface 
formation (between GaN layer and Si substrate). 
 
5.3 Choice of orientation for Si substrate for GaN growth 
 

Generally  (111)  Si  is  taken  as  substrate  for  GaN  growth.  The  GaN-made  
device quality using this substrate has much improved quality than any 
other orientation. It can support 2-D growth of GaN.  
 
5.4 Reduction of Threading Dislocation density for GaN layer grown on Si 

substrate 
 

Dadgar et al. showed that buffer layers were used to reduce TD density of GaN 
layer grown on Si substrate. The large mismatch (17 %) between GaN 
(a  3.1891 ) and Si (111) (a  3.8403 ) generated a biaxial tensile stress in the 
heterostructure [57]. Misfits and cracks were generated due to residual tensile 
stress [57]. Reduction of tensile stress as well as dislocation density was achieved 
by partial masking. For in situ masking of AlN seed layer with thin SiN mask [9] 
GaN-layer quality is improved. A thin SiN mask was used here. Fig. 22 shows 
that reduction of stress depends on the deposition time of SiN layer. 
 Insertion of SixNy layer (along with AlN buffer layer grown by MOCVD) 
for GaN grown on a Si (111) layer, as shown in Fig. 23, reduced dislocation 
density much more. The growth temperature was 1080 C here. With the 
increasing growth time, rms surface roughness decreases, pits due to TD 
decreases as SixNy layer acted as a filter for TD [57].  
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Fig. 22 – Stress of the samples determined from PL (triangles) and x-ray diffraction 
(stars) measurements vs SiN deposition time. (Ref. [9]) 
 

 Growth time > 100 s can remove all types of dislocations (misfit 
dislocations  too)  resulting  in  a  high  quality  GaN  layer.  K.  Cheng  et  al.  
showed that instead of MOCVD, if high temperature MOVPE is applied for 
the same structure using a combination of AlGaN intermediate layer along 
with SixNy layer,  smooth  and  fully  coalesced  layer  of  dislocation  density  
3.0  108 - 5.0  108 – 2 cm can be obtained [58]. 
 

 
 

Fig. 23 – Schematic cross-section of GaN epilayer (Ref. [57]) 
 
6. CONCLUSION 
 

Here we have studied different techniques of reduction of dislocation density of 
GaN  layer  grown  on  foreign  substrates.  We  have  chosen  here  three  most  
commonly used substrates: sapphire, SiC and Si. We have studied the lattice 
mismatching percentage at the interface between the substrate and layer as well 
as other reasons of threading dislocations. reduction of dislocation density 
during  the  different  growth  techniques  like  MOCVD,  MBE,  HVPE,  MOVPE  
etc., on three above mentioned substrates have been studied here separately.  
 Current  researchers  prefer  sapphire  substrate  when  comparing  with  SiC,  
though it has much higher lattice mismatch, thermal conductivity, difficulty in 
facet formation etc. Sapphire costs lower, provides relaxation to the growth and 
has lower surface roughness in comparison with SiC. Due to these reasons, 
researchers tried to reduce its dislocation density to increase its use as substrate. 
 Silicon has a very large lattice mismatch with GaN, resulting in very 
high dislocation density. Due to very low cost and thermal stability people 
have started working on GaN/Si growth technique recently. Still it has not 
extended in the industrial level. A good-quality low-cost GaN-on-Si substrate 
is still a good area of research. 
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Recently there has been much interest on the preparation and characterization of 
ternary semiconducting materials, mainly ZnIn2Se4 (ZIS) due to its potential 
applications in various fields, particularly as a buffer layer in the fabrication of 
heterojuction solar cells. In the present work, thin films of ZIS have been synthesized 
by a simple and economic method, chemical bath deposition at different pH values 
that vary from 9 to 11. The deposition was carried out for a fixed bath temperature 
(Tb) of 90 C and constant reaction time of 60 min. Ammonia and hydrazine hydrate 
were used as complexing agents. The chemical and physical properties of the deposited 
ZIS films were analyzed using appropriate techniques. The X-ray diffraction analysis 
revealed that the deposited films were polycrystalline and showed (112) peak as the 
preferred orientation. Scanning electron micrographs revealed that the samples had 
large number of granule like particles in different sizes. The optical transmittance of 
these samples was found to be > 75 % in the visible region and the evaluated energy 
band gap varied from 2.15 eV to 2.64 eV with the change of pH value in the range,  
9 - 11. The detailed study of these results were presented and discussed.  
 

Keywords: ZnIn2Se4, EDAX, XRD, SEM, OPTICAL PROPERTIES. 
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1. INTRODUCTION 
 

The ternary chalcopyrite semiconductors, particularly the Cu-III-VI2 
compounds  have  proved  to  be  the  most  potential  absorber  materials  in  the  
fabrication of heterojunction solar cells in terms of conversion efficiency and 
long-term  stability.  Among  the  various  combinations  of  ternary  as  well  as  
quaternary compounds, CuInSe2 (CIS) and CuInGaSe2 (CIGS) proved to be the 
successful absorbers and electrical conversion efficiencies > 16 % and 20 % 
[1] respectively have been achieved at laboratory level using CdS as the buffer 
and ZnO as the window layers. However, the usage of CdS in photovoltaic cell 
complicates the in-line process and generates environmental and health 
problems due to the toxicity of ‘Cd’ precursor. Alternatively materials such as 
ZnS, ZnSe, ZnIn2Se4, InxSey, Zn1 – xMgxO and In(OH)3, In2S3 etc. have been 
proposed as the substitutes for CdS in CIGS solar cells [2, 3]. Among them, 
ZnIn2Se4 (ZIS) is one of the best alternatives for CdS as a buffer layer. As In 
and Se are already present in ZIS, the problem of lattice mismatch, which is 
commonly  observed  in  CIS  or  CIGS-based  solar  cells  can  be  minimized  [4].  
Further,  ZIS  has  also  potential  applications  in  various  other  fields  such  as  
photoelectronics [5] and electro-optical memory devices [6]. 
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 ZIS  belongs  to  the  AIB2
IIX4

IV defect chalcopyrite family and the first 
report on ZnIn2Se4 by  Hahn  et  al.,  gave  the  crystallographic  data.  It  
crystallizes  in  the  tetragonal  structure  with  the  space  group  of  S4

2, and 
having the lattice parameters a  0.569 nm and c  1.149 nm [7]. Growth of 
ZIS thin films was first reported by Konagai et al. [8] using three-source co-
evaporation of the constituent elements. ZIS layers have been prepared by 
different chemical and physical methods [9-11]. To our knowledge, there are 
no  reports  available  on  the  preparation  of  ZIS  films  by  chemical  bath  
deposition (CBD) method. In our previous study, we reported on the physical 
properties  and growth mechanism of  ZIS films by CBD on glass  substrates  
formed at different bath temperature [12]. In the present study, ZIS films 
have been grown at different pH values for a constant bath temperature and 
deposition  time  by  CBD  process  and  the  effect  of  pH  on  the  physical  
properties are investigated. 
 
2. EXPERIMENTAL 
 

ZIS films were deposited on Corning 7059 glass substrates by chemical bath 
deposition using 0.05 M aqueous solutions of zinc chloride (ZnCl2), sodium 
selenite (Na2SeO3) and indium tri-chloride (InCl3) as precursors. The 
deposition bath was prepared by taking 15 ml of aqueous ZnCl2 solution in a 
separate beaker to which 2 ml of 80 % hydrazine hydrate is added. This 
makes the solution turbid due to the formation of hydroxides and the 
turbidity disappears when a few drops of 25 % ammonia is added to the 
solution bath. 30 ml of InCl3 and  60  ml  of  sodium  selenite  precursors  are  
added to the deposition bath in the same sequence. Finally the deposition 
bath is made-up for a total volume of 120 ml by adding distilled water. The 
pH  of  the  bath  was  adjusted  to  the  required  value  using  ammonia  and  
ammonium chloride. The mixture was stirred well using a temperature 
controllable magnetic stirrer. Ultrasonically cleaned Corning 7059 glass 
substrates were vertically dipped in the deposition bath while stirring of the 
solution continues. The deposition of ZIS films is carried out at a fixed bath 
temperature (Tb) of 90 C and a reaction time of 60 min by varying the pH 
value in the range, 9 - 11, measured using DIGITAL pH meter. All the 
grown films appeared thick brown in color.  
 The elemental composition of ZIS samples was determined using the FEL 
Sirion energy dispersive analysis of X-ray (EDAX). The crystallinity of ZIS 
films was measured using a Siefert X-ray diffractometer (model 3003 TT) 
with Cu-K  radiation source (   1.5402 ) while the surface morphology was 
evaluated using Zeiss scanning electron microscope (SEM) (model EVO MA 
15). The optical transmittance measurements were performed using Hitachi 
U: 3400 UV-Vis-NIR spectrophotometer. 
 
3. RESULTS AND DISCUSSION 
 

3.1 EDAX Analysis 
 

Fig. 1 shows the chemical composition of ZIS films evaluated using EDAX. 
The EDAX spectra indicated well defined peaks corresponding to Zn, In and 
Se in addition to O. All the grown films showed Se deficiency irrespective of 
the solution pH value. ZIS films deposited at a pH of 11 had Zn: In: Se in 
the ratio 1:2:3. The deviation in the stoichiometry of the films from 1:2:4 
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(of ZnIn2Se4) might be due to the oxygen incorporation during the growth of 
ZIS films because of the usage of aqueous solutions in the bath or due to the 
incomplete reaction of the bath mixtures. 
 

     
 

Fig. 1 – EDAX profiles of ZIS films deposited at (a) pH  9 and (b) pH  11 
 
3.2 Structural Analysis 
 

The X-ray diffraction (XRD) pattern of ZIS films prepared at different pH 
values  are  shown  in  Fig.  2.  The  XRD  spectra  of  all  the  ZIS  thin  films  
exhibited polycrystalline nature with the tetragonal crystal structure. The 
diffraction pattern showed two major peaks corresponding to (110) and (112) 
planes of ZIS in addition to the appearance of a low intensity (204) peak. 
Further all the peaks were slightly shifted towards higher 2  values with the 
increase of pH value. The identified planes in the XRD spectra were in good 
agreement with the reported data in the literature [13]. No impurity peaks 
such as Zn (OH), ZnSeO3 etc. were found in the XRD spectra.  The intensity 
of the (112) peak increased with the increase of pH, indicating that more 
grains were oriented along the (112) plane.  This might be due to the 
formation  of  more  hydroxides  at  higher  pH  values  that  act  as  nucleation  
centers and favors hydroxide cluster growth mechanism instead of ion-by-
ion deposition. 
 The average crystallite size, D of  the  layers  was  evaluated  using  the  
Debye Scherer formula [14].  
 

 0.9

cos
D  (1)  

 

where  is the fringe width at half maximum (FWHM) of the (112) peak,  
is the wavelength of X-rays and  is the corresponding diffraction angle. 
The evaluated crystallite size varied in the range, 200 - 350 nm with the 
change of pH. The degree of preferred orientation corresponding to each 
plane was studied by the analysis of texture coefficient (Ci),  which  is  a  
measure of the orientation of each reflection compared to a randomly 
oriented sample using the following relation [15, 16]. 
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where I is measured intensity of the peak in the spectrum, I0 is  the  
intensity  for  completely  random  sample  (JCPDS)  and  n is  the  number  of  
reflections considered in the analysis. If C  1, it represents the film with 
randomly oriented crystallites whereas C  1 for films that are oriented 
preferentially in a particular direction. The variation of texture coefficient 
with pH value for (112) and (110) peaks is shown in Fig. 3. The value of 
C(112) increased linearly with the increase of pH value, whereas the value of 
C(110) was  less  than  that  of  C(112), implying that the films were highly 
textured along the (112) direction. 
 

 
 

Fig. 2 – XRD pattern of ZIS films deposited at (a) pH  9, (b) pH  10 and (c) pH  11 
 

 
 

Fig. 3 – Change of texture coefficient with pH value 
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3.3 SEM Analysis  
 

The surface morphology of ZIS films deposited at different pH values was 
analyzed using the SEM images shown in Fig. 4. The micrographs revealed 
that the samples had large number of granule like particles with different 
sizes that were distributed randomly on the substrate surface. The pictures 
also showed groups of crystallites on an amorphous background. With the 
increase of pH value these groups join together forming more continuous 
structure  compared  to  that  of  the  structures  grown  at  lower  pH  values.  
Further, the particle size also increased with the increase of pH. 
 

      

 
 

Fig. 4 – SEM images of ZIS films prepared at pH  9 (a) pH  10 (b) and pH  11 (c) 
 
3.4 Optical studies 
 

The optical transmittance studies of ZIS films were carried out in the 
wavelength range, 300 - 2500 nm and the corresponding transmission spectra 
is  shown in Fig.  5.  The transmittance of  ZIS films increased from 70 % to 
80 % above the fundamental absorption edge with increase of pH. It could be 
observed from Fig. 5 that ZIS films had high transparency in the visible 
region and showed a steep absorption edge at a wavelength of about  
400 - 450 nm, which indicates better crystallinity in ZIS films. It is 
noteworthy that the absorption edge shifted towards lower wavelength side 
with the increase of pH, indicating an increase of the energy band gap in ZIS 
films. The evaluated band gap varied from 2.15 eV to 2.64 eV with the change 
of pH in the range, 0 - 11, which is in good agreement with the behavior 
reported by Yadav et al. [9]. The larger energy band gap determined for the 
films grown at higher pH values might be attributed to the incorporation of 
hydroxyl groups in the films and/or due to the presence of secondary phases 
of Zn and Se in small quantity that were not observed in the XRD pattern. 

a (b) b 

c 
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 The evaluated refractive index varied in the range 1.85 - 1.73 with 
change of pH from 9 to 11 and the refractive index values obtained in the 
present were comparable with the values reported by Gordillo et al. [17] for 
thermal evaporated ZIS films. 
 

 
 

Fig. 5 – Optical transmittance verses wavelength spectra of ZIS films 
 

    

 
 

Fig. 6 – Plots of ( h )2 verses h  for ZIS films at different pH value 
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4. CONCLUSIONS 
 

ZnIn2Se4 thin films have been deposited by simple and economic process, 
chemical bath deposition at different pH values. The pH of the deposition 
bath  varied  from  9  to  11  and  the  layers  were  grown  at  a  fixed  bath  
temperature (Tb) of 90 C and a reaction time of 60 min using the ammonia 
and hydrazine hydrate as complexing agents. The XRD analysis revealed 
that the deposited films were polycrystalline, exhibiting tetragonal crystal 
structure and showed the (112) peak as the preferred orientation. SEM 
micrographs revealed that the samples had large number of granule like 
particles in different sizes. The optical transmittance of these samples was 
found to be > 75% in the visible region and the evaluated energy band gap 
varied from 2.15 eV to 2.64 eV with the change of pH value from 9 to 11.  
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Undoped and Co-doped (1 and 3 at. %) SnO2 nanoparticles were synthesized by a 
simple co-precipitation method. X-Ray diffraction data revealed that both undoped 
and doped samples crystallize in the tetragonal rutile phase with CoO phase in doped 
samples. The lattice parameters of doped samples calculated from XRD data do not 
vary much when compared to undoped one indicating that Co has not substituted the 
host lattice. The surface morphology investigated by SEM indicates the cluster 
formation in Co-doped (1 and 3 at. %) nanoparticles and the chemical composition of 
the samples were analyzed by energy dispersive spectroscopy (EDS). UV-Vis spectrum 
of undoped system showed absorption at 408 nm (3.04 eV),  which is  red shifted by 
0.56 eV compared to bulk SnO2 (3.6 eV) due to the cluster nature of the sample. The 
UV-Vis spectra of doped samples showed absorption in the visible region due to the 
formation of CoO phase, which is also evident from the XRD spectra. PL spectra 
showed characteristic UV emission at 409 nm and blue emission at 480 nm. The 
characteristic vibrational modes of SnO2 were  studied  from  FTIR  analysis.  EPR  
measurement of Co-doped (3 at .%) SnO2 nanoparticles showed the paramagnetic 
behavior which may be attributed to the occupation of Co2+ ions in the interstitial site 
rather than the substitutional site. The absence of ferromagnetism is due to the high 
doping concentration of Co (> 1 at.  %)  and  also  due  to  the  high  annealing  
temperature which destroys the hyperfine splitting. 
 

Keywords: NANOPARTICLES, SEMICONDUCTORS, SCANNING ELECTRON 
MICROSCOPY, PHOTOLUMINESCENCE, MAGNETIC PROPERTIES. 
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1. INTRODUCTION 
 

In recent years, diluted magnetic semiconductors (DMS) such as ZnO, TiO2, 
and SnO2 doped  with  transition  metals  (Co,  Ni,  V,  Mn,  Cr,  and  Fe)  have  
attracted considerable interest due to their possibility of room temperature 
ferromagnetism (RTFM). Among these oxides, SnO2 based DMS present 
special properties, such as giant magnetic moment and large coercivity [1]. 
SnO2 is  an  n-type  semiconducting  oxide  with  a  wide  band  gap  of  3.6  eV.  
They have a wide range of applications in gas sensors [2, 3], optoelectronic 
devices [4], dye-sensitized solar cells [5], lithium batteries [6], and catalysts 
[7]. Many works reported RTFM in Co-doped SnO2 nanoparticles. Still there 
are several controversies since some of the reports revealed the signature of 
paramagnetism and antiferromagnetism in these materials [8]. The oxygen 
stoichiometry plays an important role in RTFM in this system as reported by 
Punnose et al. [9]. Srinivas et al. [10] observed ferromagnetism in Co-doped 
(5  at.%)  SnO2 nanoparticles and found that the ferromagnetism increases 
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with increasing annealing temperature. They argued that the ferromagnetic 
properties are also attributed to the nanometric size of the materials in 
addition to the surface diffusion of Co ions and the distribution of defects 
such  as  oxygen  vacancies  or  vacancy  clusters.  Punnose  et  al. [11] have 
discussed that uniform dopant distribution and annealing temperature play 
an  important  role  in  Co-doped  SnO2 nanoparticles  for  RTFM.  Few  reports  
showed that ferromagnetism disappears in Co-doped SnO2 nanoparticles 
beyond a particular dopant concentration and annealing temperature [12]. In 
addition, the segregation of Co atoms on the surface of SnO2 was also 
expected to destroy the RTFM [11]. Liu et al. [1] studied magnetism in Co-
doped SnO2 nanocrystals which showed antiferromagnetic behavior. Since 
many reports showed different results, here undoped and Co-doped (1 and 3 
at. %) SnO2 nanoparticles are synthesized, structurally and optically 
characterized in order to study the nature of magnetism in these samples.  
 
2. EXPERIMENT  
 

2.1 Synthesis  
 

A simple co-precipitation method is adopted to synthesize undoped and Co-
doped (1 and 3 at. %) SnO2 nanoparticles.  In  a  typical  synthesis,  tin  (IV)  
chloride (SnCl4) (0.1 M) was dissolved in 250 ml of de-ionized water and was 
magnetically stirred with drop wise addition of ammonia (NH3) solution to 
maintain the pH of the solution at 7. Finally, the resultant solution was 
stirred constantly for 30 minutes. The obtained precipitate was centrifuged, 
washed several times with de-ionized water in order to remove the chloride 
and other unreacted ions, and then dried in atmosphere at 60 C to get SnO2 
nanoparticles. Co doping (1 and 3 at. %) is achieved by adding appropriate 
amount of cobalt chloride (CoCl2.6H2O) to the SnO2 stock solution. Finally, 
the nanoparticles obtained were annealed at 600 C for 4 h in atmosphere to 
get undoped and Co-doped (1 and 3 at.%) SnO2 nanoparticles. Flowchart for 
the synthesis of these nanoparticles is given in Fig. 1. 
 
2.2 Characterization 
 

The structural analysis of the synthesized nanoparticles was performed by 
recording the X-Ray diffraction (XRD) spectrum at room temperature using 
X-Ray diffractometer (PANalytical X’Pert Pro) with Cu-K  as the radiation 
source (wavelength: 1.54056 D) at a step size of 0.02  over the 2  range of 
10  to  90 .  The  morphology  of  the  samples  was  examined  by  scanning  
electron microscopy (Hitachi S-3400N, Japan) operating at an accelerating 
voltage of 20 kV. The elemental analysis was carried out by energy 
dispersive spectroscopy (EDS) (Nortan System Six, Thermo electron 
corporation Instrument Super DRY II, USA). The UV-Vis absorption 
spectrum was recorded at room temperature using UV-Vis absorption 
spectrometer (Shimadzu). Fourier transform infrared (FT-IR) spectra were 
measured  using  the  KBr  method  on  a  Fourier  transform  infrared  
spectrometer (Shiraz) at room temperature in the range of 4000 - 400 cm – 1 
with  a  resolution  of  1  cm – 1. Photoluminescence (PL) studies were carried 
out using a photoluminescence spectrophotometer (Varian Cary Eclipse) and 
the spectra were recorded in the range of 375 - 680 nm using xenon flash 
lamp as the excitation source with an excitation wavelength of 350 nm. 
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Fig. 1 – Flowchart for the synthesis of undoped and Co-doped SnO2 nanoparticles  
 
3. RESULTS AND DISCUSSION 
 

3.1 X-Ray diffraction analysis 
 

Fig. 2 shows the XRD spectra of undoped and Co-doped (1 and 3 at. %) SnO2 
nanoparticles. The spectra revealed that all the samples possess tetragonal 
rutile structure (JCPDS No. 41-1445). Eventhough Co-doped samples retain 
the rutile structure, they also show the presence of secondary phases of CoO. 
 Table 1 gives the lattice parameters of undoped and Co-doped SnO2 
nanoparticles.  The  lattice  parameters  of  undoped  SnO2 nanoparticles are 
calculated  from  the  XRD  spectrum  which  are  comparable  with  the  JCPDS  
data and that of Co-doped samples do not show much variation compared to 
that of undoped one indicating that Co has not substituted the host lattice 
thus  forming  secondary  phase  of  CoO,  which  is  also  evident  from  the  
appearance of extra peak corresponding to the hkl plane (002) of CoO in the 
XRD spectra of Co-doped samples. Also Co doping results in the broadening of 
the XRD peaks in the doped samples, which is due to the decrease in the 
crystallinity.  Further  by  looking  into  the  full  width  at  half  maximum  of  
Bragg peaks, the average crystallite size of undoped and Co-doped SnO2 
nanoparticles is calculated from Scherrer's equation and is given in Table 1. 
The decrease in the crystallite size of doped samples when compared to 
undoped one is due to the decrease in the crystallinity of the doped samples. 
 

Table 1 – Results of XRD analysis on undoped and Co-doped (1 and 3 at. %) 
SnO2 nanoparticles 
 

Samples Crystallite size a (D) b (D) 
SnO2 12 4.70 3.18 
SnO2:Co (1 at.%) 9 4.71 3.18 
SnO2:Co (3 at.%) 8 4.69 3.18 
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Fig. 2 – XRD spectra of undoped and Co-doped (1 and 3 at. %) SnO2 nanoparticles 
 

3.2 SEM analysis 
 

The surface morphology of Co-doped (1 and 3 at.%) SnO2 nanoparticles were 
studied  by  SEM  analysis  and  the  images  are  given  in  Fig.  3.  The  SEM  
images of both the samples show the formation of particles that 
agglomerated to form clusters. The cluster formation is due to annealing of 
the samples at 600 C.  Since  SEM  analysis  is  of  low  magnification,  the  
individual particles are not clearly seen here. If we go for TEM analysis with 
high magnification, these particles can be clearly seen. 
 

 
 

Fig. 3 – SEM images of 1 at. % (a) and 3 at. % (b) Co-doped SnO2 nanoparticles 
 
3.3 EDS analysis 
 

The compositional analysis is necessary to monitor the concentration of the 
elements present in the sample. Fig. 4 (a and b) shows the typical EDS 

a b 
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spectra of Co-doped (1 and 3 at. %) SnO2 nanoparticles which revealed 
signals  from  zinc,  oxygen,  and  cobalt  elements  only  with  no  other  
impurities. But the peak corresponding to Pt is obtained in the spectra since 
Pt is sprayed on the sample while taking SEM for conductivity. Table 2 
shows the compositions of Co-doped (1 and 3 at. %) SnO2 nanoparticles 
estimated from EDS analysis. Whenever a material is doped, it is necessary 
to  see  whether  the  dopant  has  entered  the  host  system  completely  or  
partially.  From  the  EDS  analysis,  it  has  been  observed  that  the  Co  
concentration in the doped samples is less than that of the starting solution. 
Even though we intended to dope 1 and 3 at. % of Co, only 0.31 and 0.65 
at. % has actually entered the host system and the remaining less energetic 
molecules would be washed away during synthesis. 
 

 
 

Fig. 4 – EDS spectra of 1 at. % (a) and 3 at. % (b) Co-doped SnO2 nanoparticles 
 

Table 2 – The chemical compositions of Co-doped (1 and 3 at. %) SnO2 
nanoparticles 
 

Samples Sn (at. %) O (at. %) Co (at. %) 
SnO2:Co (1 at.%) 21.45 78.23 0.31 
SnO2:Co (3 at.%) 15.99 83.36 0.65 

 
3.4 UV-Vis analysis 
 

The optical absorption spectra of undoped and Co-doped (1 and 3 at. %) SnO2 
nanoparticles are given in Fig. 5 and the spectrum of undoped sample shows 
absorption at 408 nm (3.04 eV) which is red shifted from the bulk (3.6 eV) 
due to the cluster nature of the sample. Co-doped samples do not exhibit a 
sharp absorption edge probably due to Co d states extending into the band 
gap region resulting from the overlapping of orbitals [10]. The absorption 
spectra of Co-doped samples also show visible absorption, which is due to the 
presence  of  CoO  phase  in  these  samples  thus  confirming  that  Co  has  not  
entered the host system.  
 
3.5 Photoluminescence measurements 
 

Fig. 6 shows the PL spectra of undoped and Co-doped (1 and 3 at. %) SnO2 
nanoparticles. PL measurements were carried out to understand the emission 
properties and the surface defects. Room temperature PL emission spectra 
of all the samples were recorded at an excitation wavelength of 350 nm 
which is in agreement with the reported value. The spectra show characteristic  
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Fig. 5 – UV-Vis absorption spectra of undoped and Co-doped (1 and 3 at.%) SnO2 
nanoparticles 

 

UV emission at 409 nm and this emission peak is due to all the luminescent 
centers, such as nanocrystals and intrinsic defects [13]. With the 
introduction of Co, the decrease in UV emission was attributed to the 
increased intrinsic defects of nanoparticles [13]. It is interesting to note 
that the emission spectral intensity of Co-doped (3 at. %) SnO2 nanoparticles 
increases when compared to Co-doped (1 at. %) SnO2 nanoparticles. This 
increased intensity is due to the decrease in the particle size as shown in Table 
1  and  this  behavior  may  be  attributed  to  an  increase  in  the  number  of  
luminescence centers by increasing the ratio of surface area [10]. Apart from 
the UV emission, the spectra also show broad blue emissions at 480 and 492 
nm that might be due to the electron transition mediated by defect levels in 
the band gap [13]. With the increase of Co concentration, the emission peaks 
broaden and this is mostly due to the decrease and non-uniformity of the 
particle size, which resembles with UV-Vis absorption studies. 
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Fig. 6 – PL spectra of undoped and Co-doped (1 and 3 at. %) SnO2 nanoparticles 
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3.6 FTIR analysis 
 

Fig. 7 shows the FTIR spectra of the synthesized samples. The transmission 
band at 514 cm – 1 is assigned to the Sn-O terminal bond of SnO2 and that at 
615 cm – 1 is assigned to the O-Sn-O bridging bond [14]. The principal peak 
at 1629 cm – 1 corresponds to the strong asymmetric stretching of C O bond. 
The  band  observed  at  2359  cm – 1 is assigned to the existence of CO2 
molecule in air. Vibrational mode observed at 2923 cm – 1 is  due  to  C-H  
stretching vibration. The characteristic band at 3430 cm – 1 corresponds to 
the stretching vibration of O–H groups. 
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Fig. 7 – FTIR spectra of undoped and Co-doped (1 and 3 at. %) SnO2 nanoparticles 
 
3.7 EPR analysis 
 

Fig.  8  shows  the  EPR  spectrum  of  Co-doped  (3  at.  %)  SnO2 nanoparticles 
measured at room temperature. The spectrum resembles with the result 
obtained by Misra et al. [12]. They showed that this behavior is due to the 
incorporation of Co2+ ions with effective spin S  1/2 in the interstitial site 
of SnO2 nanoparticles. The expected hyperfine splitting terms corresponding 
to the ferromagnetism are not obtained here thus confirming the absence of 
ferromagnetism in this sample but exhibits a paramagnetic behavior [12]. 
Misra et al. [12] observed that the ferromagnetic behavior is lost when the 
doping concentration is greater than 1 at. % and also for samples annealed 
at temperature greater than 350 C. Here the samples were annealed at 600 
C which may introduce randomly distributed defects as confirmed by PL 

emission spectra, which enhances disorder of the crystalline field at Co2+ 
sites, thereby increasing the hyperfine linewidth. Increasing the linewidth 
suppresses hyperfine splitting which further destroys the ferromagnetism. 
Also the SEM results showed the segregation of nanoparticles on the surface 
which is also responsible for the destruction of RTFM [11].  
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Fig. 8 – EPR spectrum of Co-doped (3 at. %) SnO2 nanoparticles 
 

Lande-g factor is calculated using 
 

 
B

h
g

H
, (1) 

 

where h is Planck constant,  is the frequency, B is the Bohr magneton, 
and H is the applied magnetic field in G. The value of g is found to be 2.819 
for SnO2:Co (3 at. %) nanoparticles. 
 
4. CONCLUSION 
 

Undoped and Co-doped (1 and 3 at.%) SnO2 nanoparticles were synthesized by 
chemical co-precipitation method. The XRD analysis showed that the 
synthesized SnO2 nanoparticles have tetragonal rutile structure and revealed 
the  formation  of  secondary  phase  of  CoO  due  to  Co  doping.  The  lattice  
parameters of doped samples do not vary much compared to undoped one. The 
appearance  of  CoO  phase  in  the  XRD  spectra  and  the  invariance  of  lattice  
parameters of doped samples confirmed that Co has not entered the 
substitutional site of the host system, which is further confimed by UV-Vis 
studies. The surface morphology and chemical composition were examined 
using SEM with EDS analysis. The absorption spectra of undoped sample 
showed absorption at 408 nm, which is red shifted from bulk and that of 
doped samples showed absorption in the visible region (due to CoO phase) 
without any sharp absorption peak. PL studies showed strong UV emission at 
409 nm whose intensity decreased with the addition of Co which is due to the 
introduction of more intrinsic defects. Further, the vibrational modes were 
studied from FTIR analysis.  EPR spectrum showed that  Co-doped (3 at.  %) 
SnO2 nanoparticles exhibit paramagnetic behavior at room temperature. 
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Structural properties of Bi2Te3 thin films, thermally evaporated on well-cleaned glass 
substrate at different substrate temperature, are reported here. X-ray diffraction was 
carried out for the structural characterization. XRD pattern of the films exhibits 
preferential orientation along the [0 1 5] direction for the films of all the substrate 
temperature together with other supported planes [2 0 5] & [1 1 0]. All deposition 
conditions like thickness, deposition rate and pressure were maintained throughout 
the experiment. X-ray diffraction lines confirm that, the grown films are 
polycrystalline in nature with the hexagonal crystal structure. The effect of substrate 
temperature on these parameters have been investigated and reported in this paper. 
Various structural parameters such as lattice constants, grain size, micro strain, 
number of crystallites, stacking fault and dislocation density were calculated using 
X-ray diffraction analysis  
 

Keywords: BISMUTH TELLURIDE THIN FILMS, X-RAY DIFFRACTION, 
STRUCTURAL PARAMETERS, DISLOCATION DENSITY, MICRO STRAIN, 
STACKING FAULT. 
 

(Received 04 February 2011, in final form 20 March 2011) 
 
1. INTRODUCTION 
 

The V2-VI3 (V  Bi, VI  Se, Te) binary compounds and their pseudo binary 
solid solutions are highly anisotropic and crystallize into homologous layered 
structure parallel to c-axis and are known to find applications ranging from 
photoconductive targets in TV cameras to IR spectroscopy [1, 2]. Among these 
Bi2Te3 is the most potential candidates for thermoelectric devices such as 
thermoelectric generators, thermocouples, thermo coolers and IR sensors with 
the best figure of merit near room temperature [3-6]. It also has applications 
in electronics, microelectronic, optoelectronic and electro-mechanical devices. 
It is a p-type semiconductor with a direct band gap of 0.21 eV and melting 
point 585 C.  The  high  ratio  of  the  electrical  conduction  to  the  thermal  
conductivity makes bismuth telluride a good thermoelectric material [7-10]. 
There have been various studies on the optical and electrical properties of 
Bi2Te3 thin films. The dependency of thickness of film on structural 
properties were studied by Sathyamoorthy [11]. Here, the present authors 
report the structural variation in properties with the substrate temperature 
for a film thickness of 1000 Å. 
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2. EXPERIMENTAL DETAILS 
 

Bi2Te3 compound was synthesized from its constituent elements of 99.999% 
purity. Bi and Te were sealed in quartz ampoule at a pressure of 10 – 5 torr 
in stoichiometric proportion. The ampoule was subjected to the alloy mixing 
furnace at the temperature of 620 C.  The temperature of  the furnace was 
raised at the rate of 50 C/hr and maintained for 24 hours. During this, the 
ampoule was continuously rocked and rotated for uniform mixing and 
homogeneity of the melt. Bi2Te3 thin films were deposited on the well-cleaned 
glass substrates held at different substrate temperature by thermal 
evaporation technique under the base vacuum of 10 – 6 torr. Here, the Bi2Te3 
powder was taken from the ingot, in order to achieve better composition 
condition. The rate of deposition and the thickness of the film were measured 
to be 1 Å/s and 1000 Å respectively using the quartz crystal monitor. 
 The chemical composition of the ingot was obtained by EDAX(Philips 
ESEM).  The  X-ray  diffraction  patterns  of  the  deposited  Bi2Te3 thin films 
were recorded in the range of 20 - 70 degree with the help of Philips X-ray 
diffractometer using CuK  radiation. 
 
3. RESULT AND DISCUSSION  
 

3.1 Compositional characterization  
 

The typical EDAX, carried out for the synthesized ingot is shown in the 
Figure 1. The analysis confirms the stoichiometry of the synthesized 
compound with Bi and Te in the atomic percentage. 
 

 
 

Fig. 1 – EDAX of synthesized Bi2Te3 ingot 
 

3.2 Structural characterization 
 

X-ray diffraction was carried out on evaporated Bi2Te3 thin films evaporated 
at different substrate temperatures and are presented in Figure 2. The 
thickness of the films was 1000 Å.  They  exhibited  peaks  at  2   22.54 , 
27.64 , 37.89 , 40.14  which corresponded to diffractions of (2 0 5), (0 1 5), 
(0 1 8) and (0 1 1) plane of hexagonal phases, respectively, indicating the 
polycrystalline nature of the films. The plane indices are obtained by 
comparing with the JCPDS # 020524 and #150863. The (0 1 5) hexagonal 
plane reflects Bi2Te3 phase present in the grown thin film.  
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Fig. 2 – XRD of Bi2Te3 thin film of substrate temperature (a) 30 C (b) 100 C (c) 
150 C (d) 200 C 

 

 The lattice parameter ‘a’ and ‘c’ are determined by using the relation for 
hexagonal crystal structure for the diffraction plane (1 1 0) and found to be 
a  4.384 Å and c  30.424 Å which are close to the reported values [11, 12]. 
The various structural parameters for Bi2Te3 thin films are calculated using 
the relevant formula [11, 13, 14] and are represented in Table 1. 

Microstrain ( ): 2 cos

4
 

Estimation of number of crystallites: 
3

t
N

D
 

Dislocation density: 
15

aD
 

Stacking fault: 
2 2

2

2
3 3

360 tan

c
ld

 (for even l) 

 
2 2

2

2
3

360 tan

c
ld

 (for odd l) 

 

Where, 2  is the full width at half maximum,  is the wavelength of CuK  
radiation (1.54 ),  D is  the mean crystallite  size,  t  is  the thickness  of  the 
film,  is the microstrain,  is the deformation fault probability and  is the 
growth fault probability.  
 The grain size, micro strain, dislocation density and No. of crystallite of 
the deposited film at various substrate temperature was shown in Figure 3a, 
3b, 3c, 3d respectively. As shown in Figure 3a, the grain size rapidly 
increases with the temperature upto 100 C.  No  major  change  have  been  
seen between 100 C to 150 C where as it again decreases with the 
increasing temperature. The larger grain size within this temperature range 
indicates the formation of good quality films. 
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 a b 

 
 c d 

 
Fig. 3 – Variation of (a) grain size (b) micro strain (c) dislocation density (d) No. 
of crystallite with substrate temperature 
 

Table 1 – Structural parameters of thermally evaporated Bi2Te3 thin film at 
various substrate temperatures 
 

Subs. 
Temp. 
( C) 

h k l D (Å) 10 – 3 
N 1016 

(cm – 3) 
10 – 6(cm – 2)   

30 

2 0 5 
0 1 5 
0 1 8 
1 1 0 

181.00 
251.70 
236.22 
206.57 

2.49 
1.44 
1.10 
0.89 

2.11 
2.92 
3.01 
3.31 

8.40 
0.194 
0.160 
0.130 

0.10812 – 0.10097 

100 

2 0 5 
0 1 5 
0 1 8 
1 1 0 

380.20 
426.79 
448.36 
462.01 

0.464 
0.285 
0.338 
0.183 

1.05 
1.66 
2.17 
2.55 

2.01 
7.60 
0.124 
5.73 

0.09793 – 0.08078 

150 

2 0 5 
0 1 5 
0 1 8 
1 1 0 

464.21 
424.40 
438.67 
450.84 

0.792 
0.500 
0.385 
0.340 

1.82 
2.25 
2.45 
2.78 

6.15 
2.33 
7.57 
0.137 

0.06782 – 0.04400 

200 

2 0 5 
0 1 5 
0 1 8 
1 1 0 

332.19 
230.48 
245.25 
262.52 

0.953 
1.57 
1.48 
1.38 

2.13 
2.63 
2.87 
2.90 

0.195 
0.295 
0.430 
0.577 

0.15142 – 0.12761 
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 It is observed from Figure 3b, c and d that the micro strain, dislocation 
density and number of crystallite decrease up to 100 C and then become 
steady up to 150 C. These parameters again increase as the substrate 
temperature is raised further. The initialization of crystalline grains with 
considerable size was observed at 100 C substrate temperature, as evident 
from  Figure  2  and  3a.  The  maximum  grain  size  was  obtained  for  the  
substrate temperature between 110 C and 150 C. The structural properties 
depend upon arrangement of the evaporated atoms or molecules arriving on 
the substrate surface which possess larger kinetic energy at higher substrate 
temperatures. The appropriate substrate temperature gives large surface 
mobility and provides optimum diffusion distance of the evaporated atoms. 

 
4. CONCLUSION  

 

Bi2Te3 compound was synthesized from its constituent elements in a 
stoichiometric proportion and the maximum grain size 464.21 Å was obtained 
at 150 C substrate temperature. Minimum micro strain 0.285 as well as 
dislocation density 0.124 were obtained for (0 1 8) plane at 100 C. Whereas, 
the deformation fault probability  was reported 0.06782, higher than the 
growth fault probability , – 0.04400, which indicate the lowest stacking 
fault probability at the substrate temperature of 150 C. Thus, 100 C to 
150 C  is  the  optimum  range  of  substrate  temperature  for  the  growth  of  
high quality Bi2Te3 thin films using evaporation technique. 
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The  low-k  thin  films  have  been  deposited  successfully  by  sol  gel  technique  using  
tetraethylorthosilicate (TEOS) precursor and the surface of deposited thin films have 
been modified by wet chemical treatment using trimethylcholorsilane (TMCS) and 
hexane solution with 15 % volume ratio to remove the hydroxyl groups from the 
surface of deposited low-k thin films. The characterization of the as deposited and 
surface modified low-k thin films has been carried out by Ellipsometer, Fourier 
transform  infrared  (FTIR)  spectrometer,  and  contact  angle  meter.  For  the  
determination of the dielectric constant of the deposited thin film the metal –
insulator-semiconductor (MIS) structure was formed by depositing the Aluminium 
(Al) metal on the low-k  thin film. Further the capacitance-voltage curve of the MIS 
structure has been obtained at 1 MHz  frequency.  The  dielectric  constant  of  the  as  
deposited thin film is found to be 2.15. The lowering of O-H peaks and appearance of 
CH3 peaks in FTIR spectra confirms the surface modification of SiO2 films. The 
contact angle of the deposited thin film is changed from 83.3  to 104  after surface 
modification that validates the transformation of thin film surface from hydrophilic 
to hydrophobic after the surface modification treatment. 
 

Keywords: LOW-K, TMCS, SURFACE MODIFICATION, HYDROPHOBIC, CV, CONTACT 
ANGLE. 
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1. INTRODUCTION 
 

The introduction of the advanced fabrication processes causes the new 
revolution in the technology that helps in scaling the device size towards the 
nanoregime. The scaling in the device size towards the nanoregime results in 
high speed and reliable devices. But this miniaturization of devices in ultra 
large scale (ULSI) integrated circuits with conventional materials limits 
their speed due to the properties of materials like resistivity, mechanical 
strength  etc.  Thus,  an  Al  metal  in  ULSI  is  replaced  with  Copper  (Cu)  for  
backend of line (BEOL) application due to the low resistivity of Cu 
interconnect which minimizes the resistance (R) in RC (C-capacitance) delay 
of interconnect. The reduction in interconnect capacitance has also got 
significant attention alongwith lowering in interconnect resistance in order 
to lower the RC delay. To lower the interconnect capacitance it is essential 
to minimize the dielectric constant of insulator between interconnects used 
as interlayer dielectric (ILD) in ULSI circuits. As per the recent ITRS the 
dielectric constant for the 32 nm technology should be less than 2.5. The 
dielectric constant can be reduced by lowering the density of the materials 
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(by introducing the porosity)  or  by introducing lower polarized bonds.  But 
by introducing the lower polarized bonds it is difficult to achieve the ultra 
low-k value of thin films. Thus, the another option to lower the density of 
the materials is to incorporate porosity in the film [1-3]. 
 Two important techniques being used to deposit the low-k thin film are 
the PECVD and the sol gel out of which, the sol-gel is the best method 
because of its ability to introduce the high porosity with controlled pore size 
[4-5].  The  sol-gel  deposited  low-k  thin  films  contains  the  large  number  of  
hydrophilic groups (–OH bonds) on its surface that may detoriate the 
dielectric constant of the film. Such hydrophilic groups can not be fully 
eliminated during the annealing processes. Thus to prevent change in 
dielectric constant of the porous thin film the surface should be modified 
from hydrophilic to hydrophobic [6]. 
 From the literature survey it is observed that wet chemical treatment, 
Plasma treatment and UV treatment are mostly used to enhance the 
properties of the porous low-k thin film [7-10]. 
 In present work, the wet chemical treatment method has been used for the 
surface  modification  of  low-k  thin  films.  The  surface  modifications  were  
carried  out  by  using  TMCS  /  Hexane  as  a  modifying  agent.  During  the  
surface  modification  processes  hydroxyl  groups  present  on  surface  of  films  
gets replaced by trimethylsilyl (TMS) groups from the TMCS preventing silica 
condensation reactions during drying. These low-k thin film have been 
characterized by Ellipsometer, FTIR and contact angle measurement setup and 
Capacitance-voltage analyzer before and after surface modification process.  
 The second section of this paper explains the experimental part, in the 
third section the results are discussed and fourth section concludes the 
paper. 
 
2. EXPERIMENTAL DETAILS 
 

The  precursor  solution  was  prepared  by  mixing  TEOS  with  ethanol,  
deionised water and acid catalyst at room temperature for deposition of 
porous SiO2 low-k  thin  films  with  a  molar  ratio  of  1:4:2:0.1  of  TEOS:  
Ethanol: H2O: HF respectively. The mixture solution was stirred for 1 hour 
at ambient temperature. The prepared sol was then dispensed on p-type Si 
100  substrate before the gel point is reached and spun by spin coater. The 
spin coated, thin films were then heated at 100  C at room temperature. 
Then, the films were modified by chemical treatment method using the 
TMCS ((CH)3 SiCl) as a sylinating agent with 15 % in hexane for 5 hours. 
The surface modified films were dried on hot plate at 80 C for 30 minute 
and then finally annealed in a closed furnace at 300 C  for  an  hour.  The  
films were characterized before and after the surface modification using by 
Ellipsometer (Philips SD 1000) for thickness measurement, FTIR (Nicolet 
380) for chemical bonding analysis and contact angle meter (GBX make) for 
confirmation of hydrophobic surface. The dielectric constant of deposited 
film was determined by forming MIS structure using C-V analyzer. 
 
3. RESULTS AND DISCUSSION 
 

The as-deposited and surface modified SiO2 thin films have been 
characterized by Ellipsometer having He-Ne laser of wavelength 632.8 nm. 
The average thickness of all the films  is  about  200  nm.  The  FTIR  
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characterization of deposited and surface modified thin films have been 
carried out in the range of 400 - 4000 cm – 1 with resolution of 4 cm – 1 and 
scan rate of 128 to obtain information about surface bonding characteristics 
and evidence of surface modification. The FTIR absorption spectra of as 
deposited and surface modified films are presented in figure 1. The peaks at 
441 and 805 cm – 1 are identified as the rocking and bending vibration 
modes of Si-O-Si respectively and the peak at 1077.9 cm – 1 corresponds to 
the Si-O-Si stretching vibration, which confirms the formation of Si-O-Si 
network  in  the  films.  The  broad  peak  at  3416.9  cm – 1 is  due  to  O-H  
stretching vibration appeared in as deposited film just before the surface 
modification illustrates the hydrophilic nature of the film. After the surface 
modification of the deposited film using 15 % of TMCS solution in hexane 
the peak at 3416.9 cm – 1 due to hydroxyl group gets diminished in FTIR 
spectra.  The  appearance  of  carbon  peak  in  FTIR  spectra  of  the  surface  
modified film is due to replacement of -OH group by -CH group from TMCS 
[11]. The peak at 2960 and 2921 cm – 1 corresponds to  the asymmetric  and 
symmetric stretching of CH3 group respectively, while the peak at 2855 cm – 1 
represents the symmetric stretching of C-H in CH2 group [12]. The intense 
peak at 1259 cm – 1 is attributed to the Si-C bond [6]. This incorporation of 
carbon group into the modified film indicates the formation of hydrophobic 
nature of the film. 
 

 
 

Fig. 1 – FTIR spectra of as deposited and surface modified thin film 
 

 The dielectric constant of the as deposited thin film has been carried out 
by forming MIS capacitor by depositing Al metal on deposited thin film as a 
gate electrode and on lower side of the Si substrate for formation of second 
contact. The top contact area of the metal film was 2.48  10 – 2 cm2. The 
capacitance – voltage characteristics has been carried out at 1 MHz frequency 
at IIT Mumbai. The dielectric constant of the deposited film is determined 

IEEE eXpress Sample eBook, page 926



 
 
 
 DEPOSITION AND SURFACE MODIFICATION OF LOW-K… 109 

 

from the equation 1 [13] using the accumulation capacitance of C-V curve as 
shown in Figure 2. The k value of the film before surface modification is 
determined to be 2.15. 
 

 
C tapk

Ao

, (1) 

 

 
 

Fig. 2 – Capacitance Voltage curve at 1 MHz frequency 
 

 The hydrophobic nature of the surface modified low-k thin film has been 
determined by the contact angle measurement of the water droplet on the 
surface of the low-k thin film using contact angle meter. In this process, the 
drop of water is added on top surface of the film and the water droplet is 
photographed. The contact angle has been calculated directly from software 
by  using  young’s  equation.  The  contact  angle  of  as  deposited  and  surface  
modified film is shown in Figure 3a and b respectively. The contact angle of 
as deposited and surface modified film is observed to be 83.3  and 104  
respectively. From the measured contact angle value it confirms that the 
hydrophilic surface of the film has became hydrophobic after wet chemical 
treatment, as the contact angle after modification is more than 90  [14].  
 

  
 

 a b 
 

Fig. 3 – Contact angle figure (a) hydrophilic surface (   83.3 ), (b) hydrophobic 
surface (   104 ) 
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4. CONCLUSIONS 
 

The SiO2 low-k thin films of 200 nm thickness have been deposited 
successfully by sol gel spin coating technique using tetraethylorthosilicate 
(TEOS)  as  a  source  of  Si.  The  hydrophilic  nature  of  the  film  has  been  
improved by silylation method. The silylation of the low-k thin film have 
been carried out by using TMCS/Hexane as surface modifying agent. The 
FTIR peaks of the surface modified low-k thin film appearing at 852 cm– 1 
and 2959 cm– 1 confirms the replacement of the hydrophilic groups. The 
contact angle of 104  confirms the surface modification of the low-k thin 
film from hydrophilic to hydrophobic by TMCS silylation. Such hydrophobic 
thin  films  with  low  dielectric  constant  of  2.15  are  suitable  for  ILD  
applications in ULSI circuits. 
 
ACKNOWLEDGEMENTS 
 

Authors would like to acknowledge with thanks the financial assistance 
provided  by  CSIR,  New  Delhi  to  carry  out  this  work  (vide  letter  No.03  
(1127)/08/EMR-II) and authors are also greatful to the CEN, IITB (under 
INUP at IITB which have been sponsored by DIT, MCIT, and Government of 
India) for providing the characterization facility of contact angle and C-V 
measurements. 
 
REFERENCES 

1. K. Hamioud, V. Arnal, A. Farcy, V. Jousseaume, A. Zenasni, B. Icard, J. Pradelles, 
S. Manakli, Ph. Brun, G. Imbert, C. Jayet, M. Assous, S. Maitrejean, D. Galpin, 
C. Monget, Microelectron. Eng. 87, 316 (2010). 

2. D. Moore, R. Carter, H. Cui, P. Burke, P. McGrath, and S.Q. Gu, D. Gidley, 
H. Peng, J. Vac. Sci. Technol. B 23, 332 (2005). 

3. C. Dubois, A. Sylvestre, H. Chaabouni, A. Farcy, Microelectron. Eng. 87, 333 
(2010). 

4. M.R. Baklanov, K. Maex, Philos. T. Roy. Soc. A 364, 201 (2006). 
5. Z.-W. He, D.-Y. Xu, X.-H. Jiang, Y.-Y. Wang, Chinese Phys. B 17, 3021 (2008). 
6. J.-T. Luo, W.-F. Wu, H.-C. Wen, B.-Z. Wan, Y.-M. Chang, C.-P. Chou, J.-

M. Chen, W.-N. Chen, Thin Solid Films 515, 7275 (2007). 
7. H. Sinha, J.L. Lauer, M.T. Nichols, G.A. Antonelli, Y. Nishi, and J.L. Shohet, 

Appl. Phys. Lett. 96, 052901 (2010). 
8. M.-S. Kuo, G.S. Oehrlein, J. Vac. Sci. Technol. B 28, 1104 (2010). 
9. T. Yoshino, N. Ohnuki, N. Hata, Y. Seino, Jpn. J. Appl. Phys. 48, 050210-1 

(2009). 
10. P.R. Aravind, P. Shajesh, G.D. Soraru, K.G.K. Warrier, J. Sol-Gel Sci. Techn. 

54, 105 (2010). 
11. R.A. Orozco-Terana, B.P. Gormana, D.W. Mueller, M.R. Baklanovc, R.F. Reidy, 

Thin Solid Films 471, 145 (2005). 
12. G. Aksenov, D. De Roest, P. Verdonck, F.N. Dultsev, P. Marsik, D. Shamiryan, 

H. Arai, N. Takamure, M.R. Baklanov, Mater. Res. Soc. Symp. Proc. 1156, D02-
08 (2009). 

13. I. Ciofi, M.R. Baklanov, Z. Tokei, G.P. Beyer, Microelectron. Eng. 87, 2391 
(2010). 

14. J.L. Gurav, I.-K. Jung, H.-H. Park, E.S. Kang, D.Y. Nadargi, J. Nanomat. 
409310, (2010). 

IEEE eXpress Sample eBook, page 928

http://dx.doi.org/10.1016/j.mee.2009.07.008
http://dx.doi.org/10.1116/1.1835315
http://dx.doi.org/10.1016/j.mee.2009.07.029
http://dx.doi.org/10.1098/rsta.2005.1679
http://dx.doi.org/10.1088/1674-1056/17/8/043
http://dx.doi.org/10.1016/j.tsf.2007.03.028
http://dx.doi.org/10.1063/1.3306729
http://dx.doi.org/10.1116/1.3499271
http://dx.doi.org/10.1143/JJAP.48.050210
http://dx.doi.org/10.1007/s10971-010-2164-2
http://dx.doi.org/10.1007/s10971-010-2164-2
http://dx.doi.org/10.1016/j.tsf.2004.05.005
http://dx.doi.org/10.1557/PROC-1156-D02-08
http://dx.doi.org/10.1557/PROC-1156-D02-08
http://dx.doi.org/10.1016/j.mee.2010.04.014
http://dx.doi.org/10.1155/2010/409310
http://dx.doi.org/10.1155/2010/409310


 
 
 
J. Nano- Electron. Phys. 
3 (2011) No1, P.111-116 

 2011 SumDU 
(Sumy State University) 

 

 
111 

PACS numbers: 68.37.Hk, 42.70.Qs, 81.07.b, 81.16.Be 
 

SYNTHESIS AND CHARACTERISATION OF CdxZn1–xS 
NANOCOMPOSITES 

 
M. Ragam1, K. Prem Ananth1, P. Parasakthi1, M. Thiribuvan1, K. Prema1,  
R  Karuppaian1, N. Sankar1, K. Ramachandran2 
 
1 Department of Physics, 
 Yadava College, Govindarajan Campus,  
 Thiruppalai, Madurai 625 014, India 
 E-mail: ragamyc1983@yahoo.com 
2 School of Physics, 
 Madurai Kamaraj University,  
 Madurai-21, Tamilnadu, India 
 
CdxZn1 – xS nanoparticles have been synthesized using hydrothermal method. 
Structural characterization was done by XRD where the lattice structure gradually 
changes  from  hexagonal  to  cubic  with  increasing  percentage  of  Zn  in  CdxZn1 – xS 
nanoparticles. Optical spectroscopy provided evidence that the absorption edges of 
those nanoparticles can be varied from blue to UV. The nanoparticles exhibit emission 
peaks that shift to shorter wavelength with increasing percentage of Zn in the 
compounds CdxZn1 – xS. The control of the composition of CdxZn1 – xS nanoparticles 
may lead the development of ideal materials for short wavelength diode laser 
applications. 
 

Keywords: SEMICONDUCTORS, HYDROTHERMAL SYNTHESIS, OPTICAL PRO-
PERTIES, SCANNING ELECTRON MICROSCOPY, CADMIUM ZINC COMPOSITES. 
 

(Received 04 February 2011, in final form 20 March 2011) 
 
1. INTRODUCTION 
 

The Synthesis and characterization of semiconductor nanoparticles have 
attracted much interest because of their novel properties as a consequence of 
the large number of surface atoms and the three dimensional confinement of 
the electrons [1]. Altering the size of the particles alters the degree of the 
confinement of the electrons and affects the electronic structure of the 
solid, especially the band gap edges, which are tunable with particle size. 
Among a variety of semiconductor materials, the binary metal chalcogenides 
of group II-IV have been extensively studied [2]. They have outstanding 
potential applications, owing to their nonlinear optical and luminescence 
properties  [3],  quantum  size  effect  [4],  and  other  important  physical  and  
chemical properties [5]. Nanocrystalline CdS and ZnS are attractive 
materials in photo conducting cells and optoelectronic devices such as solar 
cells and photodetectors [6]. Also the related ternary compounds CdxZn1 – xS 
are promising materials for high density optical recording and for blue or 
even ultraviolet laser diodes.These applications are based on the quantum 
well structures of CdxZn1 – xS, which exhibits fundamental absorption edges 
that can be varied from green to UV [7]. 
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 A facile, easy controlled and economical method was described in this 
article. We used simple inorganic raw materials to synthesize a series of 
nano-  sized  CdxZn1 – xS  samples  involved  in  hydrothermal  process.  The  
central objective of the present study is to understand the growth behavior 
of ZnS-CdS nanoparticles, the optical and structural properties have been 
studied, and the results indicate that the absorption edges of those 
nanoparticles can be varied from blue to UV, while the emission peak can be 
adjusted from 470 to 690 nm which shows it has potential applications as 
wide band gap window materials. 
 
2. EXPERIMENTAL 
 

2.1 Chemicals 
 

Chemicals were all of analytical reagent grade quality and used without 
further purification. Deionized and doubly distilled water were used 
throughout this study. 
 
2.2 Synthesis 
 

In a typical synthesis, 0.003 mol of CdCl2 2H2O and 0.003 mol of Zn(AC)2 2H2O 
were  dissolved  in  41.67  mL  of  ethylene  glycol  to  from  a  clear  solution  after  
stirring for 15 min at room temperature. 0.006 mol of Na2S.9H2O were added 
into 20.34 mL of ethylene glycol which was then stirred to form a homogeneous 
solution. The above solutions were mixed and were then transferred into an 
autoclave with an inner Teflon lining and maintained at 140 oC for 3 h. The 
yellow precipitate was harvested by centrifugation and washed several times 
with deionized water and ethanol to remove possible cations and anions before 
being dried in oven at 80 oC for 6 h. 
 
2.3 Characterization of CdxZn1 – xS nanocomposites 
 

Products were characterized by X-ray diffraction (XRD) recorded on a X-
ray diffraction (PANalytical X’pert PRO X-Ray Diffractometer) with Cu k-
 (   1.54060 ) as the source of incident radiation. UV-Vis spectra were 

recorded  on  a  Shimadzu  UV  Spectrophotometer  in  the  spectral  range   
200 - 900 nm at room temperature. The room temperature PL spectra are 
recorded using Perkin-Elmer LS-55 fluorescence spectrophotometer. 
Scanning Electron Microscopy (SEM) picture of these particles were taken 
using JEOL, JSM-840 microscope 
 
3. RESULTS AND DISCUSSION 
 

3.1 Crystal Structure and Morphology 
 

Fig. 1. shows X-ray diffraction pattern of CdxZn1 – xS nanoparticles. It is 
clear that XRD patterns of the nanoparticles exhibits prominent peaks at 
scattering angles (2 ) of 26.548, 43.37, and 51.91 which could be indexed to 
scattering from the (002), (110) and (112) planes respectively, of the 
hexagonal CdxZn1 – xS  crystal  lattice.  From  the  spectra  it  is  clear  that  at  
lower Cd/Zn ratios, the crystal structure is similar to that of the cubic ZnS 
lattice. The (111) reflection is the main reflection observed from the ZnS 
sample, and this reflection is shifted to lower 2  angle and the intensity of 
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the reflection gradually decreases when the Cd concentration in the 
nanoparticles increases. This phenomenon was also observed by Laukaitis et al.  
 From  the  half  width  of  the  XRD  peaks,  the  average  particle  size  is  
tabulated in Table 1. based on Scherrer equation (D  0.9 /B cos ), where D 
is the crystal diameter,  is the X-ray wavelength 1.5408  and  is the 
diffraction angle. But it is known that the accuracy of Scherrer formula for 
particle size below 5 nm is questionable as instrumental broadening of the 
diffractometer will mask. And so dislocation density and strain are 
calculated and tabulated in Table 1. These sizes are taken as only guideline 
values.  
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Fig. 1 – XRD spectra for CdxZn1 – xS (x  0, 0.2, 0.4, 0.6, 0.8, 1.0) nanoparticles 
 

Table 1– Structural parameters of CdxZn1 – xS nanocomposites  
 

Samples Particle size (nm) Dislocation density (lines/m2) Strain 

Cd0Zn1.0S 2.1 2.14  1017 0.02 
Cd0.2Zn0.8S 2.4 1.61  1017 0.017 
Cd0.4Zn0.6S 2.2 1.94  1017 0.020 
Cd0.6Zn0.4S 2.3 1.79  1017 0.018 
Cd0.8Zn0.2S 2.5 1.62  1017 0.073 

Cd1.0Zn0S 3.5 7.99  1016 0.012 

 
3.2 SEM Analysis 
 

Fig. 2. shows the SEM images of CdxZn1 – xS nanocrytals. Well-crystallized 
particles with estimated particle sizes of 30 - 40 nm were observed. The 
sample  is  composed  of  a  large  quantity  of  spherical  nanoparticles  with  
uniform size, shape and large specific surface area, it can significantly 
improve electron transfer rate which contribute to the high photo catalytic 
activity. 
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Fig. 2 – SEM image of CdxZn1 – xS (x  0.2, 0.4, 0.6, 0.8) nanoparticles 
 
3.3 UV-Vis Analysis 
 

The optoelectronics properties were investigated by ultraviolet-visible 
absorption spectra using the Shimadzu UV Spectrophotometer in the spectral 
range 200 - 900 nm at room temperature Fig. 3. shows the UV absorption 
spectra of  CdxZn1 – xS nanoparticles  solutions along with those of  the pure 
ZnS nanoparticles and CdS nanoparticles solutions. ZnS nanoparticles have 
an absorption peak at 302 nm, while CdS shows its absorption shoulder peak 
at 477 nm, the wavelengths corresponding the bandgaps of 4.11 eV for ZnS 
and 2.60 eV for CdS respectively. The blue shifts in the absorption edge 
bands have been interpreted in terms of quantum size effects [8] which are 
tabulated in table 2. 
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Fig. 3 – UV-Vis spectra of CdxZn1 – xS (x  0.2, 0.4, 0.6, 0.8) nanoparticles 
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The absorption spectra of nanoparticles were found to lie between those of 
pure CdS and ZnS nanoparticles solutions. And the absoption edge bands of 
nanoparticles systematically redshifted from 302 nm to 450 nm with 
increasing the content of Cd in CdxZn1 – xS nanoparticles which indicates the 
adsorption edges of those nanoparticles can be varied from blue to UV. This 
is very similar to the result obtained by Shengnan Zu et al. [8]. 
 

Table 2 – Optical parameters of CdxZn1 – xS nanocomposites 
 

Nanoparticles Absorption edge (nm) Bandgap (eV) 

Cd0Zn1.0S 302 4.11 

Cd0.2Zn0.8S 324,288 4.07 

Cd0.4Zn0.6S 492,305 3.29 

Cd0.6Zn0.4S 471,301 3.37 
Cd0.8Zn0.2S 499,302 3.30 
Cd1.0Zn0S 477 2.60 

 
3.4 PL Analysis 
 

The photoluminescence spectra of the CdxZn1 – xS  nanocrystals  in  Fig.  4  
shows three peaks around 620 nm, 660 nm and 670 nm, lying between those 
of  pure CdS and ZnS nanoparticles.  The emission band around 480 nm for 
ZnS nanoparticles arises from the recombination through surface localized 
state  [9].  For  the  distinct  peak  at  620  nm  shows  the  electron  hole  
recombination after relaxation, while emission around 660 nm is due to the 
trap state emission [10]. 

An interesting feature in these spectra is that once the composite 
nanoparticles form, the band edge emission of CdS nanoparticles will 
disappear. Therefore, the PL bands of CdxZn1 – xS nanoparticles as in Fig. 4. 
are  caused by trap state  emission [10].  In our system, PL band position is  
red shifted as the Cd content increases, which is consistent with the results 
of  UV  absorption,  confirming  the  formation  of  nanoparticles.  And  the  
position  of  emission  peaks  can  be  adjusted  from  460  to  670  nm  when  
increasing the Cd content in the CdxZn1 – xS nanoparticles. 
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Fig. 4 – PL spectra of CdxZn1 – xS (x  0.2, 0.4, 0.6, 0.8) nanoparticles 
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4. CONCLUSION 
 

In conclusion, we have developed a novel and simple method by hydro-
thermal  process  to  produce  nano  sized  CdxZn1 – xS. The obtained nano-
crystals present homogenous alloyed structure and uniform spheres. Lattice 
structure of CdxZn1 – xS changes from cubic to hexagobal as x goes from 0 to 
1.  The  optical  properties  of  nano  CdxZn1 – xS  can  be  modulated  by  tuning  
their compositions with a wide range which has the prospect for solar energy 
utilization due to the variable optical properties. 
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Tin Selenide (SnSe) is an important IV-VI compound semiconducting material used for 
various devices like memory switching, an efficient solar cell and holographic recording 
systems.  SnSe  thin  films  of  the  thickness  of  100 nm were deposited by thermal 
evaporation method on a Glass substrate at room temperature. The prepared samples 
were investigated for structural, compositional, morphological and optical characte-
rization respectively by using X-ray diffraction analysis (XRD), scanning electron 
microscopy (SEM) and transmission measurements. Thus deposited films showed a good 
polycrystalline quality having preferred (111) orientation with uniformly distributed 
spherical  grains  having  size  16nm.The  grown  film  identified  as  P-  types  by  hot  probe  
method. The films were found to have direct band transition having an optical bandgap 
(Eg) of 1.92 eV at room temperature. The temperature depended electrical resistivity ( ) 
determined by using the two probe method, found to be 390 m at room temperature. 
 

Keywords: TIN  SELNIDE,  THIN  FILMS,  SUBSTRATE  TEMPERATURE,  XRD,  
SEM, EDAX, TRANSMISSION ANALYSIS, ELECTRICAL RESISIVITY. 
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1. INTRODUCTION 
 

Metal chalcogenides offer wide range of optical band gaps suitable for 
various optical and optoelectronics applications. Among the IV-VI 
compounds, Tin Selenide (SnSe) has potential applications in memory 
switching devices, as solar cell material, in LASER and in holographic 
recording system. SnSe has an orthorhombic crystal structure and studied in 
the form of both single crystals and thin films [1-3]. Considerable efforts 
have been made by the researchers for the preparation of SnSe thin films by 
various techniques and this had led to several different methods viz. atomic 
layer deposition [4],chemical bath deposition [5], vacuum evaporation [6], 
chemical vapor deposition [7], spray pyrolysis [8], electrodeposition [9] and 
flash evaporation[10] etc. Literature survey on the subject matter reveals 
that  the  attempts  were  made  by  Subba  Rao  et  al.  [11],  Bhatt  et  al.  [12]  
Engelken et al. [13], Padiyan et at. [6] to obtain polycrystalline structure of 
the deposited films at room temperature but could not be succeeded and 
there reported temperature were found to 150 C  onwards   at  which  the  
grown SnSe thin films were uniform, porous free and well adhesive with 
glass substrate. Tin Selenide (SnSe) thin films have been reported to grow at 
room temperature by using Thermal Evaporation technique. 
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2. EXPERIMENT DETAILS 
 

The SnSe thin films studied in this work were grown on a glass substrate at 
room temperature by using fine-grained pulverized SnSe powder (99.99 %), 
which  was  obtained  from  Alfa  Aesar  (USA)  in  a  Hind  Hivac  Vacuum   
coating  unit  (model  No  12-A4D).  The  vacuum  was  maintained  at  a  base  
pressure of 10 mbar during deposition. The SnSe thin films considered in 
this study were deposited on soda lime glass substrates with dimensions of 
approximately 76  25  1 mm3. The quality of the substrate, prior to the 
growth of the thin films, is a crucial factor, which influences the material 
properties of the deposited thin films. Surface defects, such as scratches and 
dust on the substrate, have an adverse effect on the structural properties of 
the  thin  film.  In  order  to  obtain  glass  substrates  with  a  high  degree  of  
chemical cleanliness, the following procedure of organic cleaning was used: 
1. The glass substrate was rinsed in hydrogen peroxide to remove conta-
minants. 2. Substrate was then cleaned, in turn, under vapors of acetone, 
trichloroethylene, and methanol, respectively. The rate of deposition was 
0.3 nm/s and typical thicknesses of the films were 100 nm that were 
continuously monitored during the deposition using a quartz crystal 
thickness monitor DTM-101 (Hindhivac, India). 
 
2.1 Characterization Technique 
 

The structural characterization of thin film under investigation was carried 
out using an X-ray diffractometer (XRD), D-Max-III (Rigaku), in 2  range 
of 20 °- 60 , at a scan-rate of 0.05°s1, using Cu K  (   0.154 nm) radiation. 
The surface morphology of the films were studied using a Scanning Electron 
Microscope  (SEM),  JSM-5600  (JEOL),  operated  at  20  kV.  To  have  an  idea  
about the surface elemental composition of the film, Energy Dispersion 
Analysis by X-ray (EDAX) was carried out by using JEOL EDX 
Spectrometer (Model No.6360). The optical transmittance measurement was 
carried out with unpolarized light, at normal incidence, in the photon energy 
range of 0.8 - 2.5 eV, using the monochromator, CM110, photodetectors, and 
a lock-in amplifier, SR-530. The whole setup was automated using Lab View 
(Version 8.2). Temperature depended resistivity measurements for the samples 
were  carried  out  in  a  Liquid  Nitrogen  bath  in  the  temperature  range  80  -
 330 K using Keithley Model 6517A programmable electrometer. A Lake 
Shore model no 340-temperature controller is used for controlling and 
measuring the temperature (T). 
 
3. RESULTS AND DISCUSSION 
 

The films obtained as tested by visual inspection were found to be blackish 
gray in colour with good adhesion, which were under taken for structural, 
compositional, morphological optical and Electrical characterization. The 
structural analysis of the SnSe thin films has been carried out using X-ray 
Diffraction method with CuK  radiation. Fig. 1 shows the XRD Spectra of 
SnSe  thin  film  of  100  nm  thickness  deposited  on  glass  substrate  at  room  
temperature. The prominent Bragg reflection is occurring at or around  
2   30  corresponding to (111) diffraction plane, along with three other 
very weak diffraction peaks of (011), (311), (411), which confirms the 
polycrystalline nature of the film. 
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 Fig. 1 – XRD Spectra of SnSe thin film (100 nm) at room temperature 
 

 A similar preferred orientation of (111) plane in SnSe film was observed 
by  Bhatt  et  al.  [12]  and  by  Dang  Tran  Quan  et  al.  [14]  in  the  thin  films  
grown by the Vacuum Evaporation Technique and by Singh & Bedi et. al. 
[15] prepared by Hot Well Epitaxy method. Whereas Teghil et al. [16] 
observed preferred orientation in the (011) and (200) crystallographic planes 
in the SnSe thin film prepared by Laser Ablation Method and John et al. 
[17] repeated (400) plane for films grown by Reactive Evaporation. The 
various preferred orientation reported for SnSe films indicate that the 
deposition technique plays an important role for the orientation of SnSe thin 
film deposition. The XRD data have also found useful for establishing dhkl, 
Crystallite size (D), Strain ( ) and Dislocation density ( ). The inter-planar 
spacing dhkl was calculated for the (111) plane using the Bragg’s relation [18] 
 

 
2 sinhkl

n
d , (1) 

 

where  is the wavelength of the X-ray used, n is the order number and   is 
Bragg’s angle. The crystallite size (D) of the films was calculated from the 
Debye Scherrer’s formula from the full width at half maximum (FWHM) of 
the peaks expressed in radians [18] 
 

 
0.94

cos
D , (2) 

 

where  is the FWHM calculated from the (111) plane. The dislocation 
density ( ) defined as the length of dislocation lines per unit volume of the 
crystal and calculated by using the formula 
 

 
2

1

D
. (3) 

 

 The values of interplaner spacing (d)  Grain  size  (D), and Dislocation 
density ( ) are calculated from Eq. (1), (2) and (3) are given in table no (1) 
respectively. 
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Table 1 – Structural parameter of SnSe film deposited on glass substrate at 
room temperature 
 

Substrate 
Temperature 

( C) 

Plane 
(hkl) 

Thickness 
(Å), nm 

Interplanar 
Spacing(d), 

 

Lattice 
const., 

 

FWHM 
(Degrees) 

Grain 
Size(D) 
(nm) 

Dislocation 
density 
(1010 

line\m2) 
Room 

Temperature (111) 100 3.03807 5.25558 0.50742 16 0.05896 

 

 The analysis of the diffraction patterns also suggests that the SnSe thin-
film deposited at room temperature has orthorhombic structure with lattice 
parameters a  b  0.431 nm and c  0.540 nm belonging to the D2h16 space 
group while the interplaner spacing d value corresponding to the (111) 
prominent peak is determined to be 3.03 nm which is in accordance with the 
d value given in the JCPDS data. Also, the position and intensities of the 
peaks are consistence with JCPDS card File (No. 32-1392). This shows that 
the film grown at room temperature has good crystallinity. 
 The strain ( ), particle size (D) and  dislocation  density  ( ) are also 
calculated by using the Williamson and Smallman relation (19) 
 

 cos sin
D

, (4) 

 

where  is the wavelength of the radiation used (0.15418 nm),  the full 
width at half maximum, and  the angle of diffraction. 
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Fig. 2 – Plot of cos  vs sin  for a SnSe thin films of thickness of 100 nm grown at 
room temperature 
 

 A graph is drawn between cos  and sin  that provides a straight line as 
shown in figure (2). According to equation (4) the slope of graph provides 
strain ( ) while particle size (D) is determined from the intercept. The value 
of grain size (D) and dislocation density ( ) obtain from the this method are 
same as that equation (3) obtained from using Scherrer’s Method (20). The 
values of Strain ( ), Grain size (D), and Dislocation density ( ) are calculated 
from eq. (4) are given in table no (2) respectively. 
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Table 2 – Micro-structural parameters of SnSe films deposited on glass substrate at 
room temperature 
 

Substrate 
Temperature 

C 

Plane 
(hkl) 

Thickness 
(Å), nm 

Average 
internal 
strain ( ) 

FWHM 
(Degrees) 

Average 
grain 

size, nm 

Dislocation 
density 
(1010 

line\m2) 
Room 

Temperature (111) 100 0.13543 0.50742 16 0.05896 

 
3.1 Composition analysis 
 

The composition analysis of the SnSe thin films has been carried out using 
Energy dispersive analysis of X-ray (EDAX) recorded in the binding energy 
range  0  -  20  KeV.  The  EDAX  spectra  of  SnSe  thin  film  shown  in  Fig.  3  
revealed that SnSe contents depend critically on the growth condition and 
technique used for deposition of thin films. From the EDAX patterns, the 
presence  of  Sn  and  Se  peaks  is  observed  and  some  other  peaks  are  also  
observed which corresponds to Si, Na, Ca and O that can be attributed to the 
glass  substrate  used  [21].  The  atomic  mass  percentages  SnSe  of  the  films  
grown at room temperature have been found to be 31.78 and 33.18 
respectively. This shows that the film grown at room temperature is slightly 
rich in Selenium and is nearly stoichiometric in nature, which is in 
agreement with the reported value of Tomkiewicz et al. (22) and Skyllas 
kazcos and Miller [23]. 
 

 
 

Fig. 3 – EDAX Spectra of  SnSe thin film (100 nm) deposited at room temperature 
on the glass substrate 
 
3.2 SEM Analysis 
 

Scanning Electron Microscope(SEM) studies were carried out to assess the 
quality  of  the  SnSe  thin  films  deposited  on  glass  substrate  at  room  
temperature. Fig. 4 shows a scanning Electron Micrograph of the 
synthesized SnSe thin films. The SEM micrograph shows a distribution of 
particles which covers the surface of the substrate completely. No pin holes 
or cracks could be observed for that sample. These results also confirm the 
results obtain from XRD data. 
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Fig. 4 – Scanning Electron Micrograph of  SnSe thin film (100 nm thick) deposited 
on the glass substrate at room temperature 
 
3.3 Optical Analysis 
 

Optical studies are obtained by recording the transmission spectra of the 
thin film deposited on glass substrate in the wavelength range of 500 nm to 
1500 nm at room temperature. Fig. 5 shows the optical transmission spectra 
of SnSe thin film deposited at room temperature. Film shows more than 
50 % transmission for wavelength longer than 800 nm which is an 
indication of good crystallinity of the film. 
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 Fig. 5 – Transmission spectra of SnSe thin film at room temperature 
 

 The optical absorption coefficient was calculated using Lambert law (24) 
 

 0ln 2.303
I

A d
I

, (5) 

 

where I0 and I are the intensity of incident and transmitted light, 
respectively;  is absorption coefficient, A is the optical absorbance and d is 
the film thickness. 
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 The spectral dependence of absorption coefficient i.e the function a  f(hn) 
at room temperatures is shown in Fig. (6). The relation between absorption 
coefficient ( h )2 and the photon energy h  is  given  by  the  equation  of  
Bardeen et al (25) 
 

 h   B(h  – Eg)x, (6) 
 

where B is the edge width parameter; x  0.5 for direct transition, x  1.5 
for allowed and forbidden transition respectively, x  2 for indirect allowed 
transition, x  3 for indirect forbidden allowed transition. It is observed 
that the spectral variation can be described by equation (6) with x  ½. 
 

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6

0.00E+000

5.00E+010

1.00E+011

1.50E+011

2.00E+011

2.50E+011

3.00E+011

 

 

room temp
band Gap = 1.92eV

(
h

)2   e
V2 -c

m
-2

Photon energy  h  (eV)  
 

Fig. 6 – Plot of ( h )2 vs photon energy h  of SnSe thin film (100 nm) 
 

 The optical band gap Eg of the film was determine from the extrapolation 
of the linear fit plot of ( h )2 versus at h   0 and was found to be 1.92 eV 
at room temperature. Linearity of above plot indicates that the material is 
of the direct band gap. The values of bands gap in agreement with the band 
gap values as repeated by other Nariya et al reported an indirect band gap 
value of 1.0 eV by direct vapor transport technique [26], Zulkarnain et al 
reported an indirect band gap of 1.25 eV by a combination of chemical 
precipitation and vacuum evaporation technique [27], N.A. Okereke et al. 
reported  reported  an  indirect  band  gap  of  1.5  eV  by  a  combination  of  
chemical deposition [31] and Matthew et al. reported the direct band gap 
value of 1.71 eV by a Solution-Phase Synthesis [32]. 
 
3.4 Electrical Analysis 
 

The type of electrical conduction (p-type) in SnSe thin films was verified 
using the hot-probe method while Temperature depended electrical 
reisitivity measurement of semiconducting SnSe thin film was done by Two-
probe method in the temperature ranges from 310 K down to 80 K. The 
room temperature electrical resistivity of the grown SnSe thin film was 
found to be 390 m. 
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 Fig. 5 shows the variation of electrical resistivity with change in 
temperature. The decrease in resistivity as temperature increase shows the 
semiconducting nature of the film [30]. 
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Fig. 7 – Temperature depended Electrical Resistivity measurement of SnSe thin film 
using two probe method in the temperature range from 325 K down to 80 K 
 

 The electrical resistivity of a polycrystalline thin film sample is a complex 
phenomenon, involving charge-carriers transport through both the “bulk-
like” part of the semiconductor crystals and through the inter-crystalline 
(grain) boundaries. In the literature [28] the temperature dependence of the 
semiconductor material’s resistivity is expressed by the equation no (7) 
 

 0 exp a

b

E
R R

K T
, (7) 

 

where R0 is the pre-exponential factor, Ea is the activation energy for this 
thermally activated process and Kb is the Boltzmann constant. 
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Fig. 8 – Plot of ln(R/R300K) versus 1/T for a SnSe thin film of thickness of 100 nm 
grown at 350 K temperature 
 

 Clearly, a plot of ln(R/R0)  versus  1/T will  be  a  straight  line,  from  the  
slope of which the activation energy can be calculated. Thus, to measure the 
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conductivity it is enough to measure the electrical resistance R since we are 
interested in the slope of the linear-least square fit only. So, the 
temperature dependence of resistance of SnSe thin films has been studied by 
measuring the resistance in the temperature range 80 - 330 K using the 
Keithley Model 6521 scanner card. Depending on the sample resistivity, a 
voltage  limit  was  adjusted  to  obtain  reliable  data.  The  data  collected  was  
normally repeated for reproducibility check. After stabilizing to the desired 
temperature, the resistance values were normally recorded three times and 
their mean was noted. Once the dimensional factors were determined for 
each sample, the resistivity values were calculated. The resistivity thus 
obtained had an estimated error within 5%.The values of the activation 
energy for electrical conduction closely correspond with the measurements 
performed by another group [29]. 
 
4. CONCLUSION 
 

Tin Selenide thin films have been successfully grown by thermal evaporation 
technique onto glass substrate held at 3050 K. X-ray Diffraction analysis 
confirmed that the deposited SnSe thin films were polycrystalline in nature 
having Orthorhombic structure with preferred orientation of grains along 
the (111) direction. Various structural parameters such as crystalline size, 
Strain and Dislocation Density are  calculated from the XRD Spectra.  SEM 
studies reveal that the SnSe films exhibited uniformly distributed grain over 
the entire surface of the substrate. The average sizes of the grains are found 
to be 16 nm. The presences of elemental composition were confirmed from 
EDAX analysis. Optical Transmittance measurements indicate the deposited 
film have a direct bandgap of 1.92 eV which confirms the formation of well 
crystallized SnSe films. Activation energy calculated from temperature 
dependent resistivity measurements was found to be 0.268 eV which 
correspond to shallow donor level near conduction band. 
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NANO-SCALE PATTERNING OF SILICON NANOPARTICLES ON 
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Dip-Pen Nanolithography technique has been used to write nano-scale patterns of 
silicon nanoparticles on Si/SiO2 substrate using commercially available silicon 
nanoparticles suspension as ink (mean diameter 30 nm). Patterning experiments have 
been carried out under varying process conditions namely, temperature and humidity 
with varying writing speed. Line- width of 92 nm has been measured at writing speed 
of 0.1 m/sec, which reduced to 54 nm  at  higher  speed  of  1.6 m/sec. Obtained 
results would be useful for patterning nano-size features of other hard materials 
(semiconductors and metals) for applications in nanoelectronics and biotechnology. 
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AFM, SILICON NANOPARTICLES, NANOPATTERNING, NANOELECTRONICS. 
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1. INTRODUCTION 
 

Continued innovations in process technology, materials, device-structures 
have made possible to develop 32 nm microprocessor chips. Patterning capa-
bility of lithography process determines the component density on the chips. 
Various lithographic techniques namely, electron-beam lithography [1], 
micro-contact printing [2], focused ion beam [3], scanning probe [4] and 
nanoimprint [5] are capable of delineating sub-50 nm patterns. Dip-pen-
nanolithography (DPN) [6] is a new lithography tool primarily for writing 
molecules onto substrates through self-assembled-monolayers (SAM). 
Creating  nano-structures  using  DPN  is  a  single  step  process  and  does  not  
require resist. Basic schematic of the technique is shown in Fig. 1. 
 In this technique, atomic force microscope (AFM) tip is used to write 
nano-dimensional pattern on the substrate. The AFM tip is coated with the 
desired compatible molecular/other ink. The ink molecules are transported 
to the substrate via a water meniscus which is formed between tip and 
substrate when in close proximity of substrate. The writing process strongly 
depends upon environmental conditions, such as humidity, temperature, tip 
coating procedures, surface condition and substrate-ink interactions. In case 
of thiol-based inks, chemisorption of ink-molecules on the underlying 
substrate act as a driving force for moving the molecules from the tip to the 
unoccupied sites on substrate. Various ink-substrate combinations have been 
explored for writing nano-pattern using dip-pen-nanolithography (DPN) [6]. 
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Fig. 1 – Schematic representation of dip-pen-nanolithography (DPN) concept 
 

 Recently, nano-patterning of metals, metal-oxides and semiconductors 
using dip-pen-nanolithography has been reported [9], [10]. In this work, the 
direct-writing capability of DPN has been explored in patterning of silicon 
nanoparticles on Si/SiO2 substrate, using “suspension of silicon 
nanoparticles” as ink in place of generally used organic-molecule inks. 
 
2. EXPERIMENTAL 
 

Low-resistivity, n-type, 100 , silicon wafers were used as substrate in the 
experiments. Thermal oxide (~ 50 nm) was grown after chemical cleaning. 
Silicon nanoparticles (polycrystalline) suspension in IPA, purchased from 
Meliorum Technologies, USA, was used as writing ink. The specified mean 
diameter  of  nanoparticles  is  30  nm  with  10  %  monodispersity.  There  are  
particles with diameter in range 20 - 44 nm, while 40 % particles have 
diameter in range 28 - 34 nm. A very dilute (5 mM) solution was prepared 
from the received suspension. Triangular shape silicon nitride cantilever 
AFM tips were coated with silicon nanoparticles suspension using dipping 
method. Writing experiments were conducted on NSCRIPTOR system from 
Nanoink, USA. First, several ink-diffusion test experiments were conducted 
under different temperature and humidity conditions in the environment-
control chamber, to reach the favorable writing conditions. The reported 
experiments were performed at temperature  27 C and RH  38 % at 
different locations on the substrate. Lines were designed in supplied 
software, InkCAD, and writting was performed with tip movement speeds in 
the range 0.1 - 1.6 m/sec. Imaging of written lines was done using same 
AFM tip in lateral force microscopy (LFM) mode at higher frequency. 
Achieved AFM images have been analyzed and results are presented in the 
next section. 
 
3. RESULTS AND DISCUSSION 
 

LFM images, of lines written with tip movement speed from 0.1, 0.2, 0.4, 
0.8, 1.2 and 1.6 m/sec respectively are shown in Fig. 2a, and an enlarged 
3-D view of one such line is shown in Fig. 2b. These images have been 
analyzed in image processing software module “NanoRule”. For more 
accurate analysis, images of two lines were enlarged and line analysis was 
performed  across  a  horizontal  line  drawn  on  image.  Screen  shot  of  such  
analysis is shown in Fig. 3. Two markers were used to measure line-width 
from the line profile as shown in the figure. The measured line widths 
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varied from 92 nm to 54 nm by changing writing speed from 0.1 m/sec to 
1.6 m/sec. The shown line widths are 65 nm and 54 nm for writing speeds 
of 1.2 m/sec and 1.6 m/sec respectively. Similarly, all six lines were 
processes and analyzed to estimate their width. The results are plotted in 
Fig. 4. 
 

  
 

(a) (b) 
 

Fig. 2 – LFM image lines of written using silicon nanoparticles ink with writing 
speeds of 0.1, 0.2, 0.4. 0.8, 1.2 and 1.6 m/sec respectively (a) and enlarged 3-D 
image of one such line (b) 
 

 
 

Fig. 3 – Screen shot of image analysis of lines written with with speeds of 1.2 and 
1.6 m/sec, line profile across images and measured line widths are also shown  
 

 Slow writing speed of 0.1 m/sec resulted line of 92 nm width. Increasing 
speed to 0.2, 0.4, 0.8, 1.2 and finally 1.6 m/sec, finer lines of width 80, 
67, 67, 65 and 54 nm were achieved. Five sets of such experiments were 
performed on the same substrate and results were analyzed. Same trend of 
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decreasing line width with increasing writing speeds was observed. This may 
be explained as follows; at lower speed, the tip is at given point for longer 
time, more silicon-nanoparticles are transported to the substrate and 
adsorbed on surface forming a line. With increasing speed, lesser number of 
particles are transported and deposited making finer line. There is little 
variation in line-width at these locations for a given speed. These small 
variations  may  due  to  topography  and  other  variation  on  the  surface  
condition of the substrate. As mentioned above, the mean diameter of 
nanoparticles is 30 nm, and there are particles of lower as well as higher 
size in the suspension. The written lines with measured width may be 
considered to contain 2-3 particles of different diameter aligned 
horizontally. Using highly mono-disperse nanoparticles suspension, lines 
with better control over size can be patterned having one or two particles 
across width. 
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Fig. 4 – Measured width of silicon nano-partilces lines with varying writing speeds 
from 0.1 to 1.6 m/sec 
 

As the writing process is very sensitive to surface condition of local writing 
area, the lines have variation of  10% in their widths at different 
locations, with identical speeds. Few random bright spots are also visible in 
all the images. They appear to be nanometer size particles present on the 
substrate which might have been deposited during various fabrication 
processes of substrate. Great care is needed for substrate preparation and 
writing process. Surface contaminants and even roughness are detrimental 
to the controlled patterning. Storing the substrates after oxidation step in 
vacuum will improve the surface condition. Further, these bright spots may 
also be of some silicon nanoparticles diffused from the tip during  movement 
and imaging. This problem may be controlled by reducing the amount of ink 
on the tip and imaging at higher speed. These lines may be considered as 
horizontal silicon nano-wires with silicon nanoparticles as beads, and find 
applications in nanoelectronic devices. These preliminary results demonstrate 
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the direct nano-scale deposition of silicon nano-particles on silicon substrate 
at desired locations. Further studies of structure and electronic and optical 
properties are required before applying in real device. Similar experiment 
may be performed to write nano-size dots for applications in quantum 
dot/molecular devices. 
 
4. CONCLUSIONS 
 

Direct writing of silicon nanoparticles on silicon substrate has been 
demonstrated using Dip-pen-nanolithography technique. AFM imaging and 
analysis has been employed to determine line width. Minimum line width of 
54 nm has been achieved at writing speed of 1.6 µm/sec., may be considered 
having two nano-particles across its width. Mono-disperse suspension is 
expected to result in more controlled features. Further process optimization 
in substrate fabrication, environment conditions and writing process are 
needed for patterning single nanoparticle-lines. These initial efforts would 
be useful in the area of nanoelectronics and nano-biotechnology. 
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In this paper, we report the comparison between ZnO nanoparticles prepared via two 
different routes; i) via sol-gel route and ii) by solid state reaction method. It was 
found that when prepared under the same ambient conditions viz temperature, 
pressure etc. and keeping all the parameters same viz precursors, molarity, solvent 
etc;  the  nanoparticles  prepared  via  Sol-gel  route  were  highly  crystalline  and  had  
smaller crystallite size (~ 24 nm)  as  compared  to  the  one  prepared  by  Solid  state  
reaction method (~ 37 nm). The crystallinity and the crystallite size were examined 
by XRD and TEM. Variation in the bandgap as a function of size of the particles was 
determined using the absorption spectra obtained by UV-Vis-NIR spectrophotometer. 
Photoluminescence (PL) was also recorded in the visible region for the two types of 
particles and results have been analysed.  
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1. INTRODUCTION 
 

Zinc  Oxide  is  a  member  of  II-VI  semiconducting  compounds  and  occurs  
naturally  as  the  mineral  zincite.  It  is  a  hexagonal  wurtzite  type  crystal  
exhibiting anisotropy. ZnO is a well-known n-type semiconductor and has 
got  a  wide band gap of  3.3 eV at  300 K. Some of  its  important  properties  
are listed in Table 1 [10-16]. ZnO is considered a good candidate for 
transparent conducting electrodes in solar cells because it is transparent to 
the visible light [1]. It is also considered as a prime candidate for UV and 
blue  light-emitting  devices  such  as  blue  LED  and  Lasers  due  to  its  large  
exciton binding energy of 60 meV [2, 3]. Due to such large exciton binding 
energy, the excitons remain dominant in optical processes even at room 
temperature. Due to its vast industrial applications such as electro-
photography, electroluminescence phosphorus, pigment in paints, flux in 
ceramic glazes, filler for rubber products, coatings for paper, sunscreens, 
medicines and cosmetics, ZnO is attracting considerable attention in powder 
as well as thin film form. Its resistance to radiation damages also makes it 
useful for space applications.  The fabrication of ZnO nanostructures have 
attracted intensive research interests [4-5] as these materials have found 
uses as transparent conducting oxides (TCO) [8-9]. Since it is the hardest of 
the  II-VI  family  of  semiconductors  with  a  large  shear  modulus,  its  
performance is not degraded as easily as the other compounds through the 
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appearance of defects. Since Zinc, the main constituent is cheap, non-toxic 
and abundant, ZnO has become commercially viable. 
 In the present work, we have synthesized ZnO nanoparticles via two different 
routes (sol-gel route and solid state reaction method) and tried to analyze the 
two on the basis of their crystallinity, crystallite size, bandgap and structural 
properties. X-ray diffraction (XRD) is used to calculate crystallite size. 
Variation in the bandgap as a function of size of the particles is determined 
using the absorption spectra obtained by UV-Vis-NIR spectrophotometer. 
Photoluminescence (PL) is also recorded in the visible region. Transmission 
electron micrograph (TEM) and Scanning electron micrograph (SEM) images 
are shown to clearly see the particle size and grain size respectively. 
 

Table 1 – Properties of zinc oxide 
 

Properties Values 
Crystal structure Rock salt, Zinc blende and Wurtzite 
Energy Bandgap, eV 3.2-3.3 

Electron Mobility, cm2Vs – 1 2.5-300 (Bulk ZnO),  
1000       (Single nanowire) 

Exciton Binding Energy, meV 60  
Density, g/cm3 5.606  
Refractive Index 2.0041 
Electron Effective Mass (me) 0.26 
Relative Dielectric Constant 8.5 
Melting point, C 1975 
Boiling point, C 2360 

Electron Diffusion Coefficient,  
cm2s – 1 

5.2            (Bulk ZnO), 
1.7  10 – 7 (Particulate Film) 

 

2. EXPERIMENTAL 
 

2.1 Sol-gel route 
 

All the reagents used were of analytical grade and no further purification 
was done before use. ZnO nanopowder was prepared by dissolving 0.2M Zinc 
acetate dihydrate [Zn(CH3COO)2.2H2O] in methanol at room temperature and 
then mixing this solution ultrasonically at 25 C  for  2h.  Clear  and  
transparent sol with no precipitate and turbidity was obtained. 0.02 M of 
NaOH was then added in the sol and stirred ultrasonically for 60 min. The 
sol was kept undisturbed till white precipitates were seen in the sol. After 
precipitation, the precipitates were filtered and washed with the excess 
methanol to remove starting material. Precipitates were than dried at 80 C 
for 15 min on hot plate.  
 
2.2 Solid state reaction method 

 

The chemical reagents used in this work were Zinc acetate dihydrate 
[Zn(CH3COO)2  2H2O] and NaOH powders of analytical grade purity. In solid-
state reaction method, 0.2 M of Zinc acetate dihydrate [Zn(CH3COO)2  2H2O] 
was ground for 10 min and then mixed with 0.02 M of NaOH. After the 
mixture  was  ground  for  30  min,  the  product  was  washed  many  times  with  
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deionized water and methanol to remove the by-products. The final product was 
then filtered and dried into solid powders at 80 C for 15 min on hot plate. 
 The XRD measurements were carried out using Bruker AXS-D8 discover 
diffractometer. The absorbance of the powder in the visible region was 
measured using Shimadzu UV-VIS-NIR spectrophotometer (solidspec-3700). 
PL measurements were carried out using Shimadzu RF-5301 PC spectrofluo-
rophotometer under 325 nm excitation wavelength. The crystallite size calcu-
lated from the XRD measurements was confirmed by TEM Morgagni-268D FEI.  
 
3. RESULTS AND DISCUSSION 
 

The  XRD  patterns  of  the  nanoparticles  obtained  by  sol-gel  route  and  solid  
state  reaction  method  are  shown  in  Fig.  1  and  2  respectively.  The  
nanoparticles synthesized by both methods showed crystalline nature with 2  
peaks lying at 31.750  100 , 34.440  002 , 36.252  101 , 47.543  102 , 
56.555  110 , 62.870o 103 , 66.388  200 , 67.917  112 , 69.057  201 , 
72.610  004 , 76.95  202 , 81.405  104 , and 89.630  203 . The preferred 
orientation corresponding to the plane 101  is observed in both the samples. 
These peak positions coincide with JCPDS card no. 36-1451 for ZnO powder. 
Crystallite size was obtained by Debye-Scherrer formula given by equation 
 

 
0.94

cos
D , (1) 

 

where D is the crystallite size, 0.94 is the particle shape factor which 
depends on the shape of the particles,  is the CuK  radiations (1.54 ),  is 
full width at half maximum (FWHM) of the selected diffraction peak 
corresponding to 101 plane and  is the Bragg angle obtained from 2  value 
corresponding to maximum intensity peak in XRD pattern. The crystallite 
size obtained using this formula is 23.585 nm for sol-gel derived particles 
and 37.344 nm in case of solid state reaction method derived particles. 
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Fig. 1 – XRD pattern of ZnO nanoparticles synthesized via sol-gel route 
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Fig. 2 – XRD pattern of ZnO nanoparticles synthesized via solid state reaction method 
 

 The absorbance curve of the sol-gel derived nanoparticles in the visible 
region is shown in Fig. 3(a). The graph shows that ZnO does not absorb light 
in the visible region. This result is in accordance with the bandgap value of 
the bulk ZnO (3.37 eV) according to which ZnO absorbs light in ultra violet 
(UV) range. Band gap energy is calculated using Tauc’s plot Fig. 3b which 
comes  out  to  be  3.23  eV  in  case  of  sol-gel  derived  nanoparticles.  Tauc’s  
equation (2) is given by [17] 
 

 h   A(h  – Eg)n, (2) 
 

where  is the absorption coefficient, h  is the photon energy, A is  the  
constant, Eg is the bandgap energy of the sample. The value of n is 1/2 or 2 
depending upon whether the transition from valence band to conduction 
band is direct or indirect. The value is 1/2 in case of direct transition and 2 
in case of indirect transition. Since ZnO is a has a direct band structure, the 
value of n is 1/2 in this case. So, the equation takes the form 
 

 ( h )2  B(h  – Eg), (3) 
 

where, B is a constant related effective masses of charge carriers associated 
with valence and conduction bands. Intersection of the slope of ( h )2  vs h  
curve  provides  bandgap  energy  of  the  samples.  According  to  the  
experimentally calculated bandgap, the synthesized ZnO nanoparticles should 
absorb light below 383 nm and absorbance graph is in agreement with this. 
 The absorbance curve of the solid state reaction derived nanoparticles in 
the visible region is shown in Fig. 4a. Tauc’s plot is shown in Fig. 4b. The 
band gap energy comes out to be 3.15 eV from the Tauc’s plot. According to 
the experimentally calculated bandgap, the synthesized ZnO nanoparticles 
should absorb light below 393 nm in this case and absorbance graph shows 
this thing. The band gap values validates our crystallite size results 
according to which smaller crystallite size should have larger band gap 
(23.585 nm, 3.23 eV for sol-gel derived nanoparticles) and large crystallite 
size should have smaller band gap (37.344 nm, 3.15 eV for solid state 
reaction derived nanoparticles). 
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Fig. 3 – Absorbance of sol-gel derived nanoparicles visible range (a) Tauc’s plot of 
sol-gel derived nanoparticles (b) 
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Fig. 4 – Absorbance of solid state reaction derived nanoparticles in visible rang (a) 
Tauc’s plot of solid state reaction derived nanoparticles (b) 
 

 Photoluminescence (PL) spectra of the nanoparticles obtained by both the 
processes are shown in Fig. 5. The first peak in PL spectra corresponds to 
band to band transition and the spectra between 420-500 nm are showing 
blue luminescence. ZnO nanoparticles prepared via solid state reaction 
method show high luminescence than sol-gel derived nanoparticles. This 
could be due to the chemical instability caused during the fabrication 
process. As  can  be  seen  from  the  PL  spectrum  of  sol-gel  derived  
nanoparticles, the intensity peak is observed at 388.6 nm. If we calculate the 
band  gap  value  from  this  wavelength,  it  comes  out  to  be  3.2  eV.  The  PL  
intensity peak in case of solid state reaction derived nanoparticles is 
observed at 391.5 nm. From this value, band gap comes out to be 3.16 eV. 
The band gap energies calculated using PL spectra are approximately same 
as the ones calculated using Tauc’s plot. 
 TEM images of sol-gel derived nanoparticles are shown in Fig. 6a. Clear 
hexagonal structures can be seen in the Fig. 6c having diameter ~ 23 nm. 
Selected area diffraction is shown in Fig. 6b which clearly indicates that the 
ZnO nanoparticles are highly crystalline in nature. 
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Fig. 5 – Photoluminescence peak of ZnO nanoparticles obtained via different method 
 
 

 
 

 TEM image and selected area diffraction pattern of the solid state reaction 
derived nanoparticles are shown in Fig. 7a and 7b respectively. Selected area 
diffraction pattern of the nanoparticles indicates that the ZnO nanoparticles 
prepared via solid state reaction method are crystalline in nature. However 
the diffraction rings in this case are not properly aligned as in the case of sol-
gel derived nanoparticles. No clear hexagonal structures can be seen in the 
TEM image. Nanoparticles obtained in this case are adhering to one another. 
Agglomeration of nanoparticles is more in this case than the former one. As 
can be seen from the TEM image that the average particle size is ~ 37 nm 
which is in agreement with the crystallite size obtained from XRD. 

a b 

c  
 
 
Fig. 6 – TEM image  of  the  sol-gel  
derived nanoparticles (a) Selected 
area diffraction (b) Hexagonal 
structure of the sol-gel derived 
nanoparticles (c) 
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(a) (b)

 
 

Fig. 7 – TEM image (a) Selected area diffraction of solid state reaction derived ZnO 
nanoparticles (b) 
 
 SEM images of the nanoparticles prepared via both the routes are shown in 
Fig.  8.  Fig.  8a shows the SEM image of  sol-gel  derived nanoparticles.  Clear  
nanostructures can be seen having grain size of ~ 70 nm. The crystallite size 
as observed from TEM in this case is ~ 24 nm. This shows that one grain in 
sol-gel derived nanoparticles is approximately equal to three crystallites. So it 
is  clear  that  the  nanoparticles  seen  by  SEM  image  consist  of  a  number  of  
crystallites which are seen by TEM image. SEM image of nanoparticles 
prepared by solid state reaction method is shown in Fig. 8b. Grain size in this 
case is ~ 200 nm. Crystallite size as seen from TEM image is ~ 37 nm in this 
case. This shows that one grain in solid state reaction derived nanoparticles 
consists of approximately five crystallites. XRD results are confirmed by the 
combined study of these SEM and TEM images. 

 

(a) (b)

 
 

Fig. 8 – Scanning electron micrographs via sol-gel route (a) via solid state reaction 
method (b) 
 
4. CONCLUSION 
 

ZnO nanoparticles were prepared via sol-gel and solid state reaction methods. 
The ZnO nanoparticles prepared via sol-gel route were highly crystalline and 
had  smaller  crystallite  size  (~  24  nm)  as  compared  to  the  one  prepared  by  
Solid state reaction method (~ 37 nm). The bandgap of the synthesised 
nanoparticles was found to be size dependent. Photoluminescence (PL) study 
confirms the results obtained by XRD and TEM.  

a b 

a b 

IEEE eXpress Sample eBook, page 956



 
 
 
 SYNTHESIS AND CHARACTERIZATION OF ZnO NANOPARTICLES 139 

 

ACKNOWLEDGMENTS 

This work is done under the DST-JSPS sponsored project DST/INT/JSPS/ 
PROJ/10. Financial support by University Grant Commission, India in the 
form of  JRF is  also  acknowledged.  The authors  are  thankful  to  University 
Science Instrumentation Centre (USIC) for providing XRD facility, All India 
Institute of Medical Sciences (AIIMS) for providing TEM facility and  
Prof. P.K. Bhatnagar from Department of Electronic Science, Delhi University 
for providing PL facility. 
 
REFERENCES 

1. D.R. Lide, Hand Book of Chemistry and Physics, 71st ed. (CRC, Boca Raton, FL:   
1991) 

2. A. Ohtomo, M.Kawasaki, I. Ohkubo, H. Koinuma, T. Yasuda, Y. Segawa, Appl. 
Phy. Lett. 75, 980 (1999). 

3. Z.K. Tang, G.K.L. Wong, P. Yu, M. Kawasaki, A. Ohtomo, H. Koinuma, Y. Segawa, 
Appl. Phys. Lett. 72, 3270 (1998). 

4. Y.W. Wang, L.D. Zhang, G.Z. Wang, X.S. Peng, Z.Q. Chu, C.H. Liang, 
J. Crystal Growth 234, 171 (2002). 

5. M.H. Huang, S. Mao, H. Feick, H. Yen, Y. Wu, H. Kind, E. Weber, R. Russo, 
P. Yang, Science 292 1897 (2001). 

6. W. Zhu, C. Bower, O. Zhou, G. Kochanski, S. Jin, Appl. Phys. Lett. 75, 873 (1999). 
7. C.J. Lee, S.C. Lyu, Y. Zhang, H. Ruh, H.J. Lee, Appl. Phys. Lett. 81, 3648 (2002). 
8. J.W. Bae, S.W. Lee, K.H. Song, J.I. Park, J.J. Park, Y.W. Ko, G.Y. Yeom, Jpn. 

J. Appl. Phys. 38, 2917 (1999). 
9. G.K. Paul, S. Bandopadhya, S.K. Sen, phys. stat. solid a 191 No2, 509 (2002). 
10. Ozgur, Y.I. Alivov, C. Liu, A. Teke, M.A. Reshchikov, S. Dogan, V. Avrutin, 

S.J. Cho, H. Morkoc, J. Appl. Phys. 98, 41301 (2005). 
11. H. Tang, K. Prasad, R. Sanijines, P.E. Schmid, F. Levy, J. Appl. Phys. 75, 2042 

(1994). 
12. G. Oskam, Z.S. Hu, R.L. Penn, N. Pesika, P.C. Searson, Phys. Rev. E 66, 11403 

(2002). 
13. H.S. Bae, M.H. Yoon, J.H. Kim, S. Im, Appl. Phys. Lett. 83, 5313 (2003). 
14. K. Keis, A.Roos, Opt. Mater. 20, 35 (2002). 
15. V. Noack, H. Weller, A. Evchmuller, J. Phys. Chem. B 106, 8514 (2002). 
16. J.J. Wu, G.R. Chen, C.C. Lu, W.T. Wu, J.S. Chen, Nanotechnology 19, 105702 

(2008). 
17. A.B. Kashyout, M. Soliman, M.El Gamal, M. Fathy, Mat. Chem. Phys. 90, 230 

(2005). 
 

IEEE eXpress Sample eBook, page 957

http://dx.doi.org/10.1063%2F1.124573
http://dx.doi.org/10.1063%2F1.124573
http://dx.doi.org/10.1063%2F1.121620
http://dx.doi.org/10.1016%2FS0022-0248(01)01661-X
http://dx.doi.org/10.1126%2Fscience.1060367
http://dx.doi.org/10.1063%2F1.124541
http://dx.doi.org/10.1063%2F1.1518810
http://dx.doi.org/10.1143%2FJJAP.38.2917
http://dx.doi.org/10.1143%2FJJAP.38.2917
http://dx.doi.org/10.1002%2F1521-396X(200206)191%3A2%3C509%3A%3AAID-PSSA509%3E3.0.CO%3B2-D
http://dx.doi.org/10.1063%2F1.1992666
http://dx.doi.org/10.1063%2F1.356306
http://dx.doi.org/10.1103%2FPhysRevE.66.011403
http://dx.doi.org/10.1063%2F1.1633676
http://dx.doi.org/10.1016%2FS0925-3467(02)00031-9
http://dx.doi.org/10.1021%2Fjp0200270
http://dx.doi.org/10.1088%2F0957-4484%2F19%2F10%2F105702
http://dx.doi.org/10.1016%2Fj.matchemphys.2004.11.031


 
 
 
J. Nano- Electron. Phys. 
3 (2011) No1, P.140-145 

 2011 SumDU 
(Sumy State University) 

 

 
140 

PACS number: 62.23.Hj 
 
FABRICATION OF ZnxCd1 – xSe NANOWIRES BY CVD PROCESS AND   

PHOTOLUMINESCENCE STUDIES 
 
R.P. Vijayalakshmi1, G. Murali1, D. Amaranatha Reddy1, R. Venugopal2  
 
1 S.V. University, 
 Dept. of Physics, 517 502, Tirupati, A.P. India 
 E-mail: vijayaraguru@gmail.com 
2 Govt. Degree College, Puttur. 
 Dept. of Physics, Chittoor, A.P. India 
 
ZnxCd1 – xSe alloy nanowires with composition x  0.2, 0.5 have been successfully 
synthesized by a simple thermal evaporation on the silicon substrate coated with a 
gold film of 20  thickness. The as-synthesized alloy nanowires, 70 - 150 nm in 
diameter and several tens of micrometer in length. The nanowires are single 
crystalline revealed from Transmission electron microscopy (TEM) and XRD 
measurement. The structure of ZnxCd1 – xSe nanowires are hexagonal wurtzite with 
[01-10] growth direction. Energy gap of the ZnxCd1 – xSe nanowires are determined 
from micro photoluminescence measurements. The energy gap increases with 
increasing Zn concentration. 
 
Keywords: ZnxCd1 – xSe NANOWIRES, CVD, PHOTOLUMINESCENCE, SEMICON-
DUCTOR NANOWIRES, II-VI NANOWIRES, TEM, XRD. 
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1. INTRODUCTION 
 

The ternary semiconductor compounds ZnxCd1 – xSe due to their excellent 
optical  properties  and  fast  response  times  [1,  2]  have  a  wide  range  of  
potential applications, especially in optical switching, optical 
communications, optical signal processing and photo voltaic devices [3, 4]. 
 The processing advantages of II-VI materials compared with other 
semiconductors are their high photochemical stability and size-dependent 
optical properties due to confinement effect [5, 6]. Aside from choosing 
various semiconducting materials of different band gaps, it is now possible 
to control the band gap energy of a given semiconductor from lowering the 
dimensionality and or reducing its size to values comparable with or smaller 
than the corresponding excitonic Bohr diameter [5]. Alloying of 
semiconductors is another means that can be applied to achieve 
semiconductor materials for various band gap energies. Among all groups, 
II-VI materials are a good representative example in laser photonics to 
generate coherent blue-green light. The recently developed ZnSe based laser 
diodes have a potential coverage of the whole green spectral region (490 -
 590 nm). The ZnxCd1 – xSe alloy is used as a quantum well materials in ZnSe 
based diodes grown on InP substrate which can effectively reduce the 
compressive strain. 
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 Alloyed nanowires of ternary II-VI semiconductors with elementary 
compositions of CdxZn1 – xSe  and  ZnCdS  [7,  8],  successfully  fabricated  by  
MBE, MOCVD and laser assisted deposition [9]. Chang et al. [10] synthesized 
ZnxCd1 – xSe nanowires by MBE technique to photodetector applications. 
ZnSe/ZnCdSe  heterostructures  were  grown  on  Si  substrate  [11]  for  
luminescence applications. 
 
2. EXPERIMENTAL STUDIES 
 

Many methods have been developed to synthesize one dimensional 
nanostructures  of  II-VI  semiconductors.  Among  these  are  thermal  
evaporation [12-14], laser ablation [16-17], arc discharge [18] and chemical 
synthesis methods [19]. The most common deposition based synthesis 
methods are physical and chemical vapor deposition [20-22]. Both methods 
consist of physical transport of the vapor species to the deposition site. To 
prepare ZnxCd1 – xSe  (x  0.2  and  0.5)  nanowires  a  simple  vacuum  tube  
furnace is used (Fig. 1). 
 

 
 

Fig. 1 – Schematic of Single-zone tube furnace vapor-solid growth 
 

For the preparation of  source material  high purity ZnSe and CdSe (99.999 
purity) were used. It was prepared by physical mixing the desired quantities 
of  (x  0.2  and  0.5)  of  ZnSe  and  CdSe  and  then  sintering  the  mixture  at  
1000 oC in a vacuum sealed quartz tubes for 18 hours. The sintered mixture 
was slowly cooled to room temperature in 5 hours and then used as a source 
material for the fabrication of ZnxCd1 – xSe alloy nanowires. The source 
materials are put in the alumina boat and placed in the centre of a single –
zone horizontal tube furnace where the atmosphere, evaporation time, 
pressure and temperature are controlled. The Au film (20  thickness) 
coated on a Si substrate (20  10  mm)  was  used  as  a  product  collection  
substrate  and  located  down  stream  in  a  lower  temperature  region  in  the  
furnace  which  kept  at  a  reasonable  vacuum.  The  substrate  was  vacuum  
annealed at 550 C to recrystallize into Au nanoparticles. Then the 
temperature in the furnace is elevated to a controlled temperature of 900 C 
at a specific rate. A carrier gas mixture of Ar (90 %), and H2 (10 %) with 
flow rate of 220 sccm was frequently introduced into the quartz tube till the 
pressure was 250 torr. The furnace temperature was kept at 900 C 
throughout the experiment. 
 The nanowires were characterized by XRD, SEM, TEM and 
Photoluminescence studies. X-ray diffraction (XRD) spectra of the as-
synthesized nanowires were recorded using scintag X1 diffractometer with 
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CuK  (   1.5418 )  radiation  at  scanning  speed  of  2o/min  in  2  ranging 
from 20  to 60 . Composition were measured by energy dispersive X-ray 
spectroscopy (EDS). TEM was recorded from JEOL JEM 2010 analytical at 
200 kV. Room temperature photoluminescence was measured in a confocal 
microscope (Jobin Yvou, MFO) using 325 Ar-Kr ion laser (coherent, Innova 
70 C) as an excitation source with laser intensity of  3.8 kW/cm2. 
 
2.1 Growth Mechanism 
 

In  this  study  the  formation  of  ZnxCd1 – xSe  (x  0.2 and 0.5) nanowires 
follow a vapour-liquid-solid (VLS) growth mechanism as evidenced by the 
eutectic tips containing Au, Zn, Cd and Se. At an early reaction stage in the 
formation of ZnxCd1 – xSe nanowires, a vapour mixture of Zn, Cd and Se was 
carried  by  the  Ar  and  H2 gases and deposited onto catalytic Au 
nanodroplets. When the dissolution of Zn, Cd and Se in the Au nanodroplets 
became supersaturated, ZnxCd1 – xSe nanowires extruded from the liquid 
eutectic Au nanodroplets and precipitated at the liquid-solid interface. This 
process complies basically with an ordinary VLS growth model proposed 
originally by wagner et al. [23], in which a liquid cluster of metal catalyst 
provides energetically favored sites for the absorption/adsorption of gas-
phase reactants. The sizes of the catalysts are considered to be responsible 
for the diameter of resultant nanowires. Growth directions of the ZnxCd1 – xSe 
nanowires are [01-10]. These results suggest that the ZnxCd1 – xSe alloy 
nanowires prefer a specific crystalline structure with a particular growth 
direction at certain composition ratio and growth temperature. 
 
3. RESULTS AND DISCUSSION 
 

General SEM morphologies of the as synthesized ZnxCd1 – xSe  (x  0.2 and 
0.5) nanowires orienting randomly on the Si substrate are shown in figures 
2a and 2b respectively. The diameter of the ZnxCd1 – xSe nanowires are 
distributed in the range of 70 - 150 nm. While the lengths of the nanowires 
are several tens of micrometer and respond sensitively to the synthetic 
reaction  time.  Chemical  contents  of  the  ZnxCd1 – xSe nanowires were 
analyzed from EDS spectra and their data shown in Figures 3a and 3b being 
listed in Table 1. 
 

  

a b 
 

Fig. 2 – SEM image of ZnxCd1 – xSe nanowires (a) x  0.2, (b) x  0.5 
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Table 1 – Chemical  contents  in  the  ZnxCd1 – xSe nanowires with various 
compositions 

 

  
a b 

 

Fig. 3 – EDS spectra of ZnxCd1 – xSe nanowires (a) x  0.2 (b) x  0.5 
 

Fig.  4  displays  typical  XRD  pattern  for  the  ZnxCd1 – xSe nanowires with 
x  0.2 and 0.5 respectively. From the figure it is obvious that for both the 
compositions the structure is hexagonal wurtzite. The XRD spectra of 
nanowires of CdSe and ZnSe, CdSe and ZnSe nanopowders were recorded to 
compare the lattice parameters. We have calculated a/c  4.271/6.898  
(CdSe nanowires) and 4.293/6.998  for (CdSe powders), a  5.646 (ZnSe 
nanowires) and 5.679 (ZnSe powder) for the zinc blende reveal that there 
exist lattice contractions in both of the as synthesized CdSe and ZnSe 
nanowires.  
 

  

a b 
 

Fig. 4 – XRD pattern of ZnxCd1 – xSe nanowires (a) x  0.2 (b) x  0.5 

Chemical contents from EDS Composition (x) 
Zn Cd Se 

0.2 9.95 39.80 50.25 

0.5 25.25 25.37 49.37 
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a b 
 

Fig. 5 – TEM image of single nanowire of ZnxCd1 – xSe (a) x  0.2 (b) x  0.5 
 

The  observed  lattice  contractions  could  have  been  induced  by  a  surface  
tension along surface reconstruction in the growth of nanocrystallites, 
similar  type  of  results  were  observed  in  CdSe  nanocrystals  [24]  and  CdSe  
nanobelts/nanosheets [25]. 
 Typical TEM images of the ZnxCd1 – xSe  (x  0.2  and  0.5)  are  shown  in  
Fig. 5a and 5b respectively. In any as-synthesized ZnxCd1 – xSe nanowires on 
Au-containing  tip,  composed  of  major  Au  and  minor  Zn,  Cd  and  Se,  was  
always  found  at  one  end  suggesting  that  the  nanowires  compiled  with  a  
vapor-liquid-solid growth mechanisms. 
 
3.1 Photoluminescence and energy gap 
 

ZnSe and CdSe are direct band gap semiconductors. As synthesized ZnxCd1 – xSe 
alloy nanowires exhibit strong PL at room temperature. Fig. 6a and b shows the 
PL spectrum of ZnxCd1 – xSe nanowires. It is obvious from the figure that as Zn 
concentration increases the luminescence peak position shifted to higher energy, 
it is shown in Fig. 6a and b. The band gap was calculated from the strong peak 
and the band gap increases with Zn concentration. 
 

 
 

a b 
Fig. 6 – Room temperature PL spectra of ZnxCd1 – xSe nanowires(a) x  0.2 and (b) 
x  0.5 
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4. CONCLUSIONS 
 

ZnxCd1 – xSe  alloy  nanowires  have  been  fabricated  by  CVD  method.  XRD  
studies confirmed that the crystal structure is hexagonal wurtzite. The 
synthesized nanowires exhibited photoluminescence, with increasing Zn 
concentration luminescence peak shifted to higher energy side. The band gap 
also calculated from luminescence peak. Band gap increased with Zn 
concentration. 
 Authors are grateful to thank University Grants Commission, New Delhi 
for providing financial support through Major Research Project. 
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Ordered ZnO and Zn1 – xCdxO nanowire/nanorod arrays were fabricated by cathodic 
electrodeposition based on anodic alumina (AAO) membrane and polycarbonate 
membrane  (PCM)  from  an  aqueous  solution  containing  zinc  nitrate  precursor  at  
different bath temperatures. The electrodeposition process involves the 
electroreduction of nitrate ions to alter the local pH within the pores and 
precipitation of the metal oxide within the pores. X-Ray diffraction measurements 
showed that the nanowires/nanorods were of wurtzite crystallographic structures and 
the average length and diameter of nanorods were measured by SEM and TEM. 
HRTEM measurements confirm the crystallinity and elemental composition of grown 
nanowires on PCM/AAO templates. 
 

Keywords: ZnO, NANOWIRES, ELECTRODEPOSITION, TEM. 
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1. INTRODUCTION 
 

Template-assisted synthesis has been employed widely to prepare solids of 
defined dimension [1]. Several techniques of forming materials in templates 
have been developed, including chemical vapor deposition(CVD) [2], sol-gel 
deposition [3], in situ polymerization [4] and electrodeposition [5]. 
Nanostructured materials have attracted great interest due to their unique 
chemical and physical properties, which can be influenced not only by the 
preparation procedure but also by their shape and size [6, 7]. The 
morphology  of  the  nanostructures  plays  a  key  role  especially  on  the  
optoelectronic properties of the materials, which determine the performance 
of semiconductors to be used in solar cells, as photo transistors and diodes, 
transparent  electrodes,  and  so  on.  Among  group  II  –  VI  semiconductor  
materials, ZnO is one of the most attractive functional semiconductor 
material for the fabrication of optoelectronic devices operating in the blue 
and ultraviolet region because of a direct wide band-gap of 3.37 eV and an 
exciton  binding  energy  of  60  meV  [8,  9].  It  is  well  known  that  the  
realization of bandgap engineering to create barrier layers and quantum 
wells in device heterostructure is an important step for the design of ZnO-
based devices. CdO is an n-type  semiconductor  with  a  direct  band-gap  of  
2.3 eV and an indirect band-gap of 1.36 eV [10]. The ternary Zn1 – xCdxO 
alloy can allow the bandgap tuning from 3.37 eV (band-gap of ZnO) to a 
narrower band-gap, i.e., into the visible spectral range, and their 
preparation have been reported [11]. The control over morphology and size 
of semiconductor materials represents a great challenge in realizing the 
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design of novel functional devices. In this paper, we investigated an 
electrodeposition method for the growth of ZnO-based nanowires/nanorods 
by applying a negative potential to the substrate. Electrochemical deposition 
allows mixing of the chemicals at atomic level thus reducing the possibility 
of undetectable impurity phases, [12] and it is a good candidate to solve the 
problem  of  the  small  thermodynamic  solubility  of  CdO  in  ZnO  [13]  
Furthermore, the electrochemical deposition presents a simple, quick and 
economical method for the preparation of Zn1 – xCdxO nanorods. 
 
2. EXERIMENTAL 
 

ZnO and ZnCdO nanowires/nanorods were synthesized by electrodeposition 
into nuclear track etch polycarbonate membrane (PCM) and anodic alumina 
membrane (AAO) (Whatman). The rated membrane thickness, nominal pore 
size,  and  pore  density  of  PCM  and  AAO  membranes  were  6  µm,  100  nm,  
6  108 pores/cm2 and 60 µm, 100 nm, 8  108 (pores/cm2) respectively. One 
side of the membrane was first coated with a 100 nm thick layer of gold, to 
serve as working electrode. The electrical contact was made to the membrane 
working electrode using gold coated silicon substrate. A platinum sheet 
2  3 cm2 was used as counter electrode and saturated calomel electrode was 
used as reference electrode. Electrosynthesis was performed under 
potentiostatic  control  using  a  Perkin  Elmer  260  A  instrument.  The  
electrolyte (bath) temperature was varied from 70 to 90 C. Electrosynthesis 
of ZnO was in an electrolyte containing zinc nitrate precursor solution. For 
the growth of ternary compound nanowires/nanorods the precursor solutions 
were obtained by varying the zinc nitrate and cadmium nitrate 
concentrations in de-ionized water. The cadmium concentration for the 
growth  of  nanostructures  was  varied  from  4  to  16  atomic  percent.  The  
electrochemical deposition of ternary ZnCdO compounds were carried out at 
the deposition potential of  1.0 V (vs. SCE) 20 - 40 min. After the 
deposition the sample was removed from electrolyte and rinsed in de-ionized 
water. For the structural studies, X-ray diffractometer (Philips Xpert Pro) 
using CuK  (   1.5405 ) radiation in 2  range 20 - 800 was used. Scanning 
electron microscopy images were obtained using EVO-50. Energy dispersive 
X-ray spectroscopy analysis was obtained from Bruker-ASX (QuanTax 200). 
 
3. RESULTS AND DISCUSSION 
 

The electrodeposition process of ZnO nanowires/nanorods mainly includes 
two  parts:  first,  an  increase  of  pH,  in  this  case  due  to  the  reduction  of  
nitrate ions, and second the precipitation of zinc oxide. On reduction of 
nitrate in the presence of zinc ions the following two reactions occurs: 
 

 3 2 2NO + H O + 2e NO + 2OH  (1) 

 2+
2Zn + 2OH ZnO + H O  (2) 

 

The total reaction may be written as, 
 

 2+
3 2Zn + NO + 2e ZnO + NO  (3) 

 

IEEE eXpress Sample eBook, page 965



 
 
 
148 T. SINGH, D.K. PANDYA, R. SINGH  

 

 
 

Fig. 1 – SEM image of ZnO nanowires grown (a) at 70 C in PCM, (b) and (c) at 
80 C in AAO membrane and (d) cross-sectional view of ZnO nanowires and (e) X–
ray diffraction pattern of ZnO nanowires 
 

The SEM image of ZnO nanowires/nanorods synthesized at 70 - 90 C in 
PCM and AAO membrane is shown in Fig. 1a-d. Fig. 1a shows SEM image of 
ZnO nanorods grown at 70 C in PCM template and completely dissolve in 
dichloromethane. Fig. 1b and c shows the top view of the ZnO nanowires 
with the AAO template partly dissolve in 1 M NaOH solution. The arrays of 
nanowires in the image are vertically standing. The cross-sectional image of 
ZnO nanowires arrays deposited for 30 minute is shown in Fig. 1d. The 
nanowires are oriented in same direction and some nanowires are broken off 
due to the mechanical forces during etching of template. The majority of 
nanowires are approximately 20 µm in length (deposition rate approximately 
~ 0.6 µm), which can be modulated by varying the deposition time. In order 
to obtain high filling of uniform nanowires arrays the membrane is 
ultrasonicated in an ethanol for 5 min and then dipped in electrolyte for 
10 min. The Cd concentration was varied from 0 - 16 at%. X-ray diffraction 
patterns of ZnO nanowires arrays embedded in AAO template is shown in 
Fig. 1 e. Strong reflections corresponding to (100), (002) and (101) planes 
are observed along with the weaker reflections of (102) and (110) planes of 
wurtzite ZnO, indicating ZnO nanowires are polycrystalline. We have 
observed from the X-Ray Diffraction patterns that there is no phase 
separation up to 16 at% of Cd. Fig. 2 shows the ZnCdO nanorods with the 
average diameter of 100 - 120 nm and average length up 3 - 4 µm. In the 
primary  solution  the  Cadmium  concentration  was  varied  from  0  -  16  at%.  
No substantial change were observed up to 16 at% in the dominant peak 
reflections but there is a peak shift towards low-angle side when compared 
with the pure ZnO. This shift in peak implies that there is a compressive 
stress in the c-axis orientation. 
 The lattice expansion indicates that the substitution of Zn atom by larger 
Cd atom. TEM images are shown in Fig. 3. Energy dispersive spectrum 
confirms the presence of Zn and oxygen in the arrays of nanowires shown in 
Fig. 3 a. ZnO nanowires grown in AAO/PCM templates are tapered along the 
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Fig. 2 – SEM of Zn0.96Cd0.04O Nanorods grown in AAO template at 80 C 
 

 
 

Fig. 3 – EDS spectrum of ZnO nanowires (a), TEM image of ZnO nanowires at 
70 C in PCM (b) and at 90 C (c) (in inset SAED pattern of ZnO nanowires) 
 

growth direction and shown in Fig. 3 b and c. The nanowires grown by 
electrochemical method are of polycrystalline nature and selected area 
electron diffraction pattern is shown in Fig. 3 c. 
 
4. CONCLUSIONS 
 

We have shown that the electrodeposition is an effective technique to 
synthesize ZnO and ternary ZnCdO nanowires/nanorods in the porous 
polycarbonate and anodic alumina membrane. The nanowires were grown at 
a constant potential – 1.0 V and deposition temperature was varied from 
70 - 90 C.  XRD  analysis  showed  the  ZnCdO  nanorods  were  of  pure  ZnO  
wurtzite structures. It was also observed that there was compressive stress 
in the c-axis orientation. TEM measurements showed the nanowires/nano-
rods were of good crystalline quality. 
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The kinetics of crystallization in (Se80Te20)100 – xCdx (x = 0, 2, 4 and 6) alloys at 
different heating rates have been studied by Differential Thermal Analysis in non-
isothermal condition. A comparison of various quantitative methods to assess the level 
of stability of the glassy material in the above mentioned system is presented. All 
these methods are based on the characteristics temperature obtained by heating of the 
samples, such as glass transition temperature (Tg), temperature of crystallization 
(Tc), and the melting temperature (Tm). From the dependence of glass transition 
temperature on heating rate, the activation energy (Eg) has been calculated on the 
basis of the Kissinger and Moynihan models. 
 

Keywords: CHALCOGENIDE GLASSES, ACTIVATION ENERGY, Tg, DTA, Se-Te-Cd. 
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1. INTRODUCTION 
 

Thermal analysis has been extensively used for studying the kinetics of 
chemical reaction [1-2] and crystallization of glasses [3-8]. The concepts of 
kinematical studies are always connected with the activation energy. In 
calorimetric measurements, two basic methods can be used: isothermal and 
non-isothermal [9-13]. In the isothermal method, the sample is brought 
quickly to a temperature above the glass transition temperature and the heat 
evolved during the crystallization process at a constant temperature is 
recorded as a function of time while in the non-isothermal method, the 
sample is heated at a fixed rate ( ) and the heat evolved is recorded as a 
function of  temperature or  time [14].  The main factor,  which leads to  the 
stability  of  amorphous phase of  a  compound near room temperature,  is  its  
glass transition temperature, if the melting temperature of the compound is 
high, and the glass transition temperature, Tg,  of  it  is  expected  to  be  
considerably higher than room temperature [15]. The activation energy plays 
a dominant role in deciding the utility of the material for the specific 
purpose. One of the most important aspects of the study of glasses is the 
composition dependence of properties. Among amorphous chalcogenide 
alloys, selenium based melt are characterized by high viscosity [16]. This 
feature favors the glass formation in bulk form by air-quenching or water-
quenching as well as in evaporated thin film forms. Since tellurium based 
melts with the same elements generally have low viscosity, a high cooling 
rate is required to prevent nucleation and growth during quenching and to 
obtain bulk glasses. Glassy alloys of the Se-Te system have become materials 
of considerable commercial, scientific and technological importance as they 
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have greater hardness, higher crystallization temperature, higher photo-
sensitivity and smaller ageing effects than pure Se [17]. The addition of a 
third element (Cd) expands the glass forming area and also creates 
compositional and configurational disorder in the system. Present paper is 
concentrated on kinetic studies of (Se80Te20)100 – xCdx (x  0, 2, 4, 6) glassy 
alloy under non-isothermal technique by using DTA. 
 
2. EXPERIMENTAL PROCEDURE 
 

For preparation of Se-Te-Cd glasses, high purity (5N) elements in appropriate 
atomic percentages were weighted into the quartz ampoules and sealed off in a 
vacuum of 10 – 5 torr and then heated in furnace at around 1000 C for 12h. 
The ampoules were rotated frequently to ensure homogenization. The 
ampoules were then rapidly quenched in ice-water to obtain the glasses and 
samples were removed by breaking the quartz ampoule. SHIMADZU DTG-60, 
simultaneous TG/DTA module is used to measure the caloric manifestation of 
the phase transformation. The TG/DTA scans are taken at four heating rate 
(10, 15, 20, 25 C/min) for the four different composition in the micro 
alumina  pans  under  dry  nitrogen  gas.  The  masses  of  the  samples  varied  
between10 and 30 mg. The amorphous nature of the resulting glassy alloys 
was verified by X-ray diffraction as no prominent peak was observed. 
 
3. RESULT AND DISCUSSION 
 

The glass transition temperature represents the strength or rigidity of the 
glassy structure of the alloy. In present work glass transition region has 
been studied in terms of variation of glass transition temperature with the 
heating rate. Three approaches are used to analyze the dependence of Tg on 
the heating rate ( ). The first is the empirical relationship, which has 
originally been suggested by Lasocka [18] and has the form, 
 

 Tg  A + B ln  (1) 
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Fig. 1 – Plots of Tg versus ln  

IEEE eXpress Sample eBook, page 970



 
 
 
 KINETICS STUDY OF (Se80Te20)100–xCdx GLASSY ALLOY… 153 

 

where A and B are constants for a given glass compositions and calculated 
values are given in Table 1. Plots of Tg versus log  indicates the validity of 
Eq. (1) for our compositions (Fig. 1). 
 The activation energy (Eg) of the glass transition process is one of the 
most important parameters for understanding the thermal relaxations that 
occur in glassy networks during the glass transition. The activation  energy 
for glass transition (Eg), depends on Tg as a function of the heating rate ( ) 
have been evaluated using Kissinger’s equation [19-21] and is given by the 
following expression, 
 

 2ln( ) constantg g gT E RT  (2) 
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Fig. 2 – Shows the plots of ln( /Tg2) versus 103/Tg 
 

The activation energy of the glass transition (Eg) also has been evaluated using 
the Moynihan [22] relation derived, based on the concept of thermal relaxation. 
 The plot of ln  versus 103/Tg yields a straight line, the slope of which gives 
the activation energy of glass transition (Fig. 3). Table 1 lists the values of Eg 
obtained using the Kissinger and Moynihan models, which are in good 
agreement with each other with the difference within experimental error. The 
glass transition activation energy is the amount of energy that is absorbed by a 
group of atoms in the glassy region so that a jump from one metastable state to 
another state is possible [23]. Accordingly, the atoms in a glass having minimum 
activation  energy  have  a  higher  probability  to  jump  the  metastable  (or  local  
minimum) state of lower internal energy and, hence, are the most stable. 
 

Table 1 – Eg obtained from the Kissinger and Moynihan Models (kJ/mol) 
 

Composition Kissinger Model Moynihan Model A(K) B(K) 
x  0 155.88 161.86 337.48 6.32 
x  2 131.09 137.09 339.25 7.80 
x  4 110.64 116.62 335.06 9.21 
x  6 92.67 98.72 333.51 10.83 
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Fig. 3 – The plot of ln  versus 103/Tg 
 

4. CONCLUSION 
 

The values of activation energies for glass transition were found to decrease 
with increase in Cd content in Se-Te glassy alloy. The values of activation 
energies, using two different methods, are in good agreement with each 
other. So it can be concluded that any of these two methods can be used to 
calculate glass transition activation energy.  
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Structural evolution of the hydrogenated amorphous silicon carbide (a-SiC:H) films 
deposited by rf-PECVD from a mixture of SiH4 and CH4 diluted in Ar shows that a 
smooth transition from amorphous to nanocrystalline phase occurs in the material by 
increasing the Ar dilution. The optical band gap (Eg) decreases from 1.99 eV to 1.91 
eV and the H-content (CH) decreases from 14.32 at% to 5.29 at% by increasing the 
dilution from 94 % to 98 %. at 98 % Ar dilution, the material contains irregular shape 
Si nanocrystallites with sizes over 10 nm. Increasing the Ar dilution further to 
98.4 %  leads  to  a  reduction  of  the  size  of  the  Si  nanocrystals  to  regular  shape  Si  
quantum dots of size about 5 nm. The quantum confinement effect is apparent from 
the increase in the Eg value to 2.6 eV at 98.4 % Ar dilution. Formation of Si quantum 
dots may be explained by the etching of the nanocrystallites of Si by the energetic ion 
bombardment from the plasma. 
 

Keywords: SILICON CARBIDE, RF- PECVD, AR DILUTION, OPTICAL BAND GAP, 
SI QUANTUM DOTS, QUANTUM CONFINEMENT. 
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1. INTRODUCTION 
 

Study of the formation of silicon quantum dots (Si q-dots) which are silicon 
nanocrystallites having sizes of the order of Bohr atomic radius ( 5nm) 
embedded in high band gap amorphous oxides, nitrides or carbides of silicon 
is highly interesting from the point of view of understanding the basic 
physics  of  the  interaction  of  the  light  quanta  with  such  quantum  size  
matter. Tuning of the band gap in these materials by controlling the size of 
the Si q-dots have possible technical application in photoluminescent devices 
and in for third generation solar cells.[1, 2] Most of the works on Si q-dots 
in a-SiC matrix used hydrogen dilution of the source gases containing Si and 
C.[3] In this paper we are reporting our studies on the gradual evolution of 
the nanocrystalline Si into Si quantum dots in a-SiC:H films by the control 
of the argon dilution of the source gases.  
 
2. EXPERIMENTAL 
 

The a-SiC:H films were deposited by the conventional rf PECVD technique 
from a mixture of SiH4, CH4, and Ar. Total flow of the process gases was 
maintained at 100 sccm. SiH4, and CH4 were flown at 1:1 ratio and the Ar 
dilution given by [Ar] 100 %/([Ar] + [SiH4] + [CH4]) was varied from 94 % 
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to 98.4 %. The preparation conditions of the samples are given in Table 1. 
The crystalline structure of the nanophase films was investigated using a 
Seifert XDAL 3000 X-ray diffractometer, operating in the grazing incident 
geometry (incident angle of 2 ).The incident X-ray wave length was 
1.5418  (Cu K  line) at 35 kV and 30 mA. The nanostructure of the films 
was studied by HRTEM (JEOL 2010). The hydrogen and carbon bondings 
with silicon was studied by FTIR absorption spectroscopy in the frequency 
range between 400 and 4000 cm – 1. The optical absorption and the band gap 
of the films were measured by UV-vis spectrophotometer (HITACHI U4100).  
 

Table 1 – Preparation conditions of the samples 
 

Sample 
No. 

SiH4 
(sccm) 

CH4 
(sccm) 

Ar 
(sccm) 

Temp 
( C) 

Press 
(Torr) 

Power 
density 

(mW/cm2) 
#QD1 3 3 94 200 0.2 400 
#QD2 2 2 96 200 0.2 400 
#QD3 1.5 1.5 97 200 0.2 400 
#QD4 1 1 98 200 0.2 400 
#QD5 0.8 0.8 98.4 200 0.2 400 

 
3. RESULTS 
 

3.1 XRD 
 

No diffraction peak related to crystalline silicon is observed up to a dilution 
level of 96 % (Curves 1 and 2, Fig. 1). But at 97 % dilution of Ar small, broad 
but  clearly  resolved  diffraction  peaks  at  2   28.4 , 47.3 , and 56.1  appear 
corresponding to the (111), (220), and (311) crystal planes of silicon res-
pectively (Curve 3, Fig. 1).[4, 5] With further increase of the dilution level to 
98 %, the intensities of all three diffraction peaks are increased while the full 
widths at half maximum (FWHM) of all these diffraction peaks become smaller 
[Curve 4, Fig. 1]. An additional peak at 69.2  corresponding to (400) plane of 
Silicon also appears at this dilution level.  The peaks however, becomes broad 
when the Ar dilution level is further increased to 98.4 % (Curve 5, Fig. 1). 
 
3.2 Optical band gap 
 
The optical absorption of the films were measured by UV-Vis spectroscopy to 
study the optical band gap of the materials. The band gap was obtained from 
the commonly used Tauc’s formula (equation 1), 
 

 ( h )0.5  B(h  – Eg), (1) 
 

where  is the optical absorption coefficient, B is the joint optical density of 
states, and h  is the incident photon energy. [6,7] Fig. 2 shows the Tauc’s 
plot for different diluted films to determine the optical band gap Eg which 
was obtained from the plot of ( h )0.5 versus h  by extrapolating the linear 
portion of the curve to intercept the energy axis(at  0). It is observed 
that with increasing Ar dilution from 94 % to 98 % there is  a  continuous 
decrease  of  the band gap from 1.99 eV to 1.91 eV.  Increasing the dilution 
further to 98.4% there is a sharp increase in the band gap to 2.6 eV.  
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Fig. 1 – XRD pattern of the films deposited under different dilution levels of Ar 
 

 
 

Fig. 2 – Tauc’s plot of the a-SiC:H samples deposited at different ar dilution 
 
3.3 FTIR 
 

The nature of the Si-C, Si-H and C-H bonds within the samples deposited at 
different dilution level of Ar studied by FTIR absorption spectroscopy are 
shown in Fig. 3. These spectra have been corrected for the substrate 
absorption and normalized by the film thickness. The main absorption peaks 
appearing in the spectra are located at (1) ~ 650cm – 1 , (2) ~ 780 cm – 1, (3) 
~ 1000 cm – 1, (4) 1900 - 2100 cm – 1 and (5) 2800 - 3100 cm – 1.These peaks 
are attributed to (1) the wagging or rocking mode of Si-Hn for n  1 - 3, [8], 
(2) the stretching mode of Si-C, [9], (3) the wagging or rocking mode of  
C-Hn [10, 11], (4) the stretching mode of Si-H [12] and (5) stretching modes 
of C-Hn (sp3) or C-Hn (sp2) for n  1 - 3 [13] respectively. With the increase 
in Ar dilution level the intensities of the peaks at ~ 650 cm – 1 and 
~ 2090 cm – 1 related to Si-H bond decrease. This phenomenon may be 
associated with the nanocrystalline Si formation in the amorphous matrix. 
[14] It is also observed that the peak at ~ 1000 cm – 1 and the absorption 
band between 2800  -3100 cm – 1 (both related to C-Hn mode) decrease with 
the increase in Ar dilution level. This observation together with the decrease 
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of the Si-C stretching mode at 780 cm – 1 indicate that the a-SiC:H films are 
getting Si rich with the increase in Ar dilution level. Hydrogen content (CH) 
within the films estimated by de-convoluting the absorbance of Si-H 
wagging or rocking modes are shown in Fig. 5. It is clear from the graph 
that with the increasing dilution level the Hydrogen content within the 
films decreases rapidly which is an important indication of the formation of 
nano crystallites within the films.  
 

 
 

Fig. 3 – FTIR absorption spectra of the films grown at different Ar dilution 
 
3.4 HRTEM  
 

At 94% Ar dilution amorphous nature of a-SiC:H films is apparent from the 
featureless micrograph (See Fig. 4a). Corresponding SAED (Fig. 4b) shows 
diffused hallow pattern. With the increase in Ar dilution level diffused 
rings appear in the SAED indicating formation of the nanocrystallites. The 
micrograph and the SAED for the 98 % diluted sample are shown in Fig. 4c, 
d. The micrograph shows randomly oriented nanocrystalline Si of variable 
sizes. The fringe pattern corresponding to (111) plane of silicon is clearly 
discernible in the micrograph (Fig. 4c inset). The SAED (Fig. 4d) also shows 
a  sharp  ring  corresponding  to  this  plane.  At  98.4  %  Ar  dilution  the  
micrograph  consists  of  uniformly  distributed  nanocrystals  of  size  ~  5  nm  
Fig. 4e). A distinct feature is observed in the SAED of this film showing a 
diffused ring with some spots on it. The distinct spots coincide with the 
Laue spots for the planes (220) and (311) of Si. This unique feature may 
have appeared in the diffraction pattern when the size of the nanoparticle is 
reduced to the size of the order of Bohr radius producing the Si quantum 
dots in the dielectric matrix of SiC. 
 
4. DISCUSSIONS 
 

Formation of Si quantum dots in a host matrix may be achieved along two 
routes; firstly by the “bottom up” method where the gradual build up of the 
nanocrystals of the size of “Bohr radius” is achieved by assembling of the Si 
atoms in a regular arrangement and secondly, by “top down” method where 
the larger size nanocrystals are etched out to reach the size when the 
quantum confinement effect will be observed. The XRD data shows a 
gradual increase of the peaks corresponding to the various planes of  
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Fig. 4 – HRTEM images of the samples deposited at different Ar dilution. (a), (c), 
(e) shows the bright field micrograph of the samples deposited at 94 %, 98 % and 
98.4 % respectively. (b), (d) and (f) shows the corresponding selected area electron 
diffraction (SAED) pattern of the samples for  94 %, 98 % and 98.4 % Ar dilution 
levels respectively 
 

a b 

c d 

e f 
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crystalline silicon which indicates increase of the size of the Si nanocrystallites 
in  the  a-SiC:H  matrix  with  increase  of  of  Ar  dilution  from  94  %  to  98  %.  
Increase in the size of the Si nanocrystallites within a-Si has been observed with 
increasing the dilution of the source gas (SiH4) with hydrogen has been 
reported [13]. In this study we observe a broadening of the XRD peaks at the 
highest dilution level of 98.4 % (Curve 5, Fig. 1). The TEM micrograph of the 
98  %  Ar  diluted  sample  shows  irregular  shape  large  size  (>  10  nm)  Si  
nanocrystallites are observed. Corresponding SAED shows rings for Si(111) 
plane. On increasing the Ar dilution to 98.4 % decrease of the size of the Si 
nanocrystallites is evident from the inset of the micrograph (Fig. 4e). 
Corresponding SAED consists of diffused ring with some Laue spots. 
 

 
 

Fig. 5 – Changes in CH, E04 and Eg with Ar dilution 
 

 Argon takes leading role in the dissociation of SiH4 and  CH4 in the 
plasma as also influencing the surface reactions. While the Ar+ ions have 
higher reaction rate with CH4, the neutral metstable Ar* is chiefly 
responsible for the dissociation of SiH4. Thus presence of the relative 
amounts Ar* and Ar+ in the plasma determines the dissociation of SiH4 and 
CH4. Moreover, bombardment of the growth surface by Ar+ and Ar* 
influences the surface reactions which is important for the evolution of the 
deposited from amorphous to nanocrystalline phase. Diffused rings 
containing  Laue  spots  have  been  observed  in  the  case  of  Si  quantum  dots  
formed within porous silicon [15].  
 A strong evidence of the Si quantum dot formation in the a-SiC:H matrix 
is obtained by studying the variation of the Eg and E04 with the Ar dilution 
(Fig. 5). Increase of the size of the Si nanocrystallites causes a decrease of 
Eg from 1.99 eV to 1.91 eV and E04 from 2.21 eV to 1.91 eV by increasing 
the  Ar  dilution  from  94  %  to  98  %.  With  further  increase  in  the  Ar  
dilution to 98.4% both Eg and E04 sharply rises to the values of 2.6 eV and 
2.28 eV respectively. Such increase in the band gap can not be explained by 
the alloying of Si with C or H because both C and H bonding decrease with 
increasing Ar dilution. Bonded H-content CH in the material with change in 
Ar dilution plotted in Fig. 5 show a continuous decrease from 14.32 at% to 
3.31 at% with increase in Ar dilution from 94 % to 98.4 %. Reducing the 
size of the Si crystallites to the size of the Bohr atomic radius (~ 5 nm) has 
been found to increase the band gap due to quantum confinement effect.  
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 With increasing Ar dilution the growth of amorphous to micro/nano-
crystalline silicon occurs through the more and more bombardment of the 
growth surface by the metastable Ar* atoms and Ar+ ions from the plasma. 
Energy transferred to the surface increases the mobility of the surface 
adatoms helping in the formation of the nanocrystallites [16]þ At higher Ar 
dilution the momentum transfer to the surface causes etching from the 
surface. The nanocrystallites are also etched and their size reduced to form 
silicon quantum dots.  
 
5. CONCLUSION 
 

We have observed that deposition of quantum dots of uniform and regular 
size in a-SiC:H matrix occurs through the etching out of the initially formed 
larger size and irregularly shaped nanocrystallites of silicon. Bombardment 
of the growth surface by the ions from the plasma has been proposed to play 
a major role in the etching process. 
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A comparison of the interfacial charges present in the high-k stacked gate dielectrics 
for Zr-doped HfOx and undoped HfOx samples with titanium nitride (TiN) metal 
gate electrode is reported here. The metal gate work function value (4.31 eV) for TiN 
gate electrode was extracted from the TiN/SiO2 /p-Si capacitor. The calculated charge 
densities in both doped and undoped films are of the order of 1012 cm – 2. The 
interfacial charge present in the high-k/SiO2 interface is negative for ALD deposited 
pure HfO2 samples; where as the charges are positive for RF-sputter deposited pure 
HfO2 and Zr-doped HfOx samples. The existence of positive interface charges may be 
due to the fabrication process. 
 

Keywords: DOPED HIGH-K GATE DIELECTRICS, NANOELECTRONICS, MOSFET, 
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1. INTRODUCTION 
 

Fabrication of smaller and faster metal-oxide-semiconductor (MOS) field 
effect transistors and superior memory devices dictate the usage of new 
materials and chemical processes to make nano-electronics a reality. The 
high gate leakage current, doping penetration and gate depletion effect will 
limit the use of SiO2 (as gate dielectrics) and poly-Si (as gate electrodes) for 
sub-65 nm technology node. Alternative dielectric materials such as Si3N4, 
HfO2,  [1]  ZrO2, [2] their silicates and transition metal doped high-k 
dielectrics [3, 4] have been suggested as candidate materials. The 
amorphous-to-polycrystalline phase transition temperature of the film can be 
increased by adding a third element into the oxide, e.g. Zr doped in the 
HfOx, because of the polycrystalline high-k film degraded the device 
reliability due to the uneven distribution of grains in the channel region [3].  
Furthermore, the doped element can control the fast diffusion of oxygen 
vacancies in high-k films, which is mainly responsible for the formation of 
uncontrolled interfacial layer thickness, lower breakdown field and higher 
leakage current density [3-5]. There is no literature so far concerning the 
gate dielectrics with Zr4+ doped HfOx. It is well known that Zr and Hf are 
both 4-valence elements, so Zr doped HfOx would not exhibit any increase in 
oxygen voids in the film. 
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 In contrast to the high-k dielectric selection that is nearing consensus, 
the searching of metal gate electrode for CMOS is in its infancy. One of the 
requirements for the integration issues of a new metal gate electrode is the 
proper set of work function values. In the PMOS (NMOS) transistor, heavily 
p-type (n-type) doped poly-Si is used as gate electrode and the work function 
is  about  5.2  eV  (4.1  eV).  So,  the  substituting  metals  or  metal  compounds  
should have the work function, i.e. the gate fermi level for PMOS (NMOS) 
devices is 0.2 eV above (below) the band edge Ev (Ec), in order to reduce the 
transistor’s threshold voltage [6]. The metal gate work functions depend on 
bulk and surface material properties, crystalline orientation and the 
permittivity of the dielectric interfacing with the metal. The work function 
of a metal at a dielectric interface is different from its value in vacuum.  
This  may  be  explained  either  by  metal  induced  gap  states  (MIGS),  as  the  
interface provides the possibilities such as metal-insulator transition or by 
the formation of a dipole layer at the metal-dielectric interface [7]. Again 
the defects/charges present in the high-k gate dielectrics stack are different 
than the defects present in the conventional SiO2 gate dielectrics in SiO2/Si 
system. Moreover, the present of charges will lead to large shift in 
transistor threshold voltage. Columbic scattering from excess charge in the 
high–k film will most certainly cost degradation in channel carrier mobility 
to unacceptable levels. Therefore, an investigation of the impact of 
interfacial charges on the metal gate’s work function with doped high-k 
dielectric stack is technically important and timely. 
 

 
 

Fig. 1 – The high-k gate dielectric consists of the stacked structure and the charges 
are situated at 1) upper interface, i.e. between the gate electrode and high-k gate 
dielectrics,  2)  bulk  high-k  layer,  3)  interface  between  the  high-k  and  SiO2-rich 
dielectrics,  4)  bulk  SiO2 dielectrics layer, and 5) between the SiO2 and substrate 
interface. The EOThk and EOTIL are the equivalent oxide thicknesses for High-k and 
SiO2 layer, respectively 
 

Fig. 1 shows a schematic diagram of MOS structure with stacked gate 
dielectrics (detail descriptions are given in the figure caption). bulk hk and 

bulk IL are the bulk oxide charges per unit volume in the bulk of high-k and 
SiO2 layer, respectively. Similarly, Qint hk and  Qint IL are the fixed sheet 
charge (charge/area) at the high-k and SiO2 interface and SiO2 and Si 
(substrate) interface. The location of different bulk and interfacial charges, 
e.g. bulk hk, bulk IL, Qint hk, and Qint IL, are shown in the Fig. 1. 
 In  this  paper,  authors  have  reported  the  work  function  for  TiN  metal  
nitride gate electrodes with the conventional SiO2 gate dielectrics, 
comparison of the different interface charges located in the HfO2 and Zr-
doped HfOx gate dielectric stacks with TiN gate electrodes. 
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Fig. 2 – Flat band voltage versus EOT for extraction of metal gate work function 
using TiN/SiO2/p-Si MOS capacitor structure. 
 
2. EXPERIMENTAL 
 

Extraction of the proper work function requires minimization of charges in 
the oxide, which could vary from wafer to wafer when oxidized to different 
thicknesses. To avoid such issue, wafer with thick oxide can be partially wet 
etched in a solution of buffered HF in steps across the wafer in order to 
achieve the multiple oxide thicknesses (for example 2, 4, 6 nm). The variable 
thermally grown SiO2 thicknesses on p-type Si substrate (terraced oxide) and 
the fixed HfO2 film thickness using atomic layer deposition (ALD) on the 
terraced oxide were provided by Sematech [8]. The Zr doped HfO2 films were 
deposited by magnetron reactive RF co-sputtering technique using Zr (24 W) 
and Hf (60 W) metal targets in Ar/O2 ambient for 20 sec on the terraced 
oxide substrate. Process parameters such as the reaction time, gas flow rate, 
and sputtering power were investigated under various conditions to stabilize 
and optimize process conditions. The post deposition annealing (PDA) was 
performed for every sample with 700oC in N2 ambient for 10s using a high 
temperature substrate heater. TiN metal nitride gates were deposited on the 
dielectrics by magnetron reactive RF sputtering system in a mixture of Ar 
and N2 (50:1) at 5 mTorr for 25 minutes. Post metal annealing (PMA) was 
done at 425 C  in  forming  gas  (pressure  10  Torr)  for  10  mins.  For  
comparison, the undoped HfO2 films were deposited by magnetron reactive 
RF sputtering technique on the terraced oxide substrate (20 sec, O2/Ar 
mixtures, pressure 5 mTorr). The gate electrode area was defined by 
photolithography  and  etched  with  a  mixture  of  NH4OH,  H2O2 and  H2O 
(5:1:1). For a good ohmic contact of the MOS capacitor, aluminum (Al) film 
was deposited (using DC Sputter technique) on the backside of the Si after 
removal of native oxide with HF solution. The capacitance-voltage (C-V) of 
the MOS capacitor was measured at high frequency (100 kHz) using Agilent 
4284A precision LCR meter. The flat-band voltage (VFB) and the equivalent 
oxide thickness (EOT) of the MOS capacitor were calculated by fitting the 
high-frequency C-V measurements using a C-V simulation program, 
developed by NCSU [9]. 
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3. RESULTS AND DISCUSSION 
 

The metal-semiconductor work function difference, ms, can be estimated 
using the following equation for TiN metal gate electrodes with different 
SiO2 gate dielectrics thicknesses, 
 

 
20

 ox
FB ms ms

i SiO

Q Q d
V

C
 (1) 

 

Here, the Q represents the equivalent oxide charge per unit area present in 
the dielectrics. Ci is the oxide capacitance/area, SiO2 is the dielectric 
constant of SiO2 (~ 3.9), 0 is the permittivity of the free space (8.85 10 – 12 
F/m) and dox is the SiO2 thickness. 
 Fig. 2 shows a VFB versus  SiO2 thickness  plot  for  TiN/SiO2/p-Si MOS 
structure.  The experimental  data points  of  Fig.  2 are  fit  to  a  straight line  
using “least square fit”. The intercept of the straight line is the value of ms 
for  TiN  metal  gate  electrode.  To  obtain  the  TiN  work  function  ( m), the 
following equation was used 
 

 ln
2

g a
m ms s ms

i

E kT N
q q n

, (2) 

 

where  is the Si electron affinity (4.05 eV), Eg is  the  band  gap  of  the  Si  
(1.12 eV), ni is the intrinsic carrier concentration in Si and Na is the channel 
doping levels (~ 1018 cm – 3). In this study, the m for TiN metal gate electrode 
is found to be 4.31, which is consistent with the reference [10]. 
 However, the values of m for TiN increase with increasing of the N2 
partial pressure during deposition process. To achieve higher m

 value, the 
diffusion of N2 towards the dielectric/electrode interface is necessary as it is 
produced in a more stoichiometric TiN metal gate electrode [10]. 
 When characterizing high-k gate stacks, it is important to be aware of 
the charges in the different interfaces and layers that the stack comprises. 
The dielectric layers in the high-k gate stacks consist of the bi-layer 
structure, as shown in Fig. 1. Different types of charges are located at the 
different dielectric layer as well as interface. 
 The fundamental equation that relates the VFB to the gate dielectric 
charge distribution per volume, (x), ms and  EOT  of  the  MOS  stack  
structure, can be expressed as, 
 

 
2

EOT
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1
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Considering the bi-layer stack structure [11], the equation (3) can be 
rewritten as,  
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If EOThk is fixed and the total EOT (EOT  EOThk + EOTIL) is varied only by 
changing EOTIL,one can get the expression for VFB with  EOT  as  a  
polynomial of order two [11]. 

 
 

Fig. 3 – Plot of EOT versus the interface layer physical thickness to determine the 
physical thickness of high-k layer for different stack layer 
 

Based on recent reports [11-13], the bulk charge in both layers is usually 
much less than the interface charge (i.e. bulk hk.EOThk << Qint hk) . 
Therefore, the equation 4 can be simplified and VFB can be expressed in 
terms of EOT, 
 

 
2 2

int int
SiO SiO

1 1
EOT EOTFB ms hk hk ILV Q Q  (5) 

 

To  find  the  values  of  Qint IL and Qint hk charges present in the different 
location of the stacked dielectrics (as shown in Fig. 1), the ms and EOThk 
can be extracted properly. According to equation (1), the Y-axis interception 
in the VFB-SiO2 thickness plot represents ms, while according to equation 
(5); the Y-axis interception in the VFB-EOT plot represents the ms plus the 
effect of the HfO2/SiO2 interface charges. We have calculated the msvalues 
using the TiN/SiO2/p-Si MOS capacitor system and the equation (1), as there 
is no interfacial layer. However to calculate EOThk, we can use the following 
equation, 
 

 2 2SiO SiOEOT IL hk
IL hk

d d  (6) 

 

where the first term is the contribution of EOT for SiO2 rich dielectric layer 
and second term is the EOT for high-k dielectric layer. The IL, hk, dIL and 
dhk are the dielectric constant of interfacial layer, high-k layer, the physical 
thickness of the interfacial layer and the physical thickness of the high-k 
layer, respectively. We have considered the IL is the dielectric constant of 
SiO2 rich layer and we have used the fixed Zr-doped HfOx and undoped HfOx 
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film on terraced oxide samples. The EOThk value for doped and undoped 
films can be calculated from the intercept on the EOT axis when EOT is 
plotted against the SiO2 thicknesses, as shown Fig. 3. 
 

 
 

Fig. 4 – Plot  of  flat  band  voltage  versus  EOT  (by  changing  the  Interfacial  layer  
thickness) for determination of the different charges located at different interfaces 
using ALD and RF-sputter deposited HfO2, and RF-sputter deposited Zr doped HfOx 
with TiN gate electrode MOS capacitor structure 
 

After knowing the values of ms (from equation 1) and EOThk (from equation 
6),  one  can  extract  the  values  of  Qint hk and Qint IL using equation 5 for 
stacked MOS capacitor with undoped HfO2 and Zr-doped HfO2 (shown  in  
Table 1) films. 
 From Fig. 2, it is observed that the VFB has shifted toward the positive 
direction as the SiO2 thickness increases supports that the negative Q is 
primarily located in the SiO2 near to the Si/SiO2 interface. The positive drift 
of  VFB with increasing SiO2 thickness was caused by negative electric 
centers. The probable causes to form the negative electric centers are the 
trapping of electrons by the unsaturated bonds, e.g. Si-O in the SiOx film 
and absorbed impurities (i.e. Na+, K+) [14]. The SiO4

4– tetrahedral network 
is the basic structure of Si02 film despite whether it is crystalline or 
amorphous. There are always unsaturated bonds of oxygen in the surface 
layer and interfacial layer of SiO2/SiO2. Thermal treatment causes 
continuous oxygen diffusion from the surface to the SiO2/SiO2 interface. 
Hence, rich oxygen anions accumulate in these surface and interfacial layer, 
forming negative electric centers. From Table 1, it is seen that as long as 
the high-k film has an inserted thermal SiO2 interface, the interfacial 
charges near SiOx/Si interface are negative, same as TiN/SiO2/Si system 
independent of the high-k film’s deposition method or its doping level.  
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Table 1 – Comparison of different charges located in the high-k/SiO2 interface 
and Si/SiO2 interface for different gate dielectrics are tabulated here 
 

 

with EOT for ALD deposited undoped HfO2 on SiO2/Si samples compared to 
the  other  samples,  e.g.  thermally  grown  SiO2 on Si samples, and sputter 
deposited Zr-doped and undoped HfO2 gate dielectrics on SiO2/Si samples. 
This can be explained as the formation of more negative interfacial charges 
in the high-k/SiO2 interface for ALD deposited samples. However, the 
higher slope value is observed for sputter deposited undoped HfO2 samples 
(in Fig. 4), which signifies that more positive Qint hk are present compared to 
Zr doped HfOx samples also shown in Table1. The existence of positive Qint 

hk can be explained considering the gate sputtering process. The sputtering 
process  can  cause  two  kinds  of  damages:  the  surface  damage  and  bulk  
damage [15]. The surface damage is mainly caused by the ion bombardment. 
The plasma radiation is responsible for bulk damage of the dielectrics. The 
plasma radiation, for example, UV and the high energy photons could create 
traps in the gate dielectrics or at the interface. These damages may generate 
lots of positive interface charges near the high-k/SiOx interface. Recently, 
Tewg et al. has also reported the existence of positive charge defects in Zr 
doped TaOx dielectric films [16]. The high negative charge values of Qint hk 
for ALD deposited undoped HfO2 samples agree with the literature reports 
[13, 17]. Again from Table 1, it is seen that the interface charges present in 
both high-k/SiOx and SiOx/Si interface are less due to insertion of the Zr 
atoms in HfOx gate dielectrics which is due to the reduction of dangling or 
unsaturated bonds of excess oxygen in HfOx [5]. 
  
4. CONCLUSIONS 
 

We have found out the metal gate work function value (4.31 eV) for TiN 
gate electrode using the TiN/SiO2/p-Si capacitor structure. The different 
types of charges present in the gate dielectrics are reported here. The 
polarity of interfacial charges at the Si/SiO2 interface is the same for SiO2, 
ALD and RF sputter deposited undoped HfO2 and also RF sputter Zr doped 
HfOx samples. The increasing slope of the VFB versus  EOT plot  (in  Fig.  2  
and 4) indicate the shifting from negative to positive charge quantities 
present at the high-k/SiO2 interface. The influence of Zr doping in HfOx 
gate dielectrics on the interfacial charge defects found the suitability of the 
doping element in HfOx dielectrics for future CMOS generation. 
 
This research was partially supported by NSF project DMI-0300032 and 
SEMATECH project 309366. 

Sample 
Qint hk 
(cm – 2) 

Qint IL 
(cm – 2) 

TiN//SiO2/p-Si ---  5.24·1012 
TiN/ALD deposited HfO2/SiO2/p-

Si  5.71·1013  9.92·1011 

TiN/RF-Sputter deposited Zr-
doped HfO2/SiO2/p-Si 

4.6·1013  9.38·1012 

TiN/RF-Sputter deposited 
HfO2/SiO2/p-Si 

4.7·1013  1.29·1013 
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OXIDE NANOSTRUCTURES: CHARACTERIZATIONS AND OPTICAL 
BANDGAP EVALUATIONS OF COBALT-MANGANESE AND NICKEL-

MANGANESE AT DIFFERENT TEMPERATURES  
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Cobalt-Manganese and Nickel-Manganese oxide (CoMnO and NiMnO) nanoparticles 
were prepared by chemical co-precipitation method by decomposition of their respective 
metal sulfides and sodium carbonate using ethylene diamene tetra acetic acid as the 
capping agent. The samples were heated at 400, 600 and 800 C. The average particle 
sizes were determined from the X-ray line broadening. The diffractograms were 
compared with JCPDS data to identify the crystallographic phase and cubic structure 
of the particles. The samples were characterized by XRD, FTIR and UV analyses. The 
internal elastic micro strains were calculated and it was seen that as the particle size 
increases strain decreases. The FTIR studies have been used to confirm the metal oxide 
formation. The chemical compositions of the samples were verified using EDX spectra. 
The surface morphologies of the samples were studied from the SEM images. The 
absorption spectra of  the materials  in the UV-Vis-NIR range were recorded.  From the 
analysis of the absorption spectra, the direct band gaps of the materials were calculated.  
 

Keywords: NANOPARTICLES, ARRESTED PRECIPITATION, SEM, EDX, OPTICAL 
BAND GAP. 
 

(Received 04 February 2011, in final form 18 March 2011) 
 
1. INTRODUCTION 
 

Recently nano oxide particles have been drawing much attention because of 
their peculiar optical [1, 2] and magnetic [3] properties. Due to the large 
surface to volume ratio of nano particles, their properties (electrical, 
optical, chemical, mechanical and magnetic) can be selectively controlled by 
engineering the size, morphology and composition of the particles. Nano 
crystalline materials exhibiting this large surface area can be applied to gas 
sensors for which an excellent surface effect is required. These new 
assemblies can have enhanced or entirely different properties from their 
parent bulk materials [4].The fine particles of the compounds with very 
small size exhibits unique UV absorbing ability, high stability at high 
temperatures, high hardness and reactivity as catalyst [5, 6]. 
 Nanoparticles of Cobalt-Manganese oxide and Nickel-Manganese oxide were 
prepared by chemical co-precipitation method. Doped Cobalt and Nickel oxides 
show P-type semi conducting behaviour similar to intrinsic spinel Cobalt oxide. 
Cobalt-Manganese oxide and Nickel-Manganese oxide systems have gained 
immense importance because of their potential applications such as electrodes 
in batteries; in solar cells, in super capacitor, in sensors and in switches. 
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2. EXPERIMENTAL PROCEDURE  
 

Cobalt-Manganese and Nickel-Manganese oxide nanoparticles were prepared 
by  chemical  co-precipitation  method  from  analytical  grade  cobalt  sulphate  
(0.4M), nickel sulphate (0.4M), manganese sulphate (0.4M) and sodium 
carbonate (0.6M) using ethylene diamene tetra acetic acid as the capping 
agent. The metal carbonate precipitates were separated from the reaction 
mixture and washed several times with distilled water and then with ethanol 
to remove the impurities and traces of EDTA and original reactants if any. 
The wet precipitates were dried and thoroughly ground using an agate 
mortar to obtain the metal carbonate precursor in the form of fine powder. 
On heating to the required temperatures (400, 600 and 800 C) the metal 
carbonate precursor decomposes to metal oxides.  
 
2.1 Characterization of the sample 
 

X-ray diffraction is an ideal technique for the determination of crystallite 
size of the powder samples. The basic principle for such a determination 
involves precise quantification of the broadening of the diffraction peaks. 
Based on this principle, a few techniques involving Scherrer equation, 
integral breadth analysis or Hall-Williamson approach and Fourier method 
of Warren-Averbach have been developed [7-9]. XRD studies were carried 
out using XPERT-PRO powder diffractometer (PAN analytical, Netherlands) 
employing Cu- K  radiation in the 2  range 10° to 70° at 30 mA, 40 kV. The 
TGA/DTA of the nano particles were taken using Perkin-Elmer, Diamond 
TG/DTA apparatus. The morphologies of the powder samples were 
characterized  by  scanning  electron  microscope  (SEM)  JEOL/EO  JSM-6390.  
The  energy  dispersive  analyses  of  X-rays  (EDX)  were  carried  out  on  the  
samples to ascertain the composition. The infrared spectroscopic (IR) studies 
of the oxides were made using Perkin-Elmer FTIR spectrophoto meter in the 
wavenumber range 500 and 4000cm – 1 by KBr disc method. The UV spectrum 
were obtained using Shimadzu UV-2550 UV visible spectrophoto meter. 
 

Table 1 – Table 1a and 1b, variation of particle sizes, elastic strains and 
optical band gaps of CoMnO and NiMnO nanoparticles prepared at different 
sintering temperatures 
 

Sintering temperature Particle size 
(nm) 

Elastic 
strains 

Bandgap 
(eV) 

a 400 C 
600 C 
800 C 

10 
26 
31 

0.002305 
0.000918 
0.000752 

1.42 
1.38 
1.30 

 

Sintering temperature Particle size 
(nm) 

Elastic 
strains 

Bandgap 
(eV) 

b 400 C 
600 C 
800 C 

8 
17 
41 

0.002620 
0.001313 
0.000562 

1.44 
1.41 
1.37 
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Fig. 1 – XRD pattern of the CoMnO and NiMnO sintered at 600 C 
 

  
 a b 
 

Fig. 2 – Graph showing variation of elastic strain with particle size for CoMnO (a) 
and NiMnO (b) nanoparticles 
 
3. RESULTS AND DISCUSSIONS 
 

3.1 XRD Studies  
 

XRD pattern reveal that the particles are nano sized and crystalline. The 
particle sizes are calculated from Scherrer equation, d  0.9 /  cos  [10], 
where  represents the full width at half maximum (FWHM) of XRD lines, 
  1.54060 . The XRD patterns of CoMnO and NiMnO sintered at 600 C 

are shown in Fig. 1. The most intense peaks (intensity 100) are from the 
(311)  planes.  The  crystallite  sizes  of  CoMnO  and  NiMnO  at  various  
calcination temperatures (400, 600 and 800 C) are as shown in Table 1a and 
1b respectively. As the sintering temperature increases, the particle size 
increases. This indicates that the size of the crystallites can be adjusted by 

IEEE eXpress Sample eBook, page 990



 
 
 
 OXIDE NANOSTRUCTURES: CHARACTERIZATIONS AND… 173 

 

controlling the temperature of the reaction [11]. The diffractogram was 
compared with JCPDS (File No 23-1237 and 01-1110) data to identify the 
crystallographic phase and cubic structure of the particles. The XRD pattern 
when compared with JCPDS reveals the structures as spinel oxides. The 
broadening of the peaks in the XRD pattern may be due to the micro 
straining of the crystal structures arising from the defects like dislocations 
and twinning. These are believed to be associated with chemically 
synthesized nanocrystals. As the crystals grow spontaneously during 
chemical reaction, the legands get negligible time to diffuse to an 
energetically favorable site resulting in large crystal defects [12].  
 The elastic strain of the materials can be calculated using the formula 
E  /2 cot  [13]. The variation of the elastic strain with particle size is 
shown in the Fig.2a and 2b. It can be seen that as the particle size increases 
elastic strain decreases. This strain contributes to the broadening of the 
XRD pattern. 
 
3.2 Thermal analysis 
 

Thermo gravimetric analysis of the carbonate precursor was carried out to 
determine the decomposition temperature and the rate of decomposition. The 
decomposition temperature is found to lie between 300 and 350 C. Thus the 
heat treatment of the ground precursor powders at their respective 
decomposition temperature and beyond results in the evolution of heat from 
the combustion of the residual carbonaceous material. This facilitates the 
reaction among the constituent metal ions and the formation of the desired 
oxide phase at relatively low external temperature.  
 
3.3 Micro structural studies  
 

For the micro structural studies, the samples heated at 600 C were directly 
transferred in to the chamber of the SEM with out disturbing the original 
nature of the products. SEM images and the energy dispersive spectra (EDX) 
of CoMnO and NiMnO are shown in the Fig. 3a, 3b and 4a, 4b respectively. 
The SEM pictures reveal that the particles are more or less spherical in 
shape.  
 

  
 a b 
 

Fig. 3 – SEM image of CoMnO (a) and NiMnO (b) 

IEEE eXpress Sample eBook, page 991



 
 
 
174 C.R. INDULAL, G.S. KUMAR, A.V. VAIDYAN, R. RAVEENDRAN  

 

 
a 

 
b 

 

Fig. 4 – EDX spectrum of CoMnO (a) and NiMnO (b) 
 

3.4 FTIR Spectra analysis 
 

The FTIR spectra of the samples are shown in Fig. 5a and 5b respectively. 
The broad absorption bands in the region around 3390 and 3420 cm – 1 are 
due to the presence of co-ordinated / entrapped water. The presence of some 
carbonaceous materials is evident from the IR spectra which depicts the 
bands at 1630 and 1640 cm – 1 corresponding to carboxylate ions [14, 15]. 
The band around 600cm – 1 may be due to the bending modes of the metal 
oxides. The other bands may be due to the micro structural formation of the 
samples. 
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a 

 
b 
 

Fig. 5 – FTIR spectrum of CoMnO (a) and NiMnO (b) 
 

3.5 UV spectral studies 
 

The UV spectra of CoMnO and NiMnO sintered at 400, 600 and 800 C are 
taken in the wavelength range of 200 to 800 nm with 1 nm resolution is 
shown in fig 6a and 6b respectively. UV spectra provide important 
information about the details related with optical band gap of the material. 
The energy band of the material is related to the absorption coefficient  by 
the Tauc relation, h   A(h  – Eg)n, where A is a constant, h  is the photon 
energy (   c/ ), Eg is the band gap and n  1/2  for  an  allowed  direct  
transition. Plotting a graph between ( h )2 and h  (Fig. 7) gives the value of 
direct band gap of CoMnO and NiMnO sintered at 600 C [16]. The 
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extrapolation of the straight line to ( h )2  0, gives the value of the band 
gap. From the UV spectra, it is clear that the absorbance decreases with 
increase in wavelength. This decrease in the absorption indicates the 
presence  of  optical  band  gap  in  the  material.  This  corresponds  to  the  
excitation of surface plasmons in the composite nano particles. The optical 
band gap of the materials determined from the absorption spectra is shown 
in the Table 1. As the sintering temperature increases, the particle size 
increases and the band gap decreases. 
 

 
a 

  
b 

 

Fig. 6 –  Absorbance  versus  wavelength  graphs  for  CoMnO  (a)  and  NiMnO  (b)  at  
400, 600 and 800 C 
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a 
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Fig. 7 – ( h )2versus h  graphs for the samples sintered at 600 C 
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SYNTHESIS AND CHARACTERIZATION OF NOVEL 
NANOCRYSTALLINE ZIRCONIUM (IV) TUNGSTATE SEMICONDUCTOR  
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Nanocrystalline zirconium (IV) tungstate is prepared by chemical coprecipitation 
method using ethylene diamine tetra acetic acid as the templating agent. Elemental 
composition is determined by EDS. The characteristic bonding position is identified 
using FTIR.XRD is used to find the theoritical value of size and phase identification 
using  JCPDS.  Morphology  is  examined  using  SEM and  HRTEM.  UV  absorption  at  
260 nm corresponds to an energy gap of 4.48 eV, characteristic of semiconducting 
nanoparticles.  
 

Keywords: ZIRCONIUM (IV) TUNGSTATE, SEMICONDUCTOR, BAND GAP, EDS, 
HRTEM, ZIRCONIA, TUNGSTEN OXIDE 
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1. INTRODUCTION 
 

Metal oxide semiconductor nanomaterials are usable as semiconducting gas 
sensors  because they have many advantage such as  small  diamensions,  low 
cost, low power consumption, on-line operation and high compatibility with 
microelectronic processing. These include SnO2, WO3, ZrO2, WO3, etc. These 
materials have non-stoichiometric structures, so free electrons orginating 
from oxygen vacancies contribute to electronic conductivity [1]. Tungsten 
oxide  is  an  n-type  semiconductor  with  energy  gap  in  the  range  of   
5.59 - 5.7 eV. Therefore, it is suitable for applications such as 
electrochromic, optochromic and gasochromic coatings for smart windows, 
information display and various sensors [2]. Many researchers have studied 
the sensor, magnetic and electric properties of WO3 prepared by heat 
treatment,  arc  discharge,  sol  gel  etc  with  different  morphology  and  
structure. These materals are studied in different forms such as nanowires, 
nanorods, dopped with transition metal, etc [3, 4, 5, 6] which are either in 
the isolated form or in mixed oxide form. These mixed oxide forms are non-
stoichiometric forms with varying metal concentration. 
 In the present work, nanoform of zirconium (IV) tungstate is prepared in 
the stoichiometric form by chemical coprecipitation method. The material is 
well characterized using EDS, XRD, FTIR, SEM and HRTEM. UV spectrum 
is used to find the optical band gap. 
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2. EXPERIMENTAL  
 

2.1 Preparation of zirconium (IV) tungstate in the nanoform 
 

The  nanoform  of  zirconium  (IV)  tungstate  is  synthesized  by  chemical  
coprecipitation method. In this, equimolar aqueous solutions of zirconium 
oxychloride  and  sodium  tungstate  in  the  volume  ratio  1:2  is  added  to  
ethylene diamine tetra acetic acid template at a pH ~ 1.5 with constant 
stirring using a magnetic stirrer. The precipitate of zirconium (IV) 
tungstate is separated by filtration and washed with distilled water. It is 
then converted to the hydrogen form by immersing in 1M HCl.  
 
2.2 Characterization of the material 
 

EDS spectrum of the material was taken using JOEL Model JED-2300. X-ray 
diffractogram (2   10 - 90 )  was  obtained  on  XPERT-PRO  powder  
diffractometer with Cu-K  radiation. The FTIR spectrum was recorded using 
KBr wafer on the Thermo Nicolet FTIR model AVATAR 370 DTGS.SEM was 
taken from BJOEL Model JSM-6390LV.PHILIPS Model CM 200 was used to 
take the HRTEM. The absorption spectra were recorded at room temperature 
using SHIMADSU UV-2550 UV Visible spectrophoto-meter. 
 
2.3 Results and Discussion 
 

EDS spectrum shows the presence of zirconium and tungsten in the 
stichiometric proportion. The empirical formula calculated is Zr2W3O13. The 
EDS  spectrum  is  shown  in  figure  1.  The  X-ray  diffractions  of  the  
nanoparticles of zirconium (IV) tungstate consist (figure 2) of cubic phases 
of ZrW2O8, agreeing with the JCPDS file No.89-6670 with small amount of 
isolated cubic zirconia (JCPDS file No.89-9069) and hexagonal tungsten 
oxide (JCPDS file No.82-2459).  
 

 
 

Fig. 1 – EDS of zirconium (IV) tungstate 
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Fig. 2 – XRD of zirconium (IV) tungstate 
 

 FTIR spectrum (figure 3) shows bands due to water molecules/surface 
hydroxyl groups (~ 3415 cm – 1, 1637 cm – 1, 1380 cm – 1). Band in the region 
837  cm  is  due  to  2

4WO  species  and  at  711  cm – 1 is  due  to  W-O  stretching  

vibration. Band in the region 493 cm – 1 is due to Zr-O vibration [7, 8]. 
 SEM and HRTEM shown in figure 4 and figure 5 are used to examine the 
morphology of the nanomaterial. The spherical nature of the particles is 
revealed from both the SEM and HRTEM. Further from HRTEM it is seen 
that the particles are less than 50 nm in size. 
 UV Spectrum shown in figure 6 gives information about excitonic or 
interband transition of nanocrystalline material. It shows absorption at 
260 nm which corresponds to an energy gap of 4.77 eV. The fundamental 
absorption which corresponds to electron excitation from the valence band to 
the conduction band is used to determine the nature and the value of optical 
band gap. The relation between absoption coefficient ( ) and incident photon 
energy (h ) is given by the Tauc relation, 
 

 ( h )1/n  A(h  – Eg),  
 

where A is  a  constant,  Eg is the band gap of the material, , is the 
absorption coefficient and the exponent ‘n’ depends on the type of transition 
[9]. The value of band gap can be determined by plotting ( h )1/n versus h  
(figure 7) and extrapolating the straight line portion of the graph to h  axis. 
The direct allowed band gap calculated is 4.48 eV. A more straight forward 
method of determining an approximate value of band gap regardless of band 
structure is by plotting the absorbance versus energy, and extrapolating to 
zero  absorbance  which  in  this  case  gives  a  band  gap  of  4.49  eV.  Bulk  
ZrW2O8 is an insulating dielectric ceramic and the calculated band gap for 
-phase is 2.81 eV and for -phase is 1.74 eV [10]. The increase in the band 

gap  to  4.48  eV  of  this  material  is  due  to  small  size  and  the  quantum  
confinement limiting. The quantum confinement effect is expected for 
semiconducting nanoparticles and the absorption edge will be shifted to high 
energy with decrease in particle size [11]. 
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Fig. 3 – FTIR of zirconium (IV) tungstate 
 
 

 
 

Fig. 4 – SEM of zirconium (IV) tungstate 

IEEE eXpress Sample eBook, page 1000



 
 
 
 SYNTHESIS AND CHARACTERIZATION OF NOVEL… 183 

 

 

 
 

Fig. 5 – HRTEM of zirconium (IV) 
tungstate 

 

Fig. 6 – UV of zirconium (IV) 
tungstate 

 

  
 

Fig. 7 – Plot of ( h )2 versus h  
 

Fig. 8 – Absorbance versus energy 
spectrum 

 

 A band gap of 4.48 eV for nanocrystalline zirconium tungstate is due to 
ligand to metal charge transfer transition. The band gap also depends on the 
zirconia and tungstate content in the sample [12]. Also the energy gap is 
sensitive to particle size in 1 - 10 nm range for many semiconductors 
including zirconia and WO3.  In  this  size  range,  a  large  fraction  of  atoms  
residing at the surface alters the cluster electronic properties and hence the 
band  gap  value.  Thus  materials  of  desired  band  gap  can  be  designed  by  
changing the stoichiometry of Zr to W and thereby varying the particle size. 
 
3. CONCLUSIONS 
 

Zirconium (IV) tungstate is prepared in the nanoform by chemical 
coprecipitation method with high purity and homogeneity. XRD confirms 
the crystalline nature of the material. HRTEM and SEM reveal the spherical 
nature of the particles. Particle size is found to be < 50 nm from HRTEM. 
The energy gap determined by Tauc relation is 4.48 eV suggesting that it is 
a n-type semiconductor suitable for device applications which use metal 
oxide semiconductor such as gas sensors, UV sensors, etc.  
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EFFECT OF ANNEALING ON STRUCTURE, MORPHOLOGY, 
ELECTRICAL AND OPTICAL PROPERTIES OF NANOCRYSTALLINE 
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Semi-transparent and highly conducting nanostructured titanium oxide thin films 
have been prepared by sol-gel method. Thin films of TiO2 deposited on glass substrates 
using spin coating technique and the effect of annealing temperature (400 - 700 C) 
on structural, microstructural, electrical and optical properties were studied. The X-
ray diffraction and Atomic force microscopy measurements confirmed that the films 
grown by this technique have good crystalline tetragonal mixed anatase and rutile 
phase structure and homogeneous surface. The study also reveals that the rms value 
of thin film roughness increases from 7 to 19 nm. HRTEM image of TiO2 thin film 
(annealed at 700 C) shows that a grain of about 50 - 60 nm  in  size  is  really  
aggregate of many small crystallites of around 10 - 15 nm. Electron diffraction 
pattern shows that the TiO2 films exhibited tetragonal structure. The surface 
morphology (SEM) of the TiO2 film showed that the nanoparticles are fine with an 
average grain size of about 50 - 60 nm. The optical band gap slightly decreases from 
3.26 - 3.24 eV and the dc electrical conductivity was found in the range of 10 – 6 to 
10  5(  cm)  1 when the annealing temperature is changed from 400 to 700 C. It is 
observed that TiO2 thin film annealed at 700 C after deposition provide a smooth 
and flat texture suited for optoelectronic applications. 
 

Keywords: SOL-GEL METHOD, STRUCTURAL PROPERTIES, OPTICAL PROPER-
TIES, ELECTRICAL CONDUCTIVITY. 
 

(Received 04 February 2011, in final form 16 March 2011) 
 
1. INTRODUCTION 
 

Many nanostructural materials are now investigated for their potential 
applications in photovoltaic, electro-optical, micromechanical and sensor 
devices  [1].  Nanoporous  TiO2 thin films for dye-sensitized and ETA 
(extremely thin absorber) solar cells have been under intense study for many 
years [2]. The TiO2 occurs naturally as minerals rutile, anatase and brookite 
phases. The rutile and anatase phases have been intensively studied and have 
significant technological uses related in large measure to their optical 
properties: both are transparent in the visible range and absorb in the near 
ultraviolet. For the TiO2 brookite, the width of these domains are depends 
on  the  TiO2 thickness values [3]. The rutile (110) surface is used as a 
prototypical model for basic studies of oxide surfaces, and is the active 
component in self-cleaning cement [3]. There is a recent development of 
interest on transparent rutile n-doped films [4]. At room temperature, the 
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direct gap energy Eg is  3.06 eV for  rutile  and is  about 3.3 eV for  anatase.  
Mixed-phase TiO2 material has recently been fabricated by chemical and 
physical methods, including a sol-gel, hydrothermal, solvothermal, and 
reactive DC magnetron sputtering method, and has demonstrated excellent 
photocatalytic activities [5-8]. As usual, the preparation of titanium 
nanomaterial  with  two  different  polymorphs  by  sol-gel  method  needs  to  
crystallize the as-prepared titanium hydroxide at high temperature 
(  700 C). This heat treatment leads to change in the crystallite size as well 
as morphology of the sol-gel derived titanium oxide [9, 10].Therefore; the 
preparation of mixed phase titanium oxide at lower temperature can be 
useful both in saving energy and getting better properties [11-15]. 
According to the literature survey, there isn't any study which attempted to 
systematic investigations viz effect of annealing on structure, morphology, 
electrical conductivity and band gap of multiphase TiO2 by sol-gel method.  
 In the present paper, we report preparation and deposition of 
nanocrystalline TiO2 mixed phase (anatase and rutile) thin films by sol-gel 
spin coating technique. The nanopowders are subsequently sintered at 400 -
 700 C. The nanopowder and films were further investigated for their 
structural, microstructural and optoelectronic properties. 
 
2. EXPERIMENTAL DETAILS 
 

Nanocrystalline TiO2 is synthesized by sol-gel method using titanium 
isopropoxide as a source of Ti. 3.7 ml of titanium isopropoxide was added to 
40 ml of methanol and stirred vigorously at temperature 60 C for 1 h, this 
leads to formation of white powder which was sintered at 400 - 700 C for 
1 h in air to achieve formation of nanocrystalline TiO2 of 50 - 60 nm size. 
The nanocrystalline TiO2 powder was dissolved in m – cresol. The solution 
was stirred for 1 h at room temperature and filtered. A thin film of this 
filtered nanocrystalline TiO2 was deposited on a glass substrate by a single 
wafer spin processor (APEX Instruments, Kolkata, Model SCU 2007). After 
setting the substrate on the disk of the spin coater, the coating solution 
approximately 0.2 ml was dropped and spin-coated with 3000 rev. min – 1 for 
40 s in air and dried on a hot plate at 100 C for 10 min. 
 The structural properties of the films were investigated by X-ray 
diffraction (XRD) (Philips PW – 3710, Holland) using filtered Cu K  
radiation (   1.5406 Å ). High resolution Transmission electron microscopy 
(HRTEM) and small area electron diffraction (SAED) were obtained in order 
to investigate the morphology and structure of titanium oxide thin films. 
The TEM images were taken with a Hitachi Model H-800 transmission 
electron microscope. In order to determine the particle size and morphology 
of nanopowder, the annealed powders were dispersed in m-cresol and 
sonicated ultrasonically by using Microclean-103 (OSCAR ultrasonic bath 
apparatus) to separate out individual particles. The size and morphology of 
the thin films were then observed on SEM Model: JEOL JSM 6360 operating 
at 20 kV. Roughness of the film was determined from the Atomic force 
microscopy (AFM) using (Digital Instruments) Nanoscope III a.  
 The room temperature dc conductivity measurements were made on thin 
films using four probe techniques. The optical absorption spectra of TiO2 
thin films were measured using a double-beam spectrophotometer Shimadzu 
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UV-140 in the 200 - 1000 nm-wavelength range. The thickness of the film 
was measured by using profilometry using a Dektak profilometer. The 
values obtained ranged between 100 and 200 nm. 
 
3. RESULTS AND DISCUSSION 
 

3.1 Structural Properties   
 

Fig.  1 shows the X-ray diffraction patterns of  nanocrystalline  TiO2 powder 
annealed at 400 - 700 C temperatures with a fixed annealing time of 1 h in 
air. The effect of annealing temperature on the crystallinity of TiO2 can be 
understood from the figure. 
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Fig. 1 – X-ray diffraction patterns of TiO2 nanopowder at different annealing 
temperatures: (a) 400 C (b) 500 C, (c) 600 C and (d) 700 C 
 

 The X-ray spectra show well-defined diffraction peaks showing good 
crystallinity. The crystallites are randomly oriented and the d-values 
calculated for the diffraction peaks are in good agreement with those given 
in JCPD data card (JCPDS No. 78 – 2485 & 78 – 2486) for TiO2 anatase and 
rutile. This means that TiO2 has been crystallized in a tetragonal mixed 
anatase  and  rutile  form.  These  results  are  in  good  agreement  with  other  
reports on the mixed phase TiO2 by sol gel method [5-8]. The lattice 
constants  calculated  from  the  present  data  are  a  3.7837 Å and 

c  9.5087 Å respectively. From Fig. 1 it is seen that the (101) peak (anatase 
phase) of intensity increased with an increase in the annealing temperature. 
However, the full width at half-maxima FWHM of the (101) peaks was 
hardly changed with increasing film annealing temperature [9, 10]. The 
grain size of all TiO2 samples  sintered  at  400 C to 700 C was calculated 
using Scherer’s equation and it is in the range of 50 - 60 nm, revealing a 
fine nanocrystalline grain structure. 
 
3.2 Microstructural and morphological properties 
 

AFM  (non  contact  mode)  was  used  to  record  the  topography  of  the  
nanocrystalline TiO2. In this mode, the tip of the cantilever does not contact 
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the sample surface. The cantilever is instead oscillated at a frequency 
slightly above its resonance frequency where the amplitude of oscillation is 
typically a few nanometers (< 10 nm). The surface morphologies of the TiO2 
nanoparticles exhibit notable features. Figures 2 show 2D and 3D AFM 
images (3 m  3 m) of the TiO2 nanoparticle films. The average surface 
roughnesses are in 7 - 19 nm for TiO2 nanoparticles. The average particle 
sizes of TiO2 are found to be in the range of 50 - 60 nm. 
 

 
 a b 
 

Fig. 2 – AFM images of TiO2 thin films annealed at 700 C for 1 h in air (a) planer 
view (b) 3D view 
 

 Figure 3 a show high resolution image of titanium oxide thin film 
annealed at 700 C, recorded from typical regions of films. HRTEM shows a 
large number of crystalline grains appear in a structured matrix and the 
grains  have a  diameter  in the range 2 -  3  nm and show lattice  spacings of  
about 0.35 nm. Figure 3 b shows the diffraction patterns obtained from the 
titanium oxide film annealed at 700 C. The different arrangement of 
dominant diffracted rings indicates a phase evolution of crystalline grains 
because of thermal annealing.  
 

   
 

 a b 
Fig. 3 – TEM of TiO2 thin film annealed at 700 C for 1 h in air (a) Microstructure 
(b) Selected Area Electron Diffraction pattern 
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 Table 1 shows the interplanar spacings determined from diffraction 
pattern together with the corresponding ones of TiO2 rutile and anatase 
phases reported in the literature for comparison [9, 10]. It is evident that 
the film consists of grains having both the interplanar spacings of TiO2 in 
the anatase and rutile structural modifications [5-8]. 
 

Table 1 – Interplanar spacings deduced from electron diffraction patterns 
reported in Fig. 3 b together with the corresponding ones obtained from 
literature data. Numbers in brackets (n) represent the labels of reflections in 
diffraction patterns. 
 

Interplanar spacings determined 
titanium oxide films 

Interplanar spacings in this work on 
reported in literature 

(n) d (nm) 
Rutile 

d (nm) – hkl 
Anatase 

d (nm) –  hkl 
(1) 0.3551  0.35126 - 101 
 0.3242 0.3246 - 110  
  0.25130 - 101  

(2) 0.2371  0.23775 - 004 
  0.2187 - 111  

(3) 0.1894  0.18900 - 200 
(4) 0.1665  0.16690 - 105 
(5) 0.1661  0.16643 - 211 
   0.14754 - 204 

aJoint commission Powder Diffraction File No. (78) – 2485 & 78) – 2486) 
 

 The film microstructure was studied using Scanning Electron Microscopy. 
Fig. 4 show the SEM morphology of TiO2 thin film annealed at different 
temperatures 400 - 700 C. 
 In general, films are homogeneous and continuous separate coating layers 
are not visible in annealed films. There seems to be mismatch in average size 
of grains / particles determined through Scherer’s calculation utilizing XRD 
data and SEM analysis .SEM image suggest size of grains to be much larger. 
Further, while Scherer’s calculation suggests an increase in particle size 
with rise in annealing temperature, SEM images indicate almost a reverse 
trend. Taking into account the above discrepancy and the fact that SEM 
analysis reveals formation of particles with different shapes and size, it 
seems appropriate to consider that the particles which appears in SEM 
images are, in fact, grain agglomerates, which get fragmented with rise in 
annealing temperature. In films annealed at 400, 500, and 600 C, relatively 
larger particles / grain agglomerates can be seen compared to films annealed 
at 700 C, the film morphology appeared most uniform and the particle size 
also lowest [9, 10]. 
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 a  b 
 

   
 c  d 
 

Fig. 4 – SEM image of TiO2 thin film at different annealing temperatures: (a) 
400 C, (b) 500 C, (c) 600 C, and (d) 700 C 
 
3.3 Electrical Properties 
 

The dc electrical conductivities dc of TiO2 films annealed at 400 - 700 C as 
a function of reciprocal temperature were measured in the 300 - 600 K 
temperature range and their temperature dependence can be fitted to a usual 
Arrhenius equation: 
 

 0 B exp(  )dc aE k T , (1) 
 

where Ea  is the conductivity activation energy and is kB Boltzmann 
constant. The temperature dependence of electrical conductivity (Fig. 5) 
showed two distinct conduction regions corresponding to two different 
conduction mechanisms; one, a grain boundary scattering limited and second 
a variable range hopping [16]. The activation energies of an electrical 
conduction have been computed for both regions and their variation with 
annealing temperature is shown in Table 2. 
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Fig. 5 – Arrhenius plot of dc conductivity vs. 1000/T of TiO2 thin film annealed at 
(a) 400 C (b) 500 C, (c) 600 C and (d) 700 C for 1 h in air 
 

Table 2 – Effect of annealing on thin film properties of TiO2 
 

Activation energy, Ea eV 
¹ 

Annealing 
temperature,  C 

Crystallite 
Size, nm 

Energy gap 
Eg, eV 

LT HT 
1 400 50 3.26 0.746 0.195 
2 500 54 3.25 0.730 0.202 
3 600 59 3.24 0.703 0.180 
4 700 60 3.24 0.696 0.190 
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Fig. 6 – Plot of ( h )2 versus (h ) for different annealing temperatures 
 

3.4 Optical Properties 
 

The optical constants namely absorption coefficient ( ), energy gap (Eg) and 
the type of the optical transition have been determined by examining an 
optical absorption spectrum in the 200 - 1000 nm wavelength range at 
different annealing temperature. Fig. 6 shows determination of the optical  
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gap from the ( h ) 2 versus (h ) variation in the linear region. The values of 
optical band gap decreasing slightly with increasing annealing temperature 
400 - 700 C (Table. 2). It is found that the optical absorption coefficient is 
larger for all the films (  10 4 cm – 1). This may be accounted for the fact 
that the quality of the TiO2 film improves when the sample is annealed at a 
higher temperature (in this case 700 C). This fact is also by the XRD, SEM 
images shown in Figs. 1, 4a-d. The ( h ) 2 versus h  plots  show straight line  
behaviour on the higher energy side shows direct type of transitions involved in 
these films. The type of transitions for TiO2 films annealed at 400 - 700 C was 
confirmed by plotting ln( h ) versus ln (h  – Eg) variation [17-18]. 
 
4. CONCLUSIONS 
 

Nanocrystalline titanium oxide thin films were prepared by sol-gel spin 
coating techniques on the glass substrate. The effect of annealing 
temperature on structure, microstructure, morphology ,electrical and optical 
properties of TiO2 thin  films  were  studied  by  XRD,  HRTEM,  AFM,  SEM,  
four probe and UV-Visible  measurements  .The XRD results  reveal  that  the 
deposited thin film of TiO2 has a good nanocrystalline tetragonal mixed 
anatase and rutile phase structure. The HRTEM, AFM and SEM results 
demonstrate that a uniform surface morphology and the nanoparticles are 
fine with an average grain size of about 50 - 60 nm. The dc electrical 
conductivity found in the range of 10 – 5 to 10 – 6 (  cm) – 1. Optical studies 
showed that the TiO2 has high absorption coefficient (  104 cm – 1)  with  a  
direct band gap. The optical band gap decreasing slightly with increasing 
annealing temperature (3.26 - 3.24 eV). 
 

The author (VBP) thankful to Department of Science and Technology, 
Government of India, New Delhi for sanctioning Fast Track Project 
(SR/FTP/PS-09/2007). 
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The properties of semiconductor nanoparticles depend mainly on their shape and size 
due to high surface-to-volume ratio. The II – VI semiconductors have many 
applications such as, LED, acousto-optical effects and biological sensors. The ZnSe 
nanoparticles have wide-ranging applications in laser, optical instruments etc. because 
it has wide band gap and transmittance range, high luminescence efficiency, low 
absorption coefficient. In recent years, much attention was paid on the preparation 
methods, performances and applications of ZnSe nanoparticles and thin solid films, 
and a lot of important accomplishments have been obtained. In the present study 
ZnSe nanoparticles were successfully prepared by reacting Zn(CH3COO)2 2H2O and 
Na2SeSO3 at 343 K. The size of the crystallite was estimated by X-ray diffraction 
and TEM, whereas EDAX has confirmed of no foreign impurity inclusion in ZnSe 
nanoparticles. XRD shows the crystallite size of 5.68 nm  and  TEM  gives  a  
distribution ranging from 20 nm to 71 nm. A SEM image shows that the particles are 
spherical in a shape. Quantum confinement has resulted in the blue shift compared to 
bulk ZnSe as observed from the absorption spectra of particles dispersed in DMF. We 
obtained the photoluminescence spectra on these particles with two different 
excitation wavelength which shows broad band emission peak at 573 nm. 
Photoluminescence spectra taken with other excitation wavelength also gives sharp 
emission peaks at 484 nm, 530 nm, 551 nm and 600 nm.  
 

Keywords: ZnSe NANOPARTICLES, CHEMICAL METHOD. 
 

(Received 04 February 2011, in final form 18 March 2011) 
 
1. INTRODUCTION 
 

Several approaches and a lot of publications have been devoted to prepare 
and  control  the  size  and  shape  of  II  –  VI  semiconductor  nanoparticles.  
Among all semiconductor materials, the II – VI semiconductor systems have 
many applications, such as light emitting diodes and acousto-optical effects 
and biological sensors [1-5]. Zinc selenide (ZnSe) is an important II – VI 
semiconductor material, with a rather wide bulk direct bandgap energy 
(Eg  2.7  eV)  [6-7],  and  a  small  exciton  Bohr  diameter  of  9  nm  [12].  Zinc  
selenide is normally known to be an n-type semiconducting material [6-
11].The synthesis of nanocrystalline ZnSe powders with tunable phase, 
morphology and size provides alternative variables in tailoring its physical 
and chemical properties [13-17]. The ZnSe nanoparticles have wide-ranging 
applications in laser, optical instruments, etc. because it has wide band gap 
(2.58 eV) and transmittance range (0.5 - 22 m), high luminescence 
efficiency, low absorption coefficient, and excellent transparency to infrared 
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[18-20]. It is used to increase the open circuit voltage of solar cells [21]. It 
exhibits great potential for various optoelectronic and high-speed 
applications like blue-green light emitting diodes, photoluminescent and 
electroluminescent devices, lasers and thin film solar cells [22-23]. 
 ZnSe nanocrystalline samples were mostly prepared by molecular beam 
epitaxy (MBE) [24], metalorganic chemical vapor deposition (MOCVD) [25] 
and  organometallic  vapor  phase  epitaxy  (OMVPE)  [26],  Solvothermal  or  
hydrothermal route [27-28], mechanochemical synthesis from Zn and Se 
granules [29]. Now days, a wide variety of methods have been employed for 
preparing zinc selenide (ZnSe) nanocrystals or nanoparticles with controlled 
size such as solvothermal [30], sol-gel method [31], and microemulsion 
technique [32]. An effective control over the particle size can be achieved by 
manipulating different parameters namely, concentration, molar ratio of the 
reactants, time of heating in chemical method [33, 34] and radiation doses 
in radiolytic method [35-36]. Recently, a variety of ZnSe nanostructured 
materials in various geometrical morphologies, including nanoparticles [37], 
rods [38], wires [39], belts [40], needles [41], saw and tube [42], plates [43], 
hollow microspheres constructed with nanoparticles [44], and flowerlike 
pattern of radially aligned nanoflakes [45], nanoribbons[46], nanowheels 
[47], nanorings [48], nanopowders [49] have successfully been prepared by 
various methods. 
 
2. EXPERIMENTAL DETAIL 
 

Chemicals used for the synthesis of ZnSe nanoparticles were zinc acetate 
[Zn(CH3COO)2], sodium selenosulphate (Na2SeSO3), ammonia solution (25 %) 
[NH3], hydrazine hydrate (80 %) [N2H4.H2O], sodium hydroxide [NaOH], 
selenium powder (99 % purity) [Se], sodium sulfite [Na2SO3]. All chemicals 
used were A.R. grade. Here zinc acetate work as Zn2 + ion source, Na2SeSO3 
as Se2 –  ion source, ammonia as a complexing agent, hydrazine hydrate as 
catalyst and sodium hydroxide as a pH adjustor. 
 The 0.25 M sodium selenosulphate solution was prepared by mixing 
2.36 gm selenium powder (99% purity) with 9.48 gm anhydrous sodium 
sulfite  in  120  ml  of  distilled  water  with  constant  stirring  for  8  h.  It  was  
sealed and kept overnight, since on cooling, a little selenium separated out 
from the solution. It was then filtered to obtain a clear solution. A 25 ml of 
(0.5 M) zinc acetate solution was taken in a beaker of 200 ml capacity. To, it 
1ml of hydrazine hydrate (80 %) was added under a constant stirring. To 
this, under constant stirring, a sufficient amount of ammonium solution 
(25 %) was added to dissolve the turbidity of resultant solution. The desired 
pH of the resultant solution was adjusted by adding sodium hydroxide (1 M) 
solution. Then the reactant vessel was kept at 343 K in a constant tempe-
rature water bath. When appropriate temperature of 333 K was reached, 
sodium selenosulphate (0.25 M, 25 ml) solution was added to the bath. Then 
heated continuously at constant 343 K temperature for 3 - 4 hour and cooled 
to the room temperature. White colored precipitates obtained at the bottom 
of the beaker were filtered, washed a number of times in distilled water and 
dried in a vacuum. 
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3. RESULT AND DISCUSSION 
 

3.1 Chemical mechanism  
 

Sodium selenosulphate hydrolysis in the solution to give Se2 –  ions according to, 
 

 2 3 2 4Na SeSO + OH Na SO + HSe  (1) 

 2
2HSe + OH H O + Se . (2) 

 

When hydrazine hydrate is added in Zinc Acetate it forms the ions of Zn+2 
 

 3 2 2 4 3 2 2 4Zn(CH COO) + N H [Zn(CH COO) ] [N H ]m nm n  (3) 

 2+ 2-
3 2 2 4 2 4 3[Zn(CH COO) ] [N H ] Zn + N H +2 (CH COO)m n m n m . (4) 

 

When  ammonia  solution  is  added  to  this  Zn-salt  solution  it  gives  the  
complex of zinc tetra-amine ion [Zn (NH3)42 +] as, 
 

 2+ 2+
3 3 4Zn + 4NH Zn (NH ) . (5) 

 

Then Zn (NH3)42 + react with Se2 –  ions that result in the formation of ZnSe 
nanoparticles as follows: 
 

 2+ 2-
3 34Zn (NH ) + Se ZnSe + 4NH . (6) 

 
3.2 Energy dispersive analysis of X-ray (EDAX) 
 

The compositions of synthesized ZnSe nanoparticles were determined by the 
spectra obtained by Energy dispersive analysis of X-rays (EDAX) which is 
shown in Fig. 1. This analysis was carried out using Philips EM 400 electron 
microscope. It is reflected from the EDAX spectra that no foreign impurities 
are present in the sample. 
 

 
Fig. 1 – EDAX Spectra of ZnSe nanoparticles 

 
3.3 X-ray diffraction (XRD) 
 

The X-ray diffractogram of ZnSe nanocrystallites synthesized by chemical method 
is shown in Fig. 2 and indexed based on hexagonal system. This analysis was 
carried out using XRD diffractometer (powder) Philips Xpert MPD. The values of 
the lattice parameter determined from the X-ray diffractogram using powder X 
software which clearly matches with the reported values of lattice parameter of 
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ZnSe (JCPDS No. 15-0105). The presence of a relatively sharp peak on a 
background of a wider peak suggest that both large and small grains are collected 
together.  The  peaks  (N)  are  not  identified  as  ZnSe  and  may  be  due  to  zinc  
complex formed during the reaction [50]. 
 

 
 

Fig. 2 – X-ray diffractogram of ZnSe nanocrystallites 
 

 We used Scherrer’s formula [51-53] for calculating the crystallite size 
which is given by, 
 

 t  k / 2 cos   
 

where, t is the crystallite size, k is  the  Scherrer  constant  whose  value  is  
chosen  to  be  unity  by  assuming  the  particle  to  be  spherical,   is  the  
wavelength of X-ray beam,  is the Bragg angle. 2  is the width at half the 
maximum intensity measured in radians. 
 

 2 2
2 ( ) ( )obs rFWHM FWHM   

 

FWHMobs is observed reflection from ZnSe nanocrystallite. FWHMr is 
instrumental function of the diffractometer [54]. 

This technique gives us the rough estimate of crystallite size ranging 
from  5  nm  to  9  nm  due  to  correction  factor  involved  in  the  Scherrer’s  
equation. Fig. 3 shows Hall-Williamson plots for ZnSe nanocrystallites. The 
most widespread method used for estimating the nanocrystallite sizes is the 
calculation of line broadening by the Williamson-Hall method [55], which 
not only uses the Scherrer’s formula [51-53] but also takes into account the 
microstrain  of  nanocrystals.  This  plot  requires  large  number  of  
nonoverlapping reflections. For this reason, we used the Williamson-Hall 
method to  calculate  the size  of  particles  and also  to  obtain information of  
the strain from the full width at half maximum (FWHMs) of the diffraction 
peaks. The FWHMs ( )  can  be  expressed  as  a  linear  combination  of  the  
contributions from the strain ( ) and crystallite size (L) through the 
following relation [56]. 
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cos 4 sinK

L
  

 

The plot of cos /  versus (sin / ) for ZnSe nanocrystallites which is 
straight line. The slope of the plot gives the amount of residual strain, 
which turns out  to  be  – 0.0026 for  ZnSe nanocrystallite.  The reciprocal  of  
intercept on the ( cos / ) axis gives the average crystallite size as 
~ 5.68 nm. The negative value of residual strain indicates the presence of 
compressive strain in ZnSe nanocrystallites. 
 

   
 

Fig. 3 – Hall-Williamson plot for ZnSe nanocrystallite 
 
3.4 Transmission electron microscopy (TEM) 
 

The TEM image of ZnSe nanoparticles is shown in Fig. 4. This analysis was 
carried out using Philips, Tecnai 20 microscope. The TEM morphology shows 
particles have spherical shape. Nanoparticle sizes determined from Fig. 4a 
ranges between 20 - 31 nm and Fig. 4b ranges between 17 - 71 nm which are 
showing higher values than those obtained from Scherrer’s equation used in 
X-ray diffractogram. This indicates that the size distribution of 
nanocrystallites is not uniform and varies from 17 nm to 71 nm. 
 

   
 a b 

Fig. 4 – Shows images of ZnSe nanoparticles (a) and (b) 
 

 Fig. 5 shows diffraction pattern which is indicating that ZnSe 
nanocrystallites are polycrystalline in nature. This diffraction pattern shows 
(112), (102), (202), (210) reflections which are corresponding to the 
hexagonal phase of ZnSe nanocrystallites and there by matching with the X-
ray diffraction pattern. 
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Fig. 5 – Selected area diffraction pattern for ZnSe nanocystallites 
 

 
 

Fig. 6 – Absorption spectra for ZnSe nanoparticles 
 
3.5 Absorption spectra of ZnSe nanoparticles 
 

Absorption spectroscopy is a good way to study any change in the particle 
size  which  could  occur  during  the  aggregation  of  the  particles.  The  ZnSe  
nanoparticles synthesized were dispersed in DiMethylFormamide (DMF) to 
obtain  the  absorption  spectra  in  the  UV-VIS  region.  This  analysis  was  
carried out using Perkin-Elmer Lambda 19 spectrophotometer. Fig. 6 shows 
the  absorption  spectra  for  ZnSe  nanoparticles  and  it  can  be  seen  that  the  
absorption edge lies at 375 nm with the band gap at 3.3 eV. Comparing with 
that of bulk material (460 nm, 2.7 eV), it is believed that the blue shift in 
the absorption peak was caused by the quantum confinement effect.  
 The size of the prepared particles can be calculated from the spectral data 
using Wang equation [53] given as, 
 

 
22 2

2

1 1 1.8

2 e h

e
E

R m m pR
  

 

which reduces as, 
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2

2 2
2 *

2g gE E E h
R m

,  

 

where, Eg is the bulk band gap, E is the energy gap of the size quantized 
ZnSe,  ‘R’  is  the  radius  of  the  particle  and  m* is the effective mass with 
me  0.21 mo and mh  0.06 m0 for ZnSe [61]. By substituting our values of 
Eg  2.7 eV for bulk ZnSe [59, 60] and E  3.3 eV for ZnSe nanoparticles 
obtained from absorption spectra, we get the diameter of particles as 
11.97 nm which shows close agreement with the values obtained from the 
XRD data but not with TEM. 
 
3.6 Scanning electron microscope 
 

The Scanning electron microscopy (SEM) image of the ZnSe nanoparticles is 
shown in Fig. 7a and Fig. 7b. These figures show that the product particles are 
spherical in shape and agglomeration is also observed. This agglo-meration 
is caused because we did not use any capping agent for synthesis of ZnSe 
nanoparticles. 
 

    
 a b 
 

Fig. 7 – SEM micrograph of ZnSe nanoparticles 
 
3.7 Photoluminescence of ZnSe nanoparticles 
 

Photoluminescence spectra for ZnSe nanoparticles is shown in Fig. 8a. This 
analysis was carried out using FluoroMax – 4 Spectrofluorometer. It shows 
broad band emission between 500 to 650 nm which is due to deep level 
emission [62]. Photoluminescence spectra of ZnSe nanoparticles taken by us 
with two different excitation wavelength ( e  371, 407 nm) is shown in 
Fig. 8a. It shows broad band emission peak at 573 nm with a red shift about 
94 and 58 nm compared to bulk ZnSe at 465 nm respectively [63-65].This 
emission at 573 nm exhibits a Stokes shift. 
 We also took photoluminescence spectra of ZnSe nanoparticles with other 
excitation wavelength also ( e  434 nm, 439 nm, 484 nm, 503 nm) as shown 
in Fig. 8b. Here we get sharp emission peak at 484 nm, 530 nm, 551 nm, 
600 nm when it excited at 434 nm, 439 nm, 484 nm, 503 nm respectively 
and red shift of about 19 nm, 65 nm, 86 nm, 135 nm is observed compared 
to bulk ZnSe at 465 nm [63-65].  
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 a b 
 

Fig. 8 – (a) and (b) shows PL spectra of ZnSe nanoparticles 
 
4. CONCULSION 
 

EDAX analysis confirms that the synthesized nanoparticles of ZnSe and do 
not contain any foreign element in them. Powder X-ray diffractogram shows 
that ZnSe nanocrystallites are polycrystalline in nature and belong to the 
hexagonal phase. The crystallite size calculated by using Scherrer’s formula 
comes  out  to  be  between  5  -  9  nm  and  the  lattice  parameter  is  about  
a  3.98  and c  6.55 ° which matches nearly with JCPDF files. From the 
Hall-Williamson  plot  the  value  of  strain  comes  out  to  be  –  0.0026  and  
average crystallite size is 5.68 nm. The TEM image shows that the particle 
size ranges between 17 - 71 nm and selected area diffraction pattern 
indicated that the synthesized ZnSe nanocrystallites are polycrystalline in 
nature.  The  absorption  spectra  show  blue  shift  in  the  absorption  edge  at  
375 nm for ZnSe nanoparticles in comparison to bulk ZnSe which is observed 
at 460 nm. The SEM image shows that the ZnSe nanoparticles are spherical 
in shape with agglomeration The Photoluminescence spectra shows red shift 
at  573  nm  for  ZnSe  nanoparticles  in  comparison  to  bulk  ZnSe  which  is  
observed at 465 nm. Another Photoluminescence spectra show red shift at 
484 nm, 530 nm, 551 nm, 600 nm for ZnSe nanoparticles in comparison to 
bulk ZnSe which is observed at 465 nm. 
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Metal Organic Chemical Vapor Deposition (MOCVD) is the deposition method of 
choice for achieving conformal uniform (composition and thickness) continuous thin 
films over the micron geometry topology necessary for implementing advanced 
devices.  Thin  films  of  cobalt  oxide  were  prepared  by  MOCVD technique  on  alumina  
substrate using a cobalt acetylacetonate as precursor. The thin films of cobalt oxide 
were deposited on alumina substrate by MOCVD at four different temperatures viz 
490 C, 515 C, 535 C, 565 C. The as deposited samples are uniform and well 
adherent to the substrate. Thickness of the cobalt oxide film is maximum at 
temperature 535 C. The crystalline and phase composition of films were examined by 
X-ray diffraction. The XRD reveals the crystalline nature with cubic in structure for 
all  the  samples.  The  surface  morphology  of  the  films  were  studied  by  scanning  
electron microscopy. The SEM image shows well defined closely packed grains for all 
the samples. The hexagonal shape of grains are observed for sample at temperature 
515 C. Raman spectroscopy shows Fm3m, 225 space  groups  for  cobalt  oxide  thin  
films deposited on alumina substrate. 
 

Keywords: MOCVD, THIN FILM, XRD, SEM IMAGES, RAMAN SPECTRA. 
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1. INTRODUCTION 
 

In  response  to  the  changing  global  landscape,  energy  has  become  a  primary  
focus  of  the  major  world  powers  and  scientific  community.  There  has  been  
great interest in developing and refining more efficient energy storage devices. 
One  such  device,  the  supercapacitor,  has  matured  significantly  over  the  last  
decade and emerged with the potential to facilitate major advances in energy 
storage. Supercapacitors, also known as ultracapacitors or electrochemical 
capacitors, utilize high surface area electrode materials and thin electrolytic 
dielectrics to achieve capacitances several orders of magnitude larger than 
conventional capacitors [1]. Electrodes for such supercapacitors are mainly 
made using conductive polymers or metal oxides. The metal oxide based 
supercapacitors have attracted increasingly more attention due to their high 
specific capacitance, long operation time and high output. 

Metal oxides have many interesting properties that result in various 
important applications [2]. Transition metal oxides (TMO), a sub group of metal 
oxide  are  those  oxides  in  which  the  cation  has  incompletely  filled  d  or  f  
shells [3, 4]. Tremendous efforts have been devoted in recent years to study 
these metal oxides as anomalous behavior observed in these materials. 
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Consequently it has become increasingly important to understand them in terms 
of their magnetic, electrical and optical properties. Some of the applications of 
the  transition  metal  oxides  (CaO,  NiO,  CuO)  which  have  generated  lots  of  
interest among the research groups all over the world include superconductivity 
in electronics, electrocromism in smart windows and electrochemical properties 
in micro batteries and high density batteries [5]. 

Among the various metal oxides, cobalt oxides have been extensively 
investigated because of their potential applications in many technological 
fields, as well as those of cobalt nanoparticles films obtained by a number of 
techniques [6-9]. High quality magnetic films of cobalt oxide based alloys 
are currently used in magnetic heads and magnetic RAM. For example 
simple binary alloys produce high quality films for magnetic recording 
industry. On the other hand cobalt oxide based ceramics have attractive 
magnetic properties and their films and multilayer have been studied for 
decades and still motivate serious research and development efforts [10-13]. 
In  this  paper  attempts  are  made  to  deposit  the  thin  film  of  cobalt  oxide  
using metal organic chemical vapor deposition technique (MOCVD). For this 
the precursor cobalt-actylacetonate is used.  
 
2. BLOCK DESCRIPTION OF MOCVD SYSTEM 
 

Block diagram of typical metal organic chemical vapor deposition system is 
shown in fig. 1 which consists of following sub units: 
 

 
 

Fig. 1 – Metal organic chemical vapor deposition system 
 
2.1 Gas handling unit 
 

The gas handling system performs the functions like, mixing and metering 
of  the gas  that  will  enter  into the reactor.  Timing and composition of  the 
gas entering the reactor will determine the epilayer structure. Leak-tight of 
the gas panel is essential, because the oxygen contamination will degrade the 
growing films’ properties. Fast switch of valve system is very important for 
thin film and abrupt interface structure growth. Accurate control of flow 
rate, pressure and temperature can ensure the stable and repeat. 
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2.2 Reactor 
 

A reactor is a chamber where the deposition process is carried on. The 
chamber  is  composed  of  reactor  walls,  a  liner,  gas  injection  units,  and  
temperature control units. 
 

2.3 Vacuum and exhaust unit 
 

Pump and pressure controller is main part of this unit which will control 
the pressure growth.  It  is  mainly used for  low pressure growth.  To handle  
large gas load the pump must be designed in proper manner. 
 

2.4 Electronic control system 
 

This system contains some electronic circuits, which controls various 
parameters like temperature, rate of flow of oxygen, argon gases, pressure 
in the reaction chamber etc. 
 
3. THE GROWTH OF THIN FILM BY MOCVD  
 

The vapor pressure is an important consideration in MOCVD, since it 
determines the concentration of source material in the reactor and the 
deposition rate. First the metal organic sources and hydrides inject to the 
reactor. The sources are mixed well inside the reactor and transfer to the 
deposition area. At the deposition area, high temperature result in the 
decomposition of sources and other gas-phase reaction, forming the film 
precursors which are useful for film growth and by-products. Then film 
precursor’s transport to the growth surface, the film precursors absorb on 
the growth surface, the film precursors diffuse to the growth site. At the 
surface, film atoms incorporate into the growing film through surface 
reaction. The by-products of the surface reactions absorb from surface. The 
by-products transport to the main gas flow region away from the deposition 
area towards the reactor exit.  
 
4. STEP BY STEP PROCESS IN DEPOSITION  
 

4.1 Cleaning of substrates 
 

The substrate used for depositions is alumina Al2O3. Prior to each deposition, 
the substrates, the substrate holders and the reaction chamber were scrubbed 
by using detergent, distilled water, trichloroethylene, acetone, ethyl alcohol 
and distilled water, respectively. The substrates were washed with 1:1 
Hydrochloric acid and double distilled water. Then it is cleaned by ultrasonic 
cleaner for ten minutes. Again washed with double distilled water. 50 ml of 
acetone was boiled, and then with the vapors of acetone substrate were 
cleaned till entire acetone. After this 25 ml of trichloroethelene was boiled 
and substrate was cleaned in these vapors, and kept in air-tight container. 
This process was used to dislodge the dirt on the glass, and ensure that hydro-
carbon and grease were removed from the substrate and also to ensure that 
the substrate surfaces were free from surface contamination and defects [4]. 
 

4.2 Preparation of precursor Co-acetylacetonate 
 

The 2.4-pentanedione (acetylacetonate) 40 ml was added slowly to a solution 
of 16.0 gm of sodium hydroxide in 150 ml of water and kept at a temperature 
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bellow 40 C The yellow solution was added drop wise to a solution of 47.6 gm 
of cobalt (II) chloride hydrate (CoCl2.6H2O) in 250 ml of water and stirred 
vigorously. The resulting orange precipitate was filtered in a large Buchner 
funnel and washed with about 500 ml of water until the washing was colorless 
The  moist  solid  was  then  dissolved  in  hot  mixture  of  400  ml  ethanol  and  
250 ml of chloroform. The red solution was allowed to cool slowly to room 
temperature and then further cooled in ice. The orange needles were suction 
filtered and washed with cold 95 % ethanol and air dried [4]. The reactions 
are given bellow: 
 

HC5H7O2 +  NaOH     NaC5H7O2 + H2O 
 

2NaC5H7O2 + CoCl2 + 6H2O     Co(C5H7O2)2 + 2NaCl + 6H2O 
 

4.3 Deposition conditions 
 

The thin films of cobalt oxide were deposited on alumina substrate by MOCVD 
technique. The thin films of cobalt oxides are deposited at four different 
temperatures viz. 490 C, 515 C, 535 C, 565 C. The different deposition 
conditions and parameters are as shown in table 1. 
 

Table 1 – Deposition parameters and conditions 
 

Sr.No. Parameters Conditions 

1 Precursor used for 
deposition 

Cobalt acetylacetonate 

2 Substrate used for 
deposition 

Al2O3 

3 Purging gas Argon 
4 Purging time 30 min 
5 Reacting gas Oxygen 
6 Time of reaction 60 min 
7 Base pressure 0.06 T 
8 Purging gas pressure 0.21 T 
9 Deposition pressure 10.00 T 
10 Temperature of Vaporizer 185 C 
11 Line temperature 200 C 
12 Temperature of substrate 515 C 

13 Carrier gas (Argon) flow 
rate 

9 % 

14 Reacting gas (O2) flow rate 5 % 
 
5. PHYSICAL PROPERTIES OF THE SAMPLE 
 

The thin films of cobalt oxides are deposited at four different temperatures 
viz. 490 C, 515 C, 535 C, 565 C. All the samples deposited on the alumina 
substrate are well adherent and grayish in color. The thicknesses of the 
samples were calculated by weight difference method. The table 2 shows the 
variation of thickness with temperature. Thickness of the cobalt oxide film is 
maximum at temperature 535 C. 
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Table 2 – Variations of thickness of cobalt oxide thin film at various 
temperatures 
 

Sr. No. Temperature, C Thickness, mkm 
1 490 0.04205 
2 515 0.05600 
3 535 0.11120 
4 565 0.01905 

 
6. STRUCTURAL ANALYSIS BY XRD 
 

The X-ray diffraction patterns were obtained for all these samples by using  
Bruker  D8  advanced  instrument  with  source  CuK 1 with   1.5406. The 
angle-2  is varied in the range between 10  to 90 . The fig. 2 shows number 
of peaks observed for various temperatures. All the samples are crystalline in 
nature  with  cubic  in  structure.  The  as  deposited  samples  show  dominating  
peaks these data are compared with the JCPDs-ICDD data no. 78 - 1970 and 
JCPDs-ICDD data no.78-0431 [14]. The cobalt oxide films obtained on alumina 
substrate shows more number of highly intensed peaks. The peak 
corresponding to a plane (311) of Co3O4 is most prominent which is observed 
for all the four samples and same is confirmed with JCPDS-ICDD data no. 78-
1970 for Co3O4 [14]  Few peaks corresponding to  the CoO are also  observed.  
The  intensity  patterns  are  more  or  less  similar  in  all  the  cases.  The  peak  
corresponding to plane (222) shows less intensity as compared to other peaks 
and same is confirmed with JCPDS-ICDD data no. 78-0431 for CoO [14]. The 
table 3, shows comparison between intensity of no of peaks observed at 
different temperatures for angle-2  with ASTM values. Similar results are 
obtained by D.Barreca et al. [15]. 
 

 
 

Fig. 2 – XRD of cobalt oxide thin film deposited on alumina substrate 
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Table 3 – XRD Analysis of cobalt oxide thin films deposited at various 
temperatures 
 

Observed data ASTM data 
Peak No. 

Angle-2  Intensity Angle-2  Intensity 
Plane 

Temperature  490 C 
1 26.00 47.2 -- -- -- 
2 36.25 96.5 36.84 999 (311) 
3 38.50 33.2 38.54 080 (222) 
4 44.22 68.4 44.80 173 (400) 
5 53.35 45.0 -- -- -- 
6 58.00 88.6 59.34 210 (511) 
7 66.50 33.3 65.22 305 (440) 
8 68.60 34.0 68.61 002 (531) 
9 77.54 45.0 77.52 108 *(222) 

Temperature  515 C 
1 25.75 45.5 -- -- -- 
2 36.60. 94.5 36.84 999 (311) 
3 38.00 31.0 38.54 080 (222) 
4 43.25 61.5 42.38 999 *(200) 
5 53.00 43.3 -- -- -- 
6 58.10 77.2 59.34 210 (511) 
7 67.30 37.5 68.61 002 (531) 
8 68.50 31.5 68.61 002 (531) 
9 77.50 52.0 77.52 108 *(222) 

Temperature  535 C 
1 26.40 45.5 -- -- -- 
2 36.65 97.5 36.84 999 (311) 
3 38.50 31.0 38.54 080 (222) 
4 44.00 62.0 44.80 173 (400) 
5 52.50 39.2 -- -- -- 
6 58.50 77.7 59.34 210 (511) 
7 67.25 33.2 68.61 002 (531) 
8 69.00 32.0 69.73 001 (442) 
9 78.00 46.0 78.39 032 (622) 

Temperature  565 C 
1 26.25 48.0 -- -- -- 
2 36.28 97.5 36.84 999 (311) 
3 37.75 33.0 38.54 080 (222) 
4 44.00 74.8 44.80 173 (400) 
5 53.00 43.5 -- -- -- 
6 58.00 88.0 59.34 210 (511) 
7 67.00 33.5 68.61 002 (531) 
8 68.50 35.0 68.61 002 (531) 
9 77.50 44.8 77.52 108 *(222) 

 
 
 
 

IEEE eXpress Sample eBook, page 1026



 
 
 
 MOCVD OF COBALT OXIDE USING CO-ACTYLACETONATE… 209 

 

7. MORPHOLOGICAL CHARACTERISTICS 
 

The SEM images were obtained from ESEM Quonta 200 instrument. The SEM 
images obtained for cobalt oxide thin films on alumina substrate shows more 
packed grains with increase in size of grain. The hexagonal shape of grains 
are observed for sample at temperature 515 C. Above this temperature the 
grain size found to be decreased. At temperature 565 C the different shapes 
of grains are observed. The patterns are shown in fig. 3. The table 4 shows 
average grain size of deposited thin films observed from observed from SEM 
images. This is confirmed by Mordi et al. and Nygirnyi et al. [4, 16]. 
 

  
 

     
 

Fig. 3 – SEM images of cobalt oxide thin film deposited on alumina substrate at 
T  490 C (a), T  515 C (b), T  535 C (c) and T  565 C (d) 

 
8. RAMAN SPECTRA ANALYSIS 
 

The RAMAN Spectra for the cobalt oxide thin films are obtained with the 
help of “NSOM” instrument. The similar characteristic is observed for all the 
samples deposited on alumina substrate. Raman spectroscopy shows Fm3m, 
225 space groups for cobalt oxide thin films deposited on alumina substrate. 
The Fig. 4 shows RAMAN Spectra for the cobalt oxide thin films deposited on 
alumina substrate. 

a b 

d c 
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Table 4 – Average grain size observed from SEM images for various tempe-
ratures 
 

Sr.No. Temperature, C Average grain size, mkm 
1 490 2.82 
2 515 2.35 
3 535 3.26 
4 565 2.55 

 
 

 
 

Fig. 4 – Raman spectra of cobalt oxide thin film deposited on glass substrate 
 
9. CONCLUSION 
 

The MOCVD technique is most suitable to deposit good quality thin films of 
cobalt oxide from a cobalt acetylacetonate precursor. The as-deposited samples 
are  well  adherent  to  the substrates.  The samples  are  a  crystalline  in nature 
with cubic in structure. The SEM images shows well developed packed grains 
of cobalt oxide. Raman spectroscopy shows Fm3m, 225 space groups. 
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Privacy in the Net

                      
Privacy on a Network

Juan Manuel Fernández López

This article offers an overview of the European and Spanish law on the protection of the personal privacy
with respect to the use of the information technologies. It describes the characteristics of the Internet with
respect of these Rights. It also summarises the recommendations and documents elaborated by the Data
Protection Agency of Spain and other European organisms, as well as the Spanish security regulations.

Keywords: protection of personal privacy, protection of per-
sonal data, data collection, Internet, European law, Spanish
law, Group 29.

Privacy is a fundamental right of human beings. The Univer-
sal Declaration of Human Rights proclaimed by the General
Assembly of the United Nations on 10 December 10 1948
establishes in article 12 that “(…) No one shall be subjected to
arbitrary interference with his privacy, family, home or corre-
spondence, nor to attacks upon his honour and reputation. Eve-
ryone has the right to the protection of the law against such in-
terference or attacks.” For its part, the European Convention
for the Protection of Human Rights and Fundamental
Freedoms of the Council of Europe in 1953 states in Article 8
that “Everyone has the right to respect for his private and
family life, his home and his correspondence.” In both texts one
must consider both the right to privacy and its embodiment in
the protection of personal computerized data.

The extension of the right to privacy with regards to compu-
terized processing of personal data is defined in the Convention
for the Protection of Individuals with Regard to the Automatic
Processing of Personal Data and also Treaty 108 of the Council
of Europe, dated January 28, 1981. In its preamble this treaty
indicates that in order to “(…) achieve greater unity between its
members, based in particular on respect for the rule of law, as
well as human rights and fundamental freedoms (…) it is
desirable to extend the safeguards of everyone’s rights and fun-
damental freedoms, and in particular the right to respect for

privacy, taking account of the increasing flow across frontiers
of personal data undergoing automatic processing.”

As it pertains to Spain the Spanish Constitution in Article 18
makes a positive formulation of this right to family and person-
al privacy and in Clause 4 sanctions legislature to “(…) limit the
use of information, to guarantee personal and family honour,
the privacy of citizens, and the full exercise of their rights.”
This constitutional mandate was complied with the promulga-
tion of the Basic Law 5/1992, 29 October, the regulation of the
automated processing of personal data1 that was in effect until
January of this year, from which point it was superseded by a
new law: the Basic Law 15/1999, of 13 December 1999, of pro-
tection of personal data2. The reason for the approval of the
new Law has been, fundamentally, to complete the transposi-
tion to Spanish law of all the principles contained in Directive
95/46/CE, of 24 October 1995, relating to the protection of
physical individuals as it pertains to the processing of personal
data and to the free circulation of this data. Both legal texts
sanctify a fundamental series of principles that must always be
observed in the processing of data. Of these, three deserve
special attention according to my criteria. Thus, before the
collection of data the citizen must be informed of the compul-
sory reason, or lack thereof, for providing the information, of
the liabilities database of the purpose for which the data is
collected. Furthermore, for the processing of data as a general
practice, the affected party must provide his consent and, with
exceptions as outlined, the data may not be used for purposes
other than the original intention of collection and may only be
used with the citizen’s consent.

Additionally, and with the purpose of adapting principles of
data protection and privacy to a sector that presents particular
specifications, Directive 97/66/CE was published on 17
December relating to the processing of personal data and to the
protection of privacy in the telecommunications sector. This
was incorporated into the Spanish Right by means of Law
11/1998, General of Telecommunications and the Royal
Decree 1736/1998.

1. LORTAD: Ley Orgánica de Regulación del Tratamiento
Automatizado de los Datos de Carácter Personal.

2. LOPD: Ley Orgánica de Protección de Datos de Carácter
Personal
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Once examined succinctly, we should ask ourselves, in the
normative framework that guarantees the right to personal and
family privacy, if the special characteristics of Internet, that is
to say its global and non-territorial qualities, make it a special
field where these rules do not apply. The answer is that a legal
vacuum does not exist. Directive 95/46/CE, as well as Directive
97/66/CE and the national Laws, are applicable to the Internet.
This further implies that the principles of data protection, as
well as the rights of the pertaining citizens, also apply when the
processing occurs on the Internet. 

One of the fundamental principles of the protection of data is
that the data obtained in any situation shall be limited to what
is deemed necessary and pertinent for the purpose. A character-
istic of a telecommunications network, and of the Internet in
particular, is its capacity to generate a huge quantity of transac-
tional data.

Whenever the Internet is accessed, a digital trace is left, so
that, with a growing number of our day-to-day tasks being
carried out online, information is ever increasing with regard to
our occupations, tastes and preferences.

Taking all of this into consideration, the threat to our privacy
is not only derived from the existence of large quantities of
personal data on the Internet, but also from the development of
logical media capable of searching the network and compiling
all of the available data on a specific person.

Upon accessing and extracting data from said media, detailed
biographical details of a random person can be compiled cov-
ering all of the groups in which the said person has participated:
the address and phone number of the selected person, as well
as discover where they were born, where they studied, their
profession, and their current place of employment. It could also
detail their interest in amateur theatre, their favourite type of
beer, their preference in the matter of restaurants and vacation
resorts, and their opinions about various topics. In the United
States, we already see the existence of many Internet compa-
nies that commercialise these “search services.”

Due to all this the protection of the privacy of Internet users
has been a constant source of concern to the Data Protection
Agency such that it had as early as 1997, elaborated and pub-
lished some Recommendations for Internet Users, whose more
important points can be summarised as follows:
• When providing personal data to any organisation (access

providers, content providers, e-commerce vendors, etc.) be
conscious of whom you are providing it to and for what
purpose.

• Try to ascertain the policy of your providers as well as list
and directory administrators as they pertain to a sale,
exchange or rent of the data with which you supply them.

• Request that your personal data not be attached to your
Internet login.

• Distrust any request for information if the data being re-
quested is excessive for the purpose it is being collected or
unnecessary for the service being rendered.

• Keep in mind that upon entering your e-mail address in a
directory, distribution list or newsgroup, said address can be
collected by third parties to be utilised with a different pur-
pose, for example, to send you unsolicited marketing e-mail. 

• While navigating the Internet, be conscious that the Web
servers that you visit may record the pages you access as
well as the frequency and the topics or subjects that you
search, although you may not be informed of it. Similarly,
your belonging to specific newsgroups and distribution lists
may contribute to the development of more or less detailed
profiles about you.

• In case you do not wish to leave a trace of your Internet
activities, you can use programs that preserve anonymity,
such as the use of electronic money or servers that provide
this service.

• Whenever possible, use the latest versions of Internet brows-
ing programs, since they incorporate more and more
security measures. Consider the possibility of activating in
said programs the options that alert you upon the undesired
exchange of data and do provide any data which you do not
wish to make public (for example, e-mail address, name, last
names, etc.)

• Do not conduct commercial electronic transactions through
servers which have been deemed “insecure” or unreliable.
Consult the browser manual to ascertain how a connection
with a secure server has been established.

• Remember that there are electronic money systems that
preserve the anonymity of your Internet purchases.

• Use the security mechanisms available to you to protect your
data from undesirable access. The most reliable means of
obtaining security is through encryption.

• Unless reliable mechanisms are being used, such as authen-
tication and certification (digital signatures, public key
encryption, etc.) do not blindly trust that the person or
organisation to which you send a message is the one it
claims to be and that the content of the message has not been
altered, although this is true in the vast majority of cases.

• Every time personal data is requested that you are not legally
bound to supply, weigh the benefits you are going to receive
from the organisation collecting it versus the possible risks
of irregular use of the data.

• If in any doubt about the legality of the use of personal data,
contact the Data Protection Agency.

These recommendations, which were pioneering in their
time and were recognised as such by the European Commis-
sion, have been complemented in recent years by a series of
documents issued by the Group for the Protection of Individu-
als with respect to the processing of personal data (Working
Group Article 29).

The Working Group Article 29, with the declaration of “The
processing of data on the Internet” intends to establish clearly
that Directive 95/46/EC, as it pertains to the protection of per-
sonal data, and Directive 97/66/EC, as it pertains to the Tele-
communications sector, apply without a doubt to the Internet.
Nevertheless, with the objective of studying these topics, an ad
hoc subgroup has been created: the Operative Internet Group.

Thanks to the work of this subgroup, some important docu-
ments have already been approved:
• Recommendation 2/97: Supports the Budapest-Berlin Man-

ifest, of the International Working Group, regarding the pro-
tection of data in the Telecommunications sector.
© Novática and Informatik/Informatique UPGRADE Vol. I, No.2, Dec. 2000 7
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• Recommendation 3/97: Anonymity on the Internet.
• Opinion 1/98: Report regarding project P3P of the Consorti-

um of the W3C.
• Working document: “The processing of data on the Inter-

net.”
• Recommendation 1/99: Invisible processing on the Internet

carried out by means of software and hardware.
• Recommendation 2/99: The respect of privacy in the inter-

ception of telecommunications.
• Recommendation 3/99: Storage of traffic data by Internet

Service Providers to fulfil legislation.
These documents especially stress that maintaining the pos-

sibility of anonymity is fundamental so that the privacy of the
individuals may be subjected to the same protection online as
offline, although it is also recognised that anonymity is not
always possible. The circumstances in which anonymity is pos-
sible, fundamental rights or privacy and freedom of expression
must be weighted against the important objective of maintain-
ing public order including the prevention of crime. The legal re-
striction that may be imposed by the Government with regards
to the right of maintaining anonymity or of the technical means
by which to produce the same (for example, availability of
encryption products), must always be provided and be limited
strictly to what is necessary to protect a specific general interest
in a democratic society. The balance reached in relation to
earlier technologies must be preserved much as possible when
it pertains to the services offered through the Internet.

Additionally, the software and hardware industries are
encouraged to work on products that protect privacy and that
contain the necessary tools to comply with the European rules
on data protection. Personal data can be legitimately processed
when the affected party is informed and is consequently aware
of the processing. Because of this, the Working Group is partic-
ularly concerned about all those processing operations that are
currently carried out by software and hardware on the Internet
without the knowledge of the affected party and as such are not
perceived by the affected party.

On the other hand, one must explicitly inform the Internet
user what data is being collected, whether explicitly or implic-
itly, thus giving him the opportunity to object to its processing.

Provision has been made for the Operative Group to continue
work for the remainder of the year 2000 and, as a result, it will
be able to provide a general document that will tackle all the
aspects which are relevant to the processing of personal data on
the Internet. The document, which will be submitted to the
plenary Group of Article 29, is expected to serve as a reference
on the opinion of controlling authorities and to be distributed to
different members of the European Union. Additionally, it will
constitute a very useful tool in the national arena as a guideline
to harmonise the approaches to the different problems that may
arise.

Similarly, in 1999, the Council of Europe approved Recom-
mendation (99) 5 regarding the protection of privacy on the
Internet, in which this problem is approached from the double
perspective of the user and of Internet service providers.

A very important aspect of guaranteeing the privacy of the
citizen on the Internet is security. Recently, we have all been
informed by the mass media of a series of situations that have
threatened the confidentiality, the integrity and the availability
of a good number of computer systems connected to the Inter-
net. These incidents have re-ignited the interest in one of the
elements which must be further developed if we want citizens
to trust the Internet as a secure means of joining the information
society without the risk of compromising their privacy, their
finances or both.

It is particularly opportune to mention the Basic Law
15/1999, with regards to the protection of personal data: the
adoption of measurement and organisational techniques that
guarantee the security of personal data and avoid their altera-
tion, loss, or unauthorised processing or access. I am referring
to Royal Decree 994/1999, which approves the Regulation of
security measures on automated databases that contain person-
al data. The Regulation determines the means by which differ-
ent techniques that guarantee the confidentiality and integrity
of the information with the purpose of preserving the honour,
the family and personal privacy and the full exercise of the per-
sonal rights regarding their alteration, loss, unauthorised
processing or access.

The security measures that are established are the basic secu-
rity requirements that all databases containing personal data
must fulfil, they do not prejudice the establishment of special
measures for those databases that require a greater degree of
protection due to the nature of the information they hold. For
these, the Regulation has established three levels of security
(basic, medium and high) corresponding to the nature of the
information and the relative consequences for privacy of citi-
zens should a violation of the necessary confidentiality and
integrity of the database information occur.

The fundamental objectives of the Regulation are, therefore:
• To create a general framework to help to develop and carry

out organisational and measurement techniques that
increase the guarantees of the processing of personal data.

• to make all the relevant parties aware of the requirements for
processing personal data and the possible risks related to its
use as well as the need to put security measures to place.

• To complement the security measures with management-
related administrative and organisational measures.

• To facilitate the classification of databases and processing of
data in relation to the risks that they present and the nature
of the data to be protected.

• To ensure an appropriate level of security. That implies a
balance between the risks, existing technical solutions and
the cost of implementation of solutions.

• To ensure a periodic evaluation of the security measures put
into effect.

As I have already indicated, all of the legislation is in effect
with regards to the computer systems connected to the Internet.
As such, personal data should receive adequate protection by
means of the effective implementation of the provisions of the
Regulation of Security.

(English by Mike Andersson and Adam David Moss)
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Privacy in the Net

             
Network Privacy: State of the Art

Félix Herrera Priano

Security, like many other network aspects, has a physical component (security of the hardware) and a logical
component (organisation and enterprise security policies). Only a correct combination of both allows an
approximation to an effective network security model. We also cover other aspects such as centralised and
distributed security models at all security levels by means of firewall systems.

Keywords: security for hosts, firewall systems, security poli-
cies, private virtual networks, intruder detection systems, hack-
ers.

Introduction
The widespread adoption of computer networks and the

World-Wide Web to interconnect information resources of all
types has not only considerably increased the scope and variety
of the risks to information stored on such systems, it has also
exposed the weaknesses in many of the security measures cur-
rently taken to limit the impact of such risks.

The social and technological revolution entailed the develop-
ment of Internet technologies, which was initially born out of a
number of networks for the exchange of information among
researchers collaborating on joint projects, or sharing results.
While in this early work, there was not much concern about
data privacy or security matters, even so, it was thought not to
be recommended to transfer sensitive or classified documents
over the Internet. Given the origins of the Internet in the U.S.
Department of Defence’s need, in 1968, to interconnect univer-
sities and research centres that collaborated in some way or
other with the U.S. Armed Forces, such security considerations
were clearly apparent.

With links to the business world, all kinds of information
now travels on the network, including complex transactions
requiring some security measures to guarantee a given level of
confidentiality.

This raises a number of questions: How can inappropriate
access to applications and stored information be prevented?
How can we reliably assess that the sender and the addressee of
a communication really are who they claim to be? Or, how can
we guarantee an audit trail to prevent a sender denying having
sent a message or an addressee denying its receipt?

We have seen in increase in both the variety and volume of
users on the Internet with various applications such as educa-
tion, research, business intelligence and business-to-business
linking. In the midst of all this, there has also been an increase
in abuse, violating the privacy and ownership of resources and
systems. Hackers, lammers, crackers, viruses have become
enemies faced by network and system administrators.

The very complexity of current networks hampers the detec-
tion and resolution of the many security problems that occur.

Security is such a fundamental requirement for the design of
networks that it must be adequately specified. We must decide
between distribution and concentration and take advantage of
the technologies and advanced devices that allow greater
degree of effectiveness in matters of information security.

Host and Network Security
The security or, more pertinently, the lack of security on

the Internet, is undoubtedly a major problem and has given rise
to financial loss in recent years in government, public adminis-
tration and business. Even to establish the fundamental para-
meters that govern world network security is complicated. We
can break down information security in two main categories:
Host security, and network security.

The best way to implement a security project is to develop
strategies in combination in both these areas, even though it
may often be more complicated, especially in large organiza-
tions.

Host security includes the combination of techniques and
tools that provide protection for an individual computer: cor-
rect operating system configuration, backup procedures, file
encryption, antivirus programs, audit programs etc. As well as
the cryptographic techniques and tools it is important to stress
that a key component in system protection lies in the systematic
and continuous application of precautionary measures by net-
work administrators.

Network security, the second category, comes into play in
interconnected systems, involving aspects such as network
authentication, system firewalls, Intrusion Detection Systems
(IDS), monitor programs etc.

Additionally, within network system security we can identify
two main trends:

1
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Privacy in the Net
• Protection of transfer systems: In this case, the service
administrator assumes responsibility for guaranteeing the
transfer is secure in a way transparent to the user. Examples
of this type of network would be the establishment of a
secure level of transfer, or the installation of firewalls, that
defend access to a protected area of a network.

• Secure point-to-point applications: This is the case of a
digitally signed document, or, for example, an e-mail the
content of which has previously been protected by means of
some procedure. Although the final responsibility for the
security of a message lies with the user, it is reasonable to
expect that a tool provided for such security in his or her
organization should be employed.

Security Plans and Policies
The term security policy encompasses among other

things the procedures to be followed and the relationships
between users and systems to ensure these are used correctly.
Security policy is company specific and must be adapted to
each company’s particular needs. An even more all-encompass-
ing concept would be that of the plan where all necessary points
are taken into consideration in a particular organization’s im-
plementation. In normal circumstances, security policy should
be an embedded component of the organisation’s normal stand-
ard and procedures.

Developing security policy can become complicated if it also
helps determine what we need to protect, how much investment
is needed to protect the network’s security and who will be
responsible for maintaining the protection. Prior to the design
of the security policy, The first step is the development of an
effective security plan based on an understanding of the threat
that connectivity represents for the system. We must identify
and quantify these dangers as a function of the number of peo-
ple that may be affected, as well as of the information that is
jeopardized. It may seem obvious that those systems with clas-
sified or sensitive information should not be connected directly
to the Internet. For example, personal information, medical
histories, critical references etc. need to be protected, denying
unauthorized access.

Denying access to services can cause many problems, espe-
cially if many users are affected or if the main function of an
organization depends exclusively on those services.

Let us not forget that it is people and not computers who are
responsible for the implementation of security procedures. And
it is also people who violate a system’s security. As such, a
network’s security is useless if responsibilities are not clearly
delineated.

A security policy for networks should define the roles at each
level of the network:
• The responsibility of the network user: One policy might

require that the users change their passwords frequently, or
that they fulfil a series of requirements. They may also be
asked to check their accounts to see if anyone has accessed
them, so that possible intrusions may be detected.

• The responsibility of the system administrator: The policies
might require that specific security measures be identified,

intrusion messages, procedure that are executed every so
often to control the actions of each user on each server, etc. 

• The correct use of network resources: Rules governing who
should use network resources, what they can and cannot do
should be implemented. For example, if it is considered that
e-mail, file folders and computer logs are subject to control,
the network policy should be immediately communicated to
the users.

• Actions to be taken upon detection of a security problem:
Questions such as: What should be done? Who should be
notified? It is very easy to take these things for granted in
complex situations. One must specify the exact steps that a
system administrator must take when a breach in security is
detected.

Effective Security: System Firewalls
A great number of Internet security problems could be

resolved, or at least reduced, by means of the use of existing
well-known techniques and controls such as system firewalls.
A firewall significantly improves an organization’s level of
security, while allowing vital access to Internet services. The
concept of firewalls, which emerged as commercial products in
1995, has created a revolution in the information technology
industry as a means of centralising network security (Figure 1).

Aside from the more secure and logical method of not con-
necting, a firewall is undoubtedly the “most effective model
that currently exists for the implementation of network securi-
ty”. However, it is wise to remember that most attacks originate
from within an organization, where this type of system does not
work.

A firewall is a focal point for attempts to ensure security; it
helps build a security policy that defines which services and
information can be accessed and which implements that policy
from the point of view of the network configuration and of oth-
er protective measures such as authentication. The main pur-
pose is to control the access into or out of a protected network.
As such, an access policy is established in the network forcing
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Privacy in the Net
all connections to be made through the system firewall, where
each attempt at access can be examined and evaluated.

While a system firewall is normally placed at the outermost
level of accessibility, such as the connection to the Internet,
they can also be located inside an organisation’s system to pro-
vide protection to smaller groups of hosts or sub networks.

Firewalls are not always required: The majority of worksta-
tions and computers may contain information or applications
that do not need the level of protection provided by firewalls.
Quite often, only a limited number of an organisation’s systems
contain information and processes, critical to the organisation’s
functioning.

A way to limit the impact of a firewall on the operations of a
network is to use an internal one that isolates the critical sys-
tems, allowing the remainder of the network to operate normal-
ly without filtering conditions (Figure 2).

Privacy becomes of great importance in maintaining secure
organizations, since the information that can be accessed may
contain useful hints to the attacker. If all the access to and from
the Internet goes through this type of system, access can be reg-
istered and valuable information may be provided. It is impor-
tant to collect statistics regarding the use of the network and to
record the activities for a number of reasons. The most impor-
tant is to find out if such devices resist attempted intrusions and
attacks, and to determine if the controls are adequate. The sta-
tistics regarding network use are also important as information
for identifying network requirements and for risk analysis.

A firewall also supplies the means by which to implement
and to impose a network access policy. In effect, a firewall
provides access control for both users and services so that a
network access policy can be put into effect. Without a firewall,
such policy would depend entirely of the cooperation of the
network users. While an organization may be able to rely on
cooperation from its own users, it cannot, nor should not, be
dependent on the users of other networks.

Distribution of Control
Another focus of network security is the distribution of

responsibilities for small segments of a large network within
the organization. Distribution of responsibilities and control
can create a web of small networks made up of reliable servers.
In this case, the majority of security activities take place on
individual systems. The developers of these systems should be
familiar with security responsibilities and their contribution to
the security of the network should be recognized and appreci-
ated.

The subnetworks are a powerful tool in the distribution of
control. When a subnetwork is created, an administrator needs
to be appointed to bear the responsibility for the security of that
portion of the network with authority to, for example, allocate
IP addresses to the devices connected to it. In any case, under
this model of security distribution, it is not necessary to aban-
don a centralized security system. In fact, the establishment of
security points in a distributed manner and the maintenance of
a single security administrator is currently common practice in
many businesses. VPNs, or virtual private networks, are based
on this design. In these cases, an interconnection support, such
as the Internet, can be used to offer high levels of security to
different elements of an organization that may be distributed
around the world (VPNs work using communications encryp-
tion procedures) (Figure 3).

What Does the Future Hold for Us?
In looking at the real state of the art of network security

and privacy, we should consider the following: As we already
know, security is inversely proportional to the extent of the
services offered. Current operating systems include and may
require from the user many functions that are normally sup-
plied through the deployment of millions of lines of code. This
last, can make us think that systems nowadays can be more vul-
nerable than that concept of information technology through
monolithic systems that offer the user little configuration flexi-
bility.

The best security information is found on the Internet. More
and more, security will become a key element of a network. In
software applications, errors do not specify themselves, they
simply appear. This is the key. As much as we try to develop
stable applications, there are too many factors that come into
play: we might have to deal with badly designed hardware, an
error prone or wrongly configured operating system or even the
programming language in which we are developing our code
could possibly include security problems. Aside from that, the
communication protocols might suffer from the same types of
errors. Time has shown us that security problems are and will
be present, they are inherent in the very design and, as such, we
should continue to adapt ourselves and configure our systems
to attempt to develop an effective security model.

Attack techniques change all the time, operating systems are
continuously being developed and applications are more and
more flexible. In fact, it is becoming increasingly common not
only to alter the attack techniques but also to use them in con-
junction with each other in order to make detection by IDS, or
Intrusion Detection Systems more difficult. It is also true that
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Privacy in the Net
we have become accustomed to paying the price for the lack of
good quality program code by increasing machine resources by
adding memory, disk or a more powerful CPU.

There are opposing views on whether it is better to base se-
curity systems on widely used operating systems like Windows
or Unix or to use more specialised propriety systems. For Unix
and Windows, we have some advantages and disadvantages:
the fact that we have security platforms based on systems with
these characteristics can make them tempting to the attacker
but, at the same time, the fact that many groups are involved in
discovering and solving the security problems that arise means
that ‘quick fixes’ are usually available. On the other hand, a
specialised proprietary system may be less attractive for the
hacker because a limited distribution limits the scope of a suc-
cessful attack. In any case, this type of system can offer the
same or greater security problems than the more popular ones.

Another critical security area is the digital signature and the
potential revolution this could create. In effect, new systems
based on signatures will allow confidential, private and authen-
ticated transactions to be carried out between separate network
systems. But in order to gain the most benefit from secure elec-
tronic transactions, we must first analyse the internal organiza-
tional procedures to be able to undertake worthwhile projects
based on these types of technologies. It should not be used, as
many institutions erroneously believe, as the solution to an
organization’s functional problems. When an organization uses
work flow procedures with incorrect information, the use of a
solution based on digital signatures does not contribute at all to
the speed with which the information can be processed.

Currently, security is experienced as an additional layer that
we include on our systems and services. More and more, secu-
rity is a procedure included in the communication protocols
and indeed implemented in specific hardware.

It creates a technological conflict, pitting the speed of com-
munications networks against the need to filter information: are
available that provide a large bandwidth for data interconnec-
tion. What happens is that, due to security problems, it is some-
times necessary to filter or analyse the information transmitted
to and from companies. On the one hand, we have been able to
get high rates of data transmission without problems, but on the
other hand, control elements of increased sophistication and
speed for the analysis of information have to be incorporated.
For this reason, recent years have seen the profile of the basic
network security device, the system firewall, involving more
hardware components rather than software, specifically seek-
ing greater speed. Additionally, although they already exist on
the market at high prices, the future of interconnection is likely
to be through communication devices that directly implement

the firewall device, utilizing application-specific integrated
circuit components for each user connected. In a manner of
speaking, we are going to have personalized security from
every device that provides us with network service, such as an
ATM switch or a communication concentrator.

In any case and, looking at it from hacker’s point of view,
breaking through system security defences continues to be only
question of time: The time necessary to find an error or to have
sufficient CPU power that would allow us to discover or to
break a specific password. As always, on the security system
side, the solution will be to try to increase the time required as
long as possible and to increase the CPU power as much as pos-
sible. Neither do I believe that we should be excessively pessi-
mistic when it comes to the topic of network privacy: Security
is a continuous process and a phenomenon that we should learn
to live with in order to try to improve our performance, day by
day.

(English by Michael Hird and Richard Butchart)
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Privacy in the Net
Cookies, Profiles, IP Addresses:
Pending Issues in Data Protection Legislation

Rosa Julià Barceló

This article discusses the hottest current privacy issues in the European Union. In particular, the author
examines the extent to which European privacy rules apply to US-based companies that gather private data
of Europeans through their web sites, taking into account if they use cookies. The article also looks into the
issue of the definition of personal data and addresses the question of whether, under EU law, IP addresses
are considered personal data and it describes the forthcoming spamming legal regime.

Keywords: European law, personal data, user profiles, cookies,
spamming

Data protection issues in European Legislation
Despite being one of the most complete and exhaustive

regulations that exist today concerning the protection of data,
the European data protection legislation does not provide
answers to some of the new issues that have arisen as a result
of the use of the Internet and associated technologies. The same
can also be said of the Spanish laws that implements this legis-
lation.

In fact, the two European Directives concerning data protec-
tion that were approved at the time the Internet began to be used
– the Directive on the protection of the individuals with regard
to the processing of personal data and on the free movement of
such Data1, and the Directive concerning the processing of per-
sonal data and the protection of privacy in the telecommunica-
tions sector2 – are not very useful to the lawyer, legal profes-
sional or academic when they are faced with questions such as: 

Should the use of cookies be considered to involve the
processing of personal data?
Should a cyber navigator’s list of visited URLs3 be classified
as personal data?
What requirements should be fulfilled in order to send
advertising to WAP telephones?

Should the European Directive regarding the protection of
data apply to the processing of personal data conducted
abroad with respect to European citizens?

If the data protection laws are short on answers, neither does
the competent authority always prove to be a great help. Very
often, consulting the officials of the European Commission, the
national Data Protection Agencies, or members of Group 294

result in either contradictory answers or simply silence. This
does not encourage companies with Internet projects to invest
in e-commerce, which ultimately damages the development of
electronic commerce in Europe.

To deal with some of these problems, the European Commis-
sion published a draft proposal on 27 April 2000 relating to the
Data Protection Directive, which, among other things, adapts
the Directive concerning the processing of personal data and
the protection of privacy in the electronic communications sec-
tor5 to the environment of the Internet. At the same time, one
must also recognise that the opinions of Group 29 could be of
great help, where it not for the fact that their opinions do not
always coincide with those of the national Data Protection
Agencies. It appears that Group 29 is working on an opinion
paper that will provide answers to the questions raised above.

1. Directive 95/46/CE of 24 October 1995 on the protection of indi-
viduals with regard to the processing of personal data and the free
movement of such data, DOCE No. L 281/31, 23.11.95. This
Directive has been transposed into Spanish law through Basic
Law 15/1999 of 13 December, regarding the protection of per-
sonal data, BOE No. 298, 14.2.99.

2. Directive 97/66/CE of 15 December 1997, concerning the pro-
cessing of personal data and the protection of privacy in the tele-
communication sector, DOCE No. L/24/1, 30.1.98. This Directive
has been transposed into Spanish law through Royal Decree 1736/
1998 of 5 May that approves the regulation of the Development of
Title III of the general Law of telecommunications, BOE No. 213,
5.9.98

3. URLs are the server addresses where Web sites can be found.

1

4. Group 29: A working party created by Directive 95/46/EC of the
European Parliament and the Council of 24 October 1995, which
is responsible, among other things, for issuing opinions on the
meaning of the Directive.

5. A draft of this Directive can be found at: 
www.ispo.cec.be/infosoc/telecompolicy/review99/wdprot.pdf
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However, at the time of writing, this paper was still confiden-
tial, and it will be welcomed when it does appear.

Scope of application of the “General” Data Protection 
Directive6

These days, it is very common for Europeans to access the
Web pages of “.com” businesses situated in a country outside
the European Union, especially the United States, in order to
make purchases, participate in bulletin boards, download infor-
mation, etc7. It is usually the case that, in order to carry out
these operations, certain personal data must be entered such as,
for example, name, address, e-mail address, credit card
number, and sometimes even musical preferences, hobbies, etc.
One issue that is raised with regard to the processing of this
data is whether the rules of the Directive concerning the protec-
tion of personal data apply. The issue must also be raised as to
what should happen if the opposite situation occurs: that is for
example, when a Spanish business established in Spain proc-
esses the personal data of citizens of Argentina.

2. 1 Application of the Directive to businesses outside of the 
European Union

One of the most serious problems of the Directive, as well as
its transposition into Spanish law, is the ambiguity with which
Article 4 is drafted. 

In fact, the scope of application of the Directive is laid down
by Article 4 and in particular, Article 4.2 states that the Direc-
tive applies in the case where the party responsible for the data
processing is not established in a territory of the European
Union but uses equipment for the processing of personal data,
automated or not, situated in the territory of a Member State,
except in the case where the equipment is used only for the pur-
pose of transit through the territory of the European Union.
Decree 20 of the Directive complements Article 4 in having a
similar criterion: “Whereas the fact that the processing of data
is carried out by a person established in a third country must
not stand in the way of the protection of individuals provided
for in this Directive; whereas in these cases the processing
should be governed by the law of the Member State in which the
means used are located and there should be guarantees to
ensure that the rights and obligations provided for in this
Directive are respected in practice”. According to Article 4.2
of the Directive, the first obligations that derive from the appli-
cation of the Directive, by applying the criterion laid down
above, are to appoint a representative established in the territo-
ry of the State in which the technical means are used and, in the
majority of the Member States, to register with the national
Data Protection Agency as a data processor.

If we reconsider the case presented, of a business established
in a country outside the European Union that collects the

personal data of European citizens, for example when they
subscribe to an e-mail list, and we try to apply the above rule,
several issues arise. First, should the simple “collection of
data” through a Web site be considered as “data processing”?
Second, can it be considered that the business uses “technical
means” located in a Member State of the European Union
simply because this company has a Web site that is available to
citizens of such Member State?

In answer to the first question, it seems the processing of
personal data exists since, as per the Directive, the processing
of personal data includes “the collection, recording, organisa-
tion, storage, adaptation or alteration, retrieval, consultation,
use, disclosure by transmission, dissemination or otherwise
making available, alignment or combination, blocking, erasure
or destruction…”. Therefore, there is no doubt that the simple
collection of data, regardless of the destination or subsequent
purpose, should be considered a “processing of personal data.”
And this leads us to the second question: can it be considered
that “technical means located in a Member State” are used
when data are collected through Web sites? 

As the following examples illustrate, by applying technical
criteria, it would be possible to maintain that a US Web site that
collects data from European users is indeed using technical
means in the European Union. Indeed, if an Internet user
accesses a Web site and provides personal information to that
site, “technical means” for said processing are normally used in
the country where the Internet user is located, which would
determine the application of the Directive. These “means”
could be cache copies or mirror copies, this is, copies of the
original content that are copied in the memory cache of servers
that are closer to the end user8. In other words, a Web site ini-
tially hosted in the United States would probably be copied on
numerous European servers, thus supporting the view that
“technical means” are used in EU Member States. What’s
more, this is reinforced if the content provider of the Web site
utilises cookies to collect the personal data. This is because it
can be argued that the cookies, kept in the memory of the end
user’s computer, and therefore in a European country, can be
considered as “technical means of collecting data”9. As such, it
is still important to keep in mind that one could argue that the
technical equipment is used only for purposes of transit
through the territory of the EU, especially as regards the copies
stored in European servers.

Until now, and due to lack of jurisprudence on this issue,
these questions remain unanswered or have contradictory
answers, depending on the authority consulted. Nevertheless,
in recent months, it seems that opinions on the processing of
the data of European citizens by businesses located outside of
the European Union through Web sites have become stronger
among those responsible in the European Commission and
Group 29. Unfortunately, none of these opinions can yet be

6. The “general” Directive on the protection of data is Directive 95/
46/CE of 24 October 1995, in contrast to the Directive concerning
the protection of data in the telecommunications sector, which is
directive 97/66/CE of 15 December 1997.

7. Often, these e-businesses have been adapted for citizens of Euro-
pean countries, in that the contents are translated, for example,
into Spanish and the prices are published in pesetas.

2

8. In this way the end user does not have to access the originating
site, located further away, which implies greater access time and
greater information download time.

9. See Section 3 for a more detailed explanation of how cookies
function.
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found in an official document. It is hoped that Group 29’s forth-
coming opinion will provide a comprehensible and balanced
solution to this problem.

2. 2 Application of the Directive to the processing of data in 
third party countries performed by businesses located in 
Europe

According to article 4.1 (a), the Directive will apply to the
processing of personal data where the processing is carried out
in the context of the activities of an establishment of the
controller in the territory of the Member State. Therefore, for
example, if a business located in Spain collects personal data
on its Web site, this processing would be covered by the law,
regardless of whether the data belongs to European citizens or
citizens of other countries. If the processing were carried out by
a branch office of this Spanish business located in Argentina,
and the data processor responsible for such processing was
established in Argentina, then the Directive would not be appli-
cable to this processing, unless the data was transmitted to
Spain in some manner.

IP addresses, cookies and profiles
Personal data is defined by Section 2 (a) of the Directive

as “any and all information regarding an identified or identifi-
able individual”. The Directive adds that every person whose
identity can be determined, directly or indirectly, shall be con-
sidered identifiable; for example, the name of a person identi-
fies him/her directly. Information that identifies an individual
indirectly is any and all information that can reasonably be
associated to a specific person, such as an identification
number, specific physiological or physical identity, psycholog-
ical, economic, cultural or social elements or characteristics10.

When the attempt is made to apply this definition to the
world of the Internet, numerous doubts arise about certain data
that are regularly collected by Web sites as to whether the data
should be classified as personal data or not. This is critical be-
cause, if they are effectively personal data, the explicit consent
of the interested party or owner of the data is needed before this
data may be collected and processed11.

The case of IP addresses12

Each computer that is connected to the Internet is identified
by a unique number. This address serves to locate the comput-
ers that are connected to the Internet. For example, in order for
a Web site to be able to send the information that the user wants
to download, it needs to have the user’s IP address, which tells
the Web site operator where the machine is located (for exam-
ple, the country where the machine is connected and the Inter-
net service provider that connects it to the Internet). This type

of IP address is called static, versus dynamic, which is granted
by the access provider to the user for specific sessions. The stat-
ic addresses only disclose the identity of the access provider,
but do not disclose any information with regard to the computer
of the web surfer.

Can these addresses directly or indirectly be used to identify a 
person?

Clearly, neither of the two address types identifies a person
in a direct manner, even less so a dynamic IP address. There-
fore, “in and of themselves” said addresses do not reflect the
identity of the user to which they refer. Nevertheless, it is
uncertain whether or not they can indirectly identify a Web
surfer. It seems that it depends on the use that a person makes
of the Web site that collects them. For example, if in some way
these addresses are put together or combined with other infor-
mation obtained in another way (for example the user voluntar-
ily fills in information with his/her e-mail address), there is no
doubt that he/she could potentially be identified13.

Neither of these issues has been an object of jurisprudence,
nor is there a decision from Group 29 regarding the matter.
However, keeping in mind that it is technically possible for an
e-commerce business owner who collects IP addresses to iden-
tify indirectly the person associated with an IP address, espe-
cially static IP addresses, it seems reasonable for these to be
considered personal data. Consequently, and following the
terms of the Directive, someone who collects IP addresses must
inform the concerned subjects about this and gather their con-
sent before doing so.

Cookies
The same issue is raised regarding the use of cookies. When

an Internet user accesses a site on the Web, it is very common
for a cookie (that is, a document that includes an identification
number) to be sent from this site to the user’s hard disk. When
the user reconnects to the same site, the site reads the number
found in the cookie and checks that the user is already identi-
fied and is the same as previously. Probably, in both cases, the
visited Web site’s program will have recorded each one of the
surfer’s movements; that is to say, the information that interests
the navigator, the most frequently accessed hyperlinks, how
much time is spent on each page, and generally his/her prefer-
ences. In this manner, whoever sent the cookie can create a pro-
file of the site users, which would allow the user to be offered
those items most closely corresponding to his/her preferences
on successive visits to the same Web site as identified by the
cookie. Thus, for example, upon accessing a Web site dedicated
to music sales where user X always chooses classical music,
classical music offers will be made to that user. Similarly, a
cookie could also tally that user’s exposure to a specific
announcement, so as to avoid offering the same user the same
advertisement on subsequent visits to the page. Finally, besides
recognizing the identification number, the cookie can provide
additional information regarding the user to the cookie’s origi-
nator, such as the browser that was used to access a particular

10. The Spanish Law provides the same definition in Section 3 (a). 
11. Article 7 of Directive 95/46/CE of 24 October 1995, with regard

to the protection of individuals in relation to the processing of
personal data and on the free circulation of this data, and Article 6
of Basic Law 15/1999 of 13 December regarding the protection of
data of a personal nature.

12. Internet access protocol. 
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13. Louveaux, S. ECLIP Report on Data Protection (unpublished).
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Web site, the language of the program, the user’s operating sys-
tem, e-mail address, etc.14 

As regards cookies, we reach the same conclusion as with IP
addresses: although cookies only identify a computer, they can
indirectly identify the person using the computer, especially if
linked to supplementary information, and as such should be
considered personal data. For that reason, an e-commerce busi-
ness that sends cookies should inform its users and gather their
consent. Otherwise, the processing of the data that is carried
out may be considered illegal.

Although Group 29 has yet to develop an opinion, it seems
that both Group 29 and the national Data Protection Agencies
are inclined towards this interpretation.

Spamming
On one hand, many of the new businesses on the Internet

see spamming, or the distribution of unsolicited commercial
communication, as an important source of publicity and conse-
quently, of earnings. On the other hand, consumer and user
associations fight to set up limits on these practices, which they
consider an intrusion into an individual’s sphere of privacy. The
current regulation on spamming in Spain is the result of the
transposition of several European Directives.

In Spain, the distribution of commercial communications is
regulated by Royal Decree 1736/1998, of 5 May. As per Article
68, unsolicited direct sales telephone calls that are carried out
by means of an automatic system (and it is understood that this
includes those carried out on devices without human interven-
tion such as faxes) can only be carried out if the user previously
consented to receiving them (opt in). As per the same Article,
the commercial communication carried out using devices not
including those previously mentioned ca be carried out unless
the user has manifested his/her desire not to receive then (opt
out)15. Finally, with regard to this last item, one must keep in
mind that the recently approved Directive on electronic com-
merce establishes the obligation for those who carry out unso-
licited commercial communication to consult voluntary exclu-
sions lists; that is, lists of users who have expressed their desire
not to receive commercial communications.

As may be observed, this regulation is not technologically
neutral, which causes the legal prosecution to differ according

to the technology that was used, without having to understand
the motive. Thus, unsolicited commercial communications via
fax or automatic telephone calls can only be carried out if
express consent has been obtained from the user, while
commercial communications carried out by other means, such
as e-mail (known as spamming) can be carried out unless the
user has manifested his/her expressed opposition.

Additionally, technological advances generate doubts re-
garding legality. For example, it is uncertain if the electronic
distribution of messages to WAP telephones, considered a great
opportunity for marketing companies, should be governed by
one law or the other. While some countries have adopted defi-
nitions of automatic telephone calls without human interven-
tion that would cover the inclusion of such advertising messag-
es to WAP telephones, in other countries, such as in Spain, the
doubt still remains16.

To put an end to this uncertainty, the European Commission
has proposed an amendment to Directive 97/66/CE of 15
December 1997, concerning the processing of personal data
and the protection of privacy in the communications sector. The
intention of this draft directive, which is still in the discussion
phase, is to submit the distribution of advertising, by whatever
means used, to the principle of prior consent from the consum-
er, referred to as “opt in consent”. In other words, the distribu-
tion of advertising, whether by means of an e-mail sent to a
computer, or messages sent to a WAP telephone, will require of
the prior consent of the addressee. Nevertheless, this solution is
far from being definitive. On the contrary, the pressure groups
that represent the different interests concerned are busily cam-
paining to have their points of view noted. On the one hand,
direct marketing businesses state that the development of the
Internet in Europe requires that no obstacles be placed in the
way of the use of marketing tools, such as e-mail, which favour
electronic commerce. On the other hand, data protection agen-
cies, Group 29 and those worried about personal privacy wish
to set limits on what are perceived as attacks on personal priva-
cy. Without a doubt, the European Commission, which has
declared its desire to maximise promotion of electronic com-
merce in Europe, is facing a difficult situation17.

(English by Hilary Green and Rodney Fennemore)

14. Gauthronet, S.; Nathan, F., On-line services and data protection
and the protection of privacy, Study for the Commission of the
European Community, available at
http://europa.eu.int/comm/internal_market/en/media/dataprot/links.htm

15. This article implements into Spanish law Article 12 of Directive
97/66/CE of 15 December 1997 regarding the processing of per-
sonal data and the protection of privacy in the telecommunica-
tions sector.
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16. For example, in France through Délibération 85-79, the French
Data Protection Agency (Commission Nationale de l’Informati-
que et des Libertés) considers telephone calls and the distribution
of messages to WAP telephones as automatic systems.

17. A description of “eEurope”, the European initiative for the infor-
mation society, may be found at
http://www.mcyt.es/infoindustrias/noticias/eEurope.htm.
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Privacy in the Net
Some Issues Regarding Encryption Used on the Internet

Pino Caballero Gil

This report contains brief comments on some issues regarding encryption such as the requirement for it,
existing risks in the protection of electronic information, and some of the more basic concepts. Special atten-
tion is paid to encryption protocols and to legislation in terms of security. Lastly, a conclusion offers a gen-
eral view of the present and future regarding the problem of security on networks.

Keywords: cryptography, security, encryption, protocols

Need
Imagine that you are using the Internet to submit your in-

come tax return, have an extramarital affair or criticize your
boss. In any of those cases, you would not want your private e-
mail and your confidential documents to be read by a third par-
ty, and there is nothing wrong with that. The democratic right
to privacy is protected by the Universal Declaration of Human
Rights and by the Spanish Constitution. Fortunately, encryp-
tion provides the technical tools necessary to uphold this right
to privacy. Likewise, if you are carrying out a commercial op-
eration on the Internet, you will face a wide variety of security
problems. For example you, as a client, would like to be sure
that a virtual shop really exists, that your credit card number re-
mains secret after it is transmitted, and that the information re-
garding your order one does not change in transit. The mer-
chant also needs to be sure that the information you have sent
is authentic. Again, these and many other problems can be re-
solved by using encryption.

In general, many practical situations arise in which encryp-
tion can resolve problems in electronic communication in the
public sector (within public administration and with individu-
als, as is the case with the previously mentioned income tax re-
turn and legal proceedings), as in the private sector (among
merchants, or between merchants and clients). In e-commerce
developed on open networks such as the Internet, some impor-
tant risks arise that can be resolved using encryption tools. For
example, it is important to prevent the situation where the real
author of a message could be impersonated by a false author,
and also the situation where the message could be altered dur-
ing transmission or read by an unauthorized person. There is
also a significant risk that the transmitter of a message could
deny having transmitted it or that the addressee could deny hav-
ing received it. Without solutions to these problems, there
would be no guarantee regarding the author of an electronic
message, nor its content, nor even its very existence, which
would inevitably lead to the invalidity of electronic commercial
transactions. 

Concepts
In the world of cryptology, there are two types of people.

On one hand, there are the users who want to keep their com-
munications secure (encryption), and on the other hand there
are the infiltrators who try to intercept these messages (crypta-
nalysis). For the former, the objective is that the infiltrator
should understand as little as possible of his messages, whilst
the infiltrator himself wants to understand them all easily.
Cryptology is a continuous battle between these two groups.
An infiltrator’s success results in the need to improve crypto-
graphic methods, which implies a new challenge for the infil-
trator, and so on and so on. This means that cryptology is a liv-
ing science, since as soon as details of a new encryption method
are announced, the possibility of attacking it arises automati-
cally. Clearly, those who are proposing the new method are
aware of this, and it is common practice for possible ways of
breaking the code to be enumerated alongside its description,
along with reasons why these approaches would probably fail.
Of course this is no indication of the likelihood of a different
approach succeeding. 

Before the 70s, encryption was too complicated and expen-
sive for everyday use. Then two inventions opened up new ho-
rizons. Firstly, two U.S. mathematicians from Stanford Univer-
sity, Diffie and Hellman, thought up a new encryption method,
public key encryption, based on a large number of calculations.
Secondly, new, quick and affordable microcomputers gave us-
ers the ability to use this public key encryption. Now, barely
twenty years later, encryption is within everyone’s reach, and
its use has become commonplace.

But why was the introduction of public key encryption so
crucial? In traditional systems, i.e. those with private keys, the
same key is used to encode as well as to decode, which implies
the need for the transmitter and receiver to have previously
communicated the key to be used, by means of a secure chan-
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nel. Public key encryption, or asymmetric encryption, elimi-
nates this problem, as previous communication and a secure
channel are unnecessary, and additionally, the number of keys
each user has to handle decreases proportionally to the number
of people he communicates with. This type of encryption is
based on the use of a pair of associated keys: a private one used
to decode, and a public one used to encode. The public key en-
cryption method most widely used is RSA, based on the prob-
lem of factorizing the product of two large prime numbers. This
system is implemented in the majority of security protocols.

However, it has to be said that public key encryption also has
a disadvantage, which is that it involves a large number of
mathematical calculations, which is the reason for its relative
slowness compared with the speed of private key encryption. In
fact, for very large messages, or when rapid communication is
crucial, private key encryption is generally used today, al-
though technological advances have minimized the difference
in speed between the two techniques. A widely-used trick to
take advantage of the public key encryption concept without
jeopardizing the efficiency of the communication is based on
the use of a hybrid system which involves using symmetric en-
cryption to encode the message, adding the private key at the
end, coded using public key encryption. 

Public key encryption is also used for the digital signature of
messages, since it enables the identity of the sender to be veri-
fied easily. When Benito (B) sends a message to Alicia (A), he
first encodes it with his private key and then re-encodes it, this
time using A’s public key. When A receives it, she first decodes
it using her private key, and then with B’s public key. If the end
result makes sense, A can be sure that the transmitter was B,
since the only one who has the decoding key is B. When a pub-
lic key is used to digitally sign a very lengthy message, the
slowness hurdle can easily be overcome by applying a hash
function that transforms the message into a shorter one. This
function is characterized by its unidirectional nature, since the
original message cannot be derived from the end result, and
also by the fact that it is computationally impossible to find an-
other message with the same result.

In digital signatures based on public keys, the following
problem arises. When B digitally signs a message and sends it
to A, how can A be certain that the B’s public key really belongs
to B? An impostor could have infiltrated the message and pre-
tended to be B, sending A a false public key that allows the use
of a corresponding false private key to decode messages that A
unsuspectingly sends encoded with the supposed public key of
B. 

So a secure method of distributing public keys is needed. To
date, two possible alternative methods have been proposed. The
one used in the PGP system is based on the principle of “trust
the friends of my friends”, i.e. that public keys be verified by
trustworthy people. This system has the advantage of not being
centralized, but on the other hand, it makes secure communica-
tions with people with whom one does not share associates im-
possible, and additionally, in the case of a dispute, it is not clear
where the responsibility lies.

The other technical solution for the distribution of public
keys is based on the concept of a Certification Authority, whose

function is, as its name indicates, to issue digital certificates
that guarantee that each public key belongs to its legitimate
owner. This solution is the one that has proved more popular,
since it resolves the two problems mentioned above. The digital
certificates issued by this authority provide Internet users, or-
ganizations and businesses with simple methods of mutually
checking identities. For the benefit of the client, the certificates
constitute:
• A simple method of verifying the authenticity of a business

before sending confidential information.
• A guarantee that, in the worst case, users can obtain the

physical address and the legal name of the business in order
to initiate legal action against it.

For the merchant, the digital certificates provide:
• A simple method of verifying the e-mail address and the

identity of an individual.
Nevertheless, it must be emphasized that authentication by

means of digital certificates does not prove that a user is who
he claims to be; since it only shows that he possesses a specific
private key signed by the Certification Authority. Even so, to
date, digital certificates constitute the most secure method of
identifying users on the Internet.

Protocols
In the previous section, we have mentioned the two most

commonly known aspects of encryption, which are the protec-
tion of confidentiality, using codes, and the protection of au-
thenticity, using digital signatures. This section looks at a vari-
ety of cryptographic techniques developed to resolve a series of
problems that go beyond those of authentication and privacy.
They relate to algorithms based on codes and are known as
cryptographic protocols. 

Many everyday situations can be resolved in the world of tel-
ecommunications by means of an adequate cryptographic pro-
tocol. Examples of this are the launch of currencies, the finali-
zation of contracts and voting. E-commerce is a separate case,
in which diverse problems are resolvable with cryptographic
protocols. Thus in almost all of the more well known encryp-
tion symposiums, such as the U.S. Crypto, the European Euro
crypt and the Asian Asia crypt, a new problem is addressed
along with a new cryptographic protocol to resolve it. 

A familiar situation is the existence of a secret so important
that is it advisable not to leave it in a single pair of hands, for
example the key to access a high security system. In this case,
the best solution consists of dividing the secret into several
parts and distributing it among various users, so that none of
them knows the secret in its totality, but if they get together,
they can reconstruct it. The type of cryptographic protocol de-
veloped to resolve this situation is known as the threshold plan
or the sharing of secrets, and various proposals exist based on
polynomials, vectors, prime numbers and matrices, among oth-
ers.

Two users wish to exchange secret information by means of
a third party that they both trust. The idea of the protocol known
as subliminal channel consists in transmitting information that
appears innocent, but that subliminally hides another message.
For example, A and B could simply previously agree that an

3

18 UPGRADE Vol. I, No.2, Dec. 2000 © Novática and Informatik/Informatique

IEEE eXpress Sample eBook, page 1042



Privacy in the Net
odd number of words signifies a 1, and an even number implies
a 0, and use this agreement to transmit secret messages in an
open conversation.

A previously mentioned problem is the realization on the part
of two users of an experiment with two possible, equally prob-
able results, such as the launch of a currency, but where the two
launchers are so distant from each other that they have no way
of checking whether the other is cheating or not. The corre-
sponding protocol receives the name of the launch of curren-
cies. Similar to this example is that of the protocol developed
to play poker when the players are not physically in the same
place, from which we have the protocol that allows the assur-
ance of clean play in mental poker.

Let us now centre our attention on one of the most fascinating
problems. Let’s suppose that A (the tier) knows some verifiable
information, such as a private key, and that A wishes to con-
vince B (the verifier), beyond reasonable doubt, that A possess-
es this information. A could simply show B the information, but
this has the disadvantage that B would then know the informa-
tion and could show it to a third party, pretending to be A. In
the protocol known as demonstration of null knowledge, A con-
vinces B that she has the information, but does not disclose a
single bit. Consequently, B is fairly sure that A has the informa-
tion, but does not possess the information itself, and could not
pretend to a third party that he was A. Proposals for demonstra-
tions of null knowledge exist based on tools as different as nu-
merical theories, graphs or boolean logic.

A protocol known as unconscious transfer allows the follow-
ing problem to be resolved. User A wishes to transfer a secret
to user B, so that when B receives it, A does not know if it has
actually arrived or not. This type of protocol is one of the basic
tools or more advanced protocols that resolve the problem of
the finalization of contracts when the parties are not in the same
physical location. In these, a gradual exchange of information
takes place that is fundamental to solving the problem of non-
acknowledgement of receipt at destination. 

Lastly, very useful cryptographic protocols have been de-
signed for use in systems that allow voting by e-mail, ensuring
that voters are authentic, that their votes are unique and secret
and are included in the final count. 

Legislation
In 1998 a new General Law of Telecommunications was

approved, that states: “… the obligation of notifying a body of
the General Administration of the State or a public agency, re-
garding the algorithms or any coding procedure utilized may be
imposed... Network or telecommunications services operators
that use any coding procedure must facilitate to the General
Administration of the State, without cost to this body and with
the purpose of an opportune inspection, the decoding devices
used…”. It is clear that this law was written for the benefit of
authorities in their fight against crime and terrorism. 

However, encryption currently constitutes the security base
of e-commerce and of the general user computer network, with
its two most common uses being the protection of e-mail mes-
sages and the secure transmission of credit card numbers be-
tween individuals and businesses or banks. In fact, the non-

governmental demand for encryption grows each day, and the
above law, which could result in the problematical establish-
ment of a compulsory system of centralized storage of keys,
presents a conflict between individual privacy and the public
interest. Those hypothetical centralized databases would be a
very tempting objective for delinquents, and the volume of e-
commerce would decrease due to clients’ fears that their credit
card numbers could fall in the hands of third parties. However,
a criminal would have no difficulty in carrying out his activity
because, in practice, it would not be too difficult for him to de-
velop cryptographic software of his own, into which ordinary
users would enter their keys. Additionally, since the reason for
the existence of encryption is to make private communication
truly private, if a third party could read this private communi-
cation, there would no longer be any sense in using encryption. 

On the other hand, everyone is talking about legislation with
respect to digital signatures and e-commerce. In several Euro-
pean countries and states of the U.S., laws have been approved
or are under review regarding e-commerce and e-signatures.
For Europe, in 1997, two documents were presented in which
several measures were to take effect before the year 2000 to
promote e-commerce and to generate trust in digital signatures
and in encryption. These measures related to the implementa-
tion of secure technologies and to the judicial and institutional
frameworks whose aim is to support and avoid contradictions
in the legislation of the different member states. 

In Spain, in the context of the public administration, a law
was approved in 1996 entrusting the National Mint with pro-
viding security services with regard to electronic communica-
tion, for example the issuing of digital certificates. On the other
hand, in September 1999, a Royal Decree was approved regard-
ing electronic signatures that envisaged a system of digital cer-
tificates issued by trustworthy third parties and that, in particu-
lar, established the registration of certification services
dependent on the Department of Justice. In this Decree, digital
signatures are considered secure when based on public keys,
and as such are binding on the signatory and valid in a court of
law.

On the Internet
Typically, a web server is considered secure when it car-

ries out certain cryptographic protocols that protect the infor-
mation transferred between the server and the browser. The en-
cryption included in such protocols is widely recognized as a
prerequisite for Internet commerce, and a weak code is typical-
ly sufficient for the majority of transactions since it is always
easier for an infiltrator to search the Internet for uncoded credit
card numbers. 

In general, the problem of security on the Internet consists of
several fundamental parts:
• Secure the server and the data it contains.
• Secure the information that travels between the server and

the user.
• Secure the user’s computer.
• Verify the identity of the user to the server.
• Verify the identity of the server to the user.
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One of the main issues to resolve on networks is that of ac-
cess, to the server as well as to the user’s computer. Although
many identification systems exist which are not based on en-
cryption, for example, biometrics, search engines with counter
keys, etc., the majority can be improved by means of the use of
digital signatures, and these can in turn be improved using
smart cards to generate the pair of private and public keys, and
to store the private one. 

When information travels across the Internet, the main risk to
avoid is unauthorized interception, and the most practical solu-
tion for this is encryption. One of Netscape’s first innovations
was SSL, a system for automatically encoding information as
it travels by Internet, and decoding it upon arrival. In fact, in re-
cent years, over a dozen protocols and cryptographic systems
for the Internet have been developed. The most widely used to
date can be classified in two main categories: the security pro-
tocols used on networks, such as SSL, and the ones that are
used to encode e-mail messages, for example PGP. In both cas-
es, confidentiality, authenticity of transmitter, integrity of mes-
sage and non-denial of origin is provided.

Future
You don’t need a crystal ball to predict that encryption

will experience an even quicker growth in the future than it has
experienced up to now. Some possible new applications:
• Since many telephone calls are processed via satellite, it is

logical that important calls be coded.

• Authentication plans mean that people who try to evade the
cost of pay television will not succeed.

• In multi-user computer systems, each user will conveniently
be identified by means of smart cards that will provide a
greater degree of security than keys currently being used. 

• With the growing use of electronic banking, the digital sig-
nature will become more and more indispensable.

• Data authentication methods will be used as a defence
against computer viruses. 

• In the development of e-commerce, for small purchases as
well as large negotiations, codes, digital signatures and
cryptographic protocols will play a major role.

Finally, the encryption of public keys and digital certificates
appears to offer the best prospect of sending secure and authen-
tic electronic messages on open networks, thus facilitating e-
commerce. 
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Privacy in the Net
Security through Business Process Re-Engineering

Gaby Herrmann, Günther Pernul

Apart from the traditional way of doing business, computer based execution of business is becoming increas-
ingly important. This applies to relationships both with clients and business partners. In relationships secu-
rity plays an important role [Enquête 98]. In the traditional business processes security is usually satisfied
intuitively. With computer-based transactions this is no longer possible. Therefore, re-engineering of busi-
ness processes is necessary in order to achieve the required security. In this article we give an insight into
the problem of the security in business processes and introduce an action model for the implementation of
secure business processes. We illustrate the action model proposed with an example focusing on the security
requirement “non-repudiation”.

Keywords: business processes, security, re-engineering,
digital signature, non-repudiation

Introduction
Apart from the traditional execution of business process-

es, computer based business process execution is becoming
increasingly important. This applies to relationships with both
clients and business partners. In these relationships, security
plays an important role. Existing security standards are chang-
ing due to the trend from executing business processes without
(or only with little) computer assistance to handling these proc-
esses extensively using electronic means. This change may ef-
fect the meaning of security standards (such as confidentiality
of a message, possibly delivered electronically). Or the person
responsible for carrying out a business process may become
aware of the necessity of security requirements (such as the
authentication of a signature).

In the traditional execution of business processes security
requirements were usually intuitive and developed through
long-term experience with the business practices. Confidential-
ity of a written message is usually ensured by the notice “con-
fidential” on the envelope, as envelopes usually prevent unau-
thorized reading of a letter. If the confidentiality of a message
to be delivered is so high that a normal delivery of the letter
cannot sufficiently guarantee it, then the message can be deliv-
ered personally by a person trusted by the sender. These meth-
ods have been known and practised for many centuries, so that
they are proven, and the people involved are accustomed to
them. However, if a business process and also the delivery of a
confidential message is done purely electronically, then the
people involved have no intuitive knowledge how to conduct
such business. Therefore, in order to ensure security, the neces-
sary procedures must be defined in the business process execu-
tion models. This requires a re-engineering of the business
processes.

In this article we introduce an action model that presents
security requirements in business processes and illustrates
these procedures with the non-repudiation requirement of an

agreement as an example. After discussing the importance of
security in business process management we will introduce an
action model supporting the implementation of security
requirements for business processes. Finally, we will illustrate
this with the example of not being able to deny having digitally
signed an agreement (non-repudiation).

Security and business process management
Currently, there is no general understanding of the term

“business process”. Different authors use different definitions.
For us, business process refers to a variety of related activities
that support the implementation of corporate goals, [Gausmei-
er/Fahrwinkel 94], and which aim at efficiently fulfilling a cli-
ent order [Georgakopoulos et al. 95] (including orders from cli-
ents within the company).

If a business process which used to be processed without or
only with little computer-aided technology is to be increasingly
supported using computers, then this business process needs to
be analysed in depth and the appropriate business process mod-
el needs to be adapted accordingly. In this procedure, the nec-
essary security requirements have to be taken into account, as
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these standards can no longer be applied intuitively and based
on long-term experience, as has been the case until just recent-
ly. Therefore, in order to ensure security, the required proce-
dures must be defined in the business process processing mod-
els. This requires a re-engineering of the business processes
within the business process management. business process
management is understood as a concept for the formation,
coordination, and execution of business processes based on a
certain model. [Scheer et al. 95] business process management
includes the modelling of business processs, the analysis, mod-
ification, and simulation of these transactions to ensure correct-
ness, optimization, and proper execution [Gruhn/Wolf 94].

Security requirements concerning business processes can
stem from a variety of causes and can refer to different
elements of business processes are listed below. business proc-
ess elements, which may appear as security objects1:
• Information in the instance of procedure, end product, and

other information
• Agents in the instance of executing agent and commission-

ing/commissioned agent
• Information flow
• Activities

The security requirements we identified so far can be organ-
ized into the following categories:

• General requirements: confidentiality, integrity, availability
• Intellectual/physical property: originality, authenticity,

copyright, right of ownership
• Relationships: interdependence, non-repudiation
• Data protection: anonymity, pseudonymity, privacy

The security requirement “covering up activities” cannot be
incorporated into any of these categories2. Furthermore, not
each of the itemized security requirements is relevant for each
kind of business process element [Herrmann 99].

Action model
In support of the re-engineering process concerning secu-

rity requirements, an action model was developed in the project
MoSS (Modelling Security Semantics); this action model’s
architecture is illustrated in figure 1.

Before the modification of business processes in response to
security requirements can be started, the modifications have to
be specified in the corresponding business process model. For
this purpose, it is necessary to expand the specification lan-
guage used by documenting the security requirements. For the
representation of business processes, several points of view
have to be taken into account [Curtis et al. 92]. MoSS considers
the functional, static, dynamic, and the organizational perspec-
tives of a business process and offers a partly comprehensive
and/or referential point of view for a better understanding of a
business process (business process perspective) [Herr-
mann/Pernul 99]. MoSS is not restricted to a particular specifi-
cation language. A commonly used specification language is
the Unified Modelling Language (UML) [Booch et al. 99].

1. According to Curtis et. [Curtis et al. 92] they correspond to con-
structs that are necessary for a business process model, the ele-
ments describing their relationship according to [Starke 94], and
their further differentiation. They comprise all objects we have
identified so far for the examination of business process security.
It may be necessary for the examination of new security require-
ments to further subdivide these objects, or take into account
more objects.

2. There is a close relationship between the security requirement
“covering up of activities” and the security requirement “confi-
dentiality”. Since however confidentiality is generally seen only
in the context of the existence of information or agents and their
qualities, we quote the requirement “covering up of activities” as
an independent requirement and not the same category as “confi-
dentiality” (category “general requirements”). Furthermore, the
relevance of the categories “confidentiality” and “covering up of
activities” doesn’t include the same classes of business process
elements.

3

Security components Description 
method

Support methods

Level 3 abstract specification of business pro-
cess security requirements

graphic repre-
sentation method

• graphic concepts for the representation of security require-
ments

• tools to check syntactic and semantic correctness of security 
requirements

Level 3.2
Level 3.1

collection of already modelled flows for the implementation of 
security requirements in the form of reference models

Level 2 detailed specification of basic security 
elements or of more complex security-
relevant processes

ALMO$T specifi-
cation language

collection of flows for the implementation of basic security ele-
ments or more complex security-relevant flows using the basic 
elements of level 1

Level 1 hardware security elements, software se-
curity elements, supporting elements and 
services

Programs, pro-
gram modules, 
hardware

collection of hardware and software basic elements (e.g. crypto-
library, APIs, security dongles, e-mail system addresses of pro-
viders of security-services)

Fig. 1: Three layer architecture of the action model [Herrmann/Pernul 99]

contr: Contract

[valid]

White:
authorised negotiation agent

[negociation
successful]

validation of contract()

: contract party

Fig. 2: Perspective of business process (extract)
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UML lets the user illustrate security requirements through, for
example, previously defined stereotypes. As not all security re-
quirements are relevant for each business process element, the
user should have support through a tool for the syntactic check-
ing of the assignments (fig. 1, Level 3.2).

Detailed models of the examined business process must also
show the individual steps that are necessary for the realization
of the specified security requirements. For this, knowledge
about the realization of security requirements is necessary. This
knowledge may be gained from a security expert, through case
studies, or through reference cases. As corporate expectations
concerning security requirements and the organizational envi-
ronment for achieving these requirements may differ from case
to case3, case studies are summarized and the results, which
have been gained through the development of these case stud-
ies, will be made available to the user in the form of reference
models (level 3.1). These reference models are meant to ensure
a level of detail for achieving security requirements, using
exclusively fundamental security elements or more complex
security relevant activities for which realizations on level 2 or
1 already exist. Fundamental security elements exclusively
describe actions, which are used for achieving security require-
ments, for example Authentication (communication partner).

On architectural level 2, there is a collection of descriptions
of realizations of fundamental security elements and of more
complex, with security requirements equipped actions. These
descriptions use the specification language ALMO$T [Röhm et
al. 99] and allow the direct conversion of the corresponding
fundamental security element and/or the activity, guided by
security requirements, with the assistance of existing software
and hardware chips (level 1), if the necessary chips exist.

If realization of the required fundamental security elements
and/or security relevant activities is impossible, the employees
responsible for the business process need to be contacted in
order to discuss the possibility of a reduction of security
requirements to an extent that would allow the requirements to
be attained. If this is impossible, the business transaction can-
not be carried out considering the specified security require-
ments.

Non-repudiation of an agreement
An example will explain the above described procedure

of the realization of a secure business processes through re-
engineering. This will be simplified by using case studies
instead of reference cases on level 3.1 of the architecture.

An agreement between two parties serves as an example.
One possibility to establish an agreement is by creating a
written statement, signed by both parties. This is a measure
appropriate to the traditional methods of carrying out business.
How can the non-repudiation of an agreement4 be ensured, if
the agreement was concluded using exclusively electronic
means?

Digital signatures are the technical equivalent to the tradi-
tional written signatures. To which degree digital signatures
may have legal equivalence to written signatures depends on
the prevailing laws. In many countries, corresponding laws are
already in effect (e.g. [IuKD 97]), and the EU has developed a
guideline concerning common basic guidelines for electronic
signatures [EU 99]. However, we are not aware of any final le-
gal decisions concerning this issue. As all legal efforts concern-
ing digital signatures depend on their technical characteristics,
the presented modifications of a business process, in which an

3. For example, different security levels or a different number of
involved actors can cause different actions.

4. An agreement represents information, and all possible security
requirements for the business process element “information” can
be relevant for an agreement.

4
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Fig. 3: Static Perspective (extract)
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agreement between two parties has
been found and for which non-repu-
diation is requested, are based on
the Authentication Framework of
the ITU [ITU 97].

The individual perspectives of the
examined business processes are il-
lustrated using UML. Only aspects
relevant for the non-repudiation of
the agreement are shown.

The business process perspective
portrays a contractual agreement
between the authorized representa-
tive White and a representative of
the other negotiating party. The
agreement (portrayed as the con-
tract) shall be demonstrable.

A digital signature under a text
guarantees that exactly this text was
signed exactly by the person who
own the private keys pertaining to
the digital signature. Therefore, a
specific person may be assigned to a
specific digital signature under a
signed text. The Authentication
Framework of the ITU requires that
a digital signature shall be realized
in the form of an appendix. The dig-
ital signature is created through the application of an undeter-
mined one-way Hash function on the text to be signed and the
encryption of the created Hash value with the private key of the
signing person. The signed text must show the applied Hash
function and encryption algorithm used. A digital signature
may be checked by applying the same Hash function to the
signed text and comparing this result with the result of the
decryption of the digital signature utilizing the public key of
the person signing. According to ITU, a certificate holds a users
public key, as well as additional information, and is protected
against falsification through encryption by the certifying au-
thority using its private key. The ITU’s measures for the use of
digital signatures influence the different perspectives of a busi-
ness process model, if the corresponding business process re-
quires the use of digital signatures.

The static perspective represents the information and prod-
ucts required for the business process. The changes required
based on the request for non-repudiation (refer to the example
of the business process perspective, fig. 2), are highlighted in
bold in Figure 3. The contract is expanded by one appendix per
contract party, containing the pertinent digital signature. The
signed text contains the contract content, as well as references
concerning the applied encryption algorithms and utilized hash
functions. Each contract party must own a signed certificate
issued by the certifying authority, which certifies the public key
pertaining to the used secret key.

As the procedure concerning digital signing of an agreement
is not yet known by potential signers, the corresponding steps
are explained in the functional perspective of the business proc-

ess model (fig. 4). The functional perspective explains the
applied activities and the flow of data between them.

As there is no guarantee that encryption procedures and keys
which are considered secure today will remain secure in future,
the EU guideline has determined a period of validity for certif-
icates and for certified keys. If non-repudiation of an agreement
is requested for a period longer than the period of validity of the
used keys, then further steps will be necessary, including dur-
ing the period of archiving of the contract. The contract partner
whose certificate is approaching the end of the period of valid-
ity, for example, may be asked to sign the agreement once
again, using a key certified for an extended period of time. If
the contract partner refused to comply, it is possible to include
a trusted third party to testify the validity of the digital signa-
ture of the contract partner. The problem of a limited validity of
a certificate shows that security requirements on a business
process do not only affect this process, but may also affect oth-
er business processes (i.e. the archiving process).

The organizational perspective of a business process model
describes the construction of a corporate structure. Fig. 5 shows
sections of the organizational perspective of a business request-
ing the non-repudiation of an electronically concluded agree-
ment. The employees, which may act as authorized negotiating
partners, must be able to use the corresponding secret key in or-
der to give their signature. Additionally, the position of signa-
ture manager has to be created who will take care of the prob-
lem of expiring certificates in the archiving department.

The dynamic perspective of a business process model which
describes the life cycle of information objects is subject to

contr: Contract

[valid]

White:
authorised negotiation agent

: contract party

contr: Contract

[draft]
sign()

sent to
contracting partner()

received by 
contracting partner()

validate certificate of
contracting partner

: privateKey

contr: Contract

[signed]

: Certificate

validate signature of
contracting partner

[ok][else]

exception
handlingS()

exception
handling()

[else]
contr: Contract

contr: Contract
accept

[ok]

Fig. 4: Functional Perspective (extract)
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changes in view of the non-repudiation of an electronically
concluded agreement, too. For example, in an agreement con-
cluded in the traditional method, the information object “con-
tract” changes from “draft” directly to “valid”, as all contract
partners sign approximately at the same time. An electronically
concluded draft of a contract which will get electronic signa-
tures, may have a signature process which may have physical
and temporal differences. The agreement is not valid during the
period between the giving of the signature of all contract part-
ners involved. The agreement of the party which has already
signed is already demonstrable, while non-repudiation of the
agreement of the other party is not yet given.

The modifications of perspectives of business process mod-
els are illustrated in figures 3 to 5 and may be included in the
collection of case studies on level 3.1 of the architecture; they
may be re-applied in the case of a new request for non-repudi-
ation of an agreement.

Conclusion
The consideration of security becomes increasingly

important due to the increasing computer-aided execution of
business processes. In the traditional execution of business
processes, sufficient security standards were usually intuitive
and based on long-term experience. This is no longer possible
with computer aided transactions. The necessary procedures
must be put down in writing in the business process models. As
the realization of security requirements of a business process
often affects different perspectives of the business process
model, and even possible other processes of the business, a
comprehensive business process re-engineering is inevitable.

The procedure introduced in this article offers support for
this problem. It is a structured procedure which aids in reduc-
ing complexity and which supports the re-use of already exist-
ing modules. This modules include hardware, software and
also descriptions of possible procedures.
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Privacy in the Net
A Model for Security in Agent-based Workflows

Henrik Stormer, Konstantin Knorr, Jan H.P. Eloff

With the rise of global networks like the Internet the importance of workflow environments is growing.
However, security questions in such environments often only address secure communication. Other
important topics are role-based access control and separation of duty. This paper shows how mobile agents
can be used to implement these and other security features in workflows.

Keywords: agent, fraud, role, security, separation of duties,
workflow

Introduction
Workflow environments have hugely benefited from the

technical advancements made available by the Internet over the
last years. Many workflow environments today are implement-
ed over public networks such as the Internet. Because workflow
environments in most situations represent the “bread-and-
butter” of a company, the implementation thereof has raised
serious information security problems. Organizations are con-
cerned about their privacy on the net as well as of the privacy
of client information. Similar to other systems the information
security requirements of a workflow system are modelled on
the ISO 7498-2 standard. This standard proposes the following
information security services: identification and authentica-
tion, authorization (access control), confidentiality, integrity,
and non-repudiation. Mechanisms for each of these services
must be employed to secure a workflow environment.

Identification and authentication, confidentiality and non-
repudiation services are implemented similarly to those in non-

workflow environments. The services of authorizatiyon (with
the main focus on access control) and integrity require special
design considerations and implementation details. For example
access control requires the modelling of access based on the
type of tasks to be performed on the objects travelling around
in a workflow environment. A unique feature of integrity in a
workflow environment is to preserve the contents of objects
according to business rules. These business rules are linked to
the operational characteristics of an organization. There is a
need for new approaches modelling the design and implemen-
tation of the access control and integrity services in workflow
environments.

Currently available research results in the area of access
control are dominated by models of role-based access control
(RBAC). RBAC shows good potential to be successfully em-
ployed in a workflow system. The information security princi-
ple of separation of duties (SoD) is important in the modelling
of integrity in a workflow environment. A physical and logical
separation of tasks can improve the prevention of fraudulent
activities.

Agent technology shows great potential in the field of work-
flow systems. Furthermore, information security aspects like
RBAC and SoD can be considered in the agent-based imple-
mentation of workflows.

Therefore, the primary aim of this paper is to give an archi-
tectural model and a framework for implementing access con-
trol and integrity in a workflow environment. Intelligent and
mobile agents are applied to current workflow technology to
meet access control and integrity requirements.

The remainder of the paper has the following structure:
Section 2 gives an introduction to workflow environments and
agents. Section 3 describes a sample process which will be
used for illustration purposes throughout the paper. An archi-
tecture for agent-based workflows and its different agent types
are discussed in Section 4. Section 5 introduces the notions of
RBAC and SoD and gives a formal model for them within the
workflow environment. Implementation of several security fea-
tures in an agent-based workflow system is the topic of Section
6. Section 7 gives a conclusion.
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Background
This section gives background information on workflow

management issues and mobile agents.
Workflow management is an essential research area in com-

puter science. A workflow is an executable business process
whose modelling and execution is supported by a software
system called workflow management system (WfMS) [Georga-
kopoulos et al. 95]. Before a workflow can be executed, it has
to be described in a way the WfMS is able to understand. This
description is called a process definition. The definition has to
be made during build time before a workflow can be executed.
During run time of the system many instances of the workflow
are generated according to the process definition. The main
elements of a process definition are tasks, objects, subjects,
roles, and the control flow. A process consists of several tasks
whose chronological and logical order is given through the
control flow. To describe a task, it has to be specified which
roles are granted access to which objects. Subjects can be asso-
ciated with persons but also with machines and computer
programs [Leymann/Altenhuber 94].

The Object Management Group defines a software agent as
“a computer program that acts autonomously on behalf of a
person or organization” [Crystaliz et al. 97]. The following
properties characterize agents:
• pro-active (support of the user’s work)
• adaptive (learning the user’s preferences or the ability to

work on different platforms)
• autonomous (limited communication with its creator)
• intelligent (making ‘intelligent’ decisions [Ferber 99])
• mobile (can actively migrate in networks to different

systems and move directly to the local resources, like data-
bases or application servers)

Before agents can be used, each system needs to install a so
called agent-place to create, delete and execute agents. Agents
can migrate from an agent place to another performing the
work locally. Lange and Oshima [Lange/Oshima 99] give
reasons why to use agents: e.g. reduction of the network load,
overcoming of network latency and encapsulation of protocols.

An agent-based workflow is a workflow in which agents per-
form, coordinate, and support the workflow [Huhns/Singh 98].
In an agent-based workflow system, there exist different agent
types that manage the workflow. A process instance agent is
responsible for controlling one process instance. Newer archi-
tectures further split the functionality of a workflow system:

task agents, which are mobile and migrate to subjects which
perform some tasks of the workflow [Hawryszkiewycz/Deben-
ham 98], and personal agents which act as an interface between
the subject and other agents are introduced.

Example Workflow Environment
This section gives an example which will be used

throughout the paper for illustration purposes.
Six persons, also referred to as subjects, A. Smith, B. Smith,

who are brothers, Carpenter, Butcher, Snyder, and Fisher are
working in a company. Figure 1 shows these subjects together
with their assigned roles. Note that every Manager (or Secre-
tary) is an Employee, too. E.g. Butcher is able to activate the
manager or the employee role. The partial order of roles builds
up a so called role hierarchy – a well known modelling
approach [Scheer 94].

Figure 2 shows the process definition for a travel expense
claim. The process starts when an employee submits a travel
expense claim. Two Managers must approve this claim before
the money transfer is done by a secretary. Note that the tasks
are partially ordered, e.g. submit precedes all other tasks but no
order is possible between approve 1 and approve 2.

Architecture of the Agent-based Workflow System
The architecture of the proposed agent-based workflow

system consists out of the following four agent types:
Process Instance Agent (PIA) The PIA is created by a subject,

which has to provide a complete and correct process defini-
tion. The process instance agent represents and manages an
instance of a workflow (according to the process definition
given) and controls its whole execution. In the example a
PIA is created for each travel expense claim of an employee
(e.g. Claim 157 of Butcher).

Task Instance Agent (TIA) The TIA is responsible for one task
in a process instance. It is created by the PIA and has to
search for a subject, deliver the task description and objects
items to the subject and the results back to the PIA. Refer-
ring to the example, a TIA is created for the transfer task of
Claim 157 of Butcher.

Worklist Agent (WLA) The WLA stores a mapping of all sub-
jects and their assigned roles (cf. Figure 1).

2

3

4

A. Smith

B. Smith

Carpenter

Butcher

Snyder

Fisher

Manager

Secretary

Employee

Fig. 1: Sample role definition and hierarchy
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Manager
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Fig. 2: Example of a process definition
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Personal Agent (PA) A personal agent is the interface between
the subject and the incoming TIAs. It is immobile, controls
the incoming task requests from the TIAs, and coordinates
the communication between subject and TIA.

The basic idea in the handling of a workflow task is to create
a TIA for each task in the underlying process instance. The PIA
creates all TIAs according to the temporal and logical pre-
requisites of the workflow. E.g., the parallel execution of sever-
al tasks can be achieved by the creation of several TIAs simul-
taneously.

When the PIA creates a TIA for fulfilling task t, all and just
those objects and privileges which are needed for the task’s
execution are instantiated as part of the TIA. Next, the TIA has
to find a subject for task t. Therefore, it migrates to the WLA to
get a list of possible subjects to interact with t, qualifying by
means of role allocations and possibly other constraints. The
TIA chooses a subject s randomly from the list and migrates to
s: This is another security feature because the choice of the TIA
is not predictable and therefore fraud is complicated. Clark and
Wilson [Clark/Wilson 87] identified SoD as one of the two ma-
jor mechanisms that can be implemented to ensure data
integrity. They purposed the random selection of task partici-
pants in order to ensure that any attempted conspiracy is inher-
ently unsafe. More elaborate choices are possible but are not
further investigated as part of this paper.

After the migration of the TIA to the selected subject, the PA
of s is informed that a new task is waiting to be executed. The
PA must now inform the subject, for example by showing a
message on the screen or playing a sound sample. Then, the
subject performs the task using the objects and privileges
which will be provided by the TIA. When the task is done, the
TIA migrates back to the WLA to pass information to the
dynamic database of WLA. This information will contain s, t,
the objects and privileges used plus other information like time
stamps. Finally, the TIA migrates back to the PIA to pass
control flow related information.

Fig. 3 illustrates the above procedure by means of the travel
expense claim example. The PIA instantiates the task approve1
in the process instance 157 of Butcher (1). The TIA migrates to
the WLA to get a list of potential subjects who qualify for the
execution of the task (2). The WLA creates the subject list
based on rules and on the dynamic database (cf. Section 5.3).
In this example the list contains only one subject, Carpenter,
because the dynamic database shows that B. Smith has done the
other approve task and Butcher cannot approve his own claim.
Therefore, the TIA migrates to PA of Carpenter and the task is
executed. Next, the TIA migrates back to the WLA to pass
information to the dynamic database. Finally, the TIA migrates
back to the PIA.

Security Aspects
The focus of the paper is to show that SoD and RBAC

mechanisms are feasible for implementation in an agent-based
workflow system. Therefore, this section gives a brief introduc-
tion to RBAC and SoD. Then, a formal model is proposed
facilitating the implementation of access control (by means of
RBAC) and integrity (by means of SoD) in an agent-based
workflow environment.

5.1 RBAC
In a workflow environment, usually tasks are not linked

directly to subjects. The concept of roles forms a middle layer
between the subjects and the tasks, cf. Figure 4. As an example
consider the Manager role in the travel claim example. Further-
more, access rights are enforced on roles and not on subjects.
This simplifies the security administration. There is a consider-
able amount of research about RBAC going on.1

5.2 SoD
“SoD is a policy to ensure that failures of omission or com-

mission within an organization are caused only by collusion
among individuals and, therefore, are riskier and less likely,
and that chances of collusion are minimized by assigning indi-
viduals of different skills or divergent interests to separate
tasks” [Gligor et al. 98]. In a workflow context, SoD has to be
divided and extended into static SoD (SSoD) and dynamic SoD
(DSoD). SSoD enforces certain rules during build time of the
workflow, i.e. before process instances of the workflow are
instantiated. Example: The process definition in Figure 2
requires that different tasks are performed by different roles
(the transfer task by a secretary and the approve 1 task by a
manager). SSoD rules are applied to a process definition to
guarantee their enforcement. In contrast DSoD can only be
enforced during run time of the workflow, i.e. during the exe-
cution of a single instances of a process. DSoD can be enforced
on different layers. Consider the following examples from the
scenario introduced in Section 3:
1. A manager should not be allowed to submit for (first task)

and approve (in a later task) his own travel expense claim. In
this case DSoD should be enforced on the role and subject
layer.

1. http://www.acm.org/sigsac/rbac2000.html
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Claim 157 of Butcher
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(157, Butcher, Employee, submit, claim, apply)
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Fig. 3: Life cycle of a TIA
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2. The following example is on a subject layer: Two brothers
(A. Smith and B. Smith) are working in the same company.
To prevent fraud, one of the brothers should not be allowed
to approve the travel expense claim of his brother.

3. As a third example considers a document which is used in a
first task by a subject in a certain role. In the travel claim
example there could be the policy that the subject should not
get any privileges to this document for the remaining tasks
in the process instance even in a different role. This could be
necessary to prevent any (ex post) manipulation of the
document. Suppose Snyder submits a travel expense claim
in her employee role. Then, Snyder can not transfer the
money even if her secretary role is activated. This example
illustrates SoD on an object, subject and role layer.

There are more complex SoD policies [Ahn/Sandhu 99,
Bertino et al. 99] which fall out of the scope of this paper. The
model which will be introduced in the following subsection
allows for defining dynamic policies on role, subject, task,
object and privilege layer. To illustrate the model, the three
examples given above will be used.

5.3 A model for DSoD
Our model uses set theory and functions using the following

five sets:
SUBJ The set of all persons who are capable of executing a

task.
ROLE The set of all roles in a process definition.
TASK This set includes all tasks that are defined in the proc-

ess definition.
OBJ The set of all objects (e.g. a text document) which are

needed to execute the tasks.
PRIV The set of privileges. A privilege is used on an object,

for example a read permission on a text document.
In the workflow definition it has to be defined which subjects

are allowed to activate which roles. Therefore, the function R
maps SUBJ to the power set of ROLE.

In a next step, all task definitions have to include the role that
is allowed to execute the task. The following function is
defined:

Finally, a function is needed to associate tasks with objects
and privileges:

Figure 4 shows the relationship between the five sets and the
three functions. Information constrains in the above mentioned
sets must be defined in the process definition. At run time, it is
possible to implement DSoD using these sets together with a
natural number, indicating the process instance.

Consider a tuple consisting of the Cartesian product of the
following six sets where N is the set of all natural numbers and
n indicates the process number:

Not all of these tuples are meaningful. Therefore, the notion
of soundness is introduced. A tuple (n, r, s, t, o, p) is sound if
and only if
1. ,
2. , and
3. 

hold. The first inclusion says that the subjects s should be
allowed to activate role r. Next, the role r should be allowed to
execute task t. Finally, the object o and the privilege p should
match with the task t. Note that the tasks have to be in a chron-
ological and logical order. We therefore assume that (TASK, ≤)
is a partially ordered set. t1 ≤ t2 says that t1 is executed in
parallel with or before t2.

The WLA uses a database called DBdyn for storing all tuples
and rules to enforce DSoD. The rules for our examples above
are:
1. A manager who is not allowed to approve his own claim. n

is a process instance id, s a subject, r the manager role, t1 is
the submit task, t2 the approve 1 or 2 task, o is the travel
claim and p are the submit privilege.

# symbolizes any possible element of the corresponding set.

2. Consider the “brother” example, where s1 is A. Smith and s2
is B. Smith, t1 is submit, t2 is approve 1 or 2 task, o is the
travel claim document, p1 is the submit and p2 the approve
privilege.

3. Last example: s is Snyder, r is Employee, t1 is submit and o
is the travel claim.

for all t1<t2

It is very important to check the rules for consistency.
Contradicting rules may ruin the whole SoD mechanism. Also
it might be possible to combine several rules to a single rule.

R:SUBJ 2
ROLE→

T:TASK 2
ROLE→

P:TASK 2
OBJ

2
PRIV×→

(n, s, r, t, o, p) N SUBJ× ROLE× TASK× OBJ× PRIV×∈

r R(s)∈
r T(t)∈
(o, p) P(t)∈

(n, s, r t1 o, p), , DBdyn∈ (n, s, r t2 #,#), , DBdyn∉⇒

n s1 # t1 o p1, , , , ,( ) DBdyn∈ n s2 # t2 o p2, , , , ,( ) DBdyn∉⇒

n s r t1 o #, , , , ,( ) DBdyn∈ n s # t2 o #, , , , ,( ) DBdyn∉⇒

SUBJ

ROLE

TASK

PRIVOBJ

R

T

P

Fig. 4: Sets and mappings in the DSoD model
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This process is called pruning. For more details see [Bertino et
al. 99].

Implementation of DSoD in an Agent-based Workflow 
System

Section 4 introduced an architecture for an agent-based
workflow system, Section 5.3 a formal model for DSoD rules.
This section shows how these parts are interrelated. For illus-
tration refer to Figure 3 to see which information from the
DSoD model is used when and by which agent types.

The PIA has control over the whole process execution, i.e.
the partially ordered set of tasks TASK, the roles ROLE, objects
OBJ, and privileges PRIV associated with each task. In step (1)
the PIA instantiates a TIA for task t and passes information
about the task. This information consists of P(t) (the privileges,
objects) and T(t) (the roles) associated with t. Note that only the
privileges and objects are passed which will be needed by the
subject to perform the task implementing the security principle
of least privilege.

The TIA migrates to the WLA and passes T(t) to the WLA.
The list of possible subjects is created by checking the elements
of T(t) and R(s) for all tasks and subjects. 

In step (3) the TIA decides randomly which subject performs
the task and gives this information back to the WLA. The WLA
will generate a subject list [s1,..., sn] after enforcing the DSoD
rules based on the entries in the dynamic database DBdyn. This
list consists of all subjects capable of executing the task and
will usually contain more than one subject. The TIA uses a ran-
dom function rand which maps the input n to a random number
in the set {1, …,n}. The subject chosen will be srand(n). This
practice further decreases the possibility of fraudulent activities
since the outcome of the assignment is not predictable.

Now the WLA blocks the subject for this instance. This is
necessary for parallel execution, otherwise the DBdyn checking
could fail. Before the TIA migrates to the subject the WLA
inserts new tuples in the dynamic database. A tuple is (n, r, s, t,
o, p), where n is the process instance number, r the role associ-
ated with task t, s the subject which performs t, and p the priv-
ilege used on object o. Several tuples can be inserted into DBdyn
for t, e.g. if several objects are used in the task. When the TIA
arrives at the subject, the PA of s gets the objects plus privileges
contained in P(t). Depending on the task, one or more objects
may be created which have to be transferred via the TIA to the
PIA. (4) takes the TIA back to the WLA where the subject is
unblocked.

As a final step (5) the TIA moves back to the PIA where the
objects are passed over. Finally, the TIA is deleted by the PIA.
If a complete process instance has finished (in the example,
after the transfer task), the PIA can initiate a garbage collection
at the WLA which removes all tuples from this process instance
from DBdyn. This information together with the objects created
during the execution can be stored in an archive. Finally, the
PIA is deleted, too.

Conclusion
This paper introduced an agent-based workflow environ-

ment consisting of four different agent types. The following

table shows the four agent types and their most important
characteristics.

The mobility of a TIA is rated high (+), since a TIA has to do
several migrations during its life. The TIA will be an “intelli-
gent” agent because several decisions such as the choosing of a
subject from the subject list has to be done. The TIA further-
more enforces the strict least privilege principle (Security +). A
TIA has to be created for every task in a process instance
(marked ++ in the Instance column). The other agents are inter-
preted similarly.

This workflow environment was used to enforce different
security features:
1. (Dynamic) access control: The access to objects is restrict-

ed. This is done dynamically because TIAs are created based
on the state of the process instances.

2. Strict least privilege: A subject will just receive privileges to
objects which are needed for the execution of a task.

3. SoD: The major focus of the proposed architecture is SoD.
Its dynamic variant DSoD is realized through the interaction
of PIA and WLA.

4. Random choice of subjects: This practice further decreases
the possibility of fraudulent actions.

The work suggests that agents are a valuable resource in
implementing security features in workflow environments.

Future work will deal with the development of a prototype to
validate the presented architecture. Furthermore, the SoD
model will be extended, e.g. to enforce rules between different
workflow instances, e.g. when confidential data could be
collected in different workflow instances by the same subject.
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Privacy in the Net
Secure Server-Side Java Applications

Ulrich Ultes-Nitsche

Java Servlets offer a convenient way to implement Java programs that run on the server side. Being exposed
to public access via the Internet, they are equipped with security mechanisms to protect the Internet server
from various types of threats. I will discuss in this article the security features provided by Java Servlets. In
addition, I will describe briefly the additional mechanisms that need to be put into place to create secure
server-side Internet applications.

Keywords: secure Internet applications, Java servlets, secure
sockets layer protocol (SSL)

Introduction
The past years have seen the rise of server-side Java

applications, known as Java Servlets. Servlets are used to add
increased functionality to Java-enabled servers in the form of
small, pluggable extensions. When used in extending web serv-
ers, Servlets provide a powerful and efficient replacement for
CGI (Common Gateway Interface) and offer many significant
advantages [Sun 98]. These advantages include:
• Portability: Java Servlets are protocol and platform inde-

pendent and as such are highly portable across platforms and
between servers. The Servlets must conform to the well
defined Java Servlet API which is already widely supported
by many web servers.

• Performance: Java Servlets have a more efficient life cycle
than either CGI or FastCGI scripts. Unlike CGI scripts,
Servlets do not create a new process for each incoming re-
quest. Instead, Servlets are handled as separate threads with-
in the server. At initialisation, a single object instance of the
Servlet is created that is generally persistent and resides in
the servers memory. This persistence reduces the object cre-
ation overhead. There are significant performance improve-
ments over CGI scripts in that there is no need to spawn a
new process or invoke an interpreter [Hunter 98]. The
number of users able to use the system is also increased be-
cause fewer server resources are used for each user request.

• Security: As the security of server-side Internet applications
will be the major concern of this article, it will be discussed
in a separate section subsequently. However, it should be
mentioned here that, by being a derivate of the full Java pro-
gramming language, Java Servlets inherit all Java security
mechanisms plus some Servlet specific features.

As Servlets aim at being used where CGI scripts were used
historically, I will compare mainly the two paradigms. As not
only will the server-side application have to meet reasonable
security requirements, but the entire Internet-based solution as
a whole, I will in the second part of this article discuss briefly
the use of SSL to secure communication with the application.

Security of Java Servlets
In this section, I discuss the security features of Java

Servlets. The Java language and Java Servlets have improved
security over traditional CGI scripts both at the language level
and at the architecture level:

Language Safety
As a language Java is type safe and handles all data types in

their native format. With CGI scripts most values are treated
and handled as strings which can leave the system vulnerable.
For example, by putting certain character sequences in a string
and passing it to a Perl script, the interpreter can be tricked into
executing arbitrary and malicious commands on the server.

Java has built-in bounds checking on data types such as
arrays and strings. This prevents potential hackers from crash-
ing the program, or even the server, by overfilling buffers, in
case of not properly written code. For example, this can occur
with CGI scripts written in C where user input is written into a
character buffer of a predetermined size. If the number of input
characters is larger than the size of the buffer, it causes a buffer
overflow and the program will crash. This is commonly known
as stack smashing.

Java has also eliminated pointers and has an automatic
garbage collection mechanism which reduces the problems
associated with memory leaks and floating pointers. The
absence of pointers removes the threat of attacks on the system
where accesses and modifications are made to areas of server
memory not belonging to the service process.
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Finally, Java has a sophisticated exception handling mecha-
nism, so unexpected data values will not cause the program to
misbehave and crash the server. Instead an exception is gener-
ated which is handled by the program that usually terminates
neatly with a run time error [Garfinkel/Spafford 97].

Security Architecture
Java Servlets have been designed with Internet security

issues in mind and mechanisms for controlling the environment
in which the Servlet will run have been provided.

CGI scripts generally have fairly free access to the server’s
resources and badly written scripts can be a security risk. CGI
scripts can compromise the security of a server by either leak-
ing information about the host system that can be used in an
attack, or by executing commands using untrusted or un-
checked user arguments. Java significantly reduces these prob-
lems by providing a mechanism to restrict and monitor Servlet
activity. This is known as the Servlet Sandbox. The Servlet
Sandbox provides a controlled environment in which the Serv-
let can run and uses a security manager to monitor Servlet
activity and prevent unauthorised operations. There are four
modes of operation that include trusted Servlets, where the
Servlet has full access to the server resources, and untrusted
Servlets which have limited access to the system.

JDK 1.2 contains an extension to its security manager, the
access controller. The idea behind the access controller is to
allow more fine-grained control over the resources a Servlet
can access. For example, instead of allowing a Servlet to have
write permission to all files in the system, write permission can
be granted for only the files required by the Servlet for execu-
tion [Hunter 98].

However, Java-based servers are still vulnerable to denial of
service attacks where the system is bombarded with requests in
order to overload the server resources. This approach invokes
so many Servlet instances that all the server resources are allo-
cated. This can impact all the services supported by the server.
However, the effects of this can be reduced by specifying an
upper limit on the number of threads that can be run concur-
rently on the server. If all the threads are allocated, that partic-
ular service can no longer be accessed, but because the server
still has resources left to allocate, the rest of the services are
still available.

Secure Server Access: SSL
In this section I discuss the security features of the net-

work connection to the Servlet. I do so by focusing on the use
of SSL. The secure sockets layer protocol (SSL) is designed to
establish transport layer security with respect to the TCP/IP
protocol stack. Version 3 was published as an Internet draft
document [Freier et al. 96] by the IETF (Internet Engineering
Task Force). The use of SSL will be introduced briefly along
the lines of [Stallings 98].

3.1 The Protocol Stack
The transport layer part of SSL, the SSL record protocol, sits

on top of TCP in the Internet protocol stack. It is accessed by
an upper layer consisting of the hypertext transfer protocol

(HTTP) and different parts contributing to SSL: SSL hand-
shake protocol, SSL change cipher spec protocol, and the SSL
alert protocol, used to set up, negotiate, and change particular
security settings used by the SSL record protocol. Schematical-
ly, the SSL architecture is presented in Figure 1.

Besides the record protocol, all other protocols are needed to
establish a secure connection to the server-side application.
They perform authentication and access-control steps, mainly
without user involvement. After a connection is established, the
use of SSL (via the record protocol) is completely transparent
to the user: she/he still accesses only http.

Security Features of SSL
SSL allows for different security features being chosen. First

of all, different encryption algorithms can be used to produce
ciphertexts and authentication messages. For authentication,
different hash algorithms can be negotiated. SSL can also use
X509.v3 peer certification [Garfinkel/Spafford 97]. Using a
session identifier, active states of SSL are identified, where a
state consists of a number of keys involved in the session, both
on the server and on the client side, and sequence numbers to
count the messages exchanged. By using these different param-
eters, SSL sets up a session configuration that then allows for
ensuring integrity, confidentiality, and authentication depend-
ing on the set up parameters.

Benefits of Using SSL
Other authentication mechanisms for Internet applications

are HTTP authentication [Franks et al. 97] and digest authenti-
cation [Berners-Lee et al. 96]. They only provide a basic
authentication mechanism, lacking mechanisms for confidenti-
ality and integrity. In contrast, SSL offers the full range of
security mechanisms needed to establish a secure session. It is
particularly the secure session concept that makes SSL appeal-
ing to be used in combination with Java Servlet implementa-
tions. The secure session last as long as a connection to the
server-side application exists. Communication with the user is
then based on html-documents sent to her/him using http. As
soon as an SSL session is established, it is completely transpar-
ent, preserving http as a stateless protocol.

HTTP authentication or digest authentication would estab-
lish a suitable mechanism for secure server-side applications
only if TCP/IP were secured, either by equipping IPv4 with
IPsec or by running IPv6 (IP version 6 is the latest IP version
and includes IPsec) [Garfinkel/Spafford 97]. IPsec is a low
layer protocol in the Internet protocol stack for end-to-end
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Fig. 1: SSL within the Internet protocol stack [Stallings 98].
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confidentiality of the transmission of IP-packages. However,
SSL is a security protocol widely deployed such that its choice
appears to be more practical than choosing any combination of
IPsec/IPv6 with HTTP authentication/digest authentication.

Conclusions
To summarize, Java Servlets offer an appealing way to

implement secure server-side application when combined with
SSL. The run-time environment of Java Servlets offers reason-
able built-in security features. The use of Servlets is described
in the framework of a web-hosted e-mail system in [Hepworth/
Ultes-Nitsche 99] and in connection with a context-dependent
access control to medical data in [Ultes-Nitsche/ Teufel 00].

If one had to build a secure Internet application in which the
use of SSL appears insufficient to provide the security require-
ments, a combination of Java Servlets on the server side and
Java Applets on the client side can be useful. In such a scenario,
the server-side application would not communicate a browser
by sending html-documents but by communicating with an
Applet. This would allow the use of proprietary security proto-
cols that may enhance the security of the system. For instance,
mouse-movement can then be used to create nonces (randomly
created protocol parameters). However, using Java Servlets to
implement server-side applications and SSL in the client/server
communication, as discussed in this article, will offer reasona-
ble security mechanisms sufficient for most Internet applica-
tions.
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Quality of Service in web applications

 

Antoni Drudis

 

The performance of a large distributed system depends not only on the performance of its components but
also on the way that these components interact with each other. In the case of the web, where the designer
has little or no control over most of the components of the solution, applications have to provide tools to
manage the performance of the solution. Quality of service was initially formalized for the network traffic
and it is being extended to the application level. This article introduces the main concepts of web server
performance characterization and describes a sockets-based implementation on several operating systems.

 

Software design is an evolving discipline where every major
milestone is the consolidation of existing technologies and the
solutions for new application requirements in terms of resil-
ience, development costs, and functionality. Software modular-
ization led to client-server architectures by delegating applica-
tion intelligence to distributed objects. In turn, client-server
architecture provides the foundation for web applications to
address the requirements on distributed transactions over the
Internet.

Since functions centralized in the mainframe were delegated
to autonomous servers in the client-server paradigm, new
services were built. For example, the need for a uniform
resource identification policy for objects led to name servers,
and the need to protect services from unauthorized access led
to secure services and encryption techniques. From the user’s
perspective, client-server architectures provided a lower-cost,
flexible, and scalable solution where services and processing
power could be added or modified without a major rewrite of
the application software.

The distributed nature of web applications requires a flexible,
scalable, and fault-tolerant architecture that is not adequately
served by traditional transaction-processing engines. While the
basic building blocks of software tools have not changed much
over time, the way these blocks are put together reflects the new
requirements on the overall solution. The initial applications on
the web can be conceptually seen as a client-server model
where web servers deliver data to browsers and other clients
such as applets and search robots. What is new with the web is
the scale of the global network and the patterns of server
access. Concurrent users are not counted in thousands any-
more, but in tens or hundreds of thousands, the environment is
heterogeneous and constantly changing, transactions are state-
less and difficult to track, and the process may integrate appli-
cations from different environments.

Scaling can be achieved by upgrading the processing plat-
forms to faster systems but more so by distributing services and
replicating servers. That strategy not only provides increasing
computing power without bringing down the whole network
but it also improves the resilience of the solution and allows for
planned and unplanned down time.

The standardization of application components facilitates the
interoperability of servers and clients on the web. The transport
protocol is a de-facto standard, markup languages are being
standardized, and file formats such as PDF or programming
languages such as Java are being used across operating systems
and computing platforms.

The classic paradigm of transaction processing is being
extended to the web. On servers and mainframes, transaction
monitors usually are based on the assumption that the client or
the remote terminal will send well-behaved transactions. These
transactions are short, serializable, most frequently stateful,
and homogeneous. In the initial instances of the web usage to
publish data, that concept fits the requirements of the web serv-
er: users send requests to get data from a file or out of a soft-
ware module, and the server processes each transaction on a
best-effort basis. On transaction processing engines, best-effort
optimization is reached by minimizing the waiting time for
each transaction.

Instead, web servers for database access, such in business to
business or business to consumer transactions, introduce the
concept of 

 

session

 

 where a set of transactions has to be proc-
essed under the same assumptions about the user environment.
In a session clients may pause for long periods of time while
the user interacts with the application.

For example, a user accesses a book catalogue on a web
bookstore, creating a transaction. The web server communi-
cates with the application server to request database entries that
satisfy the query conditions. Then, the user selects one or more
books to buy them. While the user is waiting, the store could
have changed the price of the book, but the buyer still expects
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the old price to be applied to this sale. At this point, the buyer
places the order and the web server communicates with the
application server which, in turn, may place an order to the
publisher’s server, request space in the warehouse, start a ship-
ping order, verify and charge the customer’s credit card, and
send an e-mail confirmation. All these individual transactions
on different servers and subnets form a single session because
all of them have to use a uniform set of data from the environ-
ment. While there are many transaction engines commercially
available, sessions are managed by customized applications.

The need for immediate solutions for the web growth
requirements has led to solutions in the areas of state preserva-
tion, scaling processing power, and application resilience. The
Java language is making its inroads as a pervasive computing
environment at the client side, thus reducing the need for band-
width and server processing. Efficient queuing management
tied to a multithreading paradigm provides a first level of
smoothing out the frequency of variations in client accesses,
and solutions at the client side such as cookies and the server
side such as application servers provide some state preservation
in a fundamentally stateless environment. Some specialized
applications such as publishing – where data is stable, access is
repetitive, and the cost of local storage is smaller than cost of
bandwidth – can use data and server caching and platform rep-
lication as a means to reduce the current strain on servers.

Replication and caching are further utilized with static data
to increase the tolerance of the overall network to both planned
and unplanned maintenance tasks. Communication from the
client is no longer an all or nothing proposition but a guaran-
teed operation when the access parameters stay in a given
range. System and network administrators can configure the
resources to provide a fail-over mechanism that prevents cata-
strophic consequences when a key component fails.

While optimizing individual components of the e-commerce
solution may prove to be a good short-term strategy for product
vendors to accelerate their market penetration, solution integra-
tors are still faced with the formidable task of translating these
component-level performance improvements into a predictable
end-user experience.

Since network communications are bound by the slower
component, solution architects often design redundant solu-
tions with replicated components such as network segments
and computer systems. These topologies scale only if the
appropriate algorithms run on the nodes to divert the traffic into
the most efficient branch and quality of service needs to be built
in the protocol so the appropriate priority is assigned to data
packets travelling the network. 

The web introduces a new challenge to application designers.
Users are no longer trusted and well-trained employees but
anonymous clients who may engage in non-cooperative or
destructive behaviour that increase resource consumption and
endanger the integrity of the database. Once again, the distrib-
uted and stateless nature of the application makes it difficult to
maintain efficient and secure communications between the
server and its clients.

Commercial users of web-based services cannot longer
accept ambiguous quality of service promises. Instead, they

require service level agreements with the solution providers to
guarantee a predictable web experience for the users who
access the web site to perform financial transactions.

A service level agreement (SLA) describes the service in
terms of number of concurrent users, types of resources availa-
ble to these users, maximum bandwidth, response time, down
time for maintenance or upgrades, storage capacity, backup
policies, security tools and processes, accounting, and other
services. What differentiates an SLA from other types of con-
tracts is its focus on results instead of focusing on the resources
spent to provide these results. For example, SLAs have penalty
clauses associated to the lack of performance on any of the
guarantees specified in the contract.

Service level agreements between the solution providers and
the sponsors of the e-commerce site are translated into service
level objectives (SLO) that describe the desired behaviour for
web servers, application servers, and back-end software. 

The SLA focuses on the user experience by measuring vari-
ables such as the time to download a web page or the number
of users who may simultaneously access a web server without
impacting the response time more than a given percentage. The
SLO may specify parameters such as download time per meg-
abyte, the response time to an HTTP request, or the number of
user-generated transactions that the web server can forward to
an attached application or database server. Both SLAs and
SLOs facilitate the business specialization of Internet compa-
nies. Content providers produce the actual data the user is
interested in. Application service providers (ASP) and web
hosting companies allow content providers to concentrate on
their speciality by guaranteeing service to customers, and Inter-
net service providers (ISP) allow ASPs and clients to access the
network with guaranteed bandwidth.

For the application developer, the goals for quality of service
affect the way the application processes its transactions.
Instead of using a best-effort method that avoids the analysis of
the transaction priority to reduce process time, transactions are
queued and scheduled according to the request priority.

Some commercial application servers and web server
platforms provide support for quality of service capabilities.
For example, Hewlett-Packard Web Quality of Service product
family (WebQoS) is a set of software tools that address the
configuration and management of service level objectives for
web servers running on the platform. Using WebQoS, adminis-
trators define the expected operational parameters for the e-
commerce site as well as the corrective actions to be executed.
When these objectives are not met, the WebQoS tools automat-
ically adjust the behaviour of the servers and inform the user
about the status and operational parameters of the domain.

The process to implement WebQoS is simple. First, the
analyst observes the access patterns to the web server. For
example, what percentage of static data is accessed which pag-
es consume more resources, and how much time users spend on
each page. The set of measurements leads to a baseline that
reflects the time of day, day of week, and seasonal differences
in access patterns. The analysis is done with the help of logging
files, network management tools such as OpenView or Fire-
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hunter, and field measurements conducted by third parties such
as Resonate.

Next, the analyst measures the impact of changes in the envi-
ronment and predicts the requirements on the web server. For
example, when company web site is shown on television or the
press, there is a surge of users who want to check the site by
themselves. The same is true when there is an aircraft accident,
natural disaster or other unexpected events.

Then, the analyst investigates the effect of internal incidents
such as network bottlenecks, proxy malfunctions, crashes of
servers in the server farm or hardware and software upgrades.
The result of that analysis is an estimate of the parameters that
characterize quality of service
from the customer’s point of view,
noting that the behaviour of the
user often compounds to the busy
server problems. When users find
the response time unacceptable, a
typical reaction is to press the re-
load icon. The effect on the server
is to have yet one more transac-
tion to process and the need to
discard all HTTP requests is no
longer valid.

From the web server’s point of
view, when the number of users
exceed the maximum capacity
threshold, the resources of the
system are not spent in processing
transactions but dealing with the
unexpected load. Response time
grows exponentially and the serv-
er becomes inoperative.

The analyst formalizes at this time
the service level objectives of the
server. For example, an SLO may
specify the response time of each
HTTP request, measured from the
time the server reads an HTTP request
up to the time the server sends the an-
swer to that request back to the client.
Other SLOs specify the maximum
number of concurrent sessions, the
average CPU load of the system
where the web server is running on
and queue length, which is the
number of requests that have not yet
been processed by the server.

Since SLOs are defined in terms of
thresholds, the administrator has to
specify what to do when the threshold
has been exceeded. One or more cor-
rective actions may be assigned to
each SLO to define the behaviour of
the web server. For example, the
request could be rejected, deferred, or

redirected to another URL in the same or another server.
Once the operational parameters of the web server have been

defined, the analyst works with the content provider to deter-
mine the priority of web accesses. For example, while a given
merchant may provide better response time to customers who
are actually buying books on the web, another merchant may
provide better response time to users who browse through the
catalogue. Similarly, while a merchant may want to maximize
the number of simultaneous users who access the web site,
another might want to put a cap to guarantee that all orders can
be delivered as promised.
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A governing principle in assigning users to user classes with
different priorities is that the resources spent in analysing the
request should be significantly lower than the cost of process-
ing the request. Otherwise, the best-effort method is sufficient
to provide service. Examples of rules determining user classes
include origin and destination IP address, server port, URL,
cookies, and encryption (it can almost be as expensive to
decode an SSL request than to just process it). Request classi-
fication is done for each request and it provides the mechanism
by which administrators can assign relative priorities to user
requests (Fig. 1).

By using SLOs, the administrator can guarantee the order by
which each request will be processed but not the level of
resources assigned to specific applications. Service classes
define the relative priority to access system resources for each
application such as billing or credit card checking. Service
classes are based on operating system tools such as 

 

nice

 

 on
Linux or Process Resource Manager (PRM) on HP-UX, which
allows the administrator to configure a user-defined scheduling
policy for applications.

Commercial web sites may have a large number of replicated
computer systems with one or more web server’s instances per
system. In addition to the concepts of web server instance and
system, the administrator may want to define the concept of
service as a set of servers residing on one or more systems. A
server is defined by an IP address (to differentiate web servers
residing on a single system with multiple LAN cards) and port.
A server contains SLOs, which define the objective and associ-
ated corrective actions when the SLO is violated. Servers are
also mapped to service classes to define the resource levels as-
signed to the server.

User classes are defined for the overall WebQoS environ-
ment. Each user is assigned to one of three classes
(high, medium, and low) based on rules such as the
user IP address. The flexibility of the architecture
and the capabilities of redirecting HTTP requests fa-
cilitate the assignment of different levels of resourc-
es generic and registered users. Web applications
with static and dynamic contents may also be as-
signed to different systems and platforms to
optimize resource consumption at the server level.

At the overall e-commerce site level, the analyst
defines the topology of the server farm. A server
farm includes firewalls, application, and database
servers, as well as the Intranet nodes, a proxy server
for caching, a load-balancing server to distribute the
transactions among the available servers according
to the current load and resource availability or each
server, and the servers under control of WebQoS.

Once the profile of the web server is defined, the
administrator configures WebQoS using a Java-
based graphical user interface (GUI). Since web
server farms are intended to run non-stop, configura-
tion is propagated into the appropriate systems.
From the user’s perspective, there is no perceived
change when accessing the web server other than a
faster response time and adequate throughput when

the system is busy. For example, the chart shows the oscillating
response time as measured by an independent company (key-
note.com) on a standard web server and the more stable re-
sponse time on a server that uses quality of service techniques
to provide the same data (Fig. 2).

User requests differentiation allows the administrator to
provide a uniform level of service to preferred users and oppor-
tunistic service to other users. This feature allows the customer
to estimate the economic value of the WebQoS products for
their particular web traffic patterns and e-commerce usage. If
the system is not working at its peak capacity, all requests are
processed immediately. When the system reaches its peak
capacity, WebQoS also works as a service differentiator: high-
er-priority users have guaranteed access to platform resources
while lower-priority users are deferred a predefined number of
seconds, redirected to other sites with static-content pages, or
rejected. That way, higher priority users have a better response
time because their requests are processed sooner and lower
priority users know earlier that the web server they are trying
to reach is too busy to serve them.

The current implementation of WebQoS is architected in a
client-server topology (Fig. 3).
• The WebQoS library intercepts the calls to the socket library

issued by the web server so it can manage the request
queues. When a request arrives to the system, WebQoS
checks first if it is active for the particular port and IP
address and, if it is, it classifies the request in one of the high,
medium, or low priority classes and links it into the appro-
priate queue. The library also retrieves the next logical
request from the queue using the scheduling mechanism
defined by the administrator. The user may also invoke the

User interface

Service Control
Operator
(SCO)

Service Control
Agent (SCA)

Service Resource
Controller

Web Server 2
QoS Request Control

Web Clients
High, Med &
Low Priority

Application 1

Application 2

Data
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Web Server 1
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Service Control
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Figure 3: WebQoS architected in a client-server topology
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WebQoS API to assign application-defined priorities to
requests. 

• The service control agent (SCA) sits on the system where
the web server is running and communicates with all the
servers on the system to provide them the WebQoS parame-
ters needed by the server and to gather all information and
log requests sent by all the servers. 

• The messages gathered by the SCA are sent to a central serv-
ice control operator (SCO). The SCO talks to the agents
(SCAs) to provide them information about WebQoS config-
uration and to request status data so the GUI can display the
overall status of the domain and the specific status of servic-
es, systems, web servers (sites), and SLOs.

• The communications library is used for communication
between the objects in the WebQoS domain. The protocol
sits on top of TCP/IP and facilitates writing clients other
than GUI to perform complex administration tasks.

• The tracing and logging daemon allows creating centralized
repository to help the user understand the behaviour of
WebQoS under the load specific to a WebQoS domain as
well as to derive some data to analyse the access patterns
from the users.

• The GUI is used to configure WebQoS and to analyse its
behaviour. The figure shows the screen that describes the
status of the SLOs (Fig. 4).

The architecture of WebQoS facilitates its integration with
other tools. For example, while a graphical user interface is a

simple and convenient tool for novice users who need to con-
figure small networks, large web service providers may need
automated tools to replicate a configuration change to hundreds
or thousands of web server instances. Also, the history log for
web server transactions may need to be correlated to other
system or network-level events. Application servers may want
to use the WebQoS library to extend the behaviour of the web
server prioritization to all the steps of a user’s request. Because
of that flexibility, WebQoS core software and GUI interface is
supported on a variety of web servers running on operating
systems such as HP-UX, Linux, Windows NT, and Solaris. 
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A Tool for the Construction of Adaptive Web sites

 

Rosa Carro, Estrella Pulido, Pilar Rodríguez.

 

The TANGOW system, Task-based Adaptive learNer Guidance on the Web, allows for the creation of
corporate Web sites that adapts the presentation of the corporate information to users with different profiles
and different interests. Web Engineering is an area that has gained special relevance in the last years.

 

Motivation

 

In the last years all the technologies associated to Internet
have experienced a great peak. The possibilities are increasing,
because the number of accessible Web sites through Internet in-
creases continually. In many cases, the sites that become public
are of small size and, frequently, they correspond to individuals
who create and maintain their pages Web in a handmade way.
However, in the case of corporate Web sites, the creation and
maintenance procedure cannot be improvised, since they seek
to provide the users with a great quantity of information that, if
it is not organised orderly, can lead to the degradation of the
quality and integrity of the long term data.

To avoid the above problems, it is becoming increasingly
evident that for the development of Web sites of a certain
importance, more formal methods or specific computer tools
should be used. The new techniques should certainly address
the key required characteristics of these application types, in
particular a) the necessity for rapid update of the available
information, not only relative to a single item, but to the inser-
tion of new sections and modification of existing sections, and
b) the diversity of the profiles of the users interested in visiting
the site. There are of course other functions demanding formal-
ised control.

In response to the above perceived requirements, a new
discipline emerged in 1997 in the field of the research and
development of Web based systems: Web Engineering (WebE).
The term was coined by San Murugesan of the University of

Western Sydney Macarthur, Australia. An example of the grow-
ing interest in this field is the series of international workshops
on WebE taking place every year since [Murugesan 98].

The objective of providing appropriate methods for the
development of corporate Web sites urges the use of computer
based tools that facilitate the creation as well as the mainte-
nance of the information. There are plenty of tools though, such
as Front Page [

 

Jennett 00

 

], for the creation and maintenance of
HTML pages. But these tools provide no help in the adminis-
tration and structure of the information. Neither do they assist
in the Web site maintenance, and the necessary creation of
views customised to each individual user’s profile, taking into
account the updating of the information to be included for each
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profile, and the inclusion of new profiles. Most important are
techniques that provide automatic adjustment of content and
structure to best fit each user’s profile. These techniques are
part of the more general domain of adaptive hypertexts and
hypermedia [

 

Brusilovsky et al. 98

 

], and it is in this line that the
TANGOW system proposes itself as an adequate tool for the
creation and the maintenance of corporate Web sites where the
definition of distinct views in function of the users’ profiles is
essential.

 

Characteristics of TANGOW

 

The TANGOW system was originally designed to assist
the development of adaptive Internet-based courses [

 

Carro et al.
99b

 

]. But it can also be used for the creation and maintenance
of Web sites that adapt to the users’ characteristics. In the case
of a corporative Web site for a university, the user characteris-
tics to consider could be, e.g., his language and the interests
that led him to visit the Web site. These interests will be differ-
ent if the user is, say, a student, a teacher, or a researcher.

The procedure used by TANGOW for generation of adaptive
Web sites consists of designing for each user the contents that
are to be presented to him, and the site structure which is spec-
ified as a group of content units. In TANGOW the term task is
used to refer to such content units.

A content unit can be atomic or decompose to more specific
content units. This user-dependent decomposition is rule-driv-
en. The left part of the rule pertains to the compound content

unit, while the units in those that breaks down appear in the
right part of the rule. The process of decomposition, to which
we will now refer as sequencing, can be of different types, but
two sequencing types are of particular interest for corporate
sites. The first is of type AND, which specifies that the user can
access subunits in the order he prefers. If the subunits represent
different options the user need not visit all, and the applicable
sequencing is of type OR. Additional sequence types are of
great utility when the system is used for educational ends.

Each rule has an activation condition containing the condi-
tions related with the user’s profile, or conditions related to the
actions carried out by the user while interacting with the sys-
tem; these conditions determine whether a rule is activated or
not. This allows the definition of different forms of decomposi-
tion of a task in functions of the user’s profile, by defining rules
with the same task in the left part but different tasks and differ-
ent activation conditions in the right part of the rule.

For the construction of contents, note that with TANGOW
the pages are not built at design time, but are generated dynam-
ically at execution time. The designer specifies the type of con-
tents that should appear in the page and how they should be
organized. The actual contents (hypermedia elements) are or-
ganized in agreement with characteristics such as the language
they are written in, the level of difficulty, etc. At execution time,
the system selects for each content unit the hypermedia ele-
ments associated with that unit and best adapted to the user’s
profile. The final page as shown to the user is obtained by a

2

Fig. 2: Examples of compound and atomic tasks (tarea)
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combination of the selected elements according to the pattern
specified by the designer.

The structure of a Web site together with the contents are
stored in databases. This greatly facilitates the maintenance
tasks. Also, the independence of the structure of the Web site
from the content of the pages presented to the user allow that
aspects of the structure can be modified without having to
change the content, and vice versa. On the other hand, the reuse
of parts of the structure or of the content of a existing Web site
when creating a new Web site is facilitated.

Another important feature of the system is that information
is recorded about the user’s interaction with the pages he
accesses, how long he remains in each page, etc. This informa-
tion can be used to reorganize the web site so that the most
visited pages can be accessed more quickly. On the other hand,
if many users spend very little time in a certain page this sug-
gests that this page is just an intermediate step to arrive to
where it is really wanted. This is usually annoying for the users
who must click repeatedly, and it can be avoided by merging all
the intermediate steps into one single page.

Design and maintenance of Web sites with TANGOW
When a designer creates a Web site, he defines the group

of tasks and rules that constitute the structure or different pos-
sible structures of the Web site and associates these tasks with
the hypermedia information elements and their disposition that
will appear on the dynamically generated HTML pages. To
illustrate this process, we will use the example of the design of
a Web site with information about an university college. One of
the possible structures of this Web site is the one shown in Fig.

1 that will be presented to navigators belonging to the profile
“teacher”.

The Web site generation tool provides an interface for the de-
sign of basic units or tasks, where the designer only introduces
information about the task name, its description in several lan-
guages, the type (in a Web site it will usually be theory), and its
atomicity. The other parameters are generated automatically by
the tool, except for those that appear in the HTML field. In this
case, the designer indicates the generic name of the hypermedia
elements that will be used to compose the pages associated
with that particular task.

Fig. 2 shows the use of the design tool to describe two tasks
that are part of the college’s Web site. The first task is of type
theory T_ALUMNOS that includes information about the stu-
dents. This task is compound, has no associated hypermedia el-
ements, and will break down later into several subtasks. The
second task, T_CUENT, is atomic and of type theory. The only
hypermedia element associated with this task is identified as
ST_ACCOUNT, and includes information about students’
accounts.

Once all the basic units that are part of the Web site are
defined, or during their definition, the designer introduces the
rules that make up the structure of the Web site. As already
mentioned, the Web site can be personalised by defining differ-
ent rules that indicate different decompositions of the com-
pound task, resulting in different structures for the same Web
site. The activation of one or another rule will depend on
whether the activation condition associated to each rule is sat-
isfied, and it will determine the final structure of the Web site.

In our example, the designer has decided that the information
accessible to the students will be different depending on the

3

Fig. 3: Two different rules (regla) to describe the decomposition of the task 
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profile of the navigating user. If the user is a teacher, he will
have access to the information about the students’ accounts and
records, as shown on Fig. 1. On the other hand, if the user is a
student, he will have access to the information on his own
student’s account, and to the different students associations of
the college, but he won’t have access to his academic records.
This adaptation to the visitor’s profile is achieved by means of
the definition of two rules defining the decomposition of the
task T_ALUMNO (see Fig. 3). Each rule has a different condi-
tion of activation, so that the first will be activated if the navi-
gator is a student, while the second will make it if it is a teacher.

The designer need not provide pages with menus to allow the
navigating among the different parts of the Web site, since
these are generated automatically by the system just before
being presented to the students, and its content depends on the
visitor’s profile, allowing that the structure varies according to
that profile.

Once all the tasks and rules that are part of the Web site are
defined, the designer must define a main task, where every
guest begins his visit. Next, the designer will click the button
“compile Web site”, which will check the consistency between
the tasks and defined rules, and generate the instructions to
store them the database of the Web site.

Finally, the designer must provide and classify the hyperme-
dia elements that will appear in the pages generated dynamical-
ly during the user’s interaction with the Web site. These
elements will have the same name as the elements indicated in
the HTML field of the tasks, and they will be classified in
different directories, depending on their own characteristics
and the profile of the potential visitors of the Web site (e.g. the
language or the difficulty level). Thus, TANGOW chooses the
most appropriate elements for each visitor in the moment to
generate the HTML page associated to a task. An important ap-
plication of this dynamic generation of pages is multiligualism.

Note that the fact that the pages are composed from several
independent hypermedia elements allows the reuse of these
elements in different tasks. This is the case shown in Fig. 4,

where one can observe that the publications associated to the
different projects of a research group (PUBL_IE, PUBL_ENC,
etc.) are accessible not only in the HTML pages generated for
each project that also include information about the objectives
of the project and the members participating, but also is bun-
dled in the page generated for the task PUBL, where all the
publications of that research group is shown.

Another feature is that the designer can define a common
style for all the pages, their background, header, and footer, so
that the Web site will have an uniform aspect.

The maintenance of a TANGOW-generated Web site is very
simple. To modify a hypermedia element, one simply edits and
modifies it, without needing to access information on the Web
site structure (tasks and rules). To replace an element by anoth-
er, the old element is deleted and the same name is given to the
new element.

To include new information in the Web site, the designer
defines the tasks and rules that describe the new information
and its structure, and relates these tasks with the information
included previously in the Web site by means of some of the
already existing rules or by defining some new rule.

Including a new profile is also a simple task for the designer
using TANGOW. He must only define new rules for the access
to information by the new profile, and as activation condition
that the user belongs to that profile, together with other prereq-
uisites in the rules associated with subtasks which were not
accessible for this profile.

If the designer wants to modify the structure of the Web site,
he modifies and/or deletes existing rules and tasks, and creates
new rules and tasks as necessary.

If it is necessary to delete a portion of the Web site, the tool
allows to simply carry out this operation selecting those rules
and tasks that are to be eliminated.

In any case, when the designer presses the button “Compile
Web site”, the system checks the consistency of the Web site,
checking if there are any task or group of tasks and rules refer-

Fig. 4: Reuse of hypermedia elements
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enced by any previous rule (defined but inaccessible from the
main task), or if any rules reference to nonexistent tasks.

Also, neither is it necessary to update the links between the
different pages of the Web site, because the pages that include
links to other tasks are generated automatically from the updat-
ed information in the tasks and rules database, so that there will
never be any connection to a missing task nor any missing con-
nection to an accessible task.

4. Conclusions
The TANGOW system allows the generation of Web sites

whose structure and contents adapt to the user’s profile. Site
structures are defined independently of the contents of the
HTML pages that will be generated dynamically just before
being presented to the users. Each structure is defined by means
of a group of tasks that represent the basic units of the Web site,
and their rules that define the relationships among the different
tasks.

Also, the use of databases to store the hypermedia elements
that will appear in the HTML pages, as the tasks and rules that
are part of the Web site, facilitates its maintenance, and allows
the efficient execution of the adaptation process. The consisten-
cy of the Web site is guaranteed, since the connections between
the content units or tasks are verified automatically based on
the information stored in the databases.

TANGOW is a design tool based on HTML forms, so that the
designers can create and modify their Web sites easily. This
tool will also soon include group working functionalities relat-

ed to the cooperation among designers. These functionalities
are based on the administration of Web sites and designers’
identification, so that a designer may authorize or restrict ac-
cess and modification rights on their Web sites to other design-
ers.
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A Software Architecture for Search and Results Visualization on 
Intranets

Omar Alonso  and Ricardo Baeza-Yates

In this paper we present a software architecture for search and results visualization on Intranets. Our
approach is based on a model that defines an intermediate representation and a language for data inter-
change between the information retrieval software and the visualization software. Given that intermediate
representation a designer can provide different visualization options for search and results visualization.

Keywords: Intranet, Architecture, Search, Information Visuali-
sation

Introduction
The acceptance of World-Wide Web (WWW) technology

allows access to existing systems in different systems using a
common interface – a Web browser – from different geograph-
ical locations. Companies are trying to mimic Internet services
and concepts in their Intranets. 

There are two main WWW-based applications: database
access and search and information retrieval. In the first one the
goal is to migrate previous client-server applications to WWW
as part of the eCommerce solution. Our focus will be in the sec-
ond application: search and information retrieval [Baeza-Yat-
es/Ribeiro-Neto 99], [Frakes/Baeza-Yates 92]. Our approach
also explores the integration of different components and XML
(eXtensible Markup Language) [Goldfarb/Prescod 98], [W3C 98]
for data transport.

The process of information resource discovery on the Web is
a primary task that requires essential tools. Lately there has
been a growth in the number of tools and applications in the
information retrieval area that is supposed to make the process
easier for users. However searching the Web is still, sometimes,

a frustrating experience. Not only because of the underlying
search engines technology but also because of the current user
interfaces.

Information retrieval and visualization are core components
of more complex systems like digital libraries [ACM 95],
[IEEE 96] and knowledge management systems[O’Leary 98].

Information access has two main components: 1) search and
retrieve and 2) visualization (analysis and synthesis) of the
result set.

The organization of the article is the following. Sections 1.1
and 1.2 describes briefly the information seeking process
(search and visualization). Section two presents an Intranet
search service as a case of study. Section three describes the
model and software architecture of a search service for an
Intranet. Section four enumerates implementation details.
Finally we presents our conclusions along with a reference list. 

1.1 Information Retrieval
In the search process the user specifies in a certain way what

he is looking for and the system presents the results set with a
tabular representation. The results are not always what the user
was interested in so the next step is to reformulate the query
until the user finds (or not) the desired information.

The typical generic scenario for searching, retrieving, and
displaying information on the Web is the following (see Figure
1). A user has an information need about a certain topic. With
a user interface he formulates a query to the system (1). The
query starts an action in the system (search engine, information
retrieval system, digital library, or other software component)
(2). The system will retrieve (or not) objects and will display
them with appropriate messages and layouts in the same graph-
ical user interface (GUI) where the user entered the query (3).
Finally, the user decides if the documents are relevant or not.
He can either exit the system because the information was
found or refine the query and start again (4). 

The process of searching information on the Web can be
mainly performed in the following two ways:
• The user types keywords or phrases in search engines (e.g.

AltaVista, Google, Hotbot, Northern Light, etc.) or browses
and also searches over predefined classifications (e.g. Ya-
hoo!). The technology used here belongs to the domain of
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information retrieval. The underlying technology of a search
engine, as an example, can be simple inverted files, vector
space models, or Boolean systems [Baeza-Yates/Ribeiro-
Neto 99], [Frakes/Baeza-Yates 92]. Harvest is also a well
known architecture for Web searching. [Browman et al. 94].

• Using an autonomous software agent to perform searches
and inform the user of the results. This type of agents
belongs to the area of artificial intelligence or agent-oriented
programming [Bradshaw 97]. A very useful form of soft-
ware agents is as an information retrieval agent, whose main
function is to find and gather relevant information [IEEE
97], [Jacobs/Shea 96].

In an Intranet environment there is much more control over
content that on the Internet. By definition the Web has little
structure, but it is possible to have more control over Intranet
than Internet sites.

1.2 Information Visualization
Current search engines interfaces are intuitive and in some

cases restricted by the nature of the Web. There is limited use
of colour, the interaction is minimal and several common desk-
top features are inexistent. Although the trend is changing, the
current search interface is a text box for the input query and a
search button.

The process of visualizing results set can be pure textual or
more visually appealing with a visualization metaphor. With a
pure textual result, the user has to read through an ordered list
of ten or twenty items (usually documents) that contains the
desired information. This is acceptable if the answer is in the
first page, otherwise the user has to examine all the entries in
the list. Usually the data about an item are the abstract of the
document, the URL (Uniform Resource Locator), title, last modi-
fied date, and size. All this data is compressed into three or four
lines. With a click on the URL the user can open a document.

The user usually can not manipulate how to display the result
set on the screen and he can not change the interface at all. This
approach works if the items to be found are in the first couple
of Web pages. Otherwise it is a tedious process until the user
has found what he was looking for. A graphical visualization
metaphor solves this problem with a richer interface where the
user can query and navigate the result set on the same page.

Information visualization is an effective tool for partially
solving data overloading problems in Web information retriev-
al [Stuart et al. 99], [Hearst 99]. Another approach for explor-
ing WWW search interfaces can be found in [Greenberg/Gar-
ber 99]. Many interfaces are fixed and do not allow tools like
plug ins to improve them.

From the hardware point of view, the process of searching
and retrieving information in WWW is limited to certain high
resolution displays. Although there is a wide range of devices
for the Web, a sophisticated visualization metaphor is not prac-
tical. Our approach provides a solution to this problem. The
user can select a visualization metaphor for a particular hard-
ware device if its available on the system.

Search and Results Visualization in an Intranet
Let’s see a practical Intranet application in a given com-

pany. The problem be the following: the user wants to search
information using a given software and wants to see the search
results using a different visualization tool. For example, an
engineer may use his favourite browser as the main interface
for search and visualization. But when he is travelling, he has
no access to his high end workstation to search for information.
Maybe he has another type of device to access the network like
a personal assistant (e.g. Newton or PalmPilot) or cell phone1.

We will describe both aspects: search and visualization. 

2.1. Search
The scenario be the following. The company maintains a cen-

tralized search service which controls access to main servers
and also to several inside web sites. Different users with differ-
ent hardware devices can access the service and perform search
queries. The system also has a subscription feature and a per-
sonalization mechanism.

Figure 2 shows an instance of the search service with some
clients that are performing search queries.

The search service provides an API (Application Program
Interface) that allows interaction from different visualization
metaphors. Without giving any particular details of a program-
ming language, a call to the search service has the following
syntax:

search -query -id -collection -results

The call to the search service is one code line (search) with
four parameters: the query (query), client or customer identi-
fication number (id), collection (collection), and result set
(results). As an example and following the previous figure, a
group of users are issuing the same query: “information visual-

1. We assume that there is some sort of authentication.
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ization”. A user (id=12) will prefer an HTML interface from a
web browser. The web interface will make the following call:

search -query 'information visualization' 
-id 12 -collection 'intra' -results 1

In another example, the same user would like to view the
results using a visualization metaphor like HBP [Baeza-Yates
96]. HBP’s Java code will execute a JDBC connection to call
to:

search -query 'information visualization'
-id 12 -collection 'intra' -results 2

Another user (id=20) issues a query from his cell phone
where the interface makes a call to:

search -query 'information visualization'
-id 20 -collection 'intra' -results 11

Finally, a parasite search engine uses the search service to
provide answers to a given query: 

search -query 'information visualization'
-id 2 -collection 'para' -results 50

The identification mechanism is very important because it
allows a level of personalization in the application. In this case
the search service can retrieve a profile of the user every time
he is opening a connection to the service.

The result set of the search query is a list of items usually
ordered by relevance.

2.2 Visualization
Let us consider another point of view and imagine a user who

has learned to use an interface and is happy with it because it
works. We will not give implementation details but we assume
it is complex and the user considers it a valuable tool. The user
wants to operates this metaphor as the main way to access any
kind of information at any time.

The user performs queries against different information
sources using the same visualization metaphor (Figure 3). This
can be done if the sources share the same data representation
otherwise this level of integration is very difficult.

Model and Software Architecture
We want to make the search component independent

from the visualization component in a standard way. By stand-
ard we mean that different visualization metaphors can interact
with different retrieval software and vice versa. The user inter-
face is independent from the retrieval software and at some
point is user defined from a set of available interfaces [Alon-
so/Baeza-Yates 98].

Conceptually our model consists of three main parts: a set of
searchers, a set of visualizers, and a markup language that acts
like an independent representation that allows both sets to
interchange data.

Figure 4 shows the user’s perspective with the system in
action. A circle represents a searcher. In the example, B1 is a
software agent with information retrieval capabilities. B2 is an
specific application that contains an information retrieval com-
ponent (assisted by a crawler) and that also access the operating
system and a database. A thick circle represents a visualizer.
For example, V1 is an implementation of HBP [Baeza-Yates
96] and V2 is a hyperbolic browser [Lamping/Rao 96]. 

Searchers and visualizers interchange information using an
intermediate representation that we will introduce later. There
are different ways to manage this representation in the imple-
mentation. For notation purposes only we suggest that the
choice is to store the data in a temporary files of type RI (inter-
mediate representation). 

A user has an information need and define his searcher (B1)
and visualizer (V1). The searcher B1 performs a search over a

WWW source and we can define it as a
search engine. The visualizer V1 is an
implementation of HBP or a visual met-
aphor similar to TileBars [Hearst 95].
B1 produces as output an intermediate
format (RI). V1 reads this file and dis-
plays to the user all the search results
using a visualization metaphor.

Another user specifies a different
searcher (B2), and visualizer (V2). The
searcher B2, performs a different type
of search using a complex information
retrieval software that combines differ-
ent data sources (Web, databases, and
flat files). B2 produces output to a file
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(RI) using the same mechanism as the prior examples. V2 is an
implementation of the hyperbolic browser HBP and will dis-
play the result set.

3.1 Intermediate Representation
The search and visualization components need an intermedi-

ate representation for data exchange. We are interested in the
following results data from a search query. A visualization
component will later read this data for presenting the results to
the user.
• Query 
• URL
• Title
• Abstract
• Author 
• Content-length 
• Content-type 
• Last-modified 
• Score or rank 

This intermediate representation will be used by the search
and visualization components. If a component (search or visu-
alization) does not understand the format, a transformational
engine will apply a set of rules to transform the intermediate
representation to its internal format. The following is the search
query results for “information visualization”. The output from
a search component will be an ordered list of items each of
them containing: rank, URL, abstract, last modified data and
page size (among others). 

1
http://www.cs.panam.edu/info_vis/home-
info_vis.html
Information Visualization at U. Tx. - Pan 
American
Information Visualization. at University of 
Texas
- Pan American. The purpose of
computing is insight, not numbers. 
- Richard Hamming, 1962. The goal of….
Last modified 18-Oct-96
page size 4K

2
http://www.elastictech.com/
Elastic Technology - Information visualization 
java tools
Java technology to visualize, navigate, and 
manage large information…
Last modified 27-Apr-99
page size 4K 

3
http://graphics.stanford.edu/courses/cs348c-
96-fall/resources.html
Some Information Visualization Resources on the 
Web
Information Visualization Resources on the Web. 
This page is a partial collection of
online InfoVis resources. See the accompanying 
bibliography for…

Last modified 29-May-99
page size 14K

We can see that all this information could be structurally and
semantically richer if it can be expressed in a language. 

The visualizer reads the result set as input and renders the
information according to it visual metaphor. An advantage of
this intermediate format is that the searcher can include differ-
ent document attributes that can be (or not) used by the visual-
izers.   On the other hand certain visualizers can prefer a search-
er that provides more better quality data 

3.1.1 IVL 
We propose a markup language IVL (Information Visualiza-

tion Language) as the implementation of the intermediate
representation introduced in the previous section.

There are other intermediate representation formats in
research and industry. A well know format in knowledge repre-
sentation is KIF (Knowledge Interchange Format) used in arti-
ficial intelligence projects. In industry, MCF (Meta Content
Framework [Guha]) was introduced some years ago by Apple.
One of the most interesting applications of MCF is HotSouce.
HotSouce is a 3D visualization metaphor for navigating Web
sites.

Lately there has been much interest in extraction of semi-
structured data from Web pages. The most important example
is VDBMS (Virtual Data Base Management System) by
Junglee [Rajaraman et al. 98] that makes Web and other exter-
nal data sources look like a unique relational database. From a
research perspective an interesting approach of extraction by
example is presented in [Ribeiro-Neto et al. 99].

Our interest in a language is because we want to make the
representation independent from any proprietary format. Also
we can automate wrapper generation as in several semi-struc-
ture data extraction projects.

We are interested in XML and RDF [W3C] as the main
options for implementing IVL in a Web environment. Why
XML or RDF? With the current trend in eCommerce infrastruc-
ture, many formats (like EDI) are re-evaluated in the XML con-
text. We believe that XML and RDF will evolve with Web tech-
nology and this will allow improvements on IVL. Today there
are more products and tools around XML than RDF.

A query result set using an XML implementation is: 

<ivl>
<rank> 1.</rank>
<url>http://www.cs.panam.edu/info_vis/home-
info_vis.html</url>
<title> Information Visualization at U. Tx. - 
Pan American  </title>
<abstract>
Information Visualization. at University of 
Texas - Pan American. The purpose of computing 
is insight, not numbers. - Richard Hamming, 
1962. The goal of… </abstract>
<lm>Last modified 18-Oct-96 </lm>
<size> page size 4K </size>
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<rank> 2.</rank>
<url>   http://www.elastictech.com/ </url>
<title> Elastic Technology - Information 
visualization java tools  </title>
<abstract>
Java technology to visualize, navigate, and 
manage large information…
</abstract>
<lm>
Last modified 27-Apr-99</lm><size> - page size 
4K </size>

<rank> 3.</rank>
<url>   http://graphics.stanford.edu/
courses/cs348c-96-fall/resources.html</url>
<title> Some Information Visualization 
Resources on the Web  </title>
<abstract>Information Visualization Resources 
on the Web. This page is a partial collection 
of online InfoVis resources. See the 
accompanying bibliography for… 
</abstract>
<lm>Last modified 29-May-99 </lm><size> page 
size 14K </size>
</ivl>

3.2 Software Architecture
This section describes our proposed software architecture

using a hybrid architectural style notation of Shaw and Garlan
with repositories [Shaw/Garlan 96]. Figure 5 shows the archi-
tecture for our proposed solution.

The user has the choice of selecting a searcher and a visual-
izer as part of his profile. Then he issues a query to the system.

The Search Manager then invokes the
specified searcher to perform the query.
Most searchers use some kind of data
storage that we represented in the archi-
tecture as a data base, but it could be a file
system, or some other structure. The re-
sults from the query can be in IVL format
or not, depending whether the searcher
supports IVL. If the searcher does not
support IVL, a transformer will map the
internal format of the searcher to IVL.

The process of displaying the results
using an information visualization meta-
phor or a different user interface is the
following. The Visualizer Manager
invokes the specified visualizer that will
display the results for the user. If the vis-
ualizer supports IVL then it just displays
the results to the user. Otherwise there
has to be another transformation from
IVL to the internal format of the visualiz-
er. The transformer also uses data storage
(in this case a data base) for storing the
transformed format.

It is important to note that the architec-
ture describes components without specifying a particular ven-
dor or a particular technology. These components work in a
Web environment and our interest is to build software using
them. The Open Source community is starting to identify this
way of development. We will discuss technology issues in the
prototypes section.

Implementation
In this section we describe at high level some implemen-

tation details. We call WWW-based computing as the integra-
tion of different heterogeneous data sources under one environ-
ment. We introduce two common models: CGI (Common
Gateway Interface) and SSWA (Server-Side Web Applica-
tions).

In the first model, to develop a Web interface for an existing
database, the programmer writes a CGI script using Perl, C or
any UNIX shell script. This script is an external program run by
the Web server to access the data and create HTML output. This
HTML is then presented on the Web browser. This architecture
works and has some know limitations like the difficulty to
maintain state and session connection and extensibility.

The second model consists in adding HTTP functionality to
the database software. Using JDBC with Java servlets to
replace CGI is a better architecture that solves previous client-
server problems and allows the server-side applications to
interact with a wide range of databases. A Java servlet is like an
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applet except that runs in the server. Figure 6 shows an archi-
tecture based on ODBC/JDBC.

The search service prototype consists of interMedia Text
(Oracle) as the underlying search technology and a simplified
version of the horizontal bookpile metaphor as the visualiza-
tion metaphor.

There are several ways of implementing the prototypes in a
Web environment using Java technology: servlets, applets, JSP
(Java Server Pages), and EJB (Enterprise Java Beans). There
are some techniques about where to place the components,
based on the degree of separation between presentation and
business logic. Our emphasis is moving most of the computa-
tion to the server side so we choose servlets as the basic model.
However we believe that similar development can be done
using other server models.

The user issues a query from the browser. A Java servlet is
responsible for opening a JDBC connection to the Oracle 8i
database, issuing the text query, and retrieving the rows. With
the XML-supported features from the product, the horizontal
bookpile metaphor (HBP) reads the IVL format and displays
the results to the user.

The servlet has to “massage” the results from that query and
produce IVL markup code. HBP reads IVL and produce a
graphical representation of the result set.

Figure 7 shows the architecture of the prototype. The back
end side is an Oracle 8i database with interMedia Text and a
Java servlet. The front end side is a variation of the HBP.

The main advantage of this solution is that has an industrial
strength back-end that allows the prototyping of different visu-
alization metaphors and user interfaces. On the other hand it
requires a level of expertise in a number of components (data-
base, interMedia Text, servlets, XML, etc.).

Conclusions
We have presented a model and a software architecture

for searching and visualizing answers in WWW retrieval with
emphasis in the visualization process. With so many systems
and tools for WWW retrieval, our model defines a way to share
the output of those so that the visualization is more independent
and therefore an option of several to the user.

We believe that our architecture is suitable for current com-
mercial Intranets. Our software architecture could be used to
implement knowledge management solutions where informa-
tion is in different formats in different places. The model can
also be used to implement previews and overviews interfaces
for digital libraries.
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www.admin.ch –
Access to the Swiss Parliament

Elisabeth Bürki Gyger and Nicolas Kessler

www.admin.ch is a information site of the Swiss Federal authorities serving as
gateway to the Swiss Government and Administration. Since the launch of the Web
site in September, 1995, it has been constantly developed and adapted to the needs
of Internet clients.

Responsibility
www.admin.ch is the responsibility of the Information and

Press service of the Federal Chancellery. The presence on the
Internet falls under the category of information and makes up
part of the mandate to inform the Parliament, the cantons and
the public, as set down in article 10 of the Law on Government
and Administration.

Overview
Information from the federal departments (ministries) and

federal offices can be accessed directly from the home page.
Along with information about the Government, the Adminis-
tration and their activities, the site provides details about polit-
ical rights (people’s initiatives, referenda, public votes and
national elections) and legislation in Switzerland. Of particular
note is the systematic collection of laws.

The target audience includes citizens, Swiss nationals living
abroad, the media, politicians, teachers and schools, as well as
foreigners interested in Switzerland.

www.admin.ch reflects the multilingual nature of Switzer-
land with information in the three official languages German,
French and Italian. Present imbalances in the amount of infor-
mation provided in each language will be corrected. Wherever
possible, consideration is given to the fourth national language,
Romansh, and with the interests of an international public in
mind, documents in English are appearing more and more. The
diversity of languages is evident on each page: The language
selector displayed on top of each page facilitates the search for

information and is highly appreciated. The naming of the Web
site was also influenced by this multilingual characteristic. The
domain name was chosen particularly because it applies in all
four national languages and English.

The latin “Confoederatio Helvetica” (Swiss Confederation),
together with the Swiss Cross, was chosen for the logo. “CH”
is the official (ISO) abbreviation for Switzerland.

How the site developed
The Federal Chancellery made the first Web trials in 1993.

Thanks to the basic Web standards developed by Tim Berners-
Lee at CERN – HTTP, HTML and URL – we could gather
information from the most varied sources and make it available
to a wide circle of people using the Administration’s internal
network. One of the prerequisites for the Web, the network pro-
tocol TCP/IP, was already being widely used in the Administra-
tion. Particularly in cases of “exceptional situations”, where
information has to be prepared in a short time without a lot of
technical arrangements, related to other data and presented
concisely, the Web appears to be the ideal solution. 

To a certain extend we early users of what is known today as
“Intranet-based knowledge management”.

For more than a year, a lot of persuasion had to be used
before more internal data were made suitable for the Web.
“Surfing” was popular but many people shied away from the
effort involved in preparing their “own” information for the
Web. Nevertheless, the Federal Chancellery together with the
Parliamentary Services, the Parliamentary staff office, ap-
peared on the Internet with a vast array of information Septem-
ber, 1995 and thus became one of the first government repre-
sentatives on the Web. Then, as today, what was of primary
importance was not the presentation of the individual office,
but rather substantial information about legislation and direct
democracy.

www.admin.ch

Administration German

Administration French

Amministrazione Italian

Administraziun Romantsh

Administration Englisch

Elisabeth Bürki Gyger is responsible for the management, the
updating and the further development of www.admin.ch as well
as for the coordination of the internet activities of the Swiss
Federal Chancellery. She chairs the forum of the persons in
charge of WWW in the Departments, the Parliament Services and
the Federal Chancellery. Her domains of interest: Web design,
especially graphics, text, and navigation design. 

Nicolas Kessler, head of Information Systems, is responsible
for the planning and execution of projects in the area of informa-
tion modelling and retrieval. His/its interests include XML, topic
maps, knowledge management, and the application of modern
information technologies in decision processes.
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Today, information about the collection of laws and the leg-
islative proceedings make up the largest part of the Confedera-
tion’s Internet offer and records the highest number of “hits”.
For internal information systems and processes, suitability for
the Web was the main concern. All header data and texts in their
updated versions are managed with intranet based technology
and constantly made available on the Internet in consolidated
form. Whenever possible, cross references are included, point-
ing for example from the header data of a law put to a public
vote to the detailed results.

Principles for the organisation of www.admin.ch
The development principles set down in 1995 are still valid

for the people responsible for www.admin.ch. In fact some
have even evolved into a kind of doctrine.
• A high degree of substantial information as well as a

straightforward, easy-to-follow organisation of the individ-
ual pages. Access to politics should be made easier. Fears
should be reduced.

• Access to information should be available to all, regardless
of computer platform or browser software. Information
should be accessible with older computers, small screens or
slow modems. Consequently, new features are introduced
only cautiously. Purposely, and possibly at the expense of
visual attractiveness, elements that hinder or slow access to
information are avoided.

• For Web graphics, attention is paid to keep memory volume
as low as possible.

• Web pages must be accessible to the blind and visually
handicapped (speech browser, Braille characters).

• The offer must permit future adaptations and expansions.

The diversity of design and structure of the
Web sites when surfing through them is impres-
sive. The decentralised management of the
sites arises from the fact that many federal of-
fices were on the Internet before their relevant
ministries. This individuality managed to avoid
creating the impression of an administrative
monolith on the Web. 

In this context, it is worth noting that in con-
trast to other countries the press and informa-
tion services are decentralised, i.e. are located
in the different federal ministries and offices.
There is no central information and press office
in Switzerland.

The diversity of the Web sites is however not
particularly worrisome. In fact it has advantag-
es. The distribution of the responsibilities has
created room for manoeuvre in the ministries
and offices. It gives them freedom to present
complete information directly to their public
thus guaranteeing the freshness and continuity
of the information. 

However, to maintain a minimum of coordination, a Web
Forum was created in Spring 1999. In this group, departmental
webmasters meet under the chairmanship of the Federal Chan-
cellery. At present, work is focused on the revision of Web
guidelines set in 1996. In future, information (directions, rec-
ommendations, tips) will be available on the Intranet for all
Webmasters of the Federal Administration.

Prospects
The possibilities of the Internet as an information and com-

munication medium are far from being exhausted and they will
grow with the development of new technologies. Navigation
improvements are planned for the near future. Topic maps will
enable thematic access to information. At the same time, an
alphabetical index will be available. In this connection consid-
erable importance will be placed on terminology. A common
language denominator will have to be found (example: drug =
narcotic, addictive substance).

Another major information project concerns better reporting
of the sessions of the Federal Council (government) and infor-
mation on government activities in general. Studies are being
made into the possibility of a live transmissions of government
news conferences, as is already the case with parliamentary
debates (www.parlament.ch).

Furthermore, the existing offer will be revised and Italian put
on a par with German and French. Existing categories will be
made even more informative and user-friendly. This means a
renovation of the home page www.admin.ch. Under the catch-
word e-government new possibilities are being discussed relat-
ing to electronic communication with the government authori-
ties and new forms of political participation.
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The Spanish Administration on the Web

Gloria Nistal

The enormous speed in the diffusion of the Internet forces companies, citizens and society to change their
habits in connection with information access. The Spanish administration could not distance itself from this
authentic revolution. Aware that the web is a means of inestimable value for communicating with its citizens,
the Spanish public service is establishing the base for the creation of a public administration portal that is
evolving from the present administrative “information hypercentre” to an authentic “administrative infor-
mation and processing hypercentre” by entirely electronic means.

The Internet is an easy to use and affordable technology for
the great majority. This has caused its own evolution at an enor-
mous speed. Internet users are the millions of people who want
to do quickly what previously only happened in the imagina-
tion of experts. Internet is a sociological phenomenon. It is the
clearest example for a disruptive technology, according to
Schumpter’s principle in which the political, economic and
social models change linearly while the technology changes
exponentially.

The real world happens in real time [Savetz 98] and the users
want to get in real time the tools the technology offers them to
improve their lives. For companies, it is important to recognise
that the Internet is no longer a secondary, but primary way of
making business. According Negroponte [Negroponte 99], we
have passed from the atoms to the bits; in the same way elec-
tronic commerce, instead of being based on the physical move-
ment of goods or paper, is based on the movement of entities of
information like orders, electronic invoices or the Web pages.

This electronic bit flow occurs through digital instead of
through physical channels. And that channel can be used equal-
ly as a marketing channel, as a distribution channel and as a
communication channel, eliminating the considerable and ex-
pensive intermediate chain.

The current situation
A recent study by the OECD [OECD 00], and the last Gen-

eral Study of Media, highlights the important and rapid growth

of the access to Internet in Spain, where there are already about
4 million Internet users, that is to say, 10% of the Spanish pop-
ulation. The Spanish public services, aware of the importance
of the use of the electronic, informatic and telematic media1 –
and of the Internet in particular – for the improvement of their
services and their communications with citizens, undertook
some years ago a policy of diffusion of information and of elec-
tronic processing through the Internet.

The Ministry of Public Administration (Ministerio de
Administraciones Publicas, MAP) created a web site
http://www.map.es/ that includes conventional information about its
structure, its organisation chart, and a section with government
news, a section about new government projects, a search engine
and an electronic mailbox for comments and observations. It
also provides links to the National Institute of Public Adminis-
tration, or to the civil servants society. Within this page the cit-
izen find important links to Web sites we will comment on be-
low in this paper, since they are the most visited pages of the
Ministry.

According to the statistics for March 2000, the MAP Web
site is among the three most visited sites of the Spanish State’s
General Administration. The three most visited links from in-
side this site point to:
1 the site of the Administrative Information Centre http://www.

igsap.map.es/cia.htm. This centre contains useful information, in-
cluding:
• The basic legislation of the General Administration of the

State, of the Autonomous Regions and of the European
Union

• Awards, scholarships and grants
• Employment offers in the public sector
• Location of the different administrative information cen-

tres of the public administrations
• Official bulletins of the State, the Autonomous Regions

and the provinces
• Appeals and complaints before the Administration

1. Art. 45 of the Law 30/1992, régimen Jurídico de las Administracio-
nes Públicas y del Procedimiento Administrativo Común.

Gloria Nistal Rosique is government employee of the Cuerpo
Superior de Sistemas y Tecnologías de la Información. She is tech-
nical project leader of the Unique Window (Ventanilla Única)
project and of the pilot project PISTA-Ventanilla Unica. She is
member of the Monitoring Committee of of the Metric Methodol-
ogy v.3., head of the Software Approval Group of the superior
computer science Council, and head of the Administrative Infor-
mation Hypercentre (HIA). She is Vice-president of the ATI Ma-
drid Chapter (Asociación de Técnicos de Informática) and Coordi-
nator of the of of the Software Quality Group of this Chapter, as
well as Vice-president of the Software Section of the Spanish
Quality Association (1994-1998). 
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2 the site of High Council for Informatics,
the body in charge of the preparation,
production, development and applica-
tion of the Government’s policies2

http://www.map.es/csi/.
Besides information about the most im-

portant regulations, their structure and the
responsible commissions, it provides use-
ful information about:

• Scope of the administration’s areas
of activity

• Standards, guidelines and good prac-
tice related to products and projects
in Information and Communications
Technologies. In this field there are
important links to products such, for
example, the SSD, System of Deci-
sion Support for the acquisition of
any product or service based on the
methodology of discreet evaluation
criteria; Metrics Methodologies for
applications software development
that covers the whole life cycle; the
SILICE guidelines for electronic ten-
der bidding; the products and standards derived from the
“Unique Window” project (Ventanilla Unica), or the an-
nual Inventory of computer resources of the Public Ad-
ministrations (REINA and IRIA).

• Special section for the Information society
• Special section about Computer viruses
• News section on Information and Communications Tech-

nologies
• Section on current affairs
• Links to the main international Information Technology

organisations
• Connections to international organisations in the field of

Information Technologies
3 Web site of the Administration: the administrative informa-

tion hypercentre (AIH) links to most Web sites of the Span-
ish public administrations, of some of the European institu-
tions and of government institutions from all over the world.
Its address is: http://www.map.es/internet/indice.htm.

At the present time the Administrative information hypercen-
tre (HIA) has the appearance of a fundamentally informative
website that makes available to all citizens a single access point
to the existing Web sites of all the public bodies, such as the
General Administration of the State, the Autonomous Admin-
istrations of the seventeen Autonomous Communities in which
the Spanish territory is divided according to the effective Span-

ish Constitution of 1975, and of the Entities that form the Local
Administration. Those more than 1300 current links are distrib-
uted in the following way:
• General State Administration: 140
• Administration of the 17 Autonomous Communities: 160
• Councils, boards and island Town councils: 100
• City councils and other local groups: 800
• Other organisms and institutions of the State: 20
• European union: 35
• Government Web sites of the world: 70

This access service to the information through Internet has
links to practically all organisms in the State’s General Admin-
istration and the Autonomous Communities’ Administrations
that makes up the Spanish territorial Administration. However,
the number of linked City councils is still small, because it
amounts to less than 10% of the total of 8,100 Spanish City
councils.

Connecting to a single address makes it possible to navigate
and access the information pages such as, for example, the
State Agency of Tributary Administration (AEAT) for the
consultation and the payment through Internet of a number of
taxes3; the Official Bulletin of the State (BOE), the Official
Bulletin of any Autonomous Community or of a province pro-
viding this service; the National Institute of Statistics (INE) to
find out, for example, the population census of a some munici-
pality; the Museo del Prado to find the program of permanent
or temporary exhibitions, any University, or to the page of a
community or City council. This service is updated every day
as more messages are received from public bodies that request
to be included into the HIA system. The information given is

2. The High Council for Computer science was then mandated by
the Council of Secretaries to create a centre of attendance and of
punctual control of the situation of the centres of the Public
Administrations in connection with the Y2K consequences, and in
its extraordinary plenary session of May 11, 2000 it has mandated
to create a Centre for early virus detection and attacks through
Internet for the information, detection and control of the effects
that could be derived of them.

3. The second campaign for the tax invoicing (1999) through Inter-
net has already started.

Site of the Ministry of Public Administration
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exactly what the information supplier, that is to say, each one
of the public organisms, wants to be included, without any ed-
iting on the part of the Ministry of Public Administration, only
the inclusion, through the creation of a link to the system.

If we look at the last monthly statistic, generated by the prod-
uct Webtrends, in particular in that of the month of April 2000,
we see that the MAP Web sites have received more than
5,100,000 visits; more than 160,000 user sessions, with a daily
average of 5,100 sessions; more than 1,000,000 pages have
been printed, with an average of about 30,000 pages daily. The
users that most visited the pages come from the following
countries:

1. Spain 54%
2. United States 28%
3. Mexico 6,25%
4. Argentina
5. UK
6. Colombia
7. Chile
8. Guatemala
9. Peru
10. France 5,2%

The user profile is the following
1. Internal to the public Administrations 50,66%
2. private Companies 41,55%
3. Universities and Education 3,37%
4. Arpanet 1,29%
5. International 2,77%
6. Military 0,36%

The number of accesses oscillates from 194.724 during the
weekdays, to 150.484 on Sundays. The page of the HIA, the

Administration on the Internet is the most visited one, with
300.000 printed pages monthly.

Current and future work
The current structure of the HIA is hierarchical, based on

tree-structures and implies knowledge of the public body in
charge of the service that is looked for. In agreement with
[Green Book 98] the services that are provided via the Internet
are of three types: Information, Communication, interac-
tive/processing. Although still more than 80% of the Internet
services are of informative character, gradually the service is
becoming interactive. This the one of the objectives of complet-

ing the Information Hypercentre and Ad-
ministrative Processing (HITA).

As for the objective of enriching and im-
proving the product sensibly, and on the
basis of the surveys carried out among the
users of the Internet services and of the ex-
perience of the information services of the
Administrative Information Centres, and
with the objective of provide the citizens
with access to all the Public Administra-
tions without having to worry about know-
ing on what Ministerial Department a par-
ticular organism depends (for example,
one that administers, a grant for the open-
ing of a company), or which Public Ad-
ministration is competent to grant a
requested pension. It is a hypercentre for
Information and electronic processing,
which can be accessed without the need to
know the internal structure and line of re-
sponsibility of the Public Administration.

A single Internet address (presently this
address is a prototype in development and
test), will give access to the following
services:

• The X.500 Directory of the Public Administration4. In this
directory all the body of the Spanish Public Administrations
are identified, by way of white pages, for the localization of
any public body. This will lead to the Directory of Offices of
Registration with the postal address, telephone and fax num-
bers, and e-mail address.

• Contents and topics relating to the electronic information
services.

• Organisation chart of the Administration, with a description
of functions and services of each administrative organ.

• Complete register of procedures of the participating Admin-
istrations and catalogue of application models with stand-
ardised forms.

The procedures will be incorporated according to the citi-
zens’ interest. The Director-general of the Inspection, Quality
and Simplification of the Services takes charge of the classifi-
cation of the procedures and of the categorization according to

4. Directive that completes the international standard X.500, with
unique identifier (UID) for each organism.

The site of High Council for Informatics
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its priority, giving more priority to that
most requested by the citizens, and leav-
ing for later those for internal use of the
Public Administrations. In addition, the
following services are gradually being
implemented:
• Initiation of electronic processing

through a form that can be downloaded
from the Web.

• Completion and online-dispatching of
the form via Internet.

• Monitoring of the business by means
of communications of the concerned
administration with the applicant
through Internet.

This strategy is being carried out in
coordination with the OECD-PUMA ini-
tiative for better communication between
the Administration and its citizens5, and a
European-wide initiative of the European
Union6, committed to be available by
2003, for all procedures of utility to the
citizens of the European Union.

In a first phase, in the context of the
“PISTA-Ventanilla Unica” project (the unique window)7, the
following standards have been defined
http://www.map.es/csi/pg5v20.htm:
• standard for the interface to the Register of entry and exit of

the Public Administrations.
• National codification of organisational units (Universal

Identifier Descriptor UID).
• X.500 directory of the Public Administrations.
• Records of procedures for electronic processing through the

Web.
• Definition of forms of the pilot procedures.

The pilot concluded in September of 1999 and now the bases
for the project PISTA-Ventanilla Unica II are being defined.
They include important new features8. The products are avail-
able and waiting for approval by the standards of the High

Council for Informatics and their publication as a technical
annex in the Official Bulletin of the State. The server for the
system resides physically in the Ministry of Public Administra-
tion and it is updated locally9 partly by the participating organ-
isms, and the implementors of the system.

For the success of the installation of this project the commit-
ment of all the participant organisms is necessary, and the high-
est administrative support so the project extends and finally
covers all the public institutions and all the procedures of the
Public Administration. Only with strong and determined sup-
port of the highest management of the Public Administration
will this by seen as a bearing on the improvement of the public
services as an improvement by the citizens. A good indication
of the implications of that are the commitments published in
the “The white book for the improvement of the Public Servic-
es. A new Administration for the service to the citizens” [Mon-
tes/Yagüe del Valle 99], in relation to the promotion of the In-
ternet services for access to the citizens, and quoted from the
third part “The commitments, Chapter 5. An Administration for
the Information and Knowledge Society” from which we ex-
tract those related to the services provided by the Administra-
tion through Internet:

“[...] 3. A multiserve web of the Administration will be creat-
ed on the Internet that supports voice, data and management,
open to the citizens for their relationship with the Administra-
tion, and with the other territorial and supranational Adminis-
trations. Implementation deadline: June 2004.

4. A single portal of access to the Administration will be cre-
ated for all the citizens, where all the existing information will

5. The author of this paper represents Spain in the Committee of the
OECD-PUMA (Organization for the Trade and the Economic
Development – Public Management) for the rapprochement of the
relationships between the Administration and the citizens.

6. The author of this paper is also member of the Spanish delegation
to the “e-Government” Committee of the European Union, in the
initiative “eEurope, a Society of Information for all.”

7. Promotion and identification of Advanced Telecommunications
Services for “Unique Administrative Window” (Ventanilla Unica
administrativa), phase I, a project carried out in collaboration
between the Ministry of Development and the Ministry of Public
Administrations and co-chaired partly by the Ministry of Public
Administrations and partly by the author of this paper.

8. In a very summarized way, the new project seeks, among other,
the following achievements: electronic payment; electronic
“witness” between different organisms with the objective of
avoiding the reiterated petition of the physical documentation that
is demanded to the citizens during the procedure; and electronic
signature and time stamping.

9. The intervening organisms, by means of a system of public and
private keys, have access to their own part of the Web site, may
download, and update it.

Site of the Administrative Information Centre
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be available, and through which it will be possible to carry out
one’s administrative business. Implementation deadline:
December 2001.

5. A Guide of Services will be developed on the Internet,
available to the citizens, where they will find information in
real time about the most frequently used administrative proce-
dures and the requirements, documents, procedures, etc. for
carrying out in each one of them. Execution term, December
2001.”

The public Administration, although presently in develop-
ment, has as its objective to endow the citizen of an unique,
friendly entrance, with a common, simple, intuitive interface
by means of an integrated access to the services offered by dif-
ferent public bodies through the Internet. The Portal of the Pub-
lic Administration intends to become a repository of the knowl-
edge of the different Government departments unifying diverse
sources of information and services. The rationale of the instal-
lation of the Portal of the Public Administrations lies in the ev-
idence that the new technologies, and in particular the Web, are
among the most used means and it will soon be one of the main
ways of access for contacts with the public services. The suc-
cess of the Portal of the Public Services depends greatly on the
existence of an efficient search engine (like those in Yahoo,
Ole, Ozu, or Altavista,) with indexing capacity for several mil-
lions of documents, and the help of an assistant to help users
lacking knowledge of the exact location of the services they are
looking for.

On the other hand, and as a complement for the more ad-
vanced or expert users, the existence of a personalization serv-
ices agent is recommended that remembers the profile of the
Internet users, so as to be able to recommend him, to suggest to
him or to suggest to him new products and services, on “one-
to-one” contextual web pages, in order to “keep the client.” The
Portal of the Public Administrations10 is designed to have at-
tractive pages, with a simple and friendly design with not more
than six sections or icons.

The first ones will relate to the Direc-
tories of the Public Administration and
the products and services for business,
organization and for geographical locali-
zation. It will consist, therefore, at least,
of links to:
• The directory of white pages of the

public Administrations.
• All the active URL addresses of the

public Administrations.
• The procedures included in the infor-

mation hypercentre and Administra-
tive Procedure (HITA) and will incor-
porate those that are added as a result
of the PISTA-Ventanilla Unica II
project.

• A group of “estrella” (“star”) proce-
dures, preferably of horizontal charac-
ter, obtained as a result of a field study
to be carried out in the Administrative
Information Centres, and by means of

surveys carried out through the Web itself.
• Any other information that is considered of value to the Por-

tal of the Public Administrations is designed to include:
• A suggestions mailbox preformated for automatic distribu-

tion to the Organisations addressed by the suggestions.
• All the present contents of the administrative information

hypercentre (HIA), operative for the last three years and one
of the most visited Web pages of the public Administration,
and of the hypercentre data presently in development.

• A news service with special emphasis on the items concern-
ing the Administration the citizens and the possibility of
electronic procedures.

• A announcement and advertisement section.
The installation of the public Administrations portal consid-

ers the following high-priority aspects as a global project:
• An unified image with a friendly user interface and based on

a modern and attractive design that serves the double objec-
tive of bringing the Administration near to the citizens and
“to sell” the products of the Administration.

• The access to the contents with the appropriate security and
quality measures that observes, on one hand, the privacy,
and on the other hand guarantees the access, identification,
non repudiation, integrity, availability, reliability and quality
of the data.

• The contents are based on the coexistence of the information
in the public Administrations Web sites, on the results of the
work of HITA and of PISTA-Ventanilla Unica II, as well as
on the field trials obtained during the first six months of
execution of the contract. The high-priority demands of the

10. As with the MAP Web page the redesign is planned to provide it
with a more modern and more user-friendly look, with less icons
in the first page, and with messages and contents of more impact
in the first pages. The remodelling of the page will be done by
experts in Web design, experts in knowledge management, and
experts in Internet applications.

The Administrative Information Hypercentre
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citizens will be selected from them, and, currently, the serv-
ices for those that most need them

• A efficient search engine, and with capacity of later growth,
capable of indexing and to categorizing in the first phase
about one thousand five hundred Web sites with a total of
several millions of references.

In accordance with the interesting study mentioned in
[Hoelscher/Strube 99] it is important to consider the profiles of
the users that will carry out the searches, depending on whether
they are expert in the material of the searches or are expert in
Internet, or if they have a combination of both skills. It is evi-
dent that to have a guarantee of high level of success in Internet
searches from the Portal of the Public Administrations its de-
sign and its search engine must at least, consider the following
aspects:
• that the information is included in a controlled way, with

semantic analysis, of quality and of relevance of the data.
• whether the user who carries out the searches has previous

experience (expert user) in searching traditional document
databases.

• If the user has a knowledge on the matters that he is looking
for, so that he may apply synonyms and related terms in the
search to avoid unsuccessful searches (user expert in the
matter)

• If the user has ability in surfing the Internet (junior user).
The need for documental search in the Internet medium still

exists and they become more and more important, as the quan-
tity of information offered grows and it is often presented
unformatted and without pre-analysis. But the medium has
changed, and the modes of access will have to adapt to it and
the behaviours of the service providers as well as those of the
customers for the service will have to adapt to it. According to
[Montes/Yagüe del Valle 99] “As the volume of information
stored in the Web increases, it also increases the difficulty of
getting back specific information of interest to the user, mainly
due to lack of structure and of semantic content in the informa-
tion stored in that medium.” Thus it becomes most important to

choose a efficient search engine that is supported by semantic
analysis, and the analysis of the citizen’s requirements and his
social habits are equally important.

The fast and constant adaptation to a medium that evolves in
a vertiginous way is no doubt necessary, and the Administra-
tion must play a prominent part, not only as referee and produc-
er of standards and best practice as regards the Internet, but also
as user of the tool for his internal management; as dispenser of
information services, of communication services, all types of
communication, and of electronic processing services; as ob-
server of the evolution and the change of the behaviours and so-
cial uses; and as catalyst for the creation of employment, the
development of the activity of the private sector and the ap-
proach to the citizens with the objectives of reducing delays,
and supply services of high quality.

Bibliography
[Green Book 98]

Green Book of the Information in the public sector. European
Commission. 1998

[Libro 00]
Libro blanco para la mejora de los servicios públicos. Una nueva
Administración al servicio de los ciudadanos. Ministerio de
Administraciones públicas. 2000. http://www.map.es/libro.htm

[Montes/Yagüe del Valle 99]
J.F. Aldana Montes, M.I. Yagüe del Valle. Consultas sobre la Web.
Novática 140, 1999.

[Hoelscher/Strube 99]
Cristoph Hoelscher and Gerhard Strube. Searching on the Web:
Two types of expertise. SIGIR’99, Berkeley, CA USA. ACM
1999.

[Savez et al. 98]
Kevin Savetz, Neill Randall and Yves Lepage. MBONE, Multi-
casting tomorrow’s Internet. 1998.
http://www.savetz.com/mbone/

[OECD 00]
OCDE Information Technology Outlook. ICT’s, E-Commerce
and Information Economy. OCDE, 2000.

[Negroponte 99]
Nicholas Negroponte. El mundo digital. Un futuro que ya ha lle-
gado. Edición especial para TICAP 2000. Ediciones Bailén, Bar-
celona, 1999.

IEEE eXpress Sample eBook, page 1082



Corporate Websites

© Novática and Informatik/Informatique UPGRADE Vol. I, No.1, Oct 2000 29

Challenges in Building up
a Client Relationship Channel for Virtual Private Banking

Kornél Szabó

This article provides an introduction to Credit Suisse Private Banking’s (CSPB) Internet activities. The first
section takes a look at CSPB’s Internet strategy before going on to describe the various initiatives under way
to implement it. The technologies applied as well as the architectural environment are then outlined. Finally,
the article presents the architectural model of the Financial Information Server. 

E-commerce positioning framework
The increasing interest in Internet-

based products and services worldwide is
forcing the banking industry to completely
remodel its business processes. In response
to this development, Credit Suisse Private
Banking (CSPB), an independent business
unit within Credit Suisse Group, has invest-
ed significant effort in creating a new Inter-
net client service channel and in adapting its
current business model to meet the require-
ments of virtual private banking. An e-com-
merce positioning framework (Fig. 1) has
been designed that focuses on the needs of
private clients and Independent Asset Man-
agers (IAMs).

The major point of entry for all CSPB Internet initiatives is
the Web site and community portal www.cspb.com, which
CSPB aims to develop into an integrated financial service chan-
nel for existing and potential clients. The user should be
accompanied from information browsing through to final trans-
action processing and the point of sale.

CSPB Internet initiatives

2.1 Initiative I – Internet presence and provision of 
information

When CSPB established its web presence in 1997, its focus
was on providing information on the company itself, financial
products and services, corporate news in the form of press
releases, as well as on highlighting events sponsored by CSPB.
It also gave the user the opportunity to contact a CSPB repre-
sentative via the Internet using a digital contact sheet. In 1998
CSPB started to establish the Internet as a new client relation-
ship channel. Its Internet content architecture (Fig. 2) was
based on three zones: the public zone, the member zone, Inves-
tors’ Circle, and the private zone, Online Banking.

In order to broaden and deepen its web presence, CSPB has
initiated the following:

• cross-media marketing: systematic communication of
www.cspb.com as a brand in every marketing campaign
(brochures, posters, newspaper ads, TV ads, etc.)

• Internet marketing campaigns (banner ads, Web site submis-
sions, doorway pages, response control)

• country-specific Web sites with integrated access to current
local banking structure and country-specific application
interfaces

2.2 Initiative II – interactive investment tools and alliances
Several interactive investment tools have been implemented

to speed up the business transformation process. They support
users in their investment decisions and provide a transparent
view of financial, insurance and real estate products. Different
third-party data providers (e.g. insurers, banks, real estate
agents, market data providers) work closely with CSPB to
enhance the tools with up-to-date and comprehensive product

1
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Fig. 1:CSPB’s e-commerce positioning framework
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information. Before they could create tools that people really
use, CSPB had to factor issues such as usability and interfacing
to applications and data feeds into the application design. 

2.3 Initiative III – community building and personalisation
A further step towards providing a client-focused solution

and building up a community on the web was the establishment
of a sophisticated area within the CSPB portal called Investors’
Circle (IC). The client is able to log in to a password-protected
area offering information such as in-house research reports,
equity and bond recommendations provided by CSPB analysts
as well as a portfolio tracker. A dedicated login server controls
access to the IC. CSPB clients can request permanent access,
whereas non-CSPB clients can obtain access for a trial period
of 30 days. The portfolio tracker is the first personalised appli-
cation within the IC that allows users to configure application
functionality and data views in line with their individual needs.

2.4 Initiative IV – consistency, optimization and stability
Various initiatives have been launched in line with the gener-

ally accepted usability guidelines for web applications such as
speed, consistency and simplicity. Web site design guidelines
have been elaborated and strictly applied to all new web appli-
cations with the aim of presenting a consistent look and feel on
all CSPB Web sites. Web pages have been optimized in size and
performance. Special tools to run heavyweight load tests have
been integrated into the development process in order to make
the applications more stable. In addition, a set of internal as
well as external tool-monitoring systems have been set up to
increase system up-time. The establishment of company-wide
technology and system set-up standards has been very impor-

tant with regard to the influence of human
factors on infrastructure stability and secu-
rity. The use of business-wide application
and infrastructure configuration guidelines
have helped to shorten the development
process and time to market.

Technologies in operation

3.1 System architecture and components
CSPB’s Internet infrastructure is operat-

ed mainly by the Credit Suisse business
unit. Human as well as system and net-
working resources are shared across the
Credit Suisse Group. This allows people to
fall back on experience gained in former
projects and enables them to rapidly pass
on their expertise internally. CSPB endeav-
ours to carry out technological gatekeeping
and to adopt new technologies in its Inter-
net-related projects at an early stage. Sun
and UNIX constitute the computing plat-
form, while the Netscape Enterprise web
server and Oracle database system form the
core Internet server infrastructure. Applica-

tions are written in Java, Perl, C/C++, SQL and served to the
web client as HTML/Javascript or Java Applets. The various
Internet web servers are hosted within a demilitarized zone
(DMZ) protected by carefully configured firewalls, proxies and
routers. New Internet applications have to pass a security audit
before becoming operational.

3.2 Design and management of data feeds
Almost all CSPB Internet applications involve data feeds

provided by internal or external data sources. In order to over-
come the various data feed requirements, CSPB decided to
design and implement a core architecture and software frame-
work for data feed processing. The development was carried
out in-house and driven by the following requirements:
• to gain flexibility in developing financial information

services 
• to offer a standard API for client applications
• to enable cross-referencing of various in-house as well as

external data or information
• to provide a rich set of search and look-up functions
• to implement a modular and scalable system architecture to

quickly fulfil growing demand for existing and new services
• to make it easier to integrate additional data sources
• to build up internal know-how of data feed architectures and

applications
The goal is to offer financial information in-house to various

CSPB Internet applications from a central server infrastructure
called Financial Information Server (FIS). A conceptual view
of its basic functional building blocks is shown in Fig. 3.

The core technological components used to implement the
FIS are Java, Java Beans, SQL/Oracle, XML and CORBA.

3

Zone Public Member
(Investors’ Circle)

Private
(Online Banking)

Access • virtually unlimited

• restricted according to 
country selected (-> cookie 
checking)

• via user name and 
password

• permanent access for 
CSPB clients; expiry after 
30 days for non-CSPB 
clients

• via contract no., 
password and SecurID or 
strike list

Content • market quotes and news

• interactive investment 
tools

• products & services

• jobs and career 
opportunities

• events sponsored by 
CSPB

• media releases

• company presentation

• link to other CS business 
units and CSPB country 
websites

• research reports

• technical research

• equity and bond 
recommen-dations

• personalised portfolio 
tracker

• DIRECT NET (account 
information, payment 
services, stock prices, 
placement of stock 
exchange orders)

• youtrade (online trading, 
stock prices, research 
information)

Fig. 2: CSPB's Internet content architecture
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Lessons learned and critical success factors
Two of the key factors in rapidly implementing the Inter-

net strategy and becoming a portal for virtual private banking
are high-level management support and close cooperation
between business and technical staff members. Short iteration
cycles and a common cultural ground help to overcome many
difficulties and to implement the targeted company-wide busi-
ness transformation process. Thinking in terms of workflows,
interfacing and usability is essential for the establishment of a
sustainable web presence.

Early consideration of operating issues during the system
development process, early integration of project stakeholders,
consistent change and version management and the use of tech-
nical as well as operational coordinators enable the smooth
configuration and integration of new applications into the exist-
ing infrastructure.

In order to build up and operate a coherent
application environment, the design and imple-
mentation of an interfacing framework is impor-
tant. Consequently, all applications have to re-
spect this framework and offer adequate support
for functional and content interfacing. Security
issues and scarce human resources may be
handled more efficiently by relying on corporate
technology standards and by following the KISS
(Keep It Simple and Stupid) principle in applica-
tion design. For Internet-based private banking
applications where the user primarily does not
interact with a physically present relationship
manager, usability engineering issues have to be
an integral part in application and page layout
design. The various code and layout optimization
steps described briefly in point 2.4 helped to
increase interaction performance significantly.
HTML code could be optimized in order to
achieve 30–50% (partially even 100%) average
speed-up in download time and performance.
Users provided a very positive feedback to these
improvements in the Web site.

Conclusion
Credit Suisse Private Banking has recog-

nised the importance of the Internet as a new, promising client
relationship channel. It has consequently initiated the appropri-
ate business transformation processes to meet the new, chal-
lenging business and technological requirements. A new virtual
banking department has been created with the task of driving
the Internet strategy and providing CSPB with a high degree of
visibility on the web.

Various initiatives have been launched and are still ongoing
aimed at building up and establishing an Internet portal for
virtual private banking. On the technology side, usability, inter-
facing and data feed issues are regarded as critical success
factors. On the business side, management support, short com-
munication paths and the elaboration of workflow standards
play a key role in achieving rapid success and a strong market
focus.
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This paper describes the design and development of electronic network organisations in health care. The
strategic drivers, design and ICT infrastructure of electronic health care network are outlined. Based on an
in-depth investigation of electronic health care networks, this paper summarises the main lessons learned
and the critical success factors. The implications for research and directions for health care practice are
discussed.
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Introduction

 

The network economy is challenging traditional well-
established health care institutions to develop new patient-
oriented models and invest in information and communication
technologies. Once a cottage industry

 

1

 

 of physicians, hospitals,
medical centres and consultants, health care is now experienc-
ing the value of integrated services and the collaborative advan-
tage of networking. Economic, social, political and technolog-
ical forces have driven physicians, consultants, hospitals and
medical centres to develop electronic networks relationships,
and ‘e-care’ is rapidly becoming a norm of quality [Peter-
son/De Wit 99].

While much is presumed and predicted about electronic net-
work organisations in Health Care, little empirical evidence
exists as to their drivers, design and development, and even less
directions exist for health care practitioners. Based on an in-
depth investigation of electronic health care networks, this
paper addresses these issues and provides several guidelines.

 

Framing Electronic Network Organisations

 

A network organisation is distinguished from a classical
organisation by the intensity, density, multiplexity, and reci-
procity of inter- and intra-organisational ties, and a shared
value system defining stakeholder

 

2

 

 roles, responsibilities and
relationships. An electronic network organisation is character-
ised by non-hierarchical, long-term commitments; multiple
distributed stakeholder roles and responsibilities; independent,
yet interdependent decision-making; and an ICT-based net-
work infrastructure [Ribbers/Smits 99].

If electronic network organisations are going to proliferate
and become the dominant organisation type on the emerging
economic landscape, they must exhibit unique features that are
particularly well adapted to the new environmental exigencies.
Situational factors are described by the strategic drivers and
enabling conditions, and the main network dimensions refer to
the design and processes of the network organisation and ICT
infrastructure (Figure 1).

The main dimensions of electronic network organisations are
[Peterson et al. 00]:
•

 

Strategic drivers:

 

 The network objectives and motives of
organisations and stakeholders involved in the network.

•

 

Enabling conditions:

 

 The conditions that enabled or stimu-
lated the emergence and formation of the network.

•

 

Network Design:

 

 The structuring of the network responsibil-
ities, decision-making units, and coordination mechanisms

 

1. Cottage industry: a business or manufacturing activity carried on
in people’s homes. 

 

(ed.)

 

2. Stakeholder: a person with an interest or concern in something.

 

(ed.)
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•

 

Network Processes:

 

 Network business activities and trans-
actions.

•

 

Network ICT Infrastructure:

 

 The reach, range, and standard-
isation of the ICT infrastructure.

•

 

Network Performance:

 

 Organisational and ICT impacts and
effects of the network.

 

Electronic Health Care Networks in Practice

 

In this paper we analyse three cases of electronic health
care networks. The first two cases, the Roessingh Rheuma Net-
work (RRN) and the Bosch Medicentre Network (BMN), are
located in the Netherlands. The third case study, the Renal Tele-
medicine Network (RTN), is located in Australia. Summaries
of the cases are presented in Table 1.

 

Bosch Medicentre Network

 

On the 6th of January 1990 the Willem-Alexander Zieken-
huis and the Groot Ziekengasthuis merged into the Bosch
Medicentrum. The Bosch Medicentrum is a general hospital
with a capacity of 780 clinical beds, 1,900 full time equiva-
lents, 2,600 employees and 140 medical specialists. In seeking
improved efficiency and effectiveness, the Bosch Medicentrum
in 1996 started a reorganisation evolving from a facility man-
agement into a product-line management organisation struc-
ture. 

 

Roessingh Rheuma Network

 

Roessingh Research and Development is a research unit of
the Roessingh Concern and employs approximately 40 people.
The Roessingh Concern has approximately 140 beds and ap-
proximately 40,000 rehabilitation treatments per year. It is one
of the largest rehabilitation centres in the Netherlands. The
Rheuma network was formed when a proposal was submitted
to the Commission for Chronically Ill Patients to formalise and
institutionalise communication lines between Medical Spec-
trum Twente (MST) and local clinics, and Leiden University
Medical Centre (LUMC) and local clinics. This proposal was

submitted in August 1998 and was a joint effort of both MST
and LUMC. 

 

Renal Telemedicine Network

 

The Queen Elizabeth Hospital (TQEH) provides a compre-
hensive range of specialist and diagnostic treatment services to
the immediate community in western metropolitan Adelaide as
well as country areas. TQEH’s Renal Telemedicine Network
(RTN) commenced in June 1994. Over 75% of patients are
supported on haemodialysis and in South Australia the majority
of these are located in “satellite” centres. Information and
communication technology applications and infrastructure
were installed at its four renal dialysis centres at TQEH Wood-
ville and Wayville (10 km from Woodville) in September 1994,
and at North Adelaide (8 km) and Port Augusta (300 km) in
February 1995. RTN dialyses a total of 145 patients at these
four centres, with each patient normally dialysing three times
per week and attending an outpatients clinic once every two
months. The network organisation also cares for 29 patients
who dialyse at home. 

 

Electronic Networks in Development

 

In general, the case studies provide ample evidence that
electronic health care network organisations are in a constant
flux, driven and enabled by both external opportunities and
internal needs. The electronic health care networks come in dif-
ferent forms and shapes, and have different functions.

Electronic health care network organisations develop
through different phases of maturity and networkability as they
migrate and grow synergistically (Figure 2). However, while
ICT enables the formation of professional networks in health
care, it is ultimately the health care network partnerships that
determine the direction and development of the network. Inter-
nal and external partnership building are especially important
to the transformation of electronic network organisations in
health care. 

3

4
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Both the technical and the social infrastructure are important
for the design and growth of electronic network organisations
in health care. Moreover, network management, focusing on
stakeholder partnerships and social coordination, is pivotal to
the successful development of electronic health care networks
[Peterson/De Wit 99], [Smits/Van der Pijl 99]. 

Based on our investigation, the following lessons and critical
success factors are drawn on the drivers, design and perform-
ance of electronic health care networks:

 

• Strategic Drivers

 

Strategic drivers for electronic network organisations are
improvement of efficiency and cost-effectiveness, process
quality and effectiveness, and primary care process for
meeting patients’ needs and patient-information-streams.
However, these strategic drivers differ over time as electron-
ic network organisations transform (see Figure 2). Different
“rationalities” exist for improving the efficiency and effec-
tiveness of health care services. From an internal perspec-
tive, inter-organisational collaboration and expertise devel-
opment are emphasised. In the external environment, the
will to meet patients’ needs is underscored. 

• Enabling Conditions
 The important lesson learned in all cases is the critical role

played by management and the process of managing stake-
holders’ needs and expectations, and inter-organisational
change. Managing the demand and supply of care and tech-
nology is a key enabler of network organisations in health

care. On one hand, there is the need to share and collabora-
tively develop health care expertise. On the other, there is
also the need to apply ICT to facilitate the efficient and
effective delivery of health care services.
Proper attention to organisational, political and human
issues can not be overstated enough in the development of
successful network organisations, especially in health care
where professionals carry the “power to innovate”. While
ICT may provide the conditions for networking, it is the
organisation, its professionals and management that ulti-
mately drive networking. Attention for stakeholder motives
and expectations is therefore critical.

• Network Design
Regarding the design of network organisations in health
care, the case studies cover a spectrum from inter-organisa-
tional (the RRN and RTN cases) to intra-organisational and
(the BMCN case) network organisation (see Figure 2). Fur-
thermore, each case covers a different phase of growth:
piloting (the BMCN case), learning (the RRN case) and
growing (the RTN case).
Interesting is also the growth of ICT infrastructure reach and
range during these different phases. This growth in ICT is
readily recognised in the RRN and RTN cases in which tele-
medicine technologies are applied in more organisation
functions as the network grows. During these phases, ICT
applications are modified and redesigned to meet the needs
of users and the different clinical, educational and adminis-
trative services. Flexible ICT infrastructures are therefore

Network Dimension Bosch Medicentre Network Roessingh Rheuma Network Renal Telemedicine Network

Strategic drivers and 
incentives for network-
ing

Reduce costs, improve efficiency, no loss of 
quality in hospital health care.

Improve efficiency and effectiveness of rheu-
matology services in order to meet patients’ 
needs. Formalise communication and devel-
op shared expertise.

Improve efficiency and effectiveness of renal 
dialysis services in order to meet patients’ 
needs. Improve communication and educate 
specialists.

Enabling conditions for 
networking

The evolution from a facility management into 
a product-line management organisation 
structure. Efficient and effective control of 
hospital organisations depends on ability to 
determine the relation between input and out-
put.

The demand and supply mechanisms regard-
ing rheumatology knowledge across the net-
work. The demand and supply mechanisms 
regarding ICT knowledge across the network. 
Partnership building

The demand and supply mechanisms regard-
ing renal dialysis services across the network. 
The demand and supply mechanisms regard-
ing telemedicine applications across the net-
work. Management of change. Partnership 
building

Design of the network Intra-Network. Hospital-personnel (2,600) 
and medical Specialists (140) work together 
to attend to the patients needs. Hospital mid-
dle management, functional operators and 
medical specialists and automation coordina-
tor.

Inter-Network. Separate responsibilities for 
rheumatology services and ICT services. Dif-
ferent functional roles and levels: “sponsor”, 
“network coordinator”, “participants/ users”. 
Health care participants

Dynamic Network. Separate responsibilities 
for renal dialysis services and telemedicine 
technology services. Different functional roles 
and levels: “sponsor”, “network coordinator”, 
“participants/ users”, “technology integrator”. 
Health Care and ICT participants

Functioning of the net-
work

Internal medical information support. Techni-
cal support, implementation and central com-
puting facilities are outsourced.

Network and stakeholder management. Pro-
vision of telerheumatology services across 
the network. Leveraging of rheumatology 
expertise across the network. Demand and 
supply of multimedia network technology.

Network and stakeholder management. Pro-
vision of renal dialyses services across the 
network. Leveraging of renal dialyses exper-
tise across the network. Demand and supply 
of telemedicine technology.

Network ICT 
infrastructure

Dependent view of ICT infrastructure. 
HISCOM information systems are used. Low 
reach and range of infrastructure.

Enabling view of ICT infrastructure. Network 
standardisation. Moderate reach and range 
of infrastructure.

Enabling view of ICT infrastructure. Network 
standardisation and multi-tier architecture. 
High reach and range of infrastructure.

Performance of the 
network

Reduced costs without loss of quality in hos-
pital health care. Networking is reaching be-
yond organisational boundaries in transmural 
care projects.

Improvement of inter-institutional collabora-
tion and communication. ICT flexibility and re-
liability. Efficiency and effectiveness improve-
ment of rheumatology services. Stakeholder 
satisfaction. Redefinition of stakeholder roles.

Improvement of inter-institutional collabora-
tion and communication. ICT flexibility and re-
liability. Efficiency and effectiveness improve-
ment of renal dialysis services. Stakeholder 
satisfaction. Institutionalisation and growth.

Table 1: Network dimensions and key findings.
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required in developing dynamic electronic network organi-
sations, driven by the need to innovate and collaborate to
meet patient demands.

• Network Processes and Functioning
 In the functioning of network organisations in health care

different processes are distinguished. Health care transac-
tions, in the form of patient-information streams and clinical
communication, between health care service providers are at
the core of network processes. Network management and
coordination are likewise important and organised through
both formal and informal mechanisms in which key stake-
holders take part.
Important network coordination mechanisms include stake-
holder committees, joint decision-making, informal and
formal communication and stakeholder involvement. ICT-
mediated coordination in the form of electronic databases
and video conferencing are especially used in Inter Net-
works and Dynamic Networks. 

• Information and Communication Technology
 With regard to the role and impact of ICT in electronic net-

work organisations in health care, the case studies indicate
that ICT plays an important role in each of the network
dimensions as described above. However, it is the network
constituency that needs to recognise, adopt, implement and
exploit the potential opportunities provided by ICT. An
“enabling view” of ICT is associated with a higher level of
networkability. While ICT enables the formation of profes-
sional networks in health care, it is ultimately the health care
network that drives and determines the acquisition and
application of ICT in the network.
The cases indicate that ICT requires constant modification
to meet the specific needs of the health care network func-
tions, and that the ICT supplier to the network organisation
needs to be actively involved in the different stages of net-
work formation and professionalization. The flexibility of
ICT, expressed as the infrastructure reach and range, is
important to the development of electronic network organi-
sations. Equally important are the multi-tier architecture
standards that need to be agreed upon by the different stake-
holders.

• Network Performance
 The ability to describe and measure the performance of the

network increases when a higher phase of growth has been
reached. In the piloting phase, performance measures are
described in general terms, repeating the mission statement.
In the learning phase, performance is likewise described in
general terms, with a focus on stakeholder expectations and
networking agreements. Stakeholder roles are redefined and
the performance is assessed in terms of stakeholder satisfac-
tion. In the growing phase, stakeholder roles have been insti-
tutionalised and the “benefits” of networking become clear.
These include health care efficiency and effectiveness gains,
professionalization and expertise development, and stake-

holder satisfaction.
The financial performance of the network remains difficult
because the relation between input and output in a health
care organisation is hard to determine. Moreover, “tradition-
al” cost-benefit analyses of network organisations in health
care are sub-optimal because they fail to account for all the
(inter-/intra-organisational) changes that occur as a result of
networking. 

Future Directions
As described in the foregoing sections, this investigation

provides a number of lessons learned for designing electronic
network organisations in health care. Electronic network
organisations are in a constant flux, driven and enabled by
external opportunities and internal needs, addressing both
organisational and ICT infrastructures. As the network econo-
my evolves and electronic network organisations transform,
research is on-going in this field, and currently other cases in
the health care sector are being studied in the second phase of
a research programme on network organisations (see also
http://nefeti.kub.nl). 

As part of a long-term research programme on network
organisations in health care, and other industries, our research
endeavours are geared at: 
• analysing and understanding emerging business models of

network organisations, and the supporting and shaping role
of ICT infrastructures and applications;

• providing directions and guidelines for developing and
migrating towards network organisations, and the implica-
tions and requirements for ICT infrastructures. 

In particular, future research is focused on identifying and
explaining electronic network designs of high performance net-
work organisations in different phases of development. Only
then can we truly begin to understand the design and dynamics
of electronic network organisations in a global network econo-
my, and provide design tools for developing successful elec-
tronic network organisations. 
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Strategies and IT Integration in Outpatient Doctors’ Networks 

Stefan G. Gfrörer, Markus Raupp and Franz Schober

We analyse doctors’ networks particularly with a view on firm level network strategies and the supporting
information technology integration. Our main conclusions are that the viability of doctors’ networks
critically depends on trust building mechanisms like the restriction of the network in size and complexity and
the application of fair profit allocation rules. Concerning information technology the implementation and
use of highly integrated inter-organizational systems appears most promising. We propose a system
architecture that integrates information technology along the medical, the business and the communication
systems dimension.

Keywords: Outpatient health care, cooperating physicians,
doctors’ network, integrated interorganizational information
system.

Introduction
Because of its already very high and still increasing costs

the German health care system has been under heavy debate
during recent years. As about 60 percent of the overall health
care costs are caused by outpatient health care, new and more
efficient organizational solutions of outpatient health services
have been searched for. One proposal that plays a major role in
the current debate is the establishment of doctors’ networks. In
the meantime some pilot networks have been established in
Germany [Kassenärztliche Bundesvereinigung 99], but it is too
early to draw firm conclusions from these first experiences. 

The German outpatient health care system is embedded into
a strong regulatory framework. Important parties are the
medical association (“Kassenärztliche Vereinigung”), and the
statutory health insurance companies which are admitted to the
system. The medical association has mainly two objectives:
firstly to represent the interests of the member physicians in the
society, and secondly to act as a clearing organization between
physicians and insurance companies.

With more and more financial constraints on the statutory
scheme, the system exhibits some serious deficiencies. As the
total financial volume for redistribution to the physicians is
fixed, the system invites for opportunistic behaviour on the
doctors’ side. This typically implicates a hidden, but neverthe-
less fierce competition between the physicians to increase the
volume of services provided and in consequence jeopardizes
the cost efficiency of the overall system [Milde 92]. 

Therefore, other solutions have been proposed. One of the
proposals centres around the idea of doctors’ networks, where
several physicians from complementing disciplines establish a
relatively stable and long-term cooperation. A core element of
a doctors’ network, hereby, is the joint treatment of a patient by
several legally independent network members for a lump fee
which has to be allocated to the treating physicians by some
network-internal mechanism. In this sense a doctors’ network

is quite distinct from and goes far beyond other forms of coop-
eration between physicians [Schober/Gfrörer]. The lump fees
are negotiated between the doctors’ network and the medical
association or even directly with some or all of the statutory
insurance companies on a case-specific as well as a network-
specific level, which is possible in Germany since 1st January
2000.

While the doctors’ network approach would reduce the
problem of opportunistic behaviour in the current system, it
poses new problems. One is the potential rivalry between the
doctors within a given network that would transport the prob-
lem of opportunistic behaviour only to another level. A second
question concerns the competition between networks and the
creation of competitive advantages of one network against rival
networks. Thirdly, and most importantly, the network approach
must be accepted by the patient, i.e. must be more attractive
than the current situation with individually operating physi-
cians. Besides many other factors, the solution to the three
problems is also impacted by the proper use of information
technology in a doctors’ network. As we will argue, a common
and highly integrated inter-organizational information system
(IOS) constitutes an important strategic resource that helps to
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add value to the services rendered to the patient, to keep cost
under control and to position the network against rival net-
works.

The aim of our paper is to evaluate the key factors that are
critical for the success of doctors’ networks both from a strate-
gic and information technology (IT) perspective. In chapter 2
we apply a strategic framework, that we have developed for the
analysis of different types of networks in general
[Raupp/Schober 00], to evaluate firm-level strategies of physi-
cians participating in doctors’ networks. Chapter 3 deals with
the role of IT more specifically, and proposes an overall archi-
tecture for an IOS in doctors’ networks. Chapter 4 concludes
with a summary and open questions for further analysis.

Strategies in Doctors’ Networks

2.1 General conditions for strategy definition in networks 
The viability and success of any network arrangement essen-

tially depends on the individual contributions to the overall
objectives of the network, respectively on the investments of
each network member. Bargaining power exploitation by some
participants in order to proactively influence the individually
appropriable profit shares can negatively impact the investment
incentives of the other network members and in consequence
can compromise the overall efficiency of the network arrange-
ment [Schober 99]. It is therefore important to classify different
network arrangements contingent to their inherent bargaining
power properties. Following [Raupp/Schober 00] networks and
their inherent bargaining power distribution can be character-
ized by network size and network topology. These dimensions
essentially determine the necessary degree of formalization in
the underlying network coordination structure, which itself is
primarily determined by means of explicit or even implicit
contractual specifications. Joint investment plans for IOS as
well as plans for an inter-organizational process integration
constitute important parameters of the network coordination
structure [Raupp/Schober 00]. 

Network size describes the number of members of a network.
Network topology is determined by the distribution of econom-
ic linkages between the network members. In symmetric net-
works most members interact with each other, either directly or
via a joint activity such as a professional association. A typical
example for a symmetric network arrangement is the medical
association, which coordinates some common interests for its
members. In asymmetric arrangements, there exist some net-
work members which have significantly more bilateral linkages
than others, like in buyer-supplier networks where some buyers
do business with several suppliers, and where little interaction
occurs between the suppliers. 

By means of cooperative game theory it can be shown, that
in symmetric network arrangements bargaining power imbal-
ances decrease with increasing network size. In contrast, in
asymmetric arrangements bargaining power imbalances inten-
sify with increasing network size [Raupp/Schober 00]. 

Comparable to buyer-supplier networks also doctors’ net-
works may exhibit substantial asymmetries in bargaining
power, particularly if some network participants take a gate-

keeper’s role as it is designated in the German proposal [Gfrör-
er et al. 00]. Asymmetric arrangements like doctors’ networks
are much more prone to opportunistic exploitation of bargain-
ing power, trust exposure, and the corresponding negative
impacts on investment propensities and the total network
efficiency. 

In the following we will focus our analysis on doctors’ net-
works where gatekeepers take the role of network coordinators
and represent the network as a whole against the external envi-
ronment (e.g. patients, the medical association, or the insurance
companies). Typical tasks of gatekeepers are the negotiation of
case-specific or network-specific lump fees with the medical
association or directly with the insurance companies as well as
the routing of patients through the network. Gatekeepers are
usually represented by highly reputable general practitioners.
Obviously, because of the resulting information asymmetries
these actors exhibit a dominant bargaining position in doctors’
networks. Nevertheless, the participating physicians are not
direct competitors but possess complementary skills and aim to
cooperate on a stable and long-term basis. Furthermore, these
arrangements include common investment strategies, e.g. into
sophisticated medical technologies, but also into proprietary
and highly integrated IOS to gain sustainable competitive
advantages against rival networks. Because of these character-
istics it is almost impossible to institutionalize a network coor-
dination structure on basis of ex ante1 specified contracts and
rules. In consequence of the incompleteness of contracts and
the asymmetric distribution of bargaining power, doctors’ net-
works require trust-building mechanisms to ensure the long-
term viability of the arrangement [Gfrörer et al. 00]. These
mechanisms are strongly related with the firm-level network
strategies and will be discussed in more detail in the following
chapter. 

2.2 Firm-level network strategies
Firm-level network strategies, i.e. in our specific context the

strategies of each individual physician participating in a net-
work arrangement, are an integral part of the overall business
strategy and concentrate on the positioning of each member
vis-a-vis the other network members. It is important, that the
firm-level strategies fit with the objectives on the overall
network-level respectively with the coordination structure of
the underlying type of network arrangement. 

Firm-level network strategies comprise two dimensions:
profit sharing strategies and resource sharing strategies
[Raupp/Schober 00]. Both dimensions can adopt either a com-
petitive or a cooperative connotation. Profit sharing strategies
are concerned with the allocation of revenues, investments, and
costs and depend on the strategically motivated application of
bargaining power. Competitive profit sharing strategies are
characterized by a full exploitation of bargaining power while
cooperative profit sharing behaviour comprises limitations of
bargaining power exploitation, for example, by means of an ex
ante implementation of fair profit allocation rules including fair
sharing of joint investments [Schober 99] or an ex ante restric-

2

1. ex ante: based on forecasts rather than actual results.
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tion of the network size. The resource sharing strategy focuses
on the management of resource positions in inter-organization-
al arrangements. Cooperative resource sharing strategies focus
on the creation of joint network specific competencies whereas
competitive resource strategies strictly emphasize the protec-
tion of core competencies for each network member.

Based on the cross comparison along the cooperative respec-
tively competitive orientation of the two strategic dimensions
four distinctive categories of firm-level network strategies can
be distinguished: integrated strategy, focused strategy, bund-
ling strategy, and market strategy. They correspond with differ-
ent types of possible network arrangements, see Fig. 1. 

Physicians participating in a doctors’ network can benefit
from a mix of cooperative resource sharing strategies and
cooperative profit sharing strategies [Gfrörer et al. 00]. Pooling
of medical core competencies and patient information hand in
hand with joint investment into medical technology and inte-
grated IOS constitute central objectives of a doctors’ network.
Chapter 3 will discuss the aspect of IOS integration in doctors’
networks in more detail. Furthermore, the creation and nurtur-
ing of social and managerial network competencies including
the ability to develop trust, to share risk and to enhance collec-
tive learning are of central importance. Typically, a key strate-
gic asset in doctors’ networks stems from the high degree of
inter-organizational process integration. The productivity of an
individual doctor in the network and the investment incentives
of the other network members are reciprocally dependent. As a
consequence, cooperative profit allocation strategies to
strengthen mutual trust and investment incentives are critical
for the long-term viability of doctors’ networks. Trust building
requires a renunciation of bargaining power exploitation by
dominant network members, particularly on the side of the
gatekeeper. The restriction of overlapping competencies in
doctors’ networks hand in hand with the ex ante limitation of
the network size constitute important trust-building mecha-
nisms. If asymmetric bargaining power is preserved, the weak-
er partners tend to underinvest and the resulting economic
position is worse for all actors in the network [Schober 99]. 

In contrast, physicians participating in a “common office”, a
“quality circle” or in the “medical association” are typically

characterized by “focused strategies”. Apart from fundamental
differences between these types of networks, in all arrange-
ments the participating physicians primarily concentrate on the
cooperation in a very specific domain of interest. In all other
domains the physicians remain competitors, i.e. operate inde-
pendently with individually owned patients and individual
service provisions. Common office arrangements share mainly
physical resources, whereas quality circles and the medical
association focus on the sharing of information resources
[Schober/Gfrörer]. In the latter case the cooperative resource
sharing particularly focuses on data aggregation and fee settle-
ment. But because of the competitive nature of all three types
of network arrangements, the resource sharing is typically
restricted to distinct domains of inter-organizational collabora-
tion. Furthermore, the inherent competitive elements induce
low incentives for joint investments into integrated IOS. There-
fore, in these arrangements voluntary constraints on bargaining
power exploitation typically are not required and consequently
also trust-building mechanisms play a less important role. 

“Bundling strategies” are especially suited for networks
cooperating on a temporary basis. They apply to physicians
who do not cooperate within the network on a permanent base,
particularly to highly specialized physicians whose services are
purchased by a doctors’ network on demand (specialists’ net-
works). Since there are no incentives for resource sharing in
this case, we also would not assume joint investments into
highly integrated IOS. 

In our specific context, the “market strategy” and the related
organizational arrangement “individual doctor’s practice” do
not reflect a network arrangement but serve as reference points
in our framework.

With the emphasis on trust-building mechanisms, on a high
degree of IOS integration and on the creation of a network-
specific knowledge base, doctors’ networks stand in sharp
contrast to the other forms of cooperative doctors’ arrange-
ments [Gfrörer et al. 00], [Schober/Gfrörer]. 

IT Integration in Doctors’ Networks
The knowledge about the patient and his or her treatment

constitutes an essential competitive asset of a physician. This
knowledge resides not only in explicit patient records, but also
in implicit or “tacit” knowledge about each individual diagnos-
tic and therapeutic case. Tacit knowledge cannot be codified
and therefore also not transferred to other physicians except if
they work very closely together. Here we see an immense
source of enduring competitive advantage for doctors’ net-
works. Sharing of knowledge and collective learning are key
characteristics in doctors’ networks. Because of its limited
transferability, this knowledge base constitutes a barrier for
patients to move to other networks or physicians outside the
network, even if explicit medical records would be transferred. 

Because of the tacit component, knowledge in a doctors’ net-
work cannot be represented by electronic patient records and
IT-based applications as such. Yet, IT can significantly enhance
the knowledge creation process even on the tacit level [Schober
00]. In addition, IT can also help to improve the economic effi-
ciency of a doctors’ network. 

3

Cooperative

Profit
sharing

Competitive

Competitive Resource sharing Cooperative

Integrated strategy

Doctors’
network

Bundling strategy
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Specialists’
network

Individual
doctor’s practice

Common office/
Quality circle/
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Fig. 1: Typology of firm-level network strategies.
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In the following we propose an architecture for an integrated
and IT-based inter-organizational system (IOS) for doctors’
networks which supports both the knowledge creation process
as well as the search of economic efficiency. Fig. 2 gives an
overview of the IOS architecture. It is characterized by step-
wise system integration along three dimensions: integration of
the medical system, integration of the business system and
integration of the communication system.

The core of each dimension of integration is a shared data-
base with administrative data, e.g. general patient data or
general data of the participating physicians including specific
competencies and installed medical technologies. This admin-
istrative database is shared by all other applications along the
three dimensions of integration. 

Along the dimension of integration for the medical system
we successively add structured medical data including labora-
tory measurements, images (e.g. roentgen or tomographic
images), data on diagnosis and therapy and on patient case
history. The highest integration level of the medical system
refers to knowledge-based systems which support the physi-
cian in diagnosis and therapy. Although the intensively
discussed medical expert systems have not found wide appre-
ciation in practice there exists a promising application potential
for intelligent checklists or for the use of case-based reasoning
in comparing an actual diagnostic with previous cases of other
patients. However, unstructured elements in the electronic
patient record (e.g. dictated or written reports) raise several

problems in data communication, data management and data
administration. Therefore, metadata technologies that address
the management of large bodies of text and facilitate the dis-
covery and interconnection of similar medical cases play an
important role [Panko et al. 99]. The extraction of case history
data represents a task far beyond the capability of administra-
tive database systems. This implies to build up an extensive and
formalized case history which certainly would constitute a
major competitive advantage of a doctors’ network. 

The integration along the dimension of the business system
starts with the compilation of network-specific lists for availa-
ble services and fees based on elementary settlement runs. A
more sophisticated common accounting system represents a
next step of integration. It would contain all important business
data like investments into medical, office or information tech-
nology, salaries, material costs, and purchases from services
outside the network. The accounting module should also
include an accepted algorithm for redistribution of fees
between different service providers in the network and the
calculation of the overall remuneration for each physician. The
accounting system will ultimately serve as the basis for a com-
mon business control system which provides and compares
various indicators to measure the economic efficiency of the
network. The business control system requires also a tight link
to the medical system, particularly to deliver specific indicators
like cost by disease or treatment categories. 

Advanced
communication
technologies

Application
sharing

Secure intranet

Knowledge-
based systems

Case history data

Diagnosis and
therapy data

Medical images

Structured
medical data

Administrative
data

Service and
fee data

Accounting
system

Business control
system

Medical
system

Business system

Communication system

Fig. 2: Architecture of an integrated IOS.
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A key element of the integration along the dimension of the
communication system is system security, particularly because
of the sensitivity of patient data. System security comprises the
control of access rights (which are basically at the patient’s side
and have to be verified by the patient) and the secure encryption
of data, preferably already in the database but in any case when
passing through public networks. Application sharing allows
several physicians to share the same application. This is partic-
ularly important for the update and retrieval of patient data, but
also for most of the other applications in the IOS, e.g. certain
knowledge-based systems for diagnosis support. Architecture-
independent Java applets coupled with mark-up languages
(SGML and its subset XML) represent cost-efficient options to
work simultaneously at different locations with one set of data
and applications [Panko et al. 99]. Advanced communication
technologies such as video-conferencing improve the real-time
communication between the doctors in the network. The use of
e-mail and the World-Wide Web may also serve as a platform
for communicating directly with the patients, hospitals and
other third parties. 

 The IOS components in Fig. 2 are certainly far from being
complete and should only give some important directions of
integration. Nevertheless, a high degree of IOS integration
along the medical, business, and communication dimensions
surely is a necessary prerequisite for knowledge creation in
tightly coupled doctors’ networks, but by itself it is not a suffi-
cient condition. Social and managerial network competencies
including capabilities for conflict resolution and trust building
represent further flanking mechanisms for efficient knowledge
creation in doctors’ networks.

Summary and Conclusion
Within this paper we have analysed two critical dimen-

sions for the success and the long-term viability of doctor’s net-
works: cooperative resource and profit sharing behaviour on
the firm-level on the one hand and a high degree of process and
IOS integration on the other hand. The latter aspect essentially
requires shared goals between the participating physicians that
are embedded in a trust-based overall network coordination
structure.

We have identified doctors’ networks as arrangements that
are exposed to bargaining power asymmetries and therefore
require the institutionalization of trust-building mechanisms.
These include the restriction of the size and complexity of the
network as well as fair rules for fee, investment, and cost allo-
cation. The restriction in size contradicts with the configuration
of the current pilot networks in Germany which seem to be
quite large [Kassenärztliche Bundesvereinigung 99]. Further-
more, the pilot networks seem to involve overlapping compe-
tencies of the participating physicians [Kassenärztliche Bun-
desvereinigung 99], a central inhibitor of trust-building in
network arrangements.

Concerning inter-organizational information technology we
have voted for several reasons for a highly integrated solution.
One reason stems from the long-term nature of the cooperation
and the importance of trust. The second reason relates to the

sharing of common resources as one important objective of
doctors’ networks. Integrated IOS make this sharing more effi-
cient. Another reason is the creation of a knowledge base. A
fourth reason, finally, concerns the patient. Only a highly inte-
grated IOS provides the necessary integrity in the sense that it
presents the network to the patient as one entity rather than a
collection of more or less independent physicians. 

Our analysis leaves a series of questions open. One is the
coexistence of individual physicians and physicians organized
in networks. Another open question concerns the cooperation
between doctors’ networks, hospitals, and highly specialized
physicians. Also cooperative arrangements between doctors’
networks and insurance companies constitute a topic for further
investigation. Some legal aspects were touched only very brief-
ly, particularly the sensitive question of patient data protection.
Therefore, much research in the area of network organizations
in health care is still needed. 
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Continuing Medical Education and Professional Development

Marcial García Rojo

This article reviews the goals of medical education, that must be redefined broadly due to the presence of
new scenarios, where new approaches, such as the implementation of logical reasoning process, have to be
contemplated. We describe how this can be achieved through the use of Internet and other authoring tools.
Evidence-based medicine is essential when physicians are dealing with literature. Frequency of use of
Internet and the quality of the information are analysed. In a second part, we review the advantages and
disadvantages of virtual congresses, and the impact of new technology terminology in medical literature. In
a near future, the use of medical integrated workstations will be common; they will allow fast and efficient
information searches, and they will be essential to access patient previous history, related cases, or finding
the best choice of treatment.   

Keywords: Continuing Medical Education, Medical Infor-
matics, Internet, Evidence-Based Medicine, Quality of Infor-
mation.

1 Introduction
Continuing medical education (CME) is part of the process

of lifelong learning that all physicians undertake. It has tradi-
tionally been viewed by the medical profession in terms of
updating their knowledge. Nowadays, in order to practise
effectively in the modern National Health System, doctors need
skills that extend their medical knowledge beyond updating.
Thus, hospital doctors and general practitioners have now
accepted responsibility for both continuing medical education
and professional development (CPD).

Similarly to other professional environments, medical
knowledge, necessary for teaching or education purposes, is
usually stored in computerized system. This process has been
possible with the advent of electronic versions of specialized
journals, congress proceedings on CD-ROM, the development
of authoring tools with multimedia support (e.g. anatomy atlas,
or diagnosis support expert systems). Certainly, the most
important extension of medical informatics, since it appeared
at the end of 70s, has occurred with the use of the Internet, with
its useful hypertext text links in web pages, that allow easy
development and dissemination of information integrating text,
pictures, video, sounds, etc.

Thus, the rapid popularity of the World-Wide Web has
changed the ability of medical doctors and patients to access a
vast amount of information. At the same time, there is also a
fast advance in basic and clinical sciences, diagnostics and

therapeutics techniques, which professionals need to integrate
into their daily medical practice.

As shown in table 1, that summarizes the historical evolution
of applications in health informatics, main efforts were initially
directed, with limited success, towards management process or
experimental expert systems instead of towards solutions for
education of health professionals.

This evolution did not correspond with the real needs of med-
icine professionals, who are usually closer to current Internet
solutions developed by universities, pharmaceutical companies
and communication companies, amongst others, that offer free
access to updated information, including tools for search of
medical articles (available or not in Medline), experts consulta-
tion, and so on.

[Collen 94] summarizes in the following points the reasons
for the delay in the use of digital computers in the practice of
clinical medicine :
1. There was a 10 years delay in information technology in

health systems
2. It is a complex environment where simple solutions, like

those in bank companies, are not applicable
3  The need of technology able to manage complex informa-

tion (QMR or Dxplain)
4. Inertia, the fear of pre-established rules

The increasing interest in new information technologies
amongst medical professionals, in parallel to the extensive use
of the Internet, can be corroborated by Health on the Net (http:/

Marcial García Rojo is a M.D. Ph.D. He also holds a Master in
Computer Science. Pathologist at the Hospital of Ciudad Real
(Spain). Founding member of the Informatics Special Interest
Group of the Spanish Society of Pathology. Member of the Board
of Directors of Spanish Health Informatics Society (SEIS).

Table 1: History of Main Efforts in Health Informatics

1960s: Research Systems (ECG, diagnosis).

1970s: Management, department, image (TC Scan), Mycin.

1980s: Reports, outpatients, Clinical I.S. and databases, artificial intelli-
gence.

1990s: Integration, communication, vocabulary, evaluation
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/www.hon.ch) surveys, that show how, in Europe, in 1999, 46% of
doctors were Internet users, and, although 95% of them evalu-
ate as useful the information available in Internet, a 7% of ex-
pert users consider that this information should improve great-
ly.

These surveys also show the most popular web sites in the
medical community, that are shown in table 2. It is obvious that
sites offering biomedical information (electronic versions of
traditional medical journals and Internet servers containing in-
formation about diseases) were the most requested in 1999.

The noticeable increase of papers related to information
technology, together with the increasing presence of medical
journals in Internet, has significantly expanded the interest in
this area amongst health professionals [LaPorte et al. 95].

Using multimedia techniques in Internet, the University of
Sydney has achieved a 100% use of these technologies by med-
ical students, comparing with a 25% of students using them at
the beginning of 90s [Kidd et al. 93].

This paper focuses on the different solutions of continuing
education directed to current practitioners who generally have
not received any specific training in information techniques.
Although this technology is being simplified, most authors
agree to include a postgraduate programme in medical infor-
matics in order to obtain an efficient use [Coiera 98].

Every effort in continuing medical education should be pre-
ceded by the evaluation of the cognitive process (reasoning and
decision making), instead of creating a simple data collection
with the classical textbook format [Patel et al. 00].

[Coiera 98] proposes the following Decalogue of essential
clinical informatics skills:
1. Understand the dynamic and uncertain nature of medical

knowledge, and be able to keep personal knowledge and
skills up-to-date

2. Know how to search for and assess knowledge according to
the statistical basis of scientific evidence

3. Understand some of the logical and statistical models of the
diagnostic process

4. Interpret uncertain clinical data and deal with trial and
error

5. Structure and analyse clinical decisions in terms of risks
and benefits

6. Apply and adapt clinical knowledge to the individual cir-
cumstances of patients

7. Access, assess, select and apply treatment guidelines, adapt
them to local circumstances, and communicate and record
variations in the treatment plan and outcome

8. Structure and record clinical data in a way appropriate for
immediate clinical tasks, for communication with col-
leagues, or for epidemiological purposes

9. Select and operate the most appropriate communication
method for a given task (e.g., face-to-face conversation,
telephone, e-mail, video, voice-mail, letter)

10. Structure and communicate messages in a manner most
suited to the recipient, task and chosen communication me-
dium.

In 1996, the percentage of Spanish doctors using computers
was below 40%, a figure similar to those observed in France or
Portugal, but considerably lower than the 80% observed in
British or German practitioners [Ceusters/Prorec-Be 98].

2 New goals in education
[Ludvigsson 99] has proposed the following guidelines to re-

define the goals of medical education:
• Understanding biomedical concepts related to disease

mechanisms The Flexnerian or “reductionist” model of
teaching, where the body is considered as a machine with
organs that can be repaired by specialists in that specific
system, should be avoided.

• Developing interpersonal and hands-on skills, including
forming productive partnerships with patients and health
care team members, and demonstrating appropriate profes-
sional values.

• Applying a logical reasoning process to solve individual or
community problems and to critically review new informa-
tion.

• Accessing information resources appropriately to support
high quality practice.

New technologies allow students to proceed at their own
pace and create flexible learning environments. Advanced web
technology allows programmed access to learning modules and
tests. “Virtual” tutorials are conducted by threaded discussion
groups. These methods hold great promise for allowing life-
long learning through accessing up to date electronic knowl-
edge resources on the web and CD ROMs [Neame et al. 99].

In addition, during their clinical years, students can use web
based technologies for keeping a learning log to record their
studies and to accumulate a personal log of cases or problems
seen, procedures watched or undertaken, and skills acquired for
certification purposes a system often described as portfolio
based learning [Snadden 99].

3 Authoring tools
In this section we have grouped together those solutions

implemented with conventional programming languages (C++,
VisualBasic, Delphi, etc.) that usually need an installation
process in each computer. In medical informatics there has
been a noticeable predominance of Mumps and Open M lan-
guages.

Table 2: Most frequently requested web sites by doctors in 
1999.

• National Library Medicine, Medline http://nml.nih.gov/

• British Medical Journal (BMJ) http://www.bmj.com

• Medscape http://www.medscape.com/

• Intelihealth http://www.intelihealth.com/

• Mayo Health System http://www.intelihealth.com/

• Mayo Health System http://www.mayohealth.org/

• Health On the Net http://www.hon.ch/

• The Lancet http://www.thelancet.com/
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These tools are used for education programs in specific areas,
protocol guided systems, or computerised physician decision
support.

For instance, StrokeNet was developed to simplify emergen-
cy attention for strokes, through a recompilation, on one hand,
of present symptoms and signs, and on the other hand, by gen-
erating diagnostic and therapeutical recommendations based
on the most recent research studies [Moehr 00].

In the last few years these tools have been integrated into the
so-called groupware applications, such as Lotus Notes. These
allow a direct link between the student and the professor, as
well as numerous utilities, like discussion forums with the
simultaneous interaction of multiple students.

Therefore, this kind of solution will probably be integrated in
health networks and information systems in primary care and
hospital services, as additional and supplementary components
of Internet technology. An example of this integration can be
observed in the projects included in HealthNet, in Canada, that
since 1996, has developed medical informatics projects, in-
cluding collaboration programs between different participating
groups. 

[Keravnou et al. 97] have grouped intelligent medical sys-
tems into:
• Protocols and guidelines: protocols for medical proce-

dures and therapies, clinical guidelines, health care proc-
esses;

• Automatic diagnosing and decision support tools: knowl-
edge acquisition and learning, decision support theories,
diagnostic problem solving, probabilistic models and fuzzy
logic;

• Temporal Reasoning and Planning: planning and optimis-
ing of therapies, patients management, global health care
planning, planning environments;

• Natural language and terminology: medical dictionaries,
automatic abstracting, information retrieval, communica-
tion, multilingual dictionaries, lexicons;

• Image and signal processing: image interpretation, pat-
tern recognition and identification;

We have collected a list of 78 commercial professional health
programs, distributed throughout Spain in 1997. Only 4 pro-
grams (5%) were related to continuing medical education
(table 3).Campbell and Johnson conducted a Medline search,
collecting all available abstracts of articles addressing multi-
media computer aided learning (n=258) and multiprofessional
learning (n=92) written in 1985–98. They conclude that most
publications (63%) in Medline that represent multimedia com-
puter aided learning are project descriptions or position state-
ments, rather than reports of research (34%) including qualita-
tive or quantitative methods used to systematically investigate
the topics. Furthermore, references to established educational
principles were infrequent (24%) and few abstracts (7%) re-
ferred to educational theory. Research is dominated by quanti-
tative methods of questionable validity and utility. Relevance to
practice is centred on teaching, but with minimal consideration
of established educational principles or theories [Campbell/
Johnson 99].

4 Evidence-Based Medicine
Evidence-Based Medicine (EBM) is supported by three main

pillars: a) the proliferation of clinical research projects related
to new technologies, above all, drugs; b) the development of
clinical research methods; and c) the important increase in clin-
ical documentation. In summary, it deals with all medical liter-
ature [Marimón 99].

Therefore, the main goal in EBM is the conscious, explicit
and judicious use of the best evidence available to support clin-
ical decisions in patient care. In other words, considering rele-
vant clinical investigations, including precision and accuracy in
diagnostic tests, prognostic markers influence, and efficiency
and security in therapeutic, rehabilitating, and preventive meas-
ures [Bravo Toledo 00].

Available evidence search tools are, on one hand, secondary
(filtered) sources, such as briefing journals with critical reviews
(e.g. Evidence-Based Medicine journal, edited by the Ameri-
can College of Physicians, with publications in Internal Medi-
cine, Primary Care, Paediatrics, Surgery, Psychiatry, Obstetrics
and Gynaecology), the Journal Clubs (e.g. ACP Journal Cub),
CAT bank (Critical Appraisal Topics http://cebm.jr2.ox.ac.uk/docs/
catbank.html), and resources to find the former (such as Bandol-
era, also available in Spanish at http://www.infodoctor.org/bandolera/);
on the other hand, specialized database such as Cochrane
Library.

Although evidence-based medicine requires new skills from
physicians, including searching literature, new technologies
use should be evaluated prudently. [Verhoeven et al. 00] per-
formed a randomised comparative study to determine which
literature retrieving method is most effective for general prac-
titioners (GPs): the printed Index Medicus; Medline through
Grateful Med; or Medline on CD-ROM. They observed that in
the period 1994–1997, the printed Index Medicus was the most
effective literature retrieval method for GPs. For inexperienced
GPs, there is a need for training in electronic literature retrieval
methods [Verhoeven et al. 00].

Table 3: Medicine software available in 1997

GROUP

Clinical history: 61

Information systems 16

Dentistry 10

Radiology (Reports and Imaging) 8

Medical office 6

Clinical laboratory 4

Anatomic pathology 4

Cardiovascular 3

Other specialities 10

Management 13

Education 4

Anatomic or diseases atlases 2

Medical literature 2
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5 Internet
The Internet has become an essential resource in continuing

medical education. The main services we can find on the Inter-
net, suitable for continuing education, are virtual congresses,
specialized courses, clinical cases, virtual patients, discussion
forms, or literature revisions, among others.

Most of these services are free and available to general pub-
lic, if not already dedicated to a restricted professional group.
They can be published to inform other people about the institu-
tion's activities or to record scientific meetings, even those not
related to the Internet.

Frequency of use
An interesting study was done in Norway, at the end of 1998,

analysing physicians’ continuing medical education and their
information-seeking behaviour, including their use of the Inter-
net. 72% of Norwegian doctors had Internet access and 24%
had access either at work, at home or both. Doctors with access
both at work and at home used the Internet significantly more
often and found it of greater professional value than did the oth-
er groups. A smaller proportion of general practitioners, com-
pared to other groups in the profession, had access to the Inter-
net. About half (48%) of Norwegian doctors use the Internet in
a professional context. Research-oriented, male doctors, 30–49
years old, indicated the highest activity on the net. Authors con-

clude that, for the time being, it appears that the net widens the
gap between doctors who actively seek new professional
knowledge and those who do not [Nylenna 99].

Quality of Information in Internet
[Sandvik 99] evaluated the Internet as a source of informa-

tion about urinary incontinence. 75 web sites providing inter-
active information about incontinence were analysed, along
with 25 web doctors, and two news groups. Popularity indexes
were measured using Hotbot and Altavista indices, according
to number of links to web sites. Excellent information about
urinary incontinence was found on the Internet, but the number
of links to a site did not reflect the contents quality. Patients
may get valuable advice and comfort from using interactive
services. Well known organisations (societies, foundations, and
journals) will probably offer better information than universi-
ties, hospitals, and clinics (labelled “professionals”) and “com-
mercial” sites.

In English-speaking countries, professional colleges (like
royal colleges in U.K.) are responsible for providing a frame-
work for continuing professional development; setting educa-
tional standards; and monitoring, facilitating, and evaluating
activities for their members [du Boulay 00]. In Spain, this area
is not well structured, and it is usually not well coordinated by

Fig. 1: World on-line congress INABIS 2000
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several professional bodies, such as regional medical colleges,
scientific societies, and the Health Ministry.

Cryveillance.com estimated that there are more than 2,100
million web pages [Anonymous 00]. Although no specific data
are available about health web sites in Spain, Compuware com-
pany, using WebCheck utility, has analysed the main compa-
nies present in the Internet, and found that 65% of Spanish web
sites have important defects in design and access speed. The
most common deficiencies were missing attributes, pages un-
der construction, and broken links.

Physicians usually access general search engines in their
searches: Alta Vista, Hotbot, Northern Light, Infoseek, Excite,
Galaxy, Yahoo, or MSN. They also use specialised servers for
Medicine, such as Achoo, Cliniweb, Health AtoZ, Healthfind-
er, Karolinska Institute, Medical Matrix, Medical World
Search, Medsite, and OMNI. Some of the most visited sites are:
MedNets (http://www.mednets.com/index.html), Martindale’s Health
Science Guide (http://www-sci.lib.uci.edu/HSG/HSGuide.html), Med-
Web, de la Emory University (http://www.medweb.emory.edu/
MedWeb/), MedWeb Plus (http://www.medwebplus.com/), MedMark
(http://medmark.org/) and BioMednet (http://www.bmn.com/). 

The most frequently used search engines in Spain, as ex-
pressed by the Media General Study, are Yahoo (21,6%), Terra
(28,9%) and Altavista (17,1%), followed by, Ozú (5,9%),
Lycos (5,1%) and Excite (2,2%) [Anonymous 00]. Some fre-
quently visited specialized Spanish web sites are Diario Médi-

co (http://www.diariomedico.com), Recol Network (http://www.recol.es/
), MedicinaTV.com (http://www.medicinatv.com), and Saludalia for
Physicians (http://www.saludaliamedica.com/).

Virtual Congresses
We started the organization of virtual congresses on Patholo-

gy in 1996, (http://www.conganat.org/), and recently, our group was
responsible for the organization of the VI World Congress on
Biomedical Sciences in Internet – INABIS 2000 (http://
www.uclm.es/inabis2000/), see Figure 1. This experience allowed us
to evaluate the growing interest that health professionals have
in this new type of meetings. In tables 4 and 5 we have summa-
rised the main advantages and disadvantages found in the or-
ganization of virtual congresses

6 New information and communication technologies 
impact in medical literature

We have recently studied the use of terms related to informa-
tion and communication technologies, using the on-line data-
base [PubMed 00] to perform Medline searches in scientific
journals.

In our first approach, we analysed the use of Medline Brows-
er MeSH terms (http://www.ncbi.nlm.nih.gov/entrez/meshbrowser.cgi)
such as “Education, Continuing” and “Medical Informatics”).
We obtained a total of 1,201 articles, compared with a total of
11,376 articles when non-specific searches about Continuing
Medical Education (CME) were performed.

Table 4: Advantages of Virtual Congresses

They present larger opportunities to meet new colleagues with common 
interests

The ability to promote professional relationships even when congress is 
over

The ability to publish worldwide information about the city or institution 
where event is organized

The lower costs of organization

The avoidance of registration and accommodation costs

The automated evaluation of abstracts (via web or e-mail)

The easy coordination of efforts of multiple organising societies

Presentations can be directly modified by the authors

The unlimited number of scientific papers

The unlimited number of registered delegates or visitors

The information is available for an unlimited period of time 

Efficient search facilities available

Active phase can be as long as needed

.

Table 5: Disadvantages of Virtual Congresses

Scarce interest of commercial drug companies in sponsorships

Slow connections to the Internet 

Little active participation in discussion forums

Specialized Internet programmers needed

Some scientific journals does not admit presentations previously published 
on the Internet

Table 6: Number of articles in free searches about Continuing 
Medical Education (CME) terms, compared to searches per-
formed using MeSH terms Medical Informatics and Continuing 
Education 

Year CME Search MeSH Search

1991 369 54

1992 357 43

1993 385 41

1994 405 77

1995 462 91

1996 474 108

1997 541 118

1998 539 120

1999 613 132

2000 (-oct) 347 70
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Fig. 2: Frequency of technical terms in scientific articles between 
1981 and 2000.
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Table 6 summarizes the last 10 years of evolution in the
number of articles in searches using MeSH terms, compared
with the non-specific CME term searches.

We also thoughtfully analysed those articles related to medi-
cal informatics and continuing medical education, excluding
nursing, and classified them according to their main topics, as
included in Medline abstracts (table 7).

In the second phase, we analysed the frequency of certain
terms related to new information and communication technol-
ogies during the last 10 years. This is shown in table 8 and fig-
ure 2. Table 9 and figure 3 show detailed data about last 5 years. 

Notice the use of the term Intranet in scientific articles before
Internet technologies were known. Thus, 6 articles mentioned
the term intranet from 1972 to 1976, even though it was used
with a different meaning, and was applied to any local network.
The term Internet appeared for the first time in 1991. 

5 New perspectives
In the near future, it will not be easy to distinguish between

continuing education resources and health information systems
used by doctors in their daily practice of handling clinical his-
tory or generating reports. There is an increasing need to inte-
grate screening or checking routines into information systems,
which should advise physicians about the appropriate steps to
follow. Even more, they could propose specific protocols used
by their organization [Shea 96].

Table 8: Number of Articles in Medline searches on specific 
terms (1981–October 2000)

Term 1981
–1985

1986
–1990

1991
–1995

1996
–2000

Total

Internet 0 0 239 6104 6454

Intranet 10 587 2690 9090 12391

Software 3715 9112 13255 16728 44746

CD-ROM 1 52 295 471 819

e-mail 10 588 2712 9189 12505

Red TCP/IP 0 1 11 20 32

FTP protocol 0 1 20 42 62

On-line & computers 51 53 30 25 285

WWW 0 0 37 5098 5135

Virtual Reality 0 0 93 424 517

Bulletin Board System 0 6 29 27 62

Table 7: Main topics observed in Medical Education Articles

Main Topic Number of articles

1998 1999 2000

Total 91 112 61

New technologies in education 21 24 12

Internet 19 37 22

Medical specialities 18 22 19

Management 11 5 2

Primary care 10 10 5

Software 9 6 2

Medical informatics teaching 8 4 6

Education theory 8 9 1

Not related to informatics 7 6 2

CD-ROM 7 4 2

Evidence-based medicine 4 5 3

Telemedicine 4 2 2

Medical Literature 3 3 3

Decision support 3 2 1

Virtual Reality 2 - -

Standards 1 2 1

Public health 1 - 1

Law 1 - -

Emergency 1 1 1

Clinical guidelines 1 2 -

Information systems 1 5 -

Pharmacy - 4

Congresses - 2

Voice recognition - - 1

Table 9: Number of Articles in Medline searches on specific 
terms (1996-October 2000)

Term 1996 1997 1998 1999 2000

Internet 442 689 1284 2222 1467

Software 3076 3683 3775 3824 2370

CD-ROM 106 102 106 93 64

e-mail 1419 1829 2136 2437 1368

Red TCP/IP 5 3 6 4 2

FTP Protocol 9 8 11 10 4

On-line & computers 11 5 5 3 1

WWW 108 218 1102 2230 1440

Virtual Reality 56 102 105 80 81

Fig. 3: Frequency of technical terms in scientific articles be-
tween 1996 and 2000
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Therefore, the presence of integrated medical workstations
will be common, an idea developed in the Columbia Presbyte-
rian Medical Center, New York. They had a clinical information
system (Web-CIS) with Internet access, access to the servers of
the institution working as searching engines on the Internet and
an Intranet. Consequently, it is easy to imagine future informa-
tion systems capable of answering prompts such as “find cases
that are similar to this patient's case and show me data about
their diagnoses and treatments”. The answers will integrate in-
formation coming from the Intranet, the public Internet, or
from certifying entities.
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Automatic Three-dimensional Reconstruction of Radiological 
Images for Telediagnosis

Valentín Masero Vargas, Juan Miguel León Rojas, José Moreno del Pozo, Antmael Silva Luengo

In the field of Telemedicine, one of the most successful techniques has been remote diagnosis or Tele-
diagnosis. To improve Telediagnosis, we have constructed an Information System for automatic three-
dimensional reconstruction of radiological images. This system has improved the way in which we visualise
and examine these radiological images. In this article, we describe the techniques that have been utilised for
constructing 3D reconstructions. We also explain several segmentation techniques due to their importance
during the 3D reconstruction process.

Keywords: Image Processing, Snakes, 3D Reconstruction,
Computer Graphics, Medical Imaging, Telediagnosis, Tele-
medicine.

Introduction

1.1 Project goals
This work started with the project “Development of a 3D

Database of Animal Organs (D3DBAO)”, supported by the
Spanish Intergovernmental Commission for Science and Tech-
nology (Comisión Interministerial de Ciencia y Tecnología,
CICYT). This project is managed by the Minimally Invasive
Surgery Centre (MISC) in collaboration with the Computer
Science Department of the University of Extremadura (CS-
DUEX).

One of the main goals of our project was the automatic
construction of both human and animal organs from radiologi-
cal images. An additional objective was to use our software as
a 3D visualisation environment and, later, as biomechanical
simulation environment. All together, these will constitute a
training system for surgeons based on virtual reality. These
additional goals are related to another project called “Tele-
surgex (Minimally Invasive Surgery by Telecommunication)”
supported by the European Community and the Junta de Extre-
madura (Consejería de Educación, Ciencia y Tecnología).
Several researchers of the CSDUEX are collaborating in this
project as well. 

This article explains a system to automatically construct 3D
models from radiological images. This system is still being
improved.

While we were constructing this system, it was necessary to
improve several techniques for automatically extracting 3D
models from CT (Computed Tomography) and MR (Magnetic
Resonance) images. Depending on the part of the anatomy
needed for 3D reconstruction, it is better use CT or MR images.
Thus, we worked with different radiological imaging tech-
niques. For example, to reconstruct soft tissues it is better to use

MR images, and to reconstruct a bone structure, it is better to
utilise CT images.

Background

2.1 Three-dimensional reconstruction and visualisation of 
medical images

Thirty years ago, few radiologists were interested in three-
dimensional imaging. They believed that this technique was not
necessary because they could mentally assimilate two-dimen-
sional data and interpret it in a three-dimensional manner.

Since then, three-dimensional imaging has become so
advanced that image fidelity is sufficient for worldwide clinical
use of three-dimensional imaging in dedicated academic
medical centres.

By 1985, clinical application of medical imaging primarily
focused on cranio-maxillo-facial surgery and was mainly lim-
ited to bone imaging on the basis of CT scans. At that time,
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many radiologists feared being used as a kind of medical
photographer merely to provide image data sets to surgeons
[Hemmy et al. 94]. However, the complex segmentation
process, especially in the case of soft tissue segmentation,
clearly required radiologic skills, both to recognise and isolate
the relevant structures in the two-dimensional cross-sectional
scans. Later, three-dimensional imaging was introduced in
other types of surgery with the help of other imaging modalities
such as surface and volume rendering.

During the last decade, three-dimensional imaging has
attracted more and more devotees mainly because of its realism
and ability to interact with the 3D images. It allows visualisa-
tion from different views and several graphical transformations
over the visualised three-dimensional objects. 3D visualisation
has also been used for automatic detection of several diseases,
such as cancer tumours, showing them in a different colour
[Wyatt et al. 98]. In radiology, recent systems for distance
diagnosis or telediagnosis have been developed, e.g. Hideyu-
ki’s system [Hideyuki et al. 98].

But, to be able to apply these three-dimensional imaging
techniques, we must apply an efficient segmentation process
beforehand.

2.2. The most widely used techniques for segmentation of 
medical images

Segmentation is the process of recognising objects within an
image. As stated above, it is an indispensable step in most of the
processes that are applied to medical imaging. For example, for
measuring the volume of anatomical structures, for making
three-dimensional reconstructions of medical images, or for
making a good 3D rendering, it is important to develop an
optimal segmentation.

It is important to emphasise that no general segmentation
method exists which is able to isolate any object in any kind of
image. That is, depending on the problem to solve and the given
image, several segmentation methods are suitable. And, in most
cases, no one method gives perfect results, so we need to adapt
these techniques to our needs by using hybrid techniques.

The most widely used medical imaging segmentation tech-
niques can be categorised into two classes:
1 feature thresholding methods,
2 region-based methods.

Among the region oriented methods, there are two subcate-
gories: the region growing method and the texture analysis
method. We do not mention the technique of cluster analysis
which is basically a feature extracting technique and a multidi-
mensional extension of the concept of thresholding.

Segmentation by thresholding has the advantage of being
computationally simple and fast. It works well on objects with
uniform intensity values which differ significantly from all
other objects and the background. The thresholding fails,
however, if the objects do not differ in intensity values but in
some other property (e.g. texture).

Region-based methods assume the objects in the image to be
a closed region. With this model of an object, two general
approaches are possible: finding the border of the region (i.e.

the edge oriented methods), or finding the interior of the region
(i.e. the region based methods).

We distinguish two techniques to find the interior of a region.
One technique is called texture analysis, whereby each pixel
with its neighbourhood is classified individually as belonging
to the region or not. The other technique is called region grow-
ing, an iterative method, whereby the image is processed sever-
al times. Each step of the iteration improves the result of the
previous step. Problems discussed in this field are finding the
seed points, the way of growth, the break of growth, and the
split and merge of regions [Gonzalez/Woods 92].

Segmentation by edge detection methods is based on identi-
fying significant intensity changes as edges of the objects in the
image. The edge detection can be divided into the following
steps. First, the image is preprocessed or conditioned, concen-
trating on brightness and contrast. Second, the first or second
derivation of the signal is calculated. Finally, depending on the
used derivation, the local maxima or the zero crossings are
detected and marked as edge pixels [Gonzalez/Woods 92].

The Information System
The information system [Masero et al. 00] for automatic

3D reconstruction of radiological images is mainly formed by:
a radiological device (RD), a workstation connected to the RD,
a data server, an ATM telecommunications network, a Personal
Computer (PC) connected to the system via Internet, and a
computer program [Masero et al. 00]. In this article, the data
server and the telecommunications system are called “Picture
Archiving and Transmission System”. The computer program
is being finalised by the CSDUEX in collaboration with the
MISC team.

The workstation allows us to provisionally store the radio-
logical images and, optionally, process them for making the
three-dimensional models. The user can make new 3D recon-
structions remotely and visualise them on the screen of a
remote PC connected to the system via Internet. From this PC
several graphical operations can be applied to the 3D model,
such as translations, rotations, scaling and, generally, all kinds
of geometric transformations based on these operations. There-
fore, the user can obtain new 3D images and study them better
by using the options offered.

Methodology for 3D Reconstruction
Figure 1 shows the process for creating three-dimension-

al reconstructions. In this process, we have used a methodology
based on image processing and computer graphics techniques.

Several computer graphics techniques, such as surface ren-
dering and volume rendering, have been used.

Initially, all the techniques that appeared in the section, “The
most widely used techniques for segmentation of medical
images”, were tested on several datasets, but no acceptable
results were obtained. So, we realised that it is not possible to
achieve good segmentation results utilising the same segmen-
tation techniques for every kind of anatomical structure. There-
fore, we applied different segmentation techniques, depending
on the part of the body for which we wanted to make a 3D
reconstruction. Finally, among all the applied techniques,
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Snakes [Kass et al. 87][Honea et al. 97][Blake/Isard 98] was
the method with the best results.

4.1. Snakes
Snakes were first described by Kass, Witkin and Terzopolous

[Kass et al. 87]. A snake is a sequentially connected set of
points, each located at one pixel in the image [Honea et al. 97].
The method of snakes is an energy minimization technique that
uses information both on the object’s shape and its image prop-
erties to determine the segmentation of the object. The snake
has an energy, called external energy, that arises from the image
characteristics at each snake’s point location. The snake also
has an internal energy, based on its shape.

This method requires that the snake be initialised to a path
near the true object boundary. At each snake point, a set of near-
by pixels is chosen as a neighbourhood in which the current
snake point may move. During optimization, the lowest energy
path is sought, and each snake point is moved, if necessary, to
the path that has the minimum energy path. The process is
repeated until no further movement of the snake is needed.

As result of applying an image operator to each snake point,
we obtain the external energy at that pixel location. In this way
we assign lowest energy to points that show good image quali-
ties, and higher energy to other points. The good qualities are
defined as those that usually happen at the border of the object
we are examining (e.g. high intensity pixels). We can define the
external energy as: 

The internal energy gives a smoothing constraint on the
shape of the snake. This energy is formed by two terms. The
first one causes the snake to behave as an elastic band that
resists stretching. This first part can be written as:

n being the length of the vector and v a point of the vector
where vi=(xi,yi).

The second part makes the snake behave as a flexible rod. It
can be defined as:

All these terms are weighted to contribute in the appropriate
influence to the whole snake energy.

4.2. The whole 3D reconstruction process
In the system that has been built, the following process is

needed to transform radiological images into three-dimension-
al models.
0. Setting environmental parameters, i.e. parameters associat-

ed with the radiological imaging device.
1. Acquisition of the radiological images. Always under condi-

tions set on step 0.
2. Images preprocessing. Processes of brightness, contrast and

histogram in order to eliminate noise and undesired
information, that is, in order to have acceptable initial
conditions. 

3. Bidimensional segmentation: depending on the anatomical
structure to delimit, we use a different segmentation tech-
nique or a hybrid one. For example, region growing or
Snakes.

4. To select the regions obtained in the previous step and to
connect them to form a three-dimensional model.

5. Three-dimensional models are made without additional
operator interaction by propagating the 2D results to adja-
cent slices.

6. To export to appropriated graphical formats (ASC, 3DS and
VRML) in order to later visualise and manage the 3D model
in the developed visualisation software [Masero et al. 00].
The computer graphics techniques used have been Surface
and Volume Rendering Techniques.

The software for visualising the 3D models has been devel-
oped using the visual programming environment Delphi 5®
and the graphic library Open-GL®. It has been made for
Windows 98® and Windows NT®. However, another version
is being developed for Linux using C++.

Conclusions
We have designed an information system for obtaining

three-dimensional reconstructions, remotely, from radiological
images. This information system is based on a software which
utilises several classic image processing methods [Gonzal-
ez/Woods 92] and others more recent such as snakes [Kass et
al. 87]. It also utilises a standard telecommunications network.
To carry this out, a computer program has been developed.
With this software, the physician can better study the zone of
interest by studying it from several views. However, the main
contribution of this work has been the improvement of the seg-
mentation of radiological images by using snakes; and, there-
fore, the improvement of the 3D visualisation of the anatomical
structures shown in the radiological images.
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Fig. 1: 3D reconstruction process.
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Our system, in addition to allowing the visualisation of
stored images like the system described by Hideyuki [Hideyuki
et al. 98], also permits interaction with previously stored 3D
models. It also allows the creation of another 3D reconstruction
from the images stored in the workstation or picture archiving
system.

This software gives greater independence to physicians
working in areas with limited resources. It allows the visualisa-
tion of 3D images of the anatomical structure of interest from
any rural area. It also allows physicians who do not have a very
powerful computer to control the remote three-dimensional
images without having a workstation, which would be too
expensive.

In the future, we would like to improve the visualisation of
3D imaging in order to improve diagnosis. We could also
improve image segmentation that will allow us to see cancer
polyps and other diseases more difficult to diagnose nowadays.
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Artificial Intelligence in Medicine. Past and New Applications

José María Barreiro, José Crespo, Víctor Maojo

This article offers a general overview of the history of research in the field of Artificial Intelligence in
Medicine. The first experiences were based on the use of cognitive models of medical reasoning, and gave
rise to expert systems. Among these models that tried to emulate the language of physicians MYCIN was the
best example. A second generation of systems were designed to fit better into the clinical routine environ-
ment. Finally, some examples of current research developed by the group are given such as: (1) a mobile
system for emergency health care; (2) a system for accessing MEDLINE in Spanish, based on a medical
vocabulary server; (3) a virtual system for training in trauma surgery. In these systems we use hybrid
systems that combine Artificial Intelligence tools with Internet-based information management.

Keywords: Medical Informatics, Artificial Intelligence,
Expert Systems, Internet, Databases, Emergencies, Virtual
Surgery.

Introduction
Artificial Intelligence is a branch of Computer Science that

begun at a meeting held at Dartmouth College in the United
States in 1956. The original goal was to conceive intelligent
machines that could replace human beings or perform tasks
that could be considered similar to those of human beings.
While initially the goal of making intelligent machines was an
abstract one, it soon became clear that there was a possibility of
creating intelligent systems for practical real-world applica-
tions.

After completing research into the cognitive issues of medi-
cal reasoning and computer-assisted diagnostic systems,
researchers from universities like Stanford, MIT, Rutgers and
Pittsburgh started to work in the 70s on what are known as
expert systems, medical examples which include MYCIN, PIP,
CASNET or INTERNIST.

Some years earlier, during the 60s, several groups of physi-
cians at hospitals in Boston, Salt Lake City, in the USA, and
Geneva (Switzerland) had proposed the use of early commer-
cial mainframes, like UNIVAC and its successors, in clinical
applications. This led, for example, to the early computer-
assisted diagnostic systems and the first computerised clinical
records. The above clinical applications were implemented at
hospital computer centres by programmers, systems analysts
and clinical physicians interested in their use. The goal was to
create applications that could perform the calculations which
occupied so much of physicians’ time.

The following list provide an outline of the main methods
used at that time in computer-assisted decision-making:
1. Decision analysis
2. Mathematical models of physiological processes
3. Databases
4. Clinical algorithms
5. Pattern-matching methods

Some researchers had been working on the study of reason-
ing processes required for issues of medical practice, such as,
for example, clinical diagnostics. By the end of the 60s, they
had found that diagnostics is an iterative, inference-based proc-
ess of determining the type and circumstances of a disease by
examination. Clinical reasoning was no longer viewed as an
art, the result of a clinical eye or the intuition of the best spe-
cialists, and came to be considered a formal question that could
be modelled. Its main components were the following: produce
a first hand identification of the cause of the symptoms and
signs of the patient, gather important information, select the
best diagnostic tests and recommend treatment. This process is
governed primarily by the hypothetical-deductive method, as a
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series of hypotheses are stated and refined by means of meth-
ods of deduction.

The research of Simon and Chase at Carnegie Mellon and
that of other researchers, like Tversky, Kahnemann, Pauker or
Anderson, laid the foundations that were to unveil the funda-
mentals of the cognitive processes of general and medical rea-
soning and for the use of this knowledge to build systems that
reasoned similarly to physicians. They noticed that physicians
used a series of rules of thumb or heuristics to reduce the search
space required to achieve their goal (for example, diagnosis).
Physicians estimated the probabilities of diseases by compar-
ing diseases rather than using data from formal probabilistic
statistics or decision analysis. The main heuristics were:
1. Heuristics of representativeness: the probability of a finding

is estimated by comparison with population statistics. 
2. Heuristics of availability: the probability of an event is esti-

mated according to how easily it can be remembered. 
3. Heuristics of anchoring and adjustment: physicians make

an initial estimate, which is then adjusted depending on the
characteristics of the patient under examination until they
arrive at a final assessment.

Other processes involved would be, for example, generalisa-
tions and abstractions of facts discovered during the reasoning
process, recognition of patterns to quickly state diagnostic
hypotheses or the application of joint actions prepared before-
hand.

These early computer-assisted diagnostic systems did not
work well because physicians found it difficult to deal with
probabilistic concepts. They discovered that the systems had to
speak the same language as physicians and be able to explain
their reasoning rather than act like black boxes. The earlier suc-
cess of expert systems, like DENDRAL, in other areas proved
that it was possible to capture the knowledge and reasoning
methods of the best medical specialists.

MYCIN is the most widely known early medical expert sys-
tem. It was designed for the treatment of infectious diseases
(septicaemia and meningitis). It was an academic, rather than a
clinical success, as it was not routinely used outside Stanford,
where Shortliffe created it. Indeed, its creator says that it was
used in only one hospital in Japan, because a head of depart-
ment forced his team to do so. MYCIN was an IF… THEN…
rule-based expert system, containing about 450 rules.

MYCIN also introduced a new method for handling uncer-
tainty, which was created informally within the system. It con-
sisted in the use of certainty factors associated with knowledge,
which were later proven to be equivalent to Bayes’ models.

MYCIN had a fairly novel interface for the time, although
physicians did not find it easy to use. An example of an interac-
tive consultation with MYCIN is given below:

1. Patient's name: (first-last
** FRED BRAUN

2. Sex: (Questions 1-3 request
** M background patient data.)

3. Age:
** 55 

4. Are there any cultures for Fred Braun
which may be related to the present

illness, and from which organisms have
been grown successfully in the
microbiology laboratory?
** Y ----CULTURE-1-----

5. From what site was the specimen for 
CULTURE-1 taken?
**BLOD =BLOOD (System corrects typing
error.)

6. Please give the date and time when
CULTURE-1 was obtained. (mo/da/yr time)
** JUN 20,1977 The first organism isolated
from the blood culture of 20-JUN-77 
(CULTURE-1) will be referred to as:
----ORGANISM-1-----

7. Enter the laboratory-reported identity of
ORGANISM-1:
** UNKNOWN (Typically identity is not yet
known.)

8. The stain (gram or Ziedl-Neelsen acid-
fast) of ORGANISM-1:
** NEG (Preliminary lab results give some
clues.)

9. Is ORGANISM-1 rod or coccus (etc.):
** ROD

10. What is the form of the individual
organisms (e.g. Iancet- shaped for
cocci, fusifomm for rods, etc.)?
** FUSIFORM

…

The knowledge base could be modified so that engineers
could introduce new knowledge, an idea that, due to scientific
discovery, was an absolute must in Medicine. A module was
also created to justify system reasoning, which showed the list
of rules used by MYCIN.

The program, called inference engine, that handled the
knowledge was successfully marketed and used to build expert
systems in other areas. Paradoxically, the MYCIN model and
spin-off tools were used to develop expert systems in areas far
from Medicine, such as defence, banking or industry.

MYCIN was created as a question of academic research rath-
er than in response to a real clinical problem. Therefore, it had
the following problems: 
(1) A consultation took longer than 15 minutes, time that a phy-

sician normally could not spend on just one consultation.
(2) MYCIN was more confident about its diagnoses than spe-

cialists, but its errors led to mistrust on the part of users.
(3) The explanations given by the system about its findings

were simple and were only justified by the list of rules that
had been fired.

(4) The interface was neither graphic nor easy to use.
(5) Physicians had to use MYCIN outside the clinical environ-

ment with the help of computer scientists.
(6) The knowledge contained in the system was heuristic-based

but contained almost no deep information, that is, about the
causes and processes underlying the disease.

To be able to replace physicians, programs were generally
designed as absolute oracles. Even though the expert systems
contained specialist knowledge in a field, they failed to model
how people reason, including the use of common sense.
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Medical Informatics emerged as a separate discipline in the
80s, and the appearance of personal computers meant that phy-
sicians had access to applications for clinical, academic,
research and management use. This led to the gradual emer-
gence of a new paradigm: physicians should be able to access
all the medical information and knowledge they needed from
their computers. Therefore, artificial intelligence techniques
combined with software engineering techniques create more
efficient systems integrated into the medical environment.

The next generation of expert systems tried to capture knowl-
edge in a way similar to the one physicians use in their reason-
ing strategies. MYCIN or INTERNIST, based on heuristics or
shallow knowledge, could not capture the complexity of the
knowledge of medical specialists. These new systems
incorporated deep knowledge on the causes of a particular dis-
ease, including new reasoning capabilities, qualitative, causal,
temporal, semi-quantitative models, etc.

Systems like ABEL, for analysing acid-base disorders, or
ROUNDSMAN, with a library of knowledge composed of
many articles, search for those most closely related to the
patient in question, or KARDIO, which used an automatic
learning system to elicit rules from the system of large databas-
es, marked a change of approach from the early expert systems.

These systems were not designed to answer questions raised
by an expert in a given domain. Nor were they intended to mod-
el the diagnostic process. They were primarily systems that
gave specific advice or criticised certain medical decisions.
New temporal and probabilistic models were also introduced
that provided greater capabilities. In addition, graphical user
interfaces were created, which made systems more user friend-
ly. Issues like logical knowledge verification and more exten-
sive validations were considered in more detail to assure their
clinical impact outside the laboratory in which they were creat-
ed.

They were only partially successful as well because they had
similar drawbacks like the 1st generation, as well as one in par-
ticular: physicians generally had neither the time nor the
patience to enter into a prolonged dialogue with the computer,
into which they also had to manually enter patient information.

90s
Twenty years after the first expert systems appeared, they

were still not clinically successful in routine medical practice.
Only systems like INTERNIST (now called Quick Medical
Reference or QMR), for example, had been commercialised
and used in a host of health system environments. As a result,
new artificial intelligence-based models emerged using differ-
ent concepts founded on new symbolic methods and, also, on
connectionist models. Of these, artificial neural networks and
case-based reasoning were prominent.

As of the 90s, new medical informatics systems based on the
use of artificial neural networks appeared. They have been
integrated into commercial systems and used, for example, in
radiological diagnosis (for example, early cancer detection), in
the classification of electrocardiograms and electroencephalo-
grams, or in ICU systems.

Artificial neural networks can also be used as a method of
data mining for eliciting knowledge from data warehouses or
large databases (for example, complex clinical records).

Artificial neural networks were not as successful as original-
ly thought, due to several factors. Problems include the number
of cases required to train and validate the system, the epidemi-
ological mistakes made in selecting these cases, the black box
concept of these systems and their own errors. Thus they are
trusted by clinical physicians (although they were often more
correct than the specialists with whom they were compared).

The other model, case-based reasoning, considers the physi-
cian’s diagnose of a patient in comparison with earlier cases.
Thus, when faced with a new patient, the system searches for a
similar patient in a case library. It makes a comparison, estab-
lishes the differences in order to reach a diagnosis and recom-
mends a series of actions. This information is then stored in the
library and the system operates accordingly.

The problem with this technique is that very similar cases are
seldom found in Medicine. Moreover, the fundamental cogni-
tive question is whether or not physicians actually use a com-
bination of several reasoning strategies, which can be related to
several of the techniques discussed above (heuristic search, pat-
tern recognition, qualitative and causal reasoning, case-based
reasoning). Therefore, one technique alone cannot capture the
complexity of medical reasoning.

A combination of all these techniques would be an ideal for-
mula for building an artificial intelligence system in medicine.
Examples of these have already appeared, like PERFEX, a
computer-aided SPECT image diagnostic system that com-
bines a rule-based symbolic model with an artificial neural net-
work connectionist model.

Present and future research
A host of clinically unsuccessful programs based on artificial

intelligence techniques have been built over the last 25 years.
Indeed, many were built merely as research experiments, and
were not designed as solidly as, for example, the clinical trials
run on new drugs. But some systems have been used clinically
and commercially. Not only are these systems not public, their
use has not been publicised (for example, some US medical
insurance companies have expert systems for evaluating the
quality and costs of health care).

In recent years, increasingly small systems have been
designed for integration into hospital information systems
(called HIS), like what are known as Medical Logical Modules,
based on ARDEN Syntax. This syntax, similar to PASCAL, can
be used to specify small computer-aided decision-making sys-
tems that can be easily integrated into more complex systems.

The rise of what is known as evidence-based medicine has
promoted the development of programs that are based on nego-
tiated knowledge, a combination of scientific literature and the
opinion of expert panels, expressed as clinical practice guide-
lines and protocols. A host of software tools has been built with
languages suitable for specifying protocols, which interact
directly with clinical records to extract the data required to sup-
port decision-making. One of the models most commonly used
for representation is the flow diagram, with state, action and
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decision nodes, as illustrated in Figure 1, showing a system de-
veloped by our laboratory for managing emergency protocols.

Using the standard interfaces of common navigators and sys-
tems based on the use of CORBA or JAVA, new technologies
can be used across the World Wide Web to develop small appli-
cations or components. These components are designed for
very specific functions, which interchange messages and oper-
ate within a clinical workstation. Thus, computer system devel-
opers can easily implement small applications that can be
reused in other domains or interchanged with other groups.

One essential requirement for the interchange of information
is a common vocabulary which can be understood by all appli-
cations. This is particularly difficult in Medicine, where one
concept can have different names in a specific same language.
Therefore, an idea emerged, again in the USA, of a unified
vocabulary which integrated all the existing medical vocabular-

ies and could act as the link between different information sys-
tems from a semantic viewpoint. This vocabulary, called Uni-
fied Medical Language System, UMLS, is particularly useful
for vocabulary servers.

Our group has developed a vocabulary server, based on
UMLS and other well defined medical vocabularies, designed
to exchange information between heterogeneous systems. This
server can be used over the Internet to identify terms or codes
from different remote medical systems by means of Artificial
Intelligence techniques. It has also been used to develop a sys-
tem implemented in JAVA to access MEDLINE using Spanish
terms, which is shown in Figure 2.

The nucleus of medical practice is the patient. Similarly, the
nucleus of medical informatics is the computerised clinical
record. This document contains the data required by physicians
to assess, diagnose and treat a patient. Physicians should have
systems related to clinical records as aids for managing the
data, information and knowledge required for health care. Sys-
tems are needed now and in the near future to help to search and
select the necessary information within the World Wide Web.

In the USA, the NII (National Information Infrastructure)
initiative and the forthcoming generations of Internet, with
Gigabits/sec transmission speeds, will soon provide real-time
access to information contained in graphics, video, sound and
the routine creation of telemedicine applications. This will
make it possible to transmit all sorts of medical images, virtual
reality applications, videoconferences, etc., which will radical-
ly change the face of medical practice.

Our group is working on a joint project, with the Ministry of
Defence’s General Health Inspection Unit, concerning the
transmission of images for use in distance surgery planning and
in virtual head injury surgery systems. The goal of this project
is to help surgeons perform real operations and provide a virtu-
al education system for training surgeons. Even though, fortu-
nately, Spanish military physicians are unlikely to be involved
in many wars, these systems can help simulate real situations
and hence improve the training of these surgeons. Since it takes
10 to 15 years to train an expert surgeon, the use of these intel-
ligent teaching systems can reduce this span of time and
improve the response for situations that are unusual in peace-
time. A screen of the prototype is shown in Figure 3.

With this and other similar projects, patients already have
access to this new information, which heralds a genuine revo-
lution in medicine. No longer merely a subject for study,
patients will become agents that access, exchange and generate
information. Therefore, systems have to be built not only to
assist health workers but also patients. These include intelligent
systems, like agents that navigate, search and filter important
information over the Internet. They are called guardian angels,
which are systems integrated into each patient’s clinical
records that know their background and preferences and can
rule out any decision that could otherwise compromise their
quality of life.

In the United States, new genetic clinical records are being
created, in which diverse genetic information can be efficiently
added. Therefore, the results of technologies like biochips are
likely to have an immediate impact on clinical practice even in

Figure 1: Emergency protocol management (version 1 in 
JAVA) 

Figure 2: Access to MEDLINE in Spanish.
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primary care. Thus, it will also be possible to analyse risk fac-
tors or regional prevention campaigns. They will probably be
commercialised by 2002.

The latest generation of mobile telephony technology, like
WAP and, especially, UMTS and their immediate successors,
as well as its integration into agenda-sized computers (personal
digital assistants or PDAs) with improved screens and architec-
tures, will give health care workers and patients multiple,
mobile, universal and rapid access to remote computer-aided
decision-making systems. This includes access, for example, to
systems integrated with clinical records or radiological images
from any part of the world with no access to cable networks.

The European Commission is supporting this future technolo-
gy by carrying out research projects that could be concluded
within the 2002/04 period and then marketed.

Figure 4 is an example f a screen of a system implemented by
our group jointly with physicians from the EMAT, at the
Gómez-Ulla military hospital of Madrid and the Ministry of
Defence’s General Health Inspection Unit. It is designed to
handle victims in two sorts of emergency situations: military
emergencies (victims of combat in wars) or civil emergencies
(common medical emergencies or disaster situations). This
system is designed to be for use in portable computers and fu-
ture PDAs, which are connected to computers based at refer-
ence hospitals, and can be adapted for use within UMTS net-
works.
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A Case Based Reasoning Decision Support System
for use in Medicine

Joël Colloc and Laïd Bouzidi

Our DSS integrates different kinds of decision models and uses them to deal with the successive clinical
decision steps: diagnosis, prognosis and therapy in the complex medical field. The decision process includes
patient data, experts’ knowledge, statistical and epidemiological data and previously stored experience. The
Case Based Reasoning (CBR) approach is used to store and retrieve the clinical cases. This approach is
viable in other complex fields that require a high level of expertise such as engineering design, computer
design.

Keywords: Decision Support System, Case Based Reason-
ing, Multi-Agent system, Machine Learning, Clinical Deci-
sion, Knowledge Base, Epidemiology

Introduction: the clinical decision context
A decision problem can be defined as a choice between

several options in order to achieve a goal as efficiently as
possible. Most of the time, the physician’s ability is beyond the
computer’s capability and thus, trying to supply a decision
support system to aid him or her is worthless. The best example
is diagnosis. However, medical activity could be defined as a
decision chain (more exactly a decision network) that involves
the following steps: the diagnosis, the prognosis, the therapeu-
tic and the treatment follow-up.

Some of these steps become more and more complex and an
aid tool will be useful, especially during the prognosis and
therapy stages.

Artificial intelligence scientists were very interested in the
cognitive nature of the physician diagnosis activity. So, many
applications have been developed in this domain. We have to
admit that most of them are unused, because they do not bring
any actual enhancement. Paradoxically, many physicians are
interested in information systems and some of them have devel-
oped small or sometimes more sophisticated Decision Support
Systems (DSS).

1.1 Medicine complexity
Medicine is a science based on the human organism observa-

tion. Diseases are dynamic processes, but clinical syndromes
are only pathologic snapshots, corresponding to evolution
stages. Some diseases progress by steps in a linear way.

For example multiple sclerosis displays successive evolution
steps. Others progress in a cyclic manner such as the duodenal
ulcer or the herpes infection. Therefore, time is a major factor
when describing pathologies [Summons et al. 98].

The effect of an inappropriate therapy or another underlying
disease can interfere and give unusual clinical aspects.

1.2 Integrating quantitative and qualitative decision 
methods

Usually, decision support models in health care can be
grouped into two main categories: quantitative and qualitative
models.

Quantitative models are based on statistical methods and try
to assess the disease occurrence probability for a given patient
belonging to a population, when he or she shows some clinical
signs or symptoms.

Qualitative models rely on expert knowledge and symbolic
reasoning methods, which handle Boolean logic rules. When
using qualitative methods one needs to cope with issues such as
the experts’ knowledge acquisition bottleneck, heuristic detec-
tion and the knowledge base implementation.

The models can also be grouped according to the learning
method employed. Two types of learning are used: supervised
learning in which, for each case of a training set, the correct
solution is provided to the system by one or several experts, and
unsupervised learning where the system must automatically
determine which feature subset, or cluster of a set of features is
relevant to characterize a given identified situation (i.e., a dis-
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ease) [Van Bemmel et al. 97]. Table 1 displays a Caroll diagram
that represents a classification of the main decision models.

1.3 The Case Based Reasoning Model
The Case Based Reasoning (CBR) approach can be des-

cribed as a third intermediate model, because it makes use of
concepts coming from both qualitative and quantitative meth-
ods. On one hand, the quantitative methods provide the CBR
approach with tools to automatically select the relevant features
and to achieve the previously solved case indexing. On the
other hand, the qualitative methods offer means to represent the
experience gained in solving previous problems. Knowledge
models have indeed the necessary semantic capabilities and
thus are well suited to describe the case environment and
circumstances. We briefly present a CBR model to store the
clinical experience in the third section of this paper.

The medical decision process features

2.1 Components and stages of a standard decision process
According to Simon [Simon 77], the decision process is

composed of four successive stages: 1. Intelligence: collecting
static and dynamic data; 2. Design: designing scenarios; 3.
Choice: choosing the more relevant scenario; 4. Implementa-
tion: evaluating the issues and if necessary providing a strategy
update. Data collection is mainly supported by data bases and
mathematical or statistical model bases [Pomerol et al. 93].
Dynamic information is provided by the decision-makers and
is stored in knowledge bases. The decision bases are designed
and implemented with the help of subsystem 1 and subsystem
2 (Figure 1). The chosen decision evaluation is based on the
consecutive action impact analysis.

The DSS is composed of four subsystems:
• Subsystem 1 (intelligence) is used to collect static data and

is mainly based on databases, mathematical and statistical
models and their corresponding management systems.
Therefore, qualitative and quantitative data are extracted and
then used by treatments according to the decision-maker.
Relevant information is provided to the decision-maker in
various formats: feature tables, scenarios, forecasting simu-
lations, dashboards etc. Collectively this information is
called result Info in Figure 1.

• Subsystem 2 (design) collects dynamic information based on
experienced decision-maker’s knowledge and know-how.
The domain knowledge is structured into chunks that are

distributed according to a competence hierarchy or lattice.
Subsystem execution is controlled by an inference engine
(IE) but is supervised by the decision-maker. The result is an
expert knowledge base (KB).

• Subsystem 3 (choice) is concerned with designing and gen-
erating the decision base. It helps the decision-maker build
a set of relevant decisions. This operation is based on infor-
mation provided by a case base, which provides knowledge
about similar previous experiences, and subsystems 1 and 2.
The case base memorises the context and the previous
reasoning processes used to solve (or fail to solve) previous
problems. The output of Subsystem 3 is a decision matrix
called the decision base in Figure 1.

• Subsystem 4 (implementation) is used to choose the more
appropriate decision between those selected during the

2

Supervised
learning

Unsupervised
learning

Quantitative 
models

Neural networks
Fuzzy sets
Bayesian models

Neural networks
Genetic algorithms
Case-based reasoning

Qualitative 
models

Semantic models
Object and frames
Logic rules
Decision trees

Case-based reasoning

Table 1: A decision model classification

K. B. I. E. DB M. D. B.

DBMS MBMS

Subsystem 2 Subsystem 1

Half Structured Full Structured

Expert KB Result Info Case base

Subsystem 3

Half structured

Decision base

Decision choice
and evaluation

Decision

Adaptation to fit the
current situation

Actual action

Action result
Evaluation

Caption

K. B.:
I. E.:
DB:
DBMS:
M. D. B.:
MBMS:

Knowledge Base(s)
Interference Engine
Database(s)
Data Base Management System
Model Data Base(s)
Model Base Management System

Subsystem 4

Case base update

Fig. 1: The decision support system architecture
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previous stage and to evaluate the impact of the applied
decision. During a first step, the decision-maker browses
and analyses the weight of each potential decision. Next,
he has to list the relevant actions to achieve the selected
decision (strategic level, operational level and control
level actions).

Finally the decision-maker will be invited to evaluate the
results and the impact of the selected decision in terms of
facts, events, action consequences and to enrich the case
base with the gained experience. This operation is depicted
on Figure 1 by the case base update labelled arrow. Thus
subsystem 4 closes the loop of the system’s knowledge
acquisition process.

2.2 A clinical decision model
The physician must predict the disease evolution, and

know the previous therapies and their results in order to
choose an appropriate treatment to improve the patient’s
health. One important aspect of a physician’s knowledge is
their related clinical experiences with similar cases (the
essence of the case based reasoning approach).

We provide a definition and a representation for diagno-
sis, prognosis, therapy and therapeutic follow up.

The diagnosis is based on medical and surgical semiolo-
gy: the clinical signs and events, which guide the physician
to identify the disease. Semiology is a science that studies
the clinical sign’s nature, and how their combinations and
evolutions define clinical pictures. Experienced physicians
often memorized these decision schemes, made them
unconscious and, thus, difficult to formalize. During the
positive diagnosis step (D+), the physician considers cur-
rent complaints, the medical history, and the genetic and
social background of the patient. Through examination of
the patient, the physician searches for the clinical signs that
we classify into three different types: pathognomonic
signs, evocative sign and accessory signs. During the
positive diagnosis step, the physician is making hypotheses
relevant to the patient’s clinical state. During the differen-
tial diagnosis step (D≠), the physician is searching for the
existence or the lack of specific signs in order to eliminate
those which are not relevant from the previously elaborated
hypotheses. The aetiological diagnosis (Det) is the correct
result of the diagnosis process. It explains the disease
appearance, manifestations and evolution causes. Some-
times, the physician is not able to find the disease aetiology
(D?), because the clinical picture is very unusual and he must
act very quickly to avoid the patient’s death. So, he must cure
the main syndromes to get time to do further investigations.
The diagnosis information will be useful to the prognosis as
well.

The prognosis stage is often ignored in medical DSS. It is
nevertheless essential because it allows the system to fix the
therapeutic goal. The prognosis is a difficult task in the course
of which the physician tries to predict the patients clinical state
evolution and the probable outcome (healing, stabilizing, and
death). The necessary knowledge and data derives from many
sources: the aetiological diagnosis, the patient general clinical

state (the genetic and social background, the psychological fac-
tors, the physical characteristics, the past medical history), the
stage of the disease; the qualitative knowledge concerning well
known clinical scenarios representing likely evolutions, as well
as the quantitative knowledge provided by epidemiological
studies based on statistical data. Perhaps, the most relevant
knowledge comes from observation of some similar cases,
which leads the physician to think that the evolution of the
present disease will be similar. A CBR approach is used to
memorize disease clinical evolutions.

The therapy step: The physician must know the available
therapies, the indications for administering drugs, pharmacolo-
gy data, contraindications, drug interactions, drug toxicity and
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adverse effects. The physician has previous prescription expe-
rience that allows him to predict the effect of a therapy strategy
in similar cases. A therapy is prescribed to achieve a goal. A
curative treatment (CurT) aims at totally curing the patient or
consolidating his clinical state (to stop the disease evolution).
For example: an antibiotic prescription to cure tonsillitis. A
preventive treatment (PrvT) is prescribed to prevent a serious
disease occurring, as in the case of vaccination or antibiotic
prescription before a septic surgical operation. A Symptomatic
treatment (SymT) cures disagreeable effects and functional
manifestations of a disease, for example a headache. A Pallia-
tive treatment (PallT) is prescribed when the prognosis is hope-
less and the aim is no longer to cure but to procure more
comfort for the patient.

During the therapy follow-up step, the physician must watch
over the patient’s clinical state and the disease evolution
towards recovery. He must diagnose the drug side effects, the
postoperative complications or the appearance of an iatrogenic
disease.

The whole decision process is represented by a finite state
automaton, depicted in Figure 2, which triggers in turn each
clinical module and thus coordinates them.

The Medical experience: storing and retrieving cases
Case-Based Reasoning (CBR) is a powerful concept that

provides an analogic reasoning mode in problem solving
[Aamodt/Plaza 94]. This capability allows CBR to express
previous medical experience knowledge and thus to use it to
enhance the diagnosis, prognosis, therapeutic and patient
follow-up. The basis of CBR is that, by comparing new cases
with previously stored, indexed clinical cases, and retrieving
those cases that are similar, we can apply the corresponding
decision and actions to the present patient, expecting that what
was good one time, will be good several times [Gupta 94] [23].
The CBR approach includes the appropriate steps to deal with
analogic reasoning.

Two main functions are provided: case storing through the
“new case indexation module” and “case retrieval” handled by
the so-called module in Figure 3. These two complementary
features implement the CBR cycle.

The case base contains patient cases composed of diagnosis,
prognosis and therapeutic facts. Figure 3 describes the main
steps of the CBR cycle.

During the case retrieval stage, the CBR module computes
structural similarities between the composite objects represent-
ing previously stored cases and the new clinical case under con-
sideration.

A decomposition process of the case composite object
provides sub-objects representing the following features: the
problem definition and goal (PG), the environment representa-
tion (E), the reasoning protocol (RP), the applied decision (D),
the necessary actions (A), and the actual result (Rs). During the
case indexation stage, the new object case is instantiated and
provided with diagnosis, prognosis and therapeutic compo-
nents. The user must supply information that concerns the case

features and circumstances {PG, E, RP, D, A, Rs}. Then the
new case is indexed and stored in the case base. The process is
depicted on the right side of Figure 3.

An application of the model to epilepsy diagnosis and thera-
py is available in [Colloc/Bouzidi 00].

Indexation of cases relies on a distance computation. Differ-
ent distance models can be used to sort the cases: such as fuzzy
logic [15] and the theory of evidence [Schuster et al. 97]. How-
ever, this topic is not within the scope of this paper and is there-
fore not further described.
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A decision support system framework

4.1 The clinical decision process supervision
The purpose of our system is to integrate quantitative with

qualitative decision methods. Most of the existing systems are
based on only one of these two kinds of methods. To achieve
this goal, some authors have proposed a flexible architecture
which uses a Multi-Agent System (MAS) [Wiederhold 92]

based on a communication language like KQML [Finin et
al. 93] and a negotiation protocol like the contract net pro-
tocol [Jennings 93]. 

A MAS is an interesting solution to build such a decision
support system but it is much more difficult to implement
and to control. Our system uses a Finite State Automaton
(FSA) which represents the states and transitions depicted
in Figure 2 and triggers the appropriate procedures. This
approach is similar to a supervised system [Schuster et al.
97]. The FSA describes the module interactions but it does
not represent the data and knowledge flows. Some states are
intermediate states and others represent a decision step final
state.

4.2 Integrating the data and the knowledge sources in a 
decision cycle

For each clinical decision step, data and knowledge
sources are necessary. Some of the data are provided
through the interface by the user, others are stored in data-
bases or knowledge bases. These information sources are
displayed on Figure 1 in the subsystems 1, 2 and 3.

Figure 4 depicts the required knowledge chunks to
achieve the decision, with the corresponding decision sub-
system and the data or knowledge sources.

The small arrows in Figure 4 represent the relationship
between the knowledge chunk and the decision step. The
big arrows show the decision step succession and their
results. Different data and knowledge sources are repre-
sented with different models but they must share a common
interface. One solution is to use a multiagent system with
an ontology that allows the DSS to share the same terminol-
ogy. The agent is used to encapsulate the DSS module and
to manage the communication and the negotiation between
the agents in the system. Another solution is to use an object
oriented approach to encapsulate the DSS modules and thus
to inherit a general interface which allows them to commu-
nicate between each other.

The CBR module achieves transaction and clinical case
recording. It must index and store the already-solved clini-
cal cases coming with the knowledge chunks that were used
to provide a solution. The environment consisting of the
facts, events and especially the results, must also be stored.
The main CBR drawback is that at the beginning of system
use, the case base is void or contains very few cases. This
gives no chance to find a case close to the one under consid-
eration.

Conclusion
We showed that different kinds of DSS models, data

and knowledge are complementary, and that they may all be
useful to the determination of an appropriate decision in a com-
plex domain like medicine. We have presented a framework to
cope with the different decision paradigms integration. The
system’s supervision is managed by a finite state automaton
that triggers queries to the appropriate database and knowledge
base. We don’t believe that a DSS can be implemented by a
stand-alone CBR. This would require actual cases from the
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human being experience (patient records) be represented and
stored from scratch; which is very difficult. We prefer an inte-
grated approach involving knowledge and databases, which
allows the initial priming and the ongoing enrichment of the
case base. This process actually achieves a learning system. All
these reasons justify the implementation of an integrated
approach involving the different sources of information: KB,
DB and CBR, to deal with the decision process. The coordina-
tion is done through a multi-agent system. A supervisor agent
is implemented by a FSA that triggers the appropriate modules
at each stage of the decision. It can be achieved with a syntax
analyser like Yacc and the resulting C function is incorporated
in a base class and then inherited by Java or C++ object classes.
The main advantage of this approach is the system modularity.
Therefore, the system can be built up incrementally. This
increases system flexibility and feasibility.
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Bioinformatics and Health:
Impacts of the Human Genome Project on Health Informatics

Fernando Martín Sánchez 

Medical Informatics, defined as the application of information technologies to the management and analysis
of clinical information and bioinformatics, resulting from the union of Computer Science and Genetics, have
been independent disciplines with methods, objectives and well differentiated curricula. However, with the
advance the Genome Project and the association of our genes with the causes of the diseases, we are wit-
nessing the integration of clinical information and genetics in different environments, from basic research to
clinical practice and public health. In this work the convergence between Bioinformatics and Medical Infor-
matics is described as also the technologies that will make it possible and the main applications of these new
focuses and its potential impacts in health.

Keywords: Bioinformatics, Medical Informatics, Genomics,
Biochips, Diagnosis, Pharmacogenomics, electronic clinical
record.

Introduction
Biomedicine, an information-based discipline, is undergoing

profound changes as the new experimental approaches gener-
ate enormous volumes of unprecedented data (Genome Project,
clinical trials, medical images). Biology and medicine are
increasingly looking for support from the application of the
information sciences and technologies.

The huge amounts of information generated by the new
genetic technologies are gradually released to the scientific
community, mainly over Internet, and have to be integrated and
analysed in order to extract biomedical knowledge useful for
the development of new diagnostic and therapeutic solutions.

As the Human Genome is deciphered and the knowledge
about diseases is associated with the genes involved in their
development, it becomes increasingly clear that the integration
of genetic and clinical information is going to change the face
of medicine in the coming years.

This paper outlines the main issues related to genetic infor-
mation processing (bioinformatics) and clinical information
processing (medical informatics) and indicates how the two are
converging into what could be termed biomedical informatics,

analysing the main impacts of the Human Genome Project on
the development of information systems for health profession-
als.

The Human Genome Project
The discovery of the of the DNA (deoxyribonucleic acid)

molecule structure by Watson and Crick in 1953 triggered a
scientific revolution in biology and opened the door to what is
now known as molecular genetics.

Information is stored in living beings as packets or quanta
termed genes. A gene is a portion of genetic material that
encodes the information required to create molecules that are to
fulfil particular functions within cells. The information present
in genes is used for protein synthesis. As a simile with compu-
ter sciences, DNA could be compared with the source code of
computer programs, whereas the proteins would be the execut-
able programs.

Genomics is the branch of biology pursuing the study of the
genomes of organisms. A genome is defined as all the genetic
information present in a given organism. The Human Genome

Fernando Martín Sánchez is Ph. D. in Computer Science and
in Molecular Biologist. Postdoctoral at the Biomedical Informat-
ics Program (Emory University Hospital, Georgia Tech, Atlanta,
USA). Head of the Department of Bioinformatics and Public
Health Informatics at the Institute of Health Carlos III. Assistant
Professor of Bioinformatics at the University Francisco de Vitoria
of Madrid. Member of the board of the Spanish Health
Informatics Society (SEIS). His main research interests are in the
development of computer systems to facilitate the new approach-
es of genomic-based medicine. <biotic@isciii.es> Figure 1: The Human Genome Project
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Project (HGP) is an international project that aims to
build detailed physical and genetic maps of the genome
of our species and identify the full sequence and location
of the genes of which the genome is composed.

The scientific community is now setting new goals,
which include using the huge amount of structural infor-
mation generated so far in the development of functional
analyses. So, what we are now witnessing is the transi-
tion from Genomic to the Post-Genomic Era, where the
genomes and the relationships between their structure
and their function will be analysed and compared.

The Human Genome Project (see Figure 1) is expect-
ed to be useful as a source of knowledge for understand-
ing biological phenomena and diseases and lead to new
methods of diagnosis, drugs and treatments for genetic-
based diseases.

Bioinformatics
Bioinformatics is a relatively recent term and has not

appeared in the literature before 1991 [Boguski 98]. Bi-
oinformatics lies at the crossroads between the life and
information sciences, providing the tools and resources
required to promote biomedical research. It is an inter-
disciplinary scientific field, whose goal is to research
and develop systems that are useful for giving an understanding
of the flow of information from genes to molecular structures,
their biochemical function, their physiological behaviour and,
finally, their influence on diseases and health.

The main stimuli for the development of this discipline were
the enormous volume of genetic data generated by all the ge-
nome projects (human and of other organisms), the new exper-
imental biochip-based approaches, which output genetic data at
high speed, and the development of Internet and the WWW,
providing universal access to biological information databases.

The most prominent applications of work in this area are:
• Biological information databases
• Sequence alignment and comparison
• Protein structure and function prediction
• Genetic and metabolic maps
• Polymorphism and gene expression data analysis
• Phylogeny and evolution studies

The main challenge for bioinformatics is to provide a
response to the avalanche of data from genomics. Whereas the
results of experiments could be interpreted by means of a lab-
oratory log only a few years ago, databases and data visualisa-
tion techniques are now needed to merely store and commence
their analysis. Bioinformatics is evolving from just a series of
techniques towards a full-blown science, as it provides the

analysis component for understanding genomics and integrat-
ing genomic data (see Figure 2) to create predictive models of
biological systems.

Biochips or DNA chips
Biochips are miniaturised devices with a high density inte-

gration of biological material located in an array, providing a
means of rapid and efficient genetic analysis. They are called
chips by analogy with the high density electronic circuits
present in a microelectronic chip. They are having a big impact
on research and have great clinical potential. They can be used
to get individual genomic material and have the potential of
providing a means of portable, rapid and economical diagnosis,
which could be applied at the point of health care itself. [Martín
98].

Biochips are divided into small cells, each of which acts like
a test tube where a reaction takes place. There are a huge
number, as many as hundreds of thousands, of cells. Thanks to
the extreme miniaturisation of the system, it is possible to ana-
lyse all the possibilities of mutation of a gene simultaneously
on one chip or detect which genes are expressed at any time.
The chip is put into contact with a fluorescent marked sample
and is then washed, after which only the fragments of DNA that
hybridise complementarily will remain linked. The chip is then

Figure 2: Integrated access to biomedical information

Figure 3: Images related to the use of DNA chips (Source: Affymetrix – BIOTIC)
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entered into an optical scanner for the process of development,
which will locate the strings marked with the fluorochrome
(see Figure 3). A computer analyses the information from the
scanner and outputs the result. (Wallace 97).

Individual genetic polymorphism
The sequence obtained thanks to the genome project will be

a general sequence of the human species, as it corresponds to
only the few people whose genetic material has been
sequenced. However, the genetic make-up of different individ-
uals is thought to be diverse, as a result of mutations and poly-
morphisms that amount to around 0.2% of our genome. It is
precisely these differences that are very much related to people
being more or less susceptible to developing diseases or to the
varying therapeutic action of drugs.

Rapid sequencing systems can be used to examine all the
possible polymorphisms and detect mutations in complex
genes. The sequences of one and the same gene can vary from
individual to individual, leading to a mutation. SNPs (single
nucleotide polymorphisms) are caused by the mutation of a
single DNA residue and can lead to a loss of gene function, a
disease or to the acquisition of susceptibility to a disease.

The meaning of the variation of human genetics is analysed
by observing the mutations of sequences of normal genes,
which are then correlated with certain diseases or specific drug-
response patterns.

Medical Informatics
Medical informatics is over 40 years old and has developed

from a technology into a basic medical science. It includes the
theoretical and practical issues related to the processing and
communication of information derived from medical processes
and related to health. It overlaps with almost all the medical
specialities to configure a multidisciplinary sector with branch-
es in epidemiology, technology evaluation, health economics
and management and medical ethics.

Some of its main lines of development are:
• Computerised clinical records
• Education
• Hospital information and documentation systems 
• Signal and medical image processing
• Knowledge-based systems for diagnosis and treatment sup-

port
• Surgery and radiation planning and simulation
• Health statistics and indicators
• Telemedicine
• Vocabulary, disease coding and procedures
• Evidence-based medicine support
• Epidemiology and public health system support

Emerging technologies

Interest of the big information and communications technology 
companies in bioinformatics

The major information and communications technology
companies have decided to take a stake in the development of
bioinformatic solutions for the future. They are building bioin-

formatic solutions centres or entering into cooperation with
leading organisations or research centres in the field.

Compaq supplies Celera Genomics, which has completed the
Human Genome Project sequencing, with its information
technology infrastructures, allowing the company to use the
Internet and electronic commerce to distribute its findings to
the scientific community. Compaq has also supplied the Sanger
Centre, a public institute located in Hinxton in the United
Kingdom and which has sequenced 30% of the human genome
and the genomes of a range of micro-organisms, with hard-
ware.

IBM pursues its research activities in biological computing at
its T.J. Watson Research Center in Yorktown Heights, New
York. It has also entered into co-operation with the Hospital for
Sick Children in Toronto, Canada, providing equipment for the
Genome Database (GDB), one of the databases most exten-
sively used by researchers from all over the world. IBM has
announced an investment of $100 million earmarked for
advanced sequence analyses and identifying proteins using the
Blue gene supercomputer. IBM has also entered into agree-
ments with bioinformatics companies like SBI (Structural Bio-
info) or Netgenics, which apply these new technologies to drug
discovery.

SUN, again, has taken an interest in the intersection between
biomedicine and informatics, launching the Discovery Infor-
matics Program initiative, in which it is co-operating with a
series of other companies (DoubleTwist, Curagen, GCG, Lion,
Informax, Timelogic). 

Silicon Graphics (SGI) has had strong links with the indus-
trial and academic bioinformatics community for some time.

Motorola Inc. has signed an agreement with the Packard
Instruments Company and Argonne National Laboratory to
market and sell advanced biochips. Also Agilent (a subsidiary
of Hewlett Packard) has announced an important initiative in
the field of the health sciences: the genetic microarrays
program (DNA arrays or biochips). Agilent markets a DNA and
RNA-based bioanalyser Lab-Chip, developed jointly with
Caliper. The bioinformatics platform that is to be used is based
on the Rosetta Inpharmatics Resolver expression data analysis
system.

The most promising computer technologies in this sector are
described briefly below.

Data mining and visualisation
Together with new experimental approaches, the appearance

of new technologies for outputting genetic information has led
to the generation of huge quantities of data that must be man-
aged and stored for later analysis using bioinformatics tools.
This new challenge has led to the development of new methods,
tools and to the application of data mining. Data mining
involves extracting the predictive information that is latent in
large databases. Several techniques and methodologies, includ-
ing decision trees, clustering techniques, rule induction, neural
networks and genetic algorithms, are used for this purpose. The
models produced by this modelling or predictive work are vis-
ualised by means of special-purpose tools that employ a range
of methods to ease their understanding.
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Internet portals, e-genetics and e-health
Bioinformatics was one of the first scientific and technical

disciplines to make use of the features of Internet-based sys-
tems to develop solutions and provide for data sharing, soft-
ware distribution and co-operative work between groups and
scientists [Brown, 2000].

With the explosive growth of the Internet and the completion
of the first phase of the Human Genome project, there is a
trend, running parallel to electronic commerce in other branch-
es of activity, towards the appearance of Internet portals that
give researchers accessibility to genetic data and bioinformatic
tools. Craig Venter, leader of Celera Genomics, recently said
that he manages an “Internet Company”. Other big bioinfor-
matics and genomics companies make their data and software,
formerly reserved to their customers, available to universities,
small and medium-sized companies and researchers through
web interfaces, working as ASP (Application Service Provid-
er), in some cases with commercial criteria. Additionally, these
services are viewed by the large pharmaceuticals and biotech-
nological industries as the possibility of “outsourcing” bio-
informatics so as not to have to make an enormous outlay in
specialised technology and human resources [Fisher, 99]. 

Again, there are initiatives in the field of genetic diagnosis
for the development of teleconsultation services by means of
biochips over the Internet, or capturing patient genetic material
for research purposes from medical Internet portals. Some are
already predicting that in a few years people will be able to ask
a laboratory for their genetic profile on a CD-ROM and com-
pare this with web-based genetic libraries that will be able to
inform them of their likelihood of suffering certain diseases or
of the drugs they tolerate best.

Database integration, CORBA, components technology
The size of biological databases is growing at an exponential

rate. The management of these resources and their use by
scientists is becoming a far too complex task. Genetic data-
bases are organised and structured very differently, although
they often contain interrelated data. Some are supported by
standard relational managers, while others are composed of
plain-text files. One evident technological challenge is to inte-
grate these sources of information, thus providing for their uni-
fied access irrespective of any changes of organisation they
undergo.

CORBA and Java provide interoperability and portability in
respect to Internet-based database access. Component-based
technologies are valuable in that they can be used to extend
bioinformatic applications across networks, operating systems
and different programming languages, providing developers
and users with a guarantee of scalability, maintenance and ease
of use.

XML
There are over 600 databases of interest for genomics

researchers. Many provide not only data but also services. Tak-
ing into account the differences there are in interfaces, syntax
and semantics, it is almost impossible for a user to be able to
use any databases of interest all at the same time. One of the

biggest challenges of bioinformatics is to respond to the contin-
uous growth and changes to these databases.

XML (eXtensible Markup Language) is a programming lan-
guage that has emerged as an evolutionary successor to HTML
and is put forward as the candidate technology for intercon-
necting all these sources of knowledge. It is used to describe the
content of a document and has been designed as a SGML
(Standard Generalized Markup Language) application, which
makes it possible to create specialized documents. XML is suit-
able for any type of data description, which means that XML-
based information systems can be used to create, store ad dis-
tribute information. An XML-based information system can
contain different document type definitions (DTDs), which are
formal document grammars, and users can, therefore, create
documents that comply with particular DTDs. 

Several XML-derived languages have appeared in bioinfor-
matics: BIOML (BIOpolymer Markup Language) is a DTD for
sequence and structure data in molecular biology, BSML (Bio-
informatics Sequence Markup Language) is another DTD,
which is used to represent molecular biology data, and MAML
(Microarray Markup Language) for standardising gene expres-
sion data obtained with microarrays.

Knowledge management and ontologies
A conceptualisation is an abstract entity, which acts as a sim-

plified view of the world that is to be represented for a purpose.
Any knowledge-based system implicitly or explicitly includes
a conceptualisation. An ontology is an explicit specification of
a conceptualisation, that is, a description of the concepts and
relationships that actually or possibly exist for an agent or a
community of agents. Formally, an ontology is the establish-
ment of a logical theory.

There is an important line of research for identifying technol-
ogies of use for managing knowledge and interchanging con-
cepts and representations in biomedical sciences (Common
Ontologies Exchange Language, genomic ontologies, drug
research and development ontologies). This is of capital impor-
tance for organising the mass of knowledge generated daily on
any subject of biomedical research.

Genomic impacts on clinical practice and health research
The application of genomic technologies (bioinformatics,

biochips, etc.) and available biomedical knowledge is leading
to the development of new approaches in the field of biomedi-
cal research, which are expected to be used in clinical practice
in the coming years. Three of these application environments
are outlined below.

Clinical diagnosis
The capabilities of the new tools used in genomic research

are likely revolutionise clinical practice when applied as diag-
nostic tools. These high-performance new devices (biochips)
enable a large number of parameters that can be used as diag-
nostic markers to be monitored simultaneously. This will have
a big impact on the methods of genetic analysis. [Collins 99].
Around 6,000 genes associated with various diseases are
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known today and the list of genetically based diseases gets
longer all the time.

Genetic analyses are used to identify a person is likely to suf-
fer a disease, as well as to confirm a suspected mutation in an
individual or a family. However, the growing interest raised by
these field focuses on predictive analyses, which identify peo-
ple with a high risk of contracting a disease before the associ-
ated symptoms appear.

Development of new drugs
Why do different patients with the same symptoms respond

differently to the same drugs? Although the concept of individ-
ual variations on a molecular scale (pharmacogenetics) is not
new (pharmacology has been addressing this problem from the
toxicological viewpoint for 40 years), the technological plat-
forms proposed for successfully implementing this concept
have been developed in the last 4 years. 

New technologies that ease the understanding of the role of
genes in diseases is revolutionising the processes of new drug
discovery and development (pharmacogenomics), providing
the industry with substantial opportunities of saving time, cut-
ting costs and lowering risks. The birth of personalised drugs
for different strata of patients classed according to their genetic
characteristics is near. The discovery of the genetic variants of
individuals, which influence the effect of drugs, will enable the
development of new diagnostic procedures and therapeutic
products that will be selectively prescribed to patients with
guaranteed safety and efficacy (Housman 98).

Genetic epidemiology
The use of new genetic information technologies will make

cost-effective screening (genetic tests) possible at the popula-
tion level. The challenge is to transfer the knowledge of genet-
ics to the field of public health. For this purpose, it is important
to assure the correct use of genetic information and new genetic
information management technologies to produce health pro-
grams. There is talk of epidemiological/genetic study systems
(associative genetics, genotype-phenotype population studies),
and there are efforts aimed at disseminating genetic informa-
tion, training health workers and developing policies that
include the genetic knowledge output by the Human Genome
Project in epidemiological practice.

The application of information technologies in this field can
be helpful in carrying out cooperative efforts, like the HuGeNet
(Human Genome Net) initiative, by the CDC’s Office on
Genetics and Disease Prevention [Khoury 98], to develop and
distribute epidemiological information on the human genome,
including:
– Specific prevalence data on genetic variants
– Epidemiological data on the relationship between genetic

variability and diseases in different populations
– Evaluation of the validity and impact of genetic analyses.

Bioinformatics applications in health
Computer science has a fundamental role to play in the trans-

fer of knowledge from genomics to health-care practice. The
integration of genetic and clinical information, the training of

health workers and patients and the support tools for managing
all this new information is unthinkable without the use of infor-
mation and communications technologies. The main field of
application of bioinformatics, with its stock of genetic informa-
tion processing and analysis, should be the clinical environ-
ment, although the most plausible hypothesis, as will be de-
scribed later, is the convergence between medical informatics
and bioinformatics.

Entry of genetic data into the computerised clinical records
The OMIM database contains over 6,000 genes associated

with diseases. Genetic tests for several of these (Huntington’s
disease, cystic fibrosis, cancer) are already available. Although
the analyses are now carried out in central laboratories and take
several days, technologies can now transfer the genetic labora-
tory to the general practitioner’s surgery, and even to the chem-
ists’. This can be done thanks to the transition from PCR-based
sequencing to new biochips, bringing us closer to the concept
of an “automated clinical genotyping system”.

With the advent and deployment of genetic information in
routine clinical practice, associated tasks, like clinical records,
will have to be adapted to be able to effectively manage this
new type of information. The need for computer programs to
assist in extracting, processing and managing these data will
promote the inclusion of this information in clinical records.
The benefits of including genetic information in clinical
records are as follows:
• Application of medical knowledge to genetic sequencing for

treatment
• Information sharing and transmission among practitioners
• Use in research – systems of associative genetics in epide-

miology
Everything points to genetic information being routinely

included in the computerised clinical records in a few years
[Naser 98].

Genetic clinical practice guidelines
Another field in which the advent of genetic information is

likely to cause a major impact is health management. Efforts
will have to be made to develop new clinical practice guidelines
and protocols, addressing genetic issues are included and to
introduce new coding systems. Biochip-based technology can
do for genetics what microprocessors did for computing.
Thanks to the level of miniaturisation achieved, diagnostics
will be able to move from the central laboratories into the prac-
titioner’s surgery, as computers left the computer centres and
personal computers became ubiquitous. Clinicians are going to
need regulated and negotiated procedures for developing the
process of diagnosis and treatment. Computer science has been
supplying excellent instruments for creating, disseminating
and applying these clinical practice guidelines for years.

Continuous medical training
Biomedicine researchers and practitioners spend less and

less time in the laboratory and library, while they increasingly
use computers to store, interchange or analyse information.
Even so, this convergence of biomedicine and computing is not
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reflected enough at universities and schools of medicine
[Varmus 99]. If we acknowledge the quasi-ubiquity of the
information communication and processing activities in medi-
cal practice, it is not difficult to appreciate how the progress
made by these technologies can lead to qualitative changes in
the way in which health care is provided. Therefore, the need
to specially train practitioners in these subjects at undergradu-
ate, postgraduate and continuous medical education has been
recognised. No formal process of training practitioners in these
subjects has yet been provided in this country, and everything
seems to indicate that the information and communication
technologies can provide a guarantee of continuous or on-the-
job training, taking into account how quickly knowledge is up-
dated in these fields.

Access of health workers to resources and genetic databases
Bearing in mind the enormous rate of genetic-based medical

knowledge generation, it is not hard to imagine that physicians
will be obliged to consult the Internet to locate up-to-date
information required in routine practice (databases on genetics,
diseases, scientific papers, clinical histories, epidemiological
data, information on drugs, …) in a few years’ time [Sikorski
97].

One of the major challenges for bioinformatics over the next
century is to manage to link clinical information with molecu-
lar information. One especially important point is the need to
manage information at health organisations that are going to
undergo drastic changes owing to the developments in molecu-
lar genetics [Altman 98].

The data handled by bioinformatics will pervade in medical
practice, and the hospital information systems will have to be
prepared to house all this new range of data.

Redefining and coding diseases
Diseases were first grouped according to patient symptoms,

a classification technique that is still used. Later, as knowledge
progressed, the results of the analyses that provide a better and
more accurate definition of the disease-causing agent were add-
ed to the clinical symptoms. Thanks to the knowledge supplied
by genomics-based medicine, this system may well be rede-
fined, and diseases will stop being defined on the basis of the
phenotype (external traits, symptoms) and be identified by the
causal mechanism and the patient genotype. On this point, dis-
eases have already been identified that used to be considered
different and which have been found to have the same origin
(two dystrophies that were thought to be of different origin and
that share the affected gene). Additionally, it will be discovered
that different diseases can be interrelated (the apoE gene is
involved in causing cardiovascular diseases and Alzheimer).

Computer-assisted diagnosis systems
Clinicians will be faced with new decision arrays on the best

treatment, in which they will have to consider individual genet-
ic variations and the molecular subtypes of the disease.

Table 1: Decision array for personalised treatment

Thanks to approaches like this, it will also be possible to bet-
ter monitor the therapies applied, and ascertain traits that have
an impact on the treatment response and efficacy of the drugs
and which could sometimes suggest they be changed or omit-
ted. The diversity of human genetics causes population groups
with given characteristics that make them more likely to suffer
from some diseases than others. This is precisely what will en-
able pharmaceuticals companies applying pharmacogenomic
techniques to develop personalised drugs and medicines that
will better suit certain molecularly characterised population
groups. Computer science has to provide assistant or expert
systems to help physicians with this complex task.

Conclusions

The convergence of medical informatics and bioinformatics. 
Opportunities for co-operation

Searching for the keyword Informatics in MEDLINE, the
reference database of scientific papers published in biomedical
journals, 346 publications appear in the last five months. Of
these, 175, that is, more than half, are on genomics. This is
indicative the growing importance of work on bioinformatics in
health [Kohane 2000]. 

Medical informatics and bioinformatics are growing closer,
as information on the human genome is generated and linked
with medical knowledge on diseases [Altman 00]. This trend is
evident from the fact that medical informatics congresses like
MIE, AMIA or MEDINFO have special sessions on bioinfor-
matics and the masters in medical informatics at several univer-
sities, like Stanford, include bioinformatics training.

Although bioinformatics and medical informatics share
many methodologies, data types and algorithms, it is notewor-
thy that bioinformatics is more advanced in: [Altman 98]
• Database integration technologies 
• Data representation systems and algorithms 
• Systems validation methods and hypotheses

Medical informatics has developed further in areas like
(Miller, 2000):
• Reasoning systems
• Terminologies, coding and vocabularies
• User interfaces
• Knowledge representation
• Data mining
• Modelling and simulation
• Probabilistic methods 

There are a quite a few areas of common interest, where there
synergy could take place [Kohane 2000]:

Disease Subtypes

Patient Genetic Traits

X

X

X

X
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• Data interchange format standardisation
• Components for distributed computing
• Image processing
• Organisation and access to scientific litera-

ture and sources of information
• Knowledge representation
• Data models
• Controlled vocabularies
• Processing of sources of data error and

noise in signals
• Confidentiality and data security
• Interfaces for efficient data entry
• Knowledge discovery tools

Some examples of systems where the barrier
between bioinformatics and clinical informat-
ics is fuzzy are:
• Systems for processing individual genetic

information and its role in disease develop-
ment

• Integration of genetic information in clini-
cal records and computer-assisted diagnos-
tic decision-making systems

• Processing of data from biochips or DNA
microarrays

• Pharmacogenetics databases [Altman 2000] (genetic infor-
mation in clinical trials)

Personalised, preventive, molecular medicine
The main issues of what is likely to be a new revolution in

medicine triggered by the introduction of genetic information
and its integration into the clinical process have been presented.
This could be characterised as:
• Molecular – We will witness the birth of what is known as

“molecular medicine”. Molecular medicine can be defined
conceptually as the effort to define both normal and patho-
logical physiological states in terms of the presence and reg-
ulation of the molecular entities making up living beings.

• Preventive – Prevention in this sense means the medical
actions taken in respect of the environment and life style,
aimed at reducing the risk of genetically predisposed indi-
viduals suffering from diseases. Knowledge of the genetic
traits of populations would make it possible to ascertain the
likelihood of suffering from certain diseases before the
symptoms appear, thus enabling the implementation of im-
proved and genuine preventive medicine.

• Personalised – Several forums are pointing out the impor-
tance of genomics-based approaches to furthering the per-
sonalisation of medicine. The recently completed sequenc-
ing of the human genome opens up enormous possibilities
for developing new diagnostic procedures, treatments and
drugs that will be selectively prescribed to patients, with
guaranteed safety and efficacy. 

Three recent prospective reports on medicine coincide in
pointing out the impact of genomics and the Internet on future
health systems. The papers “HEALTHCARE 2000: A strategic
assessment of the Health Care Environment in the United
States”, “HEALTHCAST 2010” and “HEALTH and

HEALTHCARE 2010, the Forecast, the Challenge” (see refer-
ences), published almost simultaneously, give an understand-
ing of the technological trends that are likely to have most
impact on the health system in the coming years. The three
reports stress especially the impact of genomics and biomedi-
cal informatics on the system of disease prevention, diagnosis
and treatment. The development of personalised medicine (see
Figure 4), adapted to the genetic particularities of patients and
where diseases are classed according to their molecular cause,
is one of the biggest challenges in the sector, and it is here that
these techniques and methods are going to most useful. They
will also contribute to the gradual transformation of palliative
or curative medicine into genuine preventive medicine, where
diseases can be detected and treated even before the first symp-
toms appear. 

Ethical, legal and social issues
Despite their undeniable usefulness, studies of the genome

involve some ethical risks that cannot be obviated and which
must be carefully addressed. The private nature of genetic
information raises serious obstacles to translating the knowl-
edge of the human genome into benefits to the health of the
individuals. In 1989, the very architects of the human genome
project admitted that the information that would be obtained
from sequencing the human genome and mapping genes would
have profound implications for individuals, the family and
society and established the ELSI program to anticipate and
study the ethical, legal and social issues that would be raising
as a result of research into human genetics. The Neufield Coun-
cil was the main mover of the ethical debate in England.
UNESCO has set up an International Committee of Bioethics
and has promoted a Declaration on Genome-related Human
Rights. The Council of Europe issued a report on the protection

Figure 4: Factors supporting the development of personalised medicine
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of human rights and the dignity of the human being with
respect to biological and medical applications in 1997.

The migration of the new genetic technologies (microarrays)
into clinical practice will make possible rapid and economic
identification of people with a high risk of suffering a genetic
disease in the near future. This is one of the most immediate
challenges for the ELSI project. Before these technologies are
applied, actions will have to be developed that assure the safety
and quality of the tests and raise the knowledge of health work-
ers concerning their benefits and risks. Additionally, patients
must receive proper genetic advice by means of which to make
a decision in full knowledge of its implications and individuals
must be assured that the information will not be used against
them or their families.
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Secure Internet-Access to Medical Data

Ulrich Ultes-Nitsche and Stephanie Teufel

This paper reports on context-dependent access control to support distributed clinical trials. Centrally
stored data will be accessed from contributors to a clinical trial over the Internet. We present in this paper
how context-dependent access control can be implemented on the Internet in a secure way, using Java Serv-
lets to implement the access control and SSL to secure communication.

Keywords: Workflow-support for clinical trials, telemedi-
cine, context-dependent access, health information systems.

Introduction
In [Holbein et al. 97] and previous papers [Holbein/

Teufel 95], [Holbein et al. 96], the concept of a context-depend-
ent access-control has been introduced and discussed exhaus-
tively. In context-dependent access control, information about
the state of a business process is combined with general knowl-
edge about a user to grant or revoke access to sensitive data
[Holbein 96]. A prototype implementation of the concept is
described in [Nitsche et al. 98]. The prototype implementation
is for local use only and would reveal many security holes if
used over an open network. However, using technology differ-
ent from the one presented in [Nitsche et al. 98] allows to come
up with a secure distributed solution to context-dependent
access control over the Internet.

In this paper, we present an implementation concept for
context-dependent access control on the Internet. Even though
applied to the specific application area of clinical trials, the
underlying concepts are general and support all applications for
which context-dependent access control is suitable. The paper
summarizes a part of the Swiss National Science Foundation
funded project MobiMed [Fischer et al. 95]. The system we are
going to describe is PC-based (Windows NT) and implemented
as a Java Servlet accessing an MS SQL Server database.

Context-Dependent Access Control
Role based security approaches fit well the hierarchically

structured setting of a hospital [Ting et al. 91], [Ting et al. 92].
Each level in the hierarchy can be mapped to a so-called organ-
izational role that a person at this hierarchical level plays in the
hospital (e.g. medical staff, care staff, etc.). After an analysis of
each role’s demands on obtaining particular data to perform
work, access rights are assigned to each role. The access rights
determine which records in the database that contains informa-
tion about the patients (patient records) may be read or written
by a person playing a particular role. When logging in, a user
of the system identifies her- or himself, ideally by using a chip-
card and a PIN, and then a role is assigned to the person accord-
ing to user/role lists, determining her or his access rights. A dif-
ferent way to handle role assignment is to store role

information on the chipcard itself in ciphered form, which then
is read during log in or, alternatively, whenever data records are
accessed.

Simple role based access control mechanisms have the
advantage that they can be implemented rather easily but the
drawback of certain inflexibilities. A more sophisticated access
control technique refining the role based approach takes into
account an access request’s particular point in time, i.e. the
question: “Is it reasonable that a person playing a particular
role needs access to certain data at the current state of a health-
care process?” Obviously, it is not necessary to have access to
all data about a particular patient all the time. The question of
“what does one need to know?” moreover, “what does one need
to know right now?” (at the time of an access request) is the
context-dependent access control scheme that we consider in
this paper. A possible realization of the need-to-know principle
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can be achieved by combining user role information with state
information of a workflow (“Is it reasonable to grant access to
a person (playing a particular role) in the given workflow
state?”).

The Access-Control System
As mentioned above, context-dependent access control

combines user information with process state information to
compute access rights. Since the database system that we
consider – MS SQL Server – uses group-based access control,
we have to build context dependency around group-based
access controls.

Access rights in the context-dependent scheme are only
given temporarily to users for a single access. Therefore we
create a not yet existing group, called here
MobiMedDBAccessGranted. No user and no group is assigned to
MobiMedDBAccessGranted initially and permanently. In order to
change the group membership of a user temporarily, we use the
SQL stored procedure sp_change_group. After checking the
“need to know” of a user to perform an access [Holbein et al.
97], he or she receives temporary membership in group
MobiMedDBAccessGranted, the access is performed, and the user
is reset to her/his group.

As context information we use state information from a busi-
ness process model. In such a model, a state represents the
history of the process. To each patient a single instantiation of
the business process is created. The process ID of the instanti-
ation is used as a unique key to all database entries related to
the patient. Context-dependent access-control tables are gener-
ated, containing quadruples (stateID, groupID, table_entry,
access_type), indicating that in state stateID, a user belonging to
group groupID can access database entry table_entry by an access
of type access_type. Access types are e.g. full access, read-only
access or no access. The presented access-control concept can
be implemented on the Internet around Java Servlets and SSL.

Java Servlets
The past year has seen the rise of server-side Java appli-

cations, known as Java Servlets. Servlets are used to add
increased functionality to Java-enabled servers, replacing CGI
and offering many significant advantages [Sun Microsystems
98] (we focus on security here):

4.1 Portability
Java Servlets are protocol and platform independent and as

such are highly portable across platforms and between servers.

4.2 Performance
Unlike CGI scripts, Servlets do not create a new process for

each incoming request. Instead, Servlets are handled as sepa-
rate threads within the server, reducing object creation over-
head.

4.3 Security
The Java language and Java Servlets have improved security

over traditional CGI scripts both at the language level and at the
architecture level:

4.3.1 Language Safety
As a language Java is type safe and handles all data types in

their native format. With CGI scripts most values are treated
and handled as strings which can leave the system vulnerable.
For example, by putting certain character sequences in a string
and passing it to a Perl script, the interpreter can be tricked into
executing arbitrary and malicious commands on the server.

Java has built-in bounds checking on data types such as
arrays and strings. This prevents potential hackers from crash-
ing the program, or even the server, by overfilling buffers,
which is commonly known as stack smashing and can occur
with CGI scripts.

Java has also eliminated pointers and has an automatic
garbage collection mechanism, which reduces the problems
associated with memory leaks and floating pointers. The
absence of pointers removes the threat of attacks on the system
where accesses and modifications are made to areas of server
memory not belonging to the service process.

Finally, Java has a sophisticated exception handling mecha-
nism, so unexpected data values will not cause the program to
misbehave and crash the server. Instead an exception is gener-
ated which is handled and the program usually terminates neat-
ly with a run time error [Garfinkel/Spafford 97].

4.3.2 Security Architecture
Java Servlets have been designed with Internet security

issues in mind and mechanisms for controlling the environment
in which the Servlet will run have been provided.

CGI scripts generally have fairly free access to the server’s
resources and badly written scripts can compromise the securi-
ty of a server by either leaking information about the host
system that can be used in an attack, or by executing commands
using untrusted or unchecked user arguments. Java significant-
ly reduces these problems by providing a mechanism to restrict
and monitor Servlet activity. This is known as the Servlet sand-
box. The Servlet sandbox provides a controlled environment, in
which the Servlet runs, using a security manager to monitor
Servlet activity and prevent unauthorized operations.

In JDK 1.2 an extension to its security manager, the access
controller, is introduced. The idea behind the access controller
is to allow more fine-grained control over the resources a
Servlet can access. For example, instead of allowing a Servlet
to have write permission to all files in the system, write permis-
sion can be granted for only the files required by the Servlet for
execution [Hunter 98].

However, Java-based servers are still vulnerable to denial of
service attacks where the system is bombarded with requests in
order to overload the server resources. However, the effects of
this can be reduced by specifying an upper limit on the number
of threads that can be run concurrently on the server. If all the
threads are allocated, that particular service can no longer be
accessed, but because the server still has resources left to allo-
cate, the rest of the services are still available.

The Secure Sockets Layer Protocol
The secure sockets layer protocol (SSL) is designed to

establish transport layer security with respect to the TCP/IP

3

4

5
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protocol stack. Version 3 was published as an Internet draft
document [Freier et al. 96] by the IETF (Internet Engineering
Task Force). In combination with Java Servlets, the use of SSL
is studied in [Ultes-Nitsche 00].

Unlike other concepts that secure connections or even only
data-packages, SSL includes the concept of a secure session,
determined by the parameters negotiated at the beginning of the
session by the two protocol machines. It is this session concept
that makes it appealing for being used in the MobiMed proto-
type. The secure session lasts as long as a user is logged in the
system. Since communication with the user will be based on
HTML documents sent to and received from the client side
using http, the use of SSL will be transparent to the user.

Implementing the Access-Control System
In order to perform the SQL stored procedure

sp_change_group, the Servlet is equipped with SQL Server
administrator privileges. The Servlet offers the only way to
access the MobiMedDB database and can be accessed from any
application on the Internet. By putting the SQL Server admin-
istrator information into the private part of the Servlet class, it
is securely protected.

Java Servlets support the Java DataBase Connectivity (JD-
BC) API to access databases that support the JDBC API, too.
SQL Server supports the Open DataBase Connectivity
(ODBC) API that can be linked to the JDBC API. The interfac-
es within the resulting system are presented in Figure 1.

The client-side application talks to the Servlet via the web-
server. The connection between client and web server is se-
cured using SSL. The Servlet API handles http get and post re-
quests. From the SQL Server it receives user information as
well as the access-control tables for the evaluation of access
rights. The Servlet handles user log-ins as well as setting and
resetting group membership. An example of a successful re-
quest under the context-dependent access control scheme is de-
scribed in eight steps in Figure 2 (AW Administrator is the run-
time environment of the workflow system):
1. The user (application) sends an access request to the Servlet.
2. The Servlet requests and receives context information about

the workflow of the patient whose record is attempted to be
accessed.

3. The Servlet requests and receives group information about
the user who is requesting the access.

4. Both, context and role information are combined and the
authority of the access is evaluated. Subsequently it is
assumed that the user has authority to perform the request
(otherwise the request would be rejected at this point).

5. The user is set temporarily to group MobiMedDBAccess-
Granted.

6. The request (query) is performed on the database MobiMed-
DB.

7. The results of the query are delivered to the user.
8. The Servlet resets the user to his/her previous group

membership.

Discussion
To ensure privacy, the SQL Server and the Java-enabled

Web server, including the access-control Servlet, must form a
single system in which only the Web server is accessible
remotely. Data exchange between client and server is confiden-
tial by using SSL. SSL also supports authentication of client
and server.

Given that the access-control system is implemented as
described, the obvious major threat to the system is that the
administrator log-in procedure known to the Servlet becomes
publicly accessible. By hosting the sensitive parts of the access
control in a private method of the Servlet and taking into
account that Servlets are server-side Java bytecode, neither can
a user access the private Servlet methods directly nor is byte-
code containing sensitive information accessible from the
Internet. The sensitive parts of the system are hence securely
kept.

A way a user could try to break the system is by sending
multiple access requests, knowing that at least for some of them
she/he has authority. The idea is that a request for which she/he
has no authority coincides sufficiently in time with a request for
which she/he has authority. So both queries could be send to the
SQL Server at the time when she/he is temporarily assigned to
the group for which access is granted. This situation can only
occur, when multiple threads of the access-control Servlet are
not synchronized properly. The simplest attempt to solve this
problem is to disable multi-threading for single users.

Since accesses to the system are relatively rare compared to
heavily used Internet servers, performance is not very much an
issue in our case. Tests with an early local prototype [Nitsche
et al. 98] and a similar system [Röhrig/Knorr 00] did not show
any problems with performance.

It should be noted that in the setting of a hospital, access to
data can be vital. Therefore context-dependent access control
will be equipped with simple, group-based bypass mechanisms
for emergencies. However, bypassing the context-dependent
access control will have to be logged thoroughly to provide
proof of potential misuse of the bypass mechanism.

Conclusion
In this paper we reported on a project on context-depend-

ent access control to support distributed clinical trials. We con-
centrated on presenting the technical aspects of the solution, in

6 7
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Client-side Application

SSL Session Secure Internet Connection
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Servlet API
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Fig. 1: The system inferfaces.
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particular on the use of Java Servlets. The implementation
concept comprises a secure distributed solution to context-
dependent access control [Nitsche et al. 98], [Röhrig/Knorr 00]
over the Internet. The proposed system is PC-based (Windows
NT/ Windows 2000), using a Java Servlet to access an MS SQL
Server database (that contains the medical data) in a context-
dependent fashion. To secure the communication the secure
sockets layer protocol (SSL) is used. The underlying security
concepts presented here are general and in particular the Inter-
net security issues can be adapted to different platforms [Ultes-
Nitsche 00] and applications [Hepworth/Ultes-Nitsche 99]
without change.

Acknowledgements
We thank Prof. Dr. Kurt Bauknecht and the SNSF for their support

and Konstantin Knorr for helpful comments on an earlier version of
this paper.

References
[Fischer et al. 95]

H.-R. Fischer, S. Teufel, C. Muggli, and M. Bichsel. Privacy and
Efficiency of Mobile Medical Systems (MobiMed). Bewilligtes
Forschungsgesuch des SNSF Schwerpunktprogramms Informa-
tikforschung SPP-IuK, Modul: Demonstrator, Nr. 5003-045359,
1995.

[Freier et al. 96]
A. O. Freier, P. Karlton, and P. C. Kocher. The SSL protocol ver-
sion 3.0. In Internet Draft http://home.netscape.com/eng/ssl3/ draft302.txt,
Netscape, Transport Layer Security Working Group, November
1996.

[Garfinkel/Spafford 97]
S. Garfinkel and G. Spafford. Web Security and Commerce.
O’Reilly and Associates, 1997.

[Hepworth/Ultes-Nitsche 99]
E. Hepworth and U. Ultes-Nitsche. Security aspects of a Java-
Servlet-based Web-hosted e-mail system. In Proceedings of the
7th IFIP Working Conference on Information Security Manage-
ment & Small Systems Security, 1999. Kluwer Academic Publish-
ers, Boston.

[Holbein 96]
R. Holbein. Secure Information Exchange in Organizations. PhD
thesis, University of Zurich, Switzerland, 1996. Shaker Verlag,
Aachen.

[Holbein/Teufel 95]
R. Holbein and S. Teufel. A context authentication service for
role based access control in distributed systems – CARDS. In J.
Eloff and S. von Solms, editors, Information Security – the Next
Decade IFIP/SEC’95. Chapman & Hall, London, UK, 1995.

[Holbein et al. 96]
R. Holbein, S. Teufel, and K. Bauknecht. The use of business
process models for security design in organisations. In S. Katsi-
kas and D. Gritzalis, editors, Information Systems Security-
Facing the Information Society of the 21st Century
(IFIP/SEC’96). Chapman & Hall, London, UK, 1996.

[Holbein et al. 97]
R. Holbein, S. Teufel, O. Morger, and K. Bauknecht. A compre-
hensive need-to-know access control system and its application
for medical information systems. In L. Yngström and J. Carlsen,
editors, Information Security in Research and Business
(IFIP/SEC’97). Chapman & Hall, London. UK, 1997.

[Hunter 98]
J. Hunter. Java Servlet Programming. O’Reilly and Associates,
1998. 

[Nitsche et al. 98]
U. Nitsche, R. Holbein, O. Morger, and S. Teufel. Realization of
a context-dependent access control mechanism on a commercial
platform. In G. Papp and R. Posch, editors, Global IT Security –
Proceedings of the 14th International Information Security Con-
ference (IFIP/Sec’98), volume 116 of OCG, Vienna, Austria,
1998.

[Röhrig/Knorr 00]
S. Röhrig and K. Knorr. Towards a secure web-based health care
application. In H.R. Hansen, M. Bichler, and H. Mahrer, editors,
8th European Conference on Information Systems (ECIS’2000),
Vienna, Austria, 2000.

[Sun Microsystems 98]
Sun Microsystems. Java Servlet API Whitepaper. 1998.

[Ting et al. 91]
T. Ting, S. Demurjian, and M.-Y. Hu. Requirements, capabilities,
and functionalities of user-role based security for an object-
oriented design model. In C. Landwehr, editor, IFIP WG 11.3
Workshop on Database Security, Sheperdstown, West Virginia,
1991. Elsevier Science Publishers.

[Ting et al. 92]
T. Ting, S. Demurjian, and M.-Y. Hu. A specification methodolo-
gy for user-role based security in an object-oriented design
model. In B. Thuraisingham and C. Landwehr, editors, IFIP WG
11.3 6th Working Conference on Database Security, Simon Fraser
University Burnaby, Vancouver, British Columbia, 1992. Elsevier
Science Publishers.

[Ultes-Nitsche 00]
U. Ultes-Nitsche. Secure server-side Java applications. In Infor-
matik/Informatique – Journal of the Swiss information process-
ing societies 6 / 2000. Special Issue on Security and the Net.

ac
ce

ss
 re

qu
es

t

ge
t r

eq
ue

st
’s

 re
su

lts1
7

ge
t c

on
te

xt
 in

fo

ge
t u

se
r g

ro
up

se
t u

se
r t

o 
gr

ou
p

M
ob

iM
ed

D
BA

cc
es

sG
ra

nt
ed

pe
rfo

rm
 D

B 
qu

er
y

re
se

t u
se

r t
o 

ol
d 

gr
ou

p

DB query

User (Application)

AW Administrator

Web-Server (hosting Servlet)
evaluate access rights using context information and user group

2 3 5 6 8

2

4

AWS DB
(Workflow Data)

MobiMed DB
(Patient Data)

MS SQL Server

Fig. 2: The events comprising a successful access request.

IEEE eXpress Sample eBook, page 1128



IS and the Transformation of Health Care

48 UPGRADE Vol. II, No.1, Feb. 2001 © Novática and Informatik/Informatique

Data Warehouse Dissemination Strategies
for Community Health Assessments

Donald J. Berndt, Alan R. Hevner, James Studnicki

The Comprehensive Assessment for Tracking Community Health (CATCH) methodology provides a system-
atic framework for community-level assessment that can be a valuable tool for resource allocation and
health care policy formulation. CATCH utilizes health status indicators from multiple data sources, using
an innovative comparative framework and weighted evaluation process to produce a rank-ordered list of
critical community health care challenges. The community-level focus is intended to empower local
decision-makers and provide a clear methodology for organizing and interpreting relevant health care data.

Keywords: Data Warehousing, OLAP (On-Line Analytical
Processing), Health Care Informatics, Decision Support Sys-
tems, Database Systems.

Community Health Organizations
It is well documented that considerable variation exists in

the health status of defined populations. This variation is evi-
dent when we compare large population groups, such as sepa-
rate nations, states, or regions within a single country. Surpris-
ingly, variation often persists within smaller population groups,
such as census tracts or zip codes inside United States counties.
These variations exist not only for what would be considered
epidemiological health status outcomes (i.e., morbidity and
mortality rates), but also for indicators which could be consid-
ered other dimensions or domains of population health such as
socio-economic and demographic characteristics, the availabil-
ity of health resources, patterns of health behaviours, and many
other factors. In order to improve the health status of popula-
tions, a continuous monitoring and improvement system must

be implemented. Such a system requires a comprehensive,
objective, and uniform methodology for defining and charac-
terizing the many dimensions that comprise the health status of
a community.

As part of the on-going clarification of the public health role
at the community level and the transitions from a disease to a
health focus and from a treatment to a prevention strategy, there
has been recognition that partnerships and collaboration are
necessary to support effective action [Institute of Medicine 96],
[Nakajima 97]. Health organizations, public sector agencies,
medical care providers, businesses, the religious community,
educational institutions, and other community organizations
are interdependent components of a multi-sectoral community
health organization. The overall community must be empow-
ered to make the necessary, and sometimes difficult, resource
allocation choices to improve health through information,
education, behaviour change, and social support [Cropper 96].
Such collaborative action at the community level must be
informed by unbiased data describing the community’s health
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status, needs, and resources. The ability is also needed to track
progress over time to meet the community’s health care goals.

The gap between current practice in community health care
spending and the above goals of collaborative community
health care decision-making is vast. The availability and quali-
ty of data on health indicators are problematic. There is little
empirical evidence on the use, sharing, or strategies to integrate
health data into decision-making to provide guidance to
community health organizations. While most of the literature
on collaborative leadership and community engagement focus
on the process [Centre of Disease Control and Prevention 97],
[Chrislip/Larson 94], little attention has been focused on the
effect of the availability of a common set of data, such as the
community health profile, on the quality and inclusiveness of
decision-making. There is also scant information about the use
of data and information technology to support and monitor the
process.

The purpose of this paper is to present an outline of the
Comprehensive Assessment for Tracking Community Health
(CATCH) methodology and its implementation in a data ware-
house. The various modes of data dissemination from the data
warehouse to the community are explored and examples of
current CATCH interfaces are demonstrated. We conclude by
examining important issues of community decision support on
health care.

The CATCH Methodology
The University of South Florida’s Centre for Health Out-

comes Research has developed the CATCH methodology to
provide comprehensive, objective health status data for com-
munity health planning purposes. CATCH collects, organizes,
analyses, prioritizes, and reports data on 225 health and social

indicators on a local community basis. The CATCH methodol-
ogy has been tested, refined, and validated over the past nine
years. Reports have been prepared for 15 U.S. counties both
within and outside of Florida.

The CATCH methodology can be briefly described as shown
in Figure 1. Community health indicator data are gathered from
a variety of sources. Secondary data sources include health care
data reported by hospitals, local, state, and federal health agen-
cies, and national health care groups. Primary data sources
would involve data gathered from door-to-door or mail-in
surveys. All health care data are normalized into common
formats and organized into a community health care report card
listing values for each important community indicator.

Each indicator value is then compared against the state aver-
age, a peer group of communities’ average, and other interest-
ing values (e.g., a national goal for that indicator). The results
of these comparisons are organized into an n-dimensional
matrix based on favourable or unfavourable comparisons
against each comparison dimension. Figure 1 shows a 2-dimen-
sional comparison matrix based on state averages and peer
averages. Community indicators that demonstrate unfavoura-
ble comparisons on all dimensions are highlighted as commu-
nity health challenges. This set of health challenges are priori-
tized by passing each indicator through a set of ranking filters:
• Number Affected – Number of persons in the community

affected by the indicator.
• Economic Impact – An estimate of the direct cost per case

for individuals affected by the indicator.
• Availability of Efficacious Intervention – An estimate of the

relative degree to which treatment or prevention is likely to
be effective.
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 Fig. 1: The CATCH Methodology
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• Magnitude of Difference – The degree to which the commu-
nity indicator is worse than the dimensional comparisons.

• Trend Analysis – For a five-year period is the trend favoura-
ble or unfavourable and what is the magnitude of change in
the trend direction?

The community stakeholders are given an opportunity to
weight the importance of each of the above filters. The final
product of the CATCH methodology is a comprehensive, prior-
itized listing of community health care challenges. A more
detailed description of the CATCH methodology with a
complete listing of health care indicators can be found in [Stud-
nicki et al. 97].

CATCH Data Warehouse

3.1 Limitations of Manual CATCH
While the value of CATCH is incontrovertible, the ultimate

deployment of CATCH throughout Florida and the nation has
been constrained by serious limitations.
• The hand crafted process is labour-intensive and slow.

Hundreds of individual sources of data must be identified, a
variety of formats reconciled, and data quality checked by
hand. With current methods, it takes 3 to 4 months to com-
plete a CATCH report for a single county.

• Longitudinal trend analyses over many years are cost pro-
hibitive for most communities since each application is
expensive and time-consuming.

• Most public health funding comes from state and federal
governments. A statewide CATCH assessment would help
to prioritize funding and serve to enable effective program
evaluation based on quantifiable outcomes assessment.
However, an automated methodology is critical for wide-
spread adoption.

3.2 CATCH Data Warehouse Challenges
A CATCH data warehouse has been constructed to overcome

these limitations, enabling both cost-effective report generation
and ad-hoc analyses of critical health care issues. The construc-
tion of a data warehouse for public health care data poses major
challenges beyond that required for the construction of a com-
mercial data warehouse (e.g., retail sales).
• Data come from a diverse set of sources. Health care

data are published in a wide variety of formats with
differing semantics and there are few standards in
the health care field for data.

• CATCH reports are disseminated to a diverse and
geographically distributed set of stakeholders.

• The data warehouse is required to support the activ-
ities of public policy formulation. The sociopolitical
issues of health care policy impact design features
such as security, availability, data quality, and per-
formance.

3.3 Data Warehouse Design
Important missions of a data warehouse include the

support of decision-making activities and the creation
of an infrastructure for ad-hoc exploration of very large

collections of data. Decision makers should be able to pursue
many of their investigations using browsing tools, without re-
lying on database programmers to construct queries. The em-
phasis on end-user data access places a premium on an under-
standable database design that provides an intuitive basis for
navigating through the data. The star schema or dimensional
model has been recognized as an effective structure for organ-
izing many data warehouse components [Gray/Watson 98].
The star schema is characterized by a centre fact table, which
contains numeric information that can be used in summary re-
ports. Radiating from the fact table are dimension tables that
provide a rich query environment. This structure provides a
logical data cube, with dimensions such as time and location
identifying a set of numeric measurements within the cube.

The most appropriate facts are additive numeric data items
that can be summed, averaged, or combined in other ways to
form summary statistics. The only way to “compress” the
millions of transaction items is to present some mathematical
summarization. No human will want thousands, let alone
millions, of items in answer to their queries. As Kimball points
out, “The best and most useful facts are numeric, continuously
valued, and additive” [Kimball 96].

The mission of the CATCH data warehouse is to support the
automated and cost-effective application of the CATCH meth-
odology, as well as to enable more detailed analyses that were
not possible using the coarse-grained data that typified past
CATCH reports. In order to meet these goals, the data ware-
house design includes several levels of data granularity, from
the coarse-grained data used in generic report production to
actual event-level data, such as hospital discharges. The data
warehouse includes major components at three levels of gran-
ularity, as illustrated by the data access pyramid in Figure 2.
1. Reporting tables with highly aggregated data are used to

support the core CATCH reports, including comparisons
between the target county and peer counties. These tables
also provide fast response for interactive access via data
browsing tools and can provide the foundation for simple
community-wide Internet access.

2. There are families of star schemas that provide true dimen-
sional data warehouse capabilities, such as interactive roll-
up and drill-down operations. These components have care-
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 Fig. 2: The Data Access Pyramid
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fully designed dimensions that can be utilized by more
sophisticated data browsing tools. The star schemas are pop-
ulated using thorough data staging and quality procedures
that usually involve processing detailed data sets extracted
by various health care agencies and organizations. Typically,
the data is aggregated and transformed for loading into a
family of related star schemas that share important dimen-
sions and support interactive online analytic processing
(OLAP) techniques.

3. For certain types of information, the design calls for retain-
ing very fine-grained or even event-level data. An example
is the hospital discharge data that includes each hospital dis-
charge event for the more than 200 hospitals that are man-
dated to report such information in Florida. This data is re-
tained at the transaction level because of the rich set of facts
and dimensions available for analysis and the density of po-
tential aggregations that result in negligible space savings. 

These three levels of aggregation within the data warehouse
combine to meet a wide range of reporting requirements and
performance goals. Thus providing a flexible basis for dissem-
inating health care information to community decision-makers.

Modes of CATCH Data 
Dissemination

The human-computer interface is of
paramount importance in the data ware-
house environment and the primary
determinant of success from the end-
user perspective. In order to support
analysis and reporting tasks, the data
warehouse must have high quality data
and make that data accessible through
intuitive interface technologies. The act
of releasing data in a warehouse is in a
very real sense the same as publishing
that data in printed form; retractions in
both media can be very painful. Once
the data becomes accessible, it may be
included in reports, forecasts, and anal-
yses that form the basis of decision-
making activities within an organiza-
tion or community. Therefore, data
staging and quality procedures within
the data warehouse are often among the
most expensive and critical ingredients
in providing a successful end-user
experience.

The types of access in a data ware-
house can be broadly categorized as ei-
ther navigation or summarization tasks.
Navigation activities include data
browsing, ad-hoc queries, and tradition-
al report generation. These tasks require
human guidance and design to produce
the appropriate queries, often present-

ing the results in tabular or graphical form. Though online an-
alytic processing (OLAP) usually incorporates roll-up/drill-
down features, the navigation style is highly interactive and
driven by previous steps in data exploration.

Summarization tasks are algorithmic in nature, applying
techniques that summarize patterns in the data and usually
produce models, often with some notion of reliability, which
can be used to predict as well as describe the underlying data.
Traditional statistics and data mining techniques are often used
as summarization tools. A distinction is drawn between their
uses as exploratory or confirmatory methods, but the results are
a model or set of abstract patterns that can be applied to other
data sets. For example, connectivity to statistical packages is an
important interface component that allows analysts to use
statistical techniques to confirm or more fully investigate inter-
esting properties discovered through browsing in the CATCH
data warehouse. While these techniques are clearly important
and applicable to health care data warehousing, the following
discussion focuses on the navigation tools and more traditional
database access technologies being utilized in the project.
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4.1 Reports and Derived Indicators
The data warehouse components at the top of the pyramid

provide the high-level reporting capabilities that were the focus
of the original hand crafted assessments. The CATCH method-
ology has been refined through extensive field experience and
provided a strong guiding framework for the initial data ware-
house design. These top-level components include hundreds of
indicators that are derived from the fine-grained data at the base
of the pyramid. The identification of relevant indicators,
describing the required calculations from underlying data, and
understanding the use of information in the field are all valua-
ble assets that have accrued through experience. This experi-
ence has been captured in many ways. The layout of the
reports, OLAP interfaces, and the written analyses have all
been refined over time. Most importantly, the hundreds of
calculations necessary to derive the high-level indicators are
implemented as stored procedures in the data warehouse and
can be easily applied to new data or combined for novel
approaches.

The derived indicators are used in the comprehensive
community health assessment reports. Reports allow quick and
easy access to comprehensive summaries and more detailed
collections of information from the data warehouse. Figure 3
shows a fact sheet for one health indicator, with hundreds of
such sheets being generated for each report. This type of pre-
defined and thorough reporting is critical for implementing a
more automated CATCH methodology. For example, the com-
parisons of target counties to peer counties and to the state are

fundamental components of the original CATCH reports and
important tools for community health care planners. The
CATCH methodology has traditionally been centred on a large
hardcopy report; so much of this content can be re-created in
Web-friendly form and easily disseminated to local health
planners. The advantage in this approach is the continued role
of a strong methodology, rather than simply distributing raw
data with no guidance in how to apply analytic methods.

4.2 Data Browsing and Aggregate Structures
Data warehouse browsing tools provide star query-like

access through a flexible menu-based interface, with pull-down
menus representing important data dimensions. These types of
tools are easy to use and support ad-hoc exploration, but are
usually controlled through some sort of administrative layer
that determines the data available to end-users. In developing a
flexible interface, there is a tradeoff between the ability to
express ad-hoc queries and the ease-of-use that results from
pre-defined constructs implemented by data warehouse design-
ers and administrators. In addition, most of these tools are Web-
enabled, providing dynamic access to a wide community
through the Internet.

As noted in the data warehouse design discussion, the
CATCH data warehouse consists of several levels of granulari-
ty from transaction-oriented data, such as hospital discharges,
to summary data at the CATCH report level. Browsing tools
can be used at all levels of the pyramid, but interface require-
ments will differ for each of the major components. For

Fig. 4: A Browsing Interface for County Level Indicators
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instance, the browsing tools provide a convenient method for
CATCH analysts to view the preliminary report results with
more detailed information than most community planners
would want to sift through. Figure 4 shows an indicator over
time for selected counties. Final report components may be
generated using browsing tools, or more likely be implemented
as part of a reporting function that more fully automates the
process as discussed above.

A second and in some ways more important role for the
browsing tools is to provide a flexible interface for more
customized analysis. Aggregate data warehouse structures can
often be used to improve browsing performance by physically
instantiating the results of common roll-up operations. Custom
analysis may also require additional calculations and aggregate
structures are often an ideal location for such supplemental
information. Example issues that are being investigated in this
manner include racial disparities in infant mortality and the
impact of surgical volumes on quality of care.

4.3 Fine-Grained Data Warehouse Structures
Health care issues highlighted by the CATCH methodology

can be investigated more fully using the finer levels of detail
maintained in the data warehouse. These tasks often entail
querying the true dimensional star schemas that include age,
gender, race, and other dimensions, or even the event-oriented
data, such as hospital discharges. Thus the data warehouse
allows the user to focus on issues such as differences in age or
race with regard to specific health status indicators. Once

decision-makers review the CATCH report, they may have
specific issues that relate to the diverse communities that inev-
itably fall outside of arbitrary political boundaries. Figure 5
illustrates a detailed browsing screen in which volume, length
of stay, and cost data are presented for a specific hospital by
disease categories using diagnostic related groups (DRGs). It is
clear how a hospital could effectively use this data for in-depth
analyses of utilization and management decision-making.

Community Decision Making with CATCH Data
The CATCH data warehouse will result in widespread

distribution of data previously unavailable to most communi-
ties as well as on-line access for specialized inquiry. This paper
has focused on the rich variety of dissemination strategies
available for making health care data available to local commu-
nities. Once received, however, many issues arise as to how the
communities will make most effective use of the CATCH data
for health care decision-making. This is an area with consider-
able research potential.

There is a rich literature on the decision-making process both
with and without information technology. The study of group
decision support systems and environments has a strong tradi-
tion in the management information systems field [Dennis 96].
In many ways, this important body of work is appropriate to
health care decision-making that is usually group oriented. For
example, the research in [Dennis et al. 98] studies the effects of
minority influence on decision-making and finds that the
presence or absence of technology has very different effects.

5

Fig. 5: A Browsing Interface for Hospital Information
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Another important contributing area would be the political
process and its ramifications to decision-making [Mintzberg
73]. Certainly, policy making in health care is very much a
political process.

The use of the CATCH methodology and state-of-the-art data
warehousing technology across many Florida communities
will provide a rich research opportunity for studying many
interesting issues on group decision-making in community
health care organizations. Some of the issues we plan to study
include the presence of a champion, group composition, socio-
political context, and the ease of access and usefulness of the
data. The complexities of each issue and the interrelationships
among these issues make the design of research studies both a
challenge and an opportunity.
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Software Visualization: An Overview

 

Luis M. Gómez Henríquez

 

This article provides a general overview of software visualization. To that end, we first present the concept
of visualization and its features, and later we summarize some of its main applications in Computer Science.
The main part of this article is devoted to describing the general discipline of software visualization, by
defining it and its main problems and uses. Throughout the paper we will refer to some of the most
outstanding actual systems which we think are suitable to illustrate the corresponding concept.
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 Visualization, Software Visualization, Program
Debugging, Performance Debugging

 

Introduction

 

Software Visualization (SV) is a discipline as ancient as
Computer Science. However, it emerged as a independent CS
field in about the mid 80s. In such early times, SV systems were
mainly designed mainly to visualize the dynamic behaviour of
algorithms. Its scope was widened to deal with other aspects of
the programs, like static and dynamic views of their source
code, or, as in another example, quantitative information about
their parallel execution.

The objective of this paper is mainly to give an introduction,
providing an overall view of SV discipline. In order to meet this
goal, we try to generalize the most significant aspects of real
SV systems instead of merely describing their particular fea-
tures. This article contains a brief summary of our knowledge
on the matter, which began with our experience in the design
and development of Vestal [Tomás et al. 91] for Ada concurrent
programs and VisAndOr [Carro et al. 93] which visualizes
parallel execution of Prolog programs. Both systems and some
theoretical work converged on our Ph. D. Thesis [Gómez 95].
In 1998, the first book devoted to SV was published: 

 

Software
Visualization: Programming as Multimedia Experience

 

[Stasko et al. 98]. However, this book, in our humble opinion,
is no more than a compilation of papers about specific SV tools.
Only the brief section introductions have some “systematic”
content.

On the other hand, we have decided to include some basic
information about the field of visualization and its possible
applications. This matter has developed a lot in recent years.
This fact and the improvement in graphic means, both software
and hardware, have drawn on the emergence of promising new
disciplines like Scientific Visualization and, more recently,
Information Visualization.

 

Visualization

 

Both 

 

to visualize

 

 and 

 

visualization

 

 are usually heard in
daily life. However, many times these words are improperly
used: “Yesterday I was ‘visualizing’ 

 

[sic

 

] the video I borrowed
from you”. Shortly said, to 

 

visualize

 

 is simply to give some vis-

ual aspect to an entity which lacks it. Consequently it is quite
incorrect to use 

 

visualize

 

 as synonymous of 

 

seeing

 

 or 

 

observ-
ing

 

: the result of 

 

visualizing

 

 is a 

 

visualization

 

 which can be
seen or observed. Well, this 

 

visualization

 

 enjoys some virtues
we are going to briefly discuss.

In general, it is said visualization allows us to make evident
the 

 

meaning

 

 of an abstract entity, like a mathematical function
or a huge amount of numerical data from a physical experiment
or from a system simulation. The goal is make evident the sig-
nificant occurrences, i.e., the “main trends” which could be dif-
ficult to discover by other means.

In recent years, what we can name 

 

visual processing

 

 of infor-
mation has been a matter of active researching and discussion.

 

Perception Psychology

 

 is the discipline which studies this sub-
ject. 

Since the mid 60s, from the publication in 1966 of the work
by the Nobel Prize winner (1981) Roger W. Sperry titled 

 

Hem-
isphere Disconnection and Unity in Conscious Awareness

 

, it is
thought the human brain has two different processing systems
which are placed on both hemispheres. Though there is no
common agreement on this placement, most scientists think the
human brain has both a visual processing system (in short, in
accordance with Sperry, “Right Brain”) and a verbal one (“Left
Brain”). Figure 1 (from the bestseller 

 

Drawing on the Right
Side of the Brain

 

 by Betty Edwards) summarizes both systems
characteristics.

In general, our system of communication, the human
language, involves an intensive use of the “Left Brain”. Conse-
quently the “Right Brain” has been becoming less used from
our childhood. Visualizations are clearly an object of the visual
processing system or “Right Brain”. Its characteristics are the
same which can be seen in reality: 1) visualizations can signif-
icantly reduce the “seek time” for a given information (the seek

1
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operation will be in “parallel”); and 2) a
huge amount of information (which can
even occupy many pages in its traditional
textual form) can appear in a single picture.

About the first question, 

 

preattentive
processing

 

 is produced by reducing this
seek time to the lowest. Roughly speaking,
preattentive processing is discovering some
graphical fact within a time lower than that
to begin to activate our rational attention
system. This time has been estimated to
range between 200 and 250 ms.

To conclude this section on visualization,
we want to cite some interesting general books, though they are
not directly CS-related ones. Briefly, about “mental organiz-
ers”, [Buzan 96]; about the visual display of statistical data,
[Cleveland 93] and the periodical publication 

 

Statistical Com-
puting & Statistical Graphics

 

; and at last “the Tuftes” [Tufte
83], [Tufte 90], [Tufte 97], three wonderful and fascinating
books.

 

Visualization in Computer Science

 

Computer Science has always made use of visual represen-
tation techniques for different goals. However, only the
progress in computer graphics allowed the emergence of
“visualization” as an independent field in Computer Science.
Examples range from the 

 

pretty-printing

 

1

 

 of programs [Baeck-
er/Marcus 90] to visual specification techniques in Software
Engineering.

For example, 

 

Scientific Visualization

 

 has developed a lot
since the mid 80s. Many works and publications about the sub-
ject can be found (see for example [Keller/Keller 93]). From a
practical point of view, Scientific Visualization is usually sup-
ported by specific software. Some examples are: Data Explorer
(DX) from IBM and AVS, both of them commercial, and
Geomview and VTK (free distribution software).

Another previously cited discipline is 

 

Information Visualiza-
tion

 

. This discipline appeared in the 90s. The objective now is
to visualize any kind of information, not necessarily a numeri-
cal one. The goal is usually to discover some occurrence in a
short time. (IEEE CS organises an annual conference, 

 

InfoVis

 

,
since 1995). 

Recently, the Data Mining world has made use of visualiza-
tion techniques as well. These visual interfaces facilitate by
specifying the requested information. Examples are the com-
mercial systems 

 

Clementine

 

, 

 

Intelligent Miner

 

, and 

 

MineSet

 

.
To finish, it is interesting to mention the intensive use of

visual representations in Software Engineering. All Software
Engineering models, from traditional 

 

Booch diagrams

 

 to

 

Rational Rose

 

 or 

 

UML

 

, use some kind of graphical pictures to
represent the software system and its components. 

 

Software Visualization
There is not a commonly accepted

name for this discipline. In the past, by re-
viewing the existing literature, we found
more frequently the terms Algorithm Ani-
mation and Program Visualization. How-
ever Software Visualization is currently the
most usual denomination. 

Neither is there a formal definition of it.
In the reference book [Stasko et al. 98] we
find: “Software Visualization is the use of
the crafts of typography, graphic design,
animation, and cinematography with mod-

ern human-computer interaction and computer graphics tech-
nology to facilitate both the human understanding and effective
use of computer software”. In [Gómez 95] we proposed a sim-
pler definition: “Program Visualization is the art of giving pro-
grams another aspect than that of their source code”. 

This visualization can be made from many different points of
view: static (the source code) vs. dynamic; the algorithm of the
program (its semantic) vs. the (non-semantic) evolution of its
data structures; etc. On the other hand, Visual Programming is
a related area: the visual specification of a program is also a
visualization of its source code.

A new taxonomy of SV appears in [Stasko et al. 98]. This
classification separates algorithm animation from other visual-
izations. We have always claimed that both algorithm visuali-
zation and those which show what happens at the hardware lev-
el are only different abstraction levels for observing the
execution. A more detailed classification can be found in
[Gómez 95]. Figure 2 shows a summary of it.

Regarding systems which show the execution of programs,
this can be observed from different levels and perspectives. We
distinguish three main levels: algorithm, source code, and hard-
ware. In some levels it is possible to distinguish some sub-lev-
els as well. Also different perspectives can be distinguished: for
example, in the source code level we can observe the execution
from the point of view of the data structures evolution (a recent
example is GNU DDD) or, on the other hand, the control flow. 

Some common characteristics can be found for the different
levels and perspectives. These are: standardization degree
(which ranges from lowest at the algorithm level to highest at

1. A pretty printer is a program that formats a high-level program
source text according to indentation rules based on the syntax and
visualizing the program’s structure.

3

4Left Right

Verbal
Analytic
Symbolic
Temporal
Rational
Sequental
...

Non verbal
Synthetic
Concrete
Non temporal
Non ratioal
Parallel
...

Fig. 1: “Left brain” and “Right brain”

Visual
Programming Static

Source
Code

Dynamic

Algorithm

Source

Hw

Fig. 2: Classification Software Visualization
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hardware level), the use of the visualization (see section 7), and
what we have named temporal behaviour: what procedure is
used to represent time: animation, time-line, small multiples,
etc [Gómez 95].

To conclude this introductory section to SV, we must be hon-
est by saying SV has traditionally suffered from a lack of
scientific recognition. In general, it has been said most of sys-
tems are “toys” without actual application in the real world.
However, this opinion is changing. The arrival of some quality
systems like the previously mentioned GNU DDD or other
robust tools like Imagix 4D or Javainsight is achieving a radical
change in such opinions.

A history of SV
In 1963 Donald Knuth published an article in Communica-

tions of the ACM about the computer generation of flow-charts.
This is probably the first published work on SV. 

In the early 70s some knowledge on how to visually display
the way-of-working of programs appeared. The most famous
one is [Baecker 75]. This work was developed by Ronald Bae-
cker and it is probably the first one to show (through a film) the
behaviour of an algorithm. Anyway, this visualization is fully
hand-made and ad hoc.

In 1984 the first system capable of visualizing generic algo-
rithms appeared. Balsa [Brown/Sedgewick 85] allows us to vis-
ualize the execution of programs written in Pascal. The source
code is modified by the visualization designer by inserting
animation primitives provided by Balsa. A similar system is
Tango [Stasko 90]. This system has the additional features of
allowing smooth movement of graphical objects. 

The first system to visualize execution of concurrent or par-
allel programs appeared in the late 80s. Voyeur and Belvedere
are two significant examples. A bit later Zeus, successor of Bal-
sa, and Polka, successor of Tango, and Pavane [Catalin-Ro-
man/Cox 89], the first system that employs a declarative
“instrumentation” of programs, appeared. All of them visualize
execution of concurrent programs.

ParaGraph [Heath/Etheridge 91] was constructed in 1991. It
is still a “must-reference” tool. This system visualizes parallel
execution from different perspectives, most of them show
quantitative information. ParaGraph was the beginning of a
very large set of similar performance tuning tools. This is prob-
ably the level (hardware) where the largest number of success-
ful tools have appeared. 

In 1994 some experiments on the use of Virtual Reality for
parallel performance debugging was done at the University of
Illinois. However we have seldom found any further work in
this direction. 

At the same time, a few experiences on the “auralization” or
“sonification” of programs have been published. The main idea
is to get program operations during execution converted to
sound changes. In [Stasko et al. 98, chap. 10] you can find some
references about this issue.

It is very difficult to summarize the large number of SV
systems that have appeared since this time. We can say it is
interesting to realise that some commercially robust tools are
appearing. The previously mentioned Imagix 4D and Jinsight

are two excellent examples. Another out-standing system is PV
[PV] from IBM, mainly intended for performance debugging
tasks. Another significant new system (for algorithm anima-
tion) is Leonardo [Leonardo], developed at University of
Rome.

Some difficulties in SV
Visualizations of programs, and more specifically of their

executions, suffer from some difficulties which it is necessary
to mention when talking about SV. We briefly present some of
them:

1) Program instrumentation
In order to visualize program execution it is necessary to

gather significant execution events. The term instrumentation
is usually used to name the process of adding the necessary
mechanisms for gathering this execution information. Ideally
this instrumentation must not modify execution behaviour at
all. However, this goal is very difficult to achieve. The situation
is quite similar to the “probe effect” in experimental sciences
(someone called it “Heisenberg’s Uncertainty principle applied
to software”). This situation is even more complicated in the
case of parallel programs. In such programs, a very small mod-
ification in their execution can significantly affect the overall
behaviour.

2) Visualization definition
Particularly in algorithm visualizations, where the visualiza-

tion paradigm can be as ad hoc as wanted, specifying the visu-
alization can be very difficult. This specification is usually done
by means of a set of graphical objects and their corresponding
transformations, provided by the visualization system. These
objects are created and transformed by inserting primitives in
the source code – quite an arduous task. There are a few expe-
riences on getting a visual specification of visualizations. John
Stasko [Stasko et al. 98, chap. 14] describes some experiences
in this sense. However, in our opinion this remains as an open
question. 

3) The scalability problem
This term is used to designate the capacity of adaptation of

one entity to the change in the cardinality of some of its
elements. This is one of the most challenging questions in the
general world of visualizations. Specifically this has been a
very studied question in the world of Information Visualization.
Some partial solutions like semantic zoom or fish-eye views
have been proposed. 

4) The “missing-link” problem
In SV there are only two “touchable” realities: the source

code and the resulting visualization. In consequence, establish-
ing a “cause-effect” relation between both entities will be
particularly useful. We call this relation the “missing-link”.
Only some recent systems like Zstep95 [Stasko et al. 98, chap.
19] and the already mentioned Imagix 4D, both situated at the
source code level, provide access the corresponding source
code from the visualization level. It is interesting to note this

5
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problem is particularly difficult in both algorithm and hardware
levels, where visualization present elements can be difficult to
identify in program source code.

Use of SV
We mentioned above the fact that SV has traditionally been

considered a “second-class” discipline. Opinions are usually
found which say most systems are only academic experiments
without any practical application. We must partially agree with
these critics. Particularly in the algorithm level, the examples
provided are only small programs which implement some clas-
sical algorithm, like sorting or bin-packing. However, it is dif-
ficult to imagine how to visualize a program from the real
world, a lot more complex and where the algorithm concept can
be very  “diffuse”. 

This situation is less severe when the standardization degree
is higher. In the case of the source code, nowadays we can find
some commercial systems of high quality and usefulness, for
example Imagix 4D or Jinsight. The situation is even better in
the case of hardware-level visualizations. As we said above,
this is the level where there are more successful tools.

Generally speaking, we can say SV systems are mainly used
for the following purposes: 1) Program behaviour exhibition,
normally for pedagogical purposes; 2) Logical debugging; and
3) Performance debugging.

The first one is usually created in the algorithm level. There
are some observations in order to evaluate the degree of appro-
priateness of the use of the visualization system: “the learning
time fell down from T to 2/3 T” or “80% students preferred to
learn by using the visualization system”, etc. 

With regard to “logical” debugging, the traditional one (said
to be the second oldest task in Computer Science), until recent-
ly only some experiments and discussion could be found, main-
ly for parallel programs. We think one of the main questions to
solve here (despite the mentioned instrumentation one) is the
need for guarantee that the graphical output is really what is
happening in the actual execution. We think only some new
systems like Jinsight are really reliable for this task. For some
years the ACM/ONR Workshop on Parallel and Distributed
Debugging was held. Some papers about the application of vis-
ual techniques can be found in the corresponding proceedings.

The third use is what we have named “performance” debug-
ging. This task is particularly important in parallel program-
ming. It is the main (and successful!) use of hardware-level
tools. 

The future 
It is probable that SV will reach its definitive consolidation

in the next years. One of the reasons we are so optimistic is the
radical change that has happened since the mid 90s. SV has left
its academic origin to become a discipline of commercial inter-
est. There are still some open questions: the direct specification
of visualizations, how to reduce the “probe effect”, how to
guarantee that the generation of visualizations is reliable
enough to guarantee what you see is what is really happening,

etc. New horizons are also appearing. The possibility of the
“direct-manipulation” of visualizations, to allow the user to
modify from the visualization some element of the program or
its input (Zstep95 is a first interesting experience in this sense).
Virtual Reality will have a higher presence in SV: now we can
imagine climbing an array column or seeing (and listening to!)
the pass of messages in MPI. 
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Program Visualization in Theory and Practice

Mordechai Ben-Ari

Visualization and animation of programs has been suggested as a method of improving understanding by
novice students. In this paper we survey several research programs by Mayer, Petre and Stasko which show
that graphical representations are effective only under certain conditions. We developed the program
animation system Jeliot 2000 and carried out a year-long empirical study of its effectiveness. The students
showed improved understanding because Jeliot gave them a concrete vocabulary in which to describe the
execution of a program. A theoretical explanation of this success is that the concrete vocabulary aids in the
development of a viable mental model.

Keywords: program visualization, program animation, men-
tal models, Jeliot.

Introduction

Frank McCourt’s recent book Angela’s Ashes is a highly-
acclaimed memoir of the author’s childhood in Limerick,
Ireland. With humour and sympathy, he describes the suffer-
ings of his impoverished family from hunger, disease, filth and
drunkenness. I eagerly awaited the movie – but I was disap-
pointed. There is no doubt that the movie showed the depress-
ing slum in which McCourt lived and the green fields to which
he sometimes escaped, but the movie could not depict the feel-
ings, emotions and thoughts of the characters, and it was
precisely these descriptions that made the book a best-seller.
Clearly, there are situations in which graphics is not better than
text.

The last sentence of the previous paragraph is at odds with
conventional wisdom, which holds that graphics is always and
necessarily better than text. We have been brainwashed into
believing that a graphical user interface (GUI) is obviously bet-
ter than a non-graphical interface; that graphical representa-
tions of programs, such as flowcharts and UML (unified mod-
elling language) diagrams, are better than the textual source
program and that colourful animated transparencies are essen-
tial for a convincing presentation. Surprisingly, the empirical
evidence is not unequivocal and it is difficult to demonstrate
significant advantages of graphical representations. How can
we resolve this paradox and reconcile the lack of evidence with
the intuitive feeling that graphics is better? This paper will
review some empirical results obtained throughout the world
during experiments with visualization and present theoretical
arguments that will help the reader understand exactly what
contribution visualization can make. For an introduction to the
topic of program visualization, see the collection edited by
[Stasko et al. 98].

Empirical studies of graphical representations
Before discussing work on program visualization I would

like to review two research programs on the efficacy of graph-

ical representations. Richard E. Mayer of the University of
California at Santa Barbara performed a long sequence of
experiments on multimedia learning [Mayer 97]. It is axiomat-
ic today that the use of multimedia will improve learning,
where multimedia is defined as the use of more than one media.
All you have to do is put your lessons on a CD containing text,
pictures, sound and video, and your students will learn better.
Mayer found that this is not true, and that there are specific con-
ditions that must be fulfilled for multimedia learning to be
effective. The presentation of graphics and text must be simul-
taneous and coordinated. That is, they must appear together and
the text must be used to explain the graphics. Mayer’s explana-
tion is that multimedia helps students create multiple represen-
tations of the problem and these representations must be coor-
dinated. Furthermore, the efficacy of multimedia instruction
depends on the characteristics of the learner. Multimedia is
more effective for learners with low prior knowledge of the
subject and for learners with high spatial ability.

Marian Petre of the Open University in the UK has per-
formed numerous experiments in an attempt to understand the
differences between novice and expert programmers and engi-
neers. One set of experiments [Petre 95] focused on the use of
graphical representation. She claims that a programmer cannot
take in a program like a painting: standing in front of it and
receiving a gestalt1 impression of the whole; rather, the pur-

1. In psychology, gestalt denotes an organized whole that is per-
ceived as more than the sum of its parts.
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pose of a program is to present information clearly and unam-
biguously, and this requires purposeful examination of the pro-
gram. Petre’s main finding is that the advantage of a graphical
representation is primarily in its secondary notation, not in its
formal syntax and semantics. Secondary notation includes lay-
out (such as grouping of items), typographic cues (such as
indentation), and other graphical enhancements that are part of
the conventions used with the representation. These aspects of
the notation must be learned and are not obvious to the novice.

In her experiments, Petre found that poor use of secondary
notation distinguishes a novice from an expert. The main diffi-
culty that novices have is in determining what is important and
what is relevant. Experts have acquired abilities to perceive the
relevant information for each task. As in Mayer’s experiments,
experienced readers used the text to guide their reading of the
graphics. Surprisingly, she found that the use of graphical
representations was always significantly slower than the use of
text for both novices and experts. 

Classification of visualizations
A Computer Science (CS) educator seeking to use visualiza-

tion must be aware of the wide variety of systems that have
been proposed, and of the fact that many everyday notations
are, in effect, graphical representations. Even something as
mundane as conventions on indenting the text of the source
program is an attempt to visualize the control structure of the
program. Indenting is an example of a static visualization,
while another would be a UML diagram that visualizes the
structure of an object-oriented design. Animations are dynamic
visualizations which attempt to assist the student in under-
standing the control and data flow of an algorithm or program.

Another dimension of classification is the level of object
being visualized. A visualization can be low-level: displaying

individual variables, values and statements,
or it can be high-level: displaying program
modules and data structures.

Clearly, in choosing a visualization system
for classroom use, you must take into account
your pedagogical objective. A low-level visu-
alization would be appropriate for teaching
elementary pointer manipulation, like insert-
ing a new element in a linked list, while a
high-level visualization would be appropriate
when teaching advanced algorithms like
heapsort.

Empirical studies of program visualization
John Stasko of the Georgia Institute of

Technology developed the well-known Tango
and Polka algorithm animation systems and
has carried out empirical evaluation of the
systems. Stasko, Badre, and Lewis [Stasko et
al. 93] used algorithm animation to teach a
complicated algorithm to graduate students in
CS, expecting that the animation would help
students understand the dynamic behaviour
of the algorithm. The results were disappoint-

ing: in a post-test, the group that used animation did not per-
form better than those that did not. The authors attributed the
results to the design of the animations, which was more appro-
priate for experts than for novices. Novices found it difficult to
map the graphics elements of the animation to the algorithm.
Kehoe, Stasko, and Taylor [Kehoe et al. 99] evaluated the use
of animations in a more realistic setting, and showed that the
pedagogical value of algorithm animation is more apparent in
open homework sessions than in closed examinations. Further-
more, consistent with Mayer’s results, animation is not useful
in isolation and students need human explanations to accompa-
ny the animations. 

Jeliot is a program animation system developed by Jorma
Tarhio and Erkki Sutinen of the University of Helsinki.2 Unlike
Tango and Polka, Jeliot is relatively low-level, focusing on pro-
gram animation rather than algorithm animation. Empirical
experiments performed by Lattu, Tarhio, and Meisalo [Lattu et
al. 00] showed that the use of Jeliot increased motivation, but
the four-window user interface (intended to supply the expert
user with flexibility in designing the visualization) was too
complex for novices (cf. [Petre 95]). Furthermore, the grain of
the visualization step turned out to be too large: animation of
operations such as loops that are composed of more elementary
actions turned out to be confusing. The researchers posed a
visualization paradox: if constructing a good visualization
requires familiarity with the program, how can a visualization
be helpful in understanding unfamiliar programs?

Based on the experience gained with Jeliot, we developed a
new version, Jeliot 2000 [Ben-Bassat Levy et al. 00]. The point
was not to “fix” Jeliot, because the original version was appro-
priate for its intended purpose, namely, to assist students in the

2. http://www.cs.helsinki.fi/research/aaps

Fig. 1: Screenshot of Jeliot 2000 showing the animation of an if-statement
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understanding of the source code of algorithms. Jeliot 2000
was designed specifically for novices. This entailed a design
decision: every aspect of the execution of an elementary pro-
gram was to be animated and labelled (cf. [Mayer 97]) so that
nothing would be assumed as “intuitively obvious” (Fig. 1).

We performed a long-term evaluation: Jeliot was used in a
full year course in introductory CS taken by tenth-grade high
school students, and the students were compared with a control
group that received additional instruction without Jeliot. The
year-long study enabled the students to become familiar with
Jeliot itself, so that we could investigate the contribution of the
animation without worrying about the period of time that it
takes for a new user to learn to “see” what the system displays
(cf. [Petre 95]). The details of the experiment are given in [Ben-
Bassat Levy et al. 00]. We can summarize our main conclusion:
the animation group used a different and better vocabulary of
terms in their explanations and predictions than did the control
group. 

The students were asked to solve problems that were more
advanced than those they had studied in class, such as:

 • After learning about assignment statements such as x:=y+2,
they were asked to predict the outcome of x:=x+2, where the
same variable appears on both sides of the assignment oper-
ator.

 • After learning about if-statements, the students were asked
to predict the outcome of the execution of a nested if-state-
ment.

In both cases, some students refused to work on the prob-
lems, claiming that the statements were simply incorrect! How-
ever, many of the students in the class using Jeliot 2000 were
able to solve the problems by imitating the animation, drawing
the trajectories of the values to and from memory, and con-
structing the labelled evaluation of the if-statement. Curiously,
some of the stronger students had difficulties answering this
question because they believed they could solve the problem
without using the animation.

We are currently investigating the teaching of object-oriented
programming and Java to tenth-grade students of introductory
CS. We are using BlueJ,3 which is a unique development envi-
ronment intended for teaching. BlueJ provides a static visuali-
zation of classes and objects, and allows students to work
directly with the graphical representation. You can create an
object by clicking on the icon for its class and execute a method
by clicking on the icon of an object. My first instinct was to
begin the course by demonstrating (simplified) GUI elements
like frames and labels, in the hope that this would motivate the
students. Unfortunately, this did not work as the students con-
flated the rendering of the GUI elements with the BlueJ visual-
ization of the corresponding objects, and conflated the text in
the elements with the names of the objects as visualized by
BlueJ. Again, this shows that visualization can be harmful
unless the students are taught what to see.

Theoretical basis of visualization
Is there any reason to suppose that visualization should

improve learning? One possible theoretical justification for the
use of visualization is that it can help construct mental models
of abstract phenomena. A mental model [Gentner/Stevens 83]
is a cognitive structure used by a person to represent knowledge
about a real-world artifact or phenomenon. The mental model
can be run in order to explain behaviour in the real world or to
predict behaviour. For example, a mental model of force and
motion can be used to predict the amount and direction of force
that need to be applied to a basketball so that it will fall into the
basket.

Mental models are often associated with constructivism, a
theory of learning that holds that learners construct meaning
for themselves. (See [Matthews 98] for a collection of articles
by both proponents and opponents of constructivism.) Accord-
ing to constructivism, learning is accomplished when the learn-
er is exposed to experiences that require him or her to modify
the cognitive structures (mental models) previously existing. If
we assume that human cognition is not entirely (or even not
primarily) verbal but visual, then visual experiences should be
effective in encouraging learning. Furthermore, as many
phenomena are not only visual, but dynamic, animation should
also be an effective aid to learning.

But just to claim that mental models have visual and dynamic
components does not justify the indiscriminate use of visuali-
zation and animation. For the use of such a system to be effec-
tive, the teacher must (a) have a clear idea of the existing
mental model of the student, (b) specify in advance the charac-
teristics of the mental models that the instruction is intended to
produce, and (c) explain exactly how the visualization will be
instrumental in effecting the transition. This is an immensely
difficult undertaking. First, the existing mental models of the
individual students are different and it takes quite a lot of effort
to elicit even an approximation of a cognitive structure. Sec-
ond, the goals of learning are usually expressed in terms of
“covering the material” of a subject, rather than as characteris-
tics of a desired mental model. Finally, the effects of using a
visualization system can only be determined by long-term
research that few CS educators have the capability, resources or
even the inclination to perform.

Theoretical explanations
In this section I will give two examples of how theory can be

relevant in the design and use of visualization. The first is taken
from the ubiquitous GUIs that all modern software packages
have, and the second is from the use of visualization to present
a model of a computer when learning introductory CS.

[Turkle/Papert 90] claim that icons can empower large seg-
ments of the population to use computers. However, even with
GUIs, computers are still not considered user-friendly for all
but the simplest applications. The problem is that an icon is just
a representation that will be useful only if the user can construct
a mental model of the object being represented. From the con-
structivist point of view, what is important is the construction
of the model and not the sign that denotes it. The use of an icon
does not automatically facilitate this construction, and may3. http://www.bluej.org
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even cause confusion. For example, suppose that a GUI uses an
icon of a bottle of paste to represent the paste operation on a
document. The first step that the user must perform is to deci-
pher that the icon represents a bottle of paste and not, say, a bot-
tle of ink or a rocket. Once this is done, the user still has only
the word “paste”, which in his or her existing mental model is
likely to mean “form a permanent chemical bond between one
item and another.” We should not be surprised if the learner
cannot construct a viable [von Glasersfeld 89] mental model
and successfully perform the paste operation which means
“insert a copy of the material held in an internal buffer into the
current working document at the place pointed to by the cur-
sor”. In fact, icons seem to have the characteristics of a second-
ary notation (to use Petre’s terminology) that is more appropri-
ate for experts than for novices! This could explain the
popularity of tool tips, textual labels that pop up when you
place your mouse over an icon. We see that icons are not very
relevant to ease of learning as the student still has to learn (con-
struct) the underlying concepts.

In my paper on constructivism in CS education [Ben-Ari 98],
I claim that the primary source of difficulty in studying intro-
ductory CS is that students do not have a mental model of a
computer on which to construct further knowledge. This is con-
sistent with [Smith et al. 93] who claim that you can not learn
if you do not have an existing model, even though the existing
model is probably non-viable. The theoretical basis for the
development of Jeliot 2000 described above is that a compre-
hensive animation of the basic operations of a computer will be
invaluable in assisting learners of introductory CS by enabling
them to build a viable mental model of a computer. I am
encouraged by the preliminary positive results of the empirical
experiment, namely, that Jeliot 2000 provided a vocabulary that
became part of the learners’ mental models and enabled them
to run the models in order to explain and predict phenomena.
This is consistent with sociolinguistic versions of constructiv-
ism which hold that verbalization is the first and most impor-
tant step in understanding a concept.

Conclusion

Visualization is not a panacea: the mere fact that you visual-
ize something will not necessarily lead to improved learning.
Nevertheless, visualization can be extremely important if care-
fully used:

• The use of visualization just to improve motivation can be
justified, especially in CS education, but don’t expect mira-
cles if this is all that can be accomplished.

• The operation of a visualization system is not obvious; the
user must be taught to see what is displayed by the visuali-
zation.

• You must allocate additional time both to teach the visuali-
zation and to work with the visualization.

• The visualization must be designed for a specific class of
learner and depends on both their experience and their learn-
ing styles.

• There must be a theoretical explanation what exactly the vis-
ualization is intended to achieve and how it will achieve it.

I believe that as additional empirical research on visualiza-
tion is performed, we will gradually develop a deep under-
standing of the potential contributions of visualization in CS
education, and of the design principles that must be adhered to
in order to achieve these goals.
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A User-Centred Approach for Designing Algorithm Visualizations

Sami Khuri 

Advances in computing technology and the affordability of software and high-performance graphics
hardware enabled rapid growth of visual tools. Today, not only very expensive workstations, but also low-
cost PCs are capable of running computationally demanding visualization systems. Algorithm visualizations
or the graphic depictions of algorithms in execution are being used in explaining, designing, analysing
algorithms, and in debugging, fine-tuning, and documenting programs. Although many tools have been
developed over the past twenty years, little attention has been paid to the analysis of users, their needs, tasks,
and goals. This paper gives a brief overview of the preliminary design stage of algorithm visualizations,
namely the analysis of requirements. 

Keywords:Algorithm Visualization, Educational Software,
Visual Representation of Information, Design Guidelines, User
Centred Approach

Introduction
Visualization is defined in the dictionary as “mentally

visual images”. In the field of computer science the term has a
more specific meaning: “The technical speciality of visualiza-
tion concerns itself with the display of behaviour, and particu-
larly with making complex states of behaviour comprehensible
to the human eye” [Gallagher 95]. The term was first made
popular in the USA in a 1987 National Science Foundation
initiative on scientific visualization that provided first defini-
tions, goals and examples of visualization in scientific Comput-
ing [McCormick et al. 87]. Since then, numerous applications
ranging from the visualization of mathematical and scientific
data to the simulation of virtual environments have been devel-
oped. In computer science education, visualization tools can
help instructors in a variety of ways, ranging from merely
attracting students’ attention to increasing students’ under-
standing. Visualizations have been used in teaching, designing
and analysing algorithms, producing technical drawings,
debugging, fine-tuning, and documenting programs.

Many new algorithm visualizations are being developed each
year, yet descriptions of visualization systems rarely specify
any particular task they were intended to support [Petre et al.
98]. Creating educational algorithm visualizations requires
substantial time and effort. Mapping an algorithm to an animat-
ed representation is a non-trivial problem; it requires careful
thought and knowledge of a particular algorithm animation
programming framework. Today’s IDEs1 provide many gadg-
ets for designers to experiment with, and the emergence of the
Java programming language allows them to make their systems
available over the Internet. It is so easy to pull down menus and
select different fonts, assign vivid colours and embed an applet
in the Web page. Developers of educational visualization pack-

ages claim that their systems can be used by all kinds of users,
novice and experienced, and in all kinds of tasks: demos,
homework, laboratories, and self-study. But, no algorithm
visualization will ever be universally superior across all kinds
of users and tasks. In what follows, we describe a “user-
centred” framework for designing algorithm visualizations, in
which visualizations are developed for real needs, real users
and real tasks, and not just because the technology to imple-
ment them is there.

Designing Algorithm Visualizations
Like many other design disciplines, a successful algorithm

visualization design should consider the many facets of design
issues such as effective representation and presentation, objec-
tives, environmental considerations, design and layout, colour,
graphics, and user interface. The process of producing algo-

1. IDE: Integrated Development Environment

1
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rithm visualizations is time-consuming and resource consum-
ing and includes at least the following five steps: analysis of
requirements, system design, implementation, testing, and
maintenance. Obviously, these stages will often overlap and
only a few systems pass smoothly through these steps. Testing,
for example, may reveal ambiguities in the design specifica-
tion, parts of which will have to be rewritten. Analysis of the
requirements is always the most important stage, for it is the
one that justifies the other four. Unfortunately, it is often the
one that is skipped. For education software visualizations, this
stage involves trying to provide questions, such as: Who will
use the system? How would it fit into existing curricula? What
would the system add to what could be done by other means?
Is the system technically feasible? In what follows, we bring to
the readers’ attention the important parts of the analysis of
requirements.

2.1 Users’ Unalysis
Understanding who the users are determines the system’s

content, organization, breadth, depth, and information presen-
tation. Users of algorithm visualizations can be categorized
into four roles: student, educator, researcher or developer (it is
possible that one individual will assume more than one of these
roles). Another possible approach is to characterize users into
novice and experienced users. It is difficult to develop a system
suitable for both novice and experts. The needs of programmers
of different levels of expertise may not be satisfied by a single
system. Users at the beginning levels do not learn well by trial
and error (i.e. do not profit from “floundering” and trying to
find their own way to correct paths after following incorrect
ones for some time). They tend to have problems in mapping
the real world model onto a program and they are easily
distracted by motion and by extraneous detail. They easily form
misconceptions and need as many of the following design
features as possible:

• Graphical and consistent means of visualization control (e.g.
menus, buttons, etc).

• Similar instructional structure of all visualizations, such as a
number of worked examples showing how the algorithm can
be used (build-in default visualizations), as well as a graphic
support tool for working with new problems (e.g. the facility
to input new data sets, change parameters of the algorithm,
etc).

• Comprehensive help files with clear directions on how to use
the tool, descriptions of the algorithm’s steps, as well as the
organization of the interfaces.

• Short “quizzes” or similar opportunities for students to eval-
uate whether they have understood the material, and to exer-
cise the use of the visualization tools. 

Expert users on the other hand, will want to “play” with the
code, see how it works, and then modify, expand or otherwise
just experiment with it. For example, they might want to see
how they could integrate these modules with other tools. Thus,
animations designed for experts might require the ability to
move between algorithm-level and program-level displays
depending on their needs.

2.2 Needs Analysis
After determining the group of visualization’s users, it is very

important to address their needs. To do so, it is necessary to
realize the fact that different students have different learning
styles and strategies. Several factors such as locus of control,
motivation, and learners’ expectation, all play a significant role
in learning. Some students prefer the “hands on” approach,
where they are actively involved in the learning process. These
students tend to explore more and are generally more independ-
ent learners. However, some students prefer to be led through
the lesson, allowing the instructor, or the computer to control
the flow of the material. For the latter type of users, algorithm
visualizations should graphically demonstrate effects of the
algorithm on the data structures. It is also useful or even neces-
sary, to support the animation with explanatory cues in the form
of short, on-screen, textual notes, and to provide control of the
speed at which the algorithm is animated. 

Support for users who prefer active interaction requires a
tool-set similar to that found in program development environ-
ments. In particular, the availability of “debugging” style soft-
ware to allow single step execution, breakpoint setting and the
monitoring of key variables is essential. The ability to simulta-
neously view the algorithm execution path and the data struc-
ture state is a crucial aspect of interactive observation.

Before implementing an algorithm visualization system, the
designer should also ask the following question: Do the users
need this information presented in this way? For example, an
instructor can illustrate the binary search algorithm by using a
phone book. In general, effort is wasted on visualizing simple
concepts or algorithms. For example, if the amount of data is
small, or the data structure is very simple, or the relationship of
objects is important but movement is not needed, then it is
better to use a static picture. But for a large amount of data, and
for complex data structures or when movement is needed to
show how the relationships between objects change over time,
animation is the right choice for the presentation of the algo-
rithm.

2.3 Task Analysis
When designing an algorithm visualization system, it is

important to note the system’s intended goals and select the
content accordingly. The user might use the system to create
new animations, interact with existing visualizations to under-
stand the behaviour of an algorithm, or visually debug pro-
grams. Each situation demands a different kind of visualization
system, and it is difficult to build the system that satisfies all of
them.

Traditionally, computer science instructors constructed visu-
alizations that were later used either as visual aids in lectures,
such as BALSA [Brown 88] or in closed laboratories, such as
GAIGS [Naps 90]. More recently, computer science educators
have advocated using algorithm visualization software, such as
XTango, as the basis for visualization assignments, in which
students construct their own visualizations of the algorithms
under study [Stasko 97].

If a system is designed for classroom teaching, it might inten-
tionally show algorithm-level displays only and avoid pro-
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gram-level displays in order to keep the student’s minds
off implementation details. Systems designed for user’s
exploration might require the ability to change settings,
input different data sets, change speed, move one step
back, or move between algorithm-level and program-
level displays.

If novice users are expected to use the system to de-
sign their own visualizations, and if making animations
is difficult and tedious, then their effort and time is
wasted in low-level graphics programming. In one
study, students spent over 33 hours on average con-
structing single visualizations with JSamba [Hundhau-
sen 99]. The system designed for this purpose should
have a powerful editor allowing students to map graph-
ical objects to data structures automatically.

2.4 Information Analysis
Information should be analysed to determine how

effectively it could be visualized. Viewers should be
able to forget about the technique of presentation and
concentrate instead on what is being taught. Without an appro-
priate set of visual conventions, such as one colour to denote
some items and another for other items, one may spend more
energy trying to figure out what the picture means than in trying
to follow the algorithm.

The graphical representation of information is heavily de-
pendent on the concept we would like to visualize. For exam-
ple, an important learning objective for students in understand-
ing the bubble sort algorithm is to first comprehend the central
metaphor of large values “bubbling up”. Another learning ob-
jective is to understand the core operation of swapping two data
values that sorting algorithms employ. It is often useful to pro-
vide multiple views of the same system in order to understand
a variety of characteristics of the data. Multiple views might
include a graphical view of changing program data with a cor-
responding view of the executing source code. For example, the
package shown in Figure 1 animates the quadtree compression
algorithm for bitmap images. The quadtree method scans the
bitmap, area by area, looking for areas filled with identical pix-
els. The package takes a bitmap as input, and constructs a
quadtree, where a node is either a leaf or has exactly four chil-
dren. The construction of the tree is done using a very interest-
ing recursive algorithm. The area on the left-hand side of the
application (see Figure 1) is used for displaying the bitmap
image and steps of the algorithm. The red lines show how the
quadtree algorithm partitions the image. A green rectangle
indicates the quadrant being evaluated by the algorithm. The
window on the right entitled “Quadtree” shows the building of
the tree. A useful extension to the multiple windows approach
is that of semantic zooming. The tool named “Tree” displays
the whole quadtree but on a smaller scale than the one depicted
in the “Quadtree” window. The current view of the “Quadtree”
window is always the part of the tree inside the red rectangle in
the display tool. Users can view other parts of the quadtree in
the “Quadtree” window by simply moving the red rectangle to
the desired location in the display tool. 

In general, there are two approaches to visualizing different,
but related algorithms. With the unified-view visualization, one
graphical representation is used for different algorithms of the
same class, and designers try to keep the individual adaptations
as small as possible. The advantages of this approach is time
saving since once the animation view has been established for
the first algorithm, the views can then be reused. Because of the
common base, the behaviour of related algorithms could be
compared more easily. Another possible way of animating
related algorithms is to use a unique view. In this approach, a
unique representation is developed for each algorithm. It takes
more time and effort to visualize algorithms this way because
the best representation must be found for each algorithm, and
the comparison of uniquely-visualized algorithms requires
additional work, but the advantages of this method are mean-
ingful graphical metaphors and increased memorability of the
visualization. Care should be taken in selecting graphical
metaphors. A given picture can mean several different things to
different viewers, and the meaning will change depending on
the relation to other simultaneously displayed images. 

Developers have several choices of graphic representation
[Cox/Roman 92]. In direct representation, data structures of an
algorithm are directly mapped to a picture (e.g. representing an
array as a collection of objects, where the index of each array
element is mapped to the object’s X-coordinate, while the value
of the element is mapped to the object’s Y-coordinate). In struc-
tural representations, some details or information are hidden
and the remaining information is directly represented. For
example, upon visualizing a computation running on a network
of processes, we might want to reduce the complex states of the
individual processes and simply show them as being in one of
two states: “active” or “inactive”. In this representation, we
conceal the other attributes of the processes. Some representa-
tions can be of synthesized nature, i.e., the information of inter-
est can be derived from the program data, but is not directly
represented in the program. Some examples include counting
the number of items already sorted or compression ratios. A

Fig. 1: Snapshot of the Quadtree package [Khuri/Hsu 00].
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slightly different type of information representation is that of
explanatory nature. In this type of representation, visual events
have no counterparts in the underlying algorithm. They are
added to enhance the presentation. Their goal is to communi-
cate the implications of a particular computational event or to
focus the viewer’s attention. 

Some of the many ways of representing information is by
using shape, size, colour, texture, and arrangement of objects,
sound, and 3D. Colour can be used to call attention to specific
data, identify elements or structures, depict logical structure,
increase the number of dimensions in coding the data, and
highlight relationships. Although, colour can be a very power-
ful way of representing the information, some caution must be
taken. With respect to colour, it seems best to be conservative.
Only four distinct colours should be appropriate for novice
viewers. This allows extra room in short-term memory (about
20 seconds), which can store up to five words or shapes, six let-
ters, seven colours and eight digits. The same colour should be
used for grouping related elements. It is important to be
complete and consistent. For example, command and control
colours in menus should not be used for information coding
within a work area unless a specific connection is intended.
Similar background colours of related areas can orient the
viewer to understand the conceptual linking of the two areas.

Sound is another interesting area of research in information
visualization. It is a useful complement to visual output
because it can increase the amount of information communicat-
ed to the user or reduce the amount of information the user has
to receive through the visual channel. Although not suitable for
conveying exact values, auralization can indicate trends and
increase the number of dimensions capable of being presented
simultaneously. 

2.5 Scope Analysis
The scope can range from single-purpose visualizations that

illustrate one algorithm or a group of related algorithms in
detail, to specialized systems that concentrate on algorithms in
certain fields of computer science, such as graph algorithms
and finally, to general purpose systems. The latter can (ideally)
animate any algorithm. The greater the number of algorithms
that can be animated, the more desirable the result. See [Khuri
00] for a collection of links to different algorithm visualization
systems. Before embarking on developing a general-purpose
system, one should consider that increased flexibility results in
increased complexity. In general, systems that restrict them-
selves to animating only algorithms in one field, such as
geometrical algorithms, might not be able to easily represent
algorithms in other fields. On the other hand, specialized pack-
ages can be polished to make pleasing, informative visualiza-
tions of frequently used objects. Some of the recommendations
for the designers are:
• Design small first. Don’t attempt to provide everything

possible in the beginning. Provide what you can that is ben-
eficial to the user, visually attractive, and is of high quality. 

• Plan a phased growth. The visualization might grow and
change over time. Make sure to plan for growth by using
object-oriented design and carefully documenting the pro-

grams. Some of the algorithm-specific visualizations might
not allow adding new features. Plan to add new features over
time and make upgrades publicly available.

2.6 Resource Analysis
Remember that design takes longer than expected. Designing

visualizations is not simple, especially when the designer is
concerned with more than just the visualization appearance.
Visualizations places great demands on computer resources,
such as CPU speed, monitor size and resolution, RAM and disk
memory sizes, networking, audio and video input and output,
colour display panel and projection, and other input and output
equipment needed. If visualization will be available over the
Internet, they will need large amounts of storage space, and
more importantly, a high-speed connection to the net.

Another purpose of the resource analysis is to select the spec-
ification method for designing new algorithm visualizations.
Some of the possibilities are annotation, declaration, manipula-
tion, and predefinition. In an annotation method, important
steps of an algorithm are annotated with interesting events. The
interested events call graphical operations which execute
animations (move rectangles, change colours, etc.). When
these program points are reached during execution, events are
created and then forwarded to different views of the algorithm
animation system. These views represent the interesting events
by appropriate animations, as in BALSA [Brown 88]. In
PAVANE [Cox/Roman 92], for example, the user can specify a
mapping between the program’s state and the final image arbi-
trarily or by declaration. The changes in the state will be imme-
diately reflected in the image. This approach provides greater
abstract capabilities, but this increased power also requires
more processing to map the program to the final image. One of
the interesting, but rarely found systems, is the one that allows
the creation of new visualizations through manipulation (or
animation by demonstration). The user can specify visualiza-
tions through the use of examples. The system attempts to
capture the gestures used by the animator as she directly
manipulates an image and ties these gestures to specific
program events. This approach suffers from the difficulty of
specifying the exact relationship between the gesture and the
program event. The predefinition method is often used for
application-specific visualizations, such as Quadtree in Figure
1, and employs a fixed or highly constrained mapping. There is
little or no control over what is visualized and in the way the
information is presented.

Concluding Remarks
In this paper, the preliminary design phase: the analysis of

requirements is discussed. Many algorithm visualizations are
being designed without paying too much attention to the needs
of users, their tasks, and their characteristics. Creating visuali-
zations requires substantial time and effort. Mapping an algo-
rithm to an animated representation is a non-trivial problem; it
requires careful thought and knowledge of a particular algo-
rithm animation programming framework. There are many
underutilized techniques for creating effective algorithm visu-
alization, such as sound, 3D, and artificial intelligence, which

3
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will continue to spark the creativity of the developers in the
years to come. But the main problem still remains the same,
there is no single algorithm visualization, specialized or gener-
al-purpose, that can satisfy all kinds of users, all kinds of tasks
and can be used in all kinds of environments. Without the care-
ful analysis of the users’ needs, tasks, scope, information, and
resources, the effort put in developing a visualization package
will probably be wasted. Readers interested in obtaining more
information about designing effective algorithm visualizations
are referred to [Khuri 00] and [Stasko 98].
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Incorporating Algorithm Visualization into Educational Theory:
A Challenge for the Future

Thomas L. Naps

The primary goal of this paper is to examine AV and the role it can play in the context of learning models
recognized by educational theorists.

Algorithm visualizations (AV) use computer graphics to de-
pict the actions of an algorithm. Many AV tools have been built
and are freely available. The reasons for their development are
threefold. For researchers in the field of AV, there is the chal-
lenge of developing new visualization techniques. For practi-
tioners, AV can help in the process of designing and debugging
algorithms. For computer science students, AV holds promise
to help them understand algorithms more easily and in greater
depth. In 1981, Ronald Baecker’s Sorting Out Sorting anima-
tion [Baecker 98] started what many hoped would be a revolu-
tion in computer science education. Marc Brown’s award-
winning Ph.D. dissertation on algorithm animation [Brown 87]
fueled this fire. Increasingly many algorithm visualization tools
have been developed and presented at recent SIGCSE and IT-
iCSE conferences (eight papers in ’98 SIGCSE proceedings,
nine in ’98 ITiCSE proceedings, ten in ’99 SIGCSE proceed-
ings, four in ’99 ITiCSE proceedings, seven in SIGCSE 2000
proceedings, and nine in 2000 ITiCSE proceedings). Yet AV
remains a pedagogical enigma. In [Baecker 98] Baecker recent-
ly lamented “how difficult it still is to describe and control
algorithm animations – and how little the work (that research-
ers have done in algorithm visualization) has been adopted by
the mainstream of computer science education and practice.”

Too often in the past, according to Petre, Blackwell, and
Green [Petre et al. 98] “descriptions of visualization systems

rarely specified any particular task they were intended to sup-
port.” Many of “the current algorithm visualizations concen-
trate on graphics rather than on pedagogy” [Stern et al. 99].
These tools lack features to encourage students’ interaction
with the AV system.

The primary goal of this paper is to examine AV and the role
it can play in the context of learning models recognized by ed-
ucational theorists. In [Howard et al. 96], Howard, Carver, and
Lane describe their experiences in applying several such strat-
egies in teaching CS2. Among these strategies are:
• Bloom’s Taxonomy of Learning
• Schwartz’s Minute Paper
• Felder’s Learning Model
• Kolb’s Learning Cycle

Each of these models will be described in general, and we
will then examine the potential of using AV within each model.

Description of the Models

1.1 Bloom’s Taxonomy [Bell et al. 95], [Bloom 56]:
This taxonomy structures a student’s depth of understanding

along a linear progression of increasingly sophisticated levels:
Level 1: Bloom terms this the knowledge level. It is character-

ized by mere factual recall with no real understand-
ing of the deeper meaning behind these facts.

Level 2: The comprehension level. At this level, the student is
able to discern the meaning behind the facts.

Level 3: The application level. Now the student can apply the
learned material in specifically described new situa-
tions.

Level 4: The analysis level. The student can identify of
components of a complex problem and break it down
into smaller parts.

Level 5: The synthesis level. The student is able to generalize
and draw new conclusions from the facts learned at
prior levels.

Level 6: The evaluation level. The student is able to compare
and discriminate between different ideas and meth-
ods. By assessing the value of these ideas and meth-
ods, the students is able to make choices based on
reasoned argument.

1
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1.2 The one-minute paper:
According to Howard, Carver, and Lane [Howard et al. 96],

this idea originated with Charles Schwartz, a professor of phys-
ics at the University of California. The essence of the technique
is to ask students one or two quickly answerable questions at
strategic times during a period of instruction. Students submit
the answers to these questions on index cards. Their responses
are then examined by the instructor not to necessarily grade the
student, but rather to gather feedback on the general progress
of the class in mastering a certain concept. Some instructional
guidelines for using the one-minute paper appear in [Cross/
Angelo 88]. In summary they are:
• Use one or two questions about the content of the material

to which you would like your students to respond. 
• Ask yourself the extent to which you are willing to act on the

students’ responses.
• Unless there is a very good reason to know who wrote what,

students should respond anonymously.
• Collect and tabulate the data, making note of any useful

comments. 
• Act on the feedback. Asking students to respond to ques-

tions about your course is likely to raise expectations that
you are willing and planning to make changes. 

1.3 Felder’s Learning Model and Kolb’s Learning Cycle:
Whereas Bloom’s taxonomy focuses on the depth of a

student’s understanding, both Felder’s model [Felder 93] and
Kolb’s cycle [Kolb 84], [McCarthy 87] focus on the variations
in the ways in which a student reaches such understanding.
Felder portrays a student’s learning style as existing along a
scale of four different dimensions – active/reflective, sensing/
intuitive, visual/verbal, and sequential/global (see Figure 1).
According to Felder, there is no “best learning style.” Rather it
is a question of what style a student prefers in each of the di-
mensions. To address the needs of all of our students, a teacher
will ideally teach at different ends of each dimension at varying
times during a course.

The Kolb learning cycle addresses four different learning
styles. The first two are (1) reflective observation, in which
ideas are examined from several angles but no actions are
taken, and (2) active experimentation, in which hands-on expe-
rience is involved. These correspond to the extremes of the
active/reflective dimension in the Felder model. The last two
are (1) abstract conceptualization, in which logical analysis,
abstract thinking and systematic planning are preferred; and (2)
concrete experience, in which nonsystematic, specific experi-
ences and personal involvement are preferred. These two styles
fit into the sensing/intuitive dimension of the Felder model.
McCarthy [McCarthy 87] maintains that teachers must consid-

er all four styles in Kolb’s model to insure com-
plete learning. Howard Carver, and Lane
[Howard et al. 96] refer to this consideration of
varied learning styles in our teaching as “teach-
ing around the circle.”

The Potential Role of AV in these 
Models

Let’s now examine how AV can potentially
contribute to a course in which these four ped-
agogical strategies are incorporated in the
teacher’s planning. Much of our discussion will
centre on our use of JHAVÉ, a Web-based AV
environment that we have developed at Law-
rence University. [Naps et al. 00] However, oth-
er AV systems, such as John Stasko’s Tan-
go/Samba [Stasko 90] and Guido Roessling’s
Animal [Roessling et al. 00], might equally
well serve as the AV vehicle for the type of use
we describe.

2.1 AV in the context of Bloom’s Taxonomy: 

2.1.1 Knowledge and comprehension levels:
The levels in Bloom’s taxonomy are reflected

in the progression a student goes through in
understanding an algorithm. The levels Bloom
identifies as knowledge and comprehension
correspond to a student’s learning the steps of
the algorithm as a “recipe” carried out by the
computer to solve a particular problem. We in-
itially require that the student understand the

2

Active / Reflective

Students on this end of
the dimension want to
learn by doing

Students on this end of the
dimension want to learn by
reflection and “thinking about”
the material

Sensing / Intuitive

Students on this end of
the dimension learn
facts well

Students on this end of the
dimension learn concepts well

Visual / Verbal

Students on this end of
the dimension require
pictures and images

Students on this end of the
dimension learn best by reading
and lecture

Sequential / Global

Students on this end of
the dimension want to
learn in step-by-step
fashion

Students on this end of the
dimension are more concerned
with understanding a broad,
overall view of the material

Fig. 1: Felder’s four learning dimensions
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steps involved in the algorithm and be able to trace those steps
with a typical data set of small size. For example, we might
require that the student understand how array values are inter-
changed in the execution of a particular sorting algorithm. At
Bloom’s initial knowledge level, this understanding may only
involve “memorizing” those steps and being able to trace them
without understanding why they solve the problem. For more
sophisticated algorithms, such as the 0/1 knapsack algorithm,
our experience shows that it is entirely possible for a student to
learn the technique for filling in the matrix of values without
having any intuition as to why those are the correct values. At
the comprehension level, we hope that the student also acquires
a sense of why the algorithm works to solve the problem. 

The role AV can play in helping the students achieve these
two initial levels of understanding is to provide an “infinite”
supply of data sets on which they can watch the algorithm
execute. For example, in our JHAVÉ AV system, when the
student requests a visualization of a particular algorithm, the
JHAVÉ client contacts the JHAVÉ server. The server will
execute an instance of the algorithm that produces a script,
which is in turn transmitted back to the client to be rendered for
the student. Hence the AV system must be much more than a
mere renderer; it must also know how to generate instances of
problems that will provide instructive content to students. In
this regard the Java problet interface suggested by Kumar in
[Kumar 00] offers tremendous potential. Although it has not yet
been incorporated in AV systems, doing so is certainly a worthy
area of exploration.

If AV systems are to be truly effective for students working
at these lower levels of the Bloom hierarchy, they must present
their users with an interface that allows “rewinding” the algo-
rithm’s execution. That is, when a student becomes lost or
confused in watching a visualization, she must be able to back-
track to the point where she became lost. This was borne out in
a study done by Stasko and Lawrence [Stasko/Lawrence 98] in
which students were quizzed on a pairing heap algorithm after
studying it with the help of the XTango AV system. According
to Stasko and Lawrence, “the most often cited negative
comment (on the part of the participants) was the inability to
rewind the animation. The participants said that, after an oper-
ation occurred, they often wanted to look at the heap as it ap-
peared before the operation.”

2.1.2 Application level:
As one progresses through increasingly sophisticated levels

in the Bloom taxonomy, it becomes incumbent upon the AV
system to offer a more sophisticated interface to the student. At
Bloom’s application level, the student is expected to apply
learned material in new situations. With respect to understand-
ing of algorithms, this could mean the ability to detect how the
algorithm would perform on certain pathological data sets
illustrating best and worst case behaviour. For example, how
does the algorithm react to data sets that are not “typical”, such
as an array that is already in order for a version of quick sort
that selects its pivot from the low index? Here, rather than hav-
ing the problem instance generated by the AV system, we
would want the student to ponder and design her own data sets

for the algorithm. In the JHAVÉ architecture, we provide input
generators for this purpose. Each input generator consists of
text boxes or pull down menus, depending on the input data the
visualization requires. We must be careful that facilities to in-
put data do not overwhelm the student. For example, designing
strategic input data for a graph algorithm can be a very time-
consuming task. Consequently data input facilities must be
carefully constructed to make it necessary for the student to
only decide those issues that affect the type of understanding
we are trying to achieve. In sorting algorithms, this might mean
merely allowing the student to choose between different cate-
gories of data sets (for example, randomized, in-order, in-re-
verse-order, almost-in-order) as opposed to forcing the student
to input each value in the array to be sorted.

2.1.3 Analysis and Synthesis Levels:
An example of algorithm understanding at this level of the

Bloom hierarchy would be understanding the relationship of
the algorithm to its implementation in code. We would expect
that the student is able to actually write a program that correctly
implements the algorithm. The ideal for this usage of AV is to
have the visualization appear as part of a programming envi-
ronment. The student can write code to implement a complex
algorithm and immediately see, in a graphical view, the effects
of executing that code. One system designed with this philoso-
phy in mind is Ross’s DYNALAB [Birch et al. 95]. This system
is more accurately termed a program animator then an AV sys-
tem. The difference here is that a program animator gives a very
detailed view of what is happening inside the computer itself
when a program executes. Its level of abstraction is not far re-
moved from a sophisticated debugger. AV systems, on the other
hand, present a more conceptual view of the algorithm’s execu-
tion. The linkage of program animators to a more machine-
based view of a program’s execution can make it difficult for
them to provide insightful views of more complex data struc-
tures such as trees and graphs. Much work remains to be done
in developing such environments. Certainly one of the draw-
backs to developing such environments is that they become tied
to particular programming languages. Hence, as computer sci-
ence educators keep switching languages, program animators
can become quickly obsolete. For example, Ross had to port
DYNALAB from Pascal to C++ and now is faced with a similar
dilemma because of the increasing popularity of Java.

2.1.4 Evaluation level:
Algorithmic understanding at this level of the Bloom hierar-

chy involves the ability to formally derive an algorithm’s effi-
ciency and prove its correctness. Here a visualization alone
may not be of much help unless it is accompanied by accompa-
nying hypertext material that explains to the student the signif-
icance of events that occur in the algorithm she is watching. 

This accompanying material can be tied to the animation in
three ways that demonstrate successively higher levels of inter-
activity. We term these three levels static, algorithm-sensitive,
and dynamic. In static linkage, the same non-changing hyper-
text material is always viewable, regardless of the stage of
execution of the algorithm. In linkage that is algorithm-sensi-
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tive, the hypertext material being viewed changes with respect
to the stage of execution of the algorithm. For example, in
watching a splay tree animation, the hypertext material availa-
ble during an LR-rotation would be different than the material
available during an RR-rotation. In linkage that is dynamic, the
hypertext material is aware not only of the stage of execution
of the algorithm but also of the particular data values that are
being manipulated. For instance, whereas algorithm-sensitive
material might only inform the viewer “the red node will be
moved up a level in the tree in this LR-rotation,” it will not be
aware enough to say “the red node containing 4 will be moved
up a level in the tree in this LR-rotation.” This is because the
text has been written before the execution of the algorithm that
it tries to explain. It would be even more valuable if the textual
material could be dynamically produced as the algorithm
executes. It would then have much more awareness of the data
being manipulated and could offer a much more specific expla-
nation to the student. Newer Web delivery techniques, such as
Java servlets, offer much potential in the area of dynamic
production of hypertext to accompany visualizations.

2.2 AV in the context of the minute quiz
The minute quiz serves two purposes. First, it makes students

stop and think about material to which they have just been
exposed. Second, the collective results of a class on a minute
quiz provide valuable feedback to an instructor about how well
material has been understood. With the JHAVÉ AV architec-
ture, we have been able, in effect, to insert numerous minute

quizzes into a visualization watched by a student. These quiz-
zes come in the form of quickly answerable questions that pop
up at an interesting event during the algorithm’s execution.
(Figure 2.) Such questions make the student predict what she
will see in the next step of the visualized algorithm. Without
such questions, once a student becomes confused, continuing
to watch a visualization is akin to watching a movie in which
one has lost interest. The insertion of questions changes this
dramatically. When a confused student answers a question in-
correctly, continuing with the visualization not only provides
the student with the correct answer but serves to reset the
student’s perception of the algorithm back on the track intend-
ed by the instructor.

In addition to allowing us to focus a student’s attention at key
points in a visualization, when a student feels that she has
mastered the algorithm, she can switch into JHAVÉ’s “quiz-
for-real” mode. Her responses to questions are then recorded
by the JHAVÉ server in a JDBC-accessible database. Instruc-
tors can consult this database before a class starts to gain
insight on the progress of the students in understanding an
algorithm. Our typical usage of JHAVÉ in this regard is to
assign students reading about an algorithm for which they
should have achieved understanding at both the knowledge and
comprehension levels (in the Bloom taxonomy sense) before
the next class. There is also the expectation that students will
engage in a JHAVÉ-generated minute quiz on the algorithm
while watching a visualization of it. We check how students
have done on these quizzes before the next class starts, and that

Fig. 2: JHAVÉ’s portrayal of the Knuth-Morris-Pratt algorithm with context-sensitive documentation and a fill-in-the-blank question.

IEEE eXpress Sample eBook, page 1152



Visualization of Software

© Novática and Informatik/Informatique UPGRADE Vol. II, No.2, Apr. 2001 21

gives us an indication of the level at which we should teach the
class. In most cases, we’ve found that students arrive in class
having already achieved Bloom’s Level 1 and 2 learning objec-
tives for the algorithm. This allows us to not waste valuable
class time getting students to these levels. Instead, we can focus
our class discussion at the higher levels in the Bloom hierarchy.
We thus are able to cover more material than we have in the
past without any sacrifice in students’ understanding of the
material.

2.3 General Conclusions – AV in the context of Felder’s 
Learning Model and Kolb’s Learning Cycle

The conclusions of Kolb and Felder tell us that algorithm
visualization will be used to its greatest advantage when it is
compliments other teaching methods – it cannot be the sole ve-
hicle we use to deliver content about algorithms to our students.
However, Kolb and Felder also tell us that we must teach
“around the circle.” That is, our delivery systems for presenting
algorithms to our students must be many and varied to mesh
with the dichotomies in our students’ learning styles. Students
whose learning styles tend to be on the left side of the four
dimensions in Felder’s model may well learn an algorithm
better from a visualization than they will from hearing an
instructor talk about it.

The reflective observation and concrete experience compo-
nents of Kolb’s learning cycle are similarly areas in which
students may be very well served by algorithm visualizations.
If we, as instructors, weave AV into the fabric of our courses,
Kolb and Felder leave little doubt that our students will learn
better. AV can become an important component of our teaching
around the circle if we structure learning experiences around it.
We would do well to heed the advice of Bazik, Tamassia, Reiss,
and van Dam at Brown University, the site of significant
pioneering work in AV. In [Bazik et al. 98], they write, “Much
of the success of the BALSA system at Brown is due to the tight
integration of its development with the development of a text-
book and curriculum for a particular course. BALSA was more
than a resource for that course – the course was rendered in
software in the BALSA system.”

References

[Ann Arbor]
M. I. Ann Arbor: Board of Regents for the University of Michi-
gan, p. 148–150.

[Baecker 98]
R. Baecker: “Sorting Out Sorting: A Case Study of Software
Visualization for Teaching Computer Science,” in Software
Visualization: Programming as a Multimedia Experience, The
MIT Press 1998, pp. 369–382.

[Bazik et al. 98]
J. Bazik, R. Tamassia, S. P. Reiss, A. van Dam: “Software Visu-
alization in Teaching at Brown University,” in Software Visuali-
zation: Programming as a Multimedia Experience, The MIT
Press 1998, pp. 383–398.

[Bell et al. 95]
John T. Bell and Folger Scott: “The investigation and Application
of Virtual Reality as an Educational Tool,” Proceedings of the
American Society for Engineering Education 1995 Annual
Conference, June, 1995. 

[Birch et al. 95]
M. Birch, C. M. Boroni, F. W. Goosey, S. D. Patton, D. K. Poole,
C. M. Pratt and R. J. Ross: “DYNALAB: A Dynamic Computer
Science Infrastructure Featuring Program Animation,” in Pro-
ceedings of the SIGCSE Session, ACM Meetings March 1995,
Nashville, Tennessee.

[Bloom 56]
B. S. Bloom (Ed.): Taxonomy of educational objectives: The
classification of educational goals: Handbook I, cognitive do-
main. New York 1956; Toronto: Longmans, Green. 

[Brown 87]
M. Brown: Algorithm Animation, Cambridge MA, MIT Press
1987.

[Cross/Angelo 88]
K. P. Cross and T. A. Angelo, Classroom Assessment Techniques:
A Handbook for Faculty 1988, 

[Felder 93]
Richard M. Felder: “Reaching the Second Tier — Learning and
Teaching Styles in College Science Education,” Journal of
College Science Teaching, pp 286–290, 23 (5), March/April,
1993.

[Howard et al. 96]
R. Howard C. Carver and W. Lane: “Felder’s Learning Styles,
Bloom’s Taxonomy, and the Kolb Learning Cycle: Tying It All
Together in the CS2 Course,” in Proceedings of the SIGCSE
Session, ACM Meetings, Philadelphia, Pennsylvania, February,
1996, pp. 227–232.

[Kolb 84]
D. A. Kolb: Experiential Learning: Experience as the Source of
Learning and Development, Prentice-Hall, 1984.

[Kumar 00]
Amruth Kumar: “Dynamically Generating Problems on Static
Scope,” in Proceedings of the 5th SIGCSE/SIGCUE Conference
on Innovation and Technology in Computer Science Education
(Helsinki, Finland, July, 2000). 

[McCarthy 87]
B. McCarthy: The 4MAT System. Teaching to Learning Styles
with Right/Left Mode Techniques, EXCEL, 1987.

[Naps et al. 00]
T. Naps, J. Eagan and L. Norton: “JHAVÉ – An Environment to
Actively Engage Students in Web-based Algorithm Visualiza-
tions”, in Proceedings of the SIGCSE Session, ACM Meetings
March 2000, Austin, Texas.

[Petre et al. 98]
M. Petre, A. Blackwell T. Green: “Cognitive Questions in Soft-
ware Visualization,” in Software Visualization: Programming as
a Multimedia Experience, The MIT Press, 1998, pp. 453–480.

[Roessling et al. 00]
Guido Roessling, Markus Schueler and Bernd Freisleben: “The
Animal Algorithm Animation Tool,” Proceedings of the 5th
Annual SIGCSE/SIGCUE Conference On Innovation and Tech-
nology in Computer Science Education, July, 2000, Helsinki,
Finland.

[Stasko/Lawrence 98]
J. Stasko and A. Lawrence: “Empirically Assessing Algorithm
Animations as Learning Aids,” in Software Visualization: Pro-
gramming as a Multimedia Experience, The MIT Press 1998, pp.
419–438.

[Stasko 90]
John Stasko: “Tango: A Framework and System for Algorithm
Animation” in IEEE Computer, September, 1990.

[Stern et al. 99]
L. Stern, H. Sandergaard and L. Naish: “A Strategy for Managing
Content Complexity in Algorithm Animation”, Proceedings of
ITiCSE’99, pp. 127-130, 1999. 

IEEE eXpress Sample eBook, page 1153



Visualization of Software

22 UPGRADE Vol. II, No.2, Apr. 2001 © Novática and Informatik/Informatique

User Interface Generation: Current Trends

María Dolores Lozano, Pascual González and Isidro Ramos

Various studies have proved that 48% of application code is devoted to the user interface and that nearly
50% of the implementation time is devoted to implementing it. The more easy the interface is to use, the more
difficult is its development. In fact, the user interface is becoming more and more important as a means of
interacting with a system. For this reason, in this article we have tackled the subject of user interface
generation within the research area of Human-Computer Interaction. 

Keywords: User Interfaces, Object Oriented Specification
and Modelling Techniques

Introduction
New technologies and the user’s constant demand for

information have made the design and development of user
interfaces more and more important in the area of software
engineering. In fact, all aspects of Human-Computer Interac-
tion (HCI) are being considered as a research field of great
relevance and perhaps the one which has the greatest impact on
the final users of information systems. Several disciplines can
be considered within this research area, which range from the
definition of user interface analysis and design methods,
through the creation of new methods of representing informa-
tion, to the study of the human factors involved in the manage-
ment of such interfaces. In this article we review the most
interesting investigations made up to now in the field of user
interface generation and definition methods. Finally a new
proposal is suggested, a user interface development environ-
ment within the software development process conforming to
the object oriented model proposed in OASIS [Letelier et al.
98].

Human Computer Interaction (HCI).
HCI is a discipline covering the design, evaluation and

implementation of interactive systems for human use and
entails the study of all the phenomena around them [ACM 92].
In the middle of the 1980’s, the term HCI was adopted to reflect
every factor involved in the interaction between users and
computers.

As a matter of fact this term is becoming more and more
important, mainly due to the “invasion” of computers in
people’s everyday activities. The computing evolution has
contributed to this and has led to a greater preoccupation with
user interface design when acknowledging that computer
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programs should be designed to cover the user’s needs and
capabilities. That is, the user should not need to make radical
changes to adapt himself to the system but the system must be
designed to adjust to the user’s needs.

Underlying HCI research is the belief that the people who use
computer systems are the most important element. Their needs,
capabilities and preferences to carry out their activities should
dictate the design, implementation and use of the systems.

Human-Computer Interaction is a multidisciplinary science
that not only includes computing or technological issues but
also takes into account the other disciplines depicted in fig. 1.

The impact of engineering and design disciplines in HCI has
been through Software Engineering due mainly to the fact that
analysis and design methods, above all
from the graphical point of view, have
influenced the design of user interfac-
es. 

The challenge of HCI is to acquire
the maximum knowledge of technolog-
ical capability and users needs so as to
develop new technological artifacts
that help and facilitate the human-
machine interaction as depicted in fig-
ure 2.

User Interface Development 
Environments. State of the Art.

In this section we briefly describe the
most outstanding features of current
model-based user interface develop-
ment environments. In a state of the art
report, B. Myers presents a classifica-
tion of user interface software tools
[Myers 95]. This classification is based
on the way that user interface develop-
ers can specify the layout and the
dynamic behaviour of a user interface.
This classification is as follows:
• Language-based Tools: These tools

require the developer to program in
a special purpose language.

• Interactive Graphical Specification
Tools: These tools allow an interac-
tive design of the user interface.

• Model-based Generation Tools: These tools use a high-level
specification or model to generate the user interface auto-
matically.

The last classification seems to be the most suitable to tackle
user interface development. The first two support the specifica-
tion of either the dynamic behaviour or the layout of the user
interface in an easy way, but not both parts at the same time. In
the same was as most current tools, they only support the last
phase of the user interface life-cycle development, and the
abstractions they provide do not have a direct connection with
the task analysis results.

The typical components and the development process within
a model-based user interface development environment are
shown in figure 3. 

The main component of these environments is the User Inter-
face Model, which includes different declarative models such
as the task, dialogue, domain, user and presentation models.
Each one of them represents the different kinds of information
needed for the final construction of the interface. Interactive
and automatic development tools also have a role in this envi-
ronment. The automatic generation tools are responsible for the
transformations between the different declarative models and
the final implementation of the desired user interface. The
information required by the automatic generation and design
tools is contained in the knowledge base.
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IDEAS: User Interface Generation within an Object 
Oriented Software Development Environment. 

In this section we propose the integration of a user interface
model within the software development environment defined
by the object oriented model OASIS [Letelier et al. 98] from
which the interface of an application can be generated. The user
interface specification process is tackled in parallel to the appli-
cation development. This development process is depicted in
figure 4.

IDEAS [Lozano/Ramos 99b], [Lozano et al. 00] aims to be a
model-based and automatic user interface development system
integrated within the framework of OASIS to support the auto-
matic production of high-quality user interfaces. This is possi-
ble due to the fact that this environment is based on declarative
models, with the advantages of this approach as stated in the
previous section.

Next, we describe this development process by levels and
following the order in which the different models of our
proposal are performed. This development process is depicted
in figure 5. 

At requirements level, the use cases [Jacobson et al. 92] tech-
nique is used. In this first stage and taking into account the use
cases, the different kinds of users are identified. Subsequently,
each use case is refined and the business rules, entities and
actors that participate in it are specified. 

At analysis level three models are generated. Firstly the Task
Model, identifying the task the user has to perform with the
system. This is done starting from the previous definition of use
cases.

Following this, the Domain Model is performed. This model
consists of two diagrams. The first one is the Sequence
Diagram, which defines the system behaviour. The second one
is the Roles Model, which defines the structure of the classes
that take part in the associated sequence diagram together with
the relationships among these classes, specifying the role of
each one of them. Once the task and domain models have been
defined, the user model can be defined. For every kind of user,
the subset of tasks the user is allowed to perform is established.
And for every task, a projection of the actions within the task
that the user is allowed to accomplish is established. Finally,
and according to the user’s particular characteristics, the most
appropriate way to show the information is defined. 

At design level, the Dialogue Model is performed
[Lozano/Ramos 99a]. All the models that have been generated
up to now do not contain any graphical aspect of the final user
interface. It is from now on that these issues start to be
addressed and the way in which the user-system interaction
will be performed is especially important. The dialogue model
includes the generation of two different kinds of diagrams, the
Dialogue Structure Diagram and the Component Specification
Diagram. The first diagram specifies the user interface behav-
iour, this is, it represents the windows and dialogues that the
user needs to complete all the tasks he requires from the
system, and the user selections to pass from one window to
another. For the generation of this diagram, we have to take into
account the sequence diagram obtained in the analysis phase.
An example of this type of diagram is shown in figure 6.

The second diagram entails establishing, for every one of the
windows and dialogues obtained in the first diagram, the set of
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control and visualization tools needed to give the user the func-
tionality he requires to perform the corresponding task. This
diagram defines the state of the user interface as depicted in
figure 7: 

At implementation level the Presentation Model is per-
formed. In this model, the actual interaction objects comprising
the Graphical User Interface are defined taking into account
implementation decisions, the final implementation platform
and according to the style guide followed.

Conclusions
The user interface is becoming more and more important

as a means of interacting with a system. For this reason, in this

article we have tackled the subject of user interface generation
within the research area of Human-Computer Interaction.

With the aim of achieving an object oriented environment for
automatic software production, that not only can be used with
the efficiency and simplicity that the end-user requires through
a friendly but at the same time robust interface, we have
presented IDEAS, a user interface development environment
with the philosophy of OASIS.

IDEAS, based on declarative models, provides descriptive
information of the future components of the interface at a high
level of abstraction. In the early development phases it also
allows the study of how the interaction between the user and
the system is performed. In the last phases it allows the
automatic code generation based on the models.
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Visualization Designs for Constraint Logic Programming

Manuel Carro and Manuel Hermenegildo

We address the design and implementation of visual paradigms for observing the execution of constraint
logic programs, aiming at debugging, tuning and optimization, and teaching. We focus on the display of data
in CLP executions, where representation for constrained variables and for the constrains themselves are
seeked. Two tools, VIFID and TRIFID, exemplifying the devised depictions, have been implemented, and are
used to showcase the usefulness of the visualizations developed.

Keywords: Logic Programming, Constraint Logic Program-
ming, Visualization, Debugging, Performance, Abstraction of
Visual Representation.

Introduction
Program visualization has been classically used by com-

puter scientists for many different purposes, including teach-
ing, debugging, and optimization. However, classical program
visualizations are often too dependent on the programming par-
adigms they were devised for, and do not adapt well to the
nature of the computations performed in other paradigms (e.g.,
visualization of concurrent programs focuses on aspects which
are not present in sequential programming). In particular,
Constraint Programming nature differs radically from that of
other programming paradigms and the visualization should
address different problems. Moreover, it appears that the needs
of CP practitioners are also different from those using other
paradigms.

In any case, a good pictorial representation is fundamental to
achieve a useful visualization. Thus, it is important to devise
depictions which are well suited to the characteristics of CLP
data and control. In addition, a recurring problem in the graph-
ical representations of even medium-sized executions is the
huge amount of information that is usually available. To cope
successfully with these undoubtedly relevant cases, abstrac-
tions of the representations are needed. Ideally, such abstrac-
tions should show the most interesting characteristics (accord-
ing to the particular objectives of the visualization process,
which may be different in each case), without cluttering the
display with unneeded details.

Constraint Logic Programming in a Nutshell
Constraint Programming (CP) is “one of the most excit-

ing developments in programming languages of the last
decade”  [Marriot/Stuckey 98]. CP refers to programming
using the equations which characterize the solution to a prob-
lem. These equations, which are similar to the arithmetical
ones, can range over a wide gamut of domains: integers, reals,
terms (i.e., data structures), strings, sets,… A CP system would
automatically (and incrementally) solve these equations, there-
fore yielding a solution to the initial problem. This approach

has undoubtedly much to do with, on one hand, mathematics
itself, and, on the other hand, Operation Research. But, from a
practical point of view, it departs from them in two ways: the
ability to set up dynamically the equations which model a
problem (and probably retract some of them at some point and
add new ones), and the use of domains not usually found in
mathematics.

Constraint Logic Programming (CLP) [Van Hentenryck 89]
merges the constraint-based approach with the Logic Program-
ming (LP) ideas, resulting in a highly synergetic combination.
The properties of logic programming variables (single assign-
ment, unification) and the control usually implemented in LP
(automatic search procedures with backtracking, goal delay-
ing) fit particularly well within constraint programming. The
result is a family of languages which naturally extends LP in a
unified framework (such that LP can be seen as a case of the
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more general CLP), patching up some weaknesses (especially
in arithmetic) found in LP languages.

One of the most useful CLP domains is finite domains: finite
domain variables range over finite sets of integers, and the
operations allowed between them are pointwise extensions of
the regular arithmetic operations and relations. Although there
is no elimination procedure similar to that of linear equations
over the reals, a set of equations in finite domains can always
be decided to have or not solution, ultimately thanks to the
finiteness of the domains, using a mixture of simplification,
value propagation, and labelling (i.e., assignment of values to
variables). We will focus mainly, due to their practical impor-
tance, in finite domain variables.

Displaying Constrained Variables
The concept of variable binding in CLP is more complex

than in imperative and functional languages: the value of a CLP
variable is actually a complex object representing a (potentially
infinite) set of values plus the constraints attached to the varia-
ble which relate it with the rest of the variables. Textual repre-
sentations are usually not very informative and difficult to
interpret and understand, and a graphical depiction of the vari-
ables can offer a view that is easier to grasp. Also, if we wish to
follow the history of the program it is desirable that the graph-
ical representation be either animated or laid out spatially as a

series of pictures. The latter allows comparing different behav-
iours easily, trading time for space.

Depicting Finite Domain Variables
FD variables are instantiated to an initial domain, which is

narrowed as equations are incrementally added and as the
constraint system is simplified (either by algebraic rewriting or
by the labelling procedure). At any state in the execution, each
FD variable has an active domain (the set of allowed values for
it) which is usually accessible by means of language primitives.
For several reasons (space limitations, speed of addition/
removal of constraints, etc.) this domain is usually represented
using an upper approximation of the actual set of values that the
variable can take.

A possible graphical representation is to assign a dot (or,
depending on the visualization desired, a square) to every
possible value a variable can take, highlighting those values in
the current domain. An example of the representation of a
variable X with current domain {1,2,4,5} from an initial
domain {1…6} is shown in Figure 1.

It is extremely interesting to follow the evolution of a set of
program variables throughout the execution. Probably the most
useful portray is to simply stack the different state representa-
tions, as in Figure 2. It can reflect time accurately (for example,
by mapping it to the height between changes) or ignore it by
simply stacking a new row of a constant height every time a
variable domain changes or an enumeration step is performed.
This representation allows the user to perform an easy compar-
ison between states and has the additional advantage of allow-
ing more time-related information to be added to the display.
Other possibilities we will not explore include animating the
display, so that time is represented as such, or using different
colour hues or shades of grey.

The stacking approach is one of the visualizations available
in VIFID. VIFID is a Prolog library which represents the state

of variables as instructed by spy-points intro-
duced by the user in the program. Figure 3 shows
an skeleton example of such an annotated pro-
gram. The open_log/3 primitive initializes the
Handle data structure which contains the Varia-
bles to be observed and their Names.
close_log/1 takes the necessary actions in or-
der to finish the visualization (e.g., closing a file,
sending appropriate messages to the windows,
etc.). The actual step-by-step depiction of the cur-
rent state is made by the log_state/1 primi-
tive. It contacts with the visual side of the tool in
order to communicate the current state of the var-

3

Fig. 1: Depiction of a FD variable

Fig. 2: History of a single variable

X

1 2 3 4 5 6

:- use_module(library(clpfd)).
:- use_module(library(tracing_library)).
program:-

Variables = .... ,
Names = .... ,
open_log(Variables, Names, Handle), %% Added
constrain_values(Variables, Handle),
log_state(Handle) %% Added
visual_labelling(Variables, Handle),
close_log(Handle). %%Added

Fig. 3: an annotated program skeleton

visual_labelling([],_Handle).
visual:labelling ([Q|Qs], Handle):-

labelling([Q]),
log_state(Handle),
visual_labelling(Qs, Han-

Fig. 4: The visual_labelling/2 library predicate
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iables and update the windows.
An important part of the CLP execution is the labelling

phase, which tries to assign values to the variables which are
compatible with the existing constraints. This labelling is usu-
ally performed by a built-in, which receives a list of variables
and an indication of the labelling strategy. We visualize the ev-
olution of the variables during labelling by recoding this built-
in so that the state of the variables is logged after each labelling
step. Figure 4 shows an example implementation, which re-
ceives the list of variables to label and the Handle to the visu-
alization and performs a tailored labelling. It is a simplified
code for illustration purposes, but it clarifies how this (and oth-
er primitives) can be interfaced with the visual tools without
too much effort.

Figure 5 shows a screen dump of a window generated by
VIFID presenting the evolution the state variables when solv-
ing the Queens problem for a board of size 10. Each column in
the display corresponds to one program variable. The possible
values are the row numbers in which a queen can be placed.
Lighter squares represent values still in the domain, and darker
squares represent discarded values. Each row in the display
corresponds to a spy-point in the source program, and points
where backtracking happened are marked with small hooks. It
is straightforward to see that very little backtracking was
necessary, and that variables are highly constrained, so that

enumeration (proceeding left to right) quite quickly discarded
initial values.

Representing Constraints
It is obviously interesting to represent the relationships

among several variables as imposed by the constraints affecting
them. Textual representation is often not straightforward (or
even possible in some constraint domains), can be computa-
tionally expensive, and provides too much level of detail for an
intuitive understanding. Moreover, in general there are many
states of the variables which meet the restrictions imposed by
the constraints. A general solution which takes advantage of the
representation of the actual values of a variable (and which is
independent of how this representation is actually performed)
is to use projections to present the data piecemeal and to allow
the user to update the values of the projected variables, while
observing how the variables being shown are affected by such
changes. This can often give the user an intuition of the rela-
tionships linking the variables (and detect, for example, the
presence of erroneous constraints). We will use the constraint
C1, below, in the examples which follows:

Figure 6 shows the domains of FD variables X, Y, and Z sub-
ject to C1. An update of the domain of a variable should induce
changes in the domains of other related variables. For example,

4

C1 X 1..6{ } X 6 X 3 Z 1..6{ } Z 2X Y Y 1..6{ }∈∧–=∧∈∧≠∧≠∧∈≡

Fig. 5: Evolution of FD variables for a 10-queens problem

Z

Y

X

1 2 3 4 5 6

Fig. 6: Several variables side to side

1 2 3 4 5 6

Z

Y

X

Fig. 7: Changing a domain
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we may discard the values 1, 5, and 6 from the domain of Y,
which boils down to representing the constraint

Figure 7 represents the new domains of the variables. Values
directly disallowed by C2 are shown as crossed boxes; values
discarded by the effect of this constraint are shown in a lighter
shade. In this example the domains of both X and Z are affected
by this change, and so they depend on Y; this type of user-driv-
en visualization is also available in the VIFID tool. A more
detailed inspection can be done by leaving just one element in
the domain of a variable, and watching how the domains of
other variables are updated. In Figure 8 Y is given a definite
value from 1 (in the leftmost rectangle) to 6 (in the rightmost
one). This allows the programmer to check that simple
constraints hold among variables, or that more complex prop-
erties (e.g., that a variable is made definite by the definiteness
of another one) are met.

A static version of this view can be obtained by plotting
values of pairs of variables in a 2-D grid. This is schematically
shown in Figures 9, 10, and 11, where the variables are subject

to the constraint C2. From these representations we can deduce
that the values X = 3 and X = 6 are not feasible, regardless of
the values of Y and Z. It turns out also that the plots of X against
Y and X against Z (Figures 9 and 10) are identical. From this,
one might guess that perhaps Y and Z have necessarily the same
value, i.e., that the constraint Z=Y is entailed by the store. This
possibility is discarded by Figure 11, in which we see that there
are consistent pairs where X≠Z. Furthermore, the slope of the
highlighted squares on the grid suggests that there is an inverse
relationship between Z and Y: incrementing one of them would
presumably decrement the other – and this is actually the case,
from constraint C1. A VIFID window showing a 10-Queen 2-
D plot appears in Figure 12; the check buttons at the bottom
allow the user to select the variables to depict.

C2 C1 Y 1 Y 5<∧≠∧≡

6

5

4

3

2

1

1 2 3 4 5 6 1 2 3 4 5 6

1 2 3 4 5 6

6

5

4

3

2

1

6

5

4

3

2

1

X

Y Z

X

Z

Y

Fig. 9: X against Y Fig. 10: X against Z

Fig. 11: Y against Z

Fig. 12: Relating variables in VIFID

X

Y

Z

X
Y
Z

The CLP(FD) variables
An abstraction of the variable: the size of its domain
Time

Fig. 13: Meaning of the dimensions in the 3-D representation

1
2
3
4
5
6

X Y Z

Fig. 8: Enumerating Y, representing enumerated domains for X 
and Z
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Abstraction for Constraint Visualization
It is often the case that executions of large programs

result in too much data being displayed. Even if an easy-to-
understand depiction is provided, the amount of data can over-
whelm the user with an unwanted level of detail. Abstraction is
a method to cope with this problem.

Abstracting Values
While the presence of a large number of variables can be

partially solved by a careful selection of variables, another
problem remains: representations of variables with a large
number of possible values can convey information too detailed.
At the limit, the screen resolution may be insufficient to assign
a pixel to every value in the domain. This is easily solved by
using scrollable canvases, providing means for zooming, fish-
eye views, etc. That was the approach taken in the VisAndOr
tool [Carro et al. 93] aimed at showing the parallel execution of
logic languages.

However, these methods are more “physical” approaches
than true conceptual abstractions of the information, which are
richer and more flexible.

An alternative is to use an application-oriented filtering of the
variable domains. For example, if some parts of the program
are trusted, their effects can be masked out by removing the
values already discarded from the representation of the varia-
bles: e.g., if a variable is known to take only odd values, the
even values are simply not shown in the representation. This
filtering can be specified using the source language – in fact,
the constraint which is to be abstracted should be the filter of
the domain of the displayed variables.

Another alternative is to perform a more semantic “compac-
tion” of parts of the domain. As an example, consider present-
ing the domain of a variable simply as a number, denoting how
many values remain in its current domain, thus providing an

indication of its “degree of freedom”. This idea is the basis of
our next visualization.

Domain Compaction and New Dimensions
Besides the problems in applications with large domains, the

static representations of the history of the execution (Figure 5)
can also fall short in showing intuitively how variables
converge towards their final values, again because of the excess
of points in the domains, or because an execution shows a
“chaotic” profile. A better option is to use the number of active
values in the domain as coordinates in an additional dimension.
Figure 14 shows a CLP(FD) program for the DONALD+GER-
ALD=ROBERT puzzle. The program was annotated with calls to
predicates which act as spy-points, and log the sizes of the
domains of each variable at the time of each call.

Figure 15 is an execution of the program in Figure 14. The
variables closer to the origin (the ones which were labelled
first) are assigned values quite soon in the execution and they
remain fixed. There are backtracking points scattered along the
execution, which appear as blocks of variables protruding out
of the picture. There is also a variable (viewed as a white strip
in the middle of the picture) which appears to be highly
constrained, so that its domain is reduced right from the begin-
ning; that variable is probably a good candidate to be labelled
soon in the execution. Some other variables apparently have a
high interdependence (at least, from the point of view of the
solver): in case of backtracking, the change of one of them
affects the others. This suggests that the variables in this
program can be classified into two categories: one with highly
related variables (those whose domains change at once in case
of backtracking) and a second one which contains variables
relatively independent from those in the first set.

These figures have been generated by a tool, TRIFID, inte-
grated into the VIFID environment. They were produced by

5

:- use_module(library(clpfd)).
:- use_module(library(trifid)).

dgr(ListofVars):-
ListOfVars = [G,O,B,N,E,A,R,L,T,D],
open_log(ListOfVars, Handle, %% Added
domain(ListOfVars, 0, 9),
log_state(Handle), %% Added
D #> 0,
log_state(Handle), %% Added
G #> 0,
log_state(Handle), %% Added
all_different(ListOfVars),
log_state(Handle), %% Added
100000*D + 10000*O + 1000*N + 100*A + 10*L + D +
100000*G + 10000*E + 1000*R + 100*A + 10*L + D #=
100000*R + 10000*O + 1000*B + 100*E + 10*R + T,
log_state(Handle), %% Added
visual_labelling(ListOfVars, Handle),
close_log(Handle).

Fig. 14: The annotated DONALD + GERALD = ROBERT FD program
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using the ProVRML package [Smedbäck et al. 99], which
allows reading and writing VRML code from Prolog, with a
similar approach to the one used by PiLLoW [Cabe-
za/Hermenegildo 97]. One advantage of using VRML is that
sophisticated VRML viewers are readily available for most
platforms. The resulting VRML file can be loaded into such a
viewer and rotated, zoomed in and out, etc. Another reason to
use VRML is the possibility of using hyper-references to add
information and animation to the depiction of the execution
without cluttering the display.

Abstracting Constraints
As the number and complexity of constraints in programs

grow visualizing them as relationships among variables may
cause the same problems we faced when trying to represent
values of variables. The solutions suggested for the case of
representation of values are still valid and can give an intuition
of how a given variable relates to others. However, it is not
always easy to deduce from them how variables are related to
each other, due to the lack of accuracy in their representation.

A different approach to abstracting the constraints in the
store is to show them as a graph [Montanari/Rossi 91] where
variables are represented as nodes which are linked if the cor-
responding variables are related by a constraint (Figure 16)1.
This representation provides the programmer with an approxi-
mate understanding of the constraints in the solver (but not
exactly which constraints they are). Moreover, since different
solvers behave in different ways, this can provide hints about
better ways of setting up constraints for a given program and
constraint solver. The topology of the graph can be used to
decide whether a reorganization of the program is advanta-

geous; for example, if there are subsets of nodes in the graph
with a high degree of connectivity, but those subsets are loosely
interconnected, it may be worth to set up the tightly connected
sections and make a (partial) enumeration early, to favour local
constraint propagation, and then link the different regions.
Animation can reflect propagation and how variables acquire a
definite value. In Figure 17 some variables became definite,
and as a result some constraints them are not shown any more:
this reflects the idea of a system being progressively simplified,
and also visualizes how backtracking affects the constraint
store. Further filtering can be accomplished by selecting which
types of constraints are to be represented (e.g, represent only
“greater than” constraints, or certain constraints flagged in the
program through annotations).

Implementation Details
VIFID and TRIFID are implemented in Prolog and

Tcl/Tk, and rely on a few primitives to open socket connections
and to spawn and communicate with other processes (primarily
for the Tcl/Tk part). VIFID is completely interactive, and since
the library has direct access to the program variables, the user
can update them on the fly. The execution can continue after
updating, but the user does not have to commit to this update:
a RESET button forces the program to backtrack to the point
where the update was made. Only a few routines commonly
used throughout the execution were written directly in Tcl/Tk.
The flexibility of Tcl/Tk was enough, since most of the
windows have a simple layout. The speed of Tcl/Tk was not
much of a problem, except when the number of objects in the
window became very large. Overall, the tool was strong enough
to be used routinely, and the visualization was found to be
useful and easy to understand.

TRIFID shares many ideas with VIFID: It is also a Prolog
library which scans the variables it has access to, but instead of

1. This particular figure is only appropriate for binary relationships;
constraints of higher arity would need hypergraphs. 

6

Fig. 15: Execution of the DONALD + GERALD = ROBERT program
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starting an interactive 3-D visualization, we decided to take
advantage of a Prolog to VRML interface and generate VRML.
Gathering the data was not a computational problem; instead,
we found troubles related with the size of the generated files2,
and with the speed of the VRML visualizers (freely) available.

Related Work
Early work in constraint visualization was made for

Eclipse [ECRC 93]; the GRACE system [Meier 96] represent-
ed the values of constrained variables as we did in Section 3.1,
connected to a Byrd box model for program debugging. Addi-
tional information was encoded using different colour shades.
More recently, the DisCiPl project [Deransart et al. 00]
fostered the use of visualization and assertion-based debugging
tools.

Some constraint applications need to set up complex rela-
tionships among the variables. In those cases a visualization
which mimics the initial problem helps in mapping problems in
the constraint solving to the original problem. The Global
Constraint visualization tool [Simonis et al. 00] does precisely
this, by incorporating special visualizations tailored to some of
the complex constraints available in the CHIP system.
Although this gives an intuitive representation, it needs the user
to map the problem to one of these standard complex constraint
templates.

The visualization of constraint networks, proposed here as an
constraint abstraction amenable of being treated and studied,
was implemented at a different level in the Constraint Investi-
gator [Müller 99], interfaced with the Oz Explorer [Schulte
97]. This proposal visualizes a graph which is close to the
implementation. The ability to expand and collapse the
constraint net and to filter the variables increases the tool
usefulness in the case of big executions. It gives a good repre-
sentation of the store, but probably needs some further struc-
ture to represent complex problems.

Conclusions
We have discussed techniques for visualizing data evolu-

tion in CLP. The graphical representations have been chosen
based on the perceived needs of a programmer trying to analyse
the behaviour and characteristics of an execution. We have
proposed solutions for the representation of the run-time values

of the variables and of the run-time constraints among them. In
order to be able to deal with large executions, we have also
discussed some abstraction techniques, including the 3-D
rendition of the evolution of the domain size of the variables.
The proposed visualizations for variables and constraints have
been tested using two integrated prototype tools: VIFID and
TRIFID. VIFID and, to a lesser extent, TRIFID, which is less
mature, have evolved into a practical system. Also, some of the
views and ideas proposed have since made their way to other
tools, such as those developed for the CHIP system
[Simonis/Aggoun 00].
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Software Visualization Generation Using ANIMALSCRIPT

Guido Rößling and Bernd Freisleben

Many different software visualization tools are available to the public. Most, however, only address specific
application areas, forcing users to shift between tools. The visualization tool ANIMAL, with its built-in
visualization language ANIMALSCRIPT, is an algorithm animation tool including a graphical editor that can
be used for arbitrary software visualizations. This article introduces the basics of ANIMAL and ANIMALSCRIPT

as well as some special features including internationalization support. ANIMALSCRIPT is also easy to adapt
and extend with more advanced features.

Keywords: Software Visualization, Algorithm Animation,
Internationalization Issues, Dynamic Placement, Dynamic
Extension.

Introduction
The increasing popularity of algorithm or program visu-

alization has led to the development of several tools, most of
which are designed to address a certain field of visualization.
The advantage of implementing such specific tools is that they
may be highly specialized within their field and thus may offer
great field-specific features. However, they are usually not
usable outside their specific field. For example, a tool geared
towards visualizing run-length encoding algorithms such as
RLE [Khuri/Hsu 00] is highly useful in its field, but not usable
for other topics. One of the areas that shows growing interest in
visualizations is academic education. Here, a fair number of
teachers are interested in using generated algorithm animations
in their lectures instead of having to perform the operations
themselves on the blackboard. However, if the tool used for the
visualization is highly specialised, they will have to shift
between using the tool and the normal mode of presentation.
This becomes even more relevant in conferences, where
presenters who want to show the usage of such a tool have to
change between the visualization tool and the tool used for the
presentation, such as PowerPoint™.

Having a single tool that is generic enough to handle both the
presentation and the content display saves the time needed to
move between tools. More importantly, it also prevents the pre-
senter from having to learn how to use a number of different
tools. However, the tool must be sufficiently generic that it can
handle the typical requirements of presentations as well as to
support context-specific operations. It is unlikely that a single
tool could offer built-in support for all the types of software
visualizations that users might want. Therefore, it may be
beneficial to have a tool that can be dynamically extended by
users to address their specific needs without forcing them to
read and modify large portions of the underlying code. This
article presents the scripting language ANIMALSCRIPT that
extends the capabilities of the ANIMAL visualization system
[Rößling et al. 00]. ANIMALSCRIPT offers the basic operations

required for software visualization, but can easily be adapted to
address other context-specific requirements. For example,
ANIMALSCRIPT supports relative object placement and
addresses internationalization issues.

The article is organized as follows. Section 2 presents some
tools specific to a certain usage area. Section 3 gives a short
overview of the underlying visualization concept of ANIMAL

and how visualizations can be generated. Section 4 presents the
capabilities of ANIMALSCRIPT including several screen shots of
the system. Some possibilities for adapting and extending the
capabilities of both ANIMAL and ANIMALSCRIPT are outlined in
section 5. Section 6 concludes the paper and outlines areas for
further research.

Classification of Available Tools
Due to the increasing popularity of software visualiza-

tion, many systems have been introduced during the last years.
Since we cannot cover all available tools, we will focus on
some tools that are representative of their categories. The tools
can be divided into different categories based on the type of
input required to generate a visualization: mouse actions within
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a GUI, source code, method calls in a specialized method
library, or scripting language commands.

Classic presentation tools such as PowerPoint™ from Micro-
soft or Sun’s StarImpress™ typically expect the user to provide
all contents of the visualization manually within a graphical
user interface (GUI). The advantage of this approach is that the
user has complete control over all elements, at least within the
scope of what the tool can do. However, being forced to do eve-
rything manually also means that the generation cannot be
automated. If a second visualization of the same topic but with
changed values is required, the user basically has to start again
from scratch. Furthermore, presentation tools are often more
geared towards generating stunning visual displays for short
presentations than addressing the needs of presenting the
semantics of dynamic processes such as algorithms or data
structures. Thus, they often offer a fair selection of ways in
which new elements can be added, but may be limited in how
elements that are already visible may be modified. Further-
more, the underlying concept of the presentation is a sequence
of slides. This means that the next slide will initially be empty
and thus not reflect the contents of the last slide – which is
unfortunate for visualizing algorithms that perform several
operations spread over a number of “slides”. While presenta-
tion tools are very useful for presentations, they are thus less
useful for presenting the behaviour of systems or algorithms.

Source-code based visualization systems such as DDD
[Zeller 00], Jeliot [Haajanen et al. 97] / Jeliot 2000 [Ben-Ari
00] and WinHIPE [Naharro-Berrocal et al. 00] automatically
present a visualization of the underlying source-code. This also
means that it is very easy to automatically generate visualiza-
tions: the user only needs to provide the source code, or modify
parameter values according to the specific requirements. How-
ever, a number of restrictions apply to these systems. Firstly,
the programming language that can be used is fixed by the
system. For example, DDD addresses machine-code programs
whose input typically will come from C or C++, while Jeliot
and Jeliot 2000 work on Java source code and WinHIPE is
restricted to functional programming. If the programming
language used in the presentation context is not supported by
the tool, the tool cannot be used. Due to the automatic genera-
tion of the visualization, the user will also have only a limited
ability to change the display. For example, it is unlikely that the
system will be able to deduce the semantically most appropri-
ate representation of a given data structure from the underlying
code, e.g. a stack implemented using a linked list might not be
represented as a stack, but as a standard list. Finally, presenters
might wish to add explanatory text, or take a more abstract
view of the underlying algorithm (such as a pseudo-code
implementation) to avoid confusing the viewers with imple-
mentation details. These types of tools do typically not support
both operations. Finally, if the topic to be presented is not avail-
able as an algorithm, the tools cannot be used at all.

Tools such as Silicon Graphic’s JAL [Silicon Graphics 98]
rely on method calls within a specific programming library
(API) for generating the visualization. The ease of use of the
library, as well as the extent to which operations are supported,
depends on the state of the library. Two effective limitations are

clear: (1) the user has to be sufficiently proficient in program-
ming to write a program that correctly invokes the library meth-
ods and (2) the language in which the library is implemented
must match the language used for the underlying code. If both
are true then visualization APIs can be very useful; otherwise,
the library is inappropriate and thus useless for the target
application.

Systems that expect input in a specific format such as a
scripting language offer a partial solution to the problem of
inappropriateness. The tool does not care how the scripting
input is generated – be it manually by the user, or automatically
by the underlying code. Thus, the user does not have to be pro-
ficient in programming. However, algorithms implemented in
any language may be modified so that they generate the appro-
priate scripting commands. Due to this fact, tools that work on
scripting input have become popular over the last few years:
JSamba [Stasko 98], JAWAA [Pierson/Rodger 98] and highly
specific tools such as JellRep and JFlap [Hung/Rodger 97] for
compiler construction topics. The scripting language underly-
ing JSamba is kept generic, while most other tools offer a
scripting language geared towards a specific context. For exam-
ple, JAWAA is geared for algorithm and data structures, thus
offering elements such as trees and graphs. However, it is less
useful for presentations, as it does not support elements such as
item lists. Additionally, going backwards one or more steps in
the visualization is often not supported by the tools.

Users should generally choose the type of tool that is most
appropriate to their intentions. They should reflect on the
characteristics and limitations of each approach, especially if
they wish to reuse the tool in other, less specific applications.
Scripting-based tools offer a reasonable compromise between
ease of generation and automation support. If the scripting
language is not highly specialized, they also offer easy reuse in
other contexts.

In the following, we will examine the scripting language
ANIMALSCRIPT. As ANIMALSCRIPT is embedded in a visualiza-
tion system, we will first take a look at the central features of
this system.

The ANIMAL Visualization System
The ANIMAL visualization system [Rößling et al. 00]

treats a visualization as a sequence of discrete steps. Each step
may contain an arbitrary number of transformations. Each
transformation in turn works on an arbitrary number of objects
at the same time. ANIMAL offers the basic graphic primitives
point, polyline / polygon, arc and text. As a concession to its
initial use for introductory computer science visualizations, it
also offers list element primitives. Each of these primitives
contains a number of user-adjustable properties. Some proper-
ties are common to all primitives, for example, colour and
depth information to resolve display conflicts caused by over-
lapping elements. Other properties depend on the given primi-
tive. For example, a polygon object may have a fill colour,
while this has no semantic meaning for a polyline. On the other
hand, polylines may have a pointer at the beginning or the end,
which is not appropriate for polygons. Note that ANIMAL does
not restrict the number of nodes a polyline can have.

3
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ANIMAL offers transformations for changing the visibility
state of arbitrary objects, rotating or moving objects and chang-
ing their colour properties. The extent to which these opera-
tions are supported depends on the type of objects they are
executed on. For example, when moving a list element, users
can choose between moving the element as it is, adjusting only
one or more list pointers, or moving the element with fixed
pointers. An arbitrary polyline or arc can be used as the object
along which objects are to be moved, enabling complex move
operations. Colour changes are applicable to all colour proper-
ties of a given object, so it is possible to have a polygon with a
fill colour different from the outline colour. All operations can
be scheduled by specifying a start time and a duration.

The individual visualization steps are usually chosen by
using the video player-like buttons provided. These also
include functionality for going backwards in the visualization.
The author of a visualization may also specify that a given step
will automatically advance to the next step after a certain
amount of time has passed. The user may use a slide ruler
displaying the percentage of the visualization already shown to
adjust the current state. Finally, the author may provide labels
to steps that are collected in a separate window and which can
be used to jump to the associated step from any place in the
visualization with a single mouse click.

In order to make ANIMAL usable for the widest possible
target audience, we have followed the principle “keep it sim-
ple”. ANIMAL offers a small graphical interface allowing users
to edit any presentation using the mouse with standard features
such as a grid and drag and drop support. The number of both
graphic primitives and transformations has been kept intention-
ally small. Users who want a more powerful interface are ex-
pected to move to the built-in scripting language ANIMAL-

SCRIPT once they have become familiar with using ANIMAL.
The graphical interface and all output messages can be translat-
ed into another language by a single mouse click. At the
moment, we can only provide German and English language
support. Support for other languages such as Spanish, French
and Italian requires the translation of a text file, without recom-
pilation. Figure 1 shows ANIMAL’s main window after the
language has been changed. Note that the translation affects
menus and their items, explanatory texts and keyboard short-
cuts. 

ANIMAL also offers an interface for import filters and
provides a number of export filters. Currently, visualizations
can be imported only from JSamba but be exported as a Quick-
Time movie, a variety of image formats and in XML format.
Other formats are relatively straightforward to implement if the
precise definition of the target format is available. All filters are
registered in a configuration file that can be updated whenever
a new filter becomes available. Adding new import or export
filters does not require access to the base ANIMAL code, as no
recompilation is necessary. 

Selected Features of ANIMALSCRIPT

ANIMALSCRIPT supports a large number of features, so
that we cannot cover all of them here. Therefore, we will start
with a short introduction to ANIMALSCRIPT and then focus on
three special features. These are relative object placement,
internationalization issues and diagnostic output support.
ANIMALSCRIPT contains commands for all the features of
ANIMAL listed in the previous section. It also includes specific
commands for common subtypes, such as squares instead of
only generic polygons. Like several other scripting languages
for visualization [Pierson/Rodger 98], [Stasko 98], ANIMAL-

SCRIPT is line-based – each line contains exactly one command
or comment. All graphic elements used during a visualization
have to be given a name to allow their use in later transforma-
tions. These names can be exchanged using a swap command,
making many transformations much easier for the user. 

Some of the more advanced features of ANIMALSCRIPT go
beyond the operations available within the graphical user inter-
face of ANIMAL. For example, a single scripting command is
sufficient to link or unlink list elements. Other special
commands built into ANIMALSCRIPT support array data struc-
tures including pointers to array cells, overwriting of cell
values and swapping the contents of two cells in the same array.
To provide greater flexibility for source or pseudo code usage,
a special code environment is also provided that handles inden-
tation and offers highlighting for the current line of code or the
context, such as the enclosing loop statement.

The main difference between ANIMALSCRIPT and the script-
ing languages used in other systems such as JAWAA and JSam-
ba, however, lies in the areas of relative element placement, in-
ternationalization and diagnostic output. The relative element
placement of ANIMALSCRIPT frees authors from keeping track

4

Fig.  1: How translating ANIMAL's GUI affects titles, messages
and keyboard short-cutsFig. 1: How translating ANIMAL’s GUI affects titles, messages and keyboard short-cuts
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of where each object is at any given point in time by allowing
direct access to its bounding box, the smallest rectangle con-
taining the whole element. Users have the following choices for
specifying the coordinates of any element:
• absolute coordinates, such as (400, 200),
• placement relative to a corner of a previously defined object.

Any of the eight compass needle points plus the centre of the
object’s bounding box can be used as the reference point,

• placement relative to an arbitrary node of a previously
defined polyline or polygon,

• placement relative to the last defined coordinate, which is
helpful for operations such as “go forward 20 pixels”,

• or relative to a previously defined location that may have
been defined using any of the techniques listed above. 

Figure 2 shows these applications and the ANIMALSCRIPT

code required to produce them. Note that the filled square
has been given absolute coordinates. The empty box’s loca-
tion is specified from an offset of the south east corner of the
filled square and the text at the top right is placed relative to
a node of the square. The last node used in the visualization
was the top left corner of the text “relative to last node”,
causing the text at the left centre of the screen to be placed
relative to the text’s top left corner.

As mentioned above, ANIMAL offers a method to translate
all entries of the graphical user interface. ANIMALSCRIPT

goes a step further by allowing the user to specify a transla-
tion for each text element. The languages supported in the
visualization must be listed by language code at the start of
the visualization file. Each text entry can then be given a
translation prefixed by the language code. On loading the
visualization, the user is prompted for the language to be
used.
Note that the translation is highly unlikely to have the same

length in pixels as the original element. For example, German
texts tend to be longer than their English equivalent. Simply
providing a translation is therefore not sufficient – elements
that are supposed to be placed to the right of a translatable mes-
sage would suddenly have an offset, or might overlap the mes-
sage itself. By using relative placement aligned on the bound-
ing box of the translated element, this problem can be solved.

Fig.  2: Object placement using ANIMALSCRIPT:
absolute coordinates, relative to bounding box orFig. 2: Object placement using ANIMALSCRIPT:

absolute coordinates, relative to bounding box or node,
and as offset from the last node used

The Towers of Hanoi Torres de Hanoi

Visual Representation:

Implementation Code:

public void hanoi (int n, int from, int to, int via) {

if (n == 1)

move(n, from, to);

else {

hanoi(n-1, from, via, to);

move(n, from, to);

hanoi(n-1, via, to, from);

}

}

Representación visual:

ICódigo de implementatión:

public void hanoi (int n, int from, int to, int via) {

if (n == 1)

move(n, from, to);

else {

hanoi(n-1, from, via, to);

move(n, from, to);

hanoi(n-1, via, to, from);

}

}

Fig. 3: Example visualization using the internationalization support of ANIMALSCRIPT
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After the text has been read in and translated to the chosen lan-
guage, its location and extent is known, so that elements and ef-
fects depending on its placement can be correctly resolved.
One implication of this is that users who work in an internation-
al context are not forced to generate separate visualizations ac-
cording to the target audience. Instead, they can embed the
translations into the same visualization and choose the lan-
guage according to the context they are in at any given time.
Figure 3 shows an example visualization with an English and a
Spanish version. Note the changed width of the header rectan-
gle that uses relative coordinates to fit under the heading.

The diagnostic output support of ANIMALSCRIPT is very
helpful, especially for novice users. The functionality of
ANIMALSCRIPT’s echo command includes the printing of the
location (upper left corner) or the bounding box of objects, the
numbers of the components of a grouped object or currently
visible objects, arbitrary text comments, or the rule syntax for
ANIMALSCRIPT commands. Some of these applications are
shown in Figure 4.

Extending ANIMALSCRIPT

We believe that ANIMALSCRIPT already contains several
features that prove beneficial for users and allow the tool to be
used in a generic context. However, we are of course aware that
there are many application areas for which specific support
would be helpful. For example, there is currently no support for
graph structures or theoretical applications such as Turing
machine or finite state automaton simulation. As we cannot
possibly hope to satisfy all user wishes, we have adapted the
structure of how ANIMALSCRIPT is parsed for easy extensibili-
ty. 

Users who want to provide a specific extension to ANIMAL-

SCRIPT should first check whether there is already a third-party
implementation available. Otherwise, we can provide them
with a set of comparatively simple steps to follow for providing
extensions to ANIMALSCRIPT. To make this task as easy as
possible, we provide a parser that translates a special subtype
of Backus-Naur rules into Java code for parsing the commands
and extracting properties. The user will then only have to

provide some parts of the coding, particularly the
mapping of properties into a set of ANIMAL trans-
formations and primitive objects.

ANIMALSCRIPT parsing components are loaded
dynamically from a configuration file. Therefore,
users who have either implemented or downloaded
an extension need only update the configuration
file. No change to the ANIMAL system or
ANIMALSCRIPT itself is necessary and no recompi-
lation is required. This is also true for the process of
extending the functionality of ANIMALSCRIPT,
which does not require modifications or recompila-
tion of existing code. The sole exception to this rule
concerns changes to already implemented features,
such as bug fixes.

Conclusions
In this article, we have outlined selected

features of ANIMAL and ANIMALSCRIPT. ANIMAL is useful for
generic software visualizations and does not require special
user knowledge or skills due to the graphical editor. ANIMALS-
CRIPT adds powerful functionality for users willing to tackle
animation generation by scripting, as is common in some other
systems [Pierson/Rodger 98], [Stasko 98]. ANIMALSCRIPT cur-
rently supports only a limited number of operations. However,
these operations already include advanced features that are not
commonly found in many comparable applications, such as
relative object placement, internationalization support and
diagnostic output. In order to address as large a client audience
as possible, both ANIMAL’s GUI and ANIMALSCRIPT visualiza-
tions can easily be translated into other languages, especially
when used in conjunction with relative object placement.
Authors simply provide the translations without having to
adapt object locations. 

We hope that we will find users willing to help us add new
features to ANIMALSCRIPT once we have documented how this
can be achieved. Most changes do not require modifying
ANIMALSCRIPT code. Further work in extending ANIMAL-

SCRIPT includes support for images, specific computer science
data structures or displays and the typical features found in
presentation tools. In our experience, generating a visualization
by scripting is much faster than doing the same visually, once
the user has become familiar with the underlying concepts and
commands. This is even true for conference presentations,
despite the fact that most presentation tools rely heavily on
graphical editing. Despite the lack of explicit ANIMALSCRIPT

commands for item lists, we have used ANIMAL in conjunction
with ANIMALSCRIPT as the main tool for conference presenta-
tions since February 2000 without problems or complaints.
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Automatic Web Publishing of Algorithm Animations

Fernando Naharro-Berrocal, Cristóbal Pareja-Flores, J. Ángel Velázquez-Iturbide, Margarita Martínez-Santamarta

We are undertaking a research action to simplifying the creation of program animations in order to foster a
wider adoption of animations for CS education. In this article, we report on an extension of the WinHIPE
functional programming environment to generate Web pages containing algorithm animations. Its integra-
tion within the programming environment guarantees the general applicability of the animator. In addition,
by means of simple dialogs to specify the graphical style of visualizations, the animation interaction, etc.,
the generation of Web pages with animations is achieved automatically. We expect that the automatic nature
of our extensions will encourage students to play an active role in learning and teachers to generate active
documents containing active algorithm animations.

Introduction
In recent years, many animation systems have been

developed for an educational use. Also on the Web, lots of pag-
es containing collections of animations (e.g. [Brummund 97],
[McCauley 00]) can be found. However, there are a number of
practical problems in using animations extensively in educa-
tion. Among these are:
• The difficulty of generating an animation. Programs must

usually be modified, i.e. the user changes the program to
generate the animation explicitly. Such modification is not
simple: a new programming library must be learnt, and pro-
grams are complicated by annotations. While some systems
include built-in animations, the user does not have the capa-
bility or the means to produce new ones.

• As empirical evidence shows, animations do not guarantee
pedagogical success.

Empirical studies on the educational effectiveness of anima-
tions (summarized for example in [Ben-Ari 01], [Stasko/
Lawrence 98]) agree about several features:
• Close integration of algorithm animations and explanations.

Otherwise, they are “nice movies”.
• Rewind facility. When a student is uncertain about the

behaviour of an algorithm, they should be able to backtrack
and replay the animation.

• Active involvement of students. This can be achieved in
several ways: allowing students to choose input data [Naps
et al. 00], formulating “stop-and-think” questions [Naps et
al. 00], fully integrating animation into the programming
environment [Böcker et al. 86], and generating animations
automatically [Naharro-Berrocal et al. 00].

We have tried to meet these requirements by extending the
capabilities of an integrated programming environment to the
automatic generation of algorithm animations. In addition, the
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integration of visualizations and animations into electronic
documents should increase the understandability of algorithms.
We report here on our efforts to automate the publishing of al-
gorithm animations in Web pages. These can be used either by
the teacher for lecturing or courseware, or by the student for
experimentation and learning.

In the next section we give an overview of the programming
environment WinHIPE. Section 3 describes the extensions to
generate Web pages with animations. Finally, sections 4 and 5
contain related work and our conclusions.

WinHIPE: A Functional Programming Environment
WinHIPE is the Windows version of a programming envi-

ronment for the functional language Hope. The design deci-
sions underlying WinHIPE [Velázquez-Iturbide 94] have a ped-
agogical basis [Jiménez-Peris et al. 00]. In this section, we give
an overview of its run-time model and its facilities to generate
visualizations and animations.

2.1 Abstract Model of Expression Evaluation
 Functional programs are executed by evaluating expres-

sions. WinHIPE shows evaluation at a high level of abstraction:
it models evaluation as a rewriting process [Velázquez-Iturbide
94], where the initial expression is rewritten into intermediate
expressions until a final expression, i.e. the value, is obtained.
An interesting feature of functional programming is that
expressions contain both data and controls, so they are difficult
to separate for visualization.

 The programmer can control the pace of evaluation accord-
ing to five options: to make 1 or n rewriting steps, or to evaluate
the complete expression, a selected subexpression, or until a
break-point is reached. An important design decision for the
environment is that the whole expression is always shown, so
the programmer always knows the evaluation state.

2.2 Visualization of Expressions 
 By means of simple dialogs, WinHIPE allows the program-

mer to customize the visualization of any intermediate expres-
sion in several ways [Velázquez-Iturbide/Presa-Vázquez 99]:
• The programmer can select either a pure textual or a mixed

text-graphics visualization of expressions, where the graph-

ical elements are lists or binary trees [Jiménez-Peris et al.
96].

• The typography of visualizations can be customized by
tuning pretty-printing1 formats, graphical elements, etc.

• Long expressions can be abbreviated automatically by a
“focus+context” technique, only showing the parts most
relevant to understanding of the current evaluation state.

Fig. 1 shows two different visualizations of an expression
obtained while traversing a binary tree named “inorder”. They
exhibit different typographic elements, with the second expres-
sion being a simplification of the first.

2.3 Animation of Expression Evaluation
Animations are displayed in WinHIPE as a sequence of snap-

shots [Naharro-Berrocal et al. 00]. The raw material for build-
ing an animation is the visualizations of expressions generated
by the programmer during an evaluation. At any moment, the
user can build an animation by selecting a subset of the visual-
izations generated during the last evaluation. By default, the
animation consists of all of the expressions involved, but the
user may exclude irrelevant ones.

Note that the user can input any expression to evaluate and
hence to animate (i.e. visualize in successive steps). Conse-
quently, the system can animate any program. This contrasts
with other systems where the user is restricted by either input
data or the algorithm.

An animation is defined by means of a simple dialog asking
for a directory to store the visualization and the location of a
definition file. The definition file specifies whether the default
is for the animation to be played automatically or to be control-
led manually; in the former case, the speed of transition
between snapshots must also be specified.

Depending on the definition file, when the user initiates an
animation, it either starts running automatically or the first
snapshot is displayed. In either case, the user uses an VCR-like
interface: advance or backtrack one snapshot, play at the spec-
ified speed, pause, and go to the first or the last snapshot. The

2

1. A pretty printer is a program that formats a high-level program
source text according to indentation rules based on the syntax and
visualizing the program’s structure.

Fig. 1 Two different visualizations of an expression
Fig. 1: Two different visualizations of an expression
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number of the current snapshot relative to the total number of
snapshots is also displayed (see Fig. 2).

Integration of Animations in Web Pages
We have extended WinHIPE to ennable automatic publi-

cation of Web pages with algorithm animations. In the follow-
ing, we describe the Web pages and their generation process.

3.1 Structure of Animated Web Pages
Web pages are platform independent and readily integrate

animations with explanations. Our Web pages contain the nor-
mal sections in algorithmic problem-solving, namely problem
description, algorithm description, program text, and algorithm
animation. Each section always has the same header (e.g.
“problem statement”). The page also contains a local index for
quick access to the different sections. The first two sections
contain by default an inddication that no explanation is yet
available; the user can edit these later manually. The Hope code
used for the animation is included automatically in the third
section from the programming environment. Finally, the ani-
mation is included with a control interface.

Fig. 3 shows a Web page for inorder traversal, where the
animation is based on two simultaneous but differing snap-
shots.

3.2 Customization of Animated Web Pages
Animations within the programming environment show one

snapshot at a time (see Fig. 2). However, other styles of inter-
action can also be useful, depending on the goal of the anima-
tion and the user’s preferences. For instance:

• Two consecutive snapshots and an VCR interface. This is
more helpful to a student to improve understanding of the
transition from a state to the next.

• One snapshot and a sequence of indices, where each index
corresponds to a different visualization. This is useful for a
teacher who is fully conversant with an animation and wants
direct access to snapshots during a lecture.

• All the snapshots in a single window controlled by a scroll
bar.While this is not an animation per se, but the user can
examine all the visualizations more flexibly.

We have provided the possibility of choosing the animation
interaction by means of style sheets. A sheet style is a template
of a dynamic HTML page that includes a JavaScript program
to handle the animation interface. The template is parameter-
ized with information specific to each animation: title of the an-
imation, name of the Web page, number of visualizations in the
animation, maximum size of the visualizations, directory
where the visualizations are stored, and whether the animation
will be shown in the same or in a new browser window.

A style sheet may also contain directives to include external
files in order to allow more flexibility. Such directives are writ-
ten within comments, analogous to compilation directives in
some programming languages. For instance, the generated Web
page might be based on a particular style sheet file. Or, the user
might want to open a new browser window containing a given
HTML file.

Style sheets and included directives are oriented to the auto-
matic generation of Web pages. However, the user might want
to modify manually the Web pages manually to improve them.
Our technical choice of implementing style sheets with HTML
and JavaScript permits this possibility because the code gener-
ated for the Web pages is open.

3

Fig. 2  Interface of the animation playerFig. 2: interface of the animation player
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3.3 Generation of Web Pages
From a technical point of view, the animation is created as

follows (Fig. 4 illustrates this process):
• The visualizations that will form the animation are selected,

as explained in subsection 2.3.
• The options for generating a Web animation are selected,

indicating the target directory, the style sheet, the title of the
Web page, and the title of the explanation.

• The BMP files forming the visualizations in the original
animation are converted into GIF files, according to the
requirements of the style sheet and stored in the target direc-
tory. Depending on the requirements of the style sheet, it
may also be necessary to extend the size of the smaller vis-
ualizations to match that of the largest one.

• Parameters in the selected style sheet are instantiated. Some
parameters are computed automatically (number and size of

visualizations, program code), but
others depend on values supplied
by the user in dialogs.

• External files in include directives
are recursively instantiated and
copied to the target directory.

Discussion and Related Work
We are aware of the fact that

functional programming is a minori-
ty choice. Although it has only been
adopted by a small number of univer-
sities, it is close to specification
languages for abstract data types.
From this point of view, animations
generated by WinHIPE can be used
in a data structures course. More for-
mally, WinHIPE generates program
(expression) visualizations, but their
high-level of abstraction allows them
to be considered as algorithm anima-
tions.

Recently, Tom Naps has proposed
a framework to assess the pedagogi-
cal effectiveness of animation sys-
tems [Anderson/Naps 00]. He identi-
fied a set of features that constitute a
design continuum for educational
uses of animations. Since each fea-
ture cannot be marked with a single
yes/no answer, our system WinHIPE
meets (at least partially) all the fea-
tures but the integration of anima-
tions and explanations. The current
extension allows us satisf this re-
quirement also.

An early unexpected result of our
work was our interest in alternative
interaction styles. When we identi-
fied several styles for Web pages, we
realized that they are independent

from the type of graphical window. As a result, they can also be
useful for the programming environment itself.

In recent years, there has been considerable research on the
development of animations for the Web. It is impossible to refer
here to all of these efforts (read [Naps et al. 97] for a summary.)
However, the need to build animations explicitly (and often
Web pages)animations is a bottleneck for these systems.

Conclusions and Future Work
We have extended the functional programming environ-

ment WinHIPE to generate Web pages containing algorithm
animations. The integration of this facility in the programming
environment allows easy publication of animations for any
algorithm. Visualizations, animations and Web pages are all
generated automatically, only requiring the user to interact by
means of simple dialogs. Of course, the user must plan careful-

4

5

Fig. 3: A screen showing a generated Web page with an animation.
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ly the elements of an animation: typography of visualizations,
input data for the algorithm, selection of snapshots, and inter-
action style. Style sheets have been developed with open code,
so the user can easily modify them or create new ones.

From an educational point of view, our approach allows the
integration of explanations and animations into Web pages. It
provides a flexible interaction with the animation in a user
friendly way (including a rewind operation). The automatic
nature of our extensions encourages the student to play an
active role in learning and the teacher to generate active docu-
ments containing algorithm animations.

We are developing a Web site with a collection of animations
generated with WinHIPE (currently in Spanish) at
http://dalila.sip.ucm.es/~cpareja/winhipe/demos/demos.html.

We are improving the animation features of our program-
ming environment and attempting to export them to the Web as
much as possible. Initially, we would like to produce explana-
tions associated to individual visualizations automatically to
complement the static one provided currently by the user. Sec-
ond, we are improving facilities for navigation and customiza-
tion of animations. Finally, we plan to measure the learning
effectiveness of alternative interaction styles in order to use
them effectively in education.
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Parameters Affecting QoS in Voice over Packet Networks

Antonio Estepa, Rafael Estepa and Juan M. Vozmediano

This article presents an overview of the factors that negatively affect speech quality in the increasingly
popular area of voice over IP networks. These factors are packet network-related as well as terminal-related.
Methods available to control speech quality within each of these areas are considered.

Keywords: QoS, terminals, VoIP

Introduction
Traditionally, voice and data networks have been sup-

ported by two separated infrastructures. The voice transport
over IP (VoIP) offers service providers the advantage of inte-
grating their networks into a single infrastructure. The substitu-
tion of traditional voice networks by VoIP will depend on the
capability to offer to the end user a similar quality.

The speech communication quality is a subjective concept: it
depends on the level to which users’ expectations are met.
Opinions on the quality of a call are based on several factors
related to the subjective perception of the call: overall quality,
volume, intelligibility, speaker identification and naturalness.
Physical factors such as loss, echo, delay and noise also affect
the perception of the speech [Rix et al. 00]. 

These factors are physically located in three points: termi-
nals, the IP network and when needed, in interconnection
devices between the IP and PTSN networks called gateways.
This article addresses the call quality in a scenario with PC-
based terminals where the voice packets traverse only an IP
network.

The paper is organised as follows. The next section describes
the main factors that impact the call quality. Later, quality
aspects are analysed within the IP network and terminals in
sections 3 and 4 respectively. Finally, section 5 concludes the
paper.

Impairments Affecting the Call Quality
There are several well-known impairments that have

traditionally been associated with speech quality in plain old
telephone services (POTS). The main impairments come from
[ETSI 96]:
• Loudness Ratings. Loudness ratings are objective measures

of the loudness loss, i.e. a weighted, electro-acoustic loss
between certain interfaces in the network. Usually expressed
in dB, the Overall Loudness Rating (OLR) defines the sound
power loss between the acoustical signal at the microphone
and the listener’s ear.

• Echo. The echo is a copy of the original sound with a delay
long enough to be perceived as a second, undesired, sound.
The negative impact of the echo will depend on both the
power and delay of this second sound. The talker can receive

the echo of his own voice (talker echo), while the listener
can receive multiple copies of the original sound differently
delayed (listener echo). The main echo sources in VoIP are
focused in terminals and will be examined in the terminals
QoS section.

• Sidetone. The sidetone is the sound emanating from the sur-
roundings and perceived by the listening ear at the same
time as the speech. It can be decomposed into ambient noise
(listener sidetone) and the sound of the listener’s voice (talk-
er sidetone). Note that only the listening ear is considered,
as the brain hearing mechanism ignores the free ear. Talker
and listener sidetones are characterized in the form of Loud-
ness Ratings.

• Delay. The delay is usually higher in packet switching net-
works than in circuit networks, so it becomes an important
impairment in the VoIP QoS. The packet network, terminals,
and gateways will add delay to the communication. The
additive effects of these delays will impose a limit on the
achievable quality [Vleeschauwer et al. 00]. According to
[ITU 96], delays longer than 400 ms will cause a lack of
interactivity in conversations.
Delays take place in:
• IP Networks. Network delay in packet networks is due to

transmission delay in every link along the path to the des-
tination and queuing delay in every router. Transmission
delay depends on subnetwork technology, while queuing
delay depends on queuing policies at the routers.
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• Terminals. Terminal delay will strongly depend on termi-
nal type and processing power. Software-based terminals
will show higher delay than hardware-based ones.

• Special Equipment and Noise. Special equipment such as
low rate codecs is necessary to reduce network load, but this
will also degrade speech quality by increasing quantizing
noise, distortion and delay.
The noise sources come from the power sum of electric
circuit noise, and room noise. Noise sources at each end of
the communication can be easily controlled by proper
tuning of the loudness ratings and listener sidetone.

The network basically affects the network delay (and jitter)
and also the packet loss, but, as delay and packet loss in the net-
work are correlated [Jiang/Schulzrine 99], it could be stated
that a network with a limited delay will also have a negligible
packet loss. In the next section, the methods available to control
packet loss and delay are examined.

Terminals contribute to increase the delay: they are also the
main source of echo in the system. Sidetone, low rate codecs,
and quantization distortion also impair the quality perceived by
the users.

QoS in the IP network
IP offers an unreliable, connectionless network-layer

service that is subject to packet loss, reordering and duplica-
tion, all of which, together with queuing delay in router buffers,

will increase with network load. Because of the lack of any firm
guarantees, the traditional IP delivery model is often refered to
as “best-effort” and an additional higher layer end-to-end pro-
tocols such as TCP is required to provide end-to-end reliability.
As the traffic in the network increases, network service
degrades gracefully causing problems for applications with
real-time requirements such as telephony.

QoS protocols provide additional capabilities to the network
allowing it to distinguish traffic with real-time requirements
from that which can tolerate delay, jitter and loss.

There are two strategies for QoS provisioning:
• Resource Reservation (Integrated Services): network re-

sources are apportioned according to an application’s QoS
request and subject to a bandwidth management policy.

• Prioritization (Differentiated Services): network traffic is
classified and apportioned network resources according to
bandwidth management policy criteria. To enable QoS, net-
work routers give preferential treatment to classifications
identified as having more demanding requirements.

These strategies can be applied to individual application
flows or to flow aggregates. A flow is defined as an individual,
uni-directional data stream between two applications (sender
and receiver) uniquely identified by a 5-tuple (transport proto-
col, source address and port number and destination address
and port number). Two or more flows with something in
common are named aggregates.

3
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Applications, network topology and policy dictate which
type of QoS is most appropriate in a given situation. To accom-
modate the need for these types of qualities there are different
protocols and algorithms:
• Reservation Protocol (RSVP): provides signalling to enable

Integrated Services. Typically used in a per-flow basis.
• Differentiated services (DiffServ): provides a coarse and

simple way to categorize and manage network traffic (flow)
aggregates.

• Multi Protocol Label Switching (MPLS): provides band-
width management for aggregates via network routing con-
trol according to labels in (encapsulating) packet headers.

These protocols are introduced in more detail in the next sub-
sections.

3.1 Integrated Services (IntServ) and RSVP
Integrated Services enable the coexistence of best-effort

datagram delivery and enhanced quality of service delivery
classes with regard to bandwidth, packet queuing delay and
loss. The level of QoS provided by these enhanced classes is
programmable on a per-flow basis according to requests from
the end applications. These requests can be passed to the
routers by network management or, more commonly, using a
reservation protocol such as RSVP.

IntServ basically offers two additional delivery services (as
well as the traditional best-effort) to end applications: 
• Guaranteed Service: this service guarantees bandwidth as

well as establishing a bound on end-to-end delay which is
very important for the VoIP applications.

• Controlled Load: this is equivalent to “best effort service
under unloaded conditions”. It is better than best-effort but
cannot provide the strictly bounded service that guarantees
the real-time requirements.

For traffic control, IntServ performs: admission control,
packet classifying, packet scheduling and a setup protocol
(RSVP) [IETF 94].

RSPV is a signalling protocol that provides reservation setup
and control and enables the integrated services (IntServ) [IETF
97]. 

RSVP-enabled senders characterize outgoing traffic in terms
of the upper and lower bounds of bandwidth and jitter. RSVP
senders periodically transmit PATH messages that contain this
traffic specification (Tspec) information to the (unicast or
multicast receiver(s)) destination address. Each of any RSVP-
enabled router along the downstream route establishes a “path-
state” that includes information from the previous source
address of the PATH message.

To make a resource reservation, receivers send a RESV
(reservation request) message upstream. In addition to Tspec,
the RESV message indicates the type of integrated service
required either Controlled Load or Guaranteed, indicating a
filter specification (filter spec). VoIP packets could then indi-
cate the bounds for the delay and jitter of the communication.

When an RSVP router along the upstream path receives the
RESV message, it uses the admission control process to
authenticate the request and allocate the necessary resources
for that flow and sends the RESV upstream to the next router.
Reservations in each router are “soft”, which implies the need
for periodical refreshing. For scalability reasons, this mecha-
nism is not recommended for the core routers of the network.

When the last router receives the RESV and accepts the
request, it sends a confirmation back to the receiver.

Although RSVP traffic can traverse non-RSVP routers, this
creates a weak-link in the chain where service falls-back to
best-effort. Another weakness of this protocol is that reserva-
tions are receiver-based and it does not consider special mech-
anisms for multicast receiver groups.

RSVP allows an application to request QoS with a high level
of granularity and with the best guarantees of service delivery.
All these possibilities come at the price of complexity and over-
head.

Classifier

Marker Meter

Conditioner

There are two types of 
classifiers:

• Behaviour aggregate 
(uses only DSCP value)

•Multi-field (MF):
uses other header info 
(addresses, ports, etc..)

For BA, the DSCP is 
essentially an index into 
the PHB table

• Adds DSCP when 
none exists or as 
mapped from RSVP 
reservation

• Changes to map from 
DSCP to IP TOS, or 
back

•Changes DSCP as 
local policy dictates

Metering. Accumulates 
statistics, most likely in 
a SNMP MIB

Applies the PHB. Behaviours may 
include marking or metering but 
also queue selection and treat-
ment policing in order to conform 
the traffic profile described in the 
SLA with destination or source. 
Could also autenticate the traffic 
for admission control.

Fig. 2: Differentiated Services architecture. This functionality is enabled in every DiffServ enabled router, 
although not all functions are used all the time.
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3.2 Differentiated Services (DiffServ)
Differentiated Services provides a simple method of classify-

ing services offered to various applications. Service classes are
identified, packets are marked as belonging to a particular
service sent on its way and routers in the path examine headers
to determine the treatment for the aggregate flow [IETF 98].

There are currently two standard per hop behaviours (PHBs)
defined that effectively represent two service levels:
• Expedited Forwarding (EF): it has a single codepoint (Diff-

serv value). EF minimizes delay, jitter and provides the
highest level of aggregate quality of service. Any traffic that
exceeds the traffic profile (which is defined by local policy)
is discarded.

• Assured Forwarding (AF): it has four classes and three drop-
precedences within each class (a total of twelve codepoints).
Excess AF traffic is not delivered with as high probability as
indicated in the traffic profile, which means that it may be
delayed, but not necessarily dropped.

As illustrated in figure 2, PHBs are applied to traffic by the
conditioner at a network ingress point (network border entry)
according to pre-determined policy criteria. The traffic may be
marked at that point, and routed according to the mark, then
unmarked at the network egress point.

Diffserv assumes the existence of a service level agreement
(SLA) between adjacent networks. The SLA establishes the
policy criteria, and defines the traffic profile. It is expected that
it will be policed and smoothed at egress points according to
the SLA, and any traffic above the upper bound at an ingress
point, is not guaranteed (or may incur extra costs, according to
the SLA).

When applied, the protocol mechanism makes use of bits in
the “DS-byte”. The DS-byte denotes the service that the packet
should receive, and travels in the Type Of Service field in IPv4
and in the Traffic Class Octet field in IPv6.

The simplicity of DiffServ to priorize traffic belies its flexi-
bility and power. In contrast with RSVP, the amount of state
information depends on the number of classes, not the number
of flows. Sophisticated classification, authentication and,
marking and shaping operations are only needed at
boundaries and it is the sender who requests resources,
not the receiver.

3.3 MPLS
Multi-Protocol Label Switching (MPLS) works by

building engineered paths across the core of an IP net-
work, then sending packets along those predefined paths.

When a packet enters the network, an edge route looks
up the destination address of the packet and tags it with a
label that specifies the route and, optionally, class of serv-
ice (CoS) attributes. The idea of MPLS is that by using
the label to determine the next hop, routers have less work
to do and can act like simple switches. As the labelled
packet moves across the network, each router uses the
label to choose the destination, and optionally the CoS, of
the packet, rather than looking up the destination address
for each packet in a routing table. As the packet leaves the
core of the network, an edge router uses the destination

address to direct the packet to its final destination. Subsequent
packets in the data stream are quickly and automatically
labelled in this way, as they can be anticipated.

Label switch routers (LSRs) build the path that a packet takes
across the core of the network, called a label switched path
(LSP). Labels stored by each router define the path, which can
follow specific routes or constraints. LSRs at the core of the
network participate in routing topology exchanges and become
true peers with the edge routers. The number of peers each edge
router must communicate with is reduced to the immediately
adjacent LSRs and routers.

Labels can be used to identify traffic that should receive
special treatment to meet QoS requirements. By using sophis-
ticated traffic management techniques for the LSPs defined by
the LSR, guaranteed service level agreements can be delivered
in an IP network environment.

A more complex aspect of MPLS involves the distribution
and management of labels among MPLS routers, to ensure they
agree on the meaning of various labels [Rix et al. 00]. The
Label Distribution Protocol (LDP) is specifically designed for
this purpose, but it is not the only possibility.

3.4 QoS Architectures
In real-world use, it is unlikely that these protocols will be

used independently, and in fact they are designed for use with
other QoS technologies to provide end-to-end QoS between
senders and receivers.

IntServ/DiffServ: RSVP provisions resources for network
traffic, whereas Diffserv simply marks and prioritizes. RSVP is
more complex and demanding than DiffServ in terms of router
requirements, so it can negatively affect the backbone routers.
This is why DiffServ is preferred in the backbone.

DiffServ is a perfect complement to RSVP, as the combina-
tion enables end-to-end QoS. End hosts may use RSVP request
with high granularity (e.g. bandwidth, jitter threshold, delay
…). Border routers at backbone ingress points can then map
those RSVP reservations to a class of traffic indicated by a DS-

Fig. 3: MPLS label stack entry used to “encapsulate” IP header.
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byte. At the backbone egress point, the RSVP provisioning may
be honoured again, to the final destination.

MPLS and IntServ/DiffServ: in coexistence with RSVP, it is
possible for MPLS to assign labels according to the RSVP
flows.

MPLS and DiffServ are similar with respect to the qualitative
QoS support, so the mapping of DiffServ traffic to MPLS tags
is relatively simple. Supporting the DiffServ per-hop model
also requires the allocation of a set of aggregate forwarding
resources for each DiffServ forwarding class in each LSR.
Additionally, an LSR may need to associate the packet with a
particular drop precedence.

QoS in terminals
As seen above, QoS mechanisms allow network delay

and jitter to be controlled. However, terminals collect the rest
of the impairments of the calls.

Terminals can be classified into digital terminals and adapt-
ers for traditional analog terminals. Digital terminals can be
implemented as software programs running on a PC (PC-based
terminals) or as hardware devices (cards, IP telephone sets).
According to the audio system used, digital terminals can be
further classified into handset terminals, headset terminals and
speaker phone terminals.

4.1 Echo
In a scenario with two PC-based terminals, the main echo

source will be the acoustical path, as all the circuits are 4-wire.
Echo sources will always be located at terminals unless there
are gateways to circuit switching networks.

A PC terminal with loudspeakers and a microphone will be
severely affected by acoustic echo, with a negligible echo loss.
Stability problems may arise, as the speakers can amplify the
signal up to the saturation point. For digital terminals with
handsets or headsets, typical echo loss values are greater than
45 dB [Janssen et al. 00], which assures a negligible echo. For
speaker phone terminals, echo loss decreases to 15 dB (even
lower than in PTSN) so exhaustive acoustic echo control is
necessary in the terminal.

4.2 Delay in Terminals
Whichever the type, terminal delay will be due to the follow-

ing elements:
• Codecs: they will add an algorithmic delay, depending on

the processing power and codec type; a prediction delay, due
to look-ahead algorithms; and a frame-filling delay due to
packeting time. For instance, look-ahead delay for G.723.1
codecs is 7.5 ms, and frame delay in G.723 is 30 ms.

• Protocol overhead: each protocol layer will add headers and
processing time. Delay due to protocol overhead will
depend on the number of codec frames per IP packet. With
few frames per IP packet, the overhead will be high. With
many frames, the protocol overhead will be smaller but the
filling-up time will increase.

• Transmission delay: at the terminal, this delay will linearly
increase with packet size.

• Buffering delays due to devices associated with the operat-
ing system, such as buffers to handle the sound card, net-
work interface and the used client application.

• Playout Buffer: upon receiving a frame, it will be placed into
the jitter buffer. The frame will be delayed an amount of time
depending on the jitter control needs. Packets arriving later
than their scheduled playout time (jitter buffer delay includ-
ed) will be discarded and it will result into an increment of
packet loss. However a big buffer size will derive into a
growth of the overall delay.

4.3 Special Equipments: Low Rate Codecs
Almost any type of low rate codec [Hersent et al. 00] will

increase the distortion and quantizing noise when compared to
G.711 coding. Their response can also be affected by voice
signal level, voice tone, room noise, transmission errors and
delay variations.

Moreover, the impact of packet loss will depend directly on
the codec. While a single lost packet may be unnoticed in
G.711 coding, it may affect a rather long piece of speech in low
rate codecs. Effects of low rate codecs are usually perceived as
voice clipping [ITU 99].

4.4 Loudness Loss and Sidetone
In a typical sound card the sidetone path goes from the

microphone to the loudspeaker. As this path is via hardware,
the delay of the sidetone signal is not longer than 2 ms, so it can
not be confused with an echo signal.

The microphone gain of the sound card can be set to optimize
the talker sidetone loss (STMR). Sidetone in PC-based termi-
nals should be tuned to approximate STMR values of 15dB.

With regard to loudness loss in VoIP terminals, the gains can
be easily tuned by the users themselves (i.e. values tuned to a
level comfortable for users). Thus, theoretically, the optimal
values for the end-to-end communication can be chosen. Opti-
mal values will also minimize other effects such as the echo.

Conclusions
Traditional impairments sources in POTS have evolved in

the VoIP scenario. In VoIP calls, delay (and jitter) and acoustic
echo are the main factors determining the quality. Special
devices such as low rate codecs should also be considered,
specially when packet losses are occurring.

In this article, impairments and methods to attenuate their
influence have been examined. In section 3, quality aspects
referred to the network have been addressed. Mixed architec-
tures can provide the IP-network with extra capabilities that
meet the requirements of real-time applications.

In the last section, QoS factors within terminals have been
described. Delay and acoustic echo have been examined in
more detail. The terminal delay can be kept under control, but
echo must be controlled by local echo control procedures when
necessary.

The existence of QoS mechanisms to limit delay, packet loss
and jitter in the network; and the possibility of controlling the
echo at the terminals, can facilitate a fast deployment of VoIP.

4
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Signalling in Voice over IP Networks

José Ignacio Moreno, Ignacio Soto and David Larrabeiti

Voice signalling protocols have evolved, keeping with the prevalent move from circuit to packet switched net-
works. Standardization bodies have provided solutions for carrying voice traffic over packet networks while
the main manufacturers are already providing products in workgroup, enterprise, or operator portfolio. This
trend will accrue in next years due to the evolution of UMTS mobile networks to an “all-IP” environment.
In this paper we present the various architectures that are proposed for signalling in VoIP, mainly: H.323,
SIP and MGCP. We also include a brief summary about signalling in classical telephone networks and, at
the end, we give some ideas about the proposed “all-IP” architectures in UMTS 3G mobile networks.

Signalling in telephone networks
Signalling in classic telephone networks has evolved

dramatically during the 20th century, at the pace driven by the
development of circuit switching technologies these networks
are based on. The manual switches in use at the end of the 19th
century were replaced by electro-mechanical switching in the
advent of the 20th century. This technological stage would last
until the 60s. Signalling was carried “in-band” (level change
and tones inside the telephone channel), and was interpreted by
electromechanical and electronic elements (relays and filters)
on its way through the network. End-to-end physical connec-
tivity quickly evolved to logical connectivity, and transmission,
formerly analog FDM, moved to digital TDM structured as 64
Kb/s channels.

In the middle 60s, transmission and switching integrated dig-
ital network merged with the advent of digital exchanges and
CPU-controlled switching (Stored Program Control concept).
The 64 Kb/s synchronous channels are byte-by-byte switched
in space and in time. These exchanges are integrally controlled
by processors that exchanges a signalling protocol with other
exchanges’ processors. The first signalling protocols used in
these systems were based on the status of a few bits in the TDM
frame permanently attached to each voice channel, just as bina-
ry representations of predecessor analog systems. The quantum
leap in the history of telephone signalling was the application
of computer networks technology to the design of the signal-
ling system. Signals became messages exchanged by systems
over an independent packet switching network exclusively ded-
icated to this task. 

Although this type of operation is now almost ubiquitous in
the public telephone network, the last segment to be digitised –
the subscriber loop – remains analog, with a small deployment
of fully digital accesses (ISDN). As a result, existing user-net-
work signalling has evolved very little as compared to the rev-
olution observed in the network-to-network architecture, that
has enabled the development of many additional services, mo-
bile telephony, intelligent network services, broadband ISDN
and internetworking with VoIP systems.

The network-to-network signalling system that has support-
ed this evolution is the Signalling System number 7 (SS7). The
first CCITT standard is dated 1981 (“Yellow Book”), and has
been refined and enhanced in successive editions in 1985 (“Red
Book”), in 1989 (“Blue Book”) [SS7 89] and following ITU-T
standards. 

SS7 is a complete protocol stack where signalling units are
messages issued by signalling applications transported in pack-
ets. The essential features of this system are:
• Bundles of signalling links and nodes build a packet switch-

ing network that is logically independent from the circuit
switching one, with a specific numbering plan and interna-
tionally defined by ITU-T.

• SS7 is a common channel signalling system. A set of chan-
nels between Signalling Points at exchanges (and Signalling
Transfer Points) is dedicated to transport signalling to setup,
release, supervise, etc. any voice or data 64 Kb/s channel. In
previous signalling systems, a signalling associated to each
voice circuit was transported over a transmission channel
exclusively dedicated to it.

• SS7 is a 4-level protocol stack (Figure 1).
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Telephony signalling networks have been specifically de-
signed to – and implicitly constrained to – operate and manage
64 Kb/s circuit switched channels. There is now a strong ten-
dency to move towards the use of packet switched networks. It
is interesting to observe how packet switching, introduced in
legacy networks to add flexibility and reliability to signalling in
the control plane of protocol stacks, is being extended today to

the user plane to carry packetized voice, merging again control
and voice traffic.

Videoconference over packet Networks: H.323
ITU-T was the first standardization body which created

an standard for transferring multimedia traffic over IP net-
works. The standard H.323 version 1 appeared on 1996 and
was called “Visual telephony systems and terminal equipment
for local area networks which provide a non-guaranteed quality
of service”. As a result, H.323 started the way to provide mul-
timedia –and therefore voice transmission– over packet net-
works. The main contribution of H.323 was the provision of
signalling protocols for controlling all of these communica-
tions, as media transmission architecture (voice, video, data)
was adopted from previous works of IETF (mainly RTP/RTCP
[RFC 1889] protocols tested on MBONE initiative). 

After this initial version, on 1998 H.323v2 appeared with a
new name, “Packet based multimedia communications sys-
tems”, which have remained until now (version 4 was approved
on Nov. 2000 [ITU 00a]). H.323 is considered an umbrella of
standards and consists of 4 types of functional elements (Figure
2):

Figure 2: H.323 Architectural Model
• H.323 Terminal, is an endpoint on the network which pro-

vides for real-time, two-way communications with another
H.323 terminal, Gateway, or Multipoint Control Unit. A
terminal may provide speech only, speech and data, speech
and video, or speech, data and video. The block functional
structure of an H.323 terminal is shown in the Figure 3.
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• H.323 Gateway (GW), is an endpoint on the H.323 network
which provides for real time, two-way communications
between H.323 Terminals and other ITU Terminals connect-
ed, for example, to PSTN, ISDN, broadband ISDN (ATM),
or QoS enhanced LANs. The purpose of the Gateway is to
reflect the characteristics of a network endpoint to a Switch
Circuits Network (SCN) endpoint, and the reverse, in a
transparent way. Functions like translation between trans-
mission formats and between communications procedures
must be provided. 

• Multipoint Control Unit (MCU), is an endpoint on the net-
work which provides the capability for three or more termi-
nals and Gateways to participate in a multipoint conference.
It may also connect two terminals in a point-to-point con-
ference which may be later developed into a multipoint
conference. The MCU consists of two parts: a mandatory
Multipoint Controller (MC) which provides capability nego-
tiation between all terminals to achieve common levels of
communications and optional Multipoint Processors (MP),
which performs mixing or switching of audio, video and
data. This functionality could be integrated in an H.323
terminal. 

• Gatekeeper (GK), is an H.323 entity on the
network that provides call control services to
the H.323 endpoints. This element is the key
block of the H.323 architecture for develop-
ment of services and for the application of this
technology in a medium-large environment. In
principle the GK is an optional block of the
architecture that was decided in order to boost
the development of H.323 terminals without
the requirement of a complex element, but
without this element the model is quite limit-
ed. GK provides important services like:
address translation and directory services,

admission and bandwidth control, call
control signalling or call authorization.

The complete protocol stack used in H.323
is shown in the Figure 4, including media and
signalling transmission planes. Most of the
control channels use TCP as transport proto-
col, but from version 3 on, UDP can also be
used.

H.323 entities establish connections in
different phases. Considering a normal sce-
nario, an H.323 session between two entities
in the same zone (that is, depending on the
same GK), will involve the following steps
(Figure 5):
1. Phase A: Call Setup. The Calling entity

uses RAS (Registration Admission and
Status) protocol to send an Admission
Request Message (ARQ) to the GK,
requesting authorization to make a call
and providing the identification of the
called party. The GK can accept the call

by sending a confirmation (ACF message) or reject it (ARJ
message). When the call is accepted, the calling party estab-
lishes a new TCP connection to the address provided by the
GK in the ACF message. This connection uses H.225.0 pro-
tocol to send a Setup Q.931 message. The Called party must
first connect to the GK and ask for permission to accept the
connection. When granted, the called party sends a Connect
message, including the H.245 Control Channel Transport
Address for use in the next phase.

2. Phase B: Initial communication and capability exchange
(H.245). In this phase, a new TCP connection is established
between calling and called party to exchange ability and
information about media channels using H.245 protocol.
After this step, both parties have agreed on the media param-
eters (codecs, samples per frame, etc.) and exchanged infor-
mation about media channels (ports, etc.). This TCP connec-
tion must remain until call termination phase and is used to
open or close media channels or modify their parameters.

3. Phase C: Establishment of audiovisual communication. In
this step, both entities exchange multimedia information
directly using a RTP/UDP/IP for the media channels. They
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also use RTCP messages as a control channel to get feed-
back information about how their flows are being received.

4. Phase D: Call termination. H.323 entities must inform each
other about the call termination by sending an EndSession-
Command message, which will produce the closing of
H.245 channel. Besides, they must send a Disengage
Request (DRQ) to the GK, by using RAS channel, in order
to inform the GK about the termination of the call. GK then
performs actions such as release resources, provide billing
information, etc.

The previous example shows that H.323 requires a lot of con-
nections before terminals can exchange information. This is
one of the main drawbacks of H.323v1 that was partially solved
in version 2 using two possible optional modes: Fast Connect
Procedure, which allow to open media channels during H.225.0
phase; and H.245 tunnelling which uses the same channel for
transmitting H.225.0 and H.245 messages.

IETF’s proposal for VoIP: SIP
The Session Initiation Protocol (SIP) is an application

protocol, defined in RFC2543 [RFC 2543], that is being de-
signed by the IETF MMUSIC (Multiparty Multimedia Session
Control) working group to enable users to participate in multi-
media sessions, that is, to establish, modify and terminate mul-
timedia sessions calls. MMUSIC working group [MMUSIC]
focus on loosely coupled conferences as they exists today on
the MBONE. One of the main issues in this area is related with
how to inform users about forthcoming sessions, media

requirements, addresses, etc. There are two basic ways to locate
and to participate in a multimedia session:
• Advertisement. Sessions are advertised in various ways like

e-mail, web pages, newsgroups or a multicast advertise-
ments via Sessions Announcement Protocol (SAP) like in
the MBONE.

• Invitation. Users are invited by others to participate by using
the Session Initiation Protocol (SIP).

SIP has been proposed as a generic unicast and multicast
initiation protocol and also as an IP Telephony call set-up pro-
tocol. It is based on a client-server protocol. SIP clients send a
Request Message for a service, and a server handles the request,
answering with a Response Message. SIP terminals can both
generate and receive request as they are composed by a User
Agent Client (UAC) and a User Agent Server (UAS).

SIP terminals can establish voice calls directly without
requiring any other element. Figure 6 shows an example in
which user1 calls user2 by sending an INVITE Request primi-
tive containing user1 supported capabilities for receiving audio
and a UDP port (port 12345 and mlaw codec). When user2
receives INIVITE Request, he can establish a voice channel to
12345 UDP port of user1 while he accepts the request by send-
ing an OK Response message. In addition, user2 response
includes its own media capabilities, which are used by user1 to
establish a voice channel (GSM codec at 54321 port in the
example) and send an ACK message to acknowledge user2’s
response. In order to terminate the connection, any of the
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parties can send a BYE Message, which must be acknowledged
by an OK response.

SIP messages are encoded using HTTP/1.1 message syntax
[RFC 2068], and the content of each message follows session
description protocol (SDP) [RFC 2327], heavily used in the
context of MBONE for distributing information about
MBONE sessions. 

In addition to SIP terminals which represent an IP telephones
or Gateways, SIP architecture is based on four different servers
entities:
• Proxy server, which forwards requests to its final destina-

tion. Like the Gatekeeper in H.323 model, it receives
requests and sends them to the appropriate destination. In
this case the Via field in the request/response message indi-
cates the intermediate proxies which participate in the
request process. This avoids routing loops as well as permits
to force the responses to follow the same route back. Proxy
servers do not need to relay the media except in case of
transcoding operations (they only need to relay control
information).

• Redirect Server, which, on the contrary to proxies, does not
forward INVITE requests but responds to clients with a
redirection message that informs about the next hop.

• Registrar server, that keeps track of the current location of a
user by accepting registration request messages. Registrar

server are discovered by using well-known multicast
addresses or preconfigured unicast addresses.

• Call Agent, which is a service that handles incoming and
outgoing calls on behalf of a user. It is a mixture of a proxy,
a registrar and a redirect server. A call agent can perform
tasks like:
• Try to find a user by redirecting the call setup message to

the proper location or locations.
• Implement call redirection rules such as call forwarding

on busy, call forward on no answer, etc.
• Implement call filtering with origin/time-dependant

rules.
• Record unsuccessful call attempts for future reference.
• Perform any other call management task on behalf of the

user.
The objects addressed by SIP are users at hosts or servers

identified by Uniform Resource Identifiers [RFC 2396]. The
SIP URI has the form: “user@host”, where “user” is a user
name or a telephone number and “host” is a domain name or a
numeric network address.

Figure 7 shows a complete example of an interaction
between SIP servers. David from company.es wants to call
jmoreno@upm.es. So, he sends a request to his SIP server
(sip.company.es), which acts as a proxy and relies the INVITE
request to the SIP server of upm.es (sip.upm.es). This server,

user1@172.16.10.1 user2@172.16.1.2

INVITE sip:user2@ 172.16.1.2 SIP/2.0
From:sip: user1@ 172.16.10.1
C=IN IP4 172.16.10.1
m=audio 12345 RTP/AVP 0

µlaw

Port 12345
200 OK
C=IN IP4 172.16.1.2
m=audio 54321 RTP/AVP 3

GSM

ACK Port 54321

Exchange of Voice

BYE sip:user1@ 172.16.10.1 SIP/2.0
From: sip: user2@ 172.16.1.2
To: sip: user1@ 172.16.10.1
Cseq: 2 BYE

200 OK
From: sip: user1@ 172.16.10.1 SIP/2.0
To: sip: user2@ 172.16.1.2
Cseq: 2 BYE Fig 6:

Simple SIP call
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which acts as a redirect server, redirects the call by answering
with a moved permanent pointing to the new address
jmoreno@uc3m.es. SIP server at company.es progresses the
call contacting SIP server at uc3m.es. This server, which act as
Call agent, relays the request to the usual location of jmoreno
at host1.uc3m.es, but after a timeout without answer from
jmoreno, CANCELs the previous request and redirects the call
to another usual location of this user in a different branch office
(host2.uc3m.es). The user answers the call by sending a 200
response which is sent back to the calling party. 

One of the main advantages of SIP is its simplicity, which
translates into simpler implementations and shorter delays.
While H.323v1 needs 4 or 5 round-trips to establish a connex-
ion, SIP requires only one. As mentioned before, this key
aspect was corrected in H.323 from version 2 on.

VoIP in the core: MEGACO and MGCP
H.323 and SIP were developed bearing in mind terminals

connected directly to IP networks. Both of them consider
connections between IP terminals or between IP terminals and
conventional SCN terminals by means of Gateways. The goal
of MEGACO architecture is, in addition, to establish connec-
tions between SCN terminals through IP-based networks. The
main idea comes from operators, especially incomers: What
about deploying IP-based core infrastructure for new invest-

ments in the network while providing the same telephone
service?

MEGACO solves this problem mainly by splitting Gateways
into three different entities: 
• Media Gateway Controller (MGC), which provides the

H.323 or SIP signalling and performs mapping between
SCN signalling protocols and IP-based signalling protocols.

• Media Gateway (MC), which provides media mapping and
transcoding functions. It terminates SCN (PCM signal
typically) and packet media signals and performs address
translation, echo cancellation, playing announcements,
receiving/sending DTMF digits, etc.

• Signalling Gateway (SG), which provides signalling media-
tion between IP and SCN domains.

In a common scenario, these three elements are intended to
be physically separated, providing advantages like, concentra-
tion of many MG in a few MGC controlled by a SG. Figure 1
shows MEGACO architecture.

Media Gateway Control Protocol (MGCP) provides a simple
client/server model to control Media Gateways. MGCP is the
result of previous protocols and has been proposed to different
standardization groups like MEGACO IETF working group
[RFC 2705] [RFC 30115] and ITU-T [ITU 00b]. MGCP uses
SDP to exchange parameters to the gateway (IP, UDP port,
media, etc.).
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Third Generation Mobile Networks: Towards and 
All-IP architecture

The Third Generation Partnership Project (3GPP) [3GPP
00a] works in the standardization of a 3G mobile system based
on an evolved GSM core network and WCDMA radio access

technologies. This system is the Universal
Mobile Telecommunication System
(UMTS) that will be launched to the market
in the near future.

The first phase of the specification of
UMTS was finished at the beginning of
year 2000 and was called Release 1999
(R99). The 3GPP continues developing
specifications to set the path of the evolu-
tion of UMTS systems. Release 4 and
Release 5 (with target dates as of December
2001) are the following stages on this evo-
lution. In this section we briefly describe
the UMTS R99 architecture and the
planned evolution for this architecture
towards the inclusion of VoIP protocols in it
[3GPP 00b].

As shown in Figure 9, the UMTS R99
architecture [3GPP 00c is basically a
GSM/GPRS network [Bettstetter et al. 99
with a new access network named UTRAN
(UMTS Terrestrial Radio Access Network).
UTRAN is made of Radio Network Con-

trollers (RNC) and B Nodes, that can coexist with classical
GSM access network nodes (BTS and BSC). The architecture
is clearly divided in two parts: Circuit Switched (CS) domain,
used to carry voice traffic (made of MSC and GMSC nodes);
and Packet Switched (PS) domain, used to transport data traffic
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(made of SGSN and GGSN nodes). Other nodes in the archi-
tecture are used to keep information about users (VLR, HLR,
EIR, AuC).

The main advantage of this design is that allows an easy
evolution towards UMTS systems starting from existing
GSM/GPRS networks. However, there is a clear tendency to
unify both domains using an IP based core network, as Release
4 and 5 point out. Even, IP could be used as the packet switch-
ing technology in the access network – not only in the core – as
different European projects are proposing [MobyDick]. All this
proposals have been globally named the “all-IP architecture”
[Bos/Leroy 01]. The reason behind this tendency is that packet
switching networks are cheaper, efficient and capable of carry-
ing all the different classes of traffic. Besides, IP is a proved
protocol that allows a seamless intercommunication with Inter-
net. 

Release 4 and 5 of UMTS specifications define the evolution
steps towards the “all-IP” architecture. Key points on this path
are:
• The CS domain, which was originally designed to use “clas-

sical” TDM technologies, is evolved to make it independent
of the transport technology, allowing it to work over IP and
ATM core networks. This evolution is highly based on the
ideas developed in MEGACO architecture. For example,
MSC nodes are divided in two elements, the MSC server
responsible for all signalling and control functions, and the
Media Gateway (MGW) responsible of data transport func-
tions. It also uses other VoIP protocols like H.245 or RTP.

• A new subsystem, named “IP multimedia” (IM), is added to
the PS domain, in order to support IP multimedia services
based on SIP. The central entity in IM is the Call State Con-
trol Function (CSCF), which is in charge of call set-up and
termination, routing of incoming calls, address handling,
etc. It basically includes much of the functionality found on
SIP servers (proxies, registrars, etc.). One of the main con-
tributions of IM subsystem will be the use of “SIP phones”,
that is, mobile terminals that directly support SIP signalling.

Conclusions
Signalling in telephone networks is clearly evolving from

circuit switch SS7 based networks to IP centric solutions. A
rich set of standardized and proprietary solutions have ap-
peared in recent years to carry voice traffic over IP networks
and cope with problems like addressing, admission and call
control, internetworking with existing networks, etc. Work has
concentrated over two main scenarios: voice terminals directly
connected through IP networks, and operators that use IP back-
bones to connect traditional switched circuit networks. The first
scenario can be solved by means of H.323 or SIP proposals,
and the later by MEGACO or H.248.

Today, different operators and enterprises are using or begin-
ning to use these technologies to carry voice traffic over packet

networks. The trend will be increased in the near future with the
evolution of mobile UMTS networks towards an “all-IP” tech-
nology, in which multimedia services will be deployed. As a
result, in the future voice traffic will be mainly carried over IP
technology. However, the path towards “all-IP” networks will
not be easy, there is still a lot of problems to be solved, most of
them related to interoperability with existing networks, and it
will take a long time, investment in traditional networks has to
be recovered.

7. References
[SS7 89]

Specifications of Signalling System Nº 7. CCITT Blue Book,
fascicle VI.7, recommendations Q.701-Q.716, Q.721-Q.766,
Q.771-Q.795. ITU, 1989.

[RFC 1889]
RFC 1889. H. Shulzrinne, S. Castner, R. Frederick, V. Jacobson.
RTP: A transport protocol for real time protocol. 

[ITU 00a] 
ITU-T Recommendation H.323: “Packet-based Multimedia
Communications Systems”, November 2000

[RFC 2543] 
RFC 2543. M. Handley, H. Shulzrinne, E. Schooler, E. Rosen-
berg. SIP: Session Initiation Protocol.

[MMUSIC] 
MMUSIC web site. http://www.ietf.org/mmusic

[RFC 2068] 
RFC 2068. R. Fielding and others. Hypertext Transfer Protocol -
– HTTP/1.1

[RFC 2327] 
RFC 2327. 2327 M. Handley, V. Jacobson. SDP: Session
Description Protocol. 

[RFC 2396] 
RFC 2396. T. Berners-Lee, R. Fielding, Uniform Resource Iden-
tifiers (URI): generic syntax.

[RFC 2705] 
RFC 2705. M. Arango et al., “Media Gateway Control Protocol
(MGCP)”.

[RFC 30115] 
RFC 3015. F. Cuervo, N. Greene, A. Rayhan et al., “Megaco Pro-
tocol Version 1.0”

[ITU 00b] 
ITU-T Recommendation H.248: “Gateway Control Protocol”,
June 2000

[3GPP 00a] 
3GPP web site: http://www.3gpp.org.

[3GPP 00b] 
3GPP Technical Specification TS 23.002, v5.0.0: Network Archi-
tecture (Release 5). October, 2000.

[3GPP 00c
3GPP Technical Specification TS 23.002, v3.3.0: Network Archi-
tecture (Release 1999). March, 2000.

[Bettstetter et al. 99
C. Bettstetter, H.-J. Vögel, J. Eberspächer; GSM Phase 2+, Gen-
eral Packet Radio Service GPRS: Architecture, Protocols, and Air
Interface; IEEE Communications Surveys Vol. 2, No. 3, 1999.

[MobyDick] 
MobyDick Project. http://www-int.berkom.de/mobydick 

[Bos/Leroy 01] 
Lieve Bos, Suresh Leroy; Toward an All-IP-Based UMTS System
Architecture; IEEE Network, Vol. 15, No. 1; 2001.

6

IEEE eXpress Sample eBook, page 1191



Voice over IP

18 UPGRADE Vol. II, No. 3, June 2001 © Novática and Informatik/Informatique

Naming and Addressing in Voice over IP Networks

David Fernández, John Michael Walker, José A. G. Cabrera, Juan Carlos Dueñas

This paper describes how naming and addressing is being organized in Voice over IP technologies and
scenarios. After describing naming and addressing schemes used in different protocols, we concentrate on
specific problems found in complex VoIP scenarios. Later, we present the ENUM proposal to populate E.164
numbers into the Internet DNS system, as a solution to manage the resolution between names and addresses.
Finally, we briefly analyse the role of administrations as regulators of the ENUM technology. 

Keywords: ENUM, VoIP, E.164, DNS, Naming, Addressing

Introduction
Naming and addressing is an important function of

communication networks. All entities in a network must be
uniquely identified to allow data to be directed to them. In
today’s networks there is a clear distinction between Names
and Addresses:
• A Name uniquely identifies an end-user or any other entity

(e.g., an application) that can be communicated to via the
network. Names are typically designed to be used by
persons and they are composed of a combination of symbols
(characters or numbers) organized in a way that can be
easily remembered (e.g. hierarchical names). Usually they
do not indicate the network or location of the named entity.

• An Address is a string or combination of digits and symbols
that identifies the specific termination points of a connection
or session and is used for routing. An address specifies the
location of the entity in terms of network structure. It typi-
cally includes the identity of the network it is connected to
and some information about the location within that net-
work.

Naming and addressing takes place at different layers in
communications architectures. For example, a typical IP host
connected to a LAN has a subnetwork address (MAC), an IP
address, an IP name associated with that address and several
names and addresses used for the different applications and
users using it. There are complex relationships between all
these names and addresses and resolution functions have to be
used, either locally or by means of external directories, to asso-
ciate names with addresses, names with other names, or even
addresses with names. 

This paper deals with how naming and addressing is organ-
ized in VoIP proposals. It is organized as follows: first, we
present the naming and addressing schemes found in common
computer networks and applications. Then we discuss the need
for resolution capabilities as a way to cope with heterogeneous
network scenarios and we present DNS and ENUM as a central
proposal to be used in VoIP scenarios. Later, we give some
ideas about how portability can be achieved inside ENUM.

Finally, some thoughts about the role of administrations in
ENUM are outlined before coming to the conclusions.

Naming and Addressing schemes
Traditionally, telephone networks have not made a

distinction between addresses and names. They have used
numbers, based on the ITU-T E.164 recommendation [ITU
97], as addresses to access terminals. Assignation of E.164
numbers is made hierarchically: ITU-T assigns each country a
unique country code (CC), and the naming authority in each
country is in charge of delegating the rest of the numbers and
assigning codes to geographic regions or different operators.

Typically, E.164 numbers have been related precisely to net-
work architecture. In this context, they were indistinguishably
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used as names and addresses. But the liberalisation that has
significantly increased the number of operators, and the imple-
mentation of new functionalities like number portability, have
changed this fact. Nowadays, there is a clear distinction
between names, used by customers to make calls, and address-
es (or routing numbers), used by the network to route calls.
However, both of them are still based on the E.164 specifica-
tion. As we will mention in section 4, the mapping between
names and addresses is normally done using a database.

On the other hand, in IP networks there is a clear distinction
between names and addresses. Names take the well known
hierarchical form of domain names separated by dots, e.g.
greco.dit.upm.es. Addresses are 32 bits long (or 128 bits in the case
of the new version of the IP protocol, IPv6) and identify an in-
terface of a host connected to an IP network (multihomed hosts
or routers have as many addresses as they have interfaces). The
association between names and addresses is at IP level and is
resolved using the Domain Name System (DNS) application,
which is a world wide distributed directory.

Taking a look at naming and addressing at the application
layer, we see different schemes. Basic applications like telnet
(remote login) or ftp (file transfers) directly use IP names,
which are translated to IP addresses by the DNS. As these kind
of applications are basically end-to-end (with no intermediate
nodes) and sessions are normally established with machines
(and not with users), the solution is quite simple.

Electronic mail uses a more elaborated scheme. E-mail
names have the form “user@host”, where “host” is a domain
name, which is translated to the address or addresses of the
hosts that provide e-mail services to the user being named
using the DNS (and the MX records stored in it).

WWW naming is based on the well known Uniform
Resource Locator (URL) names. URLs, which have been
generalised and named Uniform Resource Identifiers (URI)
[Berners-Lee et al. 98], are becoming the standard way of
naming resources on the Internet.

That is the case, for example, of SIP [Hersent et al. 00], one
of the main VoIP signalling proposals. SIP uses SIP-URLs to
identify “users at hosts”. They take a form similar to mailto
URLs (e.g., mailto:user@domain), for example:
• sip:david@dit.upm.es, which is the simplest form of SIP-URL

and identifies a user (david) in a domain (dit.upm.es),
• sip:david:secret@dit.upm.es, which is the same as the previous

example but includes a password,
• sip:+1-212-555-1212:1234@gateway.com;user=phone, which identifies

a telephone number which is accessible through a gateway
located at the domain gateway.com (1234 specifies a password).

There are also other naming schemes based on URL formats
being used in VoIP. The most common one is the tel-URL
scheme [Vaha-Sipila 00], that allows the specification of E.164
numbers inside a URL (e.g., tel:+358-555-1234567). There are also
formats to specify fax and modem numbers.

Finally, in H.323 [Hersent et al. 00], calls are directed to
hosts where H.323 applications reside. That is why H.323
bases its naming and addressing scheme on IP names and
addresses. However, in order to add flexibility, H.323 includes
a complex system of aliases that allows users to make calls

using, for example, e-mail addresses, E.164 numbers or even
the new H.323 URLs defined in the latest version of H.323. The
Gatekeeper, which is the entity that controls H.323 systems in
a zone, is in charge of translating the aliases into the network
address for the destination terminal, using its internal transla-
tion tables or external directories like DNS.

Resolution in VoIP Networks
Each naming and addressing scheme defines its own rules

to make resolutions possible, that is, to define the functions that
allow the conversion between names and addresses at the same
or different communication layers. Resolution can be carried
out in very different ways depending on the scenario. In some
cases, a simple table can solve the problem. That could be the
case, for example, for a small VoIP network based on H.323
with only one Gatekeeper that centralises the information about
terminals registered in its zone. Terminals will just ask the
Gatekeeper when they need to resolve a name or address.

But in general, VoIP scenarios are much more complex than
the one described above for several reasons: 
• Scalability: VoIP solutions are being designed to scale to the

size of present telephone networks or even larger,
• Reliability: VoIP solutions should reach reliability figures

similar to present telephone network switches (“five nines”,
that is, 99.999%),

• Interoperability: VoIP scenarios are not going to be homoge-
neous; interoperability between VoIP networks based on
different solutions (e.g. SIP and H.323) and, of course, with
the present telephone networks have to be guaranteed.

All these facts, and particularly the last one, raise the
complex problem of having to harmonize all of the naming and
addressing plans involved in VoIP scenarios. To study the prob-
lem in detail, TIPHON (Telecommunications and Internet Pro-
tocol Harmonization Over Networks), a project inside ETSI,
has defined five different scenarios for a telephone call [ETSI
99]:
• Scenario 0: a call between two IP terminals,
• Scenario 1: a call from an IP terminal to a Circuit Switched

(CS) terminal that goes through a gateway,
• Scenario 2: a call from an CS terminal to an IP terminal

through a gateway,
• Scenario 3: a call between two CS terminals that go through

an IP backbone (traversing two gateways), and
• Scenario 4: a call between two IP terminals that go through

a CS network (traversing two gateways).
For example, Figure 1 presents the steps to be carried out in

scenario 2. As shown, several resolutions have to be made to
complete a telephone call. First, an initial resolution could be
made by users to get the number (strictly speaking, the name)
of the person they want to call. Then a Service Resolution has
to be carried out in order to get the address of the network
where the destination is. Service Resolution could be used to
support number portability or non-geographic services such as
freephone. Finally, Routing Resolution has to be invoked,
maybe several times, to route the call to the destination.

At present, several proposals are being discussed for per-
forming this resolution on a large scale. Some of these propose

3
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reusing the solutions, protocols and experience gained from the
Internet using the Domain Name System (DNS). DNS is a
world wide hierarchical distributed database that provides the
capability of discovering the IP address of a certain network
element, once its name is given. DNS is also able to carry out
other types of resolutions, for example, from mail domains to
mail server addresses or from IP addresses to names (inverse
resolution). 

ENUM is the main initiative in this field. It basically propos-
es including E.164 numbers in the DNS information tree and
using them as the key to look for information about the services
associated with a number. ENUM is described in detail in the
following subsections.

3.1 E.164 Numbers and the Domain Name System (DNS)
E.164 numbers identify many different types of end termi-

nals, supporting many different services and protocols: ordi-
nary phones, fax machines, pagers, data modems, e-mail
clients, text terminals for the hearing impaired, etc. This leads
to the following problem: how can users discover services and
protocols supported by each E.164 number?

A working group named ENUM was set up in IETF to
address the above challenge via DNS-based architecture and
protocols for mapping a telephone number to a set of attributes
(e.g. URIs) that can be used to contact a resource associated
with that number. The result of this working group has been
RFC 2916 [Faltstrom 00] that proposes the use of DNS to store
E.164 numbers and to identify services linked to it. 

The actual transformation of E.164 numbers into DNS names
is realised as outlined in the following example. Take an E.164

number written in its full form, including the country code
without any non-digit characters, except the international “+”
sign, e.g. +34918761234. The “+” sign is removed and dots are
placed between each digit, e.g. 3.4.9.1.8.7.6.1.2.3.4. Finally,
the number is placed in reverse order and the string “e164.arpa”
is appended, e.g. 4.3.2.1.6.7.8.1.9.4.3.e164.arpa

E.164 numbers populated into the DNS must comply with
the hierarchical model inherent to the DNS. Hence it was
agreed that they should all be populated under a specific
domain “e164”. The Top level domain “.arpa” was chosen; as this
domain allows reverse address lookups, that is, allows the map-
ping of an IP address to a domain name. In a similar manner,
ENUM maps a number (understood here as an address) to a
URI that may be another domain name. Another reason behind
choosing “.arpa” versus other possible top level domains is that
the domain was redefined as an acronym for “address and rout-
ing parameters area” (previously it was short for ARPAnet).
The object of this is to centralise all of the infrastructure do-
mains (e.g. .e164) under one top level domain. 

Both the DNS and E.164 numbering scheme are hierarchical
and delegated structures. Figure 2 shows an example of how an
E.164 number is delegated throughout different DNS servers
while keeping to the E.164 hierarchy.

Each server is delegated a certain section of the number.
Under .e164 a set of country code servers would cover an
administrative (or sovereign) E.164 domain, e.g. “.6.4.” for
Sweden. The higher level country-code server then contains
entries for each operator in that administrative domain and so
on.
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Fig. 1: Resolutions in TIPHON Scenario 2
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3.2 Converging Networks
ENUM is judged as one of the principal mechanisms for

convergence between the Internet world and the PTSN environ-
ment. Many people are referring to ENUM as the “Internet’s
Glueball infrastructure1” due to ENUM’s ability to bond an
E.164 number to a range of internet-based services via URIs.
ENUM is considered an internet-PSTN convergence enabler
due to Naming Authority Pointers, NAPTRs, defined in RFC
2915 [Mealling/Daniel 00].

Domain names identify nodes that store resource information
in what are known as resource records (RR). These RRs may
store IP addresses, names of other servers, pointers to other
parts of the domain name space2, etc. The NAPTR is an RR
type that includes a regular expression that can be used by a
client program to rewrite a string into the domain name. 

While ENUM can make use of resource records that may
resolve a telephone number into an IP address, another host
name, etc, its real potential lies in bonding a number to NAPTR
resource records. This means that an E.164 number may be
mapped into another URI. This in turn means linking a number
to many new services identified by those URIs.

The example in Figure 3 is taken from RFC
2916.

In the above example, a DNS query for number
+4689761234 results in a list of NAPTR
resource records. The records for this number
show the following services as being available:
multimedia (SIP), e-mail (mailto) and voice
telephony (tel). Note that each service is a new
communication medium linked to a new identi-
fier. 

The DNS client must be able to handle the
multiple NAPTR records returned. The client
will apply all substitutions and performs all
lookups, not the DNS servers. The client uses the
following key fields in the records to process the
response: 
• Order, which is a value that sorts multiple

NAPTR records in a response.
• Preference, which indicates the preferred

service from amongst those with the same
order value.

• “U”, which is a flag indicating that a URI must
be returned.

• “E2U”, which is a service that indicates an
E.164 number is mapped to the URI.

• “Regular expression” which indicates the URI
rewrite rule; this will replace the number with
the specified URI.

In the previous example, the preferred commu-
nication method is SIP as it has highest order.

The rewrite rule should replace the E.164 number with the
required SIP URI. The client should be able to detect loops in
case the last TEL URI is chosen.

Other standardisation forums are already applying ENUM as
a mechanism for convergence between networks. In particular,
3GPP3 have recently introduced ENUM for translation of
E.164 numbers to SIP URIs in the multimedia subsystem.

Number Portability Issues and ENUM
Number portability refers to the ability of a subscriber to

change service provider without a change in telephone number.
E.164 number portability is addressed in recommendation
ITU-T E.164 Supplement 2. In other words, ENUM must also
be able to cope with portability as it can be considered an
inherent property of all E.164 numbers. Another more basic1. Glueballs are special kinds of particles in sub-atomic physics that

are believed to hold everything together.
2. The reader is referred to RFC 1034 “Domain Names – Concepts

and Facilities” [Mockapetris 87] for more on this. 3. Third generation partnership project, www.3gpp.org
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$ORIGIN 4.3.2.1.6.7.9.8.6.4.e164.arpa. 
order pref flag service regexp

IN NAPTR 10 10 “u” “sip+E2U” “!^.*$!sip:paf@ericsson.net!”.
IN NAPTR 102 10 “u” “mailto+E2U” “!^.*$!mailto:paf@teleco.es!”.
IN NAPTR 102 10 “u” “tel+E2U” “!^.*$!tel:+4689761234!”.

Fig. 3: Example from RFC 2916

+46-8-976123 3.2.1.6.7.9.8.6.4.e164.arpa

Root server
e164.arpa. IN NS. ns.ripe.net
ns.ripe.net. IN A 193.0.0.193

ns.ripe.net
e164.arpa.IN NS ns.ripe.net.

6.4.e164.arpa. IN NS ns.e164.se.
ns.ns.e164.se.IN A 192.168.0.1

ns.e164.se
6.4.e164.arpa IN NS ns.e164.se.

7.9.8.6.4.e164.se. IN NS e 164.telco.se.
e164.telia.se. IN A 192.168.1.1

e164.telco.se
7.9.8.6.4.e164.se.IN NS e 164.telco.se

3.2.1.6.7.9.8.6.4.e164.arpa.IN NS ns.eservice.net

ns.eservice.net.
3.2.1.6.7.9.8.6.4.e164.arpa.IN NS eservice.net.

3.2.1.6.7.9.8.6.4.e164.arpa. IN NAPTR.....

Fig. 2: Example of E.164 number delegation in the DNS
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reason for ENUM being able to deal with number portability is
because it is a regulatory requirement. 

In the PSTN environment, the number portability problem
requires a means of routing towards a new service provider for
a given E.164 number. This implies performing a database
lookup to obtain additional routing information, returning
either a routing number or a directory number.

In the DNS world, the problem is treated as a re-delegation
of the E.164 entry to a new service provider. In practice, this is
achieved by changing the name server records “NS” to point to
the new provider. A higher level authority, presumably the
registry / national-regulatory-authority running the country-
code database for a sovereign E.164 region, should oversee the
portability process for an ENUM based mechanism.

Another case of portability that appears with ENUM is when
a specific service for a given telephone number is changed to a
new provider. The NAPTR record indicating the specific
service must be updated to show this change. This process
would be coordinated by the ENUM service registrar (the
service provider that actually links a number to a set of NAPTR
records on their name server).

Actual administrative and technical problems regarding
number portability and ENUM are still under consideration.
Both ITU-T and IETF are proposing solutions that will ensure
correct administrative procedures and allow for compatibility
with number portability solutions in the PSTN environment.

Role of Administrations 
ENUM is a key technology based on DNS and other

resources from the IP networks, developed by the Internet
world. Nevertheless, as the input to perform ENUM transla-
tions is an E.164 number, the IITU-T as well as the national
authorities in charge of numbering plans management, plays a
crucial role in the implementation of ENUM systems and
services.

The outcome of several meetings amongst
people from the Internet Engineering Task
Force (IETF) and the ITU-T [ITU 00] has
been a decision on how to focus on some very
relevant issues of an administrative nature.

Although most of the questions are still
open, key regulatory points that fall within
the scope of the ITU itself and of the National
Regulatory Authorities (NRAs) have been
identified. In fact, most ENUM service and
administrative decisions are national issues
under the purview of NRAs, since ordinary
E.164 resources are managed nationally. 

At the top level, the ITU-T has the respon-
sibility for providing E.164 assignment infor-
mation to DNS administrators, for perform-
ing the administrative function. The ITU will
ensure that each NRA has authorised the
inclusion of their country code information
for input into the DNS. Below this layer, each
NRA has the entire responsibility of the reg-
ulation of ENUM and provides the E.164

assignment information to DNS administrators for performing
the administrative function.

The most important challenges for regulators in order to
facilitate the implementation of ENUM, and to guarantee a
level playing field for the development of fair competition, are
the following: 
• NRAs shall decide on the way that administration and con-

trol tasks are structured in hierarchical levels. This aspect is
seen as a key point as the administrative side of ENUM is
considered to be more complex than it is technical.

• NRAs also have to ensure that all parties have the informa-
tion needed to perform its task, taking into account the need
for accuracy of the information held in the ENUM service
and the rights of privacy of the end users. The NRA itself has
to make available all the information related to numbering
allocation and number portability.

• ENUM allows ISPs to easily provide public voice telephony,
requiring E.164 numbering resources for the identification
of dial-up access users. Some countries may have difficulty
in accommodating growth in demand for geographic
numbers.

• It is the role of each NRA to select and appoint registries for
the part of the DNS that relates to their country.

• NRAs shall promote the openness of the ENUM architec-
ture to competition, in order to prevent entry barriers to the
market and other causes of distortion of competition.

The European Commission as well as European regulators,
individually or together in the project teams of the European
Committee for Telecommunications Regulatory Affairs
(ECTRA), are studying ENUM matters with the aim of allow-
ing the deployment of this technology under a fair and non
discriminatory competitive framework. 

For the time being no regulatory decisions have been taken
regarding ENUM, but regulatory bodies are working in this
field in order to prepare the framework for the provision of this
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kind of service. NRAs, according to the minimal intervention
principle, have to allow the deployment of all the types of serv-
ices that this technology is capable of providing, and at the
same time have to ensure that the provision of such services
abides by market and privacy legislation.

Conclusions
This article has presented an overview of how naming

and addressing is being organized in VoIP networks. The
complexity of the scenarios in which VoIP technology is going
to be deployed, in terms of scalability, reliability or heteroge-
neity, poses important challenges in the solutions being
designed. ENUM is a leading initiative that tries to contribute
and incorporate all the experience gained in the Internet’s DNS
system to the solution of some of these important problems.
there are, however, still some uncertainties about how the DNS
will behave when managing a number of entries one order of
magnitude higher than the number being supported now. 

However we believe that in the near future ENUM will play
an important role in VoIP networks, not only as a mechanism to
be used for resolution purposes, but, what it is most important,
as an enabling technology to allow the deployment of new
applications, which is in fact the main reason behind all the
efforts being invested in VoIP nowadays.

References
[Berners-Lee et al. 98]

T. Berners-Lee, R. Fielding, L. Masinter. “Uniform Resource
Identifiers (URI): Generic Syntax”. RFC 2396, August 1998. 

[ETSI 99]
ETSI TS 101 324. “TIPHON; Numbering; Scenarios 1, 2, 3 and
4", November 1999.

[Faltstrom 00]
P. Faltstrom. “E.164 number and DNS”. RFC 2916, September
2000.

[Hersent et al. 00]
O. Hersent, D. Gurle, J.P. Petit. “IP Telephony”, Addison-Wesley,
2000. 

[ITU 97]
ITU-T E.164 Recommendation. “The international public tele-
communication numbering plan”, 1997.

[ITU 00]
“ITU-T SG2 Liaison to IETF/ISOC on ENUM”. ITU-T Working
Party 1/2, Berlin, 19-26 October 2000. 
http://www.itu.int/infocom/enum/wp1-39_rev1.htm

[Mealling/Daniel 00]
M. Mealling, R. Daniel “The Naming Authority Pointer
(NAPTR) DNS Resource Record”, RFC 2915, September 2000.

[Mockapetris 87]
P. Mockapetris, “Domain Names-Concepts and Facilities”, RFC
1034, November 1987.

[Vaha-Sipila 00]
A. Vaha-Sipila. “URLs for Telephone Calls”. RFC 2806, April
2000.

6

IEEE eXpress Sample eBook, page 1197



Voice over IP

24 UPGRADE Vol. II, No. 3, June 2001 © Novática and Informatik/Informatique

Multimedia Services over the IP Multicast Network

Antonio F. Gómez-Skarmeta, Angel L. Mateo, Pedro M. Ruiz

Voice over IP (VoIP) is one of the most important and complex new services that are being introduced in
Internet. VoIP makes use of several different technologies like signalling, streaming of real time data, session
management, etc. The development and the experimentation of video conferencing applications over IP
multicast networks have contributed greatly to the maturation of some of these technologies. This article
summarizes the most important topics related with IP Multicast technology and video conferecing over IP
Multicast networks. After introducing IP multicast technology as a mean to support many-to-many
communications, we present some of the protocols and the applications used over IP multicast service.
Finally, we outline some of the problems that preclude IP multicast to be widely deployed. 

Keywords: IP Multicast, MBone, MBone Tools, RTP, SAP,
SDP, Multicast Routing

Introduction to IP Multicast
We are presently go through a revolution in the Internet

world as it happened with the WWW. Terms like e-commerce,
video conferencing, streaming, video on demand and many
others are becoming common usage in day-to-day life. VoIP is
one of the technologies contributing to this revolution. How-
ever, the present IP networks are not adequately adapted to sup-
port this kind of services. For example, there are no mecha-
nisms that guarantee a satisfactory quality of service (QoS) for
VoIP communications. To support many-to-many communica-
tion, IP multicast offers a much more efficient mechanism than
the current IP unicast networks.

1.1 Unicast vs. Multicast
The typical Internet services are based on the IP unicast mod-

el, that is to say: datagrams are addressed to only one host.
Such communication is called “one-to-one”. In some other
situations, when there are more than two parties, the use of IP
unicast can be very inefficient because the same information
has to be sent to several destinations, and this process could
overload the senders and the network (Figure 1).

How can we avoid this problem? Traditionally, it has been
solved using “reflectors” (or Multipoint Control Units – MCU
– according to H.323 terminology). A reflector is the equip-
ment responsible for sending a packet from a source to all des-
tinations taking place in the communication. This approach has
several drawbacks, the most important being the excessive
bandwidth consumption.

As an alternative, IP multicast can be used to make a data-
gram reach all the destinations that belong to a group. The con-
cept of group is implemented using a special range of IP
addresses. When a host is interested in receiving the datagrams
addressed to a group, it has to join that group by signalling it to
the network. This subscription is completely dynamic. The

important fact behind IP multicast is that the source only sends
one packet and the network is responsible for making the nec-
essary copies to reach all destinations. This copying is made so
that only one instance of the packet is transmitted over each
link.
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Figure 1: Distribution of one only packet to multiple receivers

IEEE eXpress Sample eBook, page 1198



Voice over IP

© Novática and Informatik/Informatique UPGRADE Vol. II, No. 3, June 2001 25

1.2 Multicast Addressing
When the IP addressing scheme was designed, several class-

es of addresses were defined, as depicted in Figure 2. The class
D addresses were reserved for multicast. So, IP multicast uses
the range 224.0.0.0 to 239.255.255.255. These addresses are
commonly called group addresses or multicast addresses. From
the whole range of multicast addresses, some are reserved for
specific purposes, and the rest can be used by multicast appli-
cations.

1.3 Internet Group Management Protocol (IGMP)
As we mentioned before, the way IP multicast works can be

summed up as follows: receivers join the group they are inter-
ested in, and the network makes the datagrams sent to that
group delivered to every receiver that joined the group. A
mechanism is needed for the hosts to tell the router that they are
interested in joining a certain group. This mechanism is the
IGMP protocol [Deering 89], that defines the behaviour of
hosts and routers when informing about joining or leaving a
group.

When a host wants to join a group, it sends an IGMP report
message to the 224.0.0.1 address (which should be included
with every multicast-enabled host). When the router receives
this message, it takes into account that there is at least one host
interested in receiving that group on that interface.

Periodically, the router sends IGMP query messages to the IP
multicast address of the group to ask for renewals. If there are
still receivers, one of them must answer with an IGMP report
addressed to the group it wants to renew. The IGMPv2 is now
commonly used, however IGMPv3 implementations start com-
ing up.

1.4 Mrouters and tunnels
Most of the first Internet routers were manufactured without

taking into account IP multicast traffic1. In order to experiment
with IP multicast over Internet, it was necessary to define a way
to interconnect IP multicast-enabled networks through net-
works without IP multicast support. This activities brought
about what we know today as the Multicast Backbone, or sim-
ply MBONE [Macedonia/Brutzman 94].

IP multicast-enabled routers are sometimes called mrouters.
They must satisfy two basic requirements:
• Implement the IGMP protocol.
• Use some IP multicast routing algorithm.

In order to connect a network to MBONE, one of their
mrouters has to be connected to the rest of the IP multicast
clouds. If our Internet Service Provider (ISP) offers the native
IP multicast service, a simple configuration will suffice to do
the task. Otherwise, we will need to configure a “tunnel” to
another router connected to the MBone. This tunnel will be
used to encapsulate every IP multicast datagram that has to be
transmitted between these two routers into IP unicast data-
grams addressed to the other end of the tunnel. So, an IP mul-
ticast-disabled network can be traversed (Figure 3).

1.5 Multicast routing
IP multicast routing is in charge of making the datagrams to

flow from sources to every destination joined to a group. A
good routing algorithm should guarantee that
• an IP multicast datagram addressed to a multicast group G,

reaches all the hosts that have joined G,
• there are no loops, i.e., a datagram reaches its destination

only once and, if possible, using the shortest path.
The IP multicast routing protocols are usually classified

according to the way they work: There are protocols that work
in dense mode like Distance Vector Multicast Routing Protocol
(DVMRP [Waitzman et al. 98]). Some others work in sparse
mode like Protocol Independent Multicast Sparse Mode (PIM-
SM [Estrin et al. 98]). There are algorithms that do not fit
exactly in one of these two models, an example is Multicast
Open Shortest Path First (MOSPF [Moy 94]). The common
practice is to use PIM-sparse-dense mode as intradomain mul-
ticast routing protocol because it is very efficient and needs no
special routing messages interchanged between neighbours.
Instead, it uses the unicast routing table in the router to do the
calculations and decide on the better paths.

Multicast routing algorithms are usually much more compli-
cated and difficult to configure than the unicast ones.

Services over IP Multicast

2.1 Multimedia Protocols
IP multicast as a network service offers no service directly to

the user. But it offers an excellent framework for many-to-
many multimedia data internetworking. Many protocols have
come up in the IP multicast and multimedia content distribution

1. Almost every router manufactured today implements at least
IGMP and one or more IP multicast routing protocols.

2LAN 1
mr-1

LAN 2 LAN 3
mr-2 mr-3

Tunnel Router IP multicast Router IP unicast

Figure 3: A multicast tunnel schema
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environment (Figure 4). This set of protocols range from gener-
ic protocols like those used for audio and video streaming (i.e.
RTP), or to manage multimedia sessions (i.e. SAP, SDP, SIP);
to others much more specific used only for certain applications.
It is important to note that some of these protocols, although
designed, developed and tested over MBONE, have been wide-
ly adopted in other frameworks like VoIP. 

2.2 Real Time Protocol (RTP)
Internet follows a best-effort delivery model. That means

that, when a datagram is sent, the network does guarantee nei-
ther the delivery nor that the different datagrams sent arrive in
correct sequence or in time. The network only guarantees that
it will do as well as possible in delivering the datagram. In
some cases, specially with real-time data like VoIP traffic, this
model does not work properly. 

Besides, when sending continuous media (like digitised
voice or video) over a packet network, it is essential to provide
the means for the receiver to be able to reconstruct the original
information. The packets generated at the origin – typically a
flow of packets equally spaced in time – will arrive to the
receiver possibly out of sequence, with losses or changes in
inter-packet times (jitter). A mechanism is needed for the
receiver to be able to reproduce the audio or video being sent in
such environment. 

Real-Time Transport Protocol (RTP, [Schulzrinne et al. 96])
is the protocol defined by the IETF for real-time data transport
over the Internet. The protocol basically labels each datagram
to be sent, attaching them information like the time when they
were generated or the type of codec being used, so that when
they reach the receiver, it can reproduce the original flow ade-
quately.

It is important to note that RTP provides no mechanism for
on-time delivery or any other QoS guarantees. In order to offer
QoS support for real-time communications, RTP have to be
used together with other protocols or solutions like Integrated
Services or Differenciated Services QoS models. However,
RTP provides specific means to control the quality of the dis-
tributed data, the Real Time Control protocol (RTCP), that
allows the senders and receivers to know, for example, the
packet loss rate in a session. In addition, RTCP provides iden-
tification mechanisms for RTP communications.

RTP has become the de facto standard to
send continuous media over packet (mainly IP)
networks. It is used by most of VoIP proposals
like H.323, MEGACO or SIP.

2.3 SAP and SDP
In a multicast environment where all parti-

cipants can send and receive data between
them, the concepts of client and server makes
no more sense. Hence there is a need for a
mechanism to allow for the user to locate a
conference he is interested in. This mechanism
must be based in the concept of session, which
is an aggregation of related contents. For

example, in a video conference, a session would be defined as
the multicast group used for audio transmission, the multicast
group used for audio transmission, the codecs being used both
for audio and video, and so on.

For session management, two protocols have come up in
MBONE: SDP and SAP. SAP (Session Announcement Proto-
col [Handley et al. 00]) defines the use of specific multicast
groups to distribute session information. The session creator is
responsible for periodically reannouncing it so that people join-
ing the special “announcement group” after the creation can
still know about the session. The information used to describe
the session is specified by SDP (Session Description Protocol
[Handley/Jacobson 98]).

As RTP, SDP protocol has been reused in other environ-
ments, for example, it has been incorporated into MEGACO
VoIP proposal.

2.4 SIP
The SDP/SAP model requires the user to look for the session

he wants to attend. However, in some scenarios like IP teleph-
ony, a way to invite other parties to participate in a session is
needed. The Session Initiation Protocol (SIP, [Handley et al.
99]) came up for covering this need.

SIP defines the signalling mechanisms that are necessary to
establish a session and to negotiate the parameters to be used in
it, such as codecs, media, location, etc. As other protocols men-
tioned, SIP has surpassed the MBONE environment were it
was originally created and now it has become one of the main
proposals for VoIP. In fact, SIP has been recently selected by
3GPP to be used as the VoIP protocol for 3G mobile networks
based on “All-IP” proposal.

MBone Tools
Several applications have been developed to test the

advantages of the IP multicast model at the initial stages of the
MBone. These tools, commonly known as the MBone Tools
allow us to participate in different kinds of video conferences
and meetings using IP multicast as the network technology.
The typical MBone tools are (Figure 5):
• SDR. This tool is equivalent to a TV guide. It shows all

planned and ongoing MBONE sessions. Recent versions
also allow us to use a “quick call” service based on SIP.

3

Integrated Services Forwarding
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Figure 4: Multimedia protocols
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• VIC. This tool is used for video transmission with a great
variety of codecs available. It can be used on almost every
platform and is compatible with several standards for cap-
turing video. So, it allows a simple personal computer to
send video without needing to buy an expensive video cap-
turing hardware.

• VAT and RAT are used for audio conferencing. They are also
available for many platforms and support several codecs like
GSM, PCM, DVI, and so on.

• WB. This tool is a distributed shared whiteboard that can be
used by all the participants and offer the same functionality
as the usual blackboard in a classroom.

• NTE stands for Network Text Editor and offers the function-
ality of a distributed word processor. It supports tokens for
asking permission to write and is quite comprehensive.

Recent applications using IP multicast are more complex but
offer new important functionalities. The goal is to integrate all
these tools into one specific tool possibly in the Web. In fact,
some big projects like MASH are working on Web integration.
Some of these “new generation multicast tools” are:

• DLB is an improved version of an electronic whiteboard that
supports two modes (on-line and off-line). It thus allows for
editing slides off-line and then present them on-line.

• MiNT is a very complete application developed by the Ger-
man GMD that supports the SIP protocol, includes an RSVP
agent for bandwidth reservation and even an integrated GUI
for audio and video transmission.

• MASH is a very big project initiated at Berkeley and its
main goal is to integrate the typical MBone Tools into a
common GUI. In addition, tools for playing and recording
sessions are offered. They are also deploying “mashlets”
that aim to integrate the GUI into the WWW.

• RELATE (REmote LAnguage TEaching). This tool was
developed at the University College London and is very
interesting for teaching on-line. Although it was initially
thought for language teaching it can also be used to teach
some other subjects. This tool integrates into the same GUI
the audio, video, whiteboard and text editor applications.

Figure 5: Some of the MBone tools
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Advanced services over IP Multicast
As mentioned in this article, video conferencing over IP

Multicast initiatives led to an important number of applications
and protocols. Many are used in other environments, mainly in
VoIP architectures (i.e. RTP, SIP, SDP, codecs, etc). 

However, IP multicast and its video conferencing tools have
limitations that hindered the deployment of MBONE tools.

4.1 Multimedia services integration
Multimedia services over IP multicast present the following

limitations:
• No integration with solutions based on some other technol-

ogies. It is desirable to have a solution to integrate IP multi-
cast with H.320, H.323 and other VoIP solutions in general.
SIP will be very useful as a glue element between all these
technologies.

• No integration between the MBone tools. Currently, one dif-
ferent tool is used for every service (i.e. VIC for video, VAT
for audio and so on). Although this model simplifies the
design and development of the tools, it becomes an issue due
to the lack of synchronization and user interface integration
between tools. Nowadays, several proposals are coming up
within the IETF to solve this problem. There are two basic
models: mbus (Multicast Bus) and SCCP (Simple Confer-
ence Control Protocol).

4.2 Security and access control in multicast environments
In the same way that the video conferencing tools over IP

Multicast present several limitations that are slowing its de-
ployment, the limitations of the IP Multicast model are making
ISPs to think twice before offering the IP Multicast service to
their customers. The main problems of that model can be
summed up as:
• Denial of Service (DoS) attacks.
• Policy of use, because there is not a defined method to con-

trol access to the network.
• Authentication.
• Address allocation.

To avoid these problems, several working groups at the IETF
are defining new protocols or even updates to the current IP
multicast model. Some such initiatives are:
• BGMP (Border Gateway Multicast Protocol). It is thought

to be the successor of the currently used MBGP (Multipro-
tocol BGP). This protocol is very scalable and, if combined
with other protocols for address allocation like MASC, is
able to solve the address allocation problem.

• MSEC (Multicast SECurity). It is a new IETF working
group that is responsible for studying and solving security
concerns in IP multicast.

• SSM (Source Specific Multicast). This is a new multicast
model based on the concept of channel: a pair of a source
and a multicast group. The key concept in SSM is that rout-
ing decisions are taken based on channels instead of multi-
cast groups.

• GLOP. This mechanism divides statically and according to
the AS (autonomous system) number, the 233.0.0.0/24
range so that there won’t be collisions between ASs when

selecting an IP multicast group. Figure 6 shows how to know
what groups belong to what Autonomous System. For exam-
ple, in the case of RedIRIS, the AS number is 766, so the
range 233.2.254.0/24 is available for being used within the
RedIRIS AS without worrying about possible collisions.

Conclusions
In this article, we have covered the most important topics

related with IP Multicast technology and video conferecing
over IP Multicast networks. We have showed how important
protocols developed inside MBONE initiative have been later
reused in the most outstanding VoIP proposals like H.323, SIP
or MEGACO. Although multimedia over packet networks is a
wide subject and has been vastly investigated and experiment-
ed, we can consider MBONE as an important testbed where
basic technologies nowadays used in VoIP have been matured.

Although multicast video conferencing is not popular at this
moment – most of present VoIP scenarios resemble the ones
found in conventional telephone networks, and so, they are uni-
cast –, IP multicast opens possibilities for new applications,
improving the use of network resources. But, as mentioned
before, much more development and research is needed to
improve multimedia conferencing over IP Multicast.
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Implementing Voice over IP

André J. Hes and Ronald van Teeffelen

This paper describes the implementation of Voice over IP services on a wholly owned IP infrastructure. The
benefits, minimum requirements and the sensitivity of IP data packages are outlined based on research and
experience gained during large-scale pan-European wide Voice over IP implementations.

Keywords: VoIP, Gateway, Gatekeeper, packet loss, jitter,
packet queuing, packet buffering

Introduction
VoIP allows customers to use the access service for voice

in two ways. First, customers can use the PSTN breakout serv-
ice that allows them to offload their H.323 VoIP traffic to the
network, and have their telephone calls sent out onto the PSTN
in the country closest to the dialled subscriber. This least-cost
routing functionality reduces long-distance telephone costs for
off net calling. 

The second service for customers is the possibility to use the
IP network for on net calls. Customer PBXs at various office
locations throughout Europe are coupled via the IP network,
enabling them to route calls between their offices across one
network, via CPE gateways. In effect, the existing IP infra-
structure is used for both voice and data traffic. It is also possi-
ble to run incoming calls on IP via gateways. This functionality
is available for service numbers only (e.g. free-phone num-
bers).

VoIP, integrated with data traffic, creates a foundation for
new possibilities that can significantly reduce cost for voice
calls. This, in turn, opens up numerous possibilities for offering
value-added services in this new integrated space. To take just
one example, international call centres can use their resources
more effectively using both language and skill-based routing,
in conjunction with knowledge databases. In theory, integrated
data and voice can fully handle the call with pre-recorded
digitised messages by identifying your customer, and their
potential question or problem. This provides a level of call
intelligence, well in advance, of current call centre capabilities.

Minimum requirements
Customers are connected via the wholly owned IP infra-

structure. The breakout possibility to PSTN is provided by the
VoIP gateways. In general voice services can be provided over
IP when:
• Customers have dedicated access to the network (minimum

256kbit/s connection required),
• Quality of Service (QoS) must be provided,
• Any firewalls or network address translation devices in the

network path must be H.323 aware,

• Link layer QoS mechanisms should be in place for customer
networks and networks that are not over-provisioned, as
well as for the local tail,

• PSTN-Gateways will be located at the Points of Presence
(PoPs).

Telephony systems supported by KPNQwest VoIP services
must meet one of the following criteria:
• PBX with ISDN PRI or BRI interface 
• PBX with E&M or analogous FXO interface
• Telephone with analogous FXS interface

Voice over Internet Protocol (VoIP); how it works
Figure 1 shows the general network layout of Voice over

IP. 

VoIP has two physical components:
• PSTN Gateways: Terminate calls from physical sources

within the network to the PSTN. The gateways are located at
PoPs in the IP backbone.

• Customer equipment: A VoIP gateway at the customer
premises is used to connect a customer PSTN switch or PBX
to the VoIP cloud. Usually, the customer also has a PSTN
connection on his PBX and incoming calls are routed over
this connection. The VoIP gateway can also be integrated in
the Customer Premises Equipment (CPE) router. The gate-
keepers provide registration, admission and status (RAS)
functionality and Least Cost Routing services. Gatekeepers
also control the VoIP switching logic. The centrally located
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Command Centres contain the routing tables. This set up
allows a simple standard configuration of dial peers on the
gateways and central management of the routing tables and
Least Cost Routing service.

There are three basic types of traffic:
• RAS messages between the VoIP gateways and the Gate-

keeper. These messages follow the standards H.323 and
especially H.225 and H.245. To set up a voice connection,
the initiator starts on an H.225 connection over TCP to the
Gatekeeper at port number 1720. In this session a port
number for the following H.245 connection is exchanged.
The initiator then opens an H.245 connection to the gate-
keeper over TCP (ephemeral port), in which ports for the
actual voice traffic between two H.323 terminals (e.g. CPE
Gateway and PSTN-Gateway) are exchanged (RTP traffic,
ephemeral UDP ports). While the H.225 connection could
be torn down after the H.245 ports have been exchanged, it
will in practice stay up until the call is over.
The Gatekeeper itself will also open connections to the ter-
minating H.323 terminal in order to be able to negotiate the
ports that should be used between the initiating and the ter-
minating H.323 terminal.

• Actual voice traffic. The actual voice traffic flows over RTP
between two H.323 terminals. For this reason, two RTP and
one or two RTCP flow are established (over UDP). The ports
to be used for these RTP flows have been exchanged in the
preceding, (see above) H.245 connection.

• Administrative traffic, which includes administration (over
telnet, ssh, http and https) of gateways and gatekeepers and
logging of information like SNMP traps or call data records.

How the process works:
• When the CPE VoIP gateway

receives a call, it contacts a
gatekeeper. The gatekeeper
locates the correct PSTN gate-
way to route the call to, and
forwards the IP address of the
PSTN gateway. 

• The gateways then open up an
H.323 call. In the event of a
PSTN gateway failure, calls
will still be routed to their des-
tination.

• If one of the gateways fails, the
gatekeeper automatically
routes the call to a backup
gateway.

• Calls will be routed to the gate-
way depending on the country
code dialled. For example,
calls to Germany will be routed
to Frankfurt, and will leave the
network from there as a local
call.

• The gatekeeper uses authentication to prevent unauthorised
usage. If the voice interface (PRI/BRI) to the gateway fails,
the PBX will route the call over the PSTN. 

• The backbone provides reliability and availability for calls
in progress.

Voice data packet sensitivity
Unlike data traffic, voice traffic is intolerant of packet

loss and delay, primarily because these conditions degrade the
quality of voice transmission delivered to the end user. Delay
must be constant for voice applications. The ITU-T G.114
recommendation specifies that for good voice quality, no more
than 150 milliseconds of one-way, end-to-end delay should
occur. KPNQwest, for example, guarantees 80 ms over its
entire IP backbone.

IP Packets that are to be sent to a specific interface on a router
are first put into a queue, from which they are sent. When
queues fill up, this will add latency for packets that freshly enter
the queue. This can happen if the sender is able to send data at
a higher speed than the speed of the access line. In order to pre-
vent this filling up of the queues having negative impact on the
voice quality due to latency, alternative queuing strategies must
be used, which prefer voice packets to other packets (Fig. 2).

In this scenario, a separate queue for voice packets exist.
Voice and non voice packets are sent alternately on the wire, re-
ducing latency for the voice packets.

Delay variation versus time: jitter
As VoIP is a packet switched service, it will show a vari-

able delay in packet delivery time, known as jitter. Packets
transmitted between Coder and Decoder through an IP network
will experience different delays and will arrive at a non-
uniform rate. The main causes for jitter are the buffering and

4
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Fig. 1: General network layout of Voice over IP
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queuing processes in each of the IP ‘hops’. In addition, the
simultaneous transport of data through a relatively low-band-
width local tail will cause jitter in the VoIP packets.

Since the Decoder must decode the IP packets into a constant
voice stream, a buffering mechanism is needed. This buffer
must be implemented at the receiving side in the gateway to
absorb the fluctuation in packet arrival rate. The delay of an IP
packet through the network is composed of a fix part character-
istic of the propagation delays and the average queuing length,
and a variable part characterising the jitter. The jitter buffer will
hold arriving packets in memory for a certain time before send-
ing them to the decoder. The larger this jitter buffer is, the more
jitter on the packets can be absorbed. However, the delay intro-
duced by the jitter buffer reflects in the one-way, end-to-end
delay directly. In essence, a trade-off must be made between
packet loss and introduced delay.

 In practice, two types of jitter buffers can be implemented:
• Dynamic jitter buffer: terminals use heuristics to determine

the size of the jitter buffer. Starting, for example with a small
jitter buffer and progressively increase it until the packet
drop is below a specified percentage.

• Fixed jitter buffer: The size of the jitter buffer can be set to
a fixed value.

The effect of jitter will be most pronounced when voice and
data is transported over a low band width link. A 1,500 bytes IP
data packet transported over a 512 kbit/s link can cause a jitter
in VoIP packets of approximately 1500*8/512k = 23 ms.

Other QoS Mechanisms
As previously mentioned, voice traffic is sensitive to

packet loss and delays. This could be the result of an overfull
connection on the local tail, the access line between the nearest
Point of Presence (POP) and the Customer Premises Equip-
ment (CPE router). To prevent this, quality of service (QoS)
mechanisms need to be put in place.

In order to achieve an optimum voice quality, the POP and
CPE router will have to be capable of treating voice traffic in a
different manner to the rest of the network data. In addition, the

minimum requirement for a local tail of 256 kbit/s for a VoIP
customer, and to ensure that delay sensitive voice traffic is
treated with priority, some of the following queuing mecha-
nisms need to be used:
• IP Real Time Protocol (RTP) compression will be employed

if the local tail bandwidth is below 2 Mbit/s (E1 speed); the
delay overhead for compression quashes any gains when
link speeds are over 2 Mbit/s and can only be implemented
on PPP, ISDN, HDLC and frame relay links.

• IP RTP prioritisation will be used to provide a strict priority
queuing scheme for voice traffic.

• Class-Based Weighted Fair Queuing (CBWFQ).
One of the intrinsic values of WFQ in the data-only world is

its fairness. WFQ is designed to fairly share available resources
between bursty traffic types. This particular aspect of WFQ,
that is so beneficial to data, is what renders it inadequate for
packetised voice traffic. Although voice traffic can be assigned
an IP Precedence of 5 to give it a weight that grants it greater
priority than other flows, if a large number of competing flows
exist, voice traffic may not be allocated sufficient bandwidth to
maintain the required kind of quality. The quality of controlled
constancy of delay and packet loss is required all the time,
regardless of the priority assigned to the packet. Therefore, to
ensure that VoIP traffic always gets the bandwidth it requires,
IP RTP Priority (and other features) can be used for voice traf-
fic, and CBWFQ for all other traffic.

Other issues

Echo cancellation
Feedback chains in analogous equipment like the telephone

handset can impose a certain echo that travels back up the line
to the original speaker. The VoIP gateways can do a certain
amount of echo cancellation by “remembering” the last few
milliseconds of speech and subtracting these from the signal
coming back to the gateway. If the local loop (the distance from
the analogous interface to the connected equipment producing
the echo) is longer, the value of time to be remembered should
be extended.

6

7

Fig. 2: Queuing strategies for voice packets
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If a longer time is configured for this feature, it will take the
echo canceller longer to converge; in this case, the user might
hear a slight echo when the connection is initially set up. If the
configured value for this command is too short, the user might
hear some echo for the duration of the call because the echo
canceller is not cancelling the longer delay echoes. The voice
ports can be configured for input gain, output attenuation and
echo-cancellation. 

Silence detection
In order to reduce network bandwidth, the VoIP gateway can

detect pauses in speaking and not transmit data for the duration
of these pauses. This results not only in reduced bandwidth, but
also in a sort of ‘total silence’ for the receiver that is uncomfort-
able for most humans. The VoIP gateway is also capable of pro-
ducing some “comfort noise”. The generation of comfort noise
should be turned on, if silence detection is turned on. In prac-
tice, silence detection should be turned off, unless bandwidth is
restricted. By default, silence detection and comfort noise is en-
abled, so VAD must be disabled in the VoIP dial peer.

Clocking
PSTN equipment needs to be synchronised in order to be able

to achieve a common sense on the understanding of time slots.
For this purpose, a PBX gets clock information from the public
switching equipment. 

Signalling
For signalling within the H.323 cloud, all H.323v2 signalling

standards as Q.931, H.323, H.245, H.225 and RTCP are sup-
ported. For signalling towards the PSTN side, ISDN BRI and
PRI (EDSS-1) are supported for digital connections. For anal-
ogous connections, standards supported are E/M, FXS (only
low-end version of product) and FXO.

General Voice Codecs
G.711 with A-law encoding is the default codec; customers

can use G729 or G726 as well. 

Voice gateways support different numbers of simultaneous
calls depending on the codec complexity. Only for medium or
low complexity codecs, the full number (equals to the number
of access channels) of simultaneous calls are supported. For
high complexity codecs, the number is lower.

Conclusion
Besides the minimum requirements stated above, due to

the sensitivity and intolerance of VoIP data, maintaining a VoIP
network and benefiting from cost-savings and future applica-
tions through combining voice and data over one network,
requires a well-equipped and skilled organisation to guarantee
optimal voice transmission.

8

Codec Voice 
Bandwidth

Transport Bandwidth Default 
Packet size

Packetisation 
delayMs

Coding 
Delay Ms

Complexity (accord-
ing to Cisco)

Quality MOS 
value

KPNQwest 
VoIP

G.711 64 kBit/s 80 kbit/s (with RTP header 
compression about 65 kbit/s)

160 20 0.375 Low Normal 4.1 ✔

G.729 8 kbit/s 12 kbit/s (RTP comp.)
24 kbit/s (without rtp comp.)

20 20 35 Medium Normal 3.92 ✔

G.726 16 kbit/s 32 kbit/s (with RTP header 
compression about 17 kbit/s)

40 20 0.375 Medium Analog ✔

G.726 24 kbit/s 40 kbit/s (with RTP header 
compression about 25 kbit/s)

60 20 0.375 Medium Normal ✔

G.726 32 kbit/s 48 kbit/s (with RTP header 
compression about 33 kbit/s)

80 15 0.375 Medium Normal ✔

Fax, T.38 Medium N/A N/A ✔
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Voice over IP Virtual Private Networking

Olivier Hersent

This article describes the various aspects of the integration of Voice over IP (VoIP) into a Virtual Private
Network. Key factors of deploying a VoIP Virtual Private Network service are pointed out, showing the
service provider and the customer point of view. Value-added services such as off-net to on-net connectivity
and unified messaging are outlined. In addition, architectural strategies of dialling plans and group prefixes
are summarised. Quality of Service is also addressed.

Keywords: Voice over IP, IP VPN, PSTN, iPBX, number
expansion strategy, Quality of Service

Introduction
Organisations around the world are constantly seeking to

reduce communications costs and increase organisational pro-
ductivity. Significant improvements in just these areas can be
made today by using VoIP. When it comes to value-added serv-
ices, especially in a distributed environment, VoIP is much
more efficient than circuit-switched networks. It allows usage
of a network that not only converges voice, data and video, but
also facilitates the introduction of new applications.

The most crucial feature of a VoIP Virtual Private Network
(VPN) is the ability to connect many corporate sites to a single
network while preserving a virtual isolation of each group that
communicates on the shared infrastructure. Each group can use
optimised private dialling plans, relying on the VoIP VPN to
manage the communications among themselves as well as pub-
lic networks and groups.

The VoIP VPN is an application level overlay on top of any
IP connectivity technology, and can be deployed with or with-
out a data level VPN using technologies such as IPSec (IP
Level Security Standard).

Deploying a VoIP VPN service
When selecting value added services, a change on the

customer premises should be stringently avoided. Replacing
the leased lines between Private Branch Exchanges (PBX’s) –
or the equivalent Intelligent Network Closed User Group serv-
ice – with a VoIP VPN is an ideal example of a service that re-
quires no change on the customer’s side.

Technically, the VoIP VPN service does not require signifi-
cant changes in the VoIP network architecture. It is an exact
replacement of existing Public Swtiched Telephone Network
(PSTN) technologies. The initial investment is therefore limit-
ed to one CCS (Call Control Server) Softswitch capable of
VoIP VPN operation, and the installation of dedicated or shared
VoIP gateways connected to corporate PBX’s.

The VoIP VPN service is also an excellent means of introduc-
ing new VoIP value-added services in the future. For example,
remote workers can be included on the corporate VoIP VPN.

Advanced number routing and virtual call center services can
be offered as well.

2.1 The VoIP service provider
Most of the investment that VoIP service providers need to

make is used to purchase network infrastructure (such as VoIP
gateways) and to install this infrastracture in multiple points of
presence. This includes a basic call control infrastructure in
order to route phone-to-phone calls. This infrastructure may
also provide simple prepaid telephony and PC-to-phone servic-
es. Initial services usually use about 20–40% of the deployed
capacity.

The opening up of the VoIP network to value added services
is an opportunity to use some of the spare capacity of the de-
ployed network for applications that are less sensitive to price.
The VPN feature allows the core VoIP network to behave as a
hub aggregating many different telephony services on the same
backbone: corporate PBX’s, corporate or hosted Internet Proto-
col Private Branch Exchanges (IPBX’s), residential gateways
and IP phones can all be connected to the VoIP VPN core. This
enables VoIP Service providers to offer services to the whole
range of end-user devices, from blackphones on PBX’s to IP
Phones on IPBX’s.

Most corporations are permanently connected by data con-
nectivity service providers for their e-mail, intranet, extranet
and Internet services. Corporations with multiple sites already
have a need for top quality connectivity services. These same
corporate customers are also those who probably already have
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a voice VPN in place, albeit using traditional circuit switched
technology.

2.2 The VoIP customer
By converging both voice and data services on the data net-

work, all internal, site-to-site calls use only IP resources and
are therefore included in the current monthly fee already paid
for the data network. The previous architecture of leased
telephony lines disappears. In addition, off-net calls are no
longer routed through the corporate site that was closest to the
destination, as in the previous circuit-switched architecture.
With the VoIP VPN architecture, all off-net calls are routed
through the VoIP gateways of the service providers, and use the
routes and termination gateways chosen by the service provid-
er. A change to the internal telephony infrastructure already in
place is not required.

Opening the voice network to IP services also brings many
new network-based services such as video conferencing, data
sharing, virtual call centers, click-to-call back and click-to-call.

VoIP VPN Services

3.1 On-net to on-net calls
The core feature of the VoIP VPN service is to allow corpo-

ration sites to call each other as well as home workers over the
voice intranet. The IP network carries all telephony traffic
among corporate VPN sites and home workers. The architec-
ture is also much more flexible when an office relocates, mainly
because the same telephone numbers can be retained. VoIP also

facilitates the integration of various brands
of PBX’s.

The VoIP VPN architecture also allows
the definition of a simplified dial plan that
can span several different companies with a
voice extranet.

3.2 On-net to off-net
The core VoIP VPN architecture should

include a set of least cost routing features
allowing selection of the best terminations
according to load conditions and prices.
The VoIP VPN uses the home DSL or cable
connection to extend the VoIP VPN reach
into the home office. Single-step dialling is
possible, and the user experience is the
same regardless of the size of the office.
There are no local call costs, and each user
benefits from the discount plans negotiated
for the entire VPN.

3.3 Off-net to on-net
Basic off-net to on-net connectivity

allows endpoints in the voice VPN to be
called from the PSTN using direct exten-

sions. A VoIP VPN provides additional services such as Virtual
Local Extensions and Voice Remote Access Interactive Voice
Response (IVR).

For multinational companies, travelling workers frequently
need to call their home office. By allocating virtual local phone
numbers for some VoIP extensions, the PSTN no longer has to
route calls to the home office in several steps over the PSTN.
For example, it allows people travelling in Spain to call a local
Spanish number rather than calling a long-distance number to
their home office in another country. 

The virtual attendant service, Voice Remote Access IVR,
allows travelling employees to dial a specific number that asks
them which internal VPN number they wish to call. With an
optional identification procedure, they can also be allowed to
make off-net calls at no charge or on a prepaid account.

3.4 Additional services
A “Subscriber Policy Engine” service can be very beneficial

and can help reduce the difficulty of reaching people on the
move by providing “follow-me” type of services. Roaming
users simply need to be allocated numbers in a recognisable
range. This service can be offered by the service provider as a
specific class of service for roaming users, without requiring
any specific installation within the core VoIP VPN architecture.

“Unified Messaging” allows users to retrieve and manage
their voice mail as part of routine e-mail checks. This saves
time and enhances the responsiveness of the entire organisa-
tion. A Unified Messaging system can easily be added as part
of the core VPN architecture, i.e., the offering of the service
provider, and should not require additional on-site hardware.

3

Fig. 1: VoIP VPN architecture
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Architecture

4.1 Overlapping dialling plans, group prefixes
With the number expansion strategy, the CCS Softswitch

learns the physical location of an IP phone through the registra-
tion process. In the H.323 standard, the phone sends a registra-
tion request message to the gatekeeper with its alias (name or
telephone number) and current IP address.

For example, if both groups A and B have a ‘1010’ extension,
the CCS Softswitch needs to know that whenever a member of
group A dials ‘1010’, the call needs to be routed to the ‘1010’
phone within group A, not group B. The correct strategy for im-
plementing a VoIP VPN is to make the phone alias unique by
adding a group prefix to each short telephone number. 

If group A is assigned prefix 111 and group B is assigned pre-
fix 222, then:
• the ‘1010’ IP phone within group A registers as 1111010
• the ‘1010’ IP phone within group B registers as 2221010

When dialling out from a phone in a VPN group, the H.323
phone will use its registered alias as the Calling Party Number
information element of the H.225 Setup message used to estab-
lish the call. By looking at the group prefix of the calling party
number, any call from group A can be recognised.

Similarly, the corporate gateways connected to PBX’s must
add the group prefix to the calling party number for any call
routed to the VPN network. This requires from the CCS Softs-
witch implementing the VPN:
• Simultaneous Source and Destination-based routing (ability

to also route a call based on the calling party number)
• Calling Party Number and Called Party number expansion

and truncation.  
A variation in this configuration can be, for example, on net-

works with no IP phones (only gateways), it is possible to have
a gateway add the group prefix to the Called Party Number
instead of to the Calling Party number. This allows the imple-
mentation of a VPN network with a gatekeeper that does not
have source-based routing capabilities.

Another strategy is to virtually isolate a VPN by using the list
of H.323 ID’s of the gateways participating in the VPN. The
gatekeeper is provided with a list of H.323 ID’s for each gate-
way. Therefore, whenever a call ar-
rives from that gateway, it can de-
cide to which VPN the call belongs
and route it accordingly.

4.2 Communications with the 
public network

Most VoIP VPNs need to be
reachable from the PSTN as well as
be able to dial out to the PSTN. Di-
alling out to the PSTN is easy and
only requires an escape access code
that prevents mixing short VPN
numbers and short PSTN numbers.
In Europe, this is usually the digit

‘0’. The only difficulty is in properly choosing the egress gate-
way and in rewriting the Calling and Called Party numbers ac-
cordingly.
• In the Calling Party number, the VPN prefixes must be

replaced by the PSTN prefix. 
• In the Called Party number, the escape access digit must be

removed and the number needs to be rewritten according to
the local PSTN dial plan applicable in the country of the
selected egress gateway. 

• If a sequence of Direct Inward Dialling has been allocated to
the VPN, then it is also possible to dial-in. When the gate-
keeper receives a SETUP message from a gateway, it needs
to rewrite the Calling and Called Party numbers.

• The Calling Party number needs to be prefixed with the
appropriate escape code.

• The Called Party number needs to be rewritten using the
VPN group and site prefixes. 

The PSTN gateways are now shared. Some VPN groups may
require a specific number of ports to be allocated for their own
use. 

4.3 Scalability, Upgradability, Availability 
The technologies that are used on the core VPN platform are

determined by the need of service providers to reach a critical
traffic volume and negotiate better termination tariffs. The plat-
form should support hundreds of calls per second while main-
taining a very low call set-up time (in the 300ms range at most)
at peak-loads. This precludes the use of relational databases in
the softswitch call processing. Relational databases can be used
only for the provisioning architecture, but the softswitch itself
should use only in-memory, real-time telecom-grade databases.
User profiles should be retrieved from read-optimised servers. 

Very specific route indexing techniques, which guarantee a
call set-up time largely independent of the number of routes,
should be used. The provisioning framework should allow
complete automation of operations for adding and removing
sites. This makes it necessary to offer a command line inter-
face, in addition to graphical user interfaces, since most provi-
sioning database frameworks use a shell interface with third
party systems. The softswitch system has to be hot-upgradable,
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Fig. 2: A call example
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both in terms of capacity and in terms of software release. Serv-
ices should never be interrupted.

The softswitch system should be able to resist any single
component failure, including software switches. A monitoring
system should be able to detect and report hardware, operating
system and application failures in almost real-time.

4.4 QoS – Quality Of Service
If transit delay in the IP network and packet loss can be con-

trolled, the voice quality of VoIP can be comparable to that of
PSTN. 

In the corporation itself, on-site VoIP equipment and regular
data hosts should use two separate levels of QoS. In a Local
Area Network (LAN) architecture, the disruptions to a host by
traffic originating from another host can be minimised. Using
switches or Virtual LANs already provides a sufficient level of
isolation. Under bandwidth constraints, voice packets should
be prioritised using a priority scheme for all User Datagram
Protocol (UDP) packets, or only for Real-Time Protocol (RTP)
packets. For the leased line between the corporation and the
core IP network, since it is usually under stringent bandwidth
constraints, it is vital to use priority schemes for voice packets.

At the network peering points, the best situation would be
one in which all used the same IP network providers. If not,
dedicated symmetrical bandwidth should be provided in order
to support the peering agreement among the networks. Public
peering nodes and satellite links should be avoided.

Monitoring the physical integrity of all VoIP VPN compo-
nents is essential in order to ensure a high service availability.
A proactive monitoring approach, which continuously verifies
the availability of the service at the application level, and can
provide near real-time reports to administrators, is preferable.

Conclusion
Using VoIP in place of circuit-switched networks can cre-

ate significant savings. In addition, the VPN feature allows the
core VoIP network to behave as a hub aggregating many differ-
ent telephony services on the same backbone to offer services
to the whole range of end-user devices. Quality of service is
comparable to PSTN, with additional services to come. Open-
ing a telephony network to IP services affords the opportunity
for many additional, new, network-based services.

5
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VoIP in Public Networks: 
Issues, Challenges and Approaches

Francisco González Vidal

The present article introduces the basic problems found for conveying voice in a public environment,
providing the quality of service the subscribers are currently used to. We schematically present the current
methods for providing an estimation of the voice quality, as well as the performance of the current coding
schemes and their interworking. A discussion about public network architectures based on VoIP follows, as
an evolution scenario from the current Public Switching Network, Time Division Multiplex based, to the
future Next Generation Network, Packet based. The network elements of the new paradigm are introduced:
Softswitch, Trunk Gateway, Access Gateway. Finally, a brief description of a current project on Distributed
Access Gateways for supporting the above described evolution scenarios is presented.

Keywords: VoIP, QoS, Access Gateway, Next Generation
Network

Towards the Next Generation Network
There is an industry consensus that the telecommunica-

tion network of the future will have the following main traits:
• Network intelligence will migrate to the periphery, either to

the user terminals or to servers where high level applications
are located.

• There will be only one multiservice telecommunication net-
work supporting all the current and future telecommunica-
tion services.

• Data applications will be dominant with regard to bandwidth
consumption.

• As for the current state of the technology, IP is considered as
the network protocol of choice, the federating protocol.

Although the debate is open on some of these points, e.g.
when video services were widely deployed would still data
applications be so dominant in bandwidth? what kind of video
services will be deployed? But the shift of the present voice
centric Time Domain Multiplexed network towards a packet
paradigm seems to be clear. What it is still not clear is the pace
and the shape this major change will take. In this article we
address the challenges and issues that have to be confronted in
offering a voice service, more specifically, a voice service up to
the standards of current telephonic service in this new packet
oriented scenario.

The paper is organized as follows. First, we present the
quality issues that arise in conveying voice over packets,
specifically on IP that seems to be the technology of choice.
Then, we address the proposed architecture for the Next
Generation Network (NGN) from the point of view of the voice
service. Finally, we describe a current project we are involved
in Alcatel for providing a Distributed Voice over IP Gateway on

top of an Integrated Multiservice Access Platform (IMAP).
This approach is aimed at easing the migration from the current
Time Division Multiplexing (TDM) network paradigm to the
NGN in a way that keeps the vast investment that operators
have to do in the access environment.
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Figure 1: Mean Opinion Source (MOS) and Rating factor (R) 
are used to measure subjective voice quality
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Voice Quality issues in an 
IP network

Voice quality is by nature a sub-
jective matter that is measured by a
set of currently standardised sub-
jective tests. At present, two main
indicators are used to measure
voice quality:
• Mean Opinion Score (MOS) in

a scale of 1 to 5
• Rating factor (R) in a scale of 0

to 100
Figure 1 shows how these two

indicators relate to each other. We
can appreciate that voice quality in
traditional Public Switched
Telephony rates from medium to
best in performance. The subjec-
tive quality of a telephone call as a
function of the network parameters
is predicted with a model, called
the E-model [ITU-T G.107]. The
E-model is expressed as:

R = R0 - Is - Id - Ie + A
Where:

• R0 groups the effect of noise, either background or circuit
noise

• Is includes impairments simultaneous to the voice signal:
due to quantization, too loud a connection, too loud side
tone

• Id encompasses delayed impairments, included those caused
by talker and listener echo or loss of interactivity

• Ie covers the impairments caused by the use of special equip-
ment; for example, each low bit rate codec has an associated
impairment value. This impairment value can also be used to
take into account the influence of packet loss.

2
Origin Standard Type codec bit

rate (kb/s)

voice
frame
(ms)

look
ahead
(ms)

algorithmic
delay (ms) le Intrinsic

quality

ITU-T

G.711 PCM 64

0.125 0 0.125

0 94.3

G.726
G.727 ADPCM

16 50 44.3

24 25 69.3

32 7 87.3

40 0.125 0 0.125 2 92.3

G-728 LD-CELP
12.8

0.625 0 0.625
20 74.3

16 7 87.3

G.729(A) CS-ACELP 8 10 5 15 10 84.3

G.723.1
ACELP 5.3

30 7.5 37.5
19 75.3

MP-MLQ 6.3 15 79.3

ETSI

GSM-FR RPE-LTP 13 20 0 20 20 74.3

GSM-HR VSELP 5.6 20 0 20 23 71.3

GSM-EFR ACELP 12.2 20 0 20 5 89.3

Table 1: Intrinsic characteristics of standardized codex
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• Term A is the expectation factor. It expresses the decrease in
the rating R a user is willing to tolerate in favour of the
“access advantage” some systems have over wire-bound
telephony. As an example, the expectation factor for mobile
telephony is 10.

Two impairments mainly hamper the subjective VoIP quality:
• The impairment Ie associated with the use of “special equip-

ment”, like coding or transcoding systems, or distortion, like
the one produced by packet losses.

• The impairment Id associated with the mouth-to-ear (M2E)
delay, produced, for example, by the loss of interactivity or
the echo (talker and listener echo).

With regard to Ie, Table 1 shows the intrinsic characteristics
of standardized codecs. This table shows that the intrinsic qual-
ity of most coding schemes is between medium to best per-
formance (exceptions are ADPCM 16 and 24 kbps). Simula-
tions performed in [De Vleeschauwer et al. 00] and [De
Vleeschauwer et al. 99] show that transcoding is something
that must be avoided as much as possible.

Id is an important factor to take into consideration in packet
based networks, as delay will be always higher than in conven-
tional public telephony networks. The delay introduced when
using a packet networks to carry voice traffic is made of:
• encoding-decoding delay (table 1), that is, the time needed

to code and decode a set of voice samples using a codec
algorithm,

• packetization delay, that is, the time needed to build a voice
packet. For example, in G.723.1, each voice packet carries
30 ms of digitized voice (table 1), 

• propagation delay, that is the time needed by electrical or
optical signals to propagate (most important in the case of
satellite links),

• queuing and transmission delay, that is, the time taken to
transmit packets through the network, and

• dejittering delay, that is the delay introduced by the use of
buffers at the destination to absorb delay variations in packet
networks.

We have seen that Id covers the impairments caused by talker
and listener echo, and the loss of interactivity. The first ones can
be treated by introducing echo control.

In Figure 2, we show the effect of echo attenuation (EL =
echo loss) on the rating R for G.711 coding, assuming 0% pack-
et loss. Note that, from 150 ms on, the rating decreases, due to
the perceived loss of interactivity. Values above 400ms are
unacceptable.

Finally, in Figure 3, we can see the effect of packet loss on
the codec’s intrinsic performance, i.e. without accounting for
additional impairments. The beneficial effect of packet loss
concealment, i.e. a strategy to replace the lost packets is also
shown. A more detailed discussion of the combined effects of
impairments can be found in [De Vleeschauwer et al. 99].

Finally, we can conclude that offering interactive VoIP with
PSTN quality is perfectly feasible for a set of standardized
codecs provided that:
• perfect echo control is performed as close as possible to the

source of the echo (a hybrid in the PSTN or a PC terminal
with low coupling loss),

• transcoding steps are avoided as much as possible,
• IP network resources for voice are decently managed (so

that packet loss is low or negligible)
• Mouth-to-ear delays are bounded, that is:

– voice packets get head-of-line over data packets in both
access and backbone networks,

– long data packets are segmented or interrupted as soon as
voice packets arrive (e.g. in low speed access networks)

x

x

x

x

0

10

20

30

40

50

60

70

80

90

100

0 2 4 6 8 10 12 14 16

PSTN
quality

In
tri

ns
ic

 ra
tin

g 
R

in
t

packet loss ratio (%)

x

G.729(A) + VAD
G.723.1@6.3 kb/s + VAD
GSM-EFR
G.711 with PLC
G.711 without PLC

Figure 3:
Effect of packet loss on the 
intrinsic performance

PLC = Packet Loss Concealment

IEEE eXpress Sample eBook, page 1213



Voice over IP

40 UPGRADE Vol. II, No. 3, June 2001 © Novática and Informatik/Informatique

– dejittering and packetiza-
tion delays are properly en-
gineered.

Next Generation Network 
Reference Model

In this section we concentrate
on the network elements needed
to provide the telephony service.
We leave aside elements pertinent
to other services like data and
video, although some of the ele-
ments can play a role in multime-
dia scenarios that include voice.

Figure 4 represents the Next
Generation Network (NGN)
reference architecture for provid-
ing voice services. Note that we
have included in the picture the
current Public Switched
Telephony Network (PSTN), as
well as the current telephone sets,
as they are going to remain in
service for any sensibly foreseeable future (keep in mind that
PSTN world-wide has more than one billion main lines today).

In Figure 4 we can identify the main components of this new
scenario, namely the Gateways and the Call Server:
• Trunk Gateway (TGW): it performs at the bearer plane the

necessary transcoding functions from the coding used in the
PSTN network (normally PCM G.711) to whatever coding

scheme we have decided to use in the packet network. In ad-
dition, at the control plane it has to perform the signalling
gateway function between the legacy PSTN signalling
system, (nowadays normally based on ITU-T Signalling
System N. 7) and the signalling system chosen for the NGN,
H.248 in the figure.

3
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GW

CPE
GW

Call Server

TGW

PSTN

IMAP

H.323

#7

Data
ATM, IP

H.248H.248

Figure 4: Next Generation Network (NGN) refer-
ence architecture for voice services
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• Customer Premises Equipment Gateway (CPE
GW): this is the VoIP application residing on the
customers premises that will be used in the final
scenario when all voice sets have become “IP
phones”. In a near future VoIP gateways will be
embedded either in IP-PABX or in Integrated
Access Devices, both for business users (of a
significant size we should add). For the time
being, VoIP Gateways for residential users are
not economically reasonable.

• Access Gateways: these elements concentrate
users having standard telephonic gear (analogue
or digital phone sets, fax machines, key
systems, analogue or digital PABX). It performs
the corresponding gateway function both in the
bearer plane, as we saw in the Trunk Gateway,
as well as in the control plane, where the signal-
ling conversion is done between subscriber sig-
nalling system (either analogue or ISDN) and
the NGN signalling scheme, H.248 in this
example.

To make this happen, a sensible migration path from the cur-
rent network towards the NGN has to be planned. Current
industry thinking favours an evolution starting in the backbone
and progressing towards the user. Figure 5 provides a coarse
view of this strategy.

Finally, we would like to add some considerations on the
evolution scenario presented in Figure 5. In the case of new
operators without a large TDM installed base, some intermedi-
ate steps in the evolution can be skipped. Of course, this will
depend on the starting point of the new operator, as almost none
of them start from scratch (typically all of them already have a
TDM based backbone network).

If they come from the long distance interconnection business,
they can start in a safer way from the intermediate step shown
in the figure. Access Nodes providing traditional TDM

subscriber concentration functions, over e.g. standard V5.2
interfaces, and with the capability to be enhanced with VoIP
Gateway functionality, will prove to be an invaluable tool to
facilitate the migration. In our opinion, the last equipments to
be migrated to VoIP should be the ones in customer premises,
due to the economic impact of their volumes. Again, an inter-
mediate node like the Access Gateway we describe in the next
section, will help in making a business sensible transition.

An Integrated Multiservice Access Platform with 
VoIP Gateway embedded

Digital Line Concentrators (DLC) have been around since
long ago as a mean to extending the reach of Local Exchanges
in such a way that they can cover larger areas of service, in
particular, when covering disseminated population distribu-
tions. In principle, a DLC is a remote switching unit that is
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controlled from a Local Exchange, and that provides either
multiplexing or better concentration of telephony calls for
saving transmission resources between the remote location and
the exchange.

DLCs have evolved in some important ways:
• Providing standard signalling interfaces to the Local

Exchange (e.g. GR-303, V5.1/2), that has made independent
the access nodes from the switches, and as a consequence
opening the access market.

• Integrating different transmission technologies towards the
exchange (copper, fibre, PDH, SDH), i.e. the same concen-
trating electronic node can incorporate whatever transmis-
sion technology is best suited to the deployment scenario.

• Providing a full set of user interfaces for supporting different
services: from traditional telephony service (POTS), narrow
band digital integrated services (ISDN), to any flavour of
leased lines for narrow band data: data n x 64kbps, subrates,
analogue data, etc. 

• Providing the grooming of telephony and data services, i.e.
the separation (network direction) of these services to the
corresponding overlay network.

• Integrating Broadband Access: ADSL, HDSL, SDSL, …
xDSL, which constitutes the major evolutionary step in
these new generation access elements.

This conforms what is known as the New Generation Digital
Loop Concentrators, or as we name it in this paper, an Integrat-
ed Multiservice Access Platform (IMAP). Figure 6 shows
schematically this IMAP definition (see also reference
[González Vidal 00]).

The internal architecture of an IMAP will support the follow-
ing design principles, in order to provide an Operator with the
necessary flexibility for its network application:
• Universal shelf and Universal slots, for subscriber and

network sides: for providing the required flexibility when

planning and dimensioning the access network, as the pene-
tration of each type of service is very difficult to predict, and
varies from application to application.

• Fully redundant: carrier grade, compliant with the stringent
reliability requirements that public telecommunication
network adheres to. 

• Designed for in/outdoor configurations
• Standard compliance: in both signalling and management,

to provide the basis for an open market in the access
In the platform we have developed, we have made provision

for server cards, that can be located in a universal slot position.
These server cards are based on digital signal processing tech-
nology and are programmed to provide VoIP, FoIP (Fax over
IP), voice band data over IP. The server can also be pro-
grammed to work as a Modem Bank for providing dial-up IP
service for analogue modems.

The internal architecture of the platform under discussion
can be seen in Figure 7. Figure 8 shows the physical aspect of
the implementation.

In our approach, TDM calls are terminated in the server
board, where the bearer plane conversion takes place from
64kbps PCM channels to the voice coding scheme chosen in
the IP network. Then, the voice is packetized and sent over
RTP/ IP/AAL5/ATM. Packetized voice over ATM is multi-
plexed with data on ATM coming, for instance, from the ADSL
Line Modules. ATM has been chosen as the best way to provide
QoS in the access domain, and providing service multiplexing.

As for the control plane, subscriber signalling is terminated
in the narrow band controlled and converted to access signal-
ling (V5). The server card provides the interworking between
this TDM signalling and the H.248 signalling towards the Call
Server.

One important feature of this approach is that we can provide
concurrently VoIP and traditional TDM services, by provision-
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ing those subscribers we can serve with either technology. This
feature provides a safe evolution path for operators migrating
towards a voice packet network. We sketch this feature in
Figure 9.

Conclusions
Quoting a high rank industry guru, “The only thing we

can be sure about Telecommunications future is that we cannot
predict it” we believe that there is a strong trend towards a
packetized multiservice network. Most likely, this network will
be based on Internet Protocol. the challenge is to replace the
more-than-a-century-old telephony service.

In this paper we have briefly discussed some of the issues we
are confronted to: 
• what are the requirements that we have to put on IP networks

for conveying voice with the adequate quality?
• what are the present models the industry is working on?
• what is the shape this Next Generation Network is going to

have and what are its basic constituent elements? and 
• what can be the evolution path from the current networks to

the future ones?
Finally, we have described a network element that can play a

major role in this transition period, that, for sure, will be long

lasting, and that, in our view, it is a crucial piece in making this
evolution economically sensible.
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Voice Communication over the Data Network
Convergence of Services by LAN Telephony

Robert Bertels

In the past, voice and data traffic were transmitted over completely separated systems. Today, voice
communication can be carried on an local data network by means of the Internet Protocol (Voice over IP or
LAN Telephony). As a result, in new buildings at least, a telephone network as such is no longer necessary.

Keywords: VoIP, Internet Telephony, Convergence of Com-
munication Services, Integrated Business Solutions, Quality of
Service.

In today’s office, access to the local data network is as impor-
tant and normal as the telephone connection. On both net-
works, information is transmitted in digital form. Yet, in most
cases, voice and data are carried over entirely distinct systems,
a relic of the time when telephony used analogue signal trans-
mission and computers were at an early development stage.

Voice and data on the same network
Current developments mean that the separation between

voice and data transmission is no longer necessary inside a
company. Local Area Network (LAN) telephony (better:
Intranet telephony or VoIP) is a reality. The telephone receiver
can be connected to a desktop PC and calls between offices can
be made over the local data network, with no telephone line
involved. Voice and data service have converged with both
using the same network, opening up a basis for “Integrated
Business Solutions”.

Until recently, rapid progress with VoIP was predicted, along
with an early end to conventional telephony. In the light of real
experience, such euphoria has given way to a more realistic
assessment: VoIP does not yet offer the same mix of functions
and services as conventional telephony (except at very great
expense) and the technical standards indispensable for a break-
through at the global level are not yet in place. There is also a
lack of know-how and experience among many vendors and
potential customers. In addition, the development of VoIP is
affected by the cultural chasm that exists between telephone
and computer worlds as demonstrated by the fact that responsi-
bility for voice and data transmission is divided between differ-
ent departments in many companies. Despite this, the potential
of VoIP should not be underestimated.

In new office buildings it can already make sense to dispense
with the installation of a telephone system with exchanges and
lines and use the internal data network instead for the transmis-
sion of internal telephone calls. For outside calls, a simple
interface (gateway) is sufficient to provide a telephone service.
At the new headquarters of Bison Switzerland AG (a computer
company, at the time Agro Data AG) in Sursee (Switzerland),
this new technology has been installed. Each work station has

been equipped with a PC that also serves as a telephone. Bison
adopted this revolutionary approach because of the obvious
advantages of VoIP, namely:

• simple installation and administration,
• fast installation of new system features as well as easy

upgrading (only software changes are required),
• open interfaces to other systems and applications (e.g. cus-

tomer administration). 
In existing buildings with conventional telephone systems

not yet fully depreciated, total conversion is not essential and a
more gradual transition to the new technology to meet current
priorities is recommended. A typical example is the publisher
of the Neue Zürcher Zeitung. The company’s customer care
centre was equipped with an LAN-supported communications
system at the end of 1999. Calls from the subscribers are now
directed into the local data network and answered from compu-
ter terminals on which the customer’s data is immediately
available on screen. Because it was possible to integrate the
VoIP system into the existing workflow software, investment
costs were relatively low. The advantages show on two levels: 
• improved efficiency and quality of service, fewer customer

complaints and subscription cancellations.
• from the operational point of view, the improved work envi-

ronment means lower employee turnover with a consequent
reduction in training costs and less need for temporary
workers.

As both factors have such positive economic effects, the sys-
tem will pay for itself inside a year.

In simple terms, the model can be described as follows: the
conventional local telephone system with its switchboard, tele-
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phone lines and the usual multifunctional telephone hand sets
remains in operation throughout the office, except for the cus-
tomer care centre. The local data network between individual
workstations is also in place. In the customer care centre (and
only there), the conventional
telephone infrastructure is
missing. PC workstations are
equipped with a telephone re-
ceiver and the corresponding
software to support the voice
transmission. The interface
between the two networks is a
number of special gateways.
The end result is that, after the
change, there appears to be no
difference in “telephone”
usage and quality compared
with the previous situation.

Strategic project
Companies considering the

possibility of a gradual
change to VoIP would be well
advised to treat such a project as a high priority strategic one.
Migration paths and speed must be optimised to ensure that the
company’s business processes are fully supported in each
phase of the change if a positive added value is to be achieved.
The choice of the system vendor is of particular importance.
The vendor must be competent in both data transmission and
conventional telephony to guarantee that the existing telephone
system remains an effective element of the overall system dur-
ing a possibly long transition period. All this involves concern
for operational matters and the need to protect existing invest-
ment. In Switzerland, many companies have very modern and
efficient telephone systems which, with the necessary exper-
tise, can easily remain in operation until the initial investment
has been paid back.

The problem 
Conventional telephony is based upon the transmission of

voice data over a dedicated line. In contrast, data transmission
over the LAN is more flexible but also more difficult to control.

On the LAN, information is chopped in small packets which
may reach their destination via different paths. If the -network
becomes overloaded, packets might be delayed and arrive out
of sequence. Packets can also get lost or destroyed and must be

resent until they have all reached their destination. Once there,
they are then recombined in the correct sequence. This process
naturally takes time.

In the case of pure data this is not a problem. Voice data, how-
ever, needs to be transmitted
instantaneously. There should
be no perceptible time differ-
ence between what is spoken
at one end of the line and what
is heard at the other. such
instantaneous transmission
was not part of the original
LAN specification but effort
is now being made to achieve
such a level of service. This
includes greater bandwidth
and its effective management,
redundancy to obtain lower
failure rates, and prioritiza-
tion of voice data with the aim
of guaranteeing a full tele-
phone quality of service. VoIP
has already been successfully

implemented in many company Intranets, and is well on the
way to becoming the generally accepted solution in the Wide
Area Network field too.
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Abstract. This paper deals with video transmission over 
lossy communication networks. The main idea is to 
develop video concealment method for information losses 
and errors correction. At the beginning, three main 
groups of video concealment methods, divided by 
encoder/decoder collaboration, are briefly described. The 
modified algorithm based on the detection and filtration 
of damaged watermark blocks encapsulated to the 
transmitted video was developed. Finally, the efficiency of 
developed algorithm is presented in experimental part of 
this paper. 
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1. Introduction 

The main problems arising by the video transmission 
over IP communication networks are caused by network 
congestion. With growing of the multimedia services 
popularity, video concealment techniques become more 
important. A lot of video concealment methods with 
different efficiency have been proposed. They can be 
divided into three primary groups, namely, forward error 
concealment, interactive video concealment and post-
processing video concealment. These methods were 
developed to work separately. Moreover, in this paper, the 
new combined concealment algorithm for increasing the 
efficiency of error cancellation was developed [1]. 

 The outline of the paper is as follows. In the next 
two sections, an overview of basic principles of video 
concealment techniques, especially the post/processing 
methods are introduced. Based on state of art in this area, 
the new method utilizes the damaged watermark 

detection algorithm is presented in the section 4. Finally, 
the realized experiments, brief summary and future tasks 
are discussed in sections 5 and 6. 

2. Methods of Video Concealment 

In recent years, three basic types of video concealment 
have been developed. These approaches include forward, 
interactive and post-processing video concealment. In 
first type of video concealment, the encoder plays leading 
role. If transmission channel is not errorless, the two 
kinds of distortions in decoder can be observed. First one, 
quantization noise caused by waveform coder and second 
one, caused by transmission error. Optimal pair of source 
and channel encoder should minimize both types of 
distortion. Thus, it can achieve better performance of 
video transmission. Forward video concealment includes 
FEC (Forward Error Correction), common application of 
source and channel coder, as well as layered coding 
transmitted by channels with different priority. Some of 
these methods require the cooperation of network and 
coders in order to achieve different level of quality of 
service for diverse parts of video stream. However, the 
base layer contains principal video information, it is 
transferred with higher reliability. The higher video 
quality can be achieved by additional video information 
layer enhancement. Design of layered coding can be 
solved by several approaches, for example in temporal 
domain with different frame rates or in spatial domain 
with different resolutions. Most important task is partition 
of video data to given layers. The transmission error in 
enhancement layer could decrease of video quality. This 
method of video concealment adds redundancy into 
source or channel coder and also utilizes transport 
prioritization. The main advantage of this method is good 
error resistance due to increase of the overhead. 

 Forward video concealment and post-processing 
video concealment utilize a very small interaction 
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between encoder and decoder. If a backward channel 
from decoder to encoder is available, these devices can 
optimally cooperate and achieve better results by the 
damaged video processing. This cooperation can be 
realized by source or channel coder. Source coder can 
adapt coding parameters based on the backward channel 
information from decoder. Also the information from 
backward channel for the bandwidth reservation for FEC 
or repeated transmission can be used. There are also other 
techniques of the interactive video concealment, for 
example; selective coding in source encoder, adaptive 
coding on channel level, resending lost data or damaged 
parts without waiting, as well as prioritization and 
multiple copies of resending data. The decoder sends 
information about correctly received data. Encoder from 
this information can determine damaged parts. 
Subsequently, these parts are replaced with correct parts 
from encoder buffer and used for prediction. This method 
helps to reach higher error resilience. Automatic repeat 
request can be used together with conventional decoder. 
In general, one retransmission creates delay about 70 ms. 
This value is appropriate for most of non-real time 
applications. On the other hand, it causes delay in 
decoding that may be unacceptable for real-time 
applications. On suppression problem of delay in 
transmission, there has been proposed a method that 
averts the delay in decoding by remembering the path of 
damaged data at decoder side. Other method decreases 
delay in decoding by sending multiple copies of lost data 
in every repeated transmission due to reduction of the 
number of requested repeated transmissions. 

 The last one video concealment method uses 
spatial and temporal redundancy presented in video 
signal. The filter dimension used for the interpolation the 
lossy blocks strictly depends on the on the amount of 
motion in the concealed area of processed frame. There 
are some combinations of temporal and spatial causal 
interpolation masks. In the case of using the frame 
memory, the interpolation masks can have a non-causal 
form. Thus, the temporal causal concealment techniques 
repairs lost blocks with corresponding blocks from 
previous frames, spatial concealment techniques calculate 
lost pixels from neighborhood pixels just the same frame 
and finally, the spatio-temporal concealment techniques 
merge previous mentioned principles. Moreover, the 
spatial interpolation techniques are preferred to use for 
video with low amount of motion. On the other hand, the 
temporal interpolation techniques are preferred for video 
with high amount of motion [1], [2]. 

3. Post-Processing Video 
Concealment  

In this section, some of post-processing video 
concealment methods will be introduced. They are 

characterized by minimal interaction between encoder 
and decoder and use correlation between temporal and 
spatial pixels/blocks. Other ones use estimation of optical 
flow at pixel or block level and extrapolation of motion 
vectors. Following methods repair whole damage frames 
by multiframe video concealment in order to make 
effective concealment of errors generated during the 
transmission over network. 

3.1. Hybrid Method of Video Concealment 

The hybrid method utilizes spatial and temporal 
redundancy in video signal. This method is trying to 
mask lost blocks by using the information from two 
previous frames and spatial adjacent blocks of the actual 
frame. Moreover, spatial concealment uses directly 
adjacent vectors. These vectors are also use for the 
smooth estimation of lost blocks. Temporal error 
concealment conceals lost block with block from 
previous frame. Further, in this method the PDC (Pixel 
Difference Classification) function is used. PDC function 
compares pixels each other in the processed frame and 
pixels at the same position in previous frame. PDC 
function detects motion in video. When the value of PDC 
function is higher than threshold, the algorithm uses 
spatial concealment only. If detected motion in video is 
too much for temporal concealment, so it might make 
inaccurate concealment. This algorithm can be used for 
application that does not request very high video quality 
such as video conference or broadcasting for mobile 
phones [2], [3]. 

3.2. Video Concealment Based on Boundary 
Distortion Estimation 

This hybrid video concealment algorithm utilizes not 
only different types of concealment techniques but 
combine whole schemes. Temporal video concealment 
provides better performance than spatial concealment on 
general conditions, but spatial concealment is more 
convenient for video with dynamic scene. Application of 
these techniques depends on various parameters such as 
temporal and spatial activity. Furthermore, concealment 
algorithm uses enhanced techniques in order to achieve 
more accuracy recovery of lost parts of video frames. 
Temporal concealment contains two kinds of recovery of 
lost video data. Convention temporal method looks for 
the most similar MBs. Second method is performed by 
addition of enhanced residuals to recovery MBs based on 
calculate of boundary residuals. Then TAWS (Temporal 
Adaptive Weight-based Switching) algorithm that 
processes data from both types of concealment to finally 
form of MBs is accomplished.  Spatial concealment is 
based on SAWS (Spatial Adaptive Weight-based 
Switching) algorithm that determines suitable type of 
spatial concealment. A few techniques such as search of 
dominant edge points, integration of interpolation modes 
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in order to obtain more accuracy performance are 
utilized. Usage of convention techniques of concealment 
and enhanced algorithms such as TAWS, SAWS and 
boundary distortion estimation leads to very good 
performance [4]. 

3.3. Video Concealment Algorithm on Pixel-
CAp 

Video concealment usually uses the information from 
adjacent blocks near lost block. In case that whole frame 
is lost, conventional concealment methods fail because 
the information from adjacent blocks is unavailable. 
Thus, in these cases other methods for the motion 
estimation from previous decoded frames in order to 
conceal the lost frame have to be applied. The method 
based on pixels has been proposed in situation, when 
whole frame is lost, so this method is based on the optical 
flow estimation. Optical flow estimation is based on the 
hypothesis, that motion between two following frames is 
not very different. This technique of concealment of lost 
frame is based on projecting adjacent correctly decoded 
frame on lost frame in pixel domain. Motion in video can 
be assessed by estimation of motion vector field. For 
properly and effective concealment of lost frame is 
necessary perform several steps: estimation of motion 
vector field, their spatial adjustment, projecting on lost 
frame and finally, interpolation and filtration [5]. 

3.4. Video Concealment Algorithm on 
Block-CAb 

Video concealment method based on block level tries to 
provide a concealment that will be possible to implement 
in real-time applications. CAb method utilizes the 
concept of optical flow to reconstruct field of motion 
vectors for the lost frame [5]. Reconstruction on block 
level offers two main advantages: 

 algorithm is used in case, when decoder detects 
random lost in picture. Solution is assumed by 
single filling of the data structure used with 
normal macroblock decoding and data filtering. 
Therefore this form can be used in parallel 
architecture, where filtration and interpolation are 
processed together, 

 all filtration operations are needed for 
interpolation of lost information, for example 
motion vectors from intra-frame coding areas, 
based on block level with resolution 4x4 pixels. 
This resolution enables more accurate processing 
than CAp method. 

 This concealment algorithm for loss frame on 
block domain is performed gradually in several steps. At 
first, in order to increase coding effectiveness the 
convenient reference frame is searched. It means that 

algorithm searches the closest frame in time in reference 
buffer. Projection on motion vectors of all pixels from 
reference frame is exploited and applied on lost frame, 
subsequently.  In next step, statistical value for moving 
vectors in macroblocks and blocks with different size is 
computed.  In order to achieve more precision assess of 
motion, estimation for macroblock and block levels is 
performed. Algorithm tries to determine more uniform 
motion in image on macroblock level such as background 
and for remaining part of image is used estimation on 
block level. 

3.5. Video Concealment with HMVE 

Motion vectors of lost pixels that are extrapolated from 
previous frame motion vectors may be not accurate. 
Some of them could by badly extrapolated, especially in 
video with very high amount of motion. These limitations 
decrease the accuracy of motion vector for a pixel as well 
as total performance. Owing to this fact some techniques 
have been developed. These techniques utilize extended 
extrapolation of motion vectors based on pixel level. In 
order to remove these limitations there has been proposed 
a hybrid motion vector extrapolation method based on 
PMVE (Pixel Motion Vector Extrapolation), that uses not 
only extrapolation motion vectors of pixels, but it also 
extrapolates motion vectors of blocks too. This method is 
capable to eliminate badly extrapolated motion vectors in 
order to achieve accurate motion vectors. Moreover, 
HMVE (Hybrid Motion Vector Extrapolation) video 
concealment method works with block resolution 4x4 
pixels and video standard H.264/AVC that uses 
compensation blocks with resolution 4x4 pixels too [6], 
[7]. 

3.6. Multiframe Concealment Method 

This method uses not only previous decoded frames, but 
also information from partly decoded following frames in 
order to increase quality of the lost frame and also quality 
of following frames. Macroblocks of the lost frame are 
concealed in convenient order that is specified by using 
the information from partly decoded following frames. 
This algorithm can be adjusted for different number of 
reference frames that are used for successful concealment 
of damage parts of frames. High number of used frame 
can lead to more accurate concealment, but on the other 
hand high number of frames may not be suitable for real-
time applications. Operations of concealment are 
performed on two levels - macroblock domain and also 
on blocks with resolution 4x4 pixels. In first step, 
algorithm decodes following frames from damaged 
frame, consequently determines priority value of decoded 
macroblocks in damaged frame and adjusts its 
appropriate order. Macroblocks in damage frame are 
concealed by suitable motion vectors. After concealment, 
residual parts of following frame can be correctly 
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decoded. 

 Errors in received frame not only decrease the 
quality of video sequence, but also cause error 
propagation in following frames. Video concealment may 
minimize the immediate impact of lost packet on actual 
frame and may minimize error propagation. Multiframe 
concealment based methods provide better error 
concealment than previous methods  due to objective and 
subjective quality of lost frames concealment and 
minimize the error propagation [8]. Special kind of 
multiframe concealment was applied on multi-view 3D 
video sequences where the multiple frames captured by 
cameras contain the same scene from different viewpoints 
[13]. 

4. Watermark Based Concealment 
Method in Frequency Domain 

In this section, the new algorithm for the detecting the 
lost video blocks inside the video transmission is 
developed. It is based on the well known method for 
measuring the video quality, namely, the watermark 
encapsulation method. The entire algorithm is divided to 
the 3 main parts, namely, watermark embedding process 
at the transmitter’s side, lost block detector and lost block 
of pixels interpolation at the receiver’s side as shown in 
Fig. 1. Moreover, the receiver has to know the watermark 
embedded to transmitted video [12]. 

 

Fig. 1: Principal block diagram of developed method. 

4.1. Watermark Embedding 

At the beginning, the choice of watermark embedding 
technique to video with minimum affect to video quality 
has to be chosen. There are several options how the 
watermark can be inserted into video, namely, in spatial 
or frequency domain and likewise, into luminance or 
chrominance components. Based on previous research, 
the embedding in frequency domain into luminance 
component was selected. The watermarks serve as some 
kind of feature to measuring the error transmissions over 
the network. 

 In first order, to the each frame of transmitted 
video the binary watermark in 8x8 size dimensions to 
each DCT block of luminance part of YCbCr color space 
video in frequency domain have been embedded. Higher 
human eye sensitivity on luminance and the simplicity of 
whole algorithm are the main reasons (Fig. 2). 

 

Fig. 2: Principal block diagram of developed method. 

4.2. Detector of Damaged Watermark in 
DCT Block 

Let the receiver transforms the received frame of video 
from RGB or YUV to YCbCr or receives directly Y 
component of YCbCr color space. Thus, the main role of 
error detector is correctly detects of damaged DCT blocks 
transmitted via lossy channel by known watermark. 

 Let the inserted watermark w has the same 
dimension as DCT block and is composed by bipolar 
values belong to the high (HF), middle (MF) or lower 
(LF) image frequencies (Fig. 3a). Best choice for 
watermark embedding to DCT blocks is using the MF 
area (Fig. 3b). Moreover, the high values of LF 
coefficients can cause the periodic appear of white pixel 
in left-upper corner in time domain and high values of HF 
coefficients will cause visible level of Gaussian noise. 
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a)                                        b) 

Fig. 3: DCT block, a) dividing to image frequencies, b) an example of 
bipolar watermark “Chess” concentrated to MF area. 

 In first step, the masks of positive and negative 
values of the watermark’s DCT coefficients are computed 
as follows: 
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where the LOG1{.} express the logical function for true 
value (logical 1) of expression located in the brackets and 
i, j are the coordinates of DCT coefficient. The Likewise, 
the overall numbers of positive and negative values can 
be computed too as follows 
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 Let the ThresholdUP and ThresholdDOWN set up the 
acceptance level of undamaged value of watermarked 
image and each element of detected results can be 
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computed as follows: 
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 The overall decision if DCT block was corrupted 
or not is classified by next formulas: 
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    SCOREDCT ThresholddecisionLOGYLost >1 , (5) 

where Y is luminance channel of watermarked image 
received by receiver. In case, where the algorithm 
evaluates some block as damaged, block Y and 
appropriate Cb and Cr color blocks are marked in mask of 
lost DCT blocks LostDCT (Y) as value 1 (True). Creation 
of lost DCT blocks mask inside one video frame 
mitigates realization of error concealment mechanisms on 
such damaged positions [9]. 

4.3. Lost DCT Block Interpolation 

In the case of correct identification of lost DCT block 
using detection of damaged watermark in luminance 
channel, a lot of interpolation techniques can be used. In 
this paper, the simple time VMF (Vector Median Filter) 
belongs to the order-statistics filter family is used [11]. 

5. Experimental Results 

In the experimental part, the testing video sequences to 
indentify the algorithm performance were used. 

5.1. Test Conditions 

At first, the two static color images called Lena 
(representative of simple image) and Mandrill 
(representative of detailed image) as test image data with 
resolution 256x256 pixels and contain 1024 DCT blocks 
by 8x8 coefficients were used. Moreover, they are shown 
in Fig. 4a. These reference images were tested for binary 
watermark pattern in order to apply on video sequence. 
Thus in Fig. 4c, the test images with embedded 
watermark pattern chess <1;-1> are shown. Moreover, 
watermarked image Lena achieved SSIM parameter equal 
to 0,9876 and Mandrill 0,9957. 

 A lot of types of watermarks were tested. At first, 
watermarks have been inserted into all DCT coefficients. 
In these experiments, bipolar binary watermarks called 
chessboard, horizontal lines, vertical lines, text with 
combination of values: <0;1>, <1;-1> and their 

multiplications were tested. They are shown in Fig. 4b. 

 In the Tab. 1, the impact of used watermark 
pattern on number of false detected block for 
ThresholdSCORE = 0,4 is presented. Experiment shows that 
pattern "Chess" with binary range at <1; -1> achieved 10 
false detected DCT block only. More positive is fact that 
better results are obtained for detailed image Mandrill. 

 

      
a) 

    
b) 

       
c) 

Fig. 4: a) tested watermarks with different B&W patterns, b) tested 
images for embedding watermarks "Lena and Mandrill", c) test 
images with embedded watermark "Chess, <1, -1>''. 

 Embedded watermark for all coefficients produced 
image artifacts mentioned in previous section. The choice 
of watermark strongly depends on two opposite scopes, 
namely, the video quality maximization and ability to 
detect the damages in video. This compromise leads to 
using the chessboard watermark in MF DCT coefficients 
with <1,-1> values. Based on adjusted appropriate 
threshold score achieved on the test color images, the 
most suitable watermark were encapsulated into video 
sequences. 

Tab.1: Impact of watermark pattern on number of false detected DCT 
blocks, THRESHOLDSCORE=0,4. 

Watermark pattern 
False detected blocks 

 Rank
Lena Mandrill 

Chess, <1,-1> 7 3 10 1. 

Vertical lines, <1,-1> 7 12 19 4. 

Horizontal lines, <1,-1> 7 6 13 2. 
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Half by half, <1,-1> 6 17 23 5. 

Chess, <0,1> 16 9 25 6. 

Vertical lines, <0,1> 7 20 27 7. 

Horizontal lines, <0,1> 5 13 18 3. 

Half by half, <0,1> 13 27 40 8. 
 

 Following experiments with static color images 
and two test video sequences, namely „Taxi“ as delegate 
of real video (classic movie) and „IceAge“ as delegate of 
artificial video (animated cartoon) were used too. The 
Taxi video is about the discussion of two people at a car 
and IceAge video is about the discussion of animated 
animals. Both videos had same dimension 320x120 pxl 
with 25 fps and 250 frames in total duration 10 seconds 
coded in Indeo5 codec (IV50) supported by MATLAB. 

 In the Fig. 5, the false detection of DCT blocks 
(8x8 pixels) with embedded watermarks vs. threshold 
score are shown. Moreover, some chessboard watermarks 
with various parameters were tested too. The experiment 
shows, that more suitable value of threshold laid under 
threshold 0,4. 

5.2. Lossy Channel Modelling  

The algorithm was tested as offline application, where the 
errors caused by video transmission via lossy 
communication channel were modelled. There were 
various types of errors. Moreover, approach of the errors 
modeling by uniform and Gaussian PDF functions were 
applied. The achieved results were measured by well 
known parameter SSIM (Structural SIMilarity). The test 
videos at size 320x120 pxl had overall number of 8x8 
DCT blocks equal to 600 in one frame (40 in row by 15 
in column). 

Tab.2: Percentage expression of lost DCT blocks in one video frame. 

PDF uniform normal 

0,01 
No. 3 0 

% 0,5 0 

0,05 
No. 17 13 

% 2,8 2,52 

0,1 
No. 30 47 

% 5 7,8 

0,15 
No. 48 58 

% 8 9,7 

0,2 
No. 55 83 

% 9,2 13,8 
 

 
a) 

 
b)  

 
c) 

 
d) 

Fig. 5: False detected blocks dependency on ThresholdSCORE, 
a) watermark chess <-1,1>,  b) watermark chess <-2,2>, 
c) watermark chess <1,0>, d) watermark chess <2,0>. 
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5.3. Developed Algorithm Behaviour and 
Results 

It is very important, that after process of inserting 
watermark into video, the average video quality 
according to objective SSIM value may not decrease 
under 0,98. Based on this condition, the average value of 
SSIM parameter for embedded watermark was not lower 
than 0,99 [9-10]. After embedding the watermarks into 
test videos, achieved SSIM values were at levels equal to 
0,9905 for Taxi video sequence and 0,9910 for IceAge 
video sequence [12]. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 6: Frame of test video for normal PDF and V=0,05, a) damaged 
video “Taxi”, b) concealed video “Taxi”, c) damaged video 
“IceAge”, d) concealed video “IceAge”. 

 For correct detection of corrupted watermarks, the 
thresholds have to be adjusted. Thus, these thresholds 
determine the detection correctness. If the calculated 
value is lower than threshold, then algorithm evaluates 
processed DCT block as damaged and initializes the 
interpolation process. 

 As the interpolation method, the VMF (Vector 
Median Filter) with time filtration mask was used. It is 
very powerful method in the cases, when the restorations 
of fast changed video data are required. Moreover, its 
vector approach affects interpolation with low level of 

CD (Color Difference). In the terms of DCT block 
loosing, the usage of time filtering over the spatial one is 
preferred. The main reason is low interpolation error in 
centre of DCT blocks. Because the probability of 
damaged DCT blocks at the same position for some 
following video frames is low, the VMF may not to use 
long filter window. In experiments, the filter window 
with length equal to 5 was used. Thus, the short filter 
window was produce fast interpolation. Moreover, in 
experiments, the non-causal VMF, namely, two previous 
and two following frames according to present frame 
based on the measuring the Euclidean distance (L2) were 
used. The filtration of DCT blocks marked as lost was 
realized after conversion of pixels of non-corrupted DCT 
blocks from YCBCR to RGB color space. After this, the 
filtration on all 64 pixels of lost DCT block was realized. 
The interpolated frames by time VMF are presented in 
the Fig. 4b and 4d (normal PDF, V=0,03). 

 
a) 
 

 
b) 

Fig. 7: SSIM dependency on ThresholdSCORE for a) real test video 
“Taxi”,  b) real test video “IceAge”. 

 The SSIM parameter dependencies on 
ThresholdSCORE for test video Taxi and for two PDF 
parameters (Gaussian PDF) were tested. The optimal 
value was detected experimentally up to 0,4 for both 
V=0,05 and V=0,15 and for following experiments was 
used equal to 0,2 (shown in Fig. 7). The values of 
ThresholdUP and ThresholdDOWN for adjusting the 
acceptance level of undamaged value of watermarked 
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image were in all experiments identical and equal to 0. 
Because the embedded watermark is bipolar <1,-1>, the 
equal value at zero level is statistically appropriate. 
Achieved curves are presented in the Fig. 7. 

 
a) 
 

 
b) 

Fig. 8: SSIM dependency on PDF parameter for test video “Taxi”, 
a) uniform PDF, b) normal PDF. 

 The next experiments were focused to find out the 
algorithm behaviors in terms of real and cartoon videos. 
Moreover, the dependency quality parameter SSIM on the 
PDF parameters was investigated. The PDF parameter for 
both distributions, namely, normal and uniform in range 
from 0,01 to 0,2 as shown in Tab. 2. was adjusted. In 
Fig. 7 and 8, the achieved curves for damaged and 
concealed videos are presented. From the experiments is 
evident that average values of video quality parameter 
SSIM is increasing. Thus it confirms that video quality 
after application of developed concealment algorithm was 
improved. 

 There is not absolute concealment of all damaged 
blocks, because the detector is not able to detect all 
damaged watermarks. Anyway, the developed algorithm 
achieves similar results for classic movie as well as for 
animated cartoon. Moreover, the level of damage for the 
test video IceAge is higher than Taxi for both PDFs. After 
application of the error concealment technique, both test 
videos at the same PDF parameter had some joint level of 
SSIM. Thus, for uniform PDF, it was around 0,9 and for 
normal PDF around 0,85. These parameters were 
measured at the PDF parameter D or V equal to 0,2. 

 
a) 
 

 
b) 

Fig. 9: SSIM dependency on PDF parameter for test video “IceAge”, 
a) uniform PDF, b) normal PDF. 

6. Conclusion 

In this paper, the novel method for video concealment 
have been proposed and tested. Developed algorithm is 
based on the detection the damaged watermarks 
encapsulated to the transmitted video. Thus the 
watermarks are encapsulated to video frames in the 
frequency domain. For the simulation requirements, the 
transmission errors via communications networks by 
normal and uniform distribution were used. Developed 
algorithm uses the detector of damaged block by 
identifying the lost watermark in DCT blocks. Finally, the 
time vector median filter for interpolation of lost blocks 
was used. The realized experiments approve the 
efficiency of developed algorithm mentioned in 
experimental part of this paper. In the future algorithm 
improvements, the temporal-spatial concealment filter 
masks, enhancement filters, adaptive detector of lost 
watermarks and shot boundary detector could be adopted. 
Likewise, the enhancement method for encapsulation and 
detection of watermarks into video frames could improve 
the results too. In order to testing the developed algorithm 
in real operation, the test video data transmission via real 
channel has to be used. 
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Abstract. The paper presents the simulation results and
evaluates the efficiency of constraint base routing
algorithms used in MPLS network from the point of their
usability in Next Generation Networks. The efficiency of
constraint based routing is evaluated according following
criteria: optimal path selection, routing priority of traffic
flows selected for constraint routing and bandwidth
allocation by MAM or RDM bandwidth constraints
models.

Keywords
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1. Introduction

The MPLS (Multiprotocol Label Switching) [1] is a
connection oriented packet network technology originally
proposed to simplify and speed up a packet processing in
broadband network nodes. Today the MPLS is considered
as a core transport technology for NGN (Next Generation
Network), therefore it should support real-time QoS
sensitive services like voice, video, etc. Real time
services have a strict QoS requirement on delay, jitter,
packet loss etc [2]. There were no implicit QoS
mechanisms proposed in MPLS, the quality of service
can be achieved by a combination of several individual
mechanisms. The proposed paper investigates the traffic
routing methods as a one of the Quality of Service
supporting mechanism.

There are three types of traffic routing used in
MPLS:

· Hop-by-hop routing,

· Explicit routing,

· Constraint routing.

The hop-by-hop routing use a plain IP routing
algorithms and does not provide adequate QoS quality
due to impossibility to distinguish routing of packets
through the network according to QoS constraints. The
Label Switched Path (LSP) is established according the
route selected by routing algorithms, usually a shortest
path is selected, and in the fault state (congestion,
connection breakdown, etc.) the guaranteed bandwidth is
not available even for packets with highest priority.

Explicit routing uses LSPs explicitly selected by a
network administrator. The routing can be considering
QoS parameters and a real state of the network. The
traffic can be classified into different QoS classis and for
each Forwarding Equivalency Class (FEC) a different
route can be selected. The explicit routing is not suitable
for large networks.

Constraint routing is a more sophisticated type of
explicit routing. Constraint-based routing use a new
generation of routing algorithms (e.g. OSPF-TE) taking
in account more link parameters than traditional routing
algorithms. Unfortunately the existing constraint routing
algorithms route only single flows and does not consider
the other flows routing. The constraint routing can be
affected by bandwidth allocations as well.

2. Bandwidth Constraints Models

There are three bandwidth constraints models proposed
up today:

· Maximum Allocation Model (MAM) [3] - the
maximum allowable bandwidth usage of each
class type (CT) is explicitly specified,

· Russian Doll Model (RDM) [4] - the maximum
allowable bandwidth usage is done cumulatively
by grouping successive CTs according to priority
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classes,

· Maximum Allocation with Reservation Model
(MAR) [5] - it is similar to MAM in that a
maximum bandwidth allocation is given to each
CT.  However, through the use of bandwidth
reservation and protection mechanisms, CTs are
allowed to exceed their bandwidth allocations
under conditions of no congestion but revert to
their allocated bandwidths when overload and
congestion occurs.

Although the comparison of different routing
technique in MPLS has been investigated in [6] the
bandwidth allocation model has not be considered.

2.1. MAM Model

Maximum Allocation Bandwidth Constraints Model is
defined in the following manner:

Assume that Maximum Number of Bandwidth
Constraints Q is equal to Maximum Number of Class-
Types Y:

8=Y=Q . (1)

For each value of n in the range 0 ≤ n ≤ (Y - 1):

MaxRnRCT BBCB
n

££ , (2)

and

å
Y

=
£

1-

0
MaxRRCT BB

n
n

, (3)

where BRCTn is the Bandwidth Reserved for Class Type n,
BCn is the Bandwidth Constraint for Class Type n a BMaxR
is  the  Maximum  Reservable  Bandwidth.  The  sum  of
Bandwidth Constraints theoretically may exceed the
BMaxR, so that the following relationship may hold true:

å
Y

=
>

1-

0n
MaxRn BBC , (4)

but usually the sum of Bandwidth Constraints will be
equal to (or below) the Maximum Reservable Bandwidth

å
Y

=
£

1-

0n
MaxRn BBC , (5)

2.2. RDM Model

RDM model is defined in a similar manner. We expect
condition (1).

Then for each value of b in the range 0 ≤ b ≤ (Y -
1):

å
Y

=
£

1-

RCTB
n

bn
b BC . (6)

Let:

MaxRBBC =0 , (7)

then

å
Y

=

£
1-

0
RCTB

n
n

MaxRB . (8)

3. Simulation Experiments

To investigate a performance of constraint based routing
in MPLS from the point of QoS provisioning for QoS
sensitive telecommunication services and efficiency of
bandwidth utilization the special simulation model was
proposed. All simulations have been done using ns-2.

3.1. Simulation Model

All simulations use the same network architecture. A
simulation network topology is shown in Fig. 1. All
traffic flows are generated by Source node (node 0) and
they are routed to four destination nodes (nodes 8 – 11).
The MPLS network is composed of an Ingress Label
Edge Router (I-LER), an Egress Label Edge Routers (E-
LER) and five Label Switching Routers (LSRs). The
MPLS routers are interconnected with 2 Mbps or
10 Mbps links. The external link between Source node
(node 0) and I-LER (node 1) is 100 Mbps, the links
between E-LER (node 7) and destination nodes (nodes 8
– 11) are 10 Mbps. Ingress and egress Label Edge
Routers (node 1 and node 7) are interconnected by two
different network segments. The shorter upper segment
contains only two Label Switch Routers (LSR2 and
LSR3) and it is preferred by classical hop-by-hop routing
algorithms. Theoretically, in non congested situation, the
packets routed through the upper segment have a smaller
delay; therefore the upper segment should be preferred by
real time services (e.g. voice). The upper segment
throughput is 2 Mbps.

The longer bottom segment contains three LSRs
(LSR4, LSR5 and LSR6) and one additional line leading
to  higher  delay  and  therefore  it  is  less  suitable  for  real
time services. The bottom segment throughput is 2 Mbps.

The LSRs in both segments are interconnected by
intermediate 10 Mbps links that can be used to create an
alternative path. This path has a throughput up to
10 Mbps.

As queue management algorithms a CBQ is
applied on MPLS nodes and a drop-tail on external
nodes.
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Fig. 1: Network topology (bit rates are in Mbps).

Tab.1: Traffic flows parameters.

Traffic Bit Rate
(kbps)

Packet Size
(Bytes)

Traffic
Type

Transport
Protocol

Voice 952 238 CBR RTP
Video 1200 250 CBR RTP
Data 1800 1000 EXP UDP
FTP Unlimited 1500 TCP FTP

There are four traffic flows generated in each
simulation representing voice, video, raw data and FTP
traffic. The traffic parameters are shown in Tab. 1.

3.2. Hop-by-Hop Routing

The hop-by-hop routing does not provide adequate QoS
guaranty. All traffic flows are routed by hop-by-hop
routing (shortest path selected). Even there is an available
bandwidth on the network, it is not used. All traffic flows
compete to 2 Mbps link LER1-LSR2. The link is
congested and many packets from all flows are discarded
(see Tab. 2).
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Fig. 2: Throughput of voice, video, data and FTP flows (hop-by-hop
routing, WS=10).

Figure 2 shows the throughput of voice, video,
FTP and data flows. The FTP flow starts in time 1 second
and up to 5 seconds uses the whole bandwidth. The voice
flow starts in time 5 seconds and competes with FTP flow
for bandwidth. Because the voice flow uses an UDP and
the FTP flow uses a TCP the FTP flow slow down to the
rest available bandwidth. The video flow starts in time
10 seconds. Because the voice and video flows require
more bandwidth then the link capacity there is no
available bandwidth for the FTP flow and the FTP flow
slowdown to zero. As the last one starts the data flow in

time 15 seconds. As can be seen all flows are affected by
congestion and no flow got the required bandwidth.
Figure 3 shows delays and jitters of voice, video, data and
FTP  flows.  Because  the  traffic  is  not  classified  by  QoS
classes all flows have approximately the same delay and
jitter (see Tab. 3).
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Fig. 3: Delay and jitter of voice, video, data and FTP flows (hop-by-

hop routing, WS=10).
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Tab.2: Packet loss (Hop-by-Hop Routing).

Traffic Flow Packets
Sent Dropped / Retransmissions*

Voice 12501 2260 18,1 %
Video 12001 2590 21,6 %
Data 1713 951 55,5 %
FTP 984 7* 0,7 %*

Tab.3: Delay and jitter (Hop-by-Hop Routing).

Traffic
Flow

Delay [ms] Jitter [ms]
Mean Max Mean Max

Voice 58,3 79,1 0,86 21,95
Video 59,74 76,60 0,76 22,28
Data 68,64 79,00 1,97 11,38
FTP 55,81 80,01 1,30 23,88

3.3. Explicit Routing

The explicit routing allows optimal flow distribution. In
proposed example the voice flow is optimally routed via
upper segment (shortest delay guaranteed), the video flow
via bottom segment (with the second shortest delay) and
data and FTP flows are routed via middle segment (the
longest delay) marked as: I-LER_LSR4_LSR2_LSR5_
LSR3_LSR6_E-LER (noted as 1_4_2_5_3_6_7 or
1425367). This path selection allows to reach required
bandwidth, delay and jitter for all  flows. Hence the same
routing can be made by constraint routing (see Fig. 4) the
values of throughput, delay and jitter shown in Fig. 5 and
Fig. 6 and values of packet loss, delay and jitter in Tab. 4
and Tab. 5 are valid for explicit routing as well.

3.4. Constraint Routing

Constraint routing uses routing algorithms taking in
account more link parameters than traditional routing
algorithms. In optimal situation the constraint routing can
select the same routes as optimal explicit routing.

The performance of constraint routing was
investigated from the point of:

· optimal path selection,

· flow priority routing,

· bandwidth constraint allocation.

1) Optimal Path Selection

The optimal routing from the point of bandwidth
allocation and delay is shown in Fig. 4. The voice, as the
high sensitive service uses the shortest path (1_2_3_7),
the video the longer path (1_4_5_6_7) and the data and
FTP the longest path (1_4_2_5_3_6_7). This proposed
path selection prevents link congestion, quarantine
required bandwidth for all flows (zero packet loss) and
shorter delay for time sensitive services (see Tab. 4 and
Tab. 5).
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Fig. 4: Optimal traffic routing (constraint routing).

Figure 5 shows a throughput of voice, video, data
and FTP flows with RDM constraints model implemented
and  FTP  window  size  (WS)  set  to  10.  In  this  case  all
flows have enough bandwidth, therefore the courses of
constant bit rate voice and video flows are flat. The
throughput  of  the  data  flow  is  vibrant,  while  it  is
generated as a variable bit rate flow with exponential
packet distribution. The throughput of the FTP flow is
oscillating due to TCP algorithm.

The Fig. 6 shows delay and jitter for a) voice b)
video  c)  data  and  d)  FTP  flows.  Figure  7  shows  the
number of transmitted FTP packets vs. FTP window size.
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Fig. 5: Throughput of voice, video, data and FTP flows (constraint
routing, RDM, WS=10).

Tab.4: Packet loss (constraint routing, RDM, WS=10).

Traffic Flow Packets
Sent Dropped / Retransmissions*

Voice 12501 0 0,0 %
Video 12001 0 0,0 %
Data 1713 0 0,0 %
FTP 3895   0* 0,0 %

Tab.5: Delay and jitter (constraint routing, RDM, WS=10).

Traffic
Flow

Delay [ms] Jitter [ms]
Mean Max Mean Max

Voice 28,06 28,07 0,00 0,006
Video 32,94 35,73 0,32 2,41
Data 46,46 50,35 0,66 3,44
FTP 48,57 53,20 0,06 4,68
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Fig. 6: Delay and jitter of voice, video, data and FTP flows (constraint

routing, RDM, WS=10).
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Fig. 7: Number of transmitted packets vs. windows size - FTP flow
(constraint routing, RDM).

2) Flow Routing Priority

The results presented above have been achieved for
optimal flow order routing i.e. Voice – Video - Data - FTP
(Note: the flows start in different order). To show how the
routing priority/order and constraint parameters impact
the routing, the following simulations have been done.

The first simulation shows the selected path,
packet  loss,  delay  and jitter  for  reservation  order  Data  –
FTP – Voice - Video (Tab. 6). Although the low delay
sensitive flows (data and FTP) are routed before a high
delay sensitive flows (voice and video), due the setting of
RDM  and  setting  of  bandwidth  constraint  for  Data  and
FTP  flows  reasonably  high  (3  Mbps  for  FTP),  the
constraint routing select the same optimal routes as in
previous experiment (see Fig. 8).

Figure 9 shows a throughput of voice, video, data
and FTP flows with RDM constraints model implemented
and FTP window size (WS) set to 40. The Fig. 10 shows
delay  and jitter  for  a)  voice  b)  video c)  data  and d)  FTP
flows
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Fig. 8: Traffic routing (constraint routing, constraint bandwidth FTP =
3 Mbps, Data-FTP-Voice-Video, RDM, WS=40).

Tab.6: Routing order Data-FTP-Voice-Video (constraint routing,
constraint bandwidth for FTP = 3000 kbps, RDM, WS=40).

Voice Video Data FTP
Reservation order 3 4 1 2
Req. bandwidth [kbps] 952 1200 1800 Not lim.
Constraint bandw. [kbps] 1000 1200 1800 3000
Selected path [nodes] 1237 14567 1425367 1425367
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Fig. 9: Throughput of voice, video, data and FTP flows (constraint
routing, constraint bandwidth FTP = 3 Mbps, Data-FTP-Voice-
Video, RDM, WS=40).

Tab.7: Packet loss (constraint routing, constraint bandwidth FTP =
3 Mbps, Data-FTP-Voice-Video, RDM, WS=40).

Traffic
Flow

Packets
Sent Dropped / Retransmissions*

Voice 12501 0 0,0 %
Video 12001 0 0,0 %
Data 1713 0 0,0 %
FTP 13189  1*   0,0 %*

Tab.8: Delay and jitter (constraint routing, constraint bandwidth FTP
= 3 Mbps, Data-FTP-Voice-Video, RDM, WS=40).

Traffic
Flow

Delay [ms] Jitter [ms]
Mean Max Mean Max

Voice 28,06 28,07 0,000 0,006
Video 33,61 37,87 0,482 2,786
Data 47,43 49,09 0,694 3,245
FTP 48,73 55,60 0,126 6,521
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Fig. 10: Delay and jitter of voice, video, data and FTP flows (constraint

routing, constraint bandwidth FTP = 3 Mbps, Data-FTP-Voice-
Video, RDM, WS=40).

In the next simulation the bandwidth constraint for
FTP flow was decreased to 1 Mbps. This lead to situation
that the FTP flow was routed through the shortest path
1_2_3_7, the delay sensitive voice flow through the
longer path 1_4_5_6_7 and the video and data flows
together via the longest path 1_4_2_5_3_6_7 (see Fig. 11
and Tab. 9).

Although the different route selection does not
lead to packet dropping (see Tab. 10) it significantly
decrease the throughput of TCP flow (from 13189
packets to 3671 packets – see Fig. 9 and Fig. 12 or/and
Tab. 7 and Tab. 10) and increase the delay of voice and
video flows. The throughputs of voice, video, data and
FTP flows are shown in Fig. 12. The delays and jitters of
a) voice b) video c) data and d) FTP flows are shown in
Fig. 13.
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Fig. 11: Traffic routing (constraint routing, constraint bandwidth FTP =
1 Mbps, Data-FTP-Voice-Video, RDM, WS=40).
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Fig. 12: Throughput of voice, video, data and FTP flows (constraint
routing, constraint bandwidth FTP = 1 Mbps, Data-FTP-Voice-
Video, RDM, WS=40).

Tab.9: Routing order Data-FTP-Voice-Video (constraint routing,
constraint bandwidth FTP = 1 Mbps, RDM, WS=40).

Parameter Voice Video Data FTP
Rezervation order 3 4 1 2
Req. bandwidth [kbps] 952 1200 1800 Not lim.
Constraint bandw. [kbps] 1000 1200 1800 1000
Selected path [nodes] 14567 1425367 1425367 1237

Tab.10: Packet loss (constraint routing, constraint bandwidth FTP =
1 Mbps, Data-FTP-Voice-Video, RDM, WS=40).

Traffic
Flow

Packets
Sent Dropped / Retransmissions*

Voice 12501 0 0,0 %
Video 12001 0 0,0 %
Data 1713 0 0,0 %
FTP 3671   0*   0,0 %*

Tab.11: Delay and jitter (constraint routing, constraint bandwidth FTP
= 1 Mbps, Data-FTP-Voice-Video, RDM, WS=40).

Traffic
Flow

Delay [ms] Jitter [ms]
Mean Max Mean Max

Voice 32,59 33,61 0,185 1,122
Video 42,13 45,37 0,667 3,780
Data 45,70 45,97 0,042 0,291
FTP 54,19 68,32 1,298 24,000
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Fig. 13: Delay and jitter of voice, video, data and FTP flows (constraint

routing, constraint bandwidth, FTP = 1 Mbps, Data-FTP-Voice-
Video, RDM, WS=40).

In the last simulation the order and constraints
were changed. The flows were routed in order FTP-Data-
Voice-Video  Due  to  the  bandwidth  constraints  for  FTP
and Data flows were set only to 1,5 Mbps (see Tab. 12).
The FTP flow was routed via the upper shortest path
1_2_3_7, data flow via the second shortest bottom path
and delay sensitive voice and video via the longest path
1_4_2_5_3_6_7 (see Fig. 14). The throughputs of voice,
video,  data  and  FTP  flows  are  shown  in  Fig.  15.  The
delays and jitters of a) voice b) video c) data and d) FTP
flows are shown in Fig. 16 and Tab. 14.
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Fig. 14: Traffic routing (constraint routing, constraint bandwidth FTP =
1,5 Mbps, FTP-Data-Voice-Video,  RDM, WS=40).
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Fig. 15: Throughput of voice, video, data and FTP flows (constraint
routing, constraint bandwidth, FTP = 1,5 Mbps, FTP-Data-
Voice-Video, RDM, WS=40).

Tab.12: Routing order FTP-Data-Voice-Video (constraint routing,
constraint bandwidth Data=1,5 Mbps, FTP = 1,5 Mbps, RDM,
WS=40).

Parameter Voice Video Data FTP
Rezervation order 3 4 2 1
Req. bandwidth [kbps] 952 1200 1800 Not lim.
Constraint bandw. [kbps] 1000 1200 1500 1500
Selected path [nodes] 1425367 1425367 14567 1237

Tab.13: Packet loss (constraint routing, constraint bandwidth FTP =
1,5 Mbps, FTP-Data-Voice-Video, RDM, WS=40).

Traffic Flow
Packets

Sent Dropped /
Retransmissions*

Voice 12501 0 0,0 %
Video 12001 0 0,0 %
Data 1713 0 0,0 %
FTP 3671 1* 0,0 %*

Tab.14: Delay and jitter (constraint routing, constraint bandwidth FTP
= 1,5 Mbps, FTP-Data-Voice-Video, RDM, WS=40).

Traffic
Flow

Delay [ms] Jitter [ms]
Mean Max Mean Max

Voice 41,44 42,38 0,105 1,029
Video 41,48 42,25 0,109 0,837
Data 40,52 40,92 0,071 0,442
FTP 54,17 68,32 1,298 24,000
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Fig. 16: Delay and jitter of voice, video, data and FTP flows (constraint

routing, constraint bandwidth FTP = 1,5 Mbps, FTP-Data-
Voice-Video, RDM, WS=40).

As  can  be  seen  from  Fig.  16  and  Tab.  14  the
routing of voice traffic over the longest path lead to
highest end-to-end delay and jitter. Even in this
experiment delay and jitter for voice (and video) traffic
are acceptable, the non optimal routing can in some
situations lead to non acceptable high values of delay or
jitter.
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3) Bandwidth Constraints Models

The all previous simulations used a RDM bandwidth
constraint model. RDM allows reuse of non allocated
bandwidth from higher priority class types by traffic flow
with lower priority class type. The disadvantage of RDM
is a necessity to maintain preemption in all network
nodes. MAM explicitly specify maximum allowable
bandwidth usage of each class type and the bandwidth
can not be shared among the different class types. This
should be considered during network design process.

Table 15 shows the MPLS path allocation
proposed by constraint routing algorithm for different
bandwidth allocations for specified class type (CT). As
can be  seen,  if  not  enough bandwidth  is  allocated  to  the
CT on the link, the constraint routing algorithm chose the
less preferable link. If the process fails on all links, the
traffic flow is routed by hop-by-hop routing. This can
lead to congestion on most preferable link usually used
by the most time critical services.
Tab.15: Path selection (CR, MAM, WS=40).

CT Bandw.
Allocation

[%]

Voice Video Data FTP

85 1237 14567 1425367 1425367
75 1237 14567 1425367 1425367
65 1237 14567 1425367 1425367
55 1237 1425367 1425367 Hop-by-hop
45 1425367 1425367 1425367 Hop-by-hop
35 1425367 1425367 Hop-by-hop Hop-by-hop
25 1425367 1425367 Hop-by-hop Hop-by-hop
15 1425367 Hop-by-hop Hop-by-hop Hop-by-hop

Figure 17 to Fig. 19 show the throughput of voice,
video, data and FTP flows when the 85 %, 55 % or 35 %
of the bandwidth is allocated to the CT used by traffic
flows. As can be seen in Fig. 18, when the bandwidth
constraint is set to 55 %, the FTP flow shares the 2 Mbps
link  with  the  voice  flow  (see  Tab.  15)  that  degrades  the
QoS parameters of both of them. The number of loss
packet is depicted in Tab. 16 to Tab. 18.
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Fig. 17: Throughput of voice, video, data and FTP flows (constraint
routing, MAM 85 %, WS=40).

Tab.16: Packet loss (CR, MAM 85 %, WS=40).

Traffic
Flow

Packets
Sent Dropped / Retransmissions*

Voice 12501 0 0,0 %
Video 12001 191 1,6 %
Data 1713 0 0,0 %
FTP 4496 5* 0,1 %
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Fig. 18: Throughput of voice, video, data and FTP flows (constraint
routing, MAM 55 %, WS=40).

Tab.17: Packet loss (CR, MAM 55 %, WS=40).

Traffic Flow Packets
Sent Dropped / Retransmissions*

Voice 12501 1531 12,2 %
Video 12001 91 0,7 %
Data 1713 0 0,0 %
FTP 1675 3* 0,2 %
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Fig. 19: Throughput of voice, video, data and FTP flows (constraint
routing, MAM 35 %, WS=40).

Tab.18: Packet loss (CR, MAM 35 %, WS=40).

Traffic Flow Packets
Sent Dropped / Retransmissions*

Voice 12501 0 0,0 %
Video 12001 0 0,0 %
Data 1682 618 36,7 %
FTP 1667 10* 0,6 %
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4. Conclusion

The proposed experiments accomplished that constraints
routing can be used as traffic engineering and QoS
provisioning tool allowing providing QoS parameters for
QoS sensitive services.

Even its good performance, it has been shown that
in some situations such as non optimal order of the routed
flows selected or inadequate bandwidth allocation with
MAM bandwidth constraints model implemented the
routing can fail or non optimal routes leading to QoS
parameter degradation can be proposed.

Constraint-based routing should be implemented
in conjunction with other QoS provisioning methods such
as traffic flow differentiation according QoS
requirements, different processing in network nodes
(different Per-Hop Behaviors) or bandwidth reservation
for different service classes.
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Abstract. Hierarchical system of network nodes is
suitable solution how to collect and how to pre-process
data from large amount of end-nodes. By contrast to flat
(one layer) architecture there are special intermediary
nodes used and they are called summarization nodes.
These special nodes have to be suitably placed in the
network to enable efficient data collection and their
number in the hierarchy is one of the key parameters of
the architecture. The article deals with the tree
architecture design, with its optimisation and with the
problem of limited number of summarization nodes.
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1. Introduction

There are several ways of data collection and processing
in the network environment. First model is called
centralized, where there is only one data centre where all
pieces of information are collected, processed and
available. The second one is called hierarchical system
created by a tree of servers with local data and using links
among them the requested information can be found
through the tree hierarchy. The third model is distributed
model where the pieces of information are distributed
among equivalent data centres and using one
sophisticated directory services with one account
requested information can be obtained.

Many applications are using plain centralized
model. There is no problem with data acquisition and
with data processing provided the number of data sources
is  fairly  low  and  data  flows  are  weak  and  low  frequent.
When these conditions are not fulfilled either the centre
itself or data links to the centre can be overloaded or
allowed data transmission frequency is very low. When

the data acquisition is auxiliary procedure of the service,
the available bandwidth for such procedure is strictly
limited and the situation becomes even worse. This is the
case of applications like IP-TV where the main procedure
of  the  service  is  the  multimedia  streaming  using  RTP
protocol and the multicast transmission and the session
quality parameter collection using RTCP protocol is an
optional though useful supplementary service [1], [2], [3].
The transmission capacity of RTCP is limited for 5 % of
total service bandwidth and it causes large delays in
sending RTCP (feedback) data from each receiver for
large-scale media streaming services based on Source-
Specific Multicast (SSM), [7]. Similar problem arises
also with other applications focused on data acquisition in
the case of large-scale systems.

2. Hierarchical Data Acquisition
System

To combat the problem the hierarchical system for data
acquisition has been proposed in [5], [6] and modified in
[7]. In addition to the data centre and data sources such
tree contains special nodes called summarization nodes,
see Fig. 1.

The data is periodically sent from data sources
(terminals or sensors) to assigned summarization node.
The summarization node aggregates data from a group of
terminals of the size nB and  again  periodically  sends  to
assigned summarization node at the higher level. The
summarization nodes are also organized into groups of
size nS. Structure of Receiver Summary Information
(RSI) message was specified in [5]. The message includes
sub-report blocks (SRB) that contain distribution
information about particular features like a packet loss or
a jitter.

To enable efficient transmission of information
about the session from the data centre to the terminals an
extension of original RTCP specification in the form of
Extend Report (XR) message had to be adopted [3]. The
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XR RTCP summarization packet consists basic
information for the terminals mainly how to calculate the
message transmission period. In the case of SSM
(Source-Specific Multicast) service the message is sent in
multicast manner so that together with the summarization
method it decreases the overhead and saves the
bandwidth.

i = 1

i = 2

i = 3

I = 3

i = 0

Data centre

Summarization node
Data source
(Terminal / Sensor)

Simple report

Summarization
report
Tree
management

I Overall number of tree
levels

Fig. 1: Tree design for large-scale data acquisition.

Optionally in addition to the summarization
process (when detailed information is lost) the
summarization nodes can store detailed information
obtained from terminals or lower level summarization
nodes for some time period to allow the data centre to get
detailed information about particular terminal or group of
terminals when necessary.

Because of large group of terminals division into a
big number of smaller groups the bandwidth restriction is
not the problem and the message transmission period of
the  terminals  remains  fairly  low  even  if  the  overall
number of terminals rises. Especially this is the case of
multimedia multicast sessions which can vary
substantially in size. The overall delay that is bounded by
the time instant when data is generated (or measured) in
the terminal (sensor) and by the time instant when the
data is received in the data centre consists of particular
transmission delays between transmission instants of
adjacent layers in the tree. The situation is depicted in
Fig. 2:

When  the  tree  consists  of I layers, i.e. (I-1)
summarization layers and one terminal layer, a formula
for the overall delay TR between data generation
(measurement) and its reception in the data processing
centre can be derived:

1

R MT
1

I

i
i

T t t
-

=
= +å , (1)

provided the transport delay through the network is
neglected. Variable tMT is the delay between
measurement (data generation) and transmission instants

and ti is the delay between summarized message
transmission instants at linked summarization nodes in
adjacent layers.

Fig. 2: Time instants of data generation and message transmissions in
hierarchical data acquisition system.

The worst case for the delay will be when all
summarization nodes at all levels of the tree and also the
terminals (sensors) are synchronized, i.e. all of them
transmit messages almost at the same time instants. Then
the formula (1) will convert to

1

RTW RR R
1

I

i
i

T T T
-

S
=

= +å . (2)

Provided the transmission periods are the same
through whole tree the formula (2) changes into the form

( )RTW RR R1T T I TS= + - , (3)

where TRR is the transmission period of the group of
terminals (it depends on the number nB of terminals in the
group, message length and the allocated bandwidth, [7]),
I is  the  number  of  levels  in  the  tree  (it  depends  on  the
total number of terminals, on the number of terminals in
the group and on the number of summarization nodes in
the group) and TSR is the message transmission period of
the summarization node group (it depends on the number
nS of summarization nodes in the group, summarization
message length and the allocated bandwidth, [7]).

Now several problems come out. First group of
problems are how to manage the tree when the number of
terminals rises or declines, how to keep it in balanced
form and how to minimize the total delay specified by (3)
. In addition to this the problem of the number of required
summarization nodes should be addressed. At the
beginning of our research we considered that the
summarization nodes are only terminals with special
functionality [7]. It was found that there would be lot of
overhead with the management of such tree especially
when the tree is variable in a large extent, i.e. the
terminals will enter and leave the session frequently; this
is the case of multimedia streaming sessions. Also this
functionality would require additional power and energy
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that is unwanted issue especially in the case of wireless
terminals (sensors) with very limited computational
power and energy. Therefore in later research ([8], [10])
the summarization nodes are considered as special nodes
(or software modules) that are managed by the service
provider. Such summarization nodes have higher
computational power, larger storage capacity for
temporary data and fixed location. This last feature is
very important when tree structure is established
according to the location of terminals, [10].

3. Tree Optimization

When the service provider intents to implement a service
based on the tree architecture described above before
implementation some initial conditions have to be
considered: bandwidth (or maximum data flow) allocated
for the data acquisition BWA (it will be allocated for each
group of terminals or summarization nodes), expected
number of data sources (terminals) nT, maximum period
(or delay) of data collection TRmax, length PLRR of  plain
messages generated by the terminals and the length PLSR
of summarization packets generated by summarization
nodes. Additional constraints can be: maximum overall
number of available summarization nodes NSTmax,
minimum periods of message transmission in a group of
terminals TRRmin and in a group of summarization nodes
TSRmin and some others. The goal is to find such tree that
meets all of these conditions and restrictions.

Equation (3) shows how to calculate the largest
overall delay TR (and also the maximum time period of
data acquisition) between data generation (measurement)
in terminals (data sources) and its reception in the data
processing centre. It can be worked out in more detailed
form:

( ) ( )
( ) ( )

RTW RR R R B S
1

A RR B ΣR S

1 1

   1 ,

T T I T n I n

BW PL n I PL n

t tS S

-

= + - = + - =

= + -é ùë û
 (4)

where I is a number of tree levels, tR is a time interval
consumed by one message send by a terminal and tS is a
time interval consumed by one summarization message
generated by summarization node, nB is the number of
terminals in one group of terminals, nS is the number of
nodes in the group of summarization nodes (the rest of
symbols are explained in the text above).

The number of levels with summarization nodes in
the tree, i.e. the value (I-1), can be calculated from the
condition

( -2) ( -1)T
S S

B

I Inn nn< £ . (5)

Then

S S
T T

B B
log ( -1) log 1n n

n nIn n
æ ö æ ö£ < +ç ÷ ç ÷
è ø è ø

. (6)

As I is an integer number the nearest higher
integer will be

)S
T

I I S
B

( -1) log ;  1,n
nI n
n

h h
æ ö

= Îç ÷
è ø

. (7)

Then (4) changes into form
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t t h

S

S
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= + ê úç ÷

ê úè øë û

(8)

so that the optimization process of delay minimization
consists of seeking the numbers nB and nS. An example of
the delay course according to (8) is shown in Fig. 3:

Fig. 3: Course of the worst-case total delay according to (8).

When discontinuous function (8) is replaced by
continuous one (without correction parameter ηI), we
obtain expression

( ) S
T

RTW R B S
B

logn
nT n n
n

t tS
é ùæ ö

= + ê úç ÷
ê úè øë û

. (9)

Fig. 4: Comparison of discontinuous (8) and continuous (9)
representations of the worst-case delay.

The worst-case total delay values obtained from
the optimization process with continuous function are
quite close to and always a better than when
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discontinuous function is considered (due to the fact that
I 1h ³ ), see Fig. 4:

The goal of optimization is to find its global
extreme (minimum) in this region. Global extreme can be
located either in local extremes of the function or at the
boundary of definition domain. The function is
continuous in whole region and smooth, therefore first
and also second derivatives can be calculated and
stationary points of the function can be found:

RTW S
R

B B Sln
T n

n n n
t tS

¶
= -

¶
, (10)

( )
T

BRTW
S2

S S

ln
ln 1

ln

n
nT

n
n n

tS

æ ö
ç ÷

¶ è ø= -
¶

. (11)

Stationary points are the candidates for local
extremes and they can be calculated from the conditions
that first derivatives (10) and (11) are put equal zero and
the results are:

Ss1 Se (i.e. 2.71828...) 3n h= + = (12)

and when non-rounded nSs1; is used for nBs1 calculations
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To prove, whether the local minimum was found,
it is necessary to check sufficient conditions for the
existence of local minimum
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When the results (12) and (13) are used in (14) we
get:
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The inequality D1 >  0  is  always  met  and  the
inequality D2 will be fulfilled when

R
T en t
tS

> . (16)

Again in the example of RTCP presented in [7] the
length of receiver report PLRR was 736 bits and the length
of summarization report PLSR was 11296 bits. In the case
when the same link bandwidths are assigned both to
terminals and summarization nodes (16) has the form
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This condition is quite easy to meet.

Provided the condition (16) is met the (12) and
(13) specify local delay minimum:
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When minimum periods of message transmission
in a group of terminals TRRmin and in a group of
summarization nodes TSRmin are required then minimum
values nBmin, nSmin are set:

)

)

A RRmin
Bmin RRmin Bmin Bmin

RR R

Bmin

A Rmin
Smin Rmin Smin Smin

R

Smin

,

         0 ,1 ,

,

         0 ,1 .

BW Tn T
PL

BW T
n T

PL

h h
t

h

h h
t

h

S
S

S S

= + = +

Î

= + = +

Î

 (19)

Then the absolute minimum will be reached for
the smallest nS = nSmin and for nB = nBmin.

4. Summarization Nodes

The service provider has no unlimited number of
summarization nodes available and therefore the overall
number of required summarization nodes NST in the tree
hierarchy is also very important parameter and should be
optimized. The total number of summarization nodes can
be calculated as follows (see Fig. 5:):
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N N n N N

n

-- -

-
= =

-
= = + = +
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å å (20)

where I is the number of levels in the tree, NSi is the
number of summarization nodes at the level i, nS is  the
number of summarization nodes in one group and NS(I-1)
is the number of summarization nodes at the level I-1.

IEEE eXpress Sample eBook, page 1242



INFORMATION AND COMMUNICATION TECHNOLOGIES AND SERVICES VOLUME: 9 | NUMBER: 5 | 2011 | SPECIAL ISSUE

© 2011 ADVANCES IN ELECTRICAL AND ELECTRONIC ENGINEERING 210

The parameter nS is known and therefore the task
is to calculate the variable NS(I-1). As shown in Fig. 5:the
terminals (sensors) are connected to the summarization
nodes at two layers, (I-2) and (I-1) respectively.

.... ....

...........

.... ....

...........

.......................

....

.........

....

(I-2)

(I-1)

(I)

(0)

NS(I-1) =
NSE(I-1)

NSE(I-2)

NS(I-2) =
x + NSE(I-2)

x

NST

nB nB nB nB

nBnB

nT

nS nS

Fig. 5: Tree architecture for data acquisition with highlighting of last
three levels.

These summarization nodes can be called
summarization endpoint nodes NSE and its total number
NSET (T = total) can be expressed by formula

SET SE( 2) SE( 1)I IN N N- -= + , (21)

where NSE(I-2) and NSE(I-1) are endpoint summarization
nodes at levels (I-2) and (I-1) respectively. As the (I-1)
layer  is  the  last  layer  of  the  summarization  nodes  it  is
clear that NS(I-1) = NSE(I-1). The parameter NSET is an
integer figure and it can be calculated by the equation

)T
SET E E

Bmax
;  0 ,1

n
N

n
h h= + Î , (22)

where nBmax is the maximum number of terminals in one
group.

To obtain the total number of required
summarization nodes NST it is necessary to calculate NSE(I-

1). To get this parameter we need NSE(I-2) first. When new
terminals are to be added and the current tree is not
sufficient, additional layer of summarization nodes has to
be added. An appropriate number of summarization nodes
x that will loose the terminals for next-layer
summarization nodes (where the maximum of
summarization nodes therefore can be x*nS) can be
calculated from (23):
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The closest larger integer is
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Then the total number of required summarization
nodes is:
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The formula (25) shows that the overall number of
summarization nodes is mainly influenced by total
number of receivers nT and by the number of terminals in
one group nBmax. Parameter nS does not have big impact
on the NST when sn >>1.

The rest of the formula (25), i.e. expression
E

x1
S1 n

h
h- +

-
 will  be  always  <  3  (even  when S 2n = ,

which is the smallest value, and both x 1h ® and

E 1h ® ). Then it holds that
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If a provider has NSTmax summarization nodes
available we can derive the minimum number of
terminals in one group nBmxm from (26) and we get

( ) ( )
T

Bmxm 1
STmax S3 1 1

n
n

N n-
³

- - +
. (27)

When required parameter nBmxm obtained from
(27) is smaller than optimum parameter nBopt, the point
(nBopt, nSopt) will be used as the best value for the number
of terminals in one group and for summarization nodes in
one group respectively. Otherwise the new optimum
value nBopt larger than nBmxm and nSopt will be searched.
The results are separately compared in Fig. 6: and in Fig.
7:

Fig. 6: The courses of required number of summarization nodes for
different numbers of terminals (nT) without a and with respect
to the demand on NSTmax = 1190.
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Fig. 7: The courses of minimum delay for different numbers of
terminals (nT) without and with respect to the demand on
NSTmax = 1190.

5. Conclusion

This article dealt with the problem of hierarchical data
acquisition. The process of tree design was presented and
some problems related to it were addressed like
minimization of the total acquisition delay and the limited
figure of summarization nodes. The delay optimum was
found and tree parameters were derived. Influence of
limited number of summarization nodes was considered
and proved by simulations in Matlab environment.
Separate paper will address the problem of end nodes
(terminals) organisation according to their localities.
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Abstract. The presented paper discusses a viability of
Vivaldi localization algorithm and synthetic coordinate
system in general to be used for localization purposes in
energy constraint networks. Synthetic coordinate systems
achieve good results in IP based networks and thus, it
could be a perspective way of node localization in other
types of networks. However, transfer of Vivaldi algorithm
into a different kind of network is a difficult task because
the different basic characteristic of the network and
network nodes. In this paper we focus on different aspects
of IP based networks and networks of wireless sensors
which suffer from strict energy limitation. During our
work we proposed a modified version of two-dimensional
Vivaldi localization algorithm with height system and
developed a simulator tool for initial investigation of its
function in ad-hoc energy constraint networks.

Keywords

Energy, localization, simulations, synthetic
coordinates, Vivaldi, wireless sensor networks.

1. Introduction

Wireless Sensor Networks (WSN) are an emerging
network technology with promising perspective in the
future. The networks consist of small low-cost, low-
powered devices capable of sensing surrounding
quantities and monitoring the environment. The devices
called sensor nodes are equipped with radio interface for
wireless communication. Standard that describes physical
and link layer of such communication is IEEE 802.15.4
[1], for addressing, routing and other functions on higher
levels Zigbee standard is often used [2].

WSN cover broad band of applications ranging
from military projects (the historical origin of this

technology) to medical surveillance including habitat
monitoring, storehouse management or building
automation.

In a lot of applications self-localization of network
nodes is a high desirable feature. Sensed data without
location information are meaningless. Moreover, other
processes run in WSN can advantageously exploit the
position knowledge for better and more efficient function.
Geographical routing, hierarchical aggregation, multicast
and data gathering can be mentioned as examples of such
processes [3].

Because of a high variety of application in
different fields and with different features, there are also a
lot of different requirements on localization process.
Some of the applications need a precise localization with
an error less than 10 % but a coarse grained localization
is sufficient for others. However, in general, WSN nodes
are equipped with limited energy sources, and thus, each
process in WSN should be energy aware.

One of the approaches increasing accuracy of
localization in IP based network contains synthetic
coordinate system Vivaldi algorithm. Our work discusses
the viability of such approach in source limited networks
such WSN.

The rest of the paper is organized as follows.
Section 2 gives a brief overview of localization
techniques and approaches, section 3 introduces synthetic
coordinate systems and their representatives. The
discussion of viability of synthetic coordinates and
necessary modification of Vivaldi algorithm for use in
WSN follow in section 4. New simulator designed for
simulation of Vivaldi algorithm and its modification is
described in section 5, which precedes the last
summarizing section 6.
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2. Localization

The term “localization” relates to finding a position of an
object in a defined area, generally. In IP based networks,
the localization mainly means locating a station within a
network. However, since a lot of applications provide
surveillance, localization in WSN can also include a
localization of an object, which is not a component of the
network topology. This is called tracking and we do not
consider it in this paper.

Localization protocols incorporate a localization
algorithm to estimate the location of a sensor node
without previous knowledge of its coordinates. The
localization can be relative to the other nodes in a
network or absolute in a determined coordinate system. If
the network contains a certain percentage of nodes with a
known position (called anchors), the unknown nodes
(nodes having no knowledge of their position) use a
certain measurement technique to estimate distances to
these nodes and calculate their own position using
determined localization algorithm. Anchor nodes can
obtain  their  coordinates  from  GPS  or  by  manual
assignment. However, both approaches have their
shortcomings either in higher energy cost or demanding
initial process. The coordinate system of anchors is then
applied to other nodes as well. The brief taxonomy of
WSN localization is given in [4].

Localization algorithms require certain input
information for the position determination. They work
with information including mainly distances or angles. To
obtain this information, specific measurement techniques
are used. These techniques can be categorized into three
main classes: RSS (received signal strength), TOA (time
of arrival) and AOA (angle of arrival) based techniques
[5]. Direct measurement is another technique, which is
however impossible to use in the majority of applications.

RSS based method of distance estimation infers
the distance from signal strength measured in a receiver.
There are several signal propagation models that
approximate the real radio channel and allow relating
received signal strength to the distance between
transmitter and receiver. It is an inexpensive and easy
method of estimation in WSN since no extra hardware is
required. However, several negative influences affect the
measurement and cause estimation errors [6], [7].

Next  category  of  measurements  is  based  on
measurement of signal propagation time. One-way
measurement infers the distance between two nodes from
the time of transmission and reception of packets. It
requires precise a clock at each node and a complex time
synchronization of all the nodes. To overcome this
inconveniences, round-trip delay (RTT) can be
calculated. The difference between the time of
transmission and reception is measured at the same node,
and thus, the synchronization is not necessary. However,
a processing delay (to handle a packet) of the other node

is included in the measured value. TDOA (time difference
of  arrival)  is  another  method,  which  computes  the
position of a transmitter from the delay measured at
several different nodes with a known position.

The last class of measurement techniques employs
a system of angle measurements. If the unknown node
knows at least the coordinates of two transmitting nodes
and their directions, it is able to calculate its own
position. For more detailed information about localization
techniques and algorithms please refer to [5].

3. Synthetic Coordinate Systems

To improve localization accuracy in IP based networks,
the problem of the distance estimation between stations
was transferred into an artificial multidimensional
coordinate system. Generally, RTT measurement was
performed to estimate the distance between two stations.
There is no need to measure the RTT between each pair
of stations in localization algorithm based on a synthetic
coordination system. Instead, the RTT value between two
stations is estimated from their known coordinates in a
predefined synthetic coordinate system. The RTT value
refers to a distance between the stations in the coordinate
system. Provided that data networks work ideally (there
are no delays), a geographical coordinate system with
longitude and latitude would be the appropriate choice as
a coordinate system for localization purposes.
Unfortunately, this condition is not accomplished in any
current data network – packets are transmitted via more
direct links, delayed at intermediate nodes, etc. Therefore,
it is not possible to use a simple 2D coordinate system for
RTT value prediction of network nodes. As a result, new
artificial coordinate systems were proposed to meet
conditions in IP based networks. There is no limitation in
the number of dimensions or the type of coordinate
system. Besides the standard Euclidian system, other
coordinate systems (spherical, toroid, hyperbolic) were
investigated (for more details see [8]). However, the
Euclidian coordinate system is used the most because it
offers the most suitable possibilities for this purpose.

There are proposed several algorithms using
synthetic coordinate system (GNP, Lighthouse system,
Vivaldi etc.). GNP [9] is a centralized algorithm with
reference stations, which form a matrix of distances
between themselves in the first phase and the rest of
nodes is localized in the following step.

Lighthouse system presented in [10] uses
reference station as well (called lighthouses). Contrary to
GNP, it uses simpler mathematical operations and
features more scalability thanks to employing recently
localized nodes into a reference nodes infrastructure in
each iteration step.
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3.1. Vivaldi Algorithm

The Vivaldi algorithm proposed by Dabek et al. in [11] is
a favorite localization algorithm used to obtain the
position of stations in a network using the synthetic
coordinate system. The algorithm uses synthetic
coordinates with Euclidian distances; two standard
dimensions and one extra dimension called height are
defined in the new coordinate system. Communication
delay in an access network is covered by the third
dimension (as the main purpose of this dimension) while
delay in a distribution network is expressed by
coordinates.

The new coordinate system, 2D Euclidian system
with height, is described by the following equations:

),,( 2211 hh yxyxyxyx +--=- , (1)

hxxxx ++= 2
2

2
1 , (2)

),,( 21 haxaxaxax = . (3)

Coordinates of nodes are taken as vectors in the
whole following text. The difference between standard
3D, 2D system and 2D coordinate system with height is
depicted in Fig. 1.

Fig. 1: Distance in 2D, 3D and 2D with height coordinate system.

The Vivaldi algorithm is a distributed and
decentralized algorithm working without any
infrastructure (such as reference stations). All nodes are
equivalent in the system.

Finding node coordinates that minimize the error
in predicted round-trip latency between arbitrary two
nodes in a network is the basic principle of the Vivaldi
algorithm. The idea of the algorithm comes from the
analogy to a physical mass-spring system described in
[12].

Fig. 2: Spring analogy to predicted latency; a) errorless prediction b)
prediction with error.

As a spring tends to maintain its length with
minimum energy, distances between nodes in a network
are set such that minimum predicted latency error is
achieved. Findings the energy minimum in the system of
springs corresponds to finding the minimum error in the
position estimation. Searching for node position is
simulated as a movement of nodes connected with
springs, see Fig. 2.

Nodes in a network are moved in a way in order to
minimize the error function E:

åå ÷
ø
öç

è
æ --=

i j
jiijLE cc , (4)

where Lij is the real latency between nodes i and j and

ic and jc  are their coordinates in the synthetic
coordinate space. This equation corresponds to a spring
between i and j nodes with a length of Lij.

The principle of minimizing the error function is
derived from the  impact  of  a  spring  placed between two
nodes. According to the Hook law

dF k-= , (5)

the stretched or compressed spring affects the
surrounding nodes, which are linked by the spring, by the
force F  in the opposite direction to this stretch or
compression. This force is proportional to the length of
the stretch (compression) described by the vector d  and
the spring constant k. In the Vivaldi algorithm, the force

ijF  affecting the nodes i and j is

( )jijiijij L ccuccF -÷
ø
öç

è
æ --= , (6)

Where ( )ji ccu -  is the unit vector with the same

direction as the vector ji cc - .

The resultant vector iF  of a node i is  the

summation of partial vectors ijF  affecting the node i
(from all springs connected to the node i). In the one
iteration step of the computational process the time
interval δ of the affecting force iF  is considered. The
node i is subsequently moved to a new position ic  in the

direction of force iF  according to the equation

ijii Fcc
rrr

d+= , (7)

Since the Vivaldi algorithm is a decentralized
localization algorithm, the presented idea is performed at
all nodes in a network. Each node then individually
simulates its movement. The direction and the length of
movement are computed from the latency values Lij and
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coordinates jc received from nodes j.

The decentralized character of the algorithm
means also that the coordinates received do not have to
be reliable. The node with the coordinate jc  can be, for
example, a new node at the beginning of the localization
process  or  a  node  that  cannot  determine  its  position  for
whatever reason, and its coordinate oscillates.

The negative impact of the situations described is
reduced in the Vivaldi algorithm with an adaptive
timestep by assigning a specific error ej to each node.
This error is sent by node with its coordinate.

The complete process of algorithm for node I is
described in five steps below.

1. the weight w is computed from the estimated
errors in coordinate calculation at the local node i
and a distant node j

ji

i

ee
e

w
+

= . (8)

2. the relative error es of latency measurement
calculation

ij

jiij
s L

L
e

cc --
= . (9)

3. the weighted moving average of local error ei is
updated

)1( wcewcee eiesi -+= . (10)

4. timestep δ calculation

wcc=d . (11)

5. the node coordinate is updated

)()( jijiijii L ccucccc ---+= d . (12)

One modification of the Vivaldi algorithm
implements also the timestep δ adapted by multiplication
by the constant cc and the weight w (step 4). The weight w
depends on both local error ei and distant error ej. If the
error ej is greater related to local error ei the weight w is
smaller and the node j has small relevance in position
calculation. On the contrary, if the error ej is small, the
weight w is  close  to  one  and  the  node j impacts on
position calculation significantly.

The error ei in coordinate estimation is calculated
in step 3 as a weighted moving average of relative latency
error es. The value of this average can be changed by a
tune constant ce.  If  the  constant  ce is  close  to  one,  the
error ei is affected the most by the current error es. With
decreasing value of ce the previous value of ei plays  a
more significant role in the calculation.

Besides the above described algorithm, two
simpler variants exist [11]. The main difference is that the
timestep δ is a constant or a slowly decreasing value
instead of dynamically adapting in these modifications.

4. Synthetic Coordinates in WSN

Since synthetic coordinate systems were proposed for IP
based networks, there are several inconveniences rising
from their usage in WSN. Algorithms described in the
previous section are very demanding; especially from the
energy point of view. We have to be always aware of
strict energy constraints relating with WSN technology.
Sensor nodes are relatively simple devices with weak
microcontroller and very limited energy source. And
provided that we use synthetic coordinate system, we
affect both. There is higher computation cost and because
of  the  frequent  communication,  the  energy consumed by
a radio part also increases. Moreover, system
management and control require certain amount of energy
too. On the other hand, the synthetic coordinate system
offers indisputable advantages. Decentralized feature of a
localization algorithm means that the system is less
vulnerable to system collapse because of node
dysfunction or local error. There is an option to start
localization without anchor nodes and form a completely
relative map. But mainly, it provides more accurate
position estimation based on the cooperation of all nodes.
The synthetic coordinate algorithms are able to eliminate
or minimize error caused by measurement methods,
which is a serious problem in the range based
localization. The optimization of accuracy is based on
iterative approximation. However, this means an
undesirable increase of energy cost, since each iteration
requires updated information about the position of other
nodes and a new measurement of the distance.

All the mentioned facts infer that we have to
accept a certain trade-off considering the use of synthetic
coordinate systems in WSN. Also, application
requirements set the important conditions and limitations.
Therefore, we proposed following modification of
Vivaldi algorithm to adapt it for wireless sensor
networks. The modification is called EAVA (Energy
Aware Vivaldi Algorithm) and we will refer to it in the
following text.

First, we decided to use two dimensional system
with height (2D+h) with possible extension to 4D+h
system, which can have better results (as stated in [13]).
In IP based networks h is a positive value since it
represents delay between two stations. In WSN, h can be
related to general error caused by measurement method.
Thus, it can be either positive or negative.

The distances are derived from RTT
measurements in IP based networks. However, this is
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hardly possible in WSN. Time measurement requires
precise time synchronization, which means a precise
clock embedded in each device. Moreover, time
synchronization process and its control is a difficult task
and additional energy costs. In low-cost applications,
mostly RSS based distance estimation is used. So, we
recommend using the RSS measurement for the distance
estimation instead of time based measurements. In
proposed simulations with EAVA we consider RSS
measurement as well.

The  initial  setting  of  a  network  depends  on  the
presence of anchor nodes. If there are some, they can be
either equipped with GPS receiver to set the coordinates
or set manually. Then, the third coordinate h states for the
error of GPS estimation. The other two coordinates relate
to the standard 2D geographical system. With this initial
setting of anchor nodes, triangulation or maximum
likelihood method is performed to obtain a rough position
estimation of all the nodes.

Provided that there are no anchor nodes in the
network, all the nodes are set with certain determined
initial coordinates (such as xi=0,  yi=0,  hi=0, for
example). The localization process then starts from the
very beginning and there is naturally slower convergence
requiring more iteration steps, which consumes
subsequently more energy.

To save energy during the communication before
each iteration step, only the RSS measurement and the
communication with neighbours is performed. In case of
high node degree (number of neighbours), only a subset
of neighbours can be involved.

The energy consumption is the most crucial
parameter of the localization, highly dependent on the
number of iterations and the speed of convergence.
Therefore, the setting of a shift constantD analogical to
the timestep δ is highly important. However, there are
other conditions and parameters, which considerably
influence the convergence, and thus, the energy depletion
and they have to be investigated. For parameters
adjustment purposes certain simulations were proposed.

5. Simulations

The adjustment of protocols developed for a certain kind
of networks and their transfer to an environment with
totally different main features is always a challenging
process. It is difficult to predict functionality and
reliability of a protocol under different conditions.
Although, a certain protocol works well in IP networks, it
can totally fail in WSN. The energy depletion is the most
problematic in this case, which is not considered in
networks of mains-operated stations. Therefore, it is
necessary to run certain simulations to verify the viability
of a transferred protocol in new environment. Simulations

can answer the question if it is reasonable to use the
protocol without changes, with changes or if the protocol
is totally inapplicable and a new one should be proposed.

For the purposes of the simulation of synthetic
coordinate algorithms Vivaldi and EAVA, we proposed
and developed a new simulation tool [14], [15]. The
simulator is a JAVA based application implementing
Vivaldi algorithm and its modified versions. The base
coordinate system is 2D with height but can be easily
upgraded to 4D with height system. The main simulator
window can be seen in Fig. 3.

Fig. 3: Graphic user interface of developed simulation tool.

The simulator displays the convergence process of
localization by updating the main window. There are
three types of network nodes distinguished in the figure;
anchors, unknown nodes with position error under
threshold (0,15 by default) and nodes with higher
position error.

The  other  modules  of  the  simulator  offer  the
graphical representation of position and error evolution.
The example of a position convergence simulation is
depicted in Fig. 4.

Fig. 4: Convergence of position of two nodes.

Another example of a simulator output can be seen
in  Fig.  5,  Fig.  6  and  Fig.  7.  They  show  the  two
dimensional area of deployed nodes after simulation.
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First, the real node deployment is defined (or imported)
in the simulator. Then, the distance metrics are given to
the nodes (defined or imported). When the simulator runs
the Vivaldi or EAVA algorithm it successively updates the
picture of node deployment. The figures present the result
picture after 50, 700 and 1500 iteration steps respectively.
The black marks in the figures represent the nodes, which
are still far away from their real location, it means, they
have a large position error. On the other hand, the red
mark represents a node, whose position error is already
under the defined threshold. The more iteration the
simulator performs, the higher probability of successful
localization (low position error) is.

Fig. 5: Node deployment after 50 iterations of Vivaldi algorithm with
adaptive iteration step.

Fig. 6: Node deployment after 700 iterations of Vivaldi algorithm with
adaptive iteration step.

The Fig. 8 depicts the sample simulation result
where the error is evaluated. We have both absolute error
and relative error at disposal. Since the original Vivaldi
algorithm uses a time distances between nodes for
position estimation and for localization optimization the
absolute error is expressed in ms. The absolute error is a
difference between the RTT of nodes at their real
locations and the RTT of the nodes in a new network

arrangement calculated by the localization algorithm.

Fig. 7: Node deployment after 1500 iterations of Vivaldi algorithm
with adaptive iteration step.

Fig. 8: Relative and absolute error of sample scenario after the
simulation in dependency on the parameter cc of EAVA.

Besides that the simulator incorporates the
embedded editor of simulated topologies with import and
export functions. Moreover, the various quantities and
their evolution are presented in clearly arranged graphs
with the possibility of subsequent export of all the data
into a Matlab environment. History of coordinates is also
a useful feature.

6. Conclusion and Future Work

Localization in WSN is a challenging task and there is a
broad variety of approaches to this topic. Because of the
particularity of these networks it is very difficult to
simply implement protocols from different networks.
However, although it is impossible to transfer protocols
directly, it is promising to use at least some their features,
which allowed their successful deployment in IP based
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networks. Therefore, we proposed modified version of
Vivaldi algorithm called EAVA, which is adjusted to
WSN. The protocol considers RSS measurement for
distance estimation and strictly controls the energy
consumption during localization. The main idea is to
exploit cooperation of nodes based on mass spring
principle and at the same time use as little energy as
possible. In IP based networks the Vivaldi algorithm
features promising results but at the cost of high
communication. This is not acceptable in WSN, so radical
change has to be done.

For the simulation purposes, we proposed and
developed a new simulator tool VivaldiMonitor. It
implements successfully Vivaldi algorithm and its
modification into static networks. It offers modularity and
elaborated graphical output with user-friendly interface
with data export and import option. The next phase is
devoted to the development of a library implementing
EAVA and the modification of the simulator for WSN
specific features with development of energy module to
control energy depletion during localization.
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Abstract. The goal of this paper is to optimize a
measurement methodology for the most accurate
broadband modelling of characteristic impedance and
other parameters for twisted pairs. Measured values and
theirs comparison is presented in this article. Automated
measurement facility was implemented at the Department
of telecommunication of Faculty of electrical engineering
of Czech technical university in Prague. Measurement
facility contains RF switches allowing measurements up
to 300 MHz or 1 GHz. Measured twisted pair’s
parameters can be obtained by measurement but for
purposes of fundamental characteristics modelling is
useful to define functions that model the properties of the
twisted pair. Its primary and secondary parameters
depend mostly on the frequency. For twisted pair
deployment, we are interested in a frequency band range
from 0,1 to 100 MHz.

Keywords

Twisted pair, British telecom model, measurement
method.

1. Introduction

The secondary parameters of a twisted pair may be
modeled directly, as implements the Deutsche Telekom,
or it can model primary parameters of a twisted pair. This
way of modelling has chosen British Telecom (BT).
Primary parameters, which are frequency dependent, can
be designed for a limited frequency range and limited
accuracy. There are several empirical models based on
the frequency band [2]. 9-parameters BT model [1] can
be used as model of primary parameters up to 100 MHz.
9-parameters BT model is given by following equations:

( ) 4 22
0 farfR ×+= , (1)

where r0 is the DC resistance, a is a parameter which
characterizes the slope of the frequency response.
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where l0 is  inductance  at  zero  frequency  limiting,  l∞ is
inductance at the highest frequencies of the band, fm and
b are parameters that characterize the threshold between
low and high frequencies.

( ) gcfccfC -
¥ ×+= 0 , (3)

where c0 is capacity at the highest frequencies in the
band, c∞ is capacity at zero frequency limiting and cg is
parameter characterizing the shape of frequency-
dependent waveform.

( ) egfgfG ×= 0 , (4)

where g0 is conduction at low frequency and ge is
coefficient increasing towards to high frequency.

A certain problem at high frequencies the
impedance inhomogeneity of transmission line that cause
partial reflections and then ripple on attenuation
frequency dependence of twisted pair [5].

2. Measurement Methods

The twisted pair was chosen in order of measurement
methods comparison. Method with internal and external
bridge was chosen.

2.1. Internal Bridge Method

The internal bridge method uses North Hill 032BF balun
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(transformer for conversion from balance to unbalance
port and vice versa) which acts as an internal measuring
bridge between unbalance port with termination 50 Ω and
balance port with termination 100 Ω. The balun works
with frequencies from 100 kHz to 100 MHz. Block
diagram is depicted in Fig. 1.

Fig. 1: Block diagram for measurement method with internal bridge
North Hill 032BF.

The internal method is based on obtaining of
return loss (RL, S11 parameter) at the input of Vector
Network Analyzer ZVRE. Measured twisted pair is
terminated by short, open and matched impedance. The
input impedance of the twisted pair is given by equations:

( )
G-
G+

×=
1
1

0ZfZ c , (5)

where Zref is reference 100 Ω impedance of the twisted
pair and Γ is reflection coefficient of the twisted pair
terminated by short, open or matched impedance.

The characteristic impedance of the twisted pair
Zo is given by equations:

( ) ( ) ( )fZfZfZ shortxopenx ,,0 ×= , (6)

where Zx,open and  Zx,short are measured impedances
obtained from (5), where open and short termination was
considered.

2.2. External Bridge Method

The external bridge method uses North Hill 0319NA
which acts as an external measuring bridge between
unbalance ports with termination 50 Ω and balance port
with termination 100 Ω for twisted pair. Measuring
bridge works with frequencies from 100 kHz to
100 MHz. Block diagram is depicted in Fig. 2.

Fig. 2: Block diagram with external measuring bridge North Hill
53100RLB.

The external bridge method is based on obtaining
of the forward transmission coefficient (S21 parameter).
The external measuring bridge is used in the frequency
range from 1 MHz to 100 MHz. Measured twisted pair is
terminated by short, open and matched impedance. In
order of proper results all measured values from Vector
Network Analyzer ZVRE have to be corrected.
Correction coefficient is obtained after removing of the
twisted pair and leaving the port open. Revised value of
return loss is given by:

open
cor G

G
=G , (7)

where Γ is the reflection coefficient of the twisted pair
terminated by short, open or matched impedance and
Γopen is reflection coefficient of an external measuring
bridge terminated by open.

Regarding of manual correction the return loss is
obtained (S11 parameter) instead of forward transmission
coefficient (S21 parameter). It is also necessary to
determine the standardized characteristic impedance of
the twisted pair, because of the transformation from 50 Ω
to 100 Ω twisted pair according to the equation:

( )
ref

ref
norm ZfZ

G-

G+
×=
1
1

0
´ , (8)

where Γref is reflection coefficient of the external
measuring bridge terminated by the reference resistor
(100 Ω).

The input impedance of the twisted pair Zx is
given by the Eq. (9). The characteristic impedance of the
twisted pair Z0 is given by the Eq. (10).

( )
cor

cor
normZfZ

G-
G+

×=
1
1´ , (9)

( ) ( ) ( )fZfZfZ shortxopenx ,,0 ×= , (10)

where Zx,open and  Zx,short are measured impedances
obtained from (9), where open and short termination is
considered.

3. Measurement Workplace

At the Department of Telecommunications Technology of
Faculty of Electrical Engineering of CTU in Prague was
implemented measurement facility which allows
automatic measurement. This facility is depicted in
Fig. 3.

The facility consists of:

· Vector Network Analyzer ZVRE firm ROHDE
SCHWARZ,

IEEE eXpress Sample eBook, page 1254



INFORMATION AND COMMUNICATION TECHNOLOGIES AND SERVICES VOLUME: 9 | NUMBER: 5 | 2011 | SPECIAL ISSUE

© 2011 ADVANCES IN ELECTRICAL AND ELECTRONIC ENGINEERING 222

· Agilent 3499B 2-Slot Switch/Control Mainframe,

· 2x Agilent 44478A Dual 1x4 RF Multiplexer
Module (1,3 GHz, 50 Ω). Dual 1-to-4 multiplexers
provide bidirectional switching of signals from
DC to 1,3 GHz,

· Baluns 0319NA firm North Hill, with the
frequency,

· bandwidth from 100 kHz to 300 MHz,

· 50 Ω cables,

· Measured UTP cable.

The  goal  of  a  measuring  facility  is  a  faster  and
more accurate measurement of the secondary parameters,
input impedance and crosstalk at the far end FEXT (Far
End Cross-talk). Switching of RF (Radio Frequency)
switches and processing of values is controlled by
computer. Switching matrix also performs termination of
unused pairs.

Fig. 3: Block diagram of measuring facility of the Department of
Telecommunications Technology.

The detailed diagram of measuring facility is on
Fig. 4 (for attenuation, FEXT and RL measurement) and
Fig. 5 (for NEXT measurement).

Measuring facility contains additionally network
analyzer ZVRE Rohde & Schwarz connected to port
CH00 and CH10 of RF switches. Ports are equipped by
internal termination resistors which are important for
FEXT measurements. Red dashed lines depicted on Fig. 4
are states of switches for NEXT (Near End Cross-talk)
measurements which are executed between port CH00
and CH10. All four channels of measuring facility are
connected to near and far end of tested cable using
adaptor for termination and balancing (coaxial interface
of 50 Ω to 100 Ω for symmetrical cable).

Measuring facility setup for NEXT measurement
is depicted on Fig. 5. This setup is special because allows
to change channels for generator and receiver at the same
end of tested cable. This operation is carried out thanks to
internal ports of the switch (CH00-03), which is primary
designed for termination of the cable. The connection is
made by four cables to second switch (at CH10-13). The
crosstalk modelling is presented in detail in [4].

Fig. 4: Detailed block diagram of measuring facility setup for
attenuation, FEXT and RL measurements.

Fig. 5: Detailed block diagram of measuring facility setup for NEXT
measurement.
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4. Measurement Results

The measured secondary parameters of each pair
(transformed at 1 km cable length) are depicted in Fig. 6.

Figure 7 depicts a difference between waveforms
of |Z0|  measured  using  the  methods  above.  Method  with
an  external  bridge  has  more  stable  waveform  of  the
values |Z0| that is probably caused by attenuation
reflection coefficient between ZVRE and external
measuring bridge.

Fig. 6: Waveforms of the secondary parameters of each pair CAT5
UTP cable.

Fig. 7: Waveforms of |Z0| for pair in UTP cable.

The primary parameters (Fig. 8) were obtained
using Eq. (11), (12), (13), (14) from secondary
parameters.

( ) ( )00 ZZR Á×-Â×= ba , (11)
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Fig. 8: Waveforms of the primary parameters of pair No. 1.
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5. Modelling Parameters

The BT model parameters were identified by Matlab
from waveforms of Fig. 8. Tab. 1 contains a summary of
identified BT model parameters for the two measurement
methods; see Eq. (1) to (4).
Tab.1: Summarized parameters of BT model of two methods.

Parameters NH 032BF NH 53100RLB
a 3,758·10−3 3,542·10−3

ro 90,655 Ω/km 90,655 Ω/km
lo 404,434·10−6 H/km 415,632·10−6 H/km
l∞ 464,784·10−6 H/km 473,367·10−6 H/km
b 0,831 0,816
fm 3 247 986,503 Hz 2 076 121,279 Hz
c∞ 4,666·10−8 F/km 4,581·10−8 F/km
c0 4,239·10−9 F/km 7,941·10−11 F/km
cg -2,344·10−5 -0,239·10−5

ge 0,459 0,482
g0 5,169·10−5 S/km 3,472·10−5 S/km

6. Conclusion

This article describes methods for measuring of the
characteristic impedance |Z0| using internal and external
bridge, combined with automatic measurement facility
controlled by computer in frequency range from 0,1 MHz
to 100 MHz with the possibility to use up to 300 MHz.
Facility can be used for attenuation, reflection and
crosstalk measurement of twisted pairs. Such measuring
facility can provide a measured waveforms and
subsequent mathematical analysis. The measured values
of secondary parameters UTP CAT5e cable will be used
to refine the existing secondary parameters in the
program used to evaluate the fundamental characteristics
of metallic cables on Matlab server [3] and xDSL
transmission rate estimation.
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Abstract. SIP PBX is definitely the alpha and omega of
any IP telephony infrastructure and frequently also
provides other services than those related to VoIP traffic.
These exchanges are, however, very often the target of
attacks by external actors. The article describes a system
that was developed on VSB-TU Ostrava as a testing tool
to verify if the target VoIP PBX is adequately secured and
protected against any real threats. The system tests the
SIP element for several usually occurring attacks and it
compiles evaluation of its overall security on the basis of
successfull or unsuccessfull penetrations. The article
describes the applications and algorithms that are used
by system and the conclusion consists recommendations
and guidelines to ensure effective protection against VoIP
PBX threats. The system is designed as an open-source
web application, thus allowing independent access and is
fully extensible to other test modules.

Keywords

SIP server, Safety Test System, Flood Attack,
scanning, monitoring, SPIT, countermeasures,
data manipulation.

1. Introduction

Systems designed to test and monitor networks or other
components are quite wide-spread these days. Examples
of the principle ones are Nessus [1], Retina [2], Snort [3]
and other. The majority of these systems allows for
testing the whole network infrastructures and protocols
used for communication between components. None of
these solutions, however, enables a complex testing of
VoIP infrastructure and SIP servers which are the key and
most vulnerable component of the network. The system
we developed, under a working title SPT (SIP Penetration
Testing), was designed as a penetration tests simulator for

SIP servers. Based on the analysis of intersections, the
person who initiated the testing (“the tester”) receives
feedback  in  the  form  of  test  results,  as  well  as
recommendations on how to mitigate potential security
risks that were discovered. The advantage of this solution
is that the system simulates real attacks from the external
network, i.e. the system does not need to be placed in the
same network as the target component DUT (Device
under Test). This is frequently one of prerequisites to be
able  to  use  other  testing  tools.  The  SPT  system  was
implemented as a web application accessible through a
standard web browser and therefore independent on the
operation system’s platform. Authentication will be done
using the SSO (Single Sign-On) service - Shibboleth [4].
This should also prevent the system being used for other
than testing purposes. Once signed in, the tester enters the
required data into a web form and chooses tests to be run.
The output of the application once the tests have been
completed is an e-mail report to the tester.

This paper contains the results of the tests; and in
case some penetrations were successful it also contains
recommendations and measures to mitigate such attacks
in  the  future.  Figure  1  illustrates  the  concept  of  the  SPT
system. The following chapter describes individual
testing methods in detail, their implementation,
algorithms used and the impact on the target SIP server.

Fig. 1: SIP penetration tests system scheme.
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2. Platforms, Algorithms and their
Time Evaluation

Although the system is primarily designed for penetration
tests on SIP servers, in reality it can perform full-scale
attacks on a particular component and provide feedback
on it to the tester. Thus, it is necessary to ensure that the
developed system cannot be abused by a third party. The
system was designed as a LAMP (Linux, Apache,
MySQL, PHP) server [8] and its complete administration
including the installation is carried out via a web
interface. For reasons stated above, the system will only
be accessible to authorised persons once they pass
through the authentication. First the tester fills in the IP
address or domain name of the central SIP server and the
email address to which the test results will be sent. Using
checkboxes, the tester may define the range of the
modules offered for testing. Individual modules are
described below in detail.

2.1. Scanning and Monitoring Module

In order to be able to carry out an efficient and precise
attack on a SIP server, the potential attacker needs to find
as much information as possible about a particular
component. This is why we first developed a Scanning
and Monitoring (“S&M”) module for the SPT system,
which is used to test the security of the server against
attacks aimed at obtaining information by means of
common and available tools (Fig. 2).

Fig. 2: SPT system – S&M module.

These tools include for instance Nmap [9] or ever
more popular SIPvicious [10]. SPT system also uses these
testing tools. By means of these tools, it is possible to
obtain a list of listening ports or a list of user accounts
created from the unsecure server. Where the server is not
secured sufficiently, they can obtain even the most
important - passwords to individual accounts. If the tester
ticks the test to be carried out, the Nmap application is
used first to establish open ports. Given the time
requirements of the Tn [s] test, the testing is by default
restricted only to several most frequently used ports.
Using the web form, the tester can set the range of the
tested  ports.  However  the  total  time set  for  testing  using
Nmap is 1800 s (30 minutes). The list of available ports is

subsequently included in the assessment report together
with recommendations on how to minimize such ports’
scanning. Another test which the SPT system can carry
out aims at establishing whether SIP server’s security
allows  for  obtaining  a  list  of  user  accounts.  For  this
purpose, SIPvicious is used. By sending out OPTION and
ACK requests, the application detects what accounts are
defined on the SIP server. By default, the system tries the
100-999 range of accounts. Again, the tester may define
own range of tested numbers Enr or import a text file
containing strings of alpha- numeric characters or words
Edr. Time required to check and create a list of Te [s]
accounts can be expressed by Eq. (1) where c = 0,02603
is a time constant obtained by repetitive measurements on
a sample of 1000 potential accounts on different target
SIP servers [7].

cEET drnre ×+= )( . (1)

Number of valid accounts Evalid is derived from
Eq. (2) where Einvalid is the number of accounts that have
been reviewed by the  system but  not  defined on the  SIP
server.

invaliddrnrvalid EEEE -+= )( . (2)

Once the system has tested security of the SIP
server against detecting accounts, possibility to detect
passwords for individual accounts is tested. Again, this
testing  is  carried  out  by SIPvicious. Using a pre-defined
range of possible numeric passwords Pnr or an imported
text file with alpha-numeric characters or words Pdr, it
obtains a list of passwords for individual accounts. Time
requirements on this test are expressed by the following
Eq. (3).

[ ] cPPET drnrvalidp ×+×= )( , (3)

npesm TTTT ++= . (4)

Now we can determine the estimated time
required to carry out the complete S&M test Tsm (4).
Using the module, we can verify whether the target SIP
server is sufficiently secured against such scanning and
monitoring attacks.

2.2. Denial of Service Module

One of the most frequently occurring attacks is DoS
(Denial of Service). In reality, it consists of several
attacks with the same characteristic feature – to lock up
or restrict the availability of the attacked service so that it
does not function properly. Several types of DoSs [11]
can be used to achieve this; our system tests the SIP
server using the most frequently used one, Flood DoS.
The principle of the attack is to send a large volume of
adjusted or otherwise deformed packets to the target
component so that it is unable to provide its core services.
As a result of the attack, CPU load increases and most of
the available bandwidth is consumed, resulting in the SIP
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server being unable to service regular calls, or only a
minimum amount of them. To generate Flood DoS, the
SPT system uses two applications: udpflood [12] and
inviteflood [12]. When using udpflood, the system
generates UDP packets of 1400 bytes which are directed
at SIP default port 5060 of the target SIP server. The
tester defines the number of generated packets and the
system tests whether the packets arrived at the SIP server
and whether they cause some restriction of the service
availability (Fig. 3). Since we know the packet’s size and
therefore also the size of the Ethernet framework Fsudp,
we can, based on the number of generated packets Pn and
the bandwidth provided Bw, determine time Tudp [s]
required to carry out the test (5).

Fig. 3: SPT system - DoS module.

( ) wudpudp BPFsT
n

/×= . (5)

Table 1 provides an overview of time required for
different numbers of generated packets Pn and different
bandwidth Bw. When the other application, inviteflood, is
used for testing, the system generates INVITE requests at
the SIP server which are directed at an existing account.
This method is very successful as most of today’s SIP
servers require an authentication for INVITE requests. As
the INVITE requests generated by our system do not
contain any authentication string, the SIP server returns
SIP answer 407 Proxy Authentication Required. With the
large volume of incoming requests, the load of SIP
server’s CPU increases. The tester can set the value of a
valid account in the system manually, or it can be
randomly selected from the previously obtained list of
valid accounts Evalid. As in the previous case, we can,
based on the number of generated packets Pn and the
bandwidth provided Bw, determine time Tinvite [s] required
to carry out the test (6).

( ) winviteinvite BPFsT
n

/×= . (6)

Figure  4  illustrates  the  impact  of  the  change  in
bandwidth on CPU load when simulating an udpflood
attack. The chart also clearly shows resistance of the two
popular open-source SIP servers, Asterisk PBX [5] and
OpenSIPS [6],  to  UDP Flood DoS attacks.  Both  centrals
have been installed on the same HW of Dell PowerEdge
R510 server to eliminate any potential difference in
computational performance. To change bandwidths, we
used HW emulator of the Simena networks. CPU load on
individual centrals was measured by means of dstat [13].

The chart shows that OpenSIPS is many times more
resistant to UDP DoS attacks than Asterisk. Total time
required to carry out DoS tests dosT  is determined as
follows (7).
Tab.1: Udpflood attack time duration with different bandwidth and

number of generated packets.

Number
of packets
- Pn

Bandwidth [Mbit·s-1] and the attack time
Tudp [s]

10 25 50 100
100 000 113,12 45,25 22,63 11,31
200 000 226,24 90,50 45,26 22,62
300 000 339,36 135,75 67,89 33,93
400 000 452,48 181 90,52 45,24
500 000 565,60 226,25 113,15 56,55
600 000 678,72 271,5 135,78 67,86
700 000 791,84 316,75 158,41 79,17
800 000 904,96 362 181,04 90,48
900 000 1018,08 407,25 203,67 101,79

1 000 000 1131,20 452,5 226,3 113,1

inviteudpdos TTT += . (7)

Results and success rate of DoS tests carried out
are included in the report for the tester.

Fig. 4: Impact of change in bandwidth on CPU load in case of
udpflood attack.

2.3. Registration Manipulation Module

Once the potential perpetrator obtains information about
existing accounts, he can manipulate these accounts quite
easily. The SPT system we developed can also test SIP
servers’ security, i.e. measures against manipulating the
registration, see Fig. 5.

Fig. 5: SPT system - RM module.
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To carry out this test, the system uses reghijacker
[12] which substitutes the legitimate account registration
with a fake, non-existing one. This type of attack can
easily be expanded to a so called MITM, Man-in-the-
Middle [11]. In this attack, a non-existent user is
substituted by a valid SIP registration and all incoming
signaling and media to the legitimate registration will be
re-directed to the newly created registration. In this case,
the tester needs to define the value of the SIP account
which is to be stolen in the system and where
authentication of REGISTER request is allowed, also
a password to this account. Where the tester fails to
define these values, the system automatically assigns an
account and its password from the list created while
scanning and monitoring the central. Time required to
carry out the test Trm is insignificant compared to
operational times of other modules.

2.4. SPIT Module

Today, one of the most popular attacks on the Internet is
spam. It is estimated that spams account for 80 – 90 % of
total attacks on the Internet. Security experts predict that
Spam over Internet Telephony (SPIT) will be a major
threat in the future. The level of annoyance is even
greater than with classical spam. Our team had developed
SPITFILE [14] which served as a testing tool while
developing security against such type of attacks. The SPT
system uses the core of this application, together with
Sipp [14],  to  simulate  a  SPIT  attack  on  the  target  SIP
server (Fig. 6). In the form, the tester defines the value of
a valid SIP account – the called party to which the SPIT
call will be directed and then the value and password to a
valid SIP account – the caller through which the call will
be initiated. Where the tester fails to define these values,
the system automatically assigns an account and an
appropriate password from the list created while scanning
and monitoring the central.

Fig. 6: SPT system - SPIT module.

If the attack was successful,  a SIP call is initiated
from  the  caller’s  account,  and  the  end  device  with  the
registered account of the called party starts ringing. Once
the call is answered, a pre-recorded message is played
and the call terminated. Time required to carry out the
test Tspit is determined by the length of the pre-recorded
message. The final report on penetration tests which the
tester receives via e-mail, will, besides information on all
previous tests, also contain an analysis and success rate of
the SPIT module’s test.

Fig. 7: Division of the SPT system into individual modules.

Figure 7 illustrates the division of the SPT system
into individual modules and shows time intervals
necessary to carry out individual tests in respective
modules. Time requirements of the whole SPT system
can be expressed by Eq. (8). Its value depends on many
factors and can radically change in accordance with the
type of tests requested by the tester. Its value is for
reference only.

spitrmdossmspt TTTTT +++= . (8)

3. Platforms, Algorithms and their
Time Evaluation

Although the SPT system is still in the phase of intensive
testing and development, basic operational tests of all
available modules were carried out. Each test is
accompanied by a short description of countermeasure’s
principles and methods [12] which should limit or
completely mitigate potential security gaps that were
revealed during SIP servers’ testing.

Fig. 8: SIP penetration tests system testbed.
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Figure 8 describes the basic testing topology. The
system is denoted as SPT and Asterisk as VoIP PBX.
Asterisk was installed at Dell PowerEdge R510 server.

3.1. Scanning and Monitoring Module
Testing and Countermeasures

The first step was to enter IP address of SIP server and e-
mail  address  to  which  the  report  will  be  sent.  Next,  the
S&M module and subsequently Nmap and SIPvicious
applications were launched. Values for Nmap were set by
default, value of Enr for SIPvicious was  set  to  range
between 1000-9999. The device found all three registered
accounts Evalid 7001-7003 and listed open TCP and UDP
ports at Asterisk. Once Pnr was set to 7001-7003 and a
text file Pdr containing test and 7003ab string, the test to
obtain passwords to individual accounts was also
successful (Fig. 10a). Total time incurred on testing
module is Tsm @  235 s. Part of the report that is delivered
to a tester’s email is shown on Fig. 9. If we had to protect
and prevent SIP server from scanning and monitoring,
then an implementation of firewall is the effective
solution or an intrusion detection system that is able to
distinguish scanning and monitoring. The next effective
solution is to divide the network logical infrastructure
into VLANs and decompose the provided services into
more physical servers (TFTP, HTTP servers). The
prevention of accounts and passwords detection is
difficult, moreover, the tools for detection apply the
standard SIP methods and is not trivial to distinguish
legitimate behaviour from an attack. In this case, it is
recommended to divide the infrastructure into individual
VLANs so that the detection for intruder is as difficult as
possible.

Fig. 9: Example of the SaM module test results that are sent to Tester’s
email.

Fig. 10: SIP penetration tests System testbed. a) scanning and
monitoring tests, b) DoS tests, c) registration manipulation
tests, d) SPIT tests.

3.2. DoS Module Testing and
Countermeasures

Using udpflood, the tester sent 500000 UDP packets
directly to port 5060. Bandwidth was set to 100 Mbit/s,
Asterisk processed 90 % calls. Once the test was
completed, Asterisk recovered to a full operation mode.
To be able to compare, we substituted Asterisk by
OpenSIPS in this test. Call processing under the same
attack was entirely error-free. When testing using
inviteflood on the valid account 7001, we found out that
this attack is much more destructive in terms of
computational power. As early as at 100000 INVITE
request when Tinvite @  9 s, CPU load for both Asterisk
and OpenSIPS reached 100 % and failed to process a
single incoming or outgoing call. Once the test was
completed, both centrals recovered to a full operation
mode (Fig. 10b).

The way how to recognize whether a DoS attack is
successful or not is given below. Before the test starts,
SPT uses the ICMP protocol to measure the average
response time from the exchange - Tavg. During testing
(sending flood packets) the average response - Tdosavg is
again tested in parallel using ICMP. In case that the Tdosavg
is 150 times greater than Tavg,  the  test  is  marked  as
successful. A necessary condition for DoS test is to
support an ICMP protocol. The principle of detection is
shown in Fig. 11.
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Fig. 11: Principle of DoS test detection.

The possibilities on how to protect from Flood
DoS attacks, are the following: to divide the network
infrastructure into separate VLANs, to have in use solely
TLS, to implement L2 network elements with DoS
detection or to apply SIP firewall that can detect DoS
attacks and minimize their impact.

3.3. Registration Manipulation Module
Testing and Countermeasures

When testing possibility for registration manipulation, we
entered values of account 7003 and its password 7003ab
manually  into  the  SPT  system.  Once  the  test  was
completed, we established whether the attack was
successful using the following process. SPT sends a SIP
INVITE message to the test machine. Once a message is
sent, the system waits for the type of response that comes.
Based on this response SPT assess whether the test was
(attack), successful or not. When system receives 180
Ringing response the tested attack has not been
successful, if a 503 Service Unavailable response
arrives, the test was implemented successfully (see
Fig. 12).

Fig. 12: Principle of RM test detection.

The aim of the attack was to de-register account
7003 and to direct all incoming calls to a fake account
which does not exist. Thus, calls were terminated as
unconnected. The call to 7003 was not put through, see
Fig. 10c. The TCP protocol is recommended at transport
level to prevent a registration hijacking because the

manipulation with TCP requires higher complexity. Next
option, how to minimize this threat, is to use REGISTER
message authentication. We could decrease the
registration interval, as well, it is quite simple but
effective.

3.4. SPIT Module Testing and
Countermeasures

As stated above, we used SPITFILE application,
developed  by  authors  of  the  paper,  to  test  the  PBX
vulnerability against SPIT attacks. The tester manually
inserts  value  of  a  valid  account  7002  on  which  a  SPIT
attack was to be initiated, as well as the value of a valid
account 7003 and password to it (7003ab) which was
supposed to initiate the SPIT call. Once the test was
launched, SPITFILE registered on the participant 7003
and then started to generate a call to account 7002. The
end device registered on 7002 began ringing, and once
the call was answered, a recording with an advertisement
was played (Fig. 10d). The system detects the success of
SPIT attacks as follows: during test, SPT monitors the
responses  of  SIP  VoIP  PBX  and  based  on  the  them,
system defines whether the SPIT test was successful or
not. System performs 5 consecutive SPIT calls, and all
INVITE messages must be answered with 180 Ringing
response. If SPT receives any other response, SPIT test
failed. Detection process can be seen in Fig. 13.

Fig. 13: Detection of SPIT test.

A  few  methods  exist  on  how  to  restrict  the  SPIT
propagation, which are more or less efficient, but their
combination bring quite strong protection against the type
of attack. Such methods include various forms of lists or
voice testers based on CAPTCHA which are particularly
effective against caller bots. Authors developed own
solution ANTISPIT [14] that exploits the specific human
behavior and automatically modifies the Blacklist table
without participation of called party, the approach is
based on the statistical Blacklist.
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4. Conclusion and Future Work

The aim of the authors was to develop a tool to carry out
penetration tests on SIP servers. The system that was
designed and implemented consists of several modules
that are able to generate selected types of attacks which
the authors deem most popular. The system then analyses
to what extent is the target component secured, drafts
assessments containing tests’ results and proposes factual
recommendations to ensure security against the threat
concerned. The assessment report is sent as a text
document to an e-mail. The system is currently under
intensive testing. It is planned that in the future, it will be
extended to include other testing modules and functions
such as for instance testing of the whole VoIP
infrastructure and heavy testing of individual
components.
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Abstract. Proposed article analyses dependence of MOS
as a voice call quality (QoS) measure estimated through
ITU-T E-model under real network conditions with jitter.
In this paper, a method of jitter effect is proposed. Jitter
as voice packet time uncertainty appears as increased
packet loss caused by jitter memory buffer under- or
overflow. Jitter buffer behaviour at receiver’s side is
modelled as Pareto/D/1/K system with Pareto-distributed
packet interarrival times and its performance is
experimentally evaluated by using statistic tools. Jitter
buffer stochastic model is then incorporated into E-model
in an additive manner accounting for network jitter
effects via excess packet loss complementing measured
network packet loss. Proposed modification of E-model
input parameter adds two degrees of freedom in
modelling: network jitter and jitter buffer size.

Keywords

VoIP, E-model, MOS, QoS, packet loss, jitter buffer,
loss estimate, Generalized Pareto, packet
interarrival, Pareto/D/1/K.

1. Introduction

Mean opinion score - MOS - represents user satisfaction
with overall listening and conversational quality on five
grade  scale  from  5  (best)  to  1  (worst).  MOS  can  be
estimated by either subjective methods based on user
listening tests or by objective methods based on measured
network parameters such as delay, packet loss and jitter.
E-model defined by ITU-T G.107 [1] is widely accepted
objective method used for estimation of VoIP call quality.
E-model uses set of selected input parameters to calculate
intermediate variable – R factor, which is consecutively

converted to MOS value using (3). Input parameters
contribute to final estimate of quality in additive manner
as expressed in Eq. (1).

AIIIRR effedso +---= , , (1)

where Ro represents the basic SNR, circuit and
room noise; Is represents all impairments related to voice
recording such as quantization distortion, low voice
volume; Id covers degradations caused by delay of audio
signal including side-tone echo; Ie,eff impairment factor
presents all degradations caused by packet network
transmission path, including end-to-end delay, packet loss
and codec PLC masking capabilities; A is an advantage
factor of particular technology.
Tab.1: Impairment factors for selected codecs [5].

Audio Codec Codec bitrate
Impairment Factor

Ie Bpl

G.711 w/o
PLC 64 kb/s 0 10

G.711 with
PLC 64 kb/s 0 34

G.723.1 5,3 kb/s 19 24
G.723.1 6,3 kb/s 15 20
G.726 16 kb/s 40 69
G.726 24 kb/s 25 38
G.726 32 kb/s 12 24
G.726 40 kb/s 7 24
G.728 16 kb/s 16 27
G.729 8 kb/s 10 18

G.729 A 8 kb/s 11 17
GSM FR 6.10 13,2 kb/s 26 43

We focus at Ie,eff parameter, which is calculated as
in Eq. (2):

( )
plpl

pl
eeeffe BP

P
III

+
×-+= 95, , (2)
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where Ie represents impairment factor given by codec
compression and voice reproduction capabilities, Bpl is
codec robustness, which describes how immune is
particular codec against random losses and what are its
PLC masking qualities. These values are given for
narrowband codecs in ITU-T G.133 appendix [5]. Table 1
gives a summary of Ie and Bpl parameters for selected
codecs. Ppl parameter represents measured network
packet loss in %.

2. Relations between Network
Delay, Jitter and Packet Loss

An  easiest  way  to  comply  with  the  conference  paper
formatting requirements is to use this document as a
template and simply type your text into it.

2.1. Properties of Network Delay

Voice  packets  being  sent  from VoIP device  –  IP  phone –
can be considered as a regular flow with constant
transmit intervals and transmit duration. VoIP packets
after transport network traversal have their regular time
spacing disrupted in irregular way. Internet traffic arrival
times and delay can be successfully statistically modelled
by long-tailed Generalised Pareto distribution (GPD) [7],
[9], [10] which we use to describe incoming VoIP packet
stream from transport network to IP phone and refer to it
like “Pareto distribution” further in this paper. Network
delay distribution of received packets is depicted in
Fig. 1.

Fig. 1: Packet transmission delay distribution.

Real-time change of network operational and
performance parameters cause variations in delay.
Differences between consecutive packet arrivals are not
constant and arrival times oscillate between minimal
possible network delay Ta-min and infinite delivery time
(lost packet). Mean value of the described process exists
and is called and measured as an End-to-End network
delay Ta (one of the input parameters for E-model).

2.2. Network Delay Statistics

Real packet path usually consists of a mixture of different
networks with different devices and technologies. Each
device adds certain degree of uncertainty in packet
processing and transmitting time. Overall network delay
statistics is a result of all partial statistics at each device.
Aforementioned Pareto distribution is well suited to
describe time as a variable, which has lower bound, no
upper bound and finite mean value. It is better suited to
describe internet packet flow than Weibull distribution as
it yields lower MSE in practical measurements of real
traffic [7], [9], and [10]. Pareto has different shape than
exponential distribution with steeper slope and less
occurrences in higher values. Probability density function
of Pareto (PDF) is given by Eq. (3) and cumulative
distribution function (CDF) by Eq. (4).
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where s = std. deviation, x = shape parameter, m =
location parameter (minimal value of random variable
with Pareto distribution). m represents offset of Pareto
distribution from zero on time axis and represents
minimal network delay Ta_min also illustrated at Fig. 1.
Shape of Pareto PDF for varying s is depicted at Fig. 2.
For Pareto PDF to converge faster than exponential,
shape parameter must meet condition x <  0 and to get
valid results from Eq. (3) and (4) m ≤ x ≤ m - s /x.

Fig. 2: Packet transmission delay distribution.

2.3. Network Jitter

Jitter J [ms] is calculated in real-time as floating average
of differences between interarrival times called
“Timestamps” of consecutively received packets
contained in RTP protocol header. Calculation of J is
given by Eq. (5). Each particular difference is given by

IEEE eXpress Sample eBook, page 1267



INFORMATION AND COMMUNICATION TECHNOLOGIES AND SERVICES VOLUME: 9 | NUMBER: 5 | 2011 | SPECIAL ISSUE

© 2011 ADVANCES IN ELECTRICAL AND ELECTRONIC ENGINEERING 235

Eq. (6), both according to RFC 1889, where R are
timestamps when packet was received, S when packet
was sent and indices i,j are consecutive packet numbers.
Jitter value is transferred in RTCP protocol header as one
of the QoS parameters. For correct measures of jitter
correct synchronization of clocks in network is needed.

( )( ) [ ]msJDJJ ii 16/,1 -+= - , (5)

( ) ( ) ( )[ ]msSSRRD ijijji ---=, , (6)

During VoIP communication, voice packets are
generated in regular intervals with fixed period Tv
assuming that no VAD is active and packetization interval
is constant. Deviations of placing packets in correct
timeslots on transport medium can occur when other
traffic is present, e.g. when sending files through FTP and
simultaneously making VoIP calls, traffic has to be
interleaved. These issues are further amplified at active
layer 2 and 3 network elements when routing, switching
and traffic shaping occurs. Receiver expects packets at
regular timeslots but to compensate disturbances in
delivery time receiver has to use buffer memory called
“jitter buffer” at the expense of increasing overall end-to-
end delay at least by length of buffer in milliseconds / 2.
Result of the process at receiver’s side is an irregular
packet stream which can be described through Markov
process as Pareto/D/1/K queue [7], [9] depicted in Fig. 3.

Fig. 3: Markov chain model of VoIP packet receiver with buffer.

3. Analysis of Jitter Effects

3.1. Effective Packet Loss

Packet Loss in packet data network can occur either in
transport network or at user device. Transport network
can suffer from congestion, load imbalance and also
mixture of several transport technologies, which behave
differently.

Jitter itself is not one of the input parameters for
E-model calculation, but its influence is not negligible
under real network conditions. Effects of jitter on packet
loss appear as increased net total packet loss which is
equal or greater than measured network packet loss
expressed as Ppl. In this document we refer to “Modified
E-model” as to model based on original ITU-T G.107 [2]
recommendation with Ppl packet loss parameter in Eq. (2)
substituted by proposed Pplef. Codec robustness factor Bpl

in Eq. (2) expresses resilience of certain codec to random
and burst packet loss and its masking capabilities through
packet loss concealment (PLC) algorithm. Overall
effective packet loss Pplef can be expressed as a
complement to product of packet transmittance in
network and in receiver jitter buffer as given by Eq. (7).

( ) ( ) 1;0111 Î-×--= jitterplplef PPP , (7)

that can be rewritten to Eq. (8) as a jitter buffer loss:

( ) ( ) 1;01/ Î--= plplplefjitter PPPP , (8)

where Ppl is  network  packet  loss  as  measured  by
receiving device and Pjitter is an additional packet loss
occurring at finite jitter buffer memory when
compensating time fluctuations of arriving voice packets.
Packet transmittance is a complement to packet loss and
is expressed by terms in brackets in Eq. (7).

3.2. Jitter Buffer Behaviour

We have used Pareto/D/1/K queue [7], [9] depicted in
Fig. 3 to model jitter buffer behaviour. Markov chain
Pareto/D/1/K behaves like M/D/1/K because memory-
lessness of previous states of input stream is ensured.
Zero correlation of Poisson input stream is maintained
with Pareto distribution.

Figure 4 shows sample timelines of transmitter
and receiver of VoIP packets, expected arrival timeslots
as well as deviations from expected delivery time, for
which  there  is  a  jitter  buffer.  Jitter  buffer  has  threshold
levels of how much ms of audio samples it has to receive
before starting playback of stream, which is usually 50 %
of its length and it equals to additional end-to-end delay
added by buffer. If receiving buffer behaves like ordinary
queue, packets that are severely influenced by jitter and
delayed so much that they arrive later than packets sent
after them, such exchange in packet order cannot be
treated and late packet is treated as lost even when its
timeslot has not passed (Fig. 4). Real jitter buffer can
repair or reorder swapped packets in input stream by their
RTP sequence number when their timeslot or time to play
has not passed. This process significantly lowers
additional packet loss in networks with high jitter
comparable with packet length (jitter usually 30 ms and
higher).

For calculation of Pjitter at jitter buffer with
reordering capability in Eq. (8) we have to recalculate
Pjitter in raw Markov chain-type buffer without reordering
capability represented by PDF Pareto function
Fwo(x,m,x,s) (transmittance of buffer without reordering
capability) to Fwr (transmittance of buffer with packet
reordering capability) according to Eq. (9). Formula (9) is
based on autocorrelation function of packet loss Pjitter
without reordering which equals to probability, that
packet will not be in jitter buffer present at the moment of
processing in its expected timeslot. Real measured values
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of Fwo, Fwr as well as their complements – jitter buffer
packet losses Pwo and Pwr are present in Tab. 2 and 3.
These values were used to find the best fitting shape
parameter with minimal MSE error of packet losses on
buffer with reordering ability.

( )( ) 5,0;0
2

,,,1 2
Î

-
==

sxmxFFP wo
wrjitter . (9)

In Eq. (9) Pjitter reaches the maximum of 0,5 which
shows an extreme, that every packet is mixed. From
every pair one packet would be discarded and additional
packet loss on jitter buffer reaches theoretical maximum
of 50 % (transmittance factor 50 % equal to behavior of
binary symmetric channel).

Fig. 4: Packet transmission delay, arrival time and jitter buffer function.

4. Simulation and Measurement of
Jitter Effects

Measurements were carried out to model and prove jitter
buffer behaviour and to find correct shape parameter x for
Eq. (3) and (4) to find best fitting function modelling
jitter buffer packet loss Pjitter. We have simulated MOS
dependence of following codecs on QoS parameters:

· G.711 with PLC and without PLC, 64 kb/s, 40 ms
jitter buffer, 20 ms/packet,

· G.723.1 ACELP, 5,3 kb/s, 60 ms jitter buffer,
30 ms/packet,

· G.723.1 MPMLQ, 6,3 kb/s, 60 ms jitter buffer,
30 ms/packet,

· G.726, 32 kb/s, 40 ms jitter buffer, 20 ms/packet,

· G.729, 8 kb/s, 40 ms jitter buffer, 20 ms/packet.

Key QoS network parameters were chosen as follows:

· One-way end-to-end delay Ta Î{0, 20, 50, 100,
150, 200, 300, 400} [ms],

· Network packet loss Ppl Î{0, 1, 2, 3, 5, 7, 10, 15,
20} [%],

· Network  jitter  of  20,  40  and  80  ms  with  Pareto

distribution.

Special set of measurement and simulation was
dedicated to statistics testing and was performed with
WANem, EasyFit and StatAssist software suite as
follows:

· Generic codec without PLC (valid for PCM or
ADPCM codecs family G.711 and G.726) with
jitter  buffer  from  2  to  6  packets  (when
packetization = 20 ms, then the buffer would be
from 40 to 120 ms) and RFC 1889 jitter from 0 to
100 ms in steps of 10 ms. Delay was fixed to 100
ms and network packet loss Ppl set to ‘0’ to show
pure influence of buffer on resultant real loss.

VoIP traffic was simulated using IxChariot
endpoint on dedicated computer with 100 BASE-TX
Ethernet network card, switched through computer with
two network cards emulating transport network by
imposing QoS parameters on relayed packets by WANem
software. VoIP stream was received with third computer
with IxChariot endpoint.

For each codec and combination of QoS
parameters values was simulated a packet flow of 10000
packets corresponding to 200 seconds of continuous VoIP
call with 20 ms packetization. Altogether more than 189
combinations of parameters were simulated. Test runs,
where Ta.2 < jitter were omitted as e.g. mean end-to-end
of 20 ms with 80 ms jitter cannot exist when using
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aforementioned statistics and jitter calculation methods.

Measured dependencies of MOS on QoS
parameters were processed as 3D graphs and in tabular
form. Estimate of MOS for G.711 codec is through E-
model, proposed modified E-model and measurement is
enclosed in section 6. Data and net packet losses at jitter
buffer are analyzed for particular jitter strength and buffer
sizes. Resultant additional losses are in Tab. 2 and 3. Pure
jitter buffer loss measurements and packet flow statistic
tests are present in section 7.
Tab.2: Measured jitter buffer loss without reordering capability.

Jitter
[ms]

Jitter
buffer

size [ms]

Average loss on
jitter buffer

Pwo(jitter,buffer-
size)

Complement to loss –
transmittance of

buffer
Fwo(jitter,buffer-size)

20 40 0,116114 0,883886
20 60 0,029393 0,970607
40 40 0,307519 0,692482
40 60 0,180276 0,819725
80 40 0,509000 0,491000
80 60 0,399790 0,600206

Tab.3: Measured jitter buffer loss with RTP reordering capability.

Jitter
[ms]

Jitter
buffer

size [ms]

Average loss on
jitter buffer

Pwr(jitter,buffer-
size)

Complement to loss –
transmittance of

buffer
Fwr(jitter,buffer-size)

20 40 0,001049 0,998951
20 60 0,000316 0,999684
40 40 0,059720 0,940280
40 60 0,014509 0,985491
80 40 0,147420 0,852580
80 60 0,078991 0,921009

5. Equipment Impairment Factor
Calculation Modification Using
Effective Packet Loss

Based on simulation results and measurements we have
determined optimal shape parameter x giving the smallest
overall MSE error of Pwr for all jitter and jitter buffer
size combinations from Tab. 2 and 3. Optimal value for
our simulation is x = - 0,1 with relative MSE of MOS of
only 12,0 %. We add two parameters to E-model through
Eq. (10) which incorporates jitter buffer size x [ms] and
network jitter s [ms].
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After substitution of parameters x = -0,1and m = 0
we get equation for jitter buffer packet loss as Eq. (11):
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Further we rewrite Eq. (7) as Eq. (12) and
substitute Pjitter into Eq. (12). We get Eq. (13) which
expresses effective packet loss Pplef incorporating
network and jitter buffer packet loss. Pplef from Eq. (13)
substitutes Ppl in Eq. (2) which leads to Eq. (14):

dejitterpldejitterplplef PPPPP ×++= . (12)

2

1,01

2

1,01
2020

÷
ø
ö

ç
è
æ -
+

×-
÷
ø
ö

ç
è
æ -
+

+= ss
x

P

x

PP plplplef .(13)

( )
plplef

plef
eeeffe BP

P
III

-
×-+= 95, . (14)

Equation (14) is the final proposed equation for
equipment impairment factor calculation in E-model
including jitter buffer loss and jitter buffer size through
effective packet loss Pplef.

6. Results

Proposed change in equipment impairment factor
calculation leads to improved MOS estimate of E-model
when network jitter is present. Network jitter effects as
increased packet loss were mostly negligible when
network jitter was smaller than approx. ½ of jitter buffer
length. Real jitter buffer have always reordering
capability through RTP packet numbering and queue
without reordering serves as a basic concept for
formulating appropriate equations. In our application
marginal value for jitter was 20 ms, thus our simulations
and measurements were conducted with 20, 40 and 80 ms
jitter, see Tab. 3 for results. Discovered dependence of
jitter buffer packet loss at different network jitter
strengths for different buffer sizes is illustrated at Fig. 5.
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Fig. 5: Jitter buffer packet loss Pjitter graph for different jitter.

Table 4 summarizes MOS estimate accuracy by
comparison of original and modified E-model with
measurements from simulation through average
differences in MOS category values. Figure 6 shows
comparison of MOS estimates of original E-model,
modified E-model and measurements. Offset of MOS
estimate caused by presence of jitter is successfully
compensated with slight local deviations caused by
smaller size of statistical set of measurements. Effective
packet loss and resulting end-to-end delay at receiver
were greater than objectively measured network QoS
parameters due to buffer behaviour and buffering delay.
Tab.4: MOS estimate improvement and comparison of estimation

errors of original and modified E-model.

Original E-model
estimate

Proposed
Modified

E-model estimate

MOS
estimate

Jitter
[ms]

MOS
diff.

(absolute)

MOS
diff.
(%)

MOS
diff.

(absolute)

MOS
diff.
(%)

Modified
model

has
G.711 codec without PLC, 64 kb/s

20 -0,17 -8,8 -0,01 -2,5 improved
40 -1,03 -37,6 -0,14 -9,9 improved
80 -1,12 -39,8 0,01 -2,9 improved

G.711 codec with PLC, 64 kb/s
20 0,00 0,5 0,06 2,2 worsened
40 -0,64 -19,4 -0,16 -6,1 improved
80 -1,43 -45,3 -0,32 -17,2 improved

G.723.1 ACELP, 5,3 kb/s
20 -0,37 -14,6 -0,35 -13,8 improved
40 -0,52 -20,3 -0,33 -13,9 improved
80 -1,06 -41,7 -0,33 -20,1 improved

G.723.1 MPMLQ, 6,3 kb/s
20 -0,25 -9,3 -0,23 -8,5 improved
40 -0,41 -15,6 -0,19 -8,0 improved
80 -1,00 -38,8 -0,16 -12,2 improved

G.726 codec, 32 kb/s
20 -0,89 -32,4 -0,83 -30,7 improved
40 -1,43 -49,2 -0,88 -37,4 improved
80 -1,75 -58,5 -0,93 -43,7 improved

G.729 codec, 8 kb/s

20 0,04 3,1 0,12 6,2 worsened
40 -0,63 -21,2 0,02 2,1 improved
80 -1,45 -53,0 -0,52 -32,5 improved

Proposed ITU-T E-model calculation modification
improved MOS estimate significantly in most cases.
Further simulations and improvements to emulation setup
would obtain statistically more reliable base data for
function fitting with more data points.

Fig. 6: Comparison of MOS estimate for G.729 codec at 40 ms jitter,
40 ms jitter buffer, 0 % packet loss at various network delay.

Potential improvements in MOS estimation by
adding extra parameter describing burstiness of packet
stream are further tested in next section by imposing 0 %
delay correlation (absolutely random Pareto-distributed
packet stream) and 50 % delay correlation to obtain
maximum burstiness across larger time-scale still
maintaining Pareto-distributed delay.

7. Experiment, Statistic Tests

In this experimental part of the paper we present
measurements and statistical tests of VoIP input streams
generated according to the most generally accepted
knowledge of general IP packet streams [8], [9], [10],
[12] to support our model proposed in previous sections.

7.1. Relation between Jitter, Buffer Size and
Additional Packet Loss on Jitter Buffer

Figure 7 shows dependency of packet loss occurring on
jitter buffer under jitter with varying intensity. Buffer size
is normalised relative to jitter amount. It means that if
jitter buffer is 2 packets and jitter intensity is 1,5 packets,
for 20 ms packetization it would refer to 40 ms jitter
buffer and 30 ms RFC 1889 network jitter and vice versa.
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Fig. 7: Packet loss on buffer on relative buffer size to jitter.

7.2. MOS, Jitter and Buffer Size Relations

Fig. 8: Actual MOS performance of G.711 codec without PLC under
varying jitter and buffer size as measured on Pareto stream.

7.3. Test of Packet Interarrival Distribution

We have chosen Pareto distribution for its long-tailed
property for modelling packet input streams from intranet
/ internet network based on several rigorous studies of IP
traffic [8], [9], [10], [12]. Packet interarrival times are
defined as timestamp differences. To keep statistical
moments as median and variance finite [12], we abstract
from network by defining two losses – on the network
and on the buffer - as described in Eq. (7) and (8). The
input packet stream in size of 10000 packets with Pareto-
distributed delay was generated by IxChariot. Stream was
sent through WANem, which applied Pareto delay
distribution and various jitter to incoming packet stream.
The stream was captured by Wireshark packet sniffer at
receiver side along with IxChariot performing MOS
estimate. RTP timestamp data were loaded into
spreadsheet. Then the interarrival times, the first
differences of packet RTP timestamps, were calculated

according to RFC 1889 recommendation (Eq. 6). Iterative
distribution fitting was performed using various
distributions to find best fit parameters. These parameters
and distributions were put under Kolmogorov-Smirnov,
Anderson Darling and Chi-Squared tests to find best
descriptive statistics of Pareto-distributed stream time
differences with applied jitter. Results of finding best
descriptive statistics with optimal iteratively found
parameter set with error of 10e-5 are sorted in Tab. 5.

Table 6 summarizes best fitting distributions based
on aforementioned three statistical tests on dataset. The
quest was to test, whether Pareto distribution was suitable
not only to describe packet delay distribution of each
individual VoIP stream extracted from larger traffic, but
also its differences – interarrival time distribution
affected by equally distributed jitter and various delay
correlation (i.e. burstiness) averaged over timescale of
thousands of packets – the magnitude corresponding to
common call duration times.
Tab.5: Best fit parameters of tested distributions.

Distribution Best fit distribution parameters
Generalized Pareto

(GPD) k=0,19328; σ=0,0224; μ=-0,00306

Generalized Extreme k=0,36239; σ=0,01384; μ=0,00909
Weibull α=0,39981; β=0,01718

Gen. Gamma k=0,98444; α=0,40502; β=0,05293
Gamma (3P) α=0,3377; β=0,08127; γ=1,3000e-5

Log-Pearson 3 α=6,081; β=-1,175; γ=1,641
Generalized Gamma

(4P)
k=1,6025; α=0,20097; β=0,09338;

γ=1,3000e-5
Laplace λ=39,109; μ=0,0247

Weibull (3P) α=0,4745; β=0,01408; γ=1,3003e-5
Gamma α=0,46676; β=0,05293
Logistic σ=0,01994; μ=0,0247

Lognormal σ=2,8971; μ=-5,504

Tab.6: Best fit distribution ranking.

Distribution

Kolmogorov-
Smirnov Test

Anderson
Darling Test

Chi-Squared
Test

Stat.
Best
Fit

Rank
Stat.

Best
Fit

Rank
Stat.

Best
Fit

Rank
Gen. Pareto 0,12738 1 71,243 1 574,28 2

Gen.
Extreme 0,13416 2 86,466 2 377,48 1

Weibull 0,15924 3 188,58 4 2293,7 8
Gen.

Gamma 0,16413 4 217,81 6 N/A N/A

Gamma (3P) 0,16819 5 237,21 8 N/A N/A
Log-Pearson

3
0,17897 6 220,33 7 2531,8 12

Gen.
Gamma (4P)

0,1814 7 186,34 3 1798,2 7
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Laplace 0,19224 8 274,75 9 574,51 3
Weibull (3P) 0,19363 9 345,11 13 N/A N/A

Gamma 0,20779 10 207,83 5 1675,6 6
Logistic 0,22469 11 280,74 10 668,76 4

Lognormal 0,22694 12 343,23 12 4324,8 13

Statistical tests showed as a proof of concept, that
GPD Pareto distribution is also the most suitable one for
describing interarrival times of general long-tailed
LAN/WAN packet streams impaired by random jitter
with equal distribution. This shows also Pareto
distribution to be the best compromise between
calculation complexity (compared to fractal modelling
methods) and statistical significance for modelling also
jitter buffer loss behaviour under variable jitter
conditions. Dataset CDF is illustrated in Fig. 9 and
represents normalised jitter buffer packet transmittance
under chosen jitter (in our case 40 ms) dependent on jitter
buffer size on x-axis (from 0 to 1 second = 0 to 1000 ms).

Fig. 9: GPD distribution fitting to real network measured interarrival
times on CDF plot: green line – GPD CDF (best fit, parameters
from Tab. 5); blue histogram – real interarrival times.

To explain best fit parameters of GPD from Tab. 5,
the relation between these parameters to parameters in
Eq. (9), (10), (11) and (13) is following:

· s in Eq. (9) = std. deviation of bounded GPD
Pareto realization corresponds to optimised σ in
Tab. 5. Proposed relation between s and actual
jitter J substituted can be expressed in ratio J/s Î
<1;2>. For actual imposed 40 ms network jitter the
optimized parameter was σ=0,0224 (s) = 22,4 ms
what would yield J/s ratio = 22/14 Î <1;2>.
Actual parameter substitution ratio needs further
testing and finding acceptable compromise for
various jitter sizes,

· x in Eq. (9) = shape parameter and corresponds to
optimised –k in Tab. 5. Actual shape parameter for

our preliminary model in Eq. (9), (10), (11) and
(13)  was  chosen  to  be x = ë–kû rounded to one
tenth in order to maintain exponent in Eq. (9),
(10), (11) and (13) an integer. The resulting error
in jitter buffer loss estimate does not exceed 1 %
in our case, but further optimisation and testing
could lead to better approximation while
maintaining simplicity of calculation,

· m in Eq. (9) = location parameter corresponds to
μ= – 0,00306 in Tab. 5. Actual shape parameter for
our preliminary model in Eq. (9), (10), (11) and
(13) was chosen to be m = 0 with negligible effect.

Selected common distributions with their best fit
parameters were chosen to show main reason of their
unsuitability in packet interarrival time and jitter buffer
behaviour estimates as visualised in Fig. 10 below.

Fig. 10: Comparison of fitting on interarrival time on P-P plot for
several distributions: orange – Log-Normal; blue – Exponential
(2P); green – Generalized Pareto (best fit).

7.4. Burstiness Effect on Jitter Buffer Loss

Analysed set of data showed no significant effect of
interarrival time correlation, i.e. burstiness on proposed
modified E-model estimate. The most significant property
is the statistical distribution of input stream that if
maintained from long-term view (order of hundreds of
packets) leads to stable per call MOS estimate. Measured
difference with and without correlation was less than
0,5 % average for all combinations of jitter and buffer
sizes tested. Difference can be seen in Fig. 11 as a
crossection of red (buffer loss on RTP stream with delay
correlation of 50 %) and blue plane (correlation = 0 %).
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Fig. 11: Difference of jitter buffer packet loss on 50 % bursty (red) and
random uncorrelated (blue) Pareto packet stream.

8. Conclusion

Proposed E-model parameter modification by substitution
of actual network packet loss yield statistically improved
and more coherent MOS VoIP call quality estimates
extending to larger network packet losses and greater
overall packet losses caused by real network with jitter.
Jitter induced packet loss cannot be supported by RTP
and  RTCP  protocols  as  one  of  the  QoS  parameters,
because  it  is  purely  a  matter  of  user  end  device,  not  the
network part. Our testing showed great significance and
importance of accounting for receiving jitter buffer
behavior, for it affect perceived VoIP call quality more
than network itself. Proposed modification can be applied
generally on WAN or LAN networks and can describe
RTP VoIP input stream from various networks with high
enough statistical significance to model buffer behavior
under Pareto/D/1/K input stream and improve E-model
estimate over wide range of jitter and buffer sizes.
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Abstract. This paper discusses current approaches for
frame-based classification and evaluates today’s most
common frame-based classifiers. These classifiers can be
divided into the two main groups – generic classifiers
which create the most probable model based on the
training data (for example GMM) and discriminative
classifiers which focus on creating decision hyper plane
(SVM based methods). A lot of research has been done
with the generic classifiers and therefore this paper will
be mainly focused on the discriminative classifiers. Four
discriminative classifiers are presented – two linear and
two non-linear. All of these discriminative classifiers
implement a hierarchical tree root structure over the
input phoneme group which shown to be an effective.
Moreover, two efficient training algorithms are presented.
First, we demonstrate advantages of discriminative
classifiers by comparison with a standard generic
classifier represented by a GMM. Second, we show
benefits of our proposed training algorithm. All tests were
performed for English only - over the TIMIT speech
corpus (corpus of Native American speakers).

Keywords

Classifier, comparison, frame-based, phoneme,
speech, hierarchical.

1. Introduction

Phoneme classification is a task of deciding the identity
of an unknown speech utterance (mostly short ones) [1].
The correct classification plays important role in most of
the current state-of-the-art speech systems – for example
speech recognition, spoken term detection, etc. Based on
the classifier input, the classifiers can be further divided
into sequence based classifiers and frame based
classifiers. Most of the current speech processing systems

are based on the sequence based classifiers. The sequence
modeling is performed using a Hidden Markov modeling
(HMM) [2], [3] and classification itself can be done using
Gaussian mixture modeling (GMM) [4], neural network
(NN) [5] or support vector machines (SVM) [6]. These
systems are mostly denoted as a HMM/GMM or
HMM/NN, etc. [4], [7], [8]. The main advantages of
these systems are simple phoneme modeling and good
output results (especially for the phoneme posteriors) [9].
The disadvantage of the HMM-based systems lies in the
Baum-Welch (BW) training algorithm which is known
for his convergence to local maxima. This problem is
mostly solved by multiple algorithm initializations which
can be extremely time-consuming. Another problem is
that these algorithms do not aim on minimization some
objective function (e.g. specific loss function) [10].

Few researchers proposed different classifiers with
the different results. For example authors in [11] devise a
naive Bayes classifier based on the reconstructed phase
space. Authors in [5] or [12] proposed new type of
feature extraction technique. Most of these approaches do
not aim on the improving acoustic models (AM) but
rather on defining more sophisticated feature extraction
techniques etc. [5], [12]. In the recent years large margin
and kernel methods have proven to be an effective tool
for the tasks of speech processing (e.g. speech
recognition, keyword detection etc.). Most of these
systems aim on the acoustic models improving with the
use of proper frame-based phoneme classifiers [13], [14].
The frame-based classification is a task of deciding the
identity of the each speech frame (typically 25 ms
length). Due to the lack of sequence modeling these
systems are less accurate compared to the sequence
based. The advantage is in the proper application with the
specific system, like [10], [14].

Based on the recent advantages in large margin
and kernel methods and pioneering research of O. Dekel
and J. Keshet [6], [10] this paper presents a simple frame-
based linear phoneme classifier. The main idea is in the
definition of so called prototype functions for each of the
phoneme and the decision is made according to their
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similarity to each of these functions. Furthermore we
have incorporated a distance metric for the hierarchical

structure like in Fig. 1. This metric represents a tree
induced error over the hierarchical structure and costs

Fig. 1: TIMIT phonetic TREE structure.

misclassified phonemes according to their distance in the
tree [6]. For example, classify an utterance as a phoneme
iy instead ih is less severe than phoneme uw as a w. The
hierarchical structure in Fig. 1 represents phonetic tree
structure for the American English and a set of the used
phonemes is derived from the TIMIT speech corpus [15].
Given the fact that current speech corpora contains large
amounts of annotated speech samples we have proposed
an efficient learning procedure for the prototype function
estimation. This learning algorithm is based on the batch
generalization and the results clearly show the benefit of
proposed algorithm. Moreover we have proposed a batch-
classifier for the whole phoneme sequence classification.
The advantage of our approach is that the efficient
learning algorithm can be used both for the frame-based
classification and whole sequence-based classification.

For the task of evaluation two different metrics are
used. First metric defines a phoneme error rate (PER)
which corresponds to the number of misclassified
phonemes. Second metric defines number of
misclassified phoneme groups (MISS). For example to
classify an utterance iy instead of ih is  a  mistake  for  the
PER metric while the metric MISS evaluate correct
classification.

This paper is organized as follows. In section 2 we
define the problem settings. In section 3 we present a
classification rule. Section 4 and 5 introduce our
proposed algorithms. In section 6 an evaluation is
performed and section 7 concludes our results.

2. Problem Settings

Let x be the sequence of acoustic feature vector, so x =
(x1,  x2... xT),  xT ∈ X, where X ⊂ Rn is the acoustic
feature domain. Let Y be a set of phonemes and phoneme
groups defined according the hierarchical structure like in
Fig. 1. Let us further consider align between each of the
phoneme or phoneme group y ∈ Y and appropriate
acoustic features x ∈ X. Denote T to be a corresponding
hierarchical structure (like the one in Fig. 1). The number
of all vertices in the tree structure T is  denoted  as  a
k = |Y|, in other words k encompasses the number of all
phoneme and phoneme groups so Y = {0,..., k−1}, where
0 represents a tree root of the hierarchical structure T [6].

Let us define a metric γ (·, ·) over this hierarchical
tree structure T as a number of all edges (unique path)
between two different phonemes of phoneme groups u, v.
For any pair of phonemes u, v let γ(u, v) be their distance

uxuwuh

aa

ao
axraw

ay
ah axiy

ih
ix eh

ae
ey

CenterFront Back

m ngnx eng em

tk

Unvoiced

b d

Voiced

g

jhch

dh

Plosives NasalsFricative Affricates Vowels Liquids

hh
hv h#

Root

Obstruent
Silences

Sonorants

pau
epi

thzhshs
z

Voiced

v
f

Unvoiced

p

n
r w i

y el

axh

er

oy
ow

IEEE eXpress Sample eBook, page 1277



INFORMATION AND COMMUNICATION TECHNOLOGIES AND SERVICES VOLUME: 9 | NUMBER: 5 | 2011 | SPECIAL ISSUE

© 2011 ADVANCES IN ELECTRICAL AND ELECTRONIC ENGINEERING 245

in the tree root structure T, while following triangle
equality holds γ(u, v) = γ(v, u)  and  γ(u, u) = 0 since
γ(u, v) is a non-negative function. based on the stated
definitions let us further define a tree induced error γ(u, v)
as a unique path from the phoneme u to v, so the tree
induced error incurs only while predicting incorrect
phoneme [10].

For every phoneme and phoneme group (expect
the tree root) v ∈ {Y\0} we denote A(v) to be a parent of v
in the T.  Further  we  define  an  ancestor  of v as  a A(i)(v)
which is recursively defined as follows,

( ))()( )1( vAAvA ii -= , (1)

and A(0)(v)  = v.  For  each  phoneme  and  phoneme  group
v ∈ Y we define P(v) to be a number of vertices from
phoneme v to the tree root 0 resp. P(v) encodes a unique
path from phoneme v to tree root 0 [6], [10],

{ })(,:)( )( vAuiYuvP i=$Î= . (2)

The goal of the frame–based classifier is to
determine frame identity – to decide which the most
probable phoneme that frame belongs to. In case of the
hierarchical based classifier there could be stated another
goal. To determine frame’s phoneme group identity. Both
of these stated goals can be measured by above
mentioned metrics (PER and MISS).

3. Classification Rule

The proposed frame-based classifier (resp. classification
function) f: X → Y makes its prediction according to the
input set of prototypes (weights vectors) W defined for
each of the phoneme and phoneme group v.  Each of  the
prototype  W can be  any vector  in  Rn and our goal is to
train frame-based classifier f which attains low tree
induced error γ(u,  v) on the training samples. For the
frame-based training algorithm the input training
database is defined in the following form S = {(xi, yi)}m
i=1, where m is the number of all training samples (pairs),
that is set S consists of m pairs in the following form
xi ∈ X and yi ∈ Y so the training is performed per each of
the frame (therefore frame-based). The task of learning is
then simplified to find appropriate weights vectors
W1 … Wk-1. Linear frame-based classifier f is defined
according the following formula:

( )xWxf v

Yv
×=

Î
maxarg)( . (3)

The classifier defined by the Eq. (3) does not
include hierarchical structure T.  To incorporate tree root
structure T into the classification function we have to
define a new set of weights vectors w,

)(1 vAvw WWw -= , (4)

so we had decided to work with the partial differences w
rather that with standard weights W. The weight vector
W  can  be  furthermore  rewritten  based  on  the  Eq.  (4)  as
follows,

å
Î

=
)(vPu

vv wW . (5)

Based on the Eq. (5) and (3) the resulting
hierarchical frame-based classifier can rewritten into the
form of Eq. (6),

å
ÎÎ

×=
)(

maxarg)(
vPu

u

Yv
xwxf . (6)

4. Efficient Training Algorithm

The proposed training algorithm is based on the concept
of  O.  Dekel  [6]  and  J.  Keshet  [10]  and  both  of  these
algorithms are based on the frame-based classification
function (like the one in Eq. (3)) so the learning
procedure is also proposed as a frame-based. The
principle of our learning algorithm is based on the idea of
sequential training and sequence generalization. On each
round not a simple frame updates our weights vectors w
but rather the whole generalized phoneme frames
sequence. In other worlds, on each round all the
appropriate weights w of each phoneme v are updated at
once. Furthermore, our derived prototypes wv can still be
efficient in a frame-based classification as well in whole
sequence (batch) classification. The principle of our
learning algorithm lies in the redefinition of the
classification function f defined by the Eq. (6). As stated
above, this function is defined to be a frame-based so to
incorporate a whole sequence prediction we have to
rewrite our classification function as follows,

å
ÎÎ

×=
)(

)(maxarg)(
vPu

u
i

Yv
xwmeanxf , (7)

where operator mean() represents an average of the
partial values xj , where j is a parameter index (e.g. first
MFCC coefficient) and wi is  a  weight  vector  in  the i-th
iteration step. In the theory of the Large margin and
kernel methods we assume that there exists a set of
prototypes {w(v)}vinY such that for each pair (xi,  yi) and
every r ≠ yi the following inequality holds:

),(
)()(

ryxwxw i
rPu

u
i

yPv

v
i

i

g³×-× åå
ÎÎ

, (8)

where yi is a correct prediction according the
classification function defined by Eq. (7) and ∥ · ∥ refers
to L2 norm. According to the Eq. (8) we require that the
difference between the correct prediction and any
incorrect prediction is at least square-root of the tree-
based distance between them [10]. The goal of the
proposed algorithm is to find a set of prototypes which
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fulfills the margin requirement defined by Eq. (8) while
incurring minimal tree-induced error [6]. In machine
learning we do not minimize Eq. (8) directly but rather
employs a convex hinge-loss function ℓ({wi (v)},xi ,yi)

+ÎÎ ú
ú
û

ù

ê
ê
ë

é
+×-×= åå ),(

)()(
yyxwxw i

yPu

u
i

yPv

v
i

i

gl , (9)

where [z]+ = max{z, 0}.  Let  us  assume that  there  was  a
prediction mistake b yi on round i and we would like to
modify a set of prototypes {wi(v)} so the constraints
defined by Eq. (8) holds. However a simple analytical
solution does not exist so we introduce a simple
optimization problem frequently used in SVM and
machine learning theory [16]. Formally, the new set of
prototypes {w(i+1)(v)} is the solution of the following
optimization problem,

{ }
),(..
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ww
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i

yPv

v
i

Yv
v
i

v
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i
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g³×-×

-

åå

å

ÎÎ

Î
. (10)

Note, that only the weights {wi(v)} defined by the path
P(v) are updated at each iteration. The Fig. 2
demonstrates this update – only the vertices depicted by
the solid lines are updated at once.

Fig. 2: Re-estimation of the weights vectors – only the solid lines are
updated.

The solution to the optimization problem defined
by the Eq. (10) is based on the dual representation in the
form of Lagrangian [16]. We set the derivate of
Lagrangian {w(v)} to zero so the new weights {w(i+1)(v)}
are estimated according the following formulas,

)ˆ(\)(),(1 iii
v
i

v
i yPyPvxmeanww Î+=+ a , (11)

)(\)ˆ(),(1 iii
v
i

v
i yPyPvxmeanww Î-=+ a , (12)

where the Lagrangian multipliers αi are simply computed
as a

{ }( )
Nii
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i xyy
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×
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g
a

l , (13)

where ∥·∥N represents a matrix form defined by the
following term

å å
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)max(

1
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1

2
,

i

i

j

j
jix . (14)

On each round we have generated a new set of
prototypes {wv i } so while the training corpus S contains
m training samples we have m sets of prototypes. The last
set of weight vectors {wm(v)} should be the best resulting
prototypes but in practice an averaged weights vectors
shows to be more efficient. The resulting prototypes are
defined as follows,

å
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1 m
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m
w . (15)

Fig. 3: Proposed training algorithm.

5. Non-Linear Classifiers

The proposed training algorithm can be further
incorporated with the non-linear kernel transformation.
The main idea lies in the vector space separation.

INITIALISATION: ∀v ∈ Y: wv 1 = 0

For i=1, 2. . . m

- Algorithm receive acoustic features vector _xi
for the phoneme yi

- Prediction

å
ÎÎ

×=
)(

)(maxarg)(
vPu

u
i

Yv
xwmeanxf

- Correct phoneme yi is revealed

- In case of incorrect prediction (γ(·,·)≠ 0) the
hinge loss function ℓ({wi(v)}, xi,  yi) is
computed

- Re-estimation of the weight vectors:
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Because of speech complexity not all of the frames can
be linearly well separated in the input feature space Rn.
Based on the SVM theory there a non-linear
transformation can be applied on the input features (both
in the training and evaluation) [16]. Again, transformed
features are linearly separated (non-linearly decision
hyper plane can be seen in the original feature space).

To define a non-linear classifier we have to
rewrite our fundamental classification rule defined by the
Eq. (3) in case of the linear classifier and Eq. (6) in case
of the hierarchical classifier. Because this paper primary
deals with the hierarchical classifiers Eq. (6) will be
rewritten but the same can be applied on the linear
classifiers. The resulting classifier will be in the
following form:

å å
Î =Î

××=
)( 1

maxarg)(
vPu

m

i
ii

Yv
xxxf a , (16)

where αi is i-th Lagrangian multiplier and xi is i-th
training sample. This definition is valid and expressing
the whole weight vector w estimation. Equation (16) can
be further rewritten in the Kernel notation in the form of
following Eq. (17)

å å
Î =Î

××=
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i
ii
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xxKxf a , (17)

where inner product between xi and x is represented by
the kernel operator K. Based on the Eq. (16) and (17)
there should be clear that the whole training database (or
at least Lagrangians αi) are necessary in the classification
process. Nevertheless, only non-negative Lagrangians
contributes to the final result which leads to the sparse
solution.

+ÎÎ < ú
ú
û

ù

ê
ê
ë

é
+×-×= åå å ),(),(),(

)()ˆ(
yyxxKxxK i

yPu
ji

v
j

yPv ij
ji

v
j

ii

gaal . (18)

5.1. Training Algorithm

The advantage of the re-definition according to Eq. (17)
lies in the possibility of kernel K pre-computation. Kernel
K(xi, x) can be reformulated as K(xi, xj),  where xi and xj
are training samples where i, j = 1 . . .m. Resulting matrix
G (so called Gram matrix [16]) is composed with every
K(xi, xj) value and this matrix can be pre-computed just
once (for the same kernel parameters).

To develop a training algorithm we have further
incorporate kernel operator into the loss function ℓ. This
leads to the Eq. (18), where Lagrangians αi(v) are
computed based on the following equation
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where αj(v) is j-th Lagrangian associated with the
phoneme yj and G represents Gram matrix.

We have further experimented with the mutual
combination of linear and non-linear classifiers which
lead to the following efficient training algorithm – see
Fig. 5.

Fig. 4: Efficient non-linear training algorithm.

INITIALISATION: ∀v ∈ Y: w1(v) = 0, αi(v) = 0

Pre-computation of Gram matrix G [optional]

),(),( ji xxKjiG =

For i=1, 2. . . m

- Algorithm receive acoustic features vector xi
for the phoneme yi

- Prediction
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- Correct phoneme yi is revealed

- In case of incorrect prediction (γ(·,  ·) ̸= 0) the
hinge loss function ℓ({α},G(j,i),yi) is
computed

- Re-estimation of the weight vectors:
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6. Evaluation

We have performed a number of tests to evaluate our
proposed training algorithm and all algorithms were
evaluated over the TIMIT speech corpus [15] which is a
speech corpus of annotated utterances for American
English. We have divided the TIMIT sentences into the
two disjoints groups – TRAIN and TEST. We have also
excluded all the SA sentences (dialect sentences) and we
have randomly generated 80 TRAIN (for the second
experiment, number of training examples will vary) and
80 TEST sentences as follow – Each sentences is uttered
by the different speaker, each speaker uttered one SI and
SX sentence and both sets have a uniformly distributed all
the dialect regions. We have also separated all training
and testing sentences so performed evaluation can be
considered as a speaker independent.

In the first experiment, classifiers were compared
on the two different feature extraction techniques - mel-
frequency cepstral coefficients (MFCC) and perceptual
linear prediction coefficients (PLP) both detailed
described in the literature [17]. We used 13 basic
coefficients, deltas and double deltas (Δ+ΔΔ). We have
used 15 mixtures for GMM model. Furthermore, features
were normalized using the CMN/CVN technique. The
Tab. 1 and 2 displays the results indicating the advantage
of PLP features. The first proposed training algorithm
(denoted as a Hiersekv)  had  been evaluated  as  a  standard
linear classifier and shown to be more accurate compared
to the frame-bases training algorithm based on the [6].
Moreover, learning time was rapidly reduced. For
notation, both training algorithms were evaluated based
on the same frame-based classification rule defined by
the Eq. (6). The second proposed training algorithm
(denoted as a Hier_kernelsekv) incorporated a non-linear
transformation represented by the kernel operator K. To
evaluate benefits of our proposed training algorithm we
had compared our nonlinear training algorithm with the
non-linear training algorithm proposed in the [6] (denoted
as a Hier_kernel). Finally, all hierarchical frame-based
training algorithms were compared with the standard
GMM frame-based classifier (like the one in [4], [7]). To
assure a convergence to global optimum we have
performed a number of re-estimation of the training
algorithm and the one yielding the best results over the
cross-validation set had been chosen for the further
evaluation.
Tab.1: PER and MISS for PLP features.

Number of
sentences [-]

PER
[%]

MISS
[%]

Training
time [min]

Hier 55 31 180

Hiersekv 53 29 15,8

Hier_kernel 54 29 315

Hier_kernelsekv 49 25 195

GMM 52 36 35

Our second experiment demonstrates a benefit of
our training algorithm. Table 3 shows that with the larger
number of training sentences the proposed sequence
based algorithm converges to the global optimum defined
by the frame-based learning algorithm. Furthermore, at
the same PER and MISS results our proposed algorithm
is much more time-efficient compared to the frame-based
algorithm based on the [6]. Figure 3 and 4 graphically
output these results.
Tab.2: PER and MISS for MFCC features.

Classifier type PER
[%]

MISS
[%]

Training
time [min]

Hier 56 32 182

Hiersekv 55 31 16,7

Hier_kernel 54 29 315

Hier_kernelsekv 50 26 196

GMM 53 36 36

Tab.3: PER and MISS for different number of training sentences (for
PLP features).

Number of
sentences [-]

PER
[%]

MISS
[%]

Training
time [min]

80 64 40 6,8

160 59 36 10

240 53 31 15,8

Fig. 5: Classifier precision (HIT) based on the number of input
training samples.
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Fig. 6: Overall classifier training time.

7. Conclusion

This paper compared two state-of-art approaches to
frame-based phoneme classification – generic and
discriminative. Two state-of-art discriminative frame-
based classifiers were presented (denoted as HIER and
HIER_KERNEL) along with state-of-art generic
classifier represented by the GMM frame-based classifier
(denoted as GMM). Moreover, this paper had proposed
two efficient training algorithms for discriminative
frame-based phoneme classification (denoted with the
SEKV suffix). For notation, all discriminative classifiers
exploit a hierarchical tree root structure which is inducing
tree root metric over the input group of phonemes. Both
HIER and HIER_KERNEL classifiers had similar results
on PER compared to the GMM classifier, but the results
for metric MISS show the advantage of these classifiers
(especially the implementation of hierarchical structure
had shown to be a very effective). Both proposed training
algorithms clearly outperforms all of the previous
classifiers and showed possible future direction for
frame-based phoneme classification. The results also
showed  superiority  of  the  PLP  features  over  the  MFCC
features.

Our  future  work  will  be  focused  on  the
implementation hierarchical tree root structure into the
GMM classifiers and incorporation of long temporal
content into the frame-based classifiers. The future effort
will also aim on the classifiers evaluation within the
KWS systems.
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Considering the importance of human resource deve lopment goals of today's Schools and organizations, to
address the patterns and techn iques necessary for understand ing and guiding staff is one of the most effective
methods and guidance, famil iarity with topics and transformative leade rship styles and management practices
is the transformative leadership style and management skills. The purpose of the present research as a
descriptive -correlative research was to study the relationship between emotional intelligence and
transformative leadership style of principals who work in secondary education. So five components include
self-awareness, self-regulation, motivation , empathy and social skills and four styles of transformative
leadership inspirational. Principa ls have high EI focus their efforts to create enthusiasm in the ir team with
abundant energy and refer others to move forward. A principal 's skill in the area of human relations, decision
mak ing, control of subordinates and conflict resolution are indicators of transformative leadership tra its and
behaviors. Effective leaders w ill support and encourage staff to model behaviors promoting colleg ial ity
(Collegiality means a move away from an emphasis on all decision-making resting in the hands of one
ind ividual, towards a more shared and participative approach) and a professional working environment.

Key words: Emotional Intelligence (EI); transformative leadership styles; empathy; self-regulation; self-awareness;
inspirational motivation; social skills; intellectual stimulation

INTRODUCTION

Most of the earlier theories have summarized intelligence
as an educational ability and have focused on
achievement talent. But, today there is a belief that some
of the individual's non- intelligence characteristics such
as being emotional, conscientious, having moral
sensitivity and transformative leadership ability were
mentioned as a separate dimension of intelligence. Many
research studies dealing with defining intelligence, set
forth that intelligence comes to existence through
reciprocal effects of intelligence and non- intelligence
characteristics, which include environmental skills which
are to a great extent responsible for development and
change in the present world.
In 1972 federal definition of intelligence was beyond the
cognitive ability so that transformative leadership ability
was mentioned as a separate and independent model of
intelligence (Young Lee, 2006).

EI has been identified, through the popular press and
some researchers as that critical element needed for
effective transformative leadership.

In other Hand, transformative leadership, considered
one of the most recent approaches to the investigation
led to the country's few. Theory of transformative
leadership style a theoretical framework is transformative
in the world, which has been proposed by Burns (1978)
and Bass (1985) . Burns stated in 1990 , stating that
leaders can use behavioral characteristics of
transformative leadership, the performance of their
followers than expected.

The challenge with these standpoints is twofold, (1) the
study of transformative leadership and what makes
leaders effective has been found to be much more
complicated than a single dimension like EI; and (2)
organizations have incorporated many of these EI beliefs
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Figure 1: Model of transformational leadership
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DISCATION
Studies Alon and Higgins (2006) show that the fact that
emotional intelligence (EQ), analytical intelligence (IQ),
and transformative leadership behaviors are moderated
by cultural intelligence (CQ) in the formation of global
transformative leadersh ip success .

In their study of the relationship between emot ion and
Transformative leadership, Gardner, Fischer , and Hunt
(2009) reviewed the literature of emotiona l labor and
authentic transformative leadership and identified three
categories of leader emotional displays: surface acting, deep
acting and genuine emotions. "The consistency of expressed
leader emotions with affective display rules, together with
the type of display chosen, combi nes to impact the
leader's felt authenticity , the favorab ility of follower
impressions, and the perceived authenticity of the leader
by the followers . They also explored the influence on
leader emotional labor of contextual dimensions of the
environment, including the omnibus (national and
organizational culture , industry and occupation,
organizational structure, time) and discrete (situational)
context.

Goleman and his colleagues (2003) exam ined the
relationsh ip between EI and effective performance,
espec ially in leaders. They observed to what degree
emot ional intelligence manifests itself in the work place.
Alavishad (2010) research was designed to determine
which personal capabilities drove outstand ing
performance. He grouped the skills into three categories;
skills, cognitive skills, and competencies demonstrating

followers to be innovative and creative . They encourage
new ideas from their followers and never criticize them
publicly for the mistakes committed by them. The leaders
focus on the "what" in problems and do not focus on the
blaming part of it. They have no hesitation in discard ing
an old practice set by them if it is found ineffective.
Ideal ized Influence :They believe in the philosophy that
a leader can influence followers only when he practices
what he preaches. The leaders act as role models that
followers seek to emulate . Such leaders always win the
trust and respect of their followers through their action.
They typically place their followers needs over their own,
sacrifice their personal gains for them, ad demonstrate
high standards of ethical conduct. The use of power by
such leaders is aimed at influencing them to strive for the
common goals of the organization .
Individualized Consideration : Leaders act as mentors
to their followers and reward them for creat ivity and
innovation. The followers are treated differently according
to their talents and knowledge. They are empowered to
make decisio ns and are always provided with the needed
support to implement their decisions. Overall, research
shows that the four factors of transformative leadership
inspirational the two styles - inspirational motivation and
intellectual stimulatio n are most important factors related
to the field of educatio n.

lnspirationul
Motivation

Idealized Influence

~Omllt ti't'e------l..~ Leadersh ip

Inspirational Motivation: The foundation of
transformational leadership is the promotion of consistent
vision , mission , and a set of values to the members. Their
vision is so compelli ng that they know what they want
from every interaction . Transformational leaders guide
followers by provid ing them with a sense of meaning and
challenge. They work enthusiast ically and optimistically to
foster the spirit of teamwork and commitment.
Intellec tual Stimula tion :Such leaders encourage their

Transformative Leadership
Accomplishing the kinds of changes needed to integrate
EI into secondary schools requires transformative
leadership: leadership that is willing to realign structu res
and relat ionships to achieve genuine and sustainable
change . Although there are more elements of
transformational leadership than we can elaborate here,
we can describe some key aspects derived from
education research and stories of successes (Bencivenga
and Elias, 2003; Deva ney et aI., 2006; Elias and Arnold,
2006; Elias , Arnold , and Hussey, 2003). For bringing
major changes , transformational leaders must Consider
the following four styles (figure 1):

into their work systems and performance expectations
without researching what some authors claim is true and
achievable (Salovey, 2003) . The study of transformat ive
leadership , its effectiveness and its impact on
organizational performance is a key interest to Human
Resource Development (HRD) scholars. On this basis, in
this paper we rev iew the literature on the EI and
transformative leaders hip Style and We SUNey the
relationship between them and principals in high schools
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Figure 2: Interaction EI ,Transformative leadership and
CO Education
Sourse : (Wolff, Pescosohdob and Druskatc, 2008).

their interpersonal skills, capacity to read and adjust to
the environment , and the ability to understand and cope
with far ranging issues. They must be politically astute,
prepared to adjust their Transformative leadership styles,
and ethically grounded" (Hausman, Crow and Sperry,
2005). Figure 2

Learning experiences for Principals cannot just
reinforce old "platitudes" of being effective, but must
encourage Principals to question their practices and
attempt (Youn Lee, and Olszewski-Kubilius , 2006). At
times transformative leadership is viewed as a mysterious
and elusive concept. The challenge is for individuals to
look inward to achieve effective transformative leadership
(Chopra, 2002).

As Dewey advocated the teaching of the "whole child"
for maximum gains, so should programs for
transformative leadership include the social, emotional,
intellectual and physical components. It is through the
combination of these focused areas that transference of
meaningful change will take place in our schools. Strong
transformative leadership development processes are
focused on emotional and intellectual learning and they
build on active participatory work: action learning and
coaching, where people used what they're learning to
diagnose and solve real problems in their
organizations.(Goleman, Boyatzis, and McKee, 2002)So
successful schools need educational leaders who have
the abilities to facilitate sustained and lasting change. As
Fullan (2009) reiterated, "these new educational leaders
will need to have a strong sense of moral purpose for
direction and great EI as they build relationships". In
effect, Principals will not only need strong intellectual
skills to be a great influence on the school culture, but
they must be able to influence and understand
relationships and the feelings and emotions of those they
serve and lead) (Moss and Ngu, 2006). The research
basis purpose, then, was to investigate the impact of EI
on Transformative leadership styles of Principals who

EI. His data revealed dramatic results. Cherniss (2010)
states, "My analysis showed that EI played an
increasingly important role at the highest levels of the
company".

McKee (2002) posited that leaders use EI to develop
relationships that are in-sync with their organization by
forming "emotional bonds that help them stay focused
even amid profound change and uncertainty." Essentially,
the Teachers of the future will need to be attuned to the
big picture, and be able to think conceptually as they
transform the organization through people and teams.
They will also need to possess strong interpersonal skills,
be able to get along with others, and exercise high levels
of intelligence and energy.

Fullan (2009) emphasized that "emotionally intelligent
leaders are aware of their own emotional makeup, are
sensitive and inspiring to others, and are able to deal with
day-to-day problems as they work on more fundamental
changes in the culture of the organization".

School leaders are faced with an abundance of issues
when they assume a transformative leadership position,
second only to high expectat ions for systemic and
transformational change in the school system.

Meyerson, Orr and Cohen (2007) presented in their
report, Preparing School Leaders for a Changing World,
key components necessary for exemplary principal
preparation programs. The recommendations proposed in
these reports are valid, but equally important is the
balance of training in the area of EI for an educational
leader's success in becoming a change agent for the
improvement of instruction. As defined by Goleman
(2004), EI is the ability to lead, recognizing four emotional
areas: self-awareness, self-management , social
awareness, and relationship management, each having
specific characteristics. These four cluster areas focus on
identified traits, behaviors and characteristics of
successful leaders. Research has identified additional
areas including organizational and management skills,
shared values and beliefs, collegiality, and staff building.
In each of these areas EI is a common theme.

Marzano (2003) highlights three principles for effective
leaders. The first revolves around the principal
functioning as a strong cohesive force; the second is to
provide strong guidance while demonstrating respect;
and the third principle is characterized by specific
behaviors which enhance interpersonal relationships.
Principle three further establishes three characteristics of
importance: optimism, honesty, and consideration.
Optimism increases teachers' self-esteem and
motivation. "Honesty is characterized by truthfulness and
consistency between words and actions".

Hausman, Crow, and Sperry (2005) contend, "Their
actions are congruent with their values." The authors
continue stressing the need for the leader to understand
their needs and emotions as well as their strengths and
limitations. 'T he ideal Principals must focus intensely on

Transformative
leadership
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Cultural

Int elligence (eQ)
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Table 1: Correlation coefficient between Emotional Intelligence and principal's transformative leadership styles

Transformative leadership Styles
Emotional Intelli ence

n r Si~

Ins irational Motivation st Ie 42 0.714 0.000
Intellectual Stimulation s Ie 42 -.0719 0.000

Table 2: Correlation coefficient between Self-awareness andprincipal's transformative leadership

Transformative leadership Styles Self-awareness
n r Si~

Ins irational Motivation st Ie 42 0.296 0.057
Intellectual Stimulation s Ie 42 -0.242 0.123

work in Secondary Education in Iran.

METHODOLOGY
Population and sampling: Research method was
descriptive- correlative. Statistical population included all
teachers of high schools of Khoramabad, a small city in
Iran. The sample included 42 high school and 252
teachers that were chosen by proportional stratified
sampling were selected as the sample of this study.

Th e research objectives
1. Determine the relationship between Self-awareness
and transformative leadership styles of high school
principals in Khoramabad city.
2. Determine the relationship between between Self
regulation and transformative leadership styles of high
school principals in Khoramabad city.
3. Determine the relationship between motivation and
Inspirational Motivation transformative leadership styles
of high school principals in Khoramabad city.
4. There is a significant relationship between empathy
and transformative leadership styles of high school
principals in Khoramabad city.
5. There is a significant relationship between Social skills
and transformative leadership styles of high school
principals in Khoramabad city.
6. There is a significant relationship between EI and its
components according to age and gender

Instruments: Research instruments were two
questionnaires of transformative leadership styles profile
(TLSP) and EI of shrink.
Shrink's EI questi onnaire: This questionnaire has 33
items, which has been devised Shrink on the basis of
Goleman 's theory. The reliability of this questionnai re
was reported to be O. 82. The findings of the present
study also showed that EI scale had a very high
reliability.
Transformative leadership styles questionnaire: This
questionnaire measures transformative leadership styles

in 32 items. A pilot study of the questionnaire with 30
managers revealed an Alpha Cronbach coefficient of 0.86
for this scale.

Data An alysi s
General Hypothesi s
There is a significant relationship between El and the
transformative leadership styles of high school principals
in Khoramabad city. The Pearson correlation coefficient
was used to examine this hypothesis. The result is
reported in table 1.

As it has been shown in table 1, correlation coefficient
between EI and Inspirational Motivation Transformative
leadership style, r= 0.714 is significant at level p<O.OOO.
Accordingly, there is a significant relationship between EI
and Inspirational motivation transformative leadership
style. It means that the teachers with high EI apply
Inspirational Motivation Transformative leadership style
more.

The result also shows that there is a significan t
relationship between EI and Intellectual Stimulation
transformative leadership style with r= -0.719 which is
significant at level p<O.OOO. Accordingly, there is a
negative relationship between EI and Intellectual
Stimulation transtormative leadership style. It means that
the teachers with high EI apply Intellectual Stimulation
transformative leadership style less. According to the
obtained results, "null hypotheses" as a clue of no
relationship between EI and the teachers' transformative
leadership style cannot be confirmed.

Hypothesi s 1
There is a significant relationship between Self
awareness and transformative leadership styles. Pearson
correlation coefficie nt has been used to examine this
hypothesis. The results are reported in table 2.

As it has been shown in table 2, correlation coefficien t
between Self-awareness and Inspirational Motivation
transformative leadership style, r= 0.296 is not significant
at level p< 0/000 . Accordingly, there is not a significant
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Table 3: Correlation coefficientbetween Self-regulation and principal's transformative leadership

Transformative leadership Styles
Self-re ulation

n r Sia
Ins irational Motivation st Ie 42 0.420 0.006
Intellectual Stimulations Ie 42 -0.472 0.002

Table 4: Correlation coefficient between Motivation and principal's transformative leadership style.

Transformative leadership Styles Self-re ulation
n r Sia

Ins irational Motivation st Ie 42 0.515 0.000
Intellectual Stimulation s Ie 42 -0.481 0.001

relationship between Self-awareness and inspirational
motivation transformative leadership style.

Also table 2 shows that there is not a significant
relationship between Self-awareness and intellectual
Stimulation transformative leadership style. The Pearson
correlation coefficient between Self-awareness and
Intellectual Stimulation transformative leadership style (r=
-0.242) is significant at level p<O/OOO. Accordingly, there
is a negative relationship between Self-awareness and
Intellectual Stimulation transformative leadership style.
Thus "null hypotheses" as a clue of no relationship
between Self-awareness the teachers' Transformative
leadership style cannot be confirm ed but instead the
"research hypothesis" is confirmed. It means that there is
not a significant relationship between Self-awareness and
Inspirational Motivation styles and also Intellectual
Stimulation styles.

Hypothesis 2
There is a significant relationship between Self-regulation
and transformative leadership styles. Pearson correlation
coefficient has been used to examine this hypothesis.
The results have been given in table 3.

As it has been shown in table 3, the correlation
coefficient (r= 0.420) between Self-regulation and
inspirational motivation transformative leadership style is
significant at level p< 0/006 . Accordingly, there is a
significant relationship between Self -regulation and
inspirational motivation transformative leadership style. It
means that teachers with high Self-regulation apply
Inspirational Motivation transformative leadership style more.
In addition the relationship obtained from table 3 show that
there is a significant relationship between Self-regulation
and Intellectual Stimulation transformative leadership style.
Pearson correlation coefficient between Self-regulation and
Intellectual Stimulation transformative leadership style (r=
-0.472) is significant at level p<0.002. Accordingly, there
is a negative relationship between Self-regulation and
Intellectual Stimulation transforrnative leadership style. It
means that the managers with high Self-regulation apply
Intellectual Stimulation transformative leadership style

less. According to the obtained results, "null hypotheses"
as a clue of no relationship between Self-regulation the
managers' transformative leadership style cannot be
confirmed but instead "research hypothesis" is confirmed. It
means that there is a significant relationship between
Self-regulation and transformative leadership styles.

Hypothesis 3
There is a significant relationship between motivation and
inspirational motivation transforrnative leadership styles.
Pearson correlation coefficient has been used to examine
this hypothesis. The results have been given in table 4.

As it has been shown in table 4, correlation coefficient
between motivation and inspirat ional motivation
transforrnative leadership style (r= 0.515) is significant at
level p<O.OOO. Accordingly there is a significant relationship
between motivation and inspirational motivation
transformative leadership style. It means that teachers with
high motivation apply inspirational motivation
transforrnative leadership style more.

Also the relationship obtained from table 4 shows a
significant relationship between motivation and
intellectual stimulation transformative leadership style .
Pearson correlation coefficient between motivation and
Intellectual Stimulation transformalive leadership style (r=
-0.481) is significant at level p<0/001. Accordingly there is
a negative relationship between motivation and
Intellectual Stimulation transformative leadership style. It
means that teachers with high motivation apply intellectual
stimulation transformative leadership style less. According to
the obtained results, "null hypotheses" as a clue of no
relationship between motivation and Teachers'
transformative leadership style cannot be confirmed but
instead "research hypothesis" is confirmed. It means that
there is a significant relationship between motivation and
transforrnative leadership styles.

Hypothesis 4
There is a significant relationship between empathy and
transforrnative leadership styles. Pearson correlation
coefficient has been used to examine this hypothesis.
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Table 5: Correlation coefficient between Social skills and principal's Transformative leadership style

Transformative leadership Styles
Social skill s

n r Si~

Ins irational Motivation st Ie 42 0.367 0.017
Intellectual Stimulation s Ie 42 -0.355 0.021

Table 6: Correlation coefficient between significant relationship and principal's transformative leadership style

Transformative leadership Styles si nifieant relationshi
n r Si~

Ins irational Motivation st Ie 42 0.459 0.002
Intellectual Stimulation s Ie 42 -.557 0.000

The results have been given in table 5.
As it has been shown in table 5, the correlation

coefficient between empathy and inspirational motivation
transformative leadership style (r= 0.367) is significant at
level p< 0.017. Accordingly, there is a significant
relationship between Empathy and inspirational
motivation transformative leadership style. It means that
Teachers with high empathy apply inspirational
motivation transformative leadership style more. The
relationship obtained from table 5 also shows that there is
a significant relationship between empathy and
intellectual stimulation transformative leadership style.
Pearson correlation coefficient between Empathy and
intellectual stimulation transformative leadership style (r=
-0.355) is significant at level p<O.021. Accordingly there is
a negative relationship between empathy and intellectual
stimulat ion transformative leadership style. It means that
Teachers with high empathy apply intellectual stimulation
transformative leadership style less. According to the
obtained results, "null hypotheses" as a clue of no
relationship between empathy and Teachers'
Transformative leadership style cannot be confirmed but
instead "research hypothesis" is confirmed. It means that
there is a significant relationship between empathy and
inspirational motivation styles and intellectual stimulation
transformative leadership styles.
Hypothesis 5
There is a significant relationship between Social skills
and Transformative leadership styles. Pearson correlation
coefficient has been used to examine this hypothesis.
The results have been given in table 6.

As it has been shown in table 6, correlation coefficient
between social skills and Inspirat ional Motivation
Transformative leadership style (r= 0.459) is significant at
level p< 0.002. Acco rdingly there is a significant
relationship between Social skills and inspirational
motivation transformative leadership style. It means that
Teachers with high social skills apply inspirational
motivation transformative leadership style more.

The relationship obtained from table 6 also shows that

there is a significant relationship between social skills and
intellectual stimulation transformative leadership style.
Pearson correlation coefficient between social skills and
intellectual stimulation transformative leadership style (r=
-0.557) is significant at level p<O/OOO. Accordingly there is
a negative relationship between social skills and
intellectual stimulation transformative leadership style. It
means that teachers with high EI apply intellectual
stimulation transformative leadership style less.

According to the obtained results, "null hypotheses" as
a clue of no relationship between social skills and
teachers' transformative leadership style cannot be
confirmed but instead the "research hypothesis" is
confirmed. It means that there is a significant relationship
between social skills and inspirational motivation and
close transformative leadership styles.

Hyp othesis 6
There is a significant relationship between EI and its
components according to age and gender.
(a) The relationship between Teachers' gender and EI
and its compo nents At test was used to compare the
differences between EI and its dimensions in Teachers
according to gender. The results have been reported in
table 7.
The result of t Test showed that there was no significant
relationship between Teachers' EI and its componen ts
(t=0.89, sig=0.78, P,0.05). Moreover, no relationship
between gender and EI's components was observ ed.
Accordingly, the "null hypothesis" is confirmed.
(b) The relationship between Teachers' age and EI and
its components To find out the relationship between
Teachers' age and EI and its dimensions, a One Way
ANOVA was used. The results have been reported in
table 8.

The results of ANOVA reported in table 8 showed that
there was no relationship between Teachers' EI and age.
F=0.648, significance=0.528 at p<0.05 is not significant.
Just in Self-awareness the obtained F is significan t
(F=3.42, significance=0.043, p<0.05). Other components
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Table 7: The results of t test for differences between EI and its dimensions in teachers according to gender

Variables n mean SO t d t sr

EI
Female 22 124.9 69 .0.89 40 0.78

Male 20 122.2 12

Self-awareness Female 22 31.45 1.9 10.9 40 0.69Male 20 32.65 065

Self-regulation
Female 22 26.14 -1.97

-1.97 40 0.48Male 20 24.00

Motivation Female 22 23.95 26 26 40 0.46
Male 20 23.70

Empathy Female 22 23.14 .60 60 40 0.89Male 20 22.25 3.30

Table 8: The resultsof one way ANOVA for the relationship between teachers' age and EI

Variables Sum of squares df mean of squares F Sig
Between Groups 125.15 2 62_57

EI Within groups 3764.19 39 96.52
0_648 0.528

total 3889.34 41
Between Groups 7743 2 38.7Self-awareness Within groups 441 .54 39 11_32 3.42 0.043

total 51 8.97 41
Between Groups 4.36 2 2.18Self-regulation Within groups 536.04 39 13 75 0.16 0.85

total 540 41
Between Groups 13,64 2 6.82

Motivation Within groups 400.18 39 10.26 0,66 0.52
total 413.83 41

Between Groups 45,70 2 22.85Empathy Within groups 468.86 39 12.02 1.90 0.16
total 514.57 41

Between Groups 1090 2 5.45Social skills Withingroups 317.10 39 8.13
0_67 0.517

total 328.00 41

of EI and teachers' age were not signi ficantly diffe rent.
Accordingly, the "null hypothesis" is confirm ed and the
"research hypothesis" is not confirmed.

CONCLUSION
Based on the results of general hypothesis, it can be
concluded that there is a significant relationship between
EI and Inspirational Motivation Transfonn ative leadership
style. It means that teachers with high EI apply
Inspirational Motiva tion Transform ative leadership style
more and try hard to make enthusiasm among the ir team
members, also encourage others strongly to make them
susta in trying. The finding s suggest that among
organ izational duties there should be performing plans
related to the EI skills. In addi tion, in the process of
appo inting managers and employees, EI shou ld be
considered as one of the criteria. The high school
Teachers with em otional intelligence can achi eve the
various goals like rem oving the obstacles, solving the
dissensions and also improving the educa tion outcome

in school.
Based on the results of six hypothe ses, it can be

conc luded that the results related to differences of EI and
its compo nens amo ng high schoo l teachers and their
gender are in agreement with Bryan(2007), Mayer (2008),
Alav ishad (2010). Studies. Golman (2002) also believes
that the gender differences have no influen ce on EI. Also
based on the obtained results" null hypothesis" as a clue
of no relationship between EI and the age of high school
Teachers was con firmed. Besides "resea rch hypothesis"
was not confirmed too. The result is in agreement with
stud ies carried out by, Alavishad (2010).As the result s
showed , EI characteristics have been recogn ized as
positive att ributes in effective leaders. The characteristics
are attributes associated with success and the frequency
of the "emotional" trait was strong, as ci ted by Kouzes
and Posner, (2002) Maxwell, (2004) and Sergiovanni
(2002). The question rem ains, how do we prepare and
mentor future admini strators for success in leading
transformational change in our schoo l system? In order
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for collaboration, response and mobilization to occur, selt
reflection on the part of the leader is the starting point for
successful relationships within the school community. To
promote success for all students, leaders must become
acquainted with the areas related to EI and the
competencies necessary to be successful. Educational
Transformative leadership programs should include EI
theory as a component for reform. Programs have been
focusing on the development of course content; the time
has come to embrace the research on EI and provide a
balanced approach.
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The study is a predictive analysis to determine the relationship and the predictive strength between the body
parameters of head circumference, body weight, body height, body Mass Index (BMI), palm length, feet length
and measure of pupils' academic performance in mathematics scholastic academic test. The study employed
survey research design. The populat ion of the study comprised all primary school pupils in Ekiti State, Nigeria.
Nine hundred pupils were sampled from 9 local government areas of the State, using multi-stage random
sampling technique. An adapted test instrument tagged: "Pupils Mathematics Scholastic Test" (PMSAT) was
used to elicit pupils' academic performance in Mathematics aptitude test. Appropriate instruments were used
for the measurement of the body parameters. The PMSAT was certified to have face validity and predictive
validity of 0.88 and a reliab il ity coefficient of 0.85 which was ensured through split-half method and corrected
with Spearman Brown prophecy formular. The measuring instruments for the body parameters have high
validity and rel iab ility since they are instruments used in physical sciences which are very objective and
accurate. The researchers administered the PMSAT test on the pupils and measure their body parameters. Data
collected were analyzed using descriptive and inferential statistics at a =0.05 level of significance. The findings
revealed that there is a positive sign ificant relationship between body parameters and pupils' academic
performance in mathematics scholastic aptitude test. Body height is the best predictor of pupils' academic
performance in mathematics scholastic aptitude test, while body mass index (BMI) is the worst pred ictor of
pupils' academic performance in mathematics scholastic aptitude test. Head circumference, body weight, palm
length and feet length have no significant effect on pupils' academic performance in mathematics scholastic
apt itude test. We recommend that pregnant women should be placed on a health balance diet throughout the
period of pregnancy and more especially during the f irst trimester. At birth, a ch ild's body parameters should be
measured and if there is an ind ication of a stunted growth, then growth hormone (GH) could be appl ied so that
the child could catch up growth.

Keywords: Body parameters, predictive validity,primary school, achievement test, mathematics, academic performance

INTRODUCTION

Galton (1869) cited in Miller (1982) in his research to
gather data about the dimensions of a man's mind he
discovered that physical body measurements or the
anthropometric measures of stature, weight, length, the
size of the a man's skill, and so on, is closely related to
mental measurements. Several researchers have studied
either one of the body parameters such as the
bodyweight, body height, head circumference and so on,
and found that they have relationship with academic
performance. Schumacher, and Desimone (2005) found

that weight gain and being overweight and Obese each
reduces academic performance by a significant amount
that is typically statistical. Similar findings were made by
Ashlesha et aI., (2004) in a national study of childhood
overweight and academic performance of kindergartens
and first graders, asserted that overweight children have
significantly lower Maths and Reading test scores
compared with non-overweight children in kindergarten.
Both groups were gaining similarly on maths and reading
tests scores, resulting in significantly lower test scores
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among overweight children at the end of grade one.
Sergeant and Blanch-flower (1994) quoted by Sabia

(2007) found that females who were Obese at age 16
had lower reading and math test scores later in life than
those who were not obese at the same age. Moreover,
Crosnoe and Muller (2004) cited in Sabia (2007 ) showed
that adolescents in the 85th or higher percentile of the
Body Mass Index (BMI) distribution for their age-gend er
group have lower mean Grade Points Average (GPAs)
than those in the lower 85th percentile of the distribution.
They find out that GPAs were even lower for obese
adolescents in schools with higher rates of romantic
relationships and lower average body size among
students. Cawley and Spiess (2008), emp hasized that
body weight, do negatively affect academic performance
and skill attainment in early childhood.

In a similar study on primary school children in Li,
(1995) found that severely obese children had
significantly lower 10 on math scores than the controls.
He further averred that, 10 is a measure of ability and
consequently it would be likely to affect school
performance, but not an indicator of academic
achievement. In another development, Mo-Suwan et aI.,
(1999) examined the relationship between ov erweight
status and academic performance from grades 3 to 6 and
7 to 9, using data from Thailand, concluded that being
overweight during adolescence (grade 7 to 9) was
associated with poor school performance, whereas such
an associat ion did not exist in children (grades 3-to-6).
Accord ing to David et al., (2007) , in Wikipedia (2010)
Obese children had statistically lower course grades in
Reading, Maths, Writing and Science measures, as well
as weight increases academic performance decreases.
The reason to this is that obesity affects children's
psychological outcomes such as low self-esteem , low
self-image , low self-efficacy and depression , resulting
from overweight concerns. These psychological
consequences of obesity combine with continuing
discrimination; result in reduced life chances and poor
academic performance with potentially even more serious
adverse social outcomes in the long term (French et aI.,
1995; and 2003; Strauss, 2000). Kim et ai, (2003) stated
that the height of children positively correlates with their
academic performance. He further asserted that other
quantities such as intelligence, social class status and class
mobility also show a positive correlation with height. This
implies that taller children usually have higher academic
perfonnance than short children. Similar conclusion was
reached by Ogunshola (2009) who found that height of
academically poor pupils were lower than the height of
academically good ones. Joel cited in Encyclopaedia
(2010) stated that height is a biomarker of nutritional
status or general mental and physical health during
development. Case and Pexson (2008b) noted that the
pre-natal environment and nutrition during childhood
determine both body height and cognitive ability.
Hence intrauterine malnutrition during pregnancy
affects brain development, and relative

deficiency of the Growth hormone (GH) - Like growth
Factor (LGF) -1 axis (Winick and Rosso, 1969; Harvey et
al; 1982; Georgieft, 1998). Pasquino et al: (2001)
further asserted that children who lack GH reach an
average mature height of only 4 feet, 4 inches. Although,
when treated early with injection of GH, such children
show a catch-up growth. In addition, Yvonne et aI., (2004)
in a study of 2 year of GH treatment in short children,
born SGA, found a significant increase in total 10 score,
in social acceptance scores, and in general self-worth
scores . From the GH treatment result, it revealed by
implication that short children have lower 10 score, poor
psycho social functioning and poor self-co ncept. Similarly
severa l studies have equally shown a positive correlation
between intelligence and height (Walker et aI., 2000;
Pearce et aI., 2005). Similar association have been found
in early and late childhood and adulthood in both
developed and developing countries and associa tions
persis1ed after controlling for social class and parental
education (Encyclopaedia , 2010). Case and Paxson
(2008b) adm itted that height positively associates w ith
cognitive ab ilities (that is. intell igence). They further
opined that height is positive ly correlated wi th cognitive
abilities already at age 3 and throughout childhood
wuch affect academic performance. They argued further
that taller workers have an average higher wages
because they are more intelligent.

Moreover, Venom quoted by Wikipedia (2009) in an
investigation, showed that external head size measures
of the head length, head circumference correlated with I
.Q scores and school performance. According to Fauziah
(2010) head growth in foetal life and infancy is associa ted
with later intelligence. He added that brai n growth in
early life may be important in determ ining not only the
level of peak cognitive fun ct ion atta ined but also
whether such functions are preserved in old age. He
further asserted that older people wi th a larger head
circumfe rence tend to perform better on tests of cognitive
function and may have reduced risks of cognitive decline
and Accla imer's disease.

He further reported that prenatal head growth and head
growth during infancy remained significantly predictor for
later 1.0., w ith full-scale 1.0 . increasing on avera ge of
1.56 points for each 1-SD increase in head growth. They
conc luded that head circumference at birth was no longer
assoc iated v.rith IQ at age 8. This implies that the 1.0 of a
child is dependent on the head size at birth, early
childhood and not the head size at later childhoo d,
adolescence or adulthood. Conseq uently, Conner et
al., (2001) and Schonfeld et al., (2001) observed that
small head is an ind icat ion that the brain has not
developed fully. According to Ophandodor(2003 ) in
Ogunshola (2009) the correlation between small
head circumference, or microcephaly and mental
retardation, indicates that head circumference was an
excellent predictor of l.Q. and academic
performance. Adima (1989) referred to
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small head circumference or microcephaly as 'coconut
head'. He further affirmed that these heads are usually
small , due to an abnormally small brain and small skull,
which made them profoundly mentally retarded.

Moreover, Stoch et aI., (1982) added that learning and
behaviour are seriously affected and an improved diet did
not result in catch-up in head size. This may be as a
result of malnutrition after the first trimester which causes
foetuses to be born underweight and had small heads
(Stein et aI., 1975). Morgane et aI., (1993) admitted that
the poorer the mother 's diet, the greater the loss in brain
weight.

Zhang, (2010) , citied in The Nation Newspaper (2010,
July 5) submitted that malnutrition early in life appears to
diminish brain function in older adulthood . They observed
across the world, that 178 million children under age five
are stunted or short in stature due to hunger, infection or
both. The survey equally included a screening test for
cognitive impairment, measurements of arms and lower
legs, indicated childhood malnutrition or infection which
put a question on childhood hunger. Galler,et ai,
(1984, 1990) suggested that the malnutrition have
probably interfered with myelinization, causing a
permanent loss in brain weight. As a result these children
score low on intelligence test, show poor fine motor co
ordination, and have difficulty paying attention . And
Owuamanam and Owuamanam (2004) confirmed that
poor coordination will invariably affect the child's
academic skills in the areas of writing, reading and
handicraft. However, this study examined whether
body parameters of head circumference, body height,
body weight, body mass index (BMI), palm length and
feet length have any relationship and effect on pupils'
academic performance in Mathematics achievement test.

Statement of the problem
The problem of the study is the poor academic
performance among Nigerian pupils and students in
mathematics, in both internal and external examinations
and the factor(s) responsible. To this end, this study is
designed to investigate whether the body parameters of
the pupils are responsible for the poor academic
performa nce in mathematics scholastic aptitude test.

Purpose of the study
The purpose of the study is to determine whether the
body parameters affect the academic performance of
Nigerian primary school pupils. It seeks to find out the
effect of each of the body parameters on the academic
performance in Mathematics scholastic aptitude test, in
order to determine the best and the worst predictors of
the academic performance in Mathematics scholastic
aptitude test.

Research questions
In order to solve this problem the following questions
were raised:
1_Is there any relationship between the body parameters
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and pupils' academic performance in mathematics
scholastic aptitude test?
2. Is there any effect of body parameters on pupils'
academic performance in mathematics scholastic
aptitude test?
3. Is there any predictive validity of pupils' academic
performance in mathematics scholastic aptitude test on
body parameters?

Research hypotheses
Based on the generated questions the following
hypotheses were postulated:
1. There is no significant relationship between the body
parameters and pupils' academic performance in
mathematics scholastic aptitude test.
2. There is no significant effect of body parameters on
pupils' academic performance in mathematics scholastic
aptitude test.
3. There is no significant predictive validity of pupils'
academic performance in mathematics scholastic
aptitude test on body parameters.

METHODOLOGY
This study adopted the descriptive research of the
correlation design. The population of the study comprised
of 155,290 pupils of both public and private primary
school pupils in Ekiti State, Nigeria. The sample comprised
of 900 pupils of primary V classes for private primary
schools and primary VI classes for public schools, within
the age range of 9-to-13 and inclusive, which were
sampled using multi-stage random sampling techniques
from the three senatorial districts of Ekiti State, Nigeria.

The test instrument used to elicit the pupils'
achievement in mathematics was adapted from
Kolawole(20 11) tagged: Pupils Mathematics Scholastic
Aptitude Test (PMSAT), containing 50 multiple choice
objective item type, with 5 options (A-E)The instruments
used to sample the body parameters of body height, body
wetght , head circumference, palm length and feet length
are: two meter rules of 1 meter each were joined together
and fixed on the smooth wall, was used to measure the
pupils' body height in metre (m), Harson weighing
balance of model H89 was used to measure the pupils'
body 'Neight in kilogram (kg). For head circumference ,
palm length and feet length, measuring tape was used to
measure them in centimetre (em). All the body
parameters were recorded on a Proforma titled,
"Anthropometric Measures of Primary School Pupils"
(AMPSP). The test instrument PMSAT was certified to
have face validity and content by an expert . The reliability
coefficient of 0.85 for PMSAT was obtained through the
split-half method and Spearman Brown prophecy formula.
The meter rules, weighing balance and measuring tape
are objective and accurate measuring instrument used in
the physical sciences, hence, it is reliable and valid. The
instruments were administrated by the researchers. Data
collected for the study were analyzed using descriptive
statistics of mean, standard
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Table 1: Summary of Correlation Analysis and ANOVA between the BodyParamelers and PMSAT

ources of variation N 5 , R R cal R tab F cal. F. "
Head Circum " gOO 0.21 - - - - -
Bod Hei hi , 2 gOO 0.19 - - - - -
Bod Wei hi ,3 gOO 0.38 0.31 0.556 0.196 68.39 2,09
Palm l en th , 4 gOO 0.14 - - - - -
Feet Lencth ,5 gOO 0.29 - - - - -
BMI ,. gOO 0.67 - - - - -

p s 0,05

Table 2: Regression Analysis Showing the Effect and of BodyParameters on Pupils' Academic
Performance in PMSAT.

ources of variation N B 5, t cal. I."
H C(x1 gOO - 0.08 0.21 -0.381 1.960
Bod Hei ht x2 gOO 0.44 0.19 2.316 1.960
Bod Wei hi x3 gOO 02 0.38 0.526 1.960
Palm Len Ih (x4) gOO 0.24 0.14 1.714 1.960
Feel l en Ih x5 gOO -0.25 0.29 -0.862 1.960
BMI gOO -3.04 0.67 4 .540 1.960
Constant gOO 45.02 26.46 1.701 1.960
-y - 45.02 - 0.08Xl + 0.44X2 + 0,2x) + 0.24X4 - 0.25xs- 3,04X4

deviation and inferential statistics of correlation and
regression analysis tested at 0.05 level of significance.

RESULT
Hypothesis 1
There is no significant relationship between the body
parameters and pupils' academic performance in
mathematics scholastic aptitude test.

Table 1 revealed that r cal. =0.556 is greater than rtab . =
0.195, at a =0.05 level of significance. Hence, the null
hypothesis is rejected; this means that there is a positive
significant relationship between body parameters and
pupils' academic performance in Mathematics scholastic
aptitude test. This showed that pupils' body parameters
and academic performance in scholastic aptitude test are
positively correlated. The table equally showed that r =
0.31, which means that body parameters could account
for 31% of the variability in scholastic aptitude test. This
implies that body performance could not account for 69%
of the variability in the pupils' academic performance in
scholastic aptitude test. This indicates that other
variable(s) other than body parameters account for 69%
of the variability of pupils' academic performance in
Mathematics scholastic aptitude test. The table also
indicated that the degree of alienat ion is 83.07% which
means that 83.07% of the variability in academic
performance in scholastic aptitude test is strange or alien
to body parameters, that is, other variablets) constituted
83.07% in pupils' academic performance in Mathematics
aptitude test. Finally, we observed from the table that F cal
= 68.39 is greater than F lab = 2.09, this means that the
result of r =0.31 is not as a result of chance but rather

as a result of true relationship between the body
parameters and pupils academic performance in
scholastic aptitude test.

Hypothesi s 2
There is no significant effect of body parameters on
pupils' academic performance in mathematics scholastic
aptitude test.

From table 2, we can observed that the body
parameters of body height, body weight and palm length
showed a positive effect on the pupils academic
performance in mathematics aptitude test with beta
weight of 0.44, 0.2 and 0.24 respectively. While the
parameters of head circumference, feet length and 8M I
showed a negative effect on pupils' academic
perfo rmance on scholastic aptitude test with beta weight
of -0.08. -0.25 and -3.04 respectively. From the
regression equat ion below table 2, indicates that:
(i) For every extra 1cm increase in body height, body
weight and palm length, there exist a corresponding
increase of 0.44%, 0.2% and 0.24% points in pupils
academic performance in Mathemati cs scholastic
aptitude test respectively.
(ii) For every extra 1cm increase in head circumference,
feet length and 8M I, there exist a corresponding
decrease of -0.08%, -0.25% and ·3.04% points in pupils'
academi c performance in scholastic aptitude test
respectively.
(iii) For every unit increase in other vanablers) other than
body parameters. there is an increase of 45.02% points in
pupils' academic performance in scholastic aptitude test.
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Furthermore, the table also revealed that the body height
is the best predictor of academic performance in
scholastic aptitude test and the worst predictor is the
8MI.

The t cal for the body height is 2.316 and the absolute
value of t cal for BMI is 4.540 which are greater than the t
tab =1.960, this means that the beta weight of 0.44 and
3.04 is the respective exact estimated effect of body
heights and BMI on pupils' academic performance in
Mathematics scholastic aptitude test and not by chance
while the effects indicated by the beta weight of H.C,
body weight, palm length, feet length and constant ( that
is.. other variables) are by chance, since their individual
t cals is less than the t tab =1.960.

DISCUSSION
The multiple results of hypothesis 1, revealed that there is
a positive significant relationship between body
parameters and academic performance in mathematics
scholastic aptitude test. This was supported by the
findings of a study carried out by Galton (1869) quoted in
Miller (1982) were he reported that body measurements
is closely related to mental measurements. According to
Alonge (2004) all mental test is in reality an aptitude
tests. So, the correlation coefficient actually showed the
strength of the relationship of body parameters and
intelligence quotients of pupils, since performance in
aptitude test reflect intelligent quotients. The findings that
other variables contributed 83.07% of the variability in
academic performance in mathematics scholastic
aptitude test is in agreement with the findings of Bandura
(1993) who confirmed that other variable such as self
efficacy correlated with academic achievement-related
behaviours: including cognitive processing, achievement
performance motivations, self-worth and choice of
activities. He further asserted that students who are not
confident or perceive themselves incapable of learning
mathematics may avoid tasks that are seen as
challenging or difficult , while those who are highly
efficacious will be may willing to face difficult or
challenging problems.

Finally, the multiple results of hypothesis 2 revealed that
only body height has significant positive effect and body
mass index (BMI) has significant negative effect on the
pupils ' academic performance on mathematics
scholastics aptitude test (PMSAT) and there effects are
the exact effect they exerted on mathematics scholastic
aptitude test and not by chance . This result of body
height confirmed the findings of Walk et at, 2000; Kim et
aI., 2003 and Pearce et ai, 2005, who found that the
height of children positively correlates with their academic
performance and intelligence.

Also the result of BMI on performance in scholastic
aptitude test corroborated the findings of Schumacher
and Desimone (2005) who stated that weight gain and
being overweig ht and obese each reduces academic
performance by a significant amount that is typically
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statistical. Since BMJ is the ratio of weight to height
squared in meter, so increase in weight also contributes
to increase in BM!. The results of the effects of the
independent variab les of head circumference, body
weight, palm length, feet length and the constant
variables (variables other than body parameters) on
academic performance in mathematics scholastic
aptitude test are as a result of chance rather than the
independent variables, since their t-ests are Jess than
their t-tab.

CONCLUSION
Based on the findings of this study, the following
conclusions were made:
Body parameters have positive significant relationship
with academic performance of pupils in mathematics
scholastic aptitude test. That body height has positive
significant effect on pupils' academic performance in
mathematics scholastic aptitude test. BMI have negative
significant effect on pupils' academic performance in
mathematics scholastic aptitude test. Head
circumference, body weight, palm length and feet length
have no significant effect on pupils' academic
performance in mathematics achievement test.

Body height is the best predictor of academic
performance in mathematics scholastic aptitude test. BMI
is the worst predicto r of academic performance in
mathematics scholastic aptitude test in mathematics.

Recommendation
We recommend that pregnant women should be placed
on a health balance diet throughout the period of
pregnancy and more especially during the first trimester.

At birth, a child's body height should be measured and if
there is an indication of stuntedness in the growth, then
growth hormone (GH) could be applied so that the child
could catch up growth. The shape and size of the head
circumference of the child should be left the way it was at
birth, since trying to normalize or reshape the head may
likely distort the content of the head.

School management should outlaw the use of abusive
appellation with respect to shortness or tallness, or any
gesture that could imply that by teachers, pupils or
students. School counsellors should introduce
programmes to boost the self-confidence, self-image and
self-esteem of the pupils regularly. Law makers should
fight childhood obesity by making laws that forbid the sale
of 'junk foods' in schools: and should regulate the portion
size, fat and sugar contents of cookies sale in the state
and country. Comments on the cognitive, affective and
psychomotor domains of pupils in the assessment report
sheet should be mild, encouraging and having no
reference or inference to the body parameters of the
child.
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Relying on the use of mobile device wh ich is in creasingly popular worldwide, mobile learn ing in fact extends
the reach of education to all social -economic levels independent of location and time , indicating a new
opportunity for education industry development. Nonetheless, there is still a lack of a comprehensive
understanding of the influencing factors on the adoption of mobile learning. In this study, an adoption mobile
learning model was built wh ich is based on the business model ontology, in which , the exploratory qual itative
study used case study method. Items were identified from the data and defined accord ing to their gene ral
properties and dimensions. We recognize the main elements of mobile learning business model. Accord ing to
mobile learning infrastructure and its new approaches in developing countries , sub-elements of current
business model modules are varied in comparison with in developed countries. Therefore, it requires many
relevant activities to support adopted sub-elements that should be attained target customers, mainta ined and
supported them. Thi s model hopefully provides a framework for future research and business.

Keywords: Mobile learning, business model.

INTRODUCTION

As an emerging paradigm in a long tradition of
technology-mediated learning, mobile learning is defined
as the acquisition of any knowledge and skill through the
use of mobile technology, anywhere, anytime that results
in an alteration in behavior (Geddes 2004). In recent
years, there has been great interest in the potential for
mobile learning. Some providers of m-learning
components achieve profits by offering m-learning
products. They are likely to become key players in the
field of m-learning. Others developing with the same or
even more efforts do not succeed in supplying rn
learning products.

Currently, mobile learning is emerging as a promising
market for education industry. On one hand, from a
technology perspective the tipping point for mobile
learning is coming closer as technology improves and
standards emerge (Quinn 2008).

Mobile learning posits unprecedented opportunities for
both education institutions and governments as well. In
the context of education institutions, many higher
education managers have seen mobile learning as a way
of extending the reach and hence increasing revenues
(Murphy 2006). Services acceptable and to be Whilst

2

there is a growing interest from both academic and
business communities, the issues regarding how to
promote learner's adoption of mobile learning seem to be
largely unsolved, and thereby posit to be a challenge for
services providers. For instance, according to Corbeil and
Valdes-Corbeil (2007), students access to various mobile
devices can not ensure that their ability to achieve
educational goals it seems an urgent need to recognize
effective factors of user intention treatments to preserve
and create user fees and developing cost ( Yong Liu et
al, 2010).

The business model is part of a comprehensive m
learning strategy. A business model determines strategic
functions with considering economical aspects,
pedagogical and technical dimensions for m-Iearning
providers. (M, I.S., M. Hosany and R. Gianeshwar, 2006).

"Mobile Learning has a strong foundational base when it
comes to how the student will learn when there is an
interaction of the learning material, technological
platform, and the wireless network. Just like wireless
technology which was built on numerous technological
advances, M-Learning also is a combination or a hybrid
of more than one system. In this case, M-Learning relies
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on pedagogical theories and strategies of the Behaviorist,
the Cognitive, and the Constructivist Learning groups".
(Mobile Learning Groups, 2004).

Only if all parties (mobile customers, network operators
and service providers) can increase their profit
significantly, the whole market potential might be
realized. Therefore existing mobile business models have
to be reconsidered with regard to, the following elements,
Timmers (199B):
• Value proposition,
• Key customers
• Core activities
• Business partners
• Revenue flows

This element is a guideline for orienting research. As a
first step towards developing a new business mode l, one
can start studying a current mobile business model and
identify its shortcomings.

There is no single look at the mobile learning. Actually a
deep gap can be seen between researchers and policy
makers in the field. In fact, effective and efficient
framework and the relationship between them have not
been defined and established. In this context, this study
aims to develop a good and integrated business model
that establishes the required relations to be used in the
operation area.

Considering to recent technology advances particularly
in mobile, redefin ing learning concept and framework
becomes necessary to recognize the role of mobility and
communication in the learning process, and deformation
in the digital networks to protect virtual social networks
and removing their obstacles (Martinovic et ai, 2010).

All PC-based learning content cannot convert into a
mobile fonnat, but to consider how the mobile devices
can be used to make efficient learning strategy through
mobile fonnat and devices. Reasoning is brought by
Advanced Distributed Learning (ADL), which is help to
organization to enable the interoperability, accessibili ty
and reusability of Web-based learning content (Bayoumi ,
2007).

In addition, the possibility of mobile learning can be
explained from market trends. The manufacturers are
providing various mobile devices now. A significant
number of people are already using these mobile devices
to access internet and use their documents, and so on.

Business mod el
A company's business model is simplified representing its
business logic. This describes how a company provides
its customer need from initial to the end point through
potential and applicable resources, activities, business
partners and makes money (Kemp, 2009). The business
model is usually different from the business process
model and the organization model. Business models can
be described in a more or less rormat way but A Business

3

Process Model (BPM) is commonly a diagram
representing a sequence of activities from end to end.

"Conceptualizations of business models attempts to
formalize infonnal description building blocks and their
relationships "(A. Afuah and C. Tucci. 2003). In this
regard we use a simple approach that consists of nine
basic business model building blocks that allow us
describe and draw all the aspects of a business model in
a simple way.

First, core capabilities are the necessary capabilities
and competencies to run a business model in the
company. Second. trade unions, which supplements
other aspects of business model as a network partner.
Third. the logic makes for mutually beneficial business
and its customers are value configuration.

Once a business provides the products or services then
value proposition is appeared. Quoting Osterwalder
(2004). a value proposition "is an overall view of products
and services that together represent value for a specific
customer segment. It describes the way a firm
differentiates itself from its competitors and is the reason
'lllhy customers buy from a certain finn and not from
another."

Distribution channels offer by the company to deliver
products and services to its business target audience for
products and services. Along marketing, distribution
strategy of business and customer relationship can be
created the link between company and its different
customer segments. The process of managing customer
relationships is referred to as customer relationship
management.

Last section is business finance, including cost
structure , the consequences of monetary business model
and means of employment income and the way a
company makes money through a variety of revenue
flows a company's income.

METHODOLOGY
Ineffective and costly traditional learning makes clear the
needs of E-learning and subsequently mobile learning.
Some causes of inefficient learning system can be
mentioned as follows;

• separate learning environment from actual environm ent,
• disintegrated business processes
• Impossibility to receive necessary learning sometimes
as a result of the appearance of problems
• Requirement of immediate learning and knowledge.

There is no single look at the mobile learning. Actually a
deep gap can be seen between researchers and policy
makers in this field. In fact, effective and efficient
framework and the relationship between them has not
been defined and established. In this context, this study
aims to develop a good and integrated business mode l
that can reduce the above weaknesses and establish the
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required relations to be used in the operation area.
Despite existing shortages, lack of an integrated mobile

learning business model as an instrument is evident for
transfening many potential opportunities to actual ones in
this area. This research project intends to develop the
best possible M-Ieaming business model for Iran. To
deliver on the potential of mobile learning, it is needed to
consider these main questions:

- Which types of business model are best suited to
mobile learning?
- What components can be in this business model?

This research is empowered with two points of view
realism and subjectivism. Once we follow to realize a
business model concept it is looked within subjectivism
point of view and when we want to specify our business
model for mobile learning area we wear realism glasses.

Moreover, this research as an interpretive study is
established on Hermeneutics and emerging nature.
Generally interpretive considerations attempt to percept
through phenomena sense of individuals. Interpretive
research does not define dependent and independent
variables in advance. As a matter of fact this research
implies some parts of this philosophy and attempts to
study on reality to enable provide business model
expansion.

In case of similar problems to this subject, the research
method will rely on former specified and step by step
methOdS, but for the essence of new and complicated
problems, the previous methods must be reviewed even
to make a new research methodology. This subject is
consisted of management, electronic commerce and their
practical subjects. To sum up intellectual questions and
cognitive disturbance, it was indicated that study on
business models area can be respondent to researchers
internal requirements and has adequate strength in
researchers provocation. So for this research follow
process has been lunched:

- Select appropriate subject proportionate to our internal
requirement
- Evaluation and design of research methodology and
reliable process that facilitate researcher attain her goals
by a certain methOd
- Initiation of business model perception and explaining it
in mobile learning industry
- Attempts to necessities recognition, applications mobile
learning and business model specialty and reach to
customized model
- Explanation of extract model and its relations
- Make reliance of results and publish them

This research direction also in search of clear space
study can be called an exploratory research. Especially
during the exploration part of the transparency in the
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existing business models focuses on mobile learning.
Research strategy of this study is case study that it has
been selected two cases in the area of virtuatanobile
learning industry 'Nhich is relatively complete range of
material discussions on issues.

According to the few Iranian active companies in mobile
learning, these two case studies were closer to the
subject and they could cover relatively complete
spectrum of subject materials in our discussion then open
ended interviews were held for them. Before the data
collection different business model references has been
studied and one near business model (Business Model
Ontology, Osterwalder 2004) is selected as our predicted
model. The main aim was approached from the studied
phenomenon to the predicted model. With the help of
Grounded Theory idea, the interview concepts were open
coded, reviewed, compared and launched.

Placements of launched concepts into predicted
business model then subsequently the relevant
relationships were determined between categories in the
business model.

Busin ess model considerations for M-Iearning
Unlike the Internet business model classification, mobile
business is classified service model 'vYith mobile features
and also Internet business features.

The mobile business model classification scheme has
a couple of differences from the previous research .
First, the classification is based on a business model
perspective: previous mobile business classtncanons
have been focused on service categorization, not
representing the way business is run on the mobile
channel. Service categorization has its own limitations
to express mobile business. The new mobile
classif ication scheme is based on a business model
perspective. In fact, mobile learning offers another way to
deliver content and to embed learning into daily life. The
learning materials need to be developed in small.
consumable bytes of format. wtucn can be delivered
through wireless network..
Customer Segments

Corpora te/Business drivers
The corporate mobile learning grO'WS louder with each
day. Organizations no doubt recognize that mobile
technology for learning has merit. In the corporate arena,
many recognize the need for just-in-time training and
performance support and are beginning to explore mobile
options. In the medical, sales, and service areas, mobile
is being used most 'vYidely. Specific projects related to m
Learning from the corporate side have involved
organization.

Edu cation
Mobile learning products that are fun. interactive, and
instructionally sound is suited for this segment. The

IEEE eXpress Sample eBook, page 1300



150 Zarei and Safdari

instructional designers, content developers, animators,
graphic designers, and child psychologists has designed
interactive learning products for children of diverse age
groups, from kindergarten to senior high school.

Most of Iranian mobile learners are students and literate
level otherwise there are in the universities or those of
students who prepare to enter universities through a
national exam. Thus mobile learning products and
services for this segment can add value to the curriculum,
allow students to apply their learning in real-world
situations, and cater for different learning styles. The
solutions address these issues; they are also f lexible
enough to incorporate the differences between cultures,
curricula, and instructional methodologies.
For mobile learning to enter into the mainstream the
following are necessary:

• Guides for the development of mobile learning need to
be produced for mainstream institutions
• Mobile messaging needs to be established as a
standard administrative structure in education and
training institutions; short courses, course summaries,
examination preparation, needs to be developed for
PDAs, smart phones and mobile phones.
• Full modules need to be developed for PDAs and smart
phones; these modules need to be offered to fee-paying
students, as part of the institution's offering, with full
evaluation and with normal awards and accreditation.

Government
The highly skilled in creating attractive and interactive yet
accessible products that have delivered products. It can
be recognized that accessibilit y is both urgent and
imperative, especially in the government space, and it is
fully geared to meet the associated developmental
challenges. The capabilities also include the conversion
of mobile content into accessible material.

The solution is for the requirements of clients in the
government, and local and defense areas. The Subject
Matter Expertise and content developmental skills add up
to high quality learning content, both Web- and CD·
based, in a wide variety of areas.

Valu e prop osition
M-Learning can add value to the experiences of many
learners but it may not add value equally to all. This does
not justify denying those who can benefit but care must
be taken to ensure others are not substantially
disadvantaged. The section below illustrates a number of
ways m-Learning can benefit all learners and in the
process bring particular advantages to different types of
disabled learner. To a disabled learner the added value
of m-Learning is three fold:
• Any assistive technology benefit is more portable so the
support avai lable to the learner is ava ilable more places
and more times.

5

• Mobile technologies are generally cheaper than PCs
and laptops so more likely to be affordable.
• Mobile technologies are private and personal in use and
have none of the student selt-imaqe problem s that may
be associated with traditional assistive technologies.

New services and new tools: Iran service providers
offers an interesting products that emerged in 2006 was
the availability of several specialized tools designed to
create very specific types of applications such as
quizzes, flash cards, tourist guides, language learning
content , and performance support.
Standard Products and Services: These service
providers state that they produce contents and develop
their software themselves basis to their customer request
specification so their products is specif ic to Iranian
customers.
Reducing Cost: During the interview with experts is
earmark ed that presenting new products and services to
mobile learning customers can reduce significantly time
and cost because the data is transferred with fast rate
and subsequently there is no need to present some
learning material that are mobile potential in traditional
learning. Thus it can reduce cost and create value.
Mon opoly License and Software: The mobile service
providers in Iran produce mobile learning products in their
own License and also they develop necessary and
related software according to their customer
requirements.
Content Management: From these cases is cleared
mobile learning providers produce and manage some
their mobile learning contents. Most of the content was
ported from other mobile formats, yet several of the
largest educational publishers entered the market for the
first time through retailing.

Distributi on channe l
Content delivery to mobile devices may well have a
useful place in m-Iearning; however, there is an
imperative to move from a view of e· and m-learning as
solely delivery mechanisms for content. Packaged Mobile
Learning content will sell through below primary
distribution channels:

Retail: Packaged content products will available on
dozens of retail sites. The retailers reached a relatively
small number of customers but they can drive the market
with online retail content stores that reach a vast number
of customers. The launch of these stores has given
developers a direct to consumer channel.
SMS: All higher and further education institutions have a
frequent need to provide information to their students
about timetable changes, assessment deadlines,
feedback from tutors and other urgent administrative
details.
E-mail: Some products and learning materials delivers to
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Iranian mobile learners through Email.
Mobile Internet: Iranian service providers extend their
distribution channel through shift technology to 3G it is
optimum method that users can access to the internet
through a mobile devices and capture their materials and
learning contents.
£-files: this channel is as a usual way to deliver
packaged mobile learning in Iran.
High Rich Media: Mobile learning providers produce
video conference infrastructure and context for some
universities and governmental organizations such as
t crestan Universities and Hygiene and Medical
Education Ministry.
Brand: There are a few brands in mobile learning field in
Iran that have influence significantly in mobile learning
content

Relationship management
The mobile operators need a scientific method to guide
the customer acquisition. The method must be able to
identify the target customers precisely and analyze the
customers' actual needs. And the mobile operators also
need an infonnation system to support the whole process
of customer acquisition, which can improve the efficiency
and effectiveness of acquisition.

For the Iranian customers. the operators can find some
promotional ways to upgrade their consumption levels,
which could bring more values to the organization. This
depends on understanding customers' behavior, the
abilities of innovation of new services, and mar1<eting
capabilities through data mining technologies that it
supports customers from start point through their
personal relationships.

The type of relationships can shape and organize to
lunch customer acquisition and retention. Imagine
exposing a highly tailored series of M-Iearning modules to
specific end-users. Companies already sponsor
luncheons, conferences and workshops to expose their
products to physicians. So why not use M-Iearning to do
this to reinforce these efforts? By providing M-Iearning to
the customers, it can be increased customer loyalty and
potentially grow the revenue, through customer
acquisition.

Revenue streams
It is essential to identify potential revenue streams to
prepare the institution for 21st century learning. The
possibilities will vary widely from institution to institution,
for example. realising capital locked in city centre sites,
acquiring funding from urban or rural regeneration
schemes, using development funding, or tapping into new
markets. Consider also:

- Ways in which mobile and wireless technologies could
improve the financial standing of the institution by raising
its status in the community, improving efficiency and
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increasing retention.
- How increased use of personal mobile devices could
offset the institution's costs
- Ucense Fees; the Iranian M-Ieaming providers sell
some parts of their product through selling license in
v.tlich most of them are done by retail products
- Companies can send their advertisements to students
on mobile devices along with the study materials which is
send to them. They can give exact details of their product
and their availability. As this advertisement come along
with the study material they would surely have a look at
that.
- Iranian providers define four types of membership to
receive learning packages and alerts on time and
presenting some promotions during membership on
mobile devices
- Individual membership (academic institutions such as
Gaj and Ghalamchi)
- Student in full-time membership (schools and
universities)
- Education Provider (medicine school)
- Commercial Organization ( language learning providers)

Key resources
Mainly the impact of technology, environment, mar1<et
and regulation, network. wireless network. content and
device issues have a direct influence as our key
resources in business model.

Environmental drivers means technology. regulations
and market have a direct influence on our key resources
in our business model.

M-Iearning providers in Iran state that they have
pressed by the current regulations in this industry which
they issued by governmental sections. They establish
strict internal regulations for them that are effected by
influential relationships by third parties. According to
existing shortages in copy right in Iran these providers
are not in safe side 10 produce packaged mobile learning
in their own license.

Business and business model environment in practice
are not static. m-tearning business like the other
electronic and telecommunication businesses put into
practice in a rapid change environment and market. this
business changes may be ascribed to internal forces,
they are caused by external events as well.

With reference to the technological aspect, handheld
devices. content and wireless access technologies are
the most important drivers forward the change in m
learning business models (Sanz-Velasco, S.A., 2007).
Five broad categories of technology were identified,
within which specific technologies would need to be
selected. these were: transport, oratrorm. delivery and
media technologies plus development languages.

The mobile learning network is a unique collaborative
approach to encouraging, supporting. expanding and
promoting mobile learning, primarily in the English further
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education sector, via supported shared cost mobil e
learning projects. Collaboration at national level involves
participating institutions and sharing the cost of projects
introducing or expanding mobile learning providing a
support and evaluation program.

Business cannot be devised without an understanding
of the needs of potential customers of valued added m
learning (Parsons et ai, 2006). The scope of mobile
learning which help the supplier understand the market
and focus on to gain the large quota of market.

M-Iearning regulation and standards is a companion
document to the m-Iearning education and training
system and drive the way m-Iearning can be used in
teaching and learning. The m-Iearning regulations cover
a general strategy and road map for m-Iearning and its
standards cover topics.

Content providers offer prearranged m-Iearning content.
Content is either standardized, or personalized or
individualized. This content could be data and information
products.

Probably the first device that comes to mind when
mobile hardware is discussed is the PDA. These devices
offer many of the features of a full-size laptop computer
but in a package that fits in a pocket

Key act ivit ies
Software development
Iranian software developer is presented the methods by
which a practitioner, with limited technical knowledge and
time, might produce learning objects for mobile phones
by adapting existing materials that is selected three:
• A software which are used to code web pages
• A software which is freely available for educational use
• A mobile movie format called Third Generation
Partnership Project

Key partners
Iranian partners in mobile learning industry indude;
• Network Operators: Hamrahe Aval, Irancell
• Holding Companies and Investors: Governmental
organizations such as Radio and Television Organisation
- Software Providers: Soroush Hamrah, Souroush Data
• Third Party Partners; Universities Government

Cost structure
New phones are capable of exchanging voices, text,
pictures and video. In addition, the wireless network
provides high-speed connections with low costs to mobile
subscribers.

Outsourcing: Information Technology (IT) governance is
concerned with decision rights, resource mobilisation and
strategic alignment to achieve more benefits f rom
information systems. These mentioned providers
outsourced the M- learning development it would be a
quicker way from the idea, to having it ready for testing,

7

but to integrate it with our servers and other services it
could turn out to be problematic. There is needed to be
able to control when and to who want to send m-Iearning
products.
Customer acquisition cost: An important business
metric, customer acquisition cost should be considered
along with other data, especially the value of the
customer to the company and the resulting return on
investment (ROI) of acquisition. The calculation of
customer valuation helps a mobile business decide how
much of its resources can be profitably spent on a
particular customer. One of these cases shows that has
much customer acquisition cost in comparison with other
case because the second one is the subsequent
companies of Radio and Television Organisation in Iran
and this organization optimize this cost for them through
their different advertisement methods as well they have
their own customers that can expand them to mobile
learning customers as a pioneer in content providing in
Iran.
Personnel Cost: Their personnel cost focus on salaries,
employee's insurance cost, training and providing leisure
activities for them (Figure 1).

CONCLUSION
Recently the use of the Internet business has been very
prevalent. There are world examples of successful
managers who are using new models and have been
able to succeed despite intense competition in the labor
market , creating a safe place for their company among
the competitors there.

This study explores to develop mobile learning business
model that is able to present mobile learning Profile
Products for Iranian customers of this industry. In
addition, the manner of model presentation, internal
relations management with market and products delivery
conditions has been created to achieve stable market
share and increase revenue flow.

This business model can be the ring strategy and
business processes together and also can offer an
example of mobile model's elements in connection to
each other which are:

1 • Product innovation
2 - Type of relationship with customers
3 - Management Structure
4 • Methods of financing

We think when talk about the business model, you should
look up to the elements that can be answered the above
four-question, the answer is given or not? In addition,
each of these elements, have some subset of them
should be considered.

Most of mobile business models are just the concepts
without more discussions, the least understanding and
consensus for them and this study attempts to cover
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these shortages. By this we can state this model can
create new values through any direct and indirect money
exchange by mobile networks and simple methods in
mobile learning business to maintain stability of in market
and revenue flow.

So that should be ment ioned that this study wants to
proceed electronic specially mobile network as a family of
standards that is allowed to participants in the mobile
learning business to find out truth of each other and
makes communication connection based on unique basis
like special framework that enables us to answer mobile
learning business questions and ambigui ties.

During this study we faced to some problems that it is
caused we found the classic and traditional business
models structures have many contradi ctions with today 's
conditions. We think it is a rational way that managers
must use purposeful and effective management
techniques to become success in the future.

Generally, along this study researcher found some
business models due to poor value objectives and value
purposes defeat. This may happen when companies
cannot understand the place of value in value chain.

This research experiences marks disability in balance
with what should be done through internal capabilities,
and what should be outsourced is the main reason of
rejection a business model. Specifi c capabilities for
process strategy may be obtained from existing sources
may be the format ion of a big mistake because useful.
Moreover a next issue in business models is
mismanagement and tact in the values network. Value
network management can be an important factor to
become successful.

REFERENCES
Afuah A, Tucci C (2003). Internet Business Models and

Strategies, Text and Cases. 2nd Edn., McGraw-Hili ,
New York, ISBN: 0072511664.

Bayoumi F (2007) . Guidelines for Developing Adaptive
Mobile Learning. Conference IMCL2007.

Corbeil JR, Valdes-Corbeil ME (2007) . Are you ready for
mobile learning?, Educause Quarterly, Vol. 30, No
2pp.51-58.

Geddes SJ (2004). Mobile learning in the 21st century :
benefit for learners. Knowledge Tree e-journal: An
ejournal offlexible learning in VET, 30(3): 214-228 .

Kemp N (2009). http://coherencymanagement.org/
coherency-managementlcaseslwinnipeg-f1eet
management.

Martinovic D, Pugh G, Magliaro J (2010) . Pedagogy for
Mobile ICT Learning Using Video-Conferencing
Technology. Interdisciplinary Journal of Information,
Knowledge , and Management, 5: 375-95.

M IS, Hosany M, Gianeshwar R (2006) . A Mobile-E
learning (M-E) adaptive architecture to support flexible
learning. Malaysian Online J. Instruct. Technol., 3: 19
28.

9

Mobile Learning Group , 2004 MDDE 663;
http://adlib.athabascau.ca/resources.htm#ped .

Murphy A (2006). Mobile learning in a global context a
training analysis. Fifth International Conference on
Networking and the International Conference on
Systems (ICNICONSMCL'06). Morne, Mauritius, pp.
219-219.

Quinn C (2008). What's the
http://blog.lea rnlets.com/wpl?p=287 ,
March 10, 2008.

Osterwalde r (2004). The Business Model Ontology - A
Proposition in a Design Science Approach.

Sanz-Velasco SA (2007). Technology and business
model learning leading to growth: Start up ventures in
mobile internet. Int. J. Techno-entrepreneurship_

Timmers P (1998). EBusiness models for electronic markets,
Electronic Markets,8(2): 3-8.

Yong Liu, Shengnan Han, Hongxiu Li (2010).
"Understanding the factors driving m-Iearning
adoption: a literature review" , Campus-Wide
Information Systems, 27(4) : 210-226.

IEEE eXpress Sample eBook, page 1305



 2 

 

Prime Journal of Business Administration and Management (PJBAM) 
ISSN: 2251-1261 
Vol. 1(12), pp. 375-381, November 5

th
, 2011 

www.primejournal.org/BAM 
 

 

 

Review 
 

The study on the export diversification and constraint 
in export diversification which volatile the export 

earning: A case study of Pakistan 
 

1Mehwish Bhutto and 2Sobho Khan Jamali 
 

1
Lecturer, Department of Economics, University of Sindh, Jamshoro 

2
Assistant Professor, Department of Economics, University of Sindh, Jamshoro 

 
Accepted 23

rd
 November, 2011 

 

It is frequently suggested that export diversification contributes to an acceleration of growth in developing 
countries. Both horizontal and vertical export diversification are positively correlated with economic growth. 
Diversification is directly related to the structure of the economy and how it changes as development takes 
place. We must consider the relationship between economic structure, diversification, and export earnings. Yet 
there have been remarkably few empirical investigations about export diversification. The current paper is 
aimed to evaluate the export diversification (both with respect to markets and products) during the FY02-07. 
Moreover, an attempt is also made to highlight the major constraints in export diversification There are many 
methods which can be used to analyze the export diversification. In this report my study is based on data on 
exports to different countries. I have used Lorenz curve and tables as a tool to analyze the export 
diversification. In this study the purpose of using Lorenz curve is to analyze that whether our exports are 
concentrated in few regions or these are diversified. 
 
Key words: Export diversification, Lorenz curve, economic structure, Pakistan. 
 
 
INTRODUCTION 
 
Pakistan is facing trade deficit since the day of 
independence. The continuously expanding trade deficit 
touched US$ 13 billion during FY07. The higher import 
growth as compared to that export has been the 
dominant factors behind this persistent widening of trade 
gap. The concentration of exports in few products and 
markets has been one the major underlying weakness of 
Pakistan‟s export which is harmfully affecting our external 
balances. 

The export data suggests that nearly 60 per cent of our 
exports are cotton based and around 75 per cent are 
based on five products cotton, leather, rice, textiles and 
sports goods. In geographical terms, our exports are 
concentrated in few markets including USA, EU, U.A.E, 
Japan, Hong Kong and Saudi Arabia. Only USA takes 
around 24 per cent of our exports. Such a situation 
shows a serious vulnerability of our economy to a terrible 
event such as cotton crop failure. 

The diversification of exports thus should be the primary 
objective of the government. The instability in export 
earnings is very crucial to policy makers of any country. 
They tend to equate a narrow export commodity base 

with the instability and declines in earnings, and to 
propose export diversification as a useful cure.  

According to the study conducted by Rizwan Ali; export 
diversification, by definition, involves changing the 
composition of a country‟s exports mix. However, the 
impact of alternative export mixes on export earnings 
performance is unclear. In addition, diversification is 
directly related to the structure of the economy and how it 
changes as development takes place. We must consider 
the relationship between economic structure, 
diversification, and export earnings. 

The current report is aimed to evaluate the export 
diversification (both with respect to markets and 
products) during the FY02-07. Moreover, an attempt is 
also made to highlight the major constraints in export 
diversification  

The report is organized as follows, part consists of 
introduction, followed by methodology, and literature 
review, in next part concept of diversification is 
discussed. Followed by data analysis and constraints in 
exports diversification. The final section contains results 
and policy recommendation. 
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Literature review 
There are many studies which are conducted regarding 
exports diversification some of them are given as follow: 
Dierk herzer (2004) “Export Diversification, Externalities 
and Growth” 
This paper attempts to examine the hypothesis that 
export diversification is linked to economic growth via 
externalities of learning-by-doing and learning-by-
exporting fostered by competition in world markets. The 
diversification-led growth hypothesis is tested by 
estimating an augmented Cobb-Douglas production 
function on the basis of annual time series data from 
Chile. Based on the theory of co integration three types of 
statistical methodologies are used: the Johansen trace-
test, a multivariate error-correction model and the 
dynamic OLS procedure. Given Chile\'s dramatic 
changes in economic policy, time series techniques 
considering structural breaks are applied. The estimation 
results suggest that export diversification plays an 
important role in economic growth.  

Federico Bonaglia (2003) Export Diversification in Low-
Income Countries: An International Challenge after Doha; 
this paper discusses major policy issues related to 
commodity dependence and export diversification in low-
income countries. Contrary to some widely-held view, it 
argues that natural resources are not necessarily a 
„curse‟ that condemns low-income countries to 
underdevelopment but can provide a basis for sustained 
export-led growth. Natural resource-based sectors have 
potential for export diversification. The OECD „mirror‟ 
trade data indeed suggest that many different routes to 
diversification exist, including resource-based 
manufacturing and processing of primary products. 
However, these opportunities are far from being exploited 
in many low-income countries. This is because export 
diversification is typically a slow process, and this 
process needs to be sustained by an appropriate and 
coherent strategy, characterized by a combination of 
vision, co-ordination and management of conflicting 
interests. 

Akram Khatoon (December 2001) “a strategic approach 
to exports”: in this study it is suggested that apart from 
protecting existing volume of exports of cotton , rice, 
leather, sports and so on we should diversify our exports. 
Major reliance on few items need to be reviewed. 
According to this study exports diversification would not 
only boost our exports but also would give impetus to 
small and medium size industries, as a result 
employment in the country will increase. 

Dr. Ashfaque Hassan Khan (2003-04) “Pakistan 
exports: what needs to be done?” this paper suggests 
that for export diversification we should formulate a policy 
frame work in which the government should design and 
Support a steady macroeconomic policy framework 
consistent with export promotion Strategies. While export 
diversification programs should be implemented primarily 
by the private sector the role of the government, in this  
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context, should be to check Distortion and create an 
environment which promotes diversification. 

Iran Shahzad (2003) “Diversifying export markets”: this 
study analyzes that exports diversification is necessary to 
capture a greater share in the global markets for our 
products. This struggle becomes even more important in 
order to survive in the “WTO” regime. Export 
diversification is not the responsibility of exporters only. 
The government should also play a role in this regard. 

Mubarak Zeb Khan (2007) “Causes for slow 
performance in export identified” according to this study 
the main reason for sluggish performance of Pakistan‟s 
exports is the lack of exports diversification for products 
and markets. In this study it is suggested that, we should 
form a policy which focuses on developing strategies for 
diversification and increase the exports competitiveness. 
We should devise a policy for increasing the production 
of various products, not only the production of few 
commodities (textile rice, and so on).  
Zafar-ul-Hassan Almas (Nov 2003) “Export diversification 
and sustainable growth”; 
In this paper it is suggested that export diversification is 
an engine of growth for a developing country. It protects a 
country from uncertain changes in foreign trade, it is 
necessary to stabilize domestic incomes and 
employment. it is opportunity for Pakistan to concentrate 
on export diversification in both products and direction of 
trade. Diversification of exports is helpful for long term 
sustainable growth. Pakistan needs policy fully 
compatible with the challenges of globalization. 
 
METHODOLOGY 
There are many methods which can be used to analyze 
the export diversification. In this report my study is based 
on data on exports to different countries. I have used 
Lorenz curve and tables as a tool to analyze the export 
diversification between FY02 and FY07 by using 
Microsoft excel. Basically Lorenz curve is used to analyze 
the income distribution among the masses. It tells us that 
whether income is equally distributed or it is concentrated 
in to few hands. In this study the purpose of using Lorenz 
curve is to analyze that whether our exports are 
concentrated in few regions or these are diversified. 
 
CONCEPTION 
Diversification 
It is a risk management technique that mixes a wide 
variety of investments within a portfolio. 
Diversification is part of the four main marketing 
strategies defined by the soff matrix (Figure 1). According 
to this matrix the firs three strategies are usually pursued 
with the same, technical, financial, and merchandising 
resources used for the original product line, where as 
diversification usually requires a company to acquire new 
skills and new facilities. Therefore, diversification is 
meant to be the riskiest of the four strategies to continue 
for a firm. 
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Figure 1. Four main marketing strategies defined by the an soff matrix 
 

 
 
 
 

Export diversification  
It means changing the composition of products which are 
exported by one country to another country, export 
diversification can be either by products or either by 
countries. 
 
Types of export diversification 
There are mainly two types of export diversification; 
1) Horizontal diversification. 
2) Vertical diversification. 
 
Horizontal diversification 
Horizontal diversification means adjustments in the 
export mix in order to counter international prices or 
export quantity instability. It means to increase the 
number of commodities. 
 
Vertical diversification 
Vertical diversification involves creating additional uses 
for existing and new commodities through value addition 
such as processing and marketing. Simply it means 
movement from low to high value addition. 
 
Advantages of export diversification 
Export diversification has many advantages; some of 
them are given as follow. 
 
Protection against price fluctuations 
Export diversification is a safeguard against price 
fluctuations. If the exports of a country are concentrated 
into few products, than any reduction in the price of these 
commodities will adversely affect the monetary value of 
exports. However if a country exports a large number of 
products non of which has a major share in its total 
export earnings, than any reduction in the prices of few 
export items will not adversely affect the monetary value 
of exports. 
 
Protection against demand fluctuations 
Export diversification protects a country against demand 
fluctuations in the international markets. If a country 
exports few products than any reduction in the demand 

for these products will substantially affect the volume of 
exports. 
However if a country exports a large number of products 
then the repercussions of fluctuations in international 
market demand can be minimized.  
 
Check against market saturation 
Diversification is a check against market saturation. A 
country having few export markets and products may 
face a reduction or stagnation in its market share if the 
markets become saturated. 
 
Strategy against product life cycle 
There are four stages in product life cycle introduction, 
growth, maturity, and decline. Profits and sales are 
highest when a product is at the stage of growth. One 
advantage of export diversification is that the same 
product may be at different stages in different markets, 
thus a fall in profits and sales in a mature market can be 
counterbalanced by increase in sales and profits in 
growth market. 
 
Improvements in (BOP) position 
Export diversification is instrumental for improving the 
position of balance of payments. As Pakistan‟s (BOP) 
position is not good, because our exports are less than 
imports. In order to narrow down this gape export 
diversification is necessary. Because export 
diversification leads to increase the exports earning of a 
country, so as a result of diversification our (BOP) 
position will improve. 
 
Data analysis 
Lorenz curve 
A cumulative frequency curve showing the distribution of 
a variable such as population against an independent 
variable such as income or area settled. If the distribution 
of the dependent variable is equal, the plot will show as a 
straight, 45° line. Unequal distributions will yield a curve. 
The gap between this curve and the 45° line is the 
inequality gap. Such a gap exists everywhere, although 
the degree of inequality varies. In the graph given below  
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Figure 2: Lorenz curve showing the percentage between income and households 
 

 
 

 
 

Figure 3: Lorenz curve for export markets 
 

 
 
 

 

the percentage of households is plotted on horizontal 
axis, and percentage of income is plotted on the vertical 
axis. Figure 2. 

In the subsequent figure Lorenz curves for export 
markets are drawn for the FY02 and FY07. Blue Lorenz 
curve is drawn for the fiscal year 2007, while green 
Lorenz curve is drawn for the fiscal year 2002. In the 
following graph there is a 45° line which is indicating the 
situation of perfect diversification. In the subsequent 

graph it is obvious that our exports are highly 
concentrated into the few regions, because there is a 
great deviation between diagonal and the Lorenz curves. 
We can also observe that as the Lorenz curves for the 
FY02 and FY07 are overlapping there is no relative 
diversification between FY02 and FY07. It depicts that 
the current situation is not encouraging we are stagnant 
at the position where we were three to four years back.  
We can also analyze with the help of ginni coeffient that 
whether our exports are concentrated or diversified, as 
we know that ginni coefficient is the ratio of area between 
Lorenz curve and the diagonal to the area below the 
diagonal. In the above graph we can analyze that value 
of ginni coefficient is higher which shows concentration 
not the diversification of exports. 
 
Interpretation 
As it is clear in the figure 1 that there is no exports 
diversification. Our exports are highly concentrated into 
few markets. The results depicted in figure 1 can be 
supported by the data shown in table 1. In the given table 
we can observe that in Fy03 that almost 84% of our 
textile exports are going to top ten countries. While only 
16% of our textile exports are going to the rest of the 
world. Now if we compare it with FY06 than we come to 
know that situation is no more different, again almost 
85% of our textile exports are going to the top ten 
countries while only 15% of textile exports are going to 
other countries. 
Now if we consider our total exports than again situation 
is almost akin to the previous one. Because if we observe 
in the table we can realize that in FY03 approximately 
80% of our total exports are concentrated in the top ten  
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Table 1: Pakistan's Total Exports and Textile exports ( Including raw cotton) Market (Million US$) 
 

 
 

Countries 

FY06 FY05 FY04 FY03 

% Share in % Share in % Share in % Share in 

Total Textile Total Textile Total Textile Total Textile 

100 100 100 100 100 100 100 100 

EU-25 25.9 29.3 34.7 33.5 35.2 32.4 36.3 32.7 

U.S 25.6 36.3 23.9 32.2 23.9 31.3 23.5 29.9 

UAE 7.6 2.5 3.2 2.7 3.2 3.0 3.1 2.6 

Afghanistan 6.5 0.1 0.2 0.1 0.0 0.0 0.1 0.1 

Hong Kong 4.1 5.4 3.9 4.9 4.7 5.7 4.6 5.6 

China 2.8 3.6 4.1 3.9 3.7 3.4 3.1 2.9 

Saudi Arabia 2.0 1.4 1.3 1.6 1.5 1.8 1.8 2.2 

Turkey 1.9 2.4 2.2 2.5 2.1 2.2 2.1 2.2 

India 1.8 0.5 0.3 0.4 0.3 0.4 0.3 0.4 

Bangladesh 1.6 2.2 2.5 2.1 2.8 2.6 4.3 4.6 

Others 20.1 16.5 23.8 16.2 22.5 17.3 20.8 16.8 

Source: Federal Bureau of Statistics 
 

 
 

countries while remaining 20% is going to the other 
countries of the globe. Similarly if we observe our total 
exports in Fy06 we come to know that again almost 80% 
of our total exports are concentrated in to the top ten 
countries while only 20% of our total exports are going to 
the other countries of the world. 
 
Constraints in exports diversification 
Shortage of skilled manpower 
Skilled man power is instrumental for exports 
diversification. But in Pakistan due to lack of institutions 
for technical education we are unable to produce skilled 
labor force. Our labor force can not utilize the advance 
technology to produce value added products; as a result 
we are bound to export only primary products. So in order 
to diversify our exports we should concentrate on human 
resource development. 
 
Lack of adequate infrastructure. 
We are unable to diversify our exports because of poor 
economic and physical infrastructure. Our producers are 
unable to bring the commodities in final markets. 

As a result of poor physical infrastructure like roads the 
farmers especially from the northern areas have to bear 
high transportation cost. Because of non availability of 
economic infrastructure our producers are unable to 
convert low value products into high value added 
products. Because of poor physical and economic 
infrastructure there is a lack of coordination between 
producers and exporters. 
 
Low investment level 
Investment is a key for export diversification. But in 
Pakistan investment level is very low, although there is a 
rapid increase in investment in the financial and services 

sector, but there is a lack of investment in the real sector. 
Due to lack of investment we have less productive 
capacity which leads to discourage the export 
diversification. 
 
Under utilization of domestic resources 
Although Pakistan has abundant natural resources, but 
we are not utilizing these resources properly. We have 
potential in many resources like gems and stones, copper 
and so on. But due to lack of foreign investment and poor 
law and order situation we are unable to explore these 
resources. So for the export diversification it is essential 
that we should not waste our resources. Proper utilization 
of resources will lead to enhance the volume of our 
exports.  
 
High domestic cost of production 
High domestic cost of production is another impediment 
for exports diversification. In order to diversify our exports 
we need to invest in new machinery and plants as a 
result our cost of production will be higher at the initial 
stages. When cost of production is high then we can not 
compete in the international market. 
 
Lack of marketing 
Marketing is another key factor to diversify our exports. 
But due to lack of proper marketing we are unable to 
introduce our products in the international market, as a 
result we are unable explore new directions for our 
exports. 
 
In effective policy measures 
Proper policy formulation is necessary for the exports 
diversification. But unfortunately in our country whenever 
we devise a policy our emphasis is to increase the  

IEEE eXpress Sample eBook, page 1310



 2 

 
 
 
 
volume of our exports, but for the export diversification it 
is necessary that we should formulate a policy  
That results into the encouragement of high value added 
products. in case of Pakistan there are less incentives for 
the producers to produce high value added products. 
 
CONCLUSION 
As the objective of this study was to analyze that whether 
our exports are diversified or concentrated. Now as a 
result of above data analysis by using the Lorenz curve 
and the table. We can conclude that the overall situation 
is not encouraging. Because our exports are highly 
concentrated in to the few regions of the world. The most 
disappointing thing which we can conclude from the 
above analysis is that no serious effort has been made to 
diversify our exports since last four to five years we are 
still stagnant at one point. So it can be concluded that our 
exports earnings are not stable. Because of high 
concentration of our exports our export earnings are 
volatile. In case of any downturn in the political 
relationships with these few countries will have significant 
impact on our overall exports. So we should pursue a 
policy of exports diversification in order to insulate our 
country from unexpected changes in our terms of trade 
so that we can stabilize domestic incomes and 
employment. 
 
Policy recommendations 
There are certain policy measures which can be 
instrumental for the exports diversification. Diversification 
of exports is helpful for the long term sustainable growth. 
We need a policy which is fully compatible with 
challenges of globalization. In this report it is a modest 
effort to suggest following policy measures. 
 
Education 
The structure and quality of vocational and technical 
education is outdated. And lack effectiveness. Skills 
aren‟t developed in proportion to the demand in the job 
market. So for the exports diversification and to compete 
in the international market it is necessary that we should 
educate our labor force. We should develop an education 
system in which we can ensure the accessibility of the 
people to technical and vocational education. We should 
develop institutions which can produce highly skilled 
labor force. 
 
New products categories 
Almost 75% of our exports are concentrated into cotton, 
rice, leather, and sports. We should direct new products 
categories like fisheries, poultry, fruit, vegetables, wheat, 
marble, gems and jewelry, engineering goods, chemicals 
and general services. 
 
Exploration of new areas 
The European Union and North America account for 
nearly three fifth share in total exports from Pakistan. Our  
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foreign mission and the commerce ministry should play 
an active role in exploring new markets for Pakistani 
goods. We have to explore new areas. The EPB has 
identified Africa, South Africa, Eastern Europe, central 
Asian republics, and some other areas where Pakistani 
products can be marketed. 
 
Quality Improvement 
For the exports diversification it is necessary that we 
should improve the quality of our products in order to 
make them more attractable for the importers. 
International markets are becoming more and more 
quality conscious these days. Total quality management 
(TQM) and continuous improvement (CI) are the order of 
the day. We have to adhere to these principles if we want 
to survive in the international market. 
 
Role of the government 
The responsibility for the diversification does not rest on 
the shoulders of exporters only. The government has an 
important role to play in this regard. The export promotion 
bureau needs to pursue an aggressive marketing 
campaign in less explored markets around the globe. 
Further our trade counselors in such region s should work 
hard to enhance the country‟s exports. The government‟s 
efforts for free trade agreements with some African 
countries and srilanka are a step in the right direction. 
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Fifty percent of people all over the world are suffering from a lack basic needs. Even poor women are denied 
their equality of human rights. Equality of rights for these women would mean access to food, clothing, shelter, 
and credit as well as liberation from exploitative forms of income generation such as domestic work, child 
labour and trafficking. Women in Bangladesh suffer from inequality of rights on quite an unimaginable level and 
their socio-economic development has been largely impeded. Thus, these poor women depend on others to 
survive. Human capability services like education and skills development services are not generated nor 
tailored to them particularly at the village level which affects the basic human rights of these women. Without 
educational, health, economic and social services at the village grass-roots level, poor people suffer most in 
Bangladesh. Although the Constitution of Bangladesh appears to strongly approve gender equality and positive 
action that guarantees women’s full participation in social, economic and political life, it is clear that full 
support is absent. Ironically, the disadvantaged poor people specifically are struggling to fulfill their basic 
human needs and are aware of their basic human rights. Although some steps have been made to reduce 
gender inequality, some laws still lag behind and many discriminatory practices are found in the customary 
laws, which still remain in force. A solution that has offered to assist poor women in Bangladesh through micro-
credit organizations (MFIs) like Grameen Bank credit, that create opportunities for these women to help educate 
themselves and overcome poverty in Bangladesh. However, human rights education at the grass roots level is 
very nominal. Hence focus on human rights education extension programs are urgently required to establish 
basic human rights.  
 
Key words: Grameen Bank, human rights, women human rights, micro-credit, feminization of poverty, participatory 
development and women empowerment.  
 
 
INTRODUCTION  
 
The “feminization of poverty” has been a growing concern 
in low-income countries such as Bangladesh. In this 
essay, the feminization of poverty refers to the burden 
placed on poor women in Bangladesh to feed, clothe and 
nurture their families and themselves. Poor women are 
denied access to credit. The development of women has 
been largely impeded, and women in Bangladesh suffer 
from inequality of rights on quite an unimaginable scale. 
Equality of rights for these women would mean access to 
food, clothing, shelter, and credit as well as liberation 
from exploitative forms of income generation such as 
domestic work, child labour and trafficking. There is a 
major lack of resources to support women in their 

struggle to work, take care of their families and survive. 
This struggle is often the result of macro- and micro-
economic gender divisions, which reflect current political 
practices and the norms, customs and culture of the 
patriarchal society. Therefore, the 50% people suffer from 
a lack of basic needs. Human capability services like 
education and skills development services are not 
generated and tailored at the village level which affects 
basic human rights. Without educational, health, 
economic and social services at the village grass-roots 
level, poor people suffer most. Rich people exploit the 
poor and hinder their human rights and other legal rights. 
The effects of colonialization and globalization have also  
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contributed to the poor conditions in Bangladesh, first 
with British rule and then the Pakistan regime between 
1947 to 1971.  

Although there are several international organizations 
and programs designed to help combat these injustices, 
often their techniques are not applied uniformly, and thus 
civil society has less power to lobby for the necessary 
changes in the legal system (Quadir, 2003). A promising 
new strategy, first introduced by Professor Mohamed 
Yunus, brought to Bangladesh the concept of micro-
financing. Micro-credit has proved successful thus far in 
providing poor women with the ability to generate income 
while developing human capabilities. The positive effects 
associated with such activities have helped reduce 
poverty in some rural areas, as well as increase women’s 
equality and human rights. However, micro-credit and 
human capabilities development can only thrive in 
conjunction with successful implementation, government 
support and services, and international involvement. 
Thus, this essay will argue that the “feminization of 
poverty” in Bangladesh can be reduced through the 
development and successful implementation of micro-
credit lending programs that increase human capabilities 
and provide a means of achieving gender equality and 
human rights for rural poor women. 
 
Problems 
Poor women in Bangladesh do not have basic human 
rights. Basic human rights in this essay will include food, 
clothing, shelter, health and education. With no food, 
clothing and shelter, women are forced to beg, or borrow 
money. Borrowing money from money lenders leads to 
great debt, which in turn leads to landlessness and 
vulnerability in society.  
 
Context 
Currently, Bangladesh has 164.4 million people within a 
147, 570 square kilometre range. The density of the 
population is 763 people per square kilometer and the 
per capita income is $370. In Bangladesh 51% poor 
people live under the poverty line. This rate is highest in 
South East Asia. The poverty rate of rural areas in 
Bangladesh is higher than the national average of 51%. 
The Bangladesh Human Development Report 2000 
reported that during the period between 1992 and 1996 
the rural poverty line declined by about 1% per year and 
had dropped from 53% to 51%. Yet, a population growth 
rate of 2.3% per year was not considered in this 
estimation, thus, despite this decline, rural poverty is still 
highest in South East Asia.  

Because poor Bangladeshi women are not provided 
state resources, their human rights are seriously 
hampered, as well as other social civil rights like freedom 
of choice, freedom of speech, and opportunities in 
society.  

Approximately 86.6% of the population is Muslim. 
Therefore, Bangladeshi society is a highly patriarchal  
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Muslim dominated society where all household family 
decisions are made by men. Men control women’s labor, 
women’s choice of marriage, access to resources, and 
legal, social, health, economic and political institutions 
are mediated by men. Rural women have no autonomy in 
their life from childhood well into adulthood and old age. 
Public and private institutions underpin gender 
subordination and dependence. Women are treated as 
an unpaid reproductive agent for the family and are 
involved in unpaid family subsistence agricultural work. 
Women are discouraged by their male “guardians” not to 
participate in public or private paid employment outside of 
the home. Although, public and private sector job 
opportunities are very limited. Thus, Bangladesh has a 
high unemployment rate of approximately 52.5%. 
However, it is important to stress that employment 
opportunities for women in particular, are required so that 
unmarried and widowed women can provide for 
themselves and their families.  

Furthermore, there is no value associated with domestic 
work such as, housework and even social reproduction. 
Less wage work results in women’s low economic status. 
Poor women do not have access to credit from formal 
financial services to do business. Some of them become 
street beggars after losing all that they own through the 
mortgaging of their assets. 

Consequently, these women are left with no rights and 
no power in the society.  

In addition, women who lack education cannot develop 
the proper skills that will help them find employment. In 
fact, the adult female literacy rate is 43% (Bangladesh 
Human Rights Report, 2000). However, the rural female 
literacy rate is far lower than the national average. If 
women are unable to find jobs, they cannot provide for 
themselves and their families. Thus, educated women 
are more aware of their poor conditions and are better 
equipped to lobby and fight for their rights.  
Only 30% of the total population has access to basic 
health services, and 76% of all households are deficient 
in calorie intake (CIDA, 2001). Without access to health 
care, poor women face malnutrition and death. This 
makes them very weak, perhaps even too weak to work 
and provide for themselves and their families. In addition, 
malnutrition leads to the spread of diseases, which can 
affect the entire country and not just marginalized 
sections of the population. 

Lack of fundamental resources, affords these women 
no power and therefore they are unable to exercise their 
human rights. Kabeer (2003) states that in order to 
establish gender equality and female empowerment as 
well as reduce female poverty, Bangladesh needs to 
close the gender gap in education, increase women’s 
employment and wages, and increase women’s 
participation in parliament.  
 
Causes 
Before 1947, Bangladesh was a part of India, and then 
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between 1947 and 1971 it was under Pakistan. The 
effects of Pakistan rule in Bangladesh will be discussed 
later in more detail. 

The birth of new social classes (petty bourgeoisie) in 
Bangladesh before 1947 was the result of the destruction 
of the old social economy and superimposition of new 
social policies by the colonial rulers (Alam, 1995). British 
imperialism created a new class structure, which was 
absent in India. Although presently it appears that a 
democratically elected civilian authority governs 
Bangladesh, it is really governed by the petty 
bourgeoisies, who are now a ruling class comprised of an 
emerging middle class, the rich business class, the 
military and bureaucratic forces.  

In addition, there is a history of dependency on foreign 
capital that exists within the government of colonial 
powers (Novak, 1993). This government is unable to 
contribute to a sustainable economic development project 
for the poor. Therefore, the country is experiencing 
hegemonic crisis and political instability. Consequently, 
as Foucault would argue, the notion of power and 
knowledge related to “participatory development” is 
inherently anti-nature and anti-women in Bangladesh 
(Shiva, 1988). As such, although the ruling class in 
Bangladesh receives foreign aid, the funds are not used 
for the welfare of poor people. The ruling class would 
rather use the money for their own interests. This 
produces misery and inequality in the society (Alam, 
1995). 

It is clear that British colonialization in Bangladesh has 
had a negative effect on macro- and micro-economics in 
terms of gender divisions in labour and within social 
contexts. These kinds of societal organizations have only 
supported ideas of subordination and encouraged the 
birth of many forms of inferiority. Class relations are an 
important contribution to this discussion because it is 
often the money lenders that poor women turn to for 
“support." Poor women in Bangladesh are being exploited 
by government macro-economic policies and money 
lenders (Mohajan), and therefore are not afforded the 
basic human rights discussed above. Thus, poor, 
uneducated women depend on others to survive.  

To maintain the family, poor people sell their labour in 
advance for one, two or even five years. The need to 
provide food and clothing to children forces poor women 
to become domestic aids in the homes of rich people. 
Poor people are forced to move from small rural villages 
to urban areas for survival. These people live in shanty 
slums that are in miserably low and unhygienic 
conditions. A majority of them are suffering from lack of 
Healthcare. They ultimately end up without food, clothing, 
shelter, health, education, security, and no choice. They 
become victims of malnutrition and deadly, crippling 
diseases. Some brothels take advantage of the troubled 
times of poor people and begin to traffic and prostitute 
desperate women and children. The result is an increase  
of injustice, inequality, and exploitation, which has an 

 
 
 
 
even worse impact on their lives.  

Another important factor to consider is the maintenance 
of the male dominated patriarchal society in Bangladesh. 
Although Bangladesh declared itself a secular state, 
Muslim religious values dominate the society. These 
Islamic values are linked with politics in Bangladesh and 
often, political representatives lobby for their own political 
interests. Thus, when fundamental Islamic religious 
leaders become powerful in politics, women’s rights are 
affected. This is because Islam values Sharia law which 
encourages male dominated patriarchy. Parvin Paidar 
(2002) notes the patriarchal nature of Islam and its 
subsequent oppression of women in Iran as well. 
Therefore, in Bangladesh, gender inequality and 
development discourse needs to acknowledge the 
contradictory affects of religious customary and legal 
laws, which are often at the expense of women’s human 
rights.  

In addition, as Beneria (2003) notes, with globalization 
and industrialization, trade became more 
commercialized, which made profit the motivating factor 
for work. Market forces in the formal and informal sectors 
of the economy are also important to the understanding 
of the feminization of poverty because, as previously 
discussed; women’s work goes largely unnoticed in these 
sectors as does their unpaid labour and reproductive 
contributions. Dollar and Gatti (2003) and Seguino (2003) 
provide some interesting findings about the division of 
labour throughout their respective studies. These will be 
discussed later in further detail with a focus on macro- 
and micro-economic policies and their impact on gender-
divisions.  

The impact of globalization and commercialism can best 
be illustrated with a discussion of British Imperialism in 
Bengal and its post-colonial effects. The British East India 
Company first introduced British rule in Bengal in 1750. 
Its purpose was to build a trade market between India 
and England. Shortly afterward, this company introduced 
the idea of private ownership similar to the west, and land 
became an important commodity. A new upper class of 
“landlords” (Zamindars) emerged who were revenue 
collectors during the Moghal Emperors. (Karim, 1976). In 
1773, the British introduced the Permanent Land 
Settlement Act. This new system introduced and forced 
farmers into cash crop production and commercialized 
agriculture. British metropolises remained linked to India 
by establishing metropolis satellite structures (Frank, 
1970). They diverted agriculture in order to supply raw 
materials to industries in England, which transformed 
Bengal into a market for finished products for England. 
As Boserup’s (1970) literature would suggest changes in 
the production of agriculture effects women and the land, 
their roles, and the decline of women’s equality from pre-
colonial to colonial times. Thus, the conflict between 
gender and class relations becomes more apparent. 
Although Bangladeshi women contribute to the majority 
of agricultural production as well as within the informal  

IEEE eXpress Sample eBook, page 1314



 
 
 
 
sectors of the economy, they are still suffering from non-
paid and undermined informal household and farming 
labour.  

Another important contribution to the discussion on 
gender and class relations relates to the British 
educational policy that created a Hindu educated middle 
class in Bengal known as “gentlemen” (bhadralok). 
According to Gramsci (1971) this class would fall under 
the category of “organic intellectuals.” Organic 
intellectuals are involved in various bureaucratic and 
professional duties that are necessary to mediate British 
rule in India. Muslims in India refused to collaborate with 
the British and rejected learning English as Muslim 
religious leaders declared the English language the 
language of “kafirs” (infidels). Therefore, in Bengal, 
Muslims are behind in education when compared to 
Hindus. This Hindu-Muslim differentiation later resulted in 
separate religious sentiments, movements and 
nationalism to preserve Indian Muslim culture. Thus, in 
1947, this division led to the Pakistani acquisition of 
Bangladesh (East Pakistan). 

With new rule, Pakistan introduced development 
projects which favored West Pakistan’s own interests. 
This generated class and regional inequalities between 
West and East Pakistan. Once Bengali petty bourgeois 
articulated nationalist discourse on the basis of economic 
and political exploitation, they started to identify political 
and economic discrimination in the Pakistan public. As a 
result, in 1971 East Pakistani people revolted, and East 
Pakistan became Bangladesh.  

The development programs in Bangladesh created a 
parasitic class, who misspent public funds and caused 
the entire country to become impoverished. Huge foreign 
aid poured into Bangladesh in the name of public 
projects, but these funds were mishandled by the corrupt 
ruling class. This exacerbated the already terrible 
conditions for poor people.  

A third factor contributing to the feminization of poverty 
today is globalization. Free market capitalism, 
globalization, democracy and technology are not 
worthwhile in Bangladesh, and worsen poverty, 
especially for women. This is because, macro-policies 
and programs are bureaucratic in nature (top down), and 
do not consider globalization’s exploitative processes on 
Third World nations.  

The invasion of multinational corporations is similar to 
the process of colonization. Multinationals come into the 
country of their choice, and exploit the people, the 
government and the resources, in the name of business. 
Like colonization, this changes the role of women in 
society and affects their human rights. Although the 
multinational corporations create some jobs in 
Bangladesh, these corporations care only about profits, 
which results in uneven economic growth in the country. 
For instance, in order to increase profits, multinationals 
find cheap labour and resources. Small businesses fail as 
they cannot compete with multinational products. In  
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addition, multinational corporations ruin the environment 
and therefore people have no lands for agriculture, which 
is needed for survival. As Professor Patricia Stamp 
urges, we should not pressure nature for human benefit 
(Stamp, 1989). Human rights are also affected by 
multinational corporations. People are left to live in 
poverty, with no options for fighting against multinational 
corporations. In particular, women have no right to 
complain about work or complain about poverty and 
injustice as they have no power. Unfortunately, the 
Bangladeshi government relies on the money of 
multinational corporations and so they do not want to be 
rid of them. 

Globalization literature (also referred to as 
“modernization literature”) ignores traditional values and 
Third World countries are often depicted as falling 
behind. Professor Patricia Stamp disagrees with such 
literature and argues that it is not a question of whether 
such Third World societies are “behind,” but rather, 
modernization imposes Westernized views that are not 
tailored to consider the economic, political and social 
practices of traditional Third World societies. Edward W. 
Said (1978) has noted that “orientalism” (the erroneous 
Western tendency to view all Middle Eastern and Asian 
cultures as a kind of homogenous whole and to place 
them within a false framework that is opposed to our 
own) is man-made for the West. The relationship 
between the Occident (Britain and the U.S.) and the 
Orient (Middle East and East Asia) is a relationship of 
power, a domination of hegemony. The interaction 
between the ruling classes and the state is the end result 
of a historical process to keep the country undeveloped 
(Said, 1978). This is very true as we note the effects of 
western capitalist goals with respect to modernization. 

Diane Elson (2003) provides some insight into 
becoming gender-aware in macro-economic policies and 
government budgets. She notes the importance of unpaid 
reproductive labour and the dynamic between gender 
inequality and capitalist markets. Macro-economic policy 
developments need to be evaluated and adjusted to 
reorganize gender differences with respect to economic 
growth.  
 
Attempted solutions 
The Bangladeshi Constitution calls for equality of all 
citizens before the law and no discrimination against any 
citizens on grounds of religion, race, sex, or place of 
birth; right to protection of the law; protection of right to 
life and personal liberty; freedom of speech, profession or 
occupation; rights to property; and enforcement of 
fundamental rights through courts of law. Any laws and 
enactments inconsistent with fundamental rights are void. 
The constitution of Bangladesh guarantees equal rights 
for women and men. However, there is still a large gap 
between the law and its actual implementation.  

Article 25 of the Bangladeshi Constitution is vital to this 
discussion because it addresses the fulfillment of basic  
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needs. Everyone has the right to a standard of living, 
adequate for the health and well-being of himself and of 
his family, including food, clothing, housing, medical care 
and necessary social services. However, in the 
constitution a provision for the same is made in Article 15 
that the fulfillment of these basic needs is not a matter of 
rights, but rather, a state responsibility, which was 
unfortunately not included in the fundamental rights 
chapter of the Constitution. The above points illustrate 
that the constitution provides for the fundamental rights of 
its citizens, but fundamental needs are not fully 
recognized as rights of citizens. In addition, Article 10 of 
the Constitution notes, “Steps shall be taken to ensure 
participation of women in all spheres of national life.” 
(BMSP, 1997). Ironically, the bottom 50% of 
disadvantaged poor people specifically is struggling to 
fulfill their basic human needs.  

Although the Constitution of Bangladesh appears to 
strongly approve gender equality and positive action that 
guarantees women’s full participation in the social, 
economic and political life, it is clear that full support is 
absent. There is a separate ministry for women’s affairs 
and although some steps have been made to reduce 
gender inequality, some laws still lag behind and many 
discriminatory practices are found in the customary laws, 
which still remain in force.  

A solution that was offered to assist poor women in 
Bangladesh began with Professor M. Yunus. Professor 
Yunus is the founder of the Grameen Bank. This 
organization argues that welfare or handouts do not help 
poor people (Yunus, 2002). Instead, the poor remain 
unskilled and continue to live in poverty. Grameen Bank 
credit creates opportunities for poor women in 
Bangladesh to help poor women educate themselves and 
overcome poverty.  

Grameen Bank, a locally initiated model, provides credit 
to rural poor women without collateral. They serve 4 
million families and provided 4.5 billion US dollars to its 
borrowers across Bangladesh. The credit recovery rate is 
99% (Grameen Bank, 2005). It has not only had 
tremendous success in generating income to the bottom 
50% disadvantaged women, but it has also empowered 
them to make choices, have a voice, and gain 
opportunities and bargaining power. It views credit for 
self-employment as a fundamental human right, which is 
a powerful weapon that grants access to other resources. 
Grameen Bank has helped poor women break out of the 
cycle of poverty by increasing the income of its 
borrowers. Grameen clients are able to overcome the 
deprivation of basic human needs and fundamental 
human rights.  

Following the Gramen Bank model, other micro-credit 
organizations (Bangladesh Rural Advancement 
Committee, Association for Social Advancement, 
PRISHIKA, PKSF) in Bangladesh are also now providing 
credit to poor village women for income generating 
activities. Various studies in Bangladesh show that credit  

 
 
 
 
programs have a positive impact on the reduction of 
poverty. Kofi Annan (2005), the former Secretary General 
of the United Nations, said on January 15, 2005 that 
micro finance has proved its value in many countries as a 
weapon against poverty and hunger. It really improves 
peoples’ lives, especially the lives of those who need it 
most (Annan, 2005). Therefore, it is very important for 
poor women to have an economic income base that can 
open the door to other social and political rights for 
women, equality, freedoms, as well as struggle against 
the violations of their human rights and social injustice.  

International organizations also play a vital role in 
helping to reduce the feminization of poverty. One such 
organization is the United Nations (UN). The United 
Nations has helped the world become more aware of this 
problem. A new strategy has been proposed by the UN 
that will include trying to implement development 
programs through the government. For instance, the 
Millennium Development Goals (MDGs) were agreed 
upon at the United Nations Millennium Summit in 2000 
and include: (1) to half world poverty by 2015; (2) to 
achieve universal primary education and (3) to promote 
gender equality in order to help empower women. 
However, as previously discussed, some corrupt 
government bodies divert funds for their own 
preferences. Furthermore, rural poor people are not 
considered a priority in the government fiscal budget 
agenda. Poor people are suffering from the 
disadvantages of national budget resources. However, 
Women’s equal access to financial resources is a human 
rights issue. 

Other international organizations include, The World 
Bank, International Monetary Fund (IMF) and the World 
Trade Organization (WTO). These organizations took 
Third World countries and tried to push structural 
adjustment policies (SAPs) without tailoring the SAPs to 
each country. SAPs were intended to help the economic 
disturbances in Third World countries like Bangladesh. 
However, foreign debt adjustment did not consider 
gendered responsibilities in and outside the home. The 
World Bank promotes economic progress in developing 
countries. They try to raise productivity to help people live 
better lives. Their priorities are at the macro-level, but 
have less impact at the micro-level. IMF monitors 
international finance, encourages financial cooperation 
between countries, lobbies for state exchange rates and 
assists governments with debt. However, IMF does not 
specifically address women’s issues. It does not focus on 
poverty reduction and its main concern is economic 
growth. Equal economic growth is also not addressed. 
IMF does not provide hands–on assistance. Their SAPs 
are designed only to correct maladjustments in their 
balance of payments. The WTO was formed in 1995 and 
its basic principle is that all 125 member countries must 
abide by WTO rules. Rules include barriers on tariffs, 
intellectual property rights, and investment and trade 
relations. However, the WTO does not address 
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worker’s rights and poverty. 

A proposal offered by the World Bank and the IMF was 
the greater funding and implementation of non-
governmental organizations (NGOs) through apex 
funding. The involvement of apex funding was required in 
order to help monitor the activities of NGO’s. Otherwise, 
there would be an overlap of resources in some areas, 
leaving other areas with nothing. The autonomous apex 
funding body in Bangladesh is called the Pally-Karmar-
Foundation (PKSF). They take funding and distribute it to 
NGO’s and coordinate and monitor NGO activities. The 
advantages of this model include, less government 
control, and funds go directly to NGOs. NGOs provide 
services directly to the people. Some NGOs are working 
for mass education, some are involved in primary health 
care services, some provide agricultural support services 
and some promote women’s human rights. The majority 
of NGOs are now involved in micro-credit programs, 
which target poor rural women and promote income-
generating activities. Through diversified NGO activities, 
village people are connected to various development 
programs. The Ain-O-Salish Kendra undertakes a variety 
of programs to improve people’s awareness of legal and 
human rights. Mohila Samity (Women Association) runs 
various programs to help women achieve self-reliance. In 
particular, in Bangladesh, many NGO’s work with women; 
this is a massive thrust toward women’s equality and 
progress.  

Two international organizations born in the west include 
the Canadian International Development Agency (CIDA) 
and the US Agency for International Development 
(USAID). CIDA supports sustainable development in 
developing countries. They hope to help reduce poverty 
and make the lives of poor people more secure and 
equitable. CIDA also supports democratic development. 
Its program is based on the Millennium Development 
Goals (MDGs) developed by the United Nations. CIDA 
has 4 main priorities: 1. social development; 2. economic 
well-being; 3. environmental sustainability; and 4. 
governance. There is a greater emphasis on human 
rights issues, democracy and good governance to help 
reduce corruption by governments. Also, equitability 
between men and women is promoted and supported by 
CIDA. The CIDA approach is more appropriate for 
Bangladesh in order to increase gender equality, human 
rights and human capital development of poor women.  

On the other hand, US foreign assistance has always 
had the twofold purpose of furthering America’s foreign 
policy interests in expanding democracy and free markets 
while improving the lives of the citizens of the developing 
world. USAID appears to be very general and vague 
about their policies and work in developing countries. 
Their policy objectives focus on economic growth, trade 
and democracy, and conflict prevention. USAID is 
unclear about how it helps economic growth and 
eradicates poverty. They do not focus on women’s 
human rights and equity. They focus on terrorism and  
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weapons of mass destruction. Oddly, education is not a 
priority even though education is a basic requirement for 
human capital and for human rights. Thus, it is clear that 
CIDA support is more oriented to promoting human 
rights, reducing poverty, and macro- and micro-level 
social and economic development in developing 
countries. Conversely, USAID is more concerned with US 
interests like foreign policy, commercialism, trade, 
globalization and an emphasis on capitalist democracy 
within a US context.  

The purpose of these organizations is to stabilize 
currency and ensure free trade. Yet, none of these 
organizations have yet emerged as key contributors in 
Bangladesh civil society (Quadir, 2003). The big three 
(World Bank, IMF and WTO) reflect the interests of the 
capitalist powers. In fact, there is public opposition 
against some World Bank policies. Not only do people 
feel that these institutions develop devastating SAPs 
which negatively affect the poor, but feminist scholars 
also believe that the World Bank ignores women’s issues 
and maintains gender inequality. Currently, a piecemeal 
system exists between NGOs and civil society. They 
need more coordination so that a complete package is 
implemented at the grass-roots level. Therefore, 
Bangladesh needs a national NGO who solely deals with 
the village people to counsel, advocate and lobby for 
women’s human rights, stand against dehumanization, 
and work for victims assisting them in legal issues and 
prosecution.  
 
Directions for the future 
As public and private sector formal jobs are limited, 
government resources and support for the villages is 
bleak. Rural poverty is increasing at an alarming rate in 
comparison to its population growth. Therefore an 
independent income program, a universal education 
program and strong law enforcement can create the 
potential to enhance women’s income, awareness, 
capabilities and status at home and in the community. 
Income and gender specific programs can benefit women 
because “micro-finance is a vital means for income 
generation, social inclusion, and empowerment” 
(Chowdhuray, 2005). The Grameen Bank program has 
proved the success of micro-credit. Distressed women 
are provided with education, skills, training, credit, and 
other support services for income generating purposes. 
This leads to economic progress, a boost in family and 
social status, independent decision-making, and the 
development of self-confidence that empowers. Women’s 
empowerment may lead to government participation at 
the local level. This participation is important for 
achieving the goals associated with women’s human 
rights.  

Increased human capabilities have a positive impact on 
both gender equality and economic growth (Nassubum, 
1988). Studies conducted by Dollar and Gatti (2003) and 
Seguino (2003) illustrate a positive relationship between  
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gender equality, efficiency and economic growth. In 
addition, Seguino (2003) suggests that there is a trade-off 
between gender equality and economic growth. 
Therefore, investment in human capital will improve 
efficiency and will inevitably have a positive impact on 
economic growth.  

Micro-level programs, such as micro-credit, will help 
eradicate social discrepancy, gender inequalities, and 
other social catastrophic activities, which affect the poor 
women in rural Bangladesh. However, programs such as 
Grameen Bank (GB), along with other micro-finance 
institutions, only serve 14 million rural people composed 
of GB 4.00 million, PKSF 5.2 million, Bangladesh Rural 
Advancement Committee (BRAC) 3.9 million, and Others 
1.00 million and therefore, a large population still has no 
access to financial services. Therefore commercial banks 
and other financial institutions need to be government 
regulated to simplify collateral conditions and reduce 
banking bureaucracy.  

Raising awareness through legal education and reform 
can challenge existing public policies and laws to 
empower victimized women. As Paulo Freire (1981) 
would suggest, ignorance leads to unequal power and 
exploitation. Thus, the government should promote and 
execute universal compulsory primary education with a 
special emphasis on female education. This will help poor 
women develop human capabilities and human dignity.  

 Besides education, the government needs to initiate 
greater support at the social, economic, and political 
micro-level. For instance, rural poor women are involved 
in informal agricultural and non-agricultural work. Their 
work is not included in the country’s economic production 
and social reproduction goes unnoticed. Because of the 
domestic (household) nature of this work, it is 
stereotyped as “women’s work” which leaves poor 
women out of the fiscal budget. Therefore, the 
government should develop labour intensive special 
income generating projects in the rural areas for these 
poor women so that their activities will be included within 
the development programs. 

In addition, deficient macro-policies can easily limit the 
development of poor women. A micro-economic policy 
framework for maintaining poor women’s development 
may be more conducive to sustainable development and 
poverty reduction. Social mobilization is a pre-condition 
for improving the access, equity and quality of public 
services available at the local level. The government of 
Bangladesh can implement a massive social mobilization 
program to encourage rural communities to solve their 
own common concerns and share any available local 
resources among themselves.  

A special judiciary bench may be established at the 
district level to deal with violence against rural poor 
women and to enforce laws regarding trafficking, dowry, 
rape, forced prostitution, and acid throwing. Courts at the 
local level need to criminalize and penalize the traffickers, 
syndicates and operators. At the same time, the victims  

 
 
 
 
of these crimes need to be empowered in order to help 
them rebuild their lives. This can be accomplished 
through rehabilitation in health and the provision of other 
social services. Men should be made to take 
responsibility for their sexual behavior and so the courts 
need to strictly enforce the existing laws with the help of 
honest law-enforcing personnel. 

Margaret Shuler’s “Strategy Matrix” provides techniques 
to work with the structural components of the law, so that 
we may find a strategy to assist women in Bangladesh 
who face violations of human rights. Strategies need to 
improve women’s access to the legal system and 
services. The gender network committee at the upzilla 
(sub-district level) can be set up to monitor legal actions 
and enforcement of legal laws for establishing women’s 
human rights.  

At the same time the international community should 
also come forward and create pressure for governments 
to take serious action and to eliminate poor women’s 
human rights violations. The Millennium Development 
Goals are an example of such action. However, without 
the development of women, Bangladesh will not be able 
to successfully accomplish their MDGs. Therefore, if a 
country wants to address the feminization of poverty, it 
also needs a clear definition of who constitutes poor 
women (bottom 50%) so that any projects or programs 
designed to assist poor women can be exclusively 
created for the bottom 50% of women. Figure 1 
summaries a human right framework for the empowered 
of marginalized women in Bangladesh. 

Although this essay covers all three MDGs as well as 
their targets and indicators, I want to stress the urgent 
need to include another target under the first MDG. That 
is to establish poor women’s human rights by promoting 
income generating programs and self-employment 
through the provision of collateral free micro-credit. The 
urgency of this proposition is important as poor women 
often go unnoticed in the development agenda, as they 
are invisible in society (Hick, 2004). For instance, the 
MDG that promotes universal primary education is too 
general, and does not specifically target poor women. 
Without being clearly targeted, women will be left out of 
education because of extreme poverty. Although the 
Bangladesh government has a good policy with respect 
to increasing literacy rates, this policy will only reach the 
poor with good governance and strong support for such 
national strategies. Good governance and government 
support is essential for ensuring that poor women are 
enrolling in vocational training and technology programs 
and continuing universal education.  
 
CONCLUSION 
The researcher believes that an independent income 
program can create the potential to enhance women’s 
status at home and in the community. The Grameen 
Bank program has proved this through its micro-lending 
program. As Kabeer (2003) notes, by increasing women’s  
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Figure 1:  Human Rights Diagram for Bottom 50% Poor Women in Bangladesh. 
 

 

 

 

 

Figure-1:  Human Rights Diagram for Bottom 50% Poor Women in Bangladesh. 

The figure below summaries a human right framework for the empowered of marginalized women in Bangladesh. 
 
Internal Factors                                                                            External Factors    
                           

Patriarchal society                                                                   Post British colonial effects                          Achieve Human Rights  
Fundamental Islamic                                     Pakistani regime      
 values  
Weak civil society                                                                   Global commercialization  
Natural disasters                                                                     Free market/Indian product                                                                    
Lack of Good                                                                          Western macro-economic policies 
Governance                         Structural Adjustment     Structural Adjustment Policies  
      N           No political economy   
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Government  Support  and  Law Enforcement  

 

 

                                

 

 

Able to fight for fundamental human 
rights 
Challenge patriarchal society 
Empower women 
Stable economic base 
Fostering creativity 
Raise capability  
Develop self-esteem 
Increase power 
Increase choice 
Increase voice 
Increase status 
Participate in village activities 
Family counseling for neighbors 
Develop logic/rationality 
Increase thinking power 
Use intelligence  
Send children to school 
Afford health care  
Buy food, clothing, shelter, 
Increase calorie intake  
Learning through experience 
Increase income  
Start economic base 
Start income 
Self-employment 

 

 

 

 
 

Poverty 
Poor women  
No economic base 
Landless & no assets 
No access to resources 
No income 
Suffers from low food intake, 
No clothing or shelter 
No health care facilities 
No education 
No skills   
No voice   
No choice 
Dependent on rich people/ 

Money lenders 
No decision-making power 
No status 
No power 
No self-actualization 
Exploited & suffers from lack of 
Fundamental Human Rights 

 

Action Programs: Credit + Social Capital Development by NGOS  

 Provide collateral free credit to groups of peoples; 

 Provide vocational training and mass education;  

 Raise awareness;  

 Support small businesses; 

 Motivate contact with outside family networks;  

 Increase physical mobility;  

 Social and cultural mobility. 

 
 

 
 

income, women can have an increased number of 
choices, networking, greater household decision- making 
power, greater social status, and greater sense of 
confidence and independence. Women’s empowerment 
can enable women to oppose authoritative patriarchal 
power structures through collective action. 

Empowering women through education is a big key to 
change. Otherwise, their human capabilities will not 
develop, and rich people will eat the fruits of the economy 
while exploiting and abandoning the poor people. 
Therefore, there must be opportunities and choice 

provided for them. This will help to develop their human 
capabilities and help reduce poverty among women.  

Other social, economic and political support at the micro 
level can assist poor women in the development of their 
human capabilities. For instance, the rural population 
needs to operate a variety of self-employment activities. 
Access to capital via diverse micro-credit and micro-
enterprise targeted loan schemes helps to remove the 
credit constraint and hence accelerates the exits out of 
poverty. Grameen Bank is proofs that micro-credit can 
create economic and social capital among the rural poor  
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women in Bangladesh (Dowla, 2001). These programs 
can help to eradicate social discrepancy, gender 
inequalities, and other social catastrophic activities that 
affect the bottom 50% of women in rural 
Bangladesh. Figure 1. 

Women’s human rights development discourse differs 
between developed and developing countries. There are 
various approaches discussed by different authors within 
the literature. The literature helps us to understand 
problems and the position of women in Third World 
countries. However, I am inclined to agree with Patricia 
Stamp (1989) and Chandra Mohanty (2003) when they 
stress the importance of analyzing the use of the 
literature in development discourse. More specifically, the 
literature should be used to promote poor women’s 
human rights in Bangladesh, but in such a way that 
accepts that not all the traditional values of Bangladesh 
are a constraint to development discourse and practice, 
and not all Western ideologies can be applied to 
Bangladesh without considering local contexts. As 
Beneria (1970) would suggest, development relates to 
Third World countries, gender and globalization, 
economic adjustment and feminist economics. These 
themes should be examined as interrelated dimensions 
that are relevant to external factors affecting the 
Bangladesh poverty process and inequality. Freire (1981) 
notes that through constant dialogue and praxis we can 
free each other and free ourselves from oppressors. 
Therefore, people must work together to a find 
permanent freedom. 
Margaret Schuler (1986) offers us a method for 
understanding and challenging the current legal system. 
Her concept of the structural component of society (that 
is, courts, administrations and law enforcement) should 
be challenged through advocacy. Building networks 
and organizing public and private protests and rallies can 
help to fight against women’s exploitation. In addition, 
activities such as seminars, conferences, workshops, 
community education, mass media campaigns, and 
publication of scholarly works, dissemination of 
information through popular literature, comic books, 
posters, dance, brochures, theatre, and poetry can 
initiate programs for women designed to help them claim 
their inherent rights.  

Furthermore, the laws should be reformed in order to 
allow women freedom to claim their property rights, and 
freedom of choice. At the same time, the law needs to 
raise awareness through legal education to reform 
unequal power for social justice in the society. Greater 
government intervention and less government corruption 
is also needed to assist these women.  

All over the world, poor women are living such inhuman 
lives and are exploited by government and the powerful 
elites. Therefore, it is urgent that we work to establish 
basic human rights for the poor women. It becomes a 
question of morality and thus, our duty to help these 
disadvantaged people survive in society. Empowerment  

 
 
 
 
and autonomy of women and improvement of women’s 
social, economic and political status is essential for the 
achievement of both a transparent and accountable 
government, as well as sustainable women human rights 
in Bangladesh. 
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In this paper the concept of risk management and its applicability to business operations in Nigeria with a view 
to raising the banking firm’s performance was brought into sharp focus.  We employed three research 
methodology approaches: descriptive, industry and economic analysis models in the study to investigate the 
applicability or otherwise of risk management techniques and corporate governance principles to raise banking 
sector’s performance in Nigeria.  Findings showed that (1) Nigerian banks indulged in excessive risk taking and 
never cared to apply risk management techniques over the years thereby leading to total collapse of majority of 
them, (2) Causes of bank failures arising from poor risk management are giving loans without proper appraisal 
and documentations, giving loans to public (political) office holders with their positions (status) as collaterals, 
poor internal control system, insider abuses, poor corporate governance practice, financing illicit contracts, etc 
and (3) Banks carry various kinds of risks in their normal business of banking such as lending and borrowing 
and other financial services activities.  We therefore recommend that if full application of risk management 
techniques and concepts embedded in the basic principles of corporate governance and revival of culture of 
trust in our society and among bankers and their customers are brought to bear (applied) in the business of 
banking in Nigeria, the banking sector’s performance will greatly improve thereby raising the economic growth 
of Nigeria in the years ahead. If our recommendations in the paper are applied to the letter they will reduce, to 
the barest minimum, corruption and lack of application of risk management techniques and corporate 
governance in the Nigerian business environment, so to speak. 
 
Key words: Risk management, corporate governance principles, business environment, Nigeria. 
 
 
INTRODUCTION 
 
Profit maximization or rather maximization of shareholder 
wealth has been regarded as the main driving force of 
any business organization (Philippatos, 1974). A firm with 
good management will certainly make continuous efforts 
to ensure that it chooses the right combination of 
investments, financing as well as dividend policy 
decisions that will maximize its value to its shareholders 
(Azeez, 2010).  This drive affects its expected risk-return 
characteristic.  Given the fact that the return to 
stakeholders is not known with certainty, risk is always 
imminent. 

Van Horne (2001) views risk as the possibility that 
actual return will deviate from that which was expected.  
Expectations are continually revised on the basis of new 
information about investment, financing and dividend 
decisions of the firm.  In other words, on the basis of 

information about these three decisions, investors 
formulate expectations as to the return and risk involved 
in holding a particular stock. 

Rational investors have the habit of seeking to know 
what the compensation for an investment is likely to be 
before they put their capital in that investment. The 
expected return is termed as return. Risk arises from the 
uncertainty of the actual return which may not be the 
same as the expected return. 

A lot of factors contribute to this deviation from 
expected returns which include change in government or 
fiscal policies that can result to interest rate going high or 
low, increase in taxes, advances in technology, threats of 
competitors, terrorism threats and so forth.  As a result of 
these challenges, business firms face one form of risk or 
the other in their operations (Azeez, 2010). 
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However, where these risks are not properly managed, 
there is every possibility of the investors‟ income or 
capital being lost or even in some cases both are 
completely erroded.  To cover or tackle this uncertainable 
there is need for investors to devise risk management 
techniques in order to effectively manage the risks that 
they face in the day to day operations of their businesses.  
As once said by Carter (1995) in Azeez (2010) “we 
bankers must develop cultures that foster and reward the 
management of risk.  We must continually update our risk 
management policies to ensure that they reflect changing 
industry dynamics”. 

According to Dickson (1991), the concept of risk 
management requires the identification, evaluation and 
economic control of those risks, which threaten the 
assets or earnings capabilities of a firm.  The adoption of 
risk management techniques (or models) makes it 
possible for the exposure of the business to different risks 
to be managed properly.  This means that given certain 
promised return, a less risky investment will be favoured 
over the more risky investment.  In this dynamic and 
unstable global business environment of today, investors 
may not be advised to put risk management techniques 
in place (more especially in most developing economics 
of the world like Nigeria where not many companies have 
risk management techniques in place) to ensure the 
survival of their investment and returns (see Azeez). 
 
Statement of the problem and the research questions 
All kinds of businesses whether banking finance, retail, 
construction, oil and gas, name it, are surrounded by one 
form or risk on the other.  In other words, business firms 
cannot exist without some form of risk surrounding them. 
However, not all businesses put risk management 
techniques in place despite all the risks they are 
surrounded with more especially in the Nigerian business 
environment necessitating this study. The investors or 
business managers are not proactive enough in other 
words, they do not plan against these risks, they just wait 
for the eventualities to happen then they start 
contemplating on how to overcome the eventualities.  
This is fire-fighting kind of management style as put 
forward in (Hicks and Gullett, 1981). 

Therefore, the hypothesis proposed for this study is: 
Risk management is significantly relevant to business 
operations in Nigeria like the banking firms.  The reason 
is that not all business firms see risk management as one 
of the most important functions or objectives to be 
pursued in the course of piloting the affairs of their 
companies even the big players in the economy like 
banks and telecommunication companies are in this 
category, because of this   the Central Bank has put 
practice of risk management and corporate governance 
to be a must but not all have been abiding by it. Yet they 
have not been complying with the regulation in some like 
the credit risk issue in which the government had to bail 
out eight commercial banks such as Oceanic Bank of 

 
 
 
 
Nigeria Plc, Intercontinental Bank Plc, and others in 2009 
during the global financial crisis and just recently, three of 
the former eight troubled banks again had to be rescued 
from total failure through an abridged bank model 
arranged by the Central Bank of Nigeria (CBN), to 
redeem them, to be specific. 
Three questions will therefore need to be answered by 
this study: 
1. Has risk management and corporate governance any 
relevance in managing business operations (including the 
banking firms) in Nigeria? 
2. Why do business firms need to devise risk 
management techniques usually encapsuled in the 
principles of corporate governance in managing Nigerian 
firms (including the banks)? 
3. Can risk management practices be incorporated into 
corporate governance principles in the process of 
managing Nigerian firms (including the banks) and how? 
 
By the time these questions raised in this study are 
critically analyzed and tackled, answers to them would 
have led to discover as to how to tackle the issue of 
relevance of risk management in the Nigerian business 
operations in general, and in the banking sector, in 
particular. 
 
Objectives of the study 
The major objectives articulated for this study aim to 
achieve are: 
1. To identify the relevance of risk management in 
business firms by identifying the various classes of risks 
likely to be faced by Nigerian businesses, their 
consequences on income and capital if not managed and 
then make recommendations on the application of risk 
management concept or model if found useful.  This will 
also be based on enshrining principles of corporate 
governance in all our business operations practice with 
the banking firm inclusive. 
 
METHODOLOGY 
In this paper, we adopted three approaches employed by 
Uremadu (2005)‟s work: the descriptive industry and 
economic analysis models to discuss meaning, nature, 
scope and features of risk management (embedded in 
corporate governance principles) as applicable to the 
business of banking in Nigeria, in particular and globally, 
in general.  Study also utilized Azeez (2010)‟s data to 
pursue a comprehensive analysis of the work in hand 
especially, from the explorative angle of the discourse.  
Specifically, paper gave a basic definition and meaning of 
risk management and as it applies to the practice of 
banking in the financial services sector of the Nigerian 
economy, reviewed relevant body of literature on the 
concept of risk management in the banking industry as 
well as different methods of risk management in 
commercial banks to obtain an effective and efficient 
operations that will lead to an increased banking  
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performance depicted in high expected returns and or 
higher profitability.  It also centered discussions around 
core risks surrounding the financial institutions, 
established findings from the study and proffered 
solutions that will lead to an improved banking system in 
the Nigerian economy via proper application of risk 
management principles to the increased growth of the 
domestic economy via better performance of Nigerian 
banks in the 21

st
 century world of our time. 

 
LITERATURE REVIEW 
Here we exploratively and analytically review a body of 
literature relevant to the study. 
 
General descriptive, economic and industry 
Analysis of risk management in commercial banks: A 
review 
In all human endeavours not only business, one thing 
that is constant is risk for there is no certainty of success 
in that endeavour.  Different scholars and writers have 
given their views/definitions of what risk is; in other 
words, we have no one single definition for risk.  
According to the Concise Oxford Dictionary in Azeez 
(2010), risk is “the chance or possibility of damage, loss, 
injury or other adverse consequences”. According to 
Sanusi (2007), risk can be defined as the probability that 
outcomes vary from our expectations.  He further argued 
that it is the threat or possibility that an action or event will 
adversely or beneficially affect firm‟s ability to achieve its 
objectives.  Risk is exposure to uncertainty of outcome 
(Cade 1999). 

In general, risk entails two essential components, which 
are exposure and uncertainty.  Risk then is exposure to a 
proposition of which one is uncertain.  In the case of a 
business firm, the presence of risk brings about the 
uncertainty of profit and or success in every investment.  
On the other hand, uncertainty as argued by Cade (1999) 
can also be reflected in the volatility of potential 
outcomes plotted on a probability distribution curve, for 

which the normal measure of dispersion could be either 
the variance or the standard deviation.  In this case, 
the wider the standard deviation, the greater the 
volatility; and thus, in theory, the greater the uncertainty 
or risk, so to say. 

Uncertainty based on a common usage is a state of not 
knowing whether a proposition is true or false.  In this 
case, probability is often used as a metric of uncertainty.  
Still, according to Cade (1999), outcome is the 
consequence of a particular course of action. 

For a business to succeed or survive products must be 
sold and debts must be collected natural hazards such as 
floods, earthquakes, etc. are there to be confronted, so 
also corporate governance issues, corruption, terrorism 
acts, systems failures, etc are to be considered  too.  On 
television and radios, one frequently hears these kinds of 
events happening almost on a daily basis more especially 
in places such as Nigeria where there are weak laws and 
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regulations. It is also common to see headlines carrying 
about news of robberies, oil spillage, kidnapping of 
foreign workers in the Niger-Delta region of Nigeria, and 
so many other similar incidents of like fashion. Therefore, 
it has become imminent for organizations more especially 
the banking firm or industry that by nature is very debt 
massive in its capital structure (Uremadu, 2009) to 
prepare for such events which if (they) happen could 
hinder the normal operations of the business.  This can 
only be achieved by putting in place contingency plans 
such as devising risk management techniques in every 
operation of the banking business or firm.  As has already 
been mentioned earlier, risk is not always bad.  It was 
Suzanne Labarge in Azeez (2010) who argues that risk is 
mismanaged, misunderstood, mispriced or unintended.  
Whereas, Cade (2007) emphasized that risk is to be 
respected not shunned.  He went further to argue that we 
enterprise can achieve anything without engaging in risk 
and the business of banking is characterized by the way 
in which it underpins the financial risks of the community 
too often it must be admitted, at an adequate rate of 
return.  The globalization and for the fact that the banking 
firm‟s capital structure is debt massive and so forth 
(Uremadu, 2009 and Azeez, 2010).  These kinds of risks 
include, credit risk, liquidity risk, political risk, market risk, 
operational risk, interest rate risk, amongst others.  These 
components of risk variables will be considered, in detail, 
on a future study that will involve determining factors 
influencing risk management among the Nigerian banks.  
Writers generally identify between three and ten basic 
risk categories, depending on which they consider being 
primary and which they consider to be secondary which 
they are similar but the emphases often differ (Azeez, 
2010). 
According to Angelopoulos and Mourdoukoutas (2001) in 
Azeez (2011), the risks that surround the financial 
institutions can be categorized into two main categories, 
which are; traditional and non-traditional categories. 
(i) Traditional financial risks are risks arising from the 
basic function of banks and their intermediaries, that is, 
as borrowers, lenders and inventors funds.  They went 
further to argue that traditional banking risks can be 
classified into four categories, namely: liquidity risk, credit 
risk, political and legal risk and operational risk.  
(ii) Non-traditional financial risks on the other hand, are 
risks associated with the liberalization of foreign 

exchange and domestic financial markets, the domestic 
and overseas expansion of banks and their venturing 
to other segments of the financial service sector.  Non-
traditional banking risks include market risks, interest rate 
risk, liquidity risk, price risk and others. 
 
On the other hand, Cade (1999) views solvency risk, 
liquidity risk, credit risk, interest rate risk, price risk and 
operating risk as the most important types of banking 
risks. This is because these types of risks arise from the 
business of banking (Uremadu, 2000). 
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From the foregoing, one will be wondering where are the 
other types of risks such as systemic risk, market risk, 
legal risk, and so forth.  But, in his (Cade‟s) argument all 
fit into the six risks broad types. For instance, he argued 
that “the umbrella termed „market/position risk‟, which 
bridges some of the interest rate and price risks 
mentioned above, has found favour in dealing and 
regulatory circles as a „territorial patch‟ and conceptual 
counterpoint to credit risk (e.g. in the dialogue on capital 
adequacy on emanating from Brussel and Basel). One is 
therefore attempted to adopt it as the lingua franca the 
objection is that it is simply too sweeping as title, that it 
oversimplifies and is likely to be misinterpreted by the 
general reader as embracing many things that it is does 
not (Cade, 1999). 

Whereas, Robinson (2009) argues that it is generally 
accepted that there are three main categories of risk in 
the financial services industry. These three main 
categories include: credit risk, market risk and liquidity 
risk.  It could be inferred that he summarized these risks 
around well known shades of financial risks. 

According to Pyle (1999) risk, in this context, may be 
defined as “reductions in the firm value due to changes in 
the business environment”.  He went further to argue that 
the major sources of value loss are identified as market 
risk, credit risk, operational risk and performance risk. 
 
Risk and reward 
From what we have seen previously in this study, it is 
now apparent that banks and other major operators in the 
financial services industry operate in a high-risk business.  
In other words, financial institutions are highly geared 
financial risk takers.  Also taking these risks responsibly 
can be said to be the business of the management of the 
banks. 

Financial institutions that run on the principle of avoiding 
all risks will be stagnant and will not adequately service 
the legitimate credit needs of the society (Sanusi, 2007). 
A banker or an institution doing a banking business 
cannot just avoid taking risks because  the business of 
banking involves trust level and the trust is relative or 
differs and cannot be fully guaranteed as it involves 
human elements whose hearts are prone to or filled with 
several devices to outwit one another in a competitive 
world.  The Holy Bible, the Bible, established that “The 
heart of man is deceitful and desperately wicked: who 
can know trust it? Jeremiah 17:9 in King James (2007) 
the answer to this question is nobody”. 

Again, according to Furash (1994) in Azeez (2010) 
banks make money by taking risks and lose money by 
not managing risks effectively.  He went further to argue 
that for banks to produce superior shareholder returns in 
current markets, they must take on higher levels of risks 
than in the past (Okafor, 1983 and Uremadu, 2000). 
Whereas, on the other hand, Sanusi (2007) says with 
proper risk management can lead to the bank running 
into murky waters.  This is evident from so many bank‟s  

 
 
 
 
losses and in some cases even bankruptcy.  Typical 
example of these issues can be traced back to as far 
back as 1980s. Merill Lyrich lost $377million in 1987 
through trading mortgage-backed securities in an 
innovative form; Midland Bank also lost a reported 
£116million by guessing on wrong interest rates 
movements.  In 1991, Bank of New England made a 
huge bad debt provisions, suffered a run on deposits and 
had to be supported by the government to the tune of 
$2billion. In 1992, Barclays Bank provided for bad debt of 
£2.5billion, which made it to declare its first loss in the 
history of its operations.  Barving Bank, London‟s oldest 
merchant bank collapsed as a result of losses of 
$830million on speculative propretary position in Nikkei 
225 stock index futures, the collapse of Lehman Brothers 
and the subsequent issues that led to the most recent 
banking crisis of 2007/2008-2009, which is still yet to fully 
recover from that singular scenario. 

According to, Moyi (2010), banks over the past few 
years have taken excessive risks in their business 
activities in order to compete, more especially the Nigeria 
banks have also over indulged in this uncontrolled act 
leading to collapse of many of them as earlier cited 
elsewhere in this paper.  He further argues that these 
issues ranged from giving loans to public office holders 
with their positions as collaterals, poor management 
styles, poor internal controls, insiders abuses, corporate 
governance issues, financing illicit contracts among 
others (see Azeez, 2010). 

In the process of the provision of their service, that is, 
the day-to-day activities of the business, the banks 
assume various kinds of risks as seen earlier in this 
paper.  It is also important to note that the risks that 
surround the bankers‟ principal activities i.e. those 
involving its balance sheet items and other basic 
business of banking are not all borne by banks.  Banks 
should therefore endeavour to always adequately 
diversify the risks they carry in the normal business of 
banking. 
 
Concept of risk management 
At this juncture it is important that we introduce the 
concept of risk management proper in this discourse.  
Over the last decades we have seen a marked 
development in what has become known as risk 
management.  Techniques and methods have been 
developed and redefined which allow for risks to be 
identified, their effects evaluated and the most efficient 
means of control discovered. 

According to Dickson (1991) and Jobst (2007), risk 
management takes a broad view of the problems posed 
by risk.  He went further to argue that it starts by asking 
basic question such as what risks is the organization 
exposed to.  It moves down from there to evaluate the 
likely impact on the firm by looking at the severity and 
frequency of occurrence of the risk.  Having identified the 
risk, and evaluated it, risk management techniques are  
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then applied to decide how the risks that have been 
indentified can be mitigated.  This is the long and short of 
a risk management concept or framework that business 
organizations like the banking firm should adopt in its 
operations to shore up its performance. 

From the foregoing, we can establish that the concept 
of risk management is embedded in the following process 
(a) Risk Identification – risk management takes the view 
that the firm is exposed to risk in a variety of ways and 
any one such way may cause financial loss (see Dickson, 
1999).  Several steps are therefore taken using 
established risk management techniques to highlight all 
areas where the company is likely to suffer.  (b) Risk 
Evaluation – this is the second stage in this management 
process of evaluating the impact of risk on the firm.  
Dickson (1993) states that often this evaluation is made 
in a quantitative manner, that is, without the use of 
quantitative analysis.  In this case, a risk manager could, 
for example, study a flowchart (which is a statistical 
instrument anyway) and make certain quantitative 
evaluations as to the effects which specific events may 
have.  This kind of qualitative risk evaluation is something 
which benefits from experience and those involved in risk 
management invariably falls back on their own 
experience of similar events or situations in measuring 
potential impact of risk. (c) Risk Control – Dickson (1993) 
identifies risk control to be the final stage of the risk 
management process, in which he describes it to be in 
two forms, which are physical and financial.  At the end, it 
is the economic control of risk that is the main objective of 
the risk management department.  After identifying and 
evaluating the risks faced by the firm, the final stage is 
the most important where all the information received will 
be used in order to mitigate (or control) as Dickson (1993) 
calls it the risks faced by the business.  The techniques 
highlighted are on three tiers as follows: 

 
Elimination:  which simply refers to not undertaken the 
project that is associated with the risk, for instance, including 
another factory.  Which could be eliminated by not 
undertaken the project. 
Minimization: this is, in most cases, when the risk cannot 
be eliminated; we are therefore left with the option of 
minimizing its impact.  Dickson (2010) further states that less 
prevention is primarily concerned with minimizing risk, or 
uncertainty of loss. 
Transfer: this is another risk measure also identified by 
many writers (Azeez, 2010).  This is a way of transferring the 
risk of loss to another party.  A typical example is the 
insurance in which insurance premiums are paid to 
insurance companies to cover a particular thing say a 
building against fire, which in the event of fire the insurance 
company will cover all the expenses of the building another 
or repairing that particular building depending on the 
contract. 

 
Risk management in the banking industry 
Risk management is the process by which managers 
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satisfy those needs by identifying key risks, obtaining 
consistent, understandable, operational risk measures, 
choosing which risks to reduce and which to increase and 
by what means and establishing procedures to monitor 
the resulting risk position (see Pyle, 1999).  The foregoing 
treatise could be termed concept of risk management in a 
nutshell. Risk management has become a hot topic in the 
financial sector world over a period of years.  However, 
the recent banking crises of late 2007 and early 2008 till 
date have made both regulators and institutions to rush 
into major efforts to upgrade their risk management 
systems, and focus the management attention towards 
appropriate process for due consideration of the trade-off 
between risk and return in financial management 
decisions or issues (Okafor, 1983 and Uremadu, 2000). 

To explain the techniques used by the financial 
institutions, one must begin by explaining the risks within 
the banking industry and those that the institutions have 
chosen to manage. At this point, it is important to mention 
that not all risks that surround the industry are being 
managed.  According to Santomero (1999) in Azeez 
(2010), have recognized that they should not engage in 
business in a manner that unnecessarily imposes risk 
upon them; nor should they absorb risks that can be 
efficiently transferred to other participants.  In this case, 
he argues that banks should accept only the risks that 
are uniquely a part of bank‟s array of unique value-added 
services. 
According to Oldfield and Santomero (1997) in Azeez 
(2010), it has been argued that risks facing all financial 
institutions can be segmented into three (3) separable 
types from a management perspective.  These include: 
i.) Risks that can be eliminated or avoided by simple 
business practices. 
Ii.) Risks that can be transferred to other participants, and 
iii.) Risks that must be actively managed at the firm level. 
 
In the first case, the practice of risk avoidance involves 
actions to reduce the chances of losses from banking 
activities by eliminating risks that are superfluous to the 
institutions business purpose.  These risk avoidance 
practices comprise of three types of actions.  These 
actions include the standardization of processes and 
procedures to prevent inefficient or incorrect financial 
decisions.  The second is the construction of portfolios 
that benefit from diversification across borrowers and that 

reduce the effects of anyone loss experience is another. 
Lastly, the implementation of contracts with management 
that require employees to be held accountable. 

In the second case, it is the technique of risk transfer or 
reduce highly the inherent risks in their positions.  
Different markets exist for many of the risks borne by 
banks.  A typical example of this can be easily transferred 
by rate sensitive products such as swaps and other 
derivatives (Azeez, 2010).  It is now left to the Nigerian 
banking firms to take advantages and opportunities 
offered by these markets in a bid to utilize and or apply  
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better risk management methods embedded in the 
prescriptions of corporate governance principles.  It is 
high time the Nigerian banker re-orders his properties 
aright in the business of banking practice in the 21

st 

century world. 
 
SUMMARY OF FINDINGS AND RECOMMENDATIONS 
At this juncture, we are going to summary our findings 
and discoveries from the paper and simultaneously state 
recommendations alongside them.  These are as follows: 
1. We discovered from the study that banks and other 
operators in the financial services industry engaged in 
high-risk businesses, that is, they are risk-takers.  
Consequently, it is here and recommended that they 
should try to moderate their risk taking positions, and 

always apply the three main techniques of risk 
performance and profitability. 
2. We found that three main categories of risks inherent 
in the financial services industry or sector are; (i) credit 
risk (ii) market risk and (iii) liquidity risk.  It is therefore 
advisable that Nigerian bankers be mindful of these risk 
categories, identify, diversify, manage or avoid them 
where possible to raise performance and profitability in 
the economy. 
3. Evidence from the study also reveals that financial 
institutions do not completely avoid risks rather they 
manage risks towards growing returns and or profitability.  
This is encouraging as well as instructive to all operators 
in the industry that what is important is positively 
managing or avoiding risks but not completely avoiding 
them. 
4. That Nigerian banks indulged (engaged in excessive 
risk-taking and never cared to apply risk management 
techniques over the years thereby leading to total 
collapse of majority of them. (From 72 banks to now 21 
banks 3 just collapsed on 6/08/2011 most recently out of 
the 8 problem banks Central Bank of Nigeria (CBN) 
asked to recapitalize in 2009. 
5. Study established causes of bank failure arising from 
poor risk management are: giving loans without proper 
appraisal and documentations, giving loans to public 
office holders with their positions as collaterals, poor 
management styles, poor internal control systems, insider 
abuses, corporate governance issues, financing illicit 
contracts and so forth. In this we make quick to 
recommend that banks should avoid or abstain from all 
improper activities during lending that often lead to credit 
defaults and or non performing loans, such as improper 
documentation/appraisals, poor management style, poor 
internal controls, insider abuses, “spinning”, illicit 
trade/contracts and avoid round tripping.  Above all, they 
should instill practice of good corporate governance in 
themselves. 
6. Risk management techniques, concepts and principles 
have been discovered over the years for proper bank 
management practices. It is therefore recommended that 
risk management technique should be properly employed  

 
 
 
 
in the business of banking to achieve direct results and or 
returns. 
7. Banks carry various kinds of risks in their normal 
business of banking such as lending and borrowing and  
other financial services activities. It is therefore expected 
that banks should always adequately diversify the risks 
they carry in the normal business banking. 
8. Finally, paper established that risk control process 
involves (a) risk elimination (b) risk minimization and (c) 
risk transfer. We recommend application of a mix of the 
three processes of risk management techniques by 
bankers and other operators in the financial services 
sector or financial institution in a bid to eliminate, 
minimize and transfer risks in lending and borrowing 
activities to raise their performance and growth of the 
national economy, in general. 
 
CONCLUSION 
In this paper, we have discussed the concept of risk 
management techniques and corporate governance and 
their applicability to business operations in Nigeria with a 
view to raising bank‟s performance in particular and 
national productivity, in general. Using descriptive 
industry and economic analytical models we investigated 
and established that Nigerian banks engaged in 
excessive risk-taking; bank failures are caused by lack of 
application of risk management techniques by bankers 
and that banks carry various kinds of risks in their normal 
business of banking.  We therefore conclude that if 
Nigerian banks fully apply risk management techniques 
and concepts embedded in the basic principles of 
corporate governance, banking sector performance will 
significantly improve thereby leading to growth of the 
domestic economy in the 21

st
 century emerging economy 

to which Nigeria belongs. 
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While significant concerns have been invoked on the material aspects of Islamic finance such as financial 
growth and products sophistication, it is nevertheless observed that equal emphasizes have not been given on 
the issue of ethics. In view of scarcity of literature on the subject and the essence of ethics in Islamic finance, 
this article aims at expanding the faith based moral horizon by advocating ethics as one of the foundational 
dimensions of corporate governance in Islamic Financial Institutions (IFIs).  Unlike the western concept of 
corporate governance which is based on the western business morality that derived from “secular humanist”, 
this article suggests that corporate governance in IFIs is founded on the epistemological aspect of Tawhid, 
Shari’ah and ethics.  
 
Key words: Corporate Governance, Shari‟ah, ethics and IFIs. 
 
 
INTRODUCTION 
 
Islam is neither simply a religion nor a mere ideological 
vision. It is a practical system of life and balance between 
human bodily requirements, spirit and reason. Islam is a 
comprehensive religion and it covers aqidah (belief), 
Shari‟ah and akhlaq (ethics). In contemporary 
perspective, the ideal practice of Islamic finance tends to 
provide evidence about the comprehensiveness of Islam 
by invoking these three core elements.   

Contrary to the ideal assumption that Islamic finance is 
about belief, Shari‟ah and ethics, it is observed 
nevertheless that in actual practice, Islamic finance is 
more anxious on the legal and mechanistic aspect of 
Shari‟ah compliant. At this point, Balz, (2010: 250) views 
that Islamic finance is now experiencing a “formalist 
deadlock” where the industry is more concerned with 
formal adherence to Islamic law instead of promoting 
Islamic ethical values. This is affirmed by El Gamal, 
(2006) when he severely criticized the practice of Islamic 
finance particularly by highlighting the issue of Shari‟ah 
arbitrage. Significant criticisms by numerous scholars 
about the current practice of Islamic finance have led to 
series of questions as to the distinctiveness of Islamic 
finance with its conventional counterparts. Chapra, 
(2010) and Siddiqi (2007) for instance view that the 
practice of Islamic finance seems unable to attain its 

authenticity and share many common similarities with 
conventional finance. As a result, Islamic finance industry 
is also experiencing the impact of recent financial crisis 
such as in the case of closure of Ihlas Finance House in 
Turkey, the Islamic Bank of South Africa and Islamic 
Investment Companies of Egypt. These corporate failures 
raise an issue on the importance of ethics as the core 
element of Islamic finance. 
There are numerous observations about major causes of 
corporate difficulties as experienced by several IFIs and 
one of them is weak of corporate governance (The 
OECD, (2004: 11) defines corporate governance as “a 
set of relationship between company‟s management, its 
board, its shareholders and other stakeholders, thereby 
plays essential function to provide the structure through 
which the company goals are set and the means of 
attaining those objectives and monitoring performance 
are determined”. The IFSB, (2006: 33) defines corporate 
governance “as a set of relationships between a 
company‟s management, its BOD, its shareholders and 
other stakeholders which provides the structure through 
which the objectives of the company are set; and the 
means of attaining those objectives and monitoring 
performance are determined”). The analysis of such 
corporate failures in the existing literature nevertheless is  
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found to heavily emphasize on the aspect of regulatory 
failure, management failure and control failure in 
corporate governance structure. It is observed that there 
is lack of discourse on the issue of ethics or the ethical 
failure aspects in IFIs that lead to such corporate 
difficulties. In view of scarcity literature on this subject, 
this article aims at providing general overview and basic 
understanding on the ethical perspective of corporate 
governance in IFIs. This article adds the previous 
literature on ethics and corporate governance by 
highlighting the distinctiveness of Islamic ethical 
principles and possible mechanism to institutionalize it. 
The remainder of this article is structured as follows. The 
next section reviews western and Islamic literature on 
ethics and corporate governance and section 3 
specifically explains conceptual framework of Islamic 
ethics and its underlying principles. Section 4 attempts to 
highlight possible approach to promote and implement 
ethics by advocating the institutionalization of ethics and 
finally, section 5 concludes the discussion.  
 
Ethics in western and Islamic theory of corporate 
governance 
Becht and Barca, (2001) provide a literature review of a 
number of corporate governance models as possible 
solutions to solving the collective action problem among 
shareholders such as takeover model, block holder 
model, board models, executive compensation models 
and multi-constituency models. Another examination of 
the existing corporate governance theory can be found in 
Lewis, (1999: 33-66) where he examines the Anglo-
Saxon model, the Germanic model, the Japanese model, 
the Latinic model, the Confucian model and the Islamic 
model. Generally, all of these corporate governance 
theories are either developed on the basis of agency 
theory or stakeholder theory orientation.  
The Anglo-Saxon model of corporate governance which 
is also known as market-based systems or shareholder-
value system or principle-agent model is considered as 
the most dominant academic view.  Miller (2004:2) views 
that shareholders value orientation concerns on the 
sovereignty of individual where sole consideration is 
given to shareholders. Stakeholders‟ value model on the 
other hand focuses on a relationship-based model that 
emphasizes on maximizing the interests of a broader 
group of stakeholders (Adams, 2003: 4). Both these 
Western theories of corporate governance tend to focus 
on the mechanism of resolving the agency problems. 
These theories nevertheless have failed to certain extent 
to take into account the element of ethics as an essential 
component of corporate governance. Only after the 
incident of significant corporate failures and financial 
scandals due to lack of ethical consideration, there were 
suggestions to integrate ethics into corporate governance 
framework such as Drennan, (2004), Cladwell and Karri, 
(2005), Arjoon, (2005) and Sullivan and Shkolnikov, 
(2007) (It is reported that the implementation of business  

 
 
 
 
ethics provides positive effects on firms‟ financial 
performance (Spiller, 2002: 150)).  

The notion of integrating ethics as part of corporate 
governance system then raises an issue of philosophical 
foundation of ethics in conventional literature. Basically, 
the ethical dimension in western theory is built on the 
basis of utilitarianism, relativism and universalism 
(Beekun, 1996). The ethical principles that extracted from 
these theories are based on philosophical ethics which is 
constructed from social interaction. All of the universal 
ethical principles which are applicable to corporate 
governance such as accountability, transparency, 
fairness and responsibilities are socially constructed 
through human reason and experiences.  

On the other hand, Islamic model of corporate 
governance advocates comprehensive approach by 
emphasizing the elements of ethics as propounded in al 
Quran and al Sunnah. Unlike ethics from western theory 
perspective, the Islamic ethical principles are divine and 
religious construct. Wilson, (2002: 53) states that the 
Islamic ethics as being enduring and based on holy 
revelation while the ethics in western theory derived from 
social values are more transitory in nature. Al Quran and 
al Sunnah provide guidelines and principles of ethics that 
can be universally applied including in the matter of 
corporate governance. The distinctiveness of corporate 
governance theories from Islamic and Western 
perspectives and its relationship with ethics can be 
summarized as follows: 
Table 1 illustrates the diversity of Islamic model of 
corporate governance with its conventional counterparts 
in six main areas i.e. the episteme, right and interest, 
corporate goal, nature of management, management 
board and nature of business. Unlike the shareholder 
value system and the stakeholder value orientation, the 
Islamic model of corporate governance puts aqidah, 
Shari‟ah and ethics as the main component of its 
framework (This is in line with the IFSB, (2006: 33) where 
it explains corporate governance in the context of IFIs to 
encompass “a set of organizational arrangements 
whereby the actions of the management of IIFS are 
aligned, as far as possible, with the interests of its 
stakeholders; provision of proper incentives for the 
organs of governance such as the BOD, Shari’ah Board 
and management to pursue objectives that are in the 
interests of the stakeholders and facilitate effective 
monitoring, thereby encouraging IFIs to use resources 
more efficiently; and compliance with Islamic Shari’ah 
rules and principles”). At this point, Chapra, (1992), views 
that the underlying Islamic ethical principle acts as a 
moral filter for socio economic justice. In this regard, a set 
of values and ethical principles as defined by divine 
revelation through al Quran and al Sunnah provides clear 
guidelines as to the ethical consideration that relevant to 
corporate governance particularly in setting the standard 
code of behavior of all stakeholders and guiding the daily 
and business activities of the firm.  

IEEE eXpress Sample eBook, page 1330



 4 

PJ Bus. Admin. Manag.   407 
 
 
 

Table 1: The Distinctiveness of Corporate Governance Theories from Islamic and Western Perspectives   
 

Aspects Shareholder Model Stakeholder Model Islamic Model 

Episteme Rationalism and 
Rationality 
Ethics is social construct 

Rationalism and Rationality 
Ethics is social construct 

Faith-based rationalism: Aqidah, Shari‟ah 
and Akhlaq 
Ethics is holy revelation 

Rights and 
Interest 

To protect the interest 
and rights of the 
shareholders. 

The right of community in 
relation of the corporation. 

To protect the interest and rights of all 
stakeholders but subject to the rules of 
Shari‟ah and ethics. 

Corporate goal Shareholders profit Stakeholders and Social 
welfare 

Maqasid Shari‟ah (Maqasid Shari’ah means 
protection of the welfare of the people, which 
lies in safeguarding their faith, life, intellect, 
posterity and wealth (Al-Ghazali, 1937: 139-
140)): Ethics is part and parcel of maqasid 
Shari‟ah 

Nature of 
Management 

Management dominated Controlling shareholder 
dominated 

Concept of Khalifah (vicegerency), Shura 
(consultation)  and subject to Shari‟ah and 
ethics  

Management 
Boards 

One-tier board 
No specific committee on 
ethical issues 

Two-tier boards; Executive 
and supervisory Board/ No 
specific committee on ethical 
issues 

Shari‟ah board or any institution that 
responsible on the Shari‟ah and ethical 
issues. 

Nature of 
Business 

No specific restriction on 
any kind of business  
 

less prioritized 
No specific restriction on any 
kind of business 

Only Shari‟ah and ethical permissible 
activities are allowed.  
 

 
 
 

Ethical dimension of corporate governance from 
Islamic perspective 
Conceptual framework of ethics 
The word ethics is derived from the Greek word ethos, 
which means character or custom (Solomon, 1984:3). It 
represents a wide meaning of character, behavior or 
code of conducts. In Islam, the word ethic is synonym 
with the term adab and khuluq (Siddiqui, 1997: 423). 
These two terms denote good behavior or a standard of 
conduct to be observed in social interactions (Saedon 
and Kamal, 1992: 51-62) or the set of moral principles 
that distinguish right and wrong (Beekun, 1996: 2). In the 
holy al-Quran the term khuluq can be found in Surah al-
Qalam verse 4 as Allah says: “And surely you (Prophet 
Muhammad) have the best form of morals,” and in surah 
al-Shu‟ara verse 137: “There is no other than khuluq of 
the ancient”. Apart from these, the Prophetic hadith had 
also made reference to ethics and morality where Aishah 
reported that that “the Khuluq (Morals) of the Prophet 
was based upon the Qur‟an” and the Prophet says that “I 
have come to complete the code of moral conduct” 
(Muslim).  

In deconstructing the Islamic ethical principles within the 
realm of economic, Naqvi, (1981: 45-57) advocates four 
important axioms that specifically reflect its relevancy in 
determining the rules of economic behavior in a society. 
The axioms of unity, equilibrium, free will and 
responsibility are the basis for deriving a set of ethical 
system and principles that would be appropriate to 
nurture and guide the economic behavior from Islamic 
point of view (The concept of unity refers to vertical 
dimension of Islam whereby man‟s life on earth in its 

entirety relates eternally to God (Naqvi, 1981: 48). While 
unity depicts the vertical dimension, equilibrium denotes 
the horizontal dimension of Islam by which it is a binding 
moral commitment of every individual, institution, 
corporation or any kind of entities to uphold a delicate 
balance in all aspects of lives (Naqvi, 1981: 51). The 
axiom of free will then propagates the concept of natural 
freedom within certain limitation whereby it emphasizes 
on the element of balancing between the „individual 
freedom‟ and „collective freedom‟ (Naqvi, 1981: 52). 
Finally, the concept of „amanah’ or responsibility 
complements the Islamic ethical axioms in which the 
natural freedom that derived from the free will axiom must 
be exercised with full responsibility as a vicegerent and 
trustee of God (Naqvi, 1981: 54)). These divine 
formulated axioms provide very useful guidelines in 
identifying and recognizing legitimate ethical principles in 
economic.  

Another construct of ethics to legitimize the ideal Islamic 
economic behavior refers to the principle of adl (justice), 
amanah (trust) and ihsan (benevolence). Based on the 
ethical axioms of unity, equilibrium, free will and 
responsibility, Islamic ethics must at least have three 
important characteristics namely the criterion of adl 
(justice), amanah (trust) and ihsan (benevolence) 
(Beekun and Badawi, 2005: 134-135). The first feature of 
ethics in Islam requires all individual to behave justly to 
all (Allah says in al Quran “Allah commands justice, the 
doing of good and liberality to kith and kin, and HE 
forbids all shameful deeds and injustice and rebellion: He 
instructs you, that ye may receive admonition” (Al Quran, 
16: 90)). The managers for instance shall treat equally  
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Table 2: Islamic Ethical Principles 
 

Ethical Principles Sources 

Prohibition of Riba (Interest) 
 

“O you who have attained faith! Remain conscious of God, and give up all outstanding gains 
from Usury, if you are (truly) believers” (Al Quran, 2: 278, 2: 275,  3: 140,  4: 161 and 30: 39). 

Prohibition of Maysir (Gambling) “O you who believe! Intoxicants and gambling, (dedication of) stones and (divination by) arrows, 
are an abomination of Satans handwork: Abstain from such (abomination), that you may 
prosper. Satans plan is (but) to excite enmity and hatred between you with intoxicants and 
gambling, and hinder you from the remembrance of Allah, and from prayer: Will you not then 
abstain?” (Al Quran, 5: 90-91). 

Prohibition of Gharar 
(Uncertainties) 

Hadith narrated by Muslim, Ahmad, 'Abu Dawud, Al Tirmidhi, Al Nasa'i, Al Darami and Ibn 
Majah on the authority of Abu Hurayra where the Prophet prohibited the pebble sale and the 
gharar sale. 

Good Character and Behavior 
(Islam insists on obligation to 
observe good character and 
behavior as the Prophet himself is 
sent to us for purpose of 
perfecting the best of character.) 
 

Abd Allah ibn 'Amr said, the Prophet used to say: "The best of you are those who have the most 
excellent morals” (Bukhari, 61: 23).  
 
Hadith narrated by Abu Hurairah, the Messenger of Allah said: "The most perfect of the 
believers in faith is the best of them in moral excellence, and the best of you are the kindest of 
you to their wives" (Al Tirmidzi, 10: 11).  
 
Muadh Ibn Jabal reported that the Prophet said: Fear Allah wheresoever you may be, follow up 
an evil deed by a good one which will wipe (the former) out and behave good-naturedly to 
people” (Al Nawawi, 2001: 35). 

Generosity in Doing Business 
(Generosity in doing business 
refers to willingness and kindness 
in giving away either rights or 
property or times for the benefit of 
others) 

Uthman bin Affan reported that the Prophet said: “Allah will admit to the Paradise a man who is 
lenient as a seller and a buyer.” (Ibn Majah, 3: 2202)  
Jabir bin Abdullah reported that Allah‟s Messenger said: “May Allah have mercy on the 
bondsman who is kind when he sells, kind when he buys and lenient when he demands (his 
debt)” (Ibn Majah, 3: 2202) 

 
 

 

the employees without discrimination. The concept of 
amanah then further characterizes Islamic ethics by 
considering individual as a vicegerent of God and He is 
accountable to Him (In al Quran, (8: 27) Allah says “Ye 
that believe! Betray not that trust of Allah and the 
Messenger, nor misappropriate knowingly things 
entrusted to you”) in which requires him to be responsible 
in whatever he does. Finally, the concept of Ihsan 
represents the core and most important element of 
Islamic ethics. Unlike justice which is mandatory, Ihsan 
denotes what is above and beyond mandatory (Al 
Qurtubi, 1966) (Adl refers to the person‟s inner intentions 
and feelings that should be consistent with the declared 
words and actions, while Ihsan goes beyond that where it 
requires words, actions and intention of certain good 
deeds sincerely realizing he is accountable to Allah (Al-
Qurtubi (1966, 10: 165, as cited in Beekun and Badawi, 
2005: 134)). In this regard, Ihsan requires extra caution, 
effort and good intention where the individual performs 
good deeds with the realization that Allah is watching him 
at all times (In hadith narrated by Umar, the Prophet 
explained ihsan as the act of worshipping Allah as though 
you are seeing Him, and while you see Him not yet truly 
He sees you (Al Nawawi, 2001)). The criterion of ihsan 
then expects all stakeholders in IFIs regardless of 
shareholders, managers, board of directors (BOD) and 
employees to observe the set of Islamic ethical principles 
which is divinely revealed and clearly stipulated in al 
Quran and al Sunnah. 

Ethical principles  
In discussing ethics in the context of corporate 
governance in IFIs, this article highlights several Islamic 
ethical principles that relevant to key stakeholders and 
these include prohibition of riba, maysir and gharar, to 
observe good behavior and conduct with candor, 
courtesy and fairness, to acquire knowledge, diligence 
and competence, to uphold interest of all stakeholders, 
fair competition, transparency, confidentiality and fair 
price and wages. All of these ethical principles are 
extracted and derived from the Islamic ethical axioms of 
unity, equilibrium, free will and responsibility as well as 
the criterion of adl, amanah and ihsan. It is worth noting 
that this list is non-exhaustive. Table 2 

The command to avoid riba, maysir and gharar is 
considered as main characteristics of Islamic ethical 
principles. The prohibition of riba, maysir and gharar is 
clearly mentioned in al Quran and al Sunnah. Unlike the 
western ethical code which is based on social interaction 
in which riba, maysir and gharar are tolerable, Islam 
vividly declares these three elements to be unethical and 
can not be compromised at all times. The remainder of 
the underlying Islamic ethical principles however may 
share some common similarities with the western ethical 
code.  
 
INSTITUTIONALIZATION OF ETHICS IN IFIS 
Institutionalization of ethics is one of the best approaches 
to promote and implement the Islamic ethical principles  
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Table 3 continues: Islamic Ethical Principles 
 

Ethical Principles Sources 

Diligence and Competence (Islam 
also concerns on the quality of 
works where individual is required 
to improve their working standards 
to the utmost and it should be 
maintained constantly so as to 
avoid any occurrence of 
negligence which could harm the 
interest of others)  
 

The Prophet said: "Allah loves to see one's job done at the level of itqan or wisdom" (Cited in 
Al Dimasqi, 2006: 385-388).  
Saidatina Aishah reported that the Rasulullah said: "The deeds most loved by Allah (are 
those) done regularly, even if they are small" (Bukhari and Muslim). 
 

To Uphold Interest of All 
Stakeholders  

Ibnu Umar reported that the Messenger of Allah said: "A Muslim is the brother of a Muslim; 
he does him no injustice, nor does he leave him alone (to be the victim of another's injustice); 
and whoever does the needful for his brother, Allah does the needful for him; and whoever 
removes the distress of a Muslim, Allah removes from him a distress out of the distresses of 
the day of resurrection; and whoever covers (the fault of) a Muslim, Allah will cover his sins 
on the day of resurrection"(Bukhari, 46: 3) 
Anas reported that the Prophet said: "Help thy brother whether he is the doer of wrong or 
wrong is done to him."They (his companions) said, O Messenger of Allāh! We can help a 
man to whom wrong is done, but how could we help him when he is the doer of wrong? He 
said: "Take hold of his hands from doing wrong." (Bukhari, 46: 4).   

Fair Competition (It is universally 
affirmed that unfair competition is 
an act that against human right, 
dictum and principle of morality 
and ethic. The basic premise of 
ethics on competition is to 
promote fair trade, healthy 
competition and ultimately 
consumer welfare in the market)  
 

The Messenger of Allah said: "Do not hate one another and do not be jealous of one another 
and do not boycott one another, and be servants of Allah (as) brethren; and it is not lawful for 
a Muslim that he should sever his relations with his brother for more than three days" 
(Bukhari, 78: 57). 
The Prophet declared that: He who monopolizes is not but a wrongdoer” (Al-Tirmidhi, 6: 23). 

Transparency (Transparency is of 
utmost importance as al Quran 
specifically forbids concealing of 
evidence) 
 

“And if you are traveling and cannot find a scribe, then there be mortgage taken..…and do 
not conceal not evidence for whoever hides it, surely his heart is tainted with sin and Allah is 
knower of what yo dou do.” (Al-Quran, 2: 283).  
Abdallah reported that the Prophet said: "Truthfulness leads to righteousness, and 
righteousness leads to Paradise. And a man keeps on telling the truth until he becomes a 
truthful person. Falsehood leads to Al−Fajur (i.e. wickedness, evil−doing), and Al−Fajur 
(wickedness) leads to the (Hell) Fire, and a man may keep on telling lies till he is written 
before Allah, a liar” (Bukhari, 8: 116).  

Confidentiality (Every individual 
has also duty to keep secret of all 
communications which is 
classified as private and 
confidential unless it is against the 
public interest and justice) 

Hadith reported by Abu Hurairah, the Prophet said: "Whosoever relieves from a believer 
some grief pertaining to this world, Allah will relieve from him some grief pertaining to the 
Hereafter. Whosoever alleviates the difficulties of a needy person who cannot pay his debt, 
Allah will alleviate his difficulties in both this world and the Hereafter. Whosoever conceals 
the faults of a Muslim, Allah will conceal his faults in this world and the Hereafter. Allah will 
aid a servant (of His) so long as the servant aids his brother. Whosoever follows a path to 
seek knowledge therein, Allah will make easy for him a path to Paradise. No people gather 
together in one of the houses of Allah, reciting the Book of Allah and studying it among 
themselves, except that tranquility descends upon them, mercy covers them, the angels 
surround them, and Allah makes mention of them amongst those who are in His presence. 
Whosoever is slowed down by his deeds will not be hastened forward by his lineage” (Cited 
in Al Asin, 1970: 14-15). 

Fair Wages and Price (Any 
practice of excessive price is 
against the Islamic ethical 
principle. Fair policy such as fair 
remuneration and equal 
employment opportunities is 
actually part of ethical 
consideration) 
 

“Withhold not things justly due to others” (Al Quran, 26: 18).  
 
Hakim bin Hizam reported that the Prophet Muhammad said: "The seller and the buyer have 
the right to keep or return the goods so long as they have not parted or till they part; and if 
both the parties spoke the truth and described the defects and qualities (of the goods), then 
they would be blessed in their transaction and if they told lies or hide something, then the 
blessings of their transaction would be lost " (Bukhari, 3: 293).   
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Table 4: Agent of Ethics in IFIs 
  

Agent of Ethics  Functional Roles 

Regulatory Authority To set regulatory framework for sound and proper code of ethics  
- Code of ethics on corporate governance for general usage 

Supervisory 
Authority 

To supervise, monitor and enforce the implementation of code of ethics  
- Enforcement of the code of ethics 

Shareholders To ensure that all investments and business activities are Shari‟ah and ethically 
permissible 
- Incentive for ethical achievement 

Shari‟ah Board To ensure Shari‟ah and ethical compliance  
- Assist the BOD to come out with Code of Ethics 
- Emphasize on ethics in the process of issuing Shari‟ah rulings 

BOD To set the IFIs direction and policies on ethics 
- Code of Ethics for internal usage 
- Ethics as a basis of decision making 

Management To implement set of ethical policies set by the BOD 
- Organizing ethics training  
- Module for ethics programme 
- Enforcement of ethics 

Employees To practice and comply with the code of ethics 
- Ethics as a culture 

 

 
 

as highlighted above in any organization. Basically, the 
process of institutionalization of ethics requires a formal 
initiative to guide key stakeholders in the corporation to 
implement and promote ethics. Such process is very 
important in order to control the problem of ethical issues 
in the corporations (Vitell and Hidago, 2006). The existing 
practice shows that institutionalization of ethics in 
corporation can be in the form of establishing permanent 
board-level committee that responsible to set the policy 
on ethics (Certain companies initiate the establishment of 
ethical committee known as “Defalcation Committee” to 
resolve cases related with ethical issues. This committee 
is an avenue within the internal structure of corporate 
governance in the firm to resolve disputes and cases 
involving violation of code of ethics (Othman and Abd 
Rahman, 2009: 380)), issuance of code of ethics, 
organizing ethics training, reinforcing the employee‟s 
organizational commitment, and encouraging an 
ethically-oriented organizational culture (Sim, 1991). All 
of these actions would be able to create awareness about 
ethics and at the same time to promote the 
implementation of ethics as part of corporate governance 
framework.  

Any action and effort to institutionalize ethics adheres 
most to its key players within the corporate governance 
structure of the organization. This raises an issue as to 
the need for specific agent for such purpose. At this point, 
several key participants of corporate governance either 
external such as regulatory and supervisory authorities or 
internal as in the case of BOD, shareholders, managers, 
employees and Shari‟ah board are considered as agents 
of ethics. Their responsibilities to promote, to implement, 
to practice and to enforce ethics are summarized in table 3.  

The regulatory authorities play a key role in 
promulgating a set of law or code of ethics on corporate 

governance. To complement this function, the 
supervisory authorities have duty to supervise and 
monitor the implementation of this code of ethics 
effectiveness of corporate governance system and to 
check its. Shareholders have responsibilities to ensure 
that all business transactions and investment activities 
are conducted in ethical way. The BOD has responsibility 
to specify the code of conduct and standard of 
appropriate behavior for internal usage. Unlike the BOD, 
the management has fiduciary duty to implement the 
ethical policies and strategies set by the BOD while the 
employees, to practice and observe every aspect of 
ethics as stipulated in the code of ethics.  

The most essential agent of ethics in IFIs is Shari‟ah 
board. Basically, the functions of Shari‟ah board are two-
folds i.e. advisory and supervisory and these include 
advising IFIs in its operation, to analyze and evaluate 
Shari‟ah and ethical aspects of any banking and financing 
activities and to monitor and supervise the extent of 
Shari‟ah compliance. Considering to their expertise and 
knowledge on Shari‟ah and the state of its independence, 
Shari‟ah board shall play an active role to promote 
Islamic ethics and values within the organization. The 
existence of Shari‟ah board within the internal corporate 
governance structure shall be the advantage for IFIs to 
further promote the implementation of ethics in daily 
business activities, decision making process, 
management style, financial products and services and 
etc.  
 
CONCLUSION 
In spite of its similarities and some common principles 
with the western theory of corporate governance, Islam 
adds additional value to the existing governance 
framework whereby it emphasizes on the element of  

IEEE eXpress Sample eBook, page 1334



 8 

 
 
 
 
faith, Shari‟ah and ethics. The foregoing discussion on 
the ethical dimension in Islam further validates the need 
for inserting ethics as part of corporate governance 
framework in IFIs. Islam highly insists stakeholders of IFIs 
particularly shareholders, BOD, managers, employees 
and Shari‟ah board to preserve standard of conducts, to 
observe good ethics, conscience and piousness. Since 
this article is theoretical in nature, further study is really 
needed in order to explore the extent of ethical practice in 
IFIs. This triggers the call for future research to 
complement the existing theoretical studies on ethics with 
appropriate empirical data and information.  
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In an environment of scarce resources and rising government deficits the public not only expects but demands 
greater accountability for the spending of public funds. This demand has created a trend in the public sector, 
not only in the United States, but worldwide, towards the importation of private sector business analysis 
practices to improve government accountability-oriented analysis. One example is increased emphasis on 
return on investment (ROI) analysis in public sector organizations. Development and application of ROI analysis 
is challenging in the public sector since most government organizations do not generate profit necessary for 
calculation of ROI in the manner in which it is done in the private sector. This paper addresses previous 
attempts at using ROI in the public sector, identifying whether these attempts properly used ROI and what 
prevented their ultimate success in terms of use value. This paper argues that properly designed and 
conducted ROI analysis, based on methods used successfully in the private sector, can better reveal how and 
for what goods and services public money is spent and a means for evaluating whether it was spent well in 
providing goods and services. The methodology developed in this study provides a means for comparing the 
value derived from investment and work performed by and for government using an approach to ROI based on 
private sector methods.  
 
Keywords: Return on investment (RIO), public sector, private sector. 
 
 
INTRODUCTION 
Return on investment (ROI) is one of the key methods 
used to quantify the level of success achieved or 
achievable in a business endeavor. The concept of ROI 
is used throughout private industry not only to determine 
past results, but also to evaluate the current situation and 
as a decision making tool for the future. The advantages 
of ROI are clear in that it provides the flexibility to 
anticipate output changes in advance. This benefit results 
in the ability to not only preview the future in a real world 
sense, but also to modify the inputs to the numerator and 
denominator of the equation to model potential courses of 
action for the enterprise.  

Although a useful concept, ROI does not easily 
transition for use in the public sector. Unlike private 
enterprise, the public sector has no “profit” or “total sales” 
to use in the equation (With respect to total sales, 
revenue isn’t directly relevant to ROI, but asset turnover 
ratios can be calculated). The increasing need for some 
method to quantify ROI in the public arena has led to 
multiple attempts from a diverse group of public 
enterprises with varying results (We may note this is the 
purpose of cost benefit analysis wherein, for service 
centers, through estimation of a shadow price a quasi 

profit may be estimated to produce a measure of ROI or 
EVA. This approach is not followed in this paper. On this 
methodology see Anthony E. Boardman, D. H. 
Greenberg, A. R. Vining, Cost Benefit Analysis: Concepts 
and Practice, (Upper Saddle River, NJ: Prentice Hall, 
2001). The Australian government placed increased 
emphasis on what they termed the “value added” 
approach in an effort to determine the output they were 
receiving as a result of budgetary expenditures. The 
Royal New Zealand Navy desired a determination of ROI 
for the implementation of a retention bonus plan used to 
control the attrition problem that was being experienced 
with marine engineers. Both of these results were 
somewhat mixed with valuable lessons learned. The 
United States Postal Service (USPS) met with a greater 
level of success in their effort, due largely to the fact that 
they are run much more like a private enterprise. 
Although not seeking to be “profitable, ” the USPS does 
generate revenue which can be used in the numerator of 
the formula which when divided by the USPS asset base 
in the denominator results in a fairly conventional ROI. 
Finally, the US Navy Dental community effort was much 
more ambitious in that it attempted to convert non cash  
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Table 1: Selected Financial Data for PepsiCo: 2001 (in 
millions of dollars) 
 

Earnings Before Interest and Taxes $4, 181 

Net Income (after Interest and Taxes) $2, 662 

Total Assets $21, 695 

Total Shareholder Equity $8, 648 

Source: Author, 2009 
 

 
 

outputs into cash equivalents in order to closely adhere to 
the traditional ROI formula. The resulting Navy Dental 
ROI was dogged by the questionable accuracy of some 
inputs, but the overall approach remained fundamentally 
sound.  

The previous efforts focused on in this study have 
helped define the need for a new method to determine 
ROI in public sector enterprises. The intent of this paper 
is to review the previous efforts and to develop a new 
approach for attaining this important goal.  
 
Traditional versus notional ROI 
Traditional ROI 
ROI has traditionally been measured in the private sector 
to quantify an organization’s past, present, and potential 
future performance. There are several methods by which 
an organization can determine its ROI. Most compare the 
net financial output of a company, or profit, to the 
financial input. One of the most common methods is to 
compute a percentage return on a company’s assets. An 
organization can determine how efficiently it has used its 
assets by comparing a period’s operating income to the 
total amount the company has invested in the assets that 
produced that income. ROI is traditionally calculated as 
follows (Ray H. Garrison and Eric W. Noreen, Managerial 
Accounting (San Francisco: McGraw-Hill Irwin, 2003), 
542. It may be noted that private sector finance 
researchers sometimes refer to this method as 
"accounting ROI" (or Return on Assets -- ROA)):  
 

assets operating Average

income operatingNet 
  investmenton Return   

 
Net operating income is the difference between revenue 
and expenses, usually before taxes and interest. An 
average asset base is normally used since the amount of 
assets in use may have changed during the period of 
measurement. Regardless of the exact method of 
measurement, a higher return indicates a more proficient 
use of organizational assets and ultimately a higher 
return for its shareholders.  

ROI calculations also may be used to determine the 
potential reward of a single investment decision or to 
assist in choosing between multiple investment options. 
For a single investment decision, forecasted streams of 
revenue are estimated and compared to the expected 
capital investment and operating costs. Under traditional  
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formulations these are compared over the life of the 
proposed project and used to determine an internal rate 
of return (IRR), actually a forecasted ROI. The IRR is 
then compared to a firm’s cost of capital for a single 
investment decision. It can also be compared to the IRR 
forecasted from other investment decisions in the case of 
multiple options to assist in choosing between them. With 
reasonable forecasting accuracy, this becomes an 
effective tool used in the private sector for deciding 
between capital venture decisions.  

There are two methods frequently used to determine a 
corporation’s ROI. Consider an investor deciding whether 
or not to make an investment in PepsiCo in 2002. One 
method for estimating PepsiCo’s future performance is to 
look at its previous year’s use of assets. This is 
commonly referred to as an organization’s return on 
assets, or ROA. This was the method discussed in the 
previous section. Selected data for PepsiCo taken from 
2001 are presented in table 1 (Richard et al. 2004).  

To determine PepsiCo’s ROA for 2001, their earnings 
before interest and taxes are taken from the income 
statement and must be divided by their total assets from 
the balance sheet. The result is then multiplied by one 
hundred to produce a percentage ROA. Thus, for 
PepsiCo in 2001; 
 

19.3%  100 
$21.7B

$4.2B
  (%)ROA   

 
This indicates that every dollar invested in assets at 
PepsiCo yielded 19. 3 cents of return in 2001 (The best 
numerator is free cash flow, with depreciation added back 
in).  

Another, more relevant method to the investor would be 
to determine PepsiCo’s return on equity, or ROE for 2001 
(A significant difference between public and private 
entities is the method of financing. A private entity can be 
financed through both debt and equity, which leads to a 
difference between ROI and Return on Equity or ROE. 
The method of financing a public entity can be taken into 
account in choosing ROE over ROI, such as when a 
project is financed through both bonds and taxation, but 
this subtlety is not explored further in this paper). This 
explicitly gives the return on investor equity in PepsiCo. 
ROE is determined by dividing the net income (income 
after interest and taxes) by the corporation’s total 
shareholder equity. The result is then multiplied by one 
hundred to produce a percentage ROE. Thus for PepsiCo 
in 2001; 

 



ROE (%) =  
$2.7B

$8.6B
   100 =  31.4%  

 
This indicates that every dollar invested in PepsiCo by 
investors yielded 31. 4 cents of return to the shareholders 
in 2001.  
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It is important to keep in mind that taken on its own the 
ROI is of limited value. In this example it would be wise to 
compare the ROA and ROE for PepsiCo to prior years or 
with other companies in the same business during the 
same year. This comparability is very helpful in 
determining if the ROI is superior, average, or mediocre. 
Careful evaluation of the inputs to the ROI formula can 
uncover what may be the root of the success or problem.  

Public sector ROI calculations are considerably more 
problematic to utilize than in private industry. The 
traditional method of determining investment returns in 
the private sector is not directly compatible with many 
public sector organizations. Consider how a public sector 
organization would determine its financial output. Many 
public sector organizations do not produce revenues or 
generate profits as outputs. Therefore, their outputs are 
difficult to quantify in dollars. Instead, they provide a 
service or capability to the public. Oftentimes this service 
or capability is unique to the public sector and is not 
produced by the private sector. This increases the 
difficulty when trying to value these unique services or 
capabilities. For example, how much value is added to 
the respective service when another tank or fighter jet is 
produced? Certainly these costs are known, at least 
approximately. However, it is difficult to quantify their 
value added to the Army or Air Force. Placing dollar 
values on these items is complex since similar items are 
not valued in the private sector. The value added to the 
services from these items cannot be easily measured in 
dollars. This makes the use of traditional ROI criteria 
impossible (There is a way around this problem in some 
cases. For example, for a municipality it may be argued 
that there is a direct analog to private sector share price, 
that is. , the market value of the land within the 
jurisdiction’s boundaries).  

Some public sector organizations could be measured by 
the equivalent value of the service or capability provided 
in the private sector. For example, a comparison could be 
made between the United States Postal Service and 
United Parcel Service of America, Inc. Perhaps a cost 
comparison for compatible services between private and 
public sector organizations could be used to measure 
performance. However, many public sector companies do 
not have comparable organizations in the private sector. 
For example, consider the Department of Defense. The 
DoD provides defensive and offensive capability for the 
United States. This capability cannot be measured 
against the private sector due to the uniqueness of the 
services it provides. Therefore, to facilitate a ROI metric 
for many public sector organizations, a different approach 
needs to be used.  
 
Notional ROI 
ROI measurements are under exploration in the public 
sector for three primary reasons. First, as with private 
sector corporations under specified circumstances, there 
are always significantly more investment opportunities  

 
 
 
 
than public funds available (Despite the common view 
that this is always is the case for private sector firms, this 
assumption is not made in private finance. The 
assumption is that if an investment is wealth creating it 
should be made. This logic is even more relevant to the 
public sector, although as we know from our 
understanding of public budgeting, typically there are 
liquidity issues that prevent some investments that would 
produce positive returns from being made, especially in 
fiscally constrained jurisdictions). There is intense 
competitive pressure between organizations to 
continually prove their need for additional or even 
continued program funding. Deciding between these 
alternatives is oftentimes subjective in nature since 
objective data is not available. Realistically, some public 
programs will be funded regardless of their ROI. 
However, ROI measurements could provide one metric to 
objectively decide between investment alternatives in 
public programs. They could also be used by 
organizations to show their value added to the public, and 
consequently provide support for their continued funding. 
Second, increased public spending and rising budget 
deficits have considerably raised the public’s concern for 
the way the public sector spends its money. There has 
been a notable increase in the required accountability of 
the public sector to the taxpayers. Evidence of this is the 
Government Performance and Results Act of 1993. The 
general purpose of this legislation is to establish metrics 
within the United States government to hold 
organizations accountable (Phillips and Phillips 2002). 
ROI measurements are one way this accountability 
requirement to taxpayers might be better met. Finally, 
there is a long-term trend importing selected successful 
business practices from the private sector and adapting 
them for use in government, for example. , from PPBS in 
the 1960s to just in time logistics in the 2000s. This is no 
surprise since many elected officials and public sector 
leaders have had previous careers in the private sector. 
Further, the private sector is viewed by much of the 
American public as more efficient than the public sector. 
The public appears to assume that unless a private 
organization produces a unique product or service that is 
in demand and meets customer preferences efficiently 
the firm will not survive. Despite examples to the 
contrary, there is the perception that private firms must 
perform efficiently to survive in competitive markets. 
While market pressures are not present in the public 
sector to the same degree, fiscal exigencies such as 
those present when the economy is in recession are 
likely to promote efforts to increase efficiency and cost 
effectiveness in the public sector. ROI measurement is a 
private sector financial measures that may be found 
useful in application in the public sector.  

Past experience demonstrating the inability to apply 
ROI techniques to many organizations in the public 
sector indicates that to do so successfully require a 
different approach than used before. One such approach  
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includes the use of cost effectiveness analysis to provide 
a useful framework with which to assign weights to the 
numerator variables. Boardman et al. (2001) addresses 
this issue as follows: 

If the analyst is unable…to monetize the major benefit, 
then cost effectiveness analysis may be appropriate. 
Because not all of the impacts can be monetized, it is not 
possible to estimate net benefits. The analyst can, 
however, construct a ratio involving the quantitative, but 
non-monetized, benefit and total dollar costs (Boardman 
et al. , 2001).  

This is the approach used in this paper, with the 
resulting formula producing a non-monetary output 
considered to be the notional return on investment, or 
NROI (The first chapter of Boardman et al. , (2001) 
explains why ratio measures are usually inappropriate. 
The authors argue that cost benefit analysis is clearly 
preferable to ratio analysis for use in the public sector. 
However, this paper argues that this is not always the 
case). In order for the NROI formula to be of credible 
value, weights must be assigned to each of the 
numerator variables. Weights are indicative of how the 
decision makers prefer to balance the impact of the 
attributes. This step is extremely important since the 
weight distribution has a tremendous impact on the 
output. Determination of weights can be an objective 
result of models and data analysis, a subjective result of 
discussion by the decision makers, or a combination of 
both. There are four common methods for determining 
weights: equal weighting, rank reciprocal, pair-wise 
comparison, and direct assessment.  

The equal weighting method simply assigns equivalent 
weights to all of the variables. The rank reciprocal 
method has four steps. First, each variable is ranked in 
order of relative importance. Next the reciprocal of the 
ranks is taken (1/1, 1/2, 1/3, etc). The resulting fractions 
are then added together using a common denominator to 
create a new base (60/60 + 30/60 + 20/60 + 15/60 + 
12/60 + 10/60 = 147/60). Finally, the original reciprocals 
for each variable are divided by the new base (147/60) 
with the resulting distribution being used for weighting. 
The equal weighting and rank reciprocal methods 
generally do not provide a high enough level of subjective 
scrutiny to be of value in a detailed project. With the pair-
wise comparison method, the decision makers are 
provided a specific number of points to be distributed as 
they see fit between the variables. After discussion, each 
variable is assigned a numerical value. The sum of the 
values is then used as the denominator for the variable 
weighting, with the numerator being the assigned 
numerical value. Like the previous two methods; pair-
wise also fails to provide enough ability to fine-tune the 
weighting distribution for a detailed project. The direct 
assessment method uses deductive reasoning to 
determine and assign weights to each variable. Although 
this method is purely subjective, it is less random and can 
easily be modified as necessary. The subjective nature of  
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direct assessment can be alleviated to some extent by 
using a number of technical experts to develop the 
weighting values to be used in the formula.  

Once weightings have been assigned, the non-
monetized value of the numerator variables can be 
determined. After adding the variables together, the 
resulting numerator value is divided by the asset base to 
provide an NROI output. The validity of this NROI on its 
own is minimal. Trend analysis is required, using 
subsequent alterations to the numerator variables for the 
first ship in the class as it is completed and compared 
with independent data from the second ship in the class 
as it progresses. Essentially, the first NROI developed 
sets a baseline that is used to compare with subsequent 
outputs for the same project. The trend data from the first 
project can then be analyzed to determine if priorities can 
be adjusted for the second project in order to improve the 
output. Additionally, comparisons can be made between 
projects provided the category modifiers are the same 
and the scope of the project is similar.  

While it is important to provide weights to the categories 
used in the numerator of the equation, it is even more 
important if at all possible to use monetary values for the 
NROI formula. In The Bottomline on ROI, while 
discussing the determination of ROI in the public sector, 
Patricia Phillips states that “converting data to monetary 
benefits is critical…the process is challenging, particularly 
with soft data, but can be methodically accomplished” 
(Phillips and Phillips 2002). For the formula to be most 
applicable for the purpose of comparing the past, 
present, and future NROI of a number of projects, it was 
determined that the effort must be expended to convert 
the data to monetary values. This would also serve to 
provide an NROI as near to traditional as possible for a 
public sector organization.  
 
Previous efforts at developing ROI in the public 
sector 
Australia 
In an attempt to justify government acquisitions, 
Australia’s government continues to focus on improving 
its own ability to develop and implement ROI criteria. In a 
society vigorously competing for scarce public resources, 
receiving the best value for money spent has become 
central to government policy. The Australian 
Commonwealth demands this accountability. In 
response, Australia’s government has taken strides to 
emphasize the development of ROI criteria to make 
acquisition decisions throughout its governmental 
departments. However, the research supporting this 
study was unable to find a specific example where ROI 
criteria were successfully developed and implemented by 
a governmental organization. Dr. Allen Hawke, Australia’s 
previous Secretary of Defense, acknowledges the 
public’s frustration with their lack of success to date. 
According to Dr Hawke’s address in February of 2000, 
“there is a widespread dissatisfaction with Defense’s  
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Performance (regarding Australia’s Defense Organization 
use of funds). In essence we have a credibility problem” 
(Hawke 2000).  

Australia’s Department of Finance and Administration 
(ADOFA) is responsible for providing direction to 
Australia’s ministries in making procurement decisions. 
Instead of simply choosing the lowest cost alternative, 
ADOFA emphasizes the “achievement of value for 
money” (Australia Department of Finance and 
Administration, 2003). Among other things, this method 
weighs the ability of the alternatives to meet the stated 
objectives, the reliability and reputation of the contractor, 
and the whole of life costs instead of just the initial 
procurement cost. Instead of providing structured 
guidance to determine ROI, ADOFA provides a 
substantial list of things to consider and leaves it to the 
particular agency to identify and weigh those things that 
apply. Due to the unique benefits of each procurement 
decision, this general approach may be appropriate. 
However, recent comments from Australia’s Defense 
Procurement Review indicate a lack of success thus far 
within the acquisition community. The review concludes 
with the following comment; 
Our review of the acquisition process has led us to 
conclude that there is no single cause of the failures that 
have become apparent in the development of capability 
and the acquisition and support of defense equipment 
(Australia Dept. of Defense, 2003: 47).  

The Australian government does acknowledge the need 
to consider ROI when making procurement decisions. 
However, by merely emphasizing value for money in 
broad terms, they are not actually implementing 
quantitative ROI criteria within their government. They do 
highlight the need to consider many important factors 
other than costs for procurement decisions such as 
quality and contractor performance. Yet, they do not 
provide a universal method for considering the weighting 
of these factors so that decisions can be consistently 
made the same way across the different ministries. 
Perhaps this inconsistency is one of the reasons for their 
continued lack of success within the Department of 
Defence acquisition community.  
 
New Zealand 

The following ROI case concerning the Royal New 
Zealand Navy (RNZN) is summarized from a case study 
authored by Beryl Ann Oldham, Paul Toulson, Brenda 
Sayers, and Graham Hart. The RNZN had encountered 
considerable difficulty retaining their marine engineers 
(ME) in the mid 1990s due to high attrition rates. The ME 
community is responsible for many of the complex 
systems aboard the RNZN’s fleet ships including 
operation and maintenance of diesel engines, gas 
turbines, electrical generators, and air conditioning and 
refrigeration plants (Royal New Zealand Navy, 2004). 
The attrition problem was so significant that the ability of 
the RNZN to maintain an acceptable operations tempo  

 
 
 
 
was threatened. Several suggestions were made in an 
effort to reduce the ME attrition rate. These measures 
included improved ME career management initiatives, 
better management of leave and maintenance periods, 
improved pay, compensation time for working weekends, 
and the more controversial Marine Engineer Retention 
Bonus Scheme (MERBS). It was believed that 
implementation of an immediate retention bonus was 
imperative to control the attrition problem in the short run 
since the other proposed initiatives would be slower to 
take effect (Oldham, et al. , 2002).  

The MERBS was an expensive human resource 
endeavor for the RNZN. MERBS costs included both 
administrative program set up costs and the retention 
payments to personnel themselves. These overall costs 
were estimated at almost five million Australian dollars 
(144). However, the MERBS was considered a 
successful initiative since it did reduce attrition rate for 
the MEs to an acceptable level. Unfortunately, it was 
difficult to determine just how successful the MERBS 
was, especially considering that other retention initiatives 
were occurring simultaneously. Consequently, an ROI 
study was conducted to determine the isolated effect of 
the MERBS on ME retention in the RNZN.  

The monetary benefits of any retention program are the 
avoided expenses for replacement and training of new 
personnel and the separation costs incurred for 
personnel leaving the military. There are also some less 
tangible benefits including higher experience levels, 
improved morale and increased flexibility. However, in 
order to remain objective, the focus of the study was 
placed on the monetary benefits achieved by the 
MERBS. There were two approaches taken to isolate the 
monetary benefits of the MERBS on retention.  

The first approach was more subjective in nature and 
involved the use of a questionnaire taken by both the 
participants in the MERBS and their managers. The 
questions were tailored to evaluate the effectiveness of 
the MERBS and its isolated impact on the ME 
participants to stay in the RNZN. It was ultimately 
determined, based on these questionnaires, that forty 
one percent of the participants’ decisions to stay in the 
RNZN were influenced by the MERBS. These forty one 
percent were then asked to rate the accuracy of their 
answer regarding the influence of the bonus payments on 
their decision to stay. The reply indicated they were 
ninety-three percent confident in the accuracy of their 
answer regarding the MERBS influence on their decision 
to stay (Oldham, et al. , 2002). The actual monetary 
benefit was determined by multiplying the participants’ 
impact estimation of the retention payments by the 
estimated savings of retention for each of the 170 
personnel participating in the MERBS. The estimated 
savings per participant and the detailed calculation of the 
ROI from this approach is shown in table 2.  

The second approach involved a more objective 
approach using retention trend data. Predicted turnover  
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Table 2a: Determining ROI with the Participant Impact Estimation 
 

Number of participants in the MERBS at the end of three year period A  170 

Estimated separation cost per ME leaving the service B  $4,260 

Average replacement cost per ME leaving the service C  $105,133 

Percentage of decision to stay influenced by retention payments D  41% 

 

 
 

Table 2b: Determining ROI with the Participant Impact Estimation 
 

Number of participants in the MERBS at the end of three year period A  170 

Estimated separation cost per ME leaving the service B  $4,260 

Average replacement cost per ME leaving the service C  $105,133 

Percentage of decision to stay influenced by retention payments D  41% 

Percentage confidence in decision to stay influenced by retention payments  E  93% 

Participants’ estimation of retention payment’s impact F D E   38% 

Monetary benefits  G B C A F     $7,066,789 

Program costs H  $4,926,504 

ROI from participant impact estimation 
G H

H


 43% 

Source: Author, 2009. 
 
 

 

Table 3: Determining ROI with the Forecasting Method 
 

Number of personnel retained attributed to MERBS initiative A  73 

Estimated separation cost per ME leaving the service B  $4,260 

Average replacement cost per ME leaving the service C  $105,133 

Monetary benefits  D B C A    $7,985,689 

Program costs E  $4,926,504 

ROI from participant impact estimation 
D E

E


 62% 

Source: Author, 2009. 
 

 

of ME personnel without the retention payments was 
estimated based on historical trends in both ME and non-
ME personnel prior to the MERBS period. Based on 
previous trends of non-ME and ME personnel before the 
MERBS initiative, ME turnover averaged 5. 5 percent 
higher than non-ME personnel (Oldham, et al. , 2002). 
These data were used to determine an expected ME 
turnover without the retention payments. This was 
compared to the actual turnover during the MERBS 
period to determine an actual number of ME participants 
that were retained as a result of the bonus payments. 
Based on this comparison, it was concluded that seventy-
three additional personnel were retained during the 
MERBS period than was predicted based on trend data 
without the MERBS initiative. The detailed determination 
of the ROI based on this second approach is shown in 
table 3.  

It is interesting to note the similarities and differences 
between the two approaches. Both approaches 
determine program costs the same way. Even though the 
methods of determining monetary benefits are very 
different, the results are surprisingly similar. The 
participant impact estimation yields a monetary benefit of 
approximately seven million dollars while the forecasting 
method yields a monetary benefit of approximately eight 
million dollars. However, these numbers do yield 
significantly different ROI for the MERBS initiative.  

The question then becomes which approach is more 
valid? Both approaches are logical and defendable. The 
forecasting approach is more objective since it is based 
entirely on data and trend analysis. However, the 
shortcoming is that it does not entirely isolate the effect of 
the MERBS initiative from the other retention initiatives 
occurring simultaneously. It is plausible that most of the  

IEEE eXpress Sample eBook, page 1341



432   Jones 
 
 
 
seventy-three additional personnel retained were a result 
of the MERBS, but it is certainly possible that other 
proposed initiatives played a factor. The participant 
impact estimation approach is clearly more subjective 
since it is based on responses from a questionnaire. 
Conversely, it does better address the isolated effect of 
the MERBS initiative through the inclusion of specific 
questions in the questionnaire. Unfortunately, ROI 
methodologies based on nontraditional methods cannot 
always be purely objective. This is what makes it so 
challenging in the public sector. The objective is to 
develop a credible methodology, which is what was 
accomplished here. Therefore, both methodologies are 
valid as long as their shortcomings are kept in mind.  

One lesson learned in the case of the RNZN relates to 
data collection. Ideally, the decision to perform an ROI 
determination is made prior to program implementation. 
This way data required can be determined and recorded 
while the program is taking place. For this case, the 
decision to determine the ROI for the MERBS was not 
made until after the program was implemented and well 
under way. Therefore, many data collection opportunities 
were missed. The recommendation of the study is to 
consider ROI evaluations and associated data collection 
needs during the development phase of program 
initiatives if possible (Oldham, et al. , 2002). Another 
lesson learned from the case was the extent taken to 
keep the ROI methodology simple. The RNZN could have 
attempted to determine monetary values for more 
complex but less tangible benefits. For example, they 
could have attempted to determine the monetary benefit 
of the increased operations tempo or increased 
experience levels available because of the higher 
retention rate. However, it is easy to imagine that this 
would involve potentially long and complex mathematical 
formulae and additional subjectivity. By avoiding these 
attempts, the ROI methodology is easier to understand 
and more credible. In this example there is a service 
center, a shadow price, and a quasi profit measure can 
be calculated.  
 
United States Postal Service 
The United States Postal Service used an Economic 
Value Added (EVA) program to determine their ROI from 
1996-2002. EVA was calculated by determining the net 
operating income and subtracting a fee proportional to 
the cost of the assets used to produce that income 
(United States Postal Service, 2004). This difference 
represented a positive net cash flow that added financial 
value to the post office. A higher EVA indicated a more 
efficient use of assets. Consequently, senior post office 
executives were rewarded for performance at the USPS 
based on this figure. This provided financial incentive for 
post office employees to seek out new and better ways to 
improve efficiency within the organization. This program 
was credited with contributing to the $3. 5 billion in net 
income earned by the USPS from 1996-2000 (United  

 
 
 
 
States Postal Service, 2004). However, amid strong 
controversy relating to the calculation of EVA program 
incentive bonuses, the effort was abandoned in 2002.  

The USPS 2003 Annual Report cites the continued use 
of ROI criteria for capital venture decision-making. Unlike 
many public sector organizations, the USPS is one of the 
few public sector companies that generate revenue. This 
facilitates using the traditional method of calculating ROI. 
The USPS continues to invest in automation equipment 
to reduce personnel work hours in mail processing and 
delivery (United States Postal Service, 2003). The cost 
savings realized from automation is then compared to the 
cost of acquiring the required equipment for making 
procurement decisions. The USPS also uses a Cash 
Flow/Capital Expenditure (CAPEX) ratio as a benchmark 
for assisting in making capital purchase decisions (United 
States Postal Service, 2004). The additional yearly cash 
flow to operations is compared to the yearly cash outlays 
to support the project. This helps to determine the 
attractiveness of the proposed project and the required 
need to borrow funds to support it.  

The basis for determining economic value added at the 
USPS had significant flaws. The idea of subtracting 
additional costs from increased benefits to determine 
value added from a given investment is sound. However, 
the application of the EVA Variable Pay Program was 
inconsistent when overall USPS performance is 
considered. For example, the USPS lost $199 million in 
fiscal year 2000 but still paid out over $280 million in 
performance bonuses (Lexington Institute, 2001). As 
have observed during the U. S. federal government bank 
and insurance company bailout as part of the response to 
the financial stress conditions of 2008-2009, some critics 
deemed it improper and unethical for organizations that 
lose money to pay out significant sums of money in 
performance bonuses. In fact, the reason USPS lost 
money in the year in question was due to their bonus 
payouts. Of course, USPS is not supposed to earn a 
profit; their objective is to break even. Still, ROI 
measurements including those employing EVA appear 
not credible if they indicate positive results when other 
metrics such as negative net income indicate the 
contrary.  

The USPS uses simple and intuitive methods for 
determining ROI for evaluating investment decisions. The 
use of cost savings as a basis for determining ROI is a 
commonly used method for public sector organizations. 
This is because many procurement decisions made by 
public sector organizations involve investments that will 
ultimately improve efficiency. If these efficiencies are able 
to be quantified, they can be used as a basis for 
comparison to the required capital expenditure to 
determine an ROI. The CAPEX ratio used by the USPS 
to evaluate capital purchase decisions is also an intuitive 
way to determine an ROI. Comparing cash flows to 
required capital 20 expenditures is very similar to a net 
present value calculation commonly used in the private  

IEEE eXpress Sample eBook, page 1342



 
 
 
 
sector to evaluate investment alternatives. It is important 
to emphasize that the USPS does generate annual 
revenues which lends itself to the use of traditional ROI 
metrics. This is uncommon among most other public 
sector organizations.  
 
U. S. Navy Dental Corps 
In response to the United States’ Chief of Naval 
Operations’ call for better decision-making tools, the 
Navy Dental Corps (NDC) has developed a simple metric 
to determine ROI at the branch clinic level. Captain York, 
the Navy representative at the Tri-Service Center for Oral 
Health Studies, spearheaded the effort to determine a 
practical method for defining NDC’s return for investment 
dollars. While not using the traditional method of ROI that 
compares earnings to assets, this effort provides an 
easily understood metric to quantify performance at the 
branch clinic level.  
NDC’s ROI formula compares a branch clinic’s quarterly 
output, defined as Dental Weighted Values (DWVs), to its 
required investment in funding (APF) and military labor 
(Milab). The formula is as follows (Mitton 2004): 
 

   

 

DWV 100 APF + Milab 0.25
ROI=

APF + Milab 0.25

    


 

Branch APF is the operation and maintenance funding 
allocated to the clinic. Both Branch APF and Annual 
Branch Milab are converted to quarterly values to 
determine quarterly ROI. DWVs and Annual Branch Milab 
are determined through separate data collecting 
programs described next.  

DWVs are determined by input from the branch clinic 
into a program known as DENCAS. The clinic enters the 
different procedures performed on a given day using 
American Dental Association (ADA) procedural codes, 
known as Common Dental Terminology (CDT) codes. 
CDT codes are converted into DWVs that are essentially 
equal to one hundred dollars worth of dental services. 
This result is multiplied by one hundred to convert the 
DWVs directly into dollars for use in the ROI formula. 
Annual branch clinic labor is determined by the collection 
of data into the Medical Expense and Performance 
Reporting System (MEPRS). Branch clinic employees 
specifically document their hours worked performing a 
variety of individual tasks on MEPRS sheets. Different 
tasks such as various medical duties, training, and even 
leave/liberty times are documented. These data are 
correlated at the comptroller level to determine military 
labor hours and is converted into a dollar figure based on 
the rank and rate of the military employees working at the 
clinic.  

The Navy Dental ROI formula discussed above is no 
longer used for three reasons. First, there is significant 
skepticism regarding the quality of the data being tracked 
for use in the calculation of ROI. Specifically mentioned 
was the inaccurate data collected by MEPRS. Many  
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dental employees failed to log their hours on a daily 
basis; instead, they would record their hours on a weekly 
or monthly basis. This brings the accuracy of the type 
and number of hours into question due to the delay time 
in recording. Many times employees would wait until the 
end of the month and simply log eight hours of work 
arbitrarily for each day. Commander Mitton, from the 
Navy Bureau of Medicine and Surgery in Washington DC, 
referred to this popular method as “logging straight 
eights” (Mitton 2004). It is also difficult to use this formula 
for comparison. Different branch dental clinics may be 
responsible for different operating costs. For example, 
some of the clinics are responsible for paying their rent 
and utilities while other clinics are provided with these 
resources free of charge directly by the base command. 
This directly affects the amount of Branch APF the clinic 
would receive and, consequently, affected the results of 
the ROI formula.  

Finally, the Navy Dental ROI formula does not include 
many of the cost elements required to staff and operate a 
branch dental facility. For example, large expenses such 
as the cost of training Navy dentists and dental 
technicians are not included. Other large costs such as 
accession bonuses for dentists and depreciation 
expenses for major equipment are also not included. 
Therefore, ROI for the Navy branch dental clinics needed 
to be more adequately defined. As a consequence, 
Captain York developed a more robust formula to be 
used in calculating ROI for Navy Dental clinics. Although 
similar to the previously discussed formula, it also 
includes many of the lacking cost elements. ROI is 
calculated as shown below (York 2004): 

Production Value Cost of Production
ROI=

Cost of Production


 

Production value is determined similar to the DWVs 
calculated in the original formula. The cost of production, 
however, includes significantly more cost elements; these 
include system costs, which are the allocated training 
costs to the particular dental clinic from the dental training 
pipeline. These were not included in the original formula 
but are real costs burdened by the NDC and should be 
included. These system costs are divided between all the 
clinics proportionately based on the number of dental 
technicians and dental officers employed at the clinic.  
There is still significant variation between the branch 
dental clinics use of the improved ROI formula. Table 4 
compares the ROI calculated by the above formula for all 
the Navy branch clinics. Note that the ROI varies from 
approximately negative ten percent to over one hundred 
percent. These variations are not due solely to 
differences in performance levels. For example, NNDC is 
responsible for the costs of the Naval Dental 
Postgraduate School. Due to this fact, the NNDC ROI 
includes the impact of manpower costs and low 
productivity of the student-body significantly reducing 
their ROI. Therefore, even though this formula is more  
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Table 4: ROI for Navy Branch Dental Clinics 
 

Command Cost Production Value Prod. Val. Cost ROI 

Great Lakes $28,476,040 $60,746,220 $32,270,180 113.3% 

Okinawa $18,156,185 $30,022,556 $11,866,371 65.4% 

Mid Atlantic $29,003,564 $46,150,165 $17,146,601 59.1% 

Parris Island $10,81,353 $15,747,470 $4,937,117 45.7% 

Camp Pendleton $19,227,602 $26,027,670 $6,800,068 35.4% 

Southwest $34,282,076 $45,365,397 $11,083,321 32.3% 

Southeast $19,366,135 $24,946,372 $5,580,237 28.8% 

Gulf Coast $14,541,505 $18,741,273 $4,199,768 28.9% 

Camp Lejeune $17,474,322 $22,031,239 $4,556,917 26.1% 

Europe $12,454,115 $15,642,759 $3,188,644 25.6% 

Pearl Harbor $8,796,897 $9,973,433 $1,176,536 13.4% 

Far East $13,896,531 $15,376,018 $1,479,487 10.6% 

Northeast $11,073,148 $12,213,250 $1,140,102 10.3% 

Northwest $9,987,892 $9,711,583 -$276,309 -2.8% 

NNDC $32,151,242 $29,096,131 -$3,055,111 -9.5% 

All NDCs $279,697,607 $381,791,536 $102,093,929 36.5% 

Source: Author, 2008 
 
 

 

robust, one must consider more than just the final ROI 
output to fairly compare commands.  
 
CONCLUSIONS 
There are several challenges ahead for the development 
and implementation of notional return on investment. 
First, the subjective nature of the value-added factors will 
require senior level management buy-in to strengthen the 
formula’s credibility. Phillips and Phillips point out three 
audiences which must buy in to the ROI process for it to 
be useful. They include the practitioners who are 
responsible for implementing the formula and held 
accountable by the results, senior level management who 
hold the practitioners accountable for these results, and 
researchers (Phillips and Phillips 2002). The NROI 
formula will not be used by the practitioners if it will not 
hold weight with their managers. This is true of any new 
process initiatives in the work place. Segregation of 
responsibilities with regard to data collection and 
evaluation must also be achieved to strengthen the 
credibility of the results. Also, the NROI process should 
be implemented at the inception stage of a project 
instead of during or after the project is in progress.  

The NROI development methodology of defining how 
an organization adds value via its products or services 
can be applied to any public sector organization that is 
willing to go through the necessary steps to define how 
they create value in the products or services they 
provide. Several public sector organizations have already 
successfully implemented ROI metrics as one benchmark 
to demonstrate their performance. However, due to the 
distinct public sector outputs, this endeavor is often times 
challenging. Private sector organizations typically have 
the common goal of producing profit. Conversely, public 
sector organizations have a myriad of different goals 
most of which do not include the generation of profit.  

This paper has probed the efforts of diverse institutions in 
the quest for a workable method of determining ROI in 
the public sector. Past efforts provided valuable lessons 
learned which were identified and discussed. The United 
States Postal Service was notably successful, but 
perhaps only because they function much more like a 
private company than is the norm for public sector 
entities. In Australia, the bold effort to develop a “value 
added” approach within the entire government budget 
process made some progress, but fell short primarily due 
to a focus on analysis lacking a quantifiable formula for 
determining the output. The Royal New Zealand Navy 
enjoyed relative success but was hampered in some 
ways by an inability to screen out other influences 
besides the bonus scheme for retention of marine 
engineers. The United States Navy Dental community 
effort was largely successful in the development of an 
ROI methodology, but fell short in their ability to use the 
output since they lacked trust in the method developed 
for determining some of the inputs.  

Perhaps the most important lesson learned throughout 
this process was that the scope of such an effort must 
remain focused to be successful. Once NROI formulae 
are established at the project level and successfully 
demonstrated, an expansion of utilization may ultimately 
lead to the availability of ROI data for senior management 
decision making.  
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The paper discusses the origin of GB and other NGOs in Bangladesh, and their impact on social development. 
Secondly, it also examines the extent to which credit helps women to be empowered; free from their male 
partners’ dominance/violence; and are they able protest/fight against fundamentalism in Bangladesh. Thirdly, it 
discusses GB’s management system, participatory rural approach (PRA), democracy, and accountability to 
citizenship. Fourthly, the essay looks at the commercialization of Grameen- phase-2 and its effects on advocacy 
for citizenship development. Lastly, it discusses the replication of the Grameen Bank model, and its future 
dimensions. From the research it appears that the Grameen Bank and other NGOs are playing a very important 
role in socio-economic development in Bangladesh although many of them have credit programs. Even though 
there are some criticisms about the controversial roles of NGOs, the widespread existence of GB and other 
NGOs involved in social development programs cannot be ignored. They are well able to improve many 
people’s living standards. Although the Grameen Bank is firm to its credit delivery program it could initiate a 
pilot project for lobbying for women’s equality and rights. This initiative can be achieved through involving 
people in civic engagement programs.  
 
Key words: Grameen Bank, Microfinance Institutions (MFIs), NGOs, poverty, sixteen decisions, social development and 
women empowerment.  
 
 
INTRODUCTION 
 
Poverty, unemployment, hunger, malnutrition, illiteracy, 
gender discrimination and diseases are the major 
concerns in Bangladesh. It is a densely populated 
country, and therefore, it is hard for the government to 
provide adequate food, clothes, shelter, health, and 
education for its citizens. This failing has resulted in the 
emergence of the Grameen Bank (GB) as an NGO in 
Bangladesh. The Bank‟s high performance in poverty 
eradication has attracted donor agencies and caused 
them to shift their programs from the government to the 
NGOs because of the failure of the former to provide 
sufficient services and input to the countries destitute 
situation. Development through Grameen Bank and other 
NGOs is the new orthodoxy in Bangladesh. However, 
GB‟s main programs involve economic determination and 
it has recently become more profit driven. Hence, the 
question is how much are they actually contributing to the 
development of the country? Therefore, this paper is 
examining and analyzing the Grameen Bank to discover 
what it does well and where it needs to improve. The 
paper will examine which lessons can be taken from the 

Bank and applied elsewhere. This paper will also relate 
and examine the plan and actions taken by NGOs for 
social development in Bangladesh. Finally, it will propose 
solutions to the problems that the Grameen Bank faces. 

First the paper will discuss the origin of GB and other 
NGOs in Bangladesh, and their impact on social 
development. Secondly, it will examine the extent to 
which credit helps women to be empowered; free from 
their male partners‟ dominance/violence; and are they 
able protest/fight against fundamentalism in Bangladesh. 
Thirdly, it will discuss GB‟s management system, 
participatory rural approach (PRA), democracy, and 
accountability to citizenship. Fourthly, the essay will look 
at the commercialization of Grameen- phase-2 and its 
effects on advocacy for citizenship development. Lastly, it 
will discuss the replication of the Grameen Bank model, 
and its future dimensions.  

According to Erwin A. J. Dressen (2000) non-profit/non-
government organizations and volunteer sectors are 
those who are registered charities, but the profits are 
returned to the organization. Michael Hall and Keith G.  
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Banting (2000) mention that different scholars use 
various terminologies for the nonprofit sector. For 
examples, Nonprofit‟ is the language of economists that 
view nonprofit organizations as a residual category; 
sociologists call it the Voluntary Sector; and political 
scientists, the Third Sector. According to Aditee Nag 
Chowdhury (1989) NGOs have been described as 
associations formed on personal initiative by a few 
committed people dedicated to implementing 
development projects at the grassroots level. They work 
outside the government structures but function within the 
legal framework of the country. GB was registered under 
special ordinance in Bangladesh in 1983 as a NGO, but 
has to follow central bank policies.  

In the 1970s Bangladesh faced severe famine, hunger, 
starvation and poverty due to various economic, social 
and political crises. The rural poor in need of credit could 
not receive loans from the banks. They were outside the 
orbit of the banking system. In 1979, Professor 
Muhammed Yunus initiated the Grameen micro credit 
pilot project designed to address the economic crisis 
aiming to (1) extend banking facilities to poor people, 
especially women, and create self-employment 
opportunities, (2) eliminate the exploitation of the 
moneylenders, and (3) empower women through 
engaging them in income-generating activities. In 
October 1983 the Grameen Bank project was 
transformed into an independent bank by a government 
ordinance (P.O No. 26, 1972). There were several other 
NGOs which were officially recognized in the 1970s as 
well.  

The first NGO activities started through Christian 
missionary groups. By 1793, the famous British 
missionary, William Carey, had arrived in Calcutta, India 
and began social welfare activities through the 
missionary-run school setup all over Bengal (Nurruzaman 
(1994), Abdur Karinm Khan (1981)). In the post 1971 
period, however, there has been a mushrooming growth 
of NGOs in Bangladesh. Initially they rebuilt, provided 
relief, and rehabilitated the war-ravaged country. In the 
late 70s many NGOs were involved in eradicating 
poverty, malnutrition, illiteracy and setting up health 
programs. There has also been a tremendous increase in 
the number of NGOs in Bangladesh. Presently, there are 
22,000 local and international NGOs registered in 
Bangladesh (Rahman, 2006: p. 454). According to 
Chowdhury Omar Faruque they provide services to 
nearly one-fifth of a population of 130 million.  

There are some NGOs which have been successful in 
the development of Bangladesh since the 1980s such as 
the Bangladesh Rural Advancement Committee (BRAC), 
Proshika Manobik Unnayan Kendra (PROSHIKA), 
Association of Social Advancement (ASA), and CARE. 
They are best known for their multi-purpose development 
activities related to socioeconomic development in rural 
Bangladesh. For example, BRAC covers a whole range 
of activities for the rural poor, such as education, income- 
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generation through poultry and livestock rearing, 
fisheries, forestry & handicrafts, just to name a few 
(Haque, M Shamsul 2002). However, it has been facing a 
whole lot of coercion and conditionality from the national 
government. Additionally these NGOs, including BRAC 
are severely dependent upon donor funds. In contrast, 
Grameen Bank gained popularity partly because it has 
become a self-sustainable organization as it works to 
alleviate poverty. The bank began its nationwide micro 
credit program to provide collateral free small loans to the 
landless poor. The present issue is how much it now 
contributes to social development which is not only 
concerned with economic enhancement. 

According to the UN, social development means the 
integration of economic growth with social welfare 
policies leading to a higher standard of living for all. 
According to David Hollister (1982) social development is 
"the process of planned institutional change to bring 
about a better fit between human needs, social policies 
and programs. Based on the above definition, social 
development has several components including the 
eradication of poverty, expansion of education, and 
health for all and the assurance of fairly equitable 
distribution of income. My question is to what extent the 
Grameen Bank has, as a micro financing Institution (MFI) 
in Bangladesh affected changes in the level of social 
development?  

GB has an intensive socio-economic program called the 
Sixteen Decisions, established in 1983, that helps to 
promote a peer support lending system among women. 
This creates social collateral which can be used by the 
Bank in lieu of material collateral. The Sixteen Decisions 
provide women with an opportunity to meet with each 
other and discuss various social development issues like 
health, education, environment, agriculture, and village 
events as well as pay installments. The Sixteen 
Decisions represent the social development agenda. 
Grameen centres are places for creating social solidarity 
among women. Professor Yunus says that, “Each center 
tries to ensure that all its members are guided by the 
Sixteen Decisions in their daily life” (Yunus, 1997, p.19). 
However, Rahman (1999) interprets this collective social 
collateral which should enhance social solidarity, as a 
strategy for ensuring high repayment rates, and which 
actually escalates violence against female borrowers (p. 
72). While it is true that the Grameen Bank targets 
women more than men; it is with this strategy that GB 
directly channels loans to the poorest thus helping to 
improve their living standards. Along with providing credit, 
GB offers guidelines to members for codes of conduct 
and activities aimed at improving their social and financial 
conditions. It provides information to women concerning 
maternal health, nutrition, and childcare to generate a 
demand for basic health care services.  

There is pervading evidence to be found in different 
credit review and NGO literature that GB has an overall 
positive impact on the lives of the poor in terms of  
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creating higher income and self-employment 
opportunities as well as poverty alleviation. For example, 
the World Bank study (1998) indicates that 5 percent of 
Grameen Bank households rose above poverty each 
year. This GB micro credit system has had a great impact 
on extreme poverty (Khondaker 2003). It can play a vital 
role in attaining Millennium Development Goals (MDGs). 
In the words of Kofi Anan, UN Secretary General, 
“microfinance has proved its value, in many countries, as 
a weapon against poverty and hunger. It is recognized as 
a development model for income generation, self-
employment and empowers disadvantaged women” 
(Grameen Dialouge-60, 2005). However, there is still an 
overwhelming amount of negativity surrounding the 
effects of NGOs and organizations like the Grameen 
Bank.  

GB‟s special feature is that 94% of its borrowers are 
women and they are in first place. The Bank encourages 
borrowers‟ participation in the decision making process. It 
has easy policy guidelines for the staff. It uses local 
language and disburses loans in a very simply way. It has 
gained some concrete experience in its 28 years of 
operation such as: micro-credit being a very effective 
instrument to increase poor people‟s income. Professor 
Muhammed Yunus, (2002) argues that welfare or 
handouts cannot help poor people. The Grameen Bank‟s 
credit creates opportunities for poor women in 
Bangladesh to increase their income and overcome 
poverty.  

Despite the activities of GB in Bangladesh with it main 
agenda of poverty alleviation, poverty still persists as a 
major problem. According to the Asian Development 
Bank (ADB) report, Bangladesh remains one of the 
poorest countries in the world with a per capita income of 
approximately US$ 337 in 1998 and with nearly one half 
of the population living below the poverty line (The New 
Nation, Dhaka, 02 December 1999). The pace of poverty 
reduction has been very slow. Another study shows that 
"at least 67.5 million rural people live in absolute poverty 
and of these 30 to 46 million exist in extreme, hard core 
poverty” (Cathrine H. Lovell, 1992: p. 11). There is no 
doubt that there has been a significant decline in poverty 
which has come down to below 50%.  

My research uncovered two opposing views on NGOs. 
One is the pro-NGOs and the other, the anti-NGOs. The 
pro-NGOs view holds that NGOs are more effective than 
the government agencies because they operate at the 
grass roots level and work closely with the target groups 
that make them known to each other. Hence, they can 
easily identify the root of the problems, which could help 
them to take accurate action. They also argue that NGOs 
not only work for social development, but help people by 
providing access to modern technology, and education 
that contributes to social development (World Bank, 
Dhaka: 1994). However, there is also evidence to show 
that MFIs are exploiting the poor while doing business 
with them. 

 
 
 
 
Although NGOs are non-profit organizations, the majority 
are exploiting the rural people (and especially women) 
through micro-credit programs. The Daily Independent 
newspaper in Bangladesh published an article that 
revealed an analysis of micro-finance data collected from 
495 NGOs in the country. The results showed that about 
95% of NGOs are directly involved in such suppression. It 
was also noticed that 95 per cent of NGOs charge 
interest rates within the range of 12 and 25 per cent. I 
contrast, even the largest NGOs – ASA, Proshika and 
Grameen Bank – only charge 15 per cent, 12.5 per cent, 
18 per cent and 20 per cent respectively (The 
Independent, Dhaka: December 21, 1999).  

With the anti-NGOs view, scholars assert that although 
NGOs are non-political and non-profitable organizations, 
their main aim seems to be political and profit driven 
rather than towards social development. According to 
Aditee Nag Chowdhury (1989) NGOs have cultivated a 
self-image that they are "development partners" working 
for removing poverty. Most NGOs do not properly use 
their funds. In fact, 70% of the NGOs funds and 
resources are spent on the salary and allowances of 
foreign employees, experts and consultants. According to 
Dr. Khaliquzzaman, "these NGOs fashionably named 
projects: poverty elimination projects, target group 
project, for example, have not brought about any 
changes in the economic structure in Bangladesh” 
(Nuruzzaman 1994: p. 8.). Thus the conclusion drawn 
was that NGOs have done very little for eradicating 
poverty from the country. In such situations GB is 
exceptional because its various studies provide 
affirmative information about poverty eradication; but 
there is still conflicting information found in the research 
regarding women‟s empowerment.  

Women‟s empowerment is the process of gaining power 
over their lives, in terms of increasing welfare and 
reducing subordination to men through the expansion of 
their choice and voice in the decision making process. 
According to Lamiya Karim (2001) the Grameen Bank 
has provided the world‟s financial community with the 
seductive information that: the poor are credit worthy and 
the Bank goes to the doors of the poor. But the high 
repayment rate 99% does not tell the reader how money 
is recovered from its poor borrowers. She finds that 
money is often recovered through intimidation, force and 
violence against poor female members (p.95). Simeen 
Mahamud (2004) asserts that although women have 
good access to credit, the norms and practices put them 
at a definite subordinate position to men, which means 
they have little power in the decisions that shape and 
render them vulnerable in the society. In this situation 
advocacy/lobbying programs can play an important part 
in fighting against patriarchy in the society.  

Now I will discuss how GB‟s credit provisions 
perpetuate violence against women. GB believes that 
income-generating activities by women could create the 
potential to enhance their power and status at home.  
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However, several studies indicate that although GB has 
contributed to poverty eradication and created self-
employment, its activities have not yet been able to 
empower women to fight against patriarchy (Rahman, 
(1999), Goetz and Sengupta (1996), Karim (2001), 
Isseriles (2003), and Mahamud (2004).  

Instead, loan liabilities raises tension and anxiety within 
borrowers‟ households and increased violence against 
women. For example, Rahman‟s (1999) study reports 
that 70% of borrowers confessed to increased violence 
and aggressive behavior in their household because of 
their involvement with the bank (p.74). “Men are users of 
more than 60% of women‟s loans (p.75). Karim (2001) 
finds that ninety percent of the loaned money went to 
men. She remarks that women are the bearers of the 
credit although not its users. The NGOs use women‟s 
social vulnerability and powerlessness but do not support 
them in the fight against patriarchy (Karim, p.100). 

The same conclusion was reached by Isserles (2003) 
where he mentions that although GB has seen many 
success stories of women who have been emancipated 
through micro credit, he cautions that many women are 
still dominated by their husbands and do not actually reap 
the benefits of the financial gains of their investments. In 
many cases their husbands receive the credit (41). 
Muhammed Yunus admitted to some defects of the 
bank‟s lending practices in addition to the rigidity of the 
system. Therefore he made several fundamental 
changes in its operations in 2000 and called this new 
stage Grameen Bank Phase -11. He stated that, “Poor 
people are not trouble makers for the institutions, rather, 
the design of the institutions and rules make trouble for 
them‟ (2002). Now the questions raised to the GB are:  
(1) do micro credit projects help to empower women or 
increase their vulnerability,  
(2) does this credit lead to increased tension and violence 
for these same women?  

 
In reference to Evans and Shields the Third Sector does 
good works. He suggests third sector organizations 
should lobby a „mediation‟ role in society that can help 
people to build citizenship. According to them the third 
sector organizations are a central part of civil society. 
Civil society relates to the sector of „space between 
public life and private life‟. However, non-profit 
organizations are controlled by the state through service 
contracts. Recently, in Bangladesh, a few small third 
sectors/NGOs like Proshika, Nijara Kori, and Unanyan 
Nari Bikalq began to refocus their activities towards 
supporting civil society; however, the government placed 
injunctions on some of their activities causing them to 
malfunction. In addition, Islamic fundamentalists are 
strongly against of NGOs.  
The Islamic fundamentalists (Ulemas) have raised strong 
protest against NGO activities and thus created tension in 
Bangladesh. They talk against Grameen Bank‟s credit 
program and others too. For example, Ulemas claimed  
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that GB conducts interest earning investment activities 
which are prohibited (Haram) in Islam. They protest that 
the government must act against this revived form of 
imperialism and do so before the country loses its 
sovereignty and the nation, its Islamic identity (cited in 
Nuruzzaman, 1994: p. 9). The Ulemas also charged that 
great majorities of NGOs are allegedly engaged in 
missionary activities. Therefore their activities are seen 
as a threat, creating division in families which are the 
basic unit of Bangladeshi society (Islam, S. 1998: p. 84).  

Hence there is persistent tension between NGOs and 
religious groups in Bangladesh. BRAC complained that 
1,400 of its 20,000 schools are vandalized with a good 
number of them burned. The Grameen Bank also has 
complained about the „fundamentalist‟s‟ negative attitude 
towards it (Holiday-Dhaka 1994). In the socio-economic 
field, despite the important roles played by NGOs, 
especially poverty eradication, some scholars argue that 
most NGOs are taking high interest from the poor. 
Therefore, according to them, NGOs are merchants, and 
tools of exploitation.  

GB has autonomous board of directors who make its 
own policy and decisions, but its staff is paid. It is not a 
charitable organization. Its profits go back to the 
organization and to its beneficiaries. It is also not a 
volunteer organization. Studies have demonstrated that 
several NGO programs have had a significant impact on 
social & economic development in many marginalized 
households in the country. Due to this success, 
Bangladesh is home to some of the largest indigenous 
NGOs in the world. GB is the giant credit giving NGO in 
Bangladesh. According to Shamsul Haque (2002) 
Grameen Bank has been one of the most globally 
influential agencies regarding micro-credit in particular.  

The Board of Directors is the highest policy making 
body, comprised of 13 members of whom nine are 
elected from among the borrowers. GB Board members 
are selected every three years. Muhamud Yunus is also a 
board member and the chief executive of the Bank. 
Various activities of the Bank are organized and 
implemented by four tiers of administrative set-up: branch 
offices, area offices, zonal offices and head office. All 
these layers are interconnected and follow a bottom up 
policy and decision making approach. The branch office 
is the lowest unit of operations of GB and it is located in a 
village. The branch organizes clienteles and disburses 
loans directly to borrowers. The area office supervises 
about 10 to 12 branches. The zonal office is located in 
the district headquarters. The head office is in Dhaka. 
The GB head office coordinates all field activities, and 
provides general guidance to field offices.  

According to Kevin P. Kearns (1996) the accountability 
environment is a collection of forces – legal, political, 
socio-cultural and economic – that place pressure on 
organizations and people who work in them to engage in 
certain activities and refrain from engaging in others. 
They mandate certain organizational actions and prohibit  
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others with a vast array of rules, procedures, reporting 
requirements, and sanctions by outside entities (p.29). 
But accountability is the bridge of answerability, 
responsibility and responsiveness (p. 38).  

The Grameen Bank‟s plans, programs and strategies 
are not developed from the head office, but rather, field 
workers make customized decisions in the branch office 
that are appropriate and beneficial to the borrowers. 
Ninety three percent of the shares in the bank are owned 
by the borrowers and 7% remain with the government. All 
borrowers buy share certificates and thus become part 
owners of the bank. Staff at all levels is accountable and 
answerable to borrowers because in each branch there is 
a branch representative elected from the borrowers. Bank 
action plans are prepared and implemented through 
mutual dialogue among field staff and borrowers.  

The Chairman of the board appointed from the 
government is usually a high government official. The 
Board of Directors sits every quarter of the year in which 
time they review bank activities, accounts and 
performance. They approve the annual budget and the 
annual plan of the bank. Here is the bottom up 
democratic decisions making process embedded in the 
board. Within the GB all activities are accountable to the 
board. Representatives from the branch, area, and zonal 
offices give their feedback to the board secretariat. The 
board reviews the field inputs in its meetings and makes 
decisions.  

Although each NGO has its own agenda, strategies and 
programs for social development, most follow almost 
similar strategies, plans and actions in Bangladesh. For 
example, NGOs first motivate the isolated poor people to 
form groups to discuss their problems. After a period of 
conscientization, the needs for giving small loans for self-
help projects are discussed by micro financing 
organizations. To do their jobs usually they follow some 
strategies for promoting the participation of beneficiaries: 
(1) Localized Participation attempts to increase the local 
people‟s abilities to participate in the social change 
process. The second is Political Empowerment which 
aims to promote involvement in broader social 
movements and increased political participation of those 
who are excluded from the national-decision making 
process. GB has been providing credit to poor people 
through groups which simultaneously work to enhance 
social development. However it has proved that it is 
difficult to attain a trickledown effect in the society where 
economic growth is concerned. Nevertheless, the Bank 
has some special strategies that help disadvantaged 
people to be included in its credit delivery system  

Grameen bank is different from other commercial 
banks. Its actions are almost in direct opposition to other 
private banks. For examples, private banks give loans to 
rich people, GB gives loans to poor people; private banks 
only provide loans to men, while GB provides loans to 
women; schedule banks make large loans, while 
Grameen makes small loans. Commercial banks require 

  
 
 
 

collateral, but GB loans are collateral free. General bank 
clients go to the office, but GB workers go to the 
borrowers‟ doorsteps. GB provides loan through group 
formation whereas the transactions of general banks 
require no group formation. GB respects the local culture, 
norms, values, and religions. It works within the 
community as an insider. All the above are the strategies 
employed by Grameen Bank which has made it so 
popular to rural poor women in Bangladesh. 

Grameen Bank targets and mobilizes the poor and 
creates social and financial conditions that help provide 
economic security through self-employment or otherwise, 
through the use of credit. The group lending, peer 
pressure mechanism helps to monitor and enforce 
contracts and aids in the screening of good borrowers 
from bad ones. GB mobilizes savings to develop good 
savings behavior among the borrowers. However, these 
savings mobilization schemes provide protection of loans 
against default, and provide an internal source of finance 
through stored funds. So savings are one kind of liquidity 
collateral. Moreover, field staff may deduct savings for 
delinquent loan adjustments.  

The GB success in high volume lending, loan 
repayment rate and high profit is well-liked among 
development practitioners. Grameen Bank operates 
nationwide through 2,185 branches. The repayment rate 
has been highly satisfactory (99%) since 1979. The 
majority of patrons (97.9%) are female borrowers. The 
Bank serves a total of 6.7 million borrowers through 130, 
000 rural landless associations in 70,370 villages in 
Bangladesh. The total loan disbursement has been $5.65 
billion since its inception. Of them $5.00 billion has been 
repaid. Current borrower savings are $2.2 billion 
(Grameen Updates 2006). It runs on its own internal 
funds and investment incomes and that makes it 
economically sustainable. However, Isserles (2002) 
challenges that the Bank‟s high repayment rates do not 
indicate high efficiency; but he fails to point out the 
increase in the quality of women‟s lives.  

Building capacity is about improving the quality of life for 
all. According to Sherri Torjman, building community 
capacity is a holistic approach to solving problems and 
improving the quality of life. It is built upon the intrinsic 
links among economic, social and environmental well-
being. It is „pro-people, pro-nature and pro-jobs‟ 
(Torjman, 1998: p.3). GB is working for poor people and 
its programs and policies are developed by the 
representatives of borrowers. However, it has no 
integrated development programs like literacy, family 
planning, rural infrastructural development, development 
of voting behaviors, citizenry skills development and 
efforts to work against patriarchy, for example. It only 
works for poverty through credit delivery to poor people. 
Thus GB‟s credit activities cannot significantly affect 
sustainable development unless it creates and 
implements holistic development programs. Sherri 
Torjman mentions seven strategies for sustainable  
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development. These strategies are: (1) poverty reduction, 
(2) broadened concept of investment, (3) civic 
engagement, (4) problem-solving, (5) partnership, (6) 
leadership development and (7) celebration. Grameen 
Bank only has a poverty reduction strategy; unfortunately 
all other strategies are important for sustainable 
development and to build skills among the poor. These 
are also important for accountability and for transparency 
within the organization.  

Kevin P. Kearns (2006) in his article “From Adequate to 
Outstanding Performance” mentions six propositions that 
can make an outstanding organization. Such outstanding 
organizations continuously adapt and refine their 
missions, vision and aspirations with change, time and 
situations and refine innovative and effective approaches 
to accomplishing their mission Outstanding performance 
begins with outstanding leadership. In the case of the 
Grameen Bank, such propositions have praxis at the 
ground level. For example, GB has changed its different 
plans, strategies, and revised its various loan products 
according to the needs of its borrowers. When the GB 
was established in 1979, there was only one loan 
product, but now it has housing loans, disaster loans, and 
education loans in addition to its basic loan. It has moved 
to profit making for its financial sustainability. This 
change, effected for organizational survival, Kearns calls 
mission drift (p. 3).  

According to Jim Collins (2001) an organization could 
be excellent if it has a clear focus on goals, expectations, 
and accountabilities and does not achieve greatness 
overnight. In this perspective Grameen Bank can be in 
the category of an excellent organization because it has a 
clear vision of eradicating poverty among poor women. 
The leadership of Muhamed Yunus has been the guiding 
force for Grameen‟s initiation and expansion. However, 
over time, Grameen Bank has institutionalized a 
decentralized management structure with a cadre of 
dedicated professionals that is operating without much of 
his involvement. Field staff is implementing the credit 
program. There are several departments in the head 
office including administration, accounts, audit, and MIS. 
These departments support and coordinate field 
activities. According to Collins, effective leadership 
connects with mission growth because the mission 
growth is a process of adapting and refining the 
organization‟s mission, vision, and aspirations for 
expanded community impact. In Grameen Bank there is a 
strong leadership which drives the mission to growth.  

To develop gender equality through women‟s leadership 
development each year the center chief for GB 
community groups is changed, which is an opportunity to 
develop each borrower‟s leadership qualities. Professor 
Yunus says that, “The same person cannot be elected 
twice until other members of the group have had their 
chance” (Yunus, 1997, p.13). It is a system through which 
the center develops poor women‟s leadership in rural 
Bangladesh and raises their self-confidence (Chandler,  
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1993). However, Aminur Rahman (1999) discovered that 
one or two influential members had real control over the 
decision-making process of the center (p.74). Center 
chiefs hold de facto power as they decide almost every 
issue of the center. Perpetuation of such power relations 
in the loan centers is contradictory to the Grameen Bank 
ideology.  

Armstrong and Mollenhauer (2006) discuss the culture 
of accountability within organizations. In their words, “A 
culture of accountability describes the critical success 
factors and indicators that need to be present in a highly 
accountable organization (p. 1). The success factors are 
strategic leadership, performance culture, and rigorous 
decision; abilities to generate reliable information, create 
an environment of innovation, access and manage risk, 
and the possession of clear values and ethics. Grameen 
shows such success in its work in Bangladesh. For 
example, in 1988 and 1998 there were some major floods 
which destroyed farmers/borrowers standing crops, 
resources and houses. GB borrowers were seriously 
affected by these two floods. In the periods following the 
floods, the Bank provided extra loans to its borrowers to 
rehabilitate their businesses. This disaster loan helped 
borrowers to recover their businesses, renovate their 
houses and cultivate crops. However, this disaster loan 
came with a 20% interest similar to the basic loan. Many 
journalists criticized it and compared GB to the East India 
Company in their dealings with the poor.  

GB staff members are committed to implementing its 
credit programs for the benefit of poverty eradication and 
the creation of self-employment opportunities. Grameen 
engages its stakeholders and creates meaningful 
dialogue with the more critical parties such as the NGO 
Bureau of Affairs and the Ministry of Finance, and invite 
them to participate actively in helping to achieve its 
mission. The bank also collaborates with Grameen Trust 
to replicate its peer support lending technology to other 
agencies with the help of UN agencies, CIDA and USAID.  

According to Sonia Opina, William Diaz and James 
O‟Sullivan (2002) negotiated accountability must 
encompass involving the range of stakeholders from the 
initial inception of the program, through to its 
implementation, evaluation and finally to the 
dissemination of results. Good communication 
mechanisms are important tools in negotiating the 
accountability environment, in order to learn about and 
respond to the needs of the community. In negotiation 
processes, stakeholders need to be flexible in their win-
win situation. However, GB is always looking for a win-
win situation and that sometimes creates problems with 
its shareholders. For example, in 1983 GB wanted 100% 
of share capital to be owned by its borrowers, but 
instead, the government registered it with 60% owned by 
the government. After a long process of negotiation GB 
achieved 93% of shares for its borrowers, while the 
government retained 7% of capital shares. 

James M. Ferris emphasizes the autonomy of NGOs to 
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implement their own decisions. Unfortunately, the 
government often regulates the activities of nonprofit 
organizations, using them as instruments for carrying out 
public policies; in particular, the expansion of welfare 
state expenditures at the national level (363). In practice, 
there is really no absolute autonomy in the nonprofit 
sector, but rather all organizations are held accountable 
to the NGO Bureau. Although the government should 
monitor NGOs funding and activities, it is not acceptable 
to regulate and place conditions on them that might 
hamper their abilities to manage their programs 
effectively.  

There are many NGOs in Bangladesh involved in adult 
literacy, maternal and child health, primary health care, 
nutrition, education, agriculture, relief and rehabilitation 
programs. For instance, BRAC itself has established 
more than 5,000 primary schools and kindergartens 
where about half a million students are enrolled. It is very 
interesting that government schools have 15% 
attendance, whereas, NGOs have about 90% attendance 
(Richard Holloway: 1998, p. 22). Consequently, the 
literacy rate has increased. The latest statistics shows 
that the adult literacy rate has increased over the last few 
years, especially female, from 16% to 38.1%. However, 
very few NGOs are involved in vocational skills 
development for the poor. Grameen bank and other MFIs 
are not involved in human skills development. Moreover, 
large NGOs do not develop their role in the area of 
environmental sanitation, which includes provision of 
fresh water and disposal of waste (Aditee Nag 
Chowdhury 1989: p. 202). GB and other MFIs can step in 
for environmentalism.  

Recently the Grameen Bank shifted to a profit motive 
instead of retaining its original objects. This profit-making 
focus diverted the focus of employees to credit 
disbursement and repayments rates; simultaneously 
turning them away from social and citizenship 
development issues. This is despite the fact that GB had 
objectives of creating organizational solidarity and 
networks among the poor and bringing groups together in  
co-operative activities such as the joint effort solution of 
problems. This system has led to more opportunities for 
women to show leadership. However Anne Maria and 
Sengupta (1996) challenge this and infer that GB focuses 
on dispersal of credit and repayment but is unable to 
create solidarity among women. Rahman (1999) remarks 
that Grameen Bank has a really good objective, but now 
there is a gap between its original goals and field 
realities.  

Drake and Rhyne (2002) concluded that instead of 
helping to eradicate poverty MFIs are involved in doing 
high profit business. Although Professor Yunus of 
Grameen Bank cautiously makes an important point in 
that the development finance community must continue 
to innovate in the areas of targeting tools, products, 
service delivery and operations in order to reach the full 
range of low income families. However, a focus on  

 
 
 
 
financial sustainability encourages MFIs to place a 
greater emphasis on making profit than on the well-being 
of clients as this has a negative impact on borrowers‟ 
lives (Goetz and Sen Gupta (1996) Morduch (1999) 
Rahaman (1999), Woller 2002). For example, GB made a 
profit of $6.03 million dollars in 2005 (Gramen Bank 
annual report 2005, p. 54). Although Grameen Bank 
claims to be a social benefit institution, it now operates on 
a profit motive as a private bank.  

In 2000, GB reformed some of its products and 
introduced a new system called the Grameen 
Generalized System (GSS). Before 2000, all Grameen 
operations were termed Grameen Classical System 
(Phase -1) and after 2000 the same operation was 
renamed, Phase-2. In Phase-2, GB is more flexible and 
friendly to borrowers in loan transactions. The new 
system‟s main features are prime loan products including 
basic loans, housing loans and the higher education loan. 
Repayments can be made according to borrowers‟ 
income and loan size as per repayment records. 
Grameen had tested this new mechanism in the field 
before establishing it in all branches. However, this new 
initiative has challenged the bank to sustain work with the 
poor in the lowest realms of poverty. 

One must consider why citizenry is important and what 
role the GB plays in citizenship skills development for low 
income women in Bangladesh. If we consider 
empowerment as „the process of challenging existing 
power relations, and of gaining greater control over the 
sources of power then it gives conflicting information. For 
example the Kabeer (1998) study, The Small Enterprise 
Development Program (SEDP) of Bangladesh draws the 
conclusion that micro-credit programs have a positive 
effect, but it is largely men who benefit, because micro-
credit has done little to move toward a situation of gender 
equality.  

However, in Canada NGOs are diversified and are 
vehicles for the engagement of citizens and 
environmentalism. For example, the Ontario Coalition for 
Advocacy against Poverty (OCAP), Canadian Council on 
Social Development (CCSD) and Canadian Ethnocultural 
Association (CEC) are involved in advocacy programs, as 
well as in protesting, advocating and lobbying for human 
rights and women‟s rights. Campaign 2000 for the 
National Child Benefit (NCB) influenced the government 
to change some policies on child poverty and childcare. 
Although the Campaign 2000 is unpleasant, risky and 
controversial, it is successful in increasing child benefits 
for Canadian children. Likewise, Grameen Bank and 
other NGOs can make alliances and lobby for 
participatory democracy and equity in all public policies. 
Canadian lobbyist organizations are strong and popular 
in Canada in contrast to the weakness of Bangladeshi 
NGOs in lobbying for women‟s rights.  

Ilan Kapoor (2002) mentions that the PRA campaigns 
for local knowledge and puts forth a methodology aimed 
at enabling local people to take power over their own  
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lives. Ultimately these strategies can help form an 
understanding of the power and politics of the society. 
Participatory rural appraisal (PRA) is based on equitable 
and respectful partnerships and collaboration between 
clients and institutions with due attention to local 
knowledge (Chamber (1997, Crush 1995, Escobar 1995, 
Friedmann 1992). According to Amartya Sen (1999) it is 
a process of developing individual capabilities through 
education and skills in order to power individuals to fight 
for a better life, democracy and economic liberalization. 
Grameen Bank and all other MFIs are working closely 
with marginalized people at the grassroots level. This 
level of organizational development is an integral part of 
Grameen‟s credit program. It follows the Participatory 
Approach in working with the poor building from a 
location-specific context. GB believes that if group 
solidarity is strong, the poor can together form a socially 
and politically powerful entity. However, in practice GB 
borrowers are far behind to challenge the power structure 
of the society.  

Robert D. Putnam (2000) says that if participation in 
political deliberation declines – if fewer and fewer voices 
engage in democratic debate – then politics will become 
shriller and less balanced (p. 338). Disadvantaged people 
will be further exploited in the public sphere. GB follows 
the democratic process by electing group leaders; 
however, it does not have programs in which borrowers 
can be involved in the legislative electoral process that 
can create a real democratic voice in the public sphere 
especially in politics in order to establish their rights in the 
society.  

Therefore Grameen Bank and other NGO programs on 
Civic Engagement are very essential in Bangladesh to 
mobilize citizenry because strong and caring 
communalities start with the citizen as the base of their 
development. Civic engagement or broad participation in 
decision making is a prerequisite for achieving 
sustainable development. Professor Yunus realizes this 
and took the initiative to be involved in politics in 2007. 
He however did not continue his commitment to be 
engaged in politics. Other NGO leaders did not respond 
to his new mission. Even Grameen Bank does not take 
up the challenge of activism for citizenry. 

The GB and other MFI‟s have been working in close 
contact with the rural poor. It is estimated that NGOs 
employ 200,000 young men and women as fieldworkers. 
The educated NGO workers have daily contact with the 
villagers, visiting them in their homes. In the 1980s the 
staff of Grameen bank spent more time in the centers 
discussing various social issues with group members. 
However, now the Bank workers are involved with 
different types of loan investments like basic loans and 
housing loans and collect them from the borrowers 
(Bernasek, 1992; Chandler 1993; Goetz and Sen Gupta, 
1996). These activities, according to Hashemi, “ this 
going to the poor breaks down some of the threatening 
distance between the educated NGO workers and the  
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poor, that is so much a part of rural social stratification 
(Hashemi 1997b:4). According to Karim, “these activities 
in reality, introduce a new power elite into the existing 
dynamic of rural social relations (2001. p. 96).  

In West Bengal popular political mobilization has 
successfully led to pro-poor economic reforms. The rural 
poor people were able to use local government as an 
alternative institutional channel for promoting their 
interests (Sengupta and Gazdar, 1998). Union council is 
a local government institution that has been involved in 
local political power, but is less powerful in helping the 
local people. Professor Yunus recently tried to draw the 
government‟s attention to focus on this local institution, 
but GB is not directly involved in lobbying for citizenry.  

According to the Grameen Bank Annual Report of 2005, 
58% of the families of Grameen borrowers have moved 
above the poverty line. The remaining families are 
moving towards the poverty line. However if we compare 
Grameen borrowers‟ electoral success with their 
economic elevation, we can draw an assumption that 
political achievement is not as strong as its economic 
improvement. For example, in 1997, out of a total of 4298 
unions of Bangladesh, 7 GB members and 39 members 
of the family were elected to the post of Chairman. In 
addition, 1,073 family members were elected as 
members of the union council (Grameen Dialouge 2001, 
p.16). However, this data is not as strong as its poverty 
success statistics.  

Recently, BRAC initiated a TUP program that re-
engages social mobilization and advocacy programs. 
However it is on a small scale. Massive expansion of 
such programs can help to create a voice for the poor. 
GB can initiate such an advocacy program that can help 
the poor gain access to political institutions; and thus 
challenge and reform public policy.  

Since 1989, Grameen Trust (GT) has played a role in 
promoting the Grameen type micro credit programs in 
Bangladesh and in different countries. It initiated a 
number of international dialogue programs where many 
people came from different countries to participate and to 
learn and share their experiences with Grameen loan 
programs. By June 2006, GT partners had collectively 
reached more than 3.14 million poor families with micro 
credit in 37 countries through 143 projects in Asia, the 
Pacific, Europe, Africa and the Americas (Grameen 
Dialogue, 2006).  

However, a number of problems arise during the initial 
replication and implementation times. Some replication 
projects are not successful. For example, The Good Faith 
Fund in Arkansas initiated a Grameen type loan project in 
1990. Although this project is popular it has since merged 
with the local credit union. However, Grameen type credit 
programs in India, Pakistan, Philippines, Myanmar, 
China, Nepal, and Bhutan continue to be successful.  

From the above discussion, it appears that the 
Grameen Bank and other NGOs are playing a very 
important role in socio-economic development in  
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Bangladesh although many of them have credit 
programs. Although there are some criticisms about the 
controversial roles of NGOs, the widespread existence of 
GB and other NGOs involved in social development 
programs cannot be ignored. They are well able to 
improve many people‟s living standards. The unfortunate 
truth; however, is that very few of them are involved in 
democracy and advocacy programs for citizenry skills 
development of the poor. Therefore, it is very important 
that GB and other NGOs include an alternative model of 
democratic development in their programs for 
strengthening awareness among the disadvantaged 
people. At the same time, government should not isolate 
NGOs from their development programs but rather, work 
in cohorts with such organizations. NGOs should also 
understand the local environment and culture. 
Furthermore, although the Grameen Bank is firm to its 
credit delivery program it could initiate a pilot project for 
lobbying for women‟s equality and rights. This initiative 
can be achieved through involving people in civic 
engagement programs.  

Acronyms: Association of Social Advancement (ASA), 
Bangladesh Rural Advancement Committee (BRAC), 
Grameen Bank (GB), non-governmental organizations 
(NGOs), micro-finance institutions (MFIs), Millennium 
Development Goals (MDGs), participatory rural appraisal 
(PRA), Proshika Manobik Unnayan Kendra (PROSHIKA).  
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Relying on controversies surrounding the usefulness of Training and Development at promoting state of the art 
skills to cope with challenges of managing modern days organisations for optimum productivity, this study, 
thus becomes imperatives at investigating the impact of Training and Development on Organisational 
Productivity. To achieve this, the study made use of survey research design through administration of well-
structured questionnaire administered on selected staff of one of the selected local government employees in 
Nigeria. Consequently, the objectives as well as the hypothesis were achieved and tested respectively using 
correlation approach. The analysis then revealed that there is significant relationship between Training and 
Development and Organisational Productivity. On this note, it is safe to say that the evaluation is positive and 
thus recommended that organisations should continuously train and retrain their staffs in order to gain 
maximum contributions from them towards the realization of organisational objectives. 
 
Keyword: Organisation, training, development, performance, productivity 
 
 
INTRODUCTION 
 
Regular training and development of its employees is a 
pre-requisite obligation of a future orientated and goal 
seeking employer. A practice which entails impacting 
skills and knowledge on the employees in order to cope 
with the various phases and challenges of the business 
environment which determines the success and quality of 
a firm in meeting the customers demand, competition and 
opportunities that lies beyond their scope.  

According to Subramony (2009) an employee has a 
great role in influencing the work outcomes of an 
organization and that constant training of workers is a 
determining factor in the attainment of required skills for 
better job performance and manpower development in 
organisations. In the same vein, Dale (2002) observed 
that employers who have the intention to increase their 
productivity and output must enrich their workers in terms 
of training and development opportunities to fulfill the 
employers‟ ambitions. If these employees see that the 
organisation provides room for them to realize their 
potentials, personal growth and career, they will be opted 
to remain and discharge their best performance, 
otherwise, these employees will likely leave to fulfill their 
aspirations elsewhere.  

From the foregoing, Valle et al (2000) considered 
training as a critical function of maintaining and 

developing working capabilities in employees. It involves 
the process of teaching new and present employees the 
skills they need to perform jobs which consists of those 
activities that are designed to improve individual's 
performance in currently held job or one related to it while 
Holton (1999) defines development as the process used 
to advance an employee to the desired level of 
performance.  

The major purpose of training and development is to 
eliminate performance deficiencies whether current or 
anticipated through an improved performance, especially 
of organisations with stagnant or declining rates of 
productivity. Hence, it becomes the responsibility of each 
organisation to design ways of enhancing workers skills 
so as to meet up with the set target of the organisation 
within the realm of over-growing challenges of the global 
standards as the society itself is dynamics.  

The importance of training and development on 
employees and organisation's effectiveness cannot be 
over-emphasized, Hassan (2007) opined that firms 
strongly desire to promote values such as trust creativity 
and quality in their employees and for that, proper 
training and development is necessary while Brewer et al 
(2008) observed that work force development and 
transfer of training are important concerns of any  
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organization. Hence Human resource practices such as 
employee selection, appraisal, training and development, 
compensation are the key point in the performance of an 
organization since they ensure the uniformity of the set 
goals and the eventual outcome. 

The study seeks to examine the impact of training and 
development on the productivity of the employees‟ vis-à-
vis organizational goal attainment in Ikosi-Ejirin local 
council, one of the 37 local development council areas 
created in Lagos State, Nigeria by the Bola-Tinubu led 
administration. 
 
Literature review 
Overtime, there are controversies in .the academic field 
on the nature and role of training and manpower 
development in organizational goal attainment. Similarly, 
studies on manpower training and development tactics is 
not new as it can be traced to the medieval period when 
Greek philosophers such as Democritus, Plato, Aristotle 
among others postulated about the relationship between 
management and human behaviour since such field is 
concerned with organizational activity aimed at improving 
the performance of individuals and groups in 
organizational settings.  

Many countries recognize the importance of training 
and development especially with the emergence of the 
knowledge based economy. Most governments have 
recognized that effective human resource training and 
development is necessary to raise the standard of living 
for their countries. Many states are pursuing industrial 
development to improve organizational performance, but 
industrial development will not be possible without an 
adequate pool of the right people to do the right jobs as 
such, many states incorporated national manpower 
training as an integral part of their economic plans to 
achieve economic growth while such formulation taking 
into account the training requirements in different sectors. 

Zhu et al. (2009) highlight general trends of HRM 
changes in terms of people management systems and 
illustrate the underpinning factors, for example traditional 
values and culture, historical evolution, political and 
economic changes, and characteristics of society, 
industry and firm in each country that determine the 
formation and reformation of management thinking as 
well as HRM policies and practices. Hence it is strongly 
believed that of all the factors of production available to 
any organization, human capital remains the most 
important in the 21

st
 century, even with advent of 

advanced technology like the use of computers and 
automated machines. This belief has remained 
unchanged. In the same vain, this is necessary in order 
to improve the performance of people at work which is 
important as establishing the organization as an entity. 
The human capital serves as a source through which 
organizations could generate a competitive edge that 
cannot be easily reproduced. 

There is practically no successful business strategy that 
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would not put into consideration the impute of human 
relation since there is no strategy that can be introduce at 
the workplace that would work without people, i.e. to lift a 
nation economy, human resources managers should be 
adequately positioned to provide the result. Hence the 
need for a result-oriented human relation in an 
organization is imperative. For example, when 
organizations train their human resources experts on how 
to smile at customers, such organizations should also 
make efforts to satisfy the desire of customers, so as not 
to defeat the effort of human resources managers in such 
organizations. 

Training and development are relevant to organizations 
that are rapidly incorporating new technologies so as to 
make the current workforce more flexible and adaptable 
in order to enhance its chances for survival and 
profitability. Similarly, management development 
facilitates organizational continuity by preparing 
employees and current managers to smoothly assume 
higher level positions. It also helps to socialize 
management trainers by developing in them the right 
values and attitudes for working in the firm and foster 
organizational responsiveness by developing the skills 
that employee and managers need to respond faster to 
change organizations.  

Hutchins (2009) concludes that training should be given 
and designed in a way that it is helpful for the trainee and 
even it is according to the trainee expectations and need 
since it is critical to the function of maintaining and 
development of working capabilities in employees. The 
organizational performance relies heavily on learning and 
training of employee. 

Cromwell and Kolb (2004) identify two types of training 
given to the employees (internal and external training) the 
internal training is given by the company itself and 
external training is given by the outsiders or agencies. 
Chen et al. (2005) emphasis motivation of employees 
and persuasion as a way of enhancing their skills by 
training transfer process.  

Egan et al (2004) observed training and development is 
the key for the organization success and its assessment 
involves taking training tests in which the test declares 
the trainee knowledge, attributes, skills learned during the 
training of the job. Hartenstein (2001) however, raved 
that High level of training and development orientations 
makes the employee more interested and more 
motivated in learning at workplace. Hence, Organization 
should use training program for the satisfaction of 
employees. Krishnaveni and Sripirabaa (2008). While 
training an employee, it should be according to the 
behaviour and interests of the employees because lack of 
diversity training especially with respect to trainee 
characteristics is increasingly a serious problem. 

Lawal (2005), highlighted some importance of training 
and development which include increase in productivity, 
increase in workers commitment and morale, provision of 
opportunity for personal growth of the employees and 
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Table 1: Aggregate of respondents responses 
 
Resp. Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Q11 Total 

SA 68 48 30 54 60 74 23 72 40 42 85 996 

A 24 44 40 30 32 15 62 20 33 46 7 353 

IND 0 0 20 5 0 3 7 0 19 4 0 58 

D 0 0 2 3 0 0 0 0 0 0 0 5 

SD 0 0 0 0 0 0 0 0 0 0 0 0 
 
 

 

Table 2: Relationship exist between training and development and organizational 
performance 
 

 Value Asymp. Std Error(a) Approx Sig. 

Pearson‟s correlation 0.564 .092 .000 

Coefficient of determination 0.318 .092 .000 

No valid cases 92 - - 
 
 
 

greater organization performance. 
 
METHODOLOGY 
In other to collect appropriate data concerning this study, 
primary source of data was employed using the 
questionnaire administered to 100 selected staff of Ikosi-
Ejirin Local Government which includes Agriculture, 
Budget and Planning, Education, Finance, Health and 
Personnel departments out of the 305 staff of the council 
so as to have clear view of some of the responses 
provided by the respondent.  

The questionnaire contains two parts with the first part 
contain 9 questions relating to the respondents personal 
data, while the second part contain 16 questions relating 
to the study and hypothesis. The questionnaire was 
subjected to construct and statistical validity with a critical 
value of 1.96 is set as the reliability coefficient. 
Hypothesis: That there is no relationship between training 
and development of employees and organizational 
productivity.  
In modeling the effect of training and development on 
organizational productivity, a simple linear model has 
been formulated. This model explains the relationship 
among the variables and it is stated below thus:  
P = a0+alTD+a2S + a3 E + a4A............................ (1) 
Where: 
P = Productivity  
TD = Training and Development  
S = Job satisfaction  
E = Employee Satisfaction  
A= Age  
The model above shows the relationship between 
training, development and organizational productivity. 
However, the relationship among the variables in terms of 
opinion expectation is mathematically depicted as; 
 

p  > 0      TD > 0 

The above denotation implies that we expect a positive 
relationship between productivity, training and 
development. 
After the collection of information, the information needs 
critical examination to give accurate findings. Data 
Analysis of this study will be done by the use of 
descriptive statistics such as correlation coefficient, 
regression were used on the specified explanatory 
variables.  
 
Data analysis and interpretation 
It was revealed that 50 (54.3%) of the respondents were 
male while 42(45.7%) of the respondents were female 
with an average age 32years and qualification ranging 
from NCE, OND, Diploma to HND. Most were at the 
Supervisory and managerial level of the council with 
majority from health, finance and personnel department. 
Out of the 100 questionnaires administered, 94 were 
received, 6 were not returned while 2 were rejected for 
non-clarity. (Table 1) 
 
Hypothesis testing 
Having given a clear analysis of the responses assessing 
the respondents through the cross tabulation of variables, 
the hypothesis formulated earlier are now tested. The 
validity of the hypothesis therefore is tested by applying 
correlation statistical techniques. 
 
INTERPRETATIONS OF RESULTS 
The table 2 above expounded that  a moderate positive 
relationship exist between training and development and 
organizational performance with a correlation value of 
0.564 (56.4%) while the coefficient of determination 
indicates that about 32% of variation or changes in the 
level of organizational performance can be attributed to 
training and development in an organisation. 

The implication is that there is a significant relationship 
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between training and development and organizational 
productivity.  To this end, the explanatory with .000 and 
according to the decision rule, we hereby accept the 
alternative hypothesis which states that there is a 
significant relationship between training and development 
and organisational productivity. 

This is in line with the current trend at the global scale 
where it is viewed that the type of human capital available 
in an organisation determines its level of productivity and 
since competition and changing business environment 
has compelled organisations to invest huge sum of 
money in the acquisition and upgrading of equipment and 
employed the best brain in order to be differentiated from 
competitors especially with the quality of its human 
resources. 
 
SUMMARY OF FINDINGS 
This study revealed some important findings were 
observed which were not limited to the case study alone 
but apply to many public sectors in Nigeria. They include: 
a. Training and development resulted into an increase in 
employee's efficiency, skill and knowledge which then 
accounted for improved performance of the organization.  
b. Training and Development surely helps employees to 
get to the climax of their career, like promotion and 
attainment of higher status.  
c. Well trained employees performed better than ill-
trained or untrained employees and because of the 
desire to excel, training and development bring out the 
best in them. 
d. There have been improvements in the attitude of both 
the generality of staff and the management due to 
frequent exchange of idea opinions and views among 
them. This mostly comes up in seminar, workshop etc.  
 
Recommendations 
From the major findings of the study one realizes that 
there is need to make some recommendations for the 
local government which would help in the development of 
the training and development programmes. 
a. The method of selecting employees for training should 
be defined. Employees should be sent for the most 
needed skill. This should be done after it has carried out 
the organizational analysis and strictly adhered to the 
outcomes to the exercise.  
b. Employees should be made aware of the extent of 
organization spends in training and development 
programmes. This should not be secret to the staff if the 
organization intends to eliminate the impression that 
training period is a relaxation for the employees. 
c. Management of the organization should make training 
a pre-requisite for promotion. This will in no small way 
motivate the employees as well as increase their 
participation in training session.  
d. Performance evaluation should be objectively 
ascertained. These should be an improvement in the 
system of evaluation. The actual purposes of training is to  
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cause a change in employee behaviour on the job and 
ultimately to improve the effectiveness of the 
organization.  
e. High quality effective and efficient training and 
development programmes should not be sacrificial for 
cost. 
f. High standard of professionalism of trainers, regular 
review of course contents, modern instructional aids etc. 
should be given the highest priority deserved. 
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